TRACE CLASS ESTIMATES AND APPLICATIONS

CLAUS GERHARDT

ABSTRACT. We prove trace class estimates for self-adjoint elliptic oper-
ators defined in R™ or R, . These estimates are also applicable when a
physical system is governed by a wave equation by employing separation
of variables to obtain corresponding temporal and spatial Hamiltonians.
It is shown, in one important example, that the resulting Hamiltonians
are of trace class such that quantum statistics can be applied to the
system.
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Consider a physical system that can be described by a separable Hilbert
space ‘H and a self-adjoint operator H assuming that H has a pure point
spectrum. If one wants to apply quantum statistics to this system, then, for

any [ > 0, the operator
(1.1) e PH

has to be of trace class in H, or, if H is extended to the corresponding
symmetric Fock space F(H), the extended operator in (1.1) has to be of
trace class in F (H). In case H is a Schrodinger operator or, more generally,
a self-adjoint elliptic operator in a bounded domain of R™ with homogenous
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boundary conditions, it is well-known that the operator in (1.1) is of trace

class because of Weyl’s asymptotic behaviour formula for the eigenvalues A;,
J.z2

(12) A~ Ca(D)E,

where C), is the so-called Weyl constant, V' the Euclidean volume of the

domain and the A; are labelled such that

(1.3) M <A<

We prefer to start the numbering with j = 0 instead of j = 1, though this is
of course irrelevant as far as the asymptotic formulas are concerned, but it
might become relevant if more precise estimates are considered. Hence, when
citing estimates the labelling in (1.3) will always be assumed.

Weyl used variational methods and properties of the Green’s function to
obtain the asymptotic estimates, cf. [12] and also [2, Kap. VI.4]. Li and Yau
proved a lower bound
A > ﬂ(l)

n+2'V
assuming the eigenvalues to be positive; they used the heat kernel for this
estimate, cf. [10].

In case of unbounded domains we do not know of any asymptotic or lower
estimates which would imply the operator in (1.1) to be of trace class—apart
from special cases, when the eigenvalues are explicitly known.

In this paper we shall consider self-adjoint elliptic differential operators
defined in R, or R™, n > 2, and shall prove, by imposing reasonable assump-
tions, that the operator in (1.1) is of trace class. The proof will not rely on
showing either asymptotic or explicit lower estimates but we shall instead
construct explicit majorants the existence of which will infer

(1.5) tr(e P < oo.

One crucial ingredient in the proof is a generalization of Maurin’s Hilbert-
Schmidt type embedding theorem, cf. [11, Theorem 1, p. 336], to unbounded
domains with special weighted measures combined with an interpolation in-
equality involving the norm of the target space of the Hilbert-Schmidt em-
bedding.

These new trace class estimates can especially be applied when the physical
system is defined by a wave equation, which is either obtained by a classical
description or is the result of a (first) quantization process. In either case it
is worthwhile to use, if possible, a separation of variables to split a solution
u of the wave equation into a product

(1.6) u(t, ) = w(t)v(x)
and then finding temporal and spatial self-adjoint operators Hy resp. Hi
such that one of them has a pure point spectrum with eigenvalues \; while,

for the other operator, it is possible to find corresponding eigendistributions
for each of the eigenvalues );. Assuming, e.g., that Hy has a pure point

3o

(1.4)
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spectrum with corresponding mutually orthogonal eigenfunctions w; and H;
has smooth eigendistributions v;; satisfying

(17) Hlvij = )\ivij V]
then
(18) Uij = wivij

would be solutions of the wave equation. Weyl used this approach to analyze
the radiation of a black body, cf. [12, Kap. 6], though in this case the spatial
Hamiltonian H; had a pure point spectrum and the temporal Hamiltonian
Hy, which was just the classical harmonic oscillator,

(1.9) How = —’d),

had only a continuous spectrum.

We are especially interested in a wave equation which we obtained, in our
model of quantum gravity, as the result of a canonical quantization process
applied to a globally hyperbolic spacetime with a cosmological constant. This
wave equation has the form

1 n? . o_4 n,o 4 2
(1.10) 3 1u7(n71)t nAufgt » Ru + nt“Au = 0,
n—
and is defined in a quantum spacetime
(1.11) N =R, x &,

where Sy is a m-dimensional, n > 3, Cauchy hypersurface of the original
spacetime, or, in case of black holes, the smooth limit of Cauchy hypersur-
faces. The Laplacian and the scalar curvature correspond to the metric o;; in
Sp, cf. [5, Theorem 6.9], where we derived this wave equation after a canonical
quantization process, see also [4]. The cosmological constant A is supposed
to be negative. We applied this model to a Schwarzschild-AdS resp. Kerr-
AdS black hole and to a globally hyperbolic spacetime with an asymptotic
Euclidean Cauchy hypersurface. In all three cases we obtained a sequence of
smooth functions as solutions of the wave equation which are a product of
temporal eigenfunctions and spatial eigendistributions.

In case of the globally hyperbolic spacetime with an asymptotically Eu-
clidean Cauchy hypersurface the solutions to the wave equation can be ex-
pressed in the form

(1.12) Usj = WiVij, ie€N, 1<j<m< oo,

where the w; are the eigenfunctions of a temporal Hamilton operator Hy
(1.13) How; = Aw;

and the \; have multiplicity one such that

(1.14) 0<Xg <A <--

and for each fixed ¢ the, at most countably many, v;; generate an eigenspace

(1.15) & C (S
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of a spatial Hamiltonian H,, i.e.,

(1.16) Hl’l)ij = /\i'Uij-
We have
(117) Vij € COO(S()) N y/(So)

In case of the black holes the description is a bit more complicated and
we refer the reader to Section 4, where it is also proved that the trace class
estimates can be applied to both the temporal as well as to the spatial Hamil-
tonian.

Let us now give a more detailed summary of our results. First, for the
general trace class estimates. We consider eigenvalue problems in R", n > 2.
Let A be the linear elliptic operator

(1.18) Au = —D;(a"” Dju) + b(x)u,

where

(1.19) a b e L (R™),

a' is symmetric and we assume there exists ag > 0 such that
(1.20) aplé|® <a'gi¢;  VEER™

and that there exists Rg > 1 and positive p, ¢; such that
(1.21) alzlP < b(x) Vx| > Ro.

Then, we proved:

1.1. Theorem. The operator A is essentially self-adjoint in H = L*(R™)
with a pure point spectrum

(1.22) A <A <A<
Let H be its self-adjoint extension then, for any 8 > 0,
(1.23) e PH

1s of trace class in H.

Next, let us consider a Sturm-Liouville operator A in R, of the form
(1.24) Au = —(au') + bu,

where a dot or a prime indicates differentiation, and corresponding eigenvalue
problems

(1.25) Au = Apou,

where the coefficients a, b and the function g are all measurable and locally
bounded in R, , and b is even locally bounded in [0, 00), and they satisfy

(1.26) a(t) > ag >0 VteR,,
and there exist positive constants ¢y, ce,p,r and ty > 1 such that
(127) b(t) Z Cltp Vi Z to,
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(128) @o(t) S Cgtr Vi 2 to,
and
(1.29) 0<r<np,

where the function g is also positive almost everywhere. Then we proved:

1.2. Theorem. The eigenvalue problem

(1.30) Au = Apou
has countably many solutions (\;,w;) such that
(1.31) A <AL <A <---
and the w; form an ONB in

(1.32) H=L*R,,dp),
(1.33) dp = podt.
The operator

(1.34) 0t A

is essentially self-adjoint in H. Let Hy be its self-adjoint extension then, for
any B8 > 0,

(1.35) e~ PHo
1s of trace class in H.
Finally, let us describe the results with respect to the wave equation (1.10).

In Section 4 we shall prove that the wave equation can be expressed in the
form

(136) (po(Ho’LL - Hlu) = 0,
where u = u(t, x) is a smooth function, € Sy and
(1.37) Qolt) =127,

Hy is an operator which satisfies the assumptions in the previous theorem
and in Section 5 we shall define an abstract Hilbert space H, where the
eigendistributions of H; form an ONB, such that Hy and H; have the same
eigenvalues but with different multiplicities. H; is also essentially self-adjoint
in #. Let H; be the unique self-adjoint extension of Hy, namely its closure,
then we shall prove that for any 8 > 0

(1.38) e P

is of trace class in H. In addition H; satisfies
(1.39) Hi > XI, X >0.
Let

(1.40) H = dI'(Hy)
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be the canonical extension of H 1 to the symmetric Fock space

(1.41) F = F(H),
then
(1.42) e PH

is of trace class in .# because of (1.38) and (1.39), cf. [1, Prop. 5.2.27]. Hence
we can define the partition function

(1.43) Z = tr(e”PH),

the density operator

(1.44) p=2Z"te PH

and the von Neumann entropy

(1.45) S = —tr(plogp) =log Z + BE,

where FE is the average energy and S > 0 the inverse temperature
(1.46) B=T""

Here is a summary of the results derived in Section 5:

1.3. Theorem. (i) Let By > 0 be arbitrary, then, for any

we have

(1.48) lim F = oo
A—0

as well as

(1.49) lim S = oo,
A—0

where the limites are uniform in (.
(ii) Let By > 0 be arbitrary, then, for any

(1.50) B = Bos

we have

(1.51) lim E=0
|A|—= o0

as well as

(1.52) lim S =0,
|A]— o0

where the limites are uniform in (.

The behaviour of Z with respect to A is described in the theorem:
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1.4. Theorem. Let By > 0 be arbitrary, then, for any

(1.53) 0 < 8 < Bo,

we have

(1.54) lim Z = oo
A—0

and for any

(1.55) Bo <P

the relation

(1.56) lim Z =1

|A|—= o0

1s valid. The convergence in both limites is uniform in 3.

1.5. Remark. The first part of Theorem 1.3 reveals that the energy be-
comes very large for small values of |A|. Since this is the energy obtained
by applying quantum statistics to the quantized version of a black hole or
of a globally hyperbolic spacetime—assuming its Cauchy hypersurfaces are
asymptotically Euclidean—a small negative cosmological constant might be
responsible for the dark matter, where we equate the energy of the quantized
universe with matter. As source for the dark energy density we consider the
eigenvalue of the density operator p with respect to the vacuum vector 7

(1.57) on=2""n,

i.e., the dark energy density should be proportional to Z~!.

In Section 6 we also applied quantum statistics to the quantized version
of a Friedmann universe and proved:

1.6. Theorem. The results in the last two theorems and the conjectures
in the remark above are also valid, if the quantized spacetime N = N™tL,
n > 3, is a Friedmann universe without matter but with a negative cosmolog-
ical constant A and with vanishing spatial curvature. The eigenvalues of the
spatial Hamiltontan Hy all have multiplicity one.

1.7. Remark. Let us also mention that we use Planck units in this paper,
ie.,

(1.58) c=G=h=FKp=1.
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2. TRACE CLASS ESTIMATES IN R,
Let us first consider a Sturm-Liouville operator A in R of the form
(2.1) Au = —(au') + bu,

where a dot or a prime indicates differentiation, and corresponding eigenvalue
problems

(2.2) Au = Apou,

where the coefficients a, b and the function ¢q are all measurable and locally
bounded in R, and b is even locally bounded in [0, c0), and they satisfy

(2.3) a(t) >ap >0 VteR,,

and there exist positive constants c1,co, p,7 and to > 1 such that
(2.4) b(t) > cit? Vit > to,

(2.5) @olt) <eot”™ Vit >ty

and

(2.6) 0<r<np,

where g is also assumed to be positive almost everywhere (a.e.), and where
the specification

(2.7) Vi >t
means
(2.8) a.e. in {t >t}

when used in connection with measurable functions which are not assumed
to be continuous.
We define the bilinear forms

(2.9) B(u,v) = (Au,v) = / {au'v" + buv}
R+

and

(2.10) K(u,v) = / PoUv
R+

for

(2.11) u,v € CP(R,,C),

and we denote the corresponding quadratic forms by B(u) resp. K (u).

2.1. Lemma. Define

0, 0<t<t
(2.12) bo(t) =< D
b(t)a to <1,
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and
(213) Bo(w) = | {alu'P + bolul?}
R+
then, for any € > 0, there exists c. such that
(2.14) ull2 = / uf? < eBo(u) + K (u)  Vue C(R,).
R+
Proof. This compactness lemma is well-known. However, we give a short

proof for the convenience of the reader. We argue by contradiction and
assume there would exist € > 0 and a sequence

(2.15) up € CF(R,)
such that
(2.16) ||u||§ > eBo(uk) + kK (ug).

Without loss of generality we may assume that

(2.17) Juel3 = 1.

Hence the uy would be uniformly bounded in the Sobolev space
(2.18) HY2(J)

with norm

(2.19) I

o= [ (P + ),
J

for any bounded interval

(2.20) J € [0,00),

and we would deduce

(2.21) lim K(u) =0.

k—o0

Moreover, by applying the Sobolev embedding theorem, we would know that
a subsequence, not relabelled, would converge strongly in any

(2.22) L*(J,C)

to a function u. In view of Fatou’s lemma, we would also infer
(2.23) K(u) <lim K(ux) =0

and thus

(2.24) u=0.
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But this would lead to a contradiction, since, for any m > ¢y, we would have

m o0
1=/ |uk|2+/ g
0 m

(2.25) S/ |uk|2+cl_1m*p/ bolux|?
0

m

m
< / lug|* 4 ¢; bm =P limsup By (uy)
0

yielding
(2.26) 1< cl_lmfp lim sup By (ug) < cl_lm*pe*1 Vm > ty,
in view of (2.16) and (2.17). O

As an immediate corollary we obtain

2.2. Corollary. There exists a positive constant cqg such that

(2.27) full> = lull3 < B(u) + coK(u)  Vue CP(R,)
and
(2.28) %Bo(u) < B(u)+ cK(u) YueC(R,).

Proof. Since b is bounded in I = [0, o] we conclude, in view of (2.14),
B(u) > Bo(u) — cfjull3

> Bo(u) — ceBy(u) — cce K (u)

= (1 — ce)Bo(u) — cc. K (u)

> [|ull3 — coK (u),

(2.29)

if we choose

1
2.30 = —
(2.30) 50
and ¢y appropriately, proving both estimates. O

In view of the Poincaré inequality on bounded intervals, we also conclude
that there exists ¢ > 0 such that

(2.31) [ullf2 <cBo(u)  VueCE(R,).

2.3. Definition. We define the Hilbert space H; as the completion of
C° (R, ) with respect to the scalar product defined by the bilinear form

(2.32) B+ oK,
cf. Corollary 2.2, and we denote this scalar product by the symbol
(2.33) (h

and corresponding norm

(2.34) [-ll1-
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The Hilbert space H is defined by

(2.35) M= LR, dy).
where
(2.36) dp = @o(t)dt.

The corresponding scalar product is K and it is also characterized by the
symbol

(2.37) (-5°)
and corresponding norm

(2.38) Il

Using the arguments in the proof of Lemma 2.1, the results of Corollary 2.2
and the assumptions (2.5) and (2.6) we immediately obtain:

2.4. Lemma. The embedding

(2.39) jiHL—H

is compact, i.e., if ux € Hi converges weakly to u
(2.40) ug — U,

then

(2.41) jlug) = ().

We conclude further that the generalized eigenvalue problem
(2.42) B(u,v) = AK (u,v) Vo e Hy
can be solved by a variational process which goes back to Courant-Hilbert

[2, Kap. 6]. We describe it in the following theorem:

2.5. Theorem. Let ‘H be a complex, separable Hilbert space, B and K
sesquilinear, symmetric forms on H and assume there exists a positive con-
stant cg such that

(2.43) B+ coK

s an equivalent scalar product in H. K is also supposed to be a compact form
inH, ie.,

(2.44) up — u = K(ux) = K(u).
Then the eigenvalue problem
(2.45) B(u,v) = AK (u,v) Vv e H

has countably many eigenvalues with finite multiplicities. If we label the
etgenvectors such that

(2.46) Mo <A <o
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then

(2.47) lim \; = o0,
71— 00

and

(248) —cp < Ao.

There exists a sequence of corresponding eigenvectors u; which are complete
in H satisfying

(249) K(ui, Uj) = (Sij
and
as well as the expansion
(2.51) B(u,v) =Y NK (u, ;) K (u;,0)
and
(2.52) K(u,v) =Y K (u,u;) K (u;,0).
The pairs (\;,u;) are defined by the variational problems
. . B(u) o
N=inf{—=:04AuveH Kluu;)=0 VO<j<i—1
= B(ui, ui).

This theorem is well-known. A proof can be found in [3, Theorem 1.6.3].

We apply this theorem to the previously defined Hilbert space H; and
the bilinear (sesquilinear) forms B and K. Let (A;,w;) be the corresponding
pairs of eigenvalues and eigenvectors, then the w; satisfy the ODE

(2.54) Aw; = \jpow;

in the weak sense. The operator

(2.55) A=p;'A

is symmetric in

(2.56) H=L*R,,dp), dp = @odt,

and the w; are eigenfunctions of A

(2.57) A = A,
The equation (2.54) is equivalent to

(2.58) poAw; = \ipow;
and A, with domain

(2.59) D(A) = (w; :i € N) C H,
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is essentially self-adjoint as will be proved later, Lemma 5.1 on page 37, in a
more general setting. We denote its unique self-adjoint extension by Hj.
We shall now prove that

(2.60) e PHo, £>0,

is of trace class in H.
First, we need two lemmata:

2.6. Lemma. The embedding

(2.61) j:H1 = Ho=L*(R,,dji),
where
(2.62) dip = (1 +t)"2dt,

is Hilbert-Schmidt.

Proof. Maurin was the first to prove that the embedding

(2.63) H™2(02) < L*(0),
where

(2.64) 2 CR”

is a bounded domain, is Hilbert-Schmidt provided
(2.65) m > g

cf. [11, Theorem 1, p. 336]. We adapt his proof to the present situation.
Let w € Hy, then, assuming w is real valued,

t [e%s) 1 [e%e]
|w(t)|2 = 2/ ww < 2/ \w|2 + 7/ |w\2
(2.66) 0 0 2 Jo

< cllwl|}

for all t > 0, where ||-||; is the norm in H;. To derive the last inequality in
(2.66) we used Corollary 2.2. The estimate

(2.67) ) < cllwly  Vt>0

is of course also valid for complex valued functions from which infer that, for
any t > 0, the linear form

(2.68) w — w(t), w € Hy,
is continuous, hence it can be expressed as

(2.69) wlt) = (1, w),
where

(2.70) ot € Ha

and

(2.71) ol < e
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Now, let
(2.72) e; € Hi
be an ONB, then
(2.73) Yol =Y en e’ = leelli < &
i=0 i=0

Integrating this inequality over R, with respect to dj we infer

oo [e%s}
(274) > [ latpdn<e

i=0 V0
completing the proof of the lemma. O

2.7. Lemma. Let w; be the eigenfunctions of Hy, then there exist positive
constants ¢ and v such that

(275) HwZ”l < C|)\i + CQPHU)l‘HO VieN,

where ||-||o is the norm in Hog.

Proof. We have, in view of (2.32) and (2.5),
il = O+ o) [ n(Oluil

to [e%s)
< <Ai+co>{ [ ool +ex | t"|wi|2}.
0 to

To estimate the second integral in the braces we exploit the assumptions (2.4)
and (2.6) and choose m so large that

(2.76)

(2.77) r<p-— g,
m
and hence,
(2.78) <P Vi >t > L.

Then, choosing small positive constants § and €, we apply Young’s inequality,
with

P 1
2. — -
(2.79) 1= 515
and
(2.80) ¢ =01

to estimate the integral from above by

1 oo

s [ O E )
q to

1 Y p /
q to

(2.81)
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Choosing, now, ¢ so small such that
p

2.82 — —p)s Tt >2

(282) (2 —pp)t >

the preceding integrals can be estimated from above by
1 * 1 [~

(2.83) feq/ (L+t)P|w|* + =€ 9 / (14 ) 72 |w;|?
q to q 0

which in turn can be estimated by
1 1 _
(2.84) geqCsz‘II? e JJwsllg,

in view of (2.27).
The first integral in the braces on the right-hand side of (2.76) can be
estimated by

to 1 [e'¢]
/ co®)]wif? < Le(1+1g)%e / ot
0 2 0

1 o0
(2.85) + 76—2/ (14 1)2Jw,?
2 0
~ 2 2 1 2
< e} + e 2wl
because of (2.27).
Choosing now ¢,y and ¢ appropriately the result follows. O

We are now ready to prove:

2.8. Theorem. Let 3 > 0, then the operator

(2.86) e~ AHo

is of trace class in H, i.e.,

(2.87) tr(e”PHo) = " emPN = ¢(B) < o0.
i=0

Proof. In view of Lemma 2.6 the embedding

(2.88) JiH1 = Ho
is Hilbert-Schmidt. Let

be an ONB of eigenfunctions, then
e = e i = e i + cof 7wl I}

< ePeoemBiteo) |\, 1 co| Ll + col* [Jwif3,

in view of (2.75), but

(2.91) lwill§ = lwill? 10:1[§ = (\i + co)llw: 5,

(2.90)
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where
(2.92) w; = wi|wi[;*
is an ONB in H;, yielding

(2.93) Zefﬁ)‘i <cg anz”g < 00,
i=0 i=0
since j is Hilbert-Schmidt. (]

3. TRACE CLASS ESTIMATES IN R"™

Let us now consider eigenvalue problems in R™, n > 2, and let A be the
linear elliptic operator

(3.1) Au = —D;(a"” Dju) + b(x)u,
where

(3.2) a' b e LS (R™),

a% is symmetric and there exists ag > 0 such that
(3.3) alé]? <a¥&g;  VEER™
and there exists Ry > 1 and positive p, ¢; such that
(3.4) alzP < b(x) Vx| > Ro.

Then, we look at the eigenvalue problem
(3.5) Au = Au.

This eigenvalue problem can be solved by similar, if not identical, arguments
as in the case of the Sturm-Liouville operator.
We define the bilinear forms

(3.6) B(u,v) = / a" D;uDjv

and

(3.7) K(u,v) = / v

in C°(R™,C), and one can easily prove the analogues of Corollary 2.2 on
page 10 and Theorem 2.5 on page 11, i.e., there exists ¢y > 0 such that
(3.8) B+ K > K,

K is compact relative to B 4+ ¢oK, and there exists countably many pairs
(A\i, u;) of eigenvalues with corresponding eigenfunctions satisfying the prop-
erties specified in Theorem 2.5, and we shall now prove that

(3.9) e PH, £ >0,
is of trace class, where
(3.10) H=A
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is the unique self-adjoint extension of A. We recall that A satisfies the esti-
mate (2.28) on page 10 which can be rephrased as

1 ..
(3.11) A+cy> 5{—D¢(CLUD]‘) + bo},
where
<
(3.12) bo(a) = 0 o< o,
b(x), |z| > Ro.

The right-hand side of (3.11) is a strictly positive operator. Since eigenvalues,
obtained by the variational process described in Theorem 2.5, also satisfy a
minimax principle, cf. e.g., [3, Theorem 1.6.4], we conclude that

(3.13) wi <X VYieN,

where f1; are the ordered eigenvalues of the operator on the right-hand side
of (3.11) and A; the ordered eigenvalues of A+ ¢y. Hence, it suffices to prove
that

(3.14) D e < oo,
=0

For reasons that will become apparent later, we shall derive trace class esti-
mates for the operator

(3.15) Au = —agAu + Ou,
where
a

(3.16) a0 =,
(3.17) O(x) = Snolel™,
(3.18) po = min(p, 1)
and 79 is a cut-off function such that

Oa |ZL’| § RO?
3.19 =
(3.19) mo(z) {1’ e

We emphasize that

(3.20) o< %bo

and hence, due to the inequalities (3.3) and (3.11),
(3.21) A+co > A

Therefore, it will suffice to prove that A is a trace class operator. To simplify
notations let us also drop the tilde and let us write A for the operator in
(3.15), i.e.,

(3.22) Au = —agAu + Ou.
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Furthermore, the previous definitions of the bilinear form B and the Hilbert
space H; are also adopted while the Hilbert space H is now L?(R"). A is
essentially self-adjoint in ‘H with domain

(3.23) D(A) = (u; : i €N),

where u; are a sequence of mutually orthogonal eigenfunctions of A
(3.24) Au; = \u;.

Note that

(3.25) 0< <A <A<

We shall first prove that the eigenfunctions of A are smooth with uniformly
bounded norms

(3.26) JuilZs = 3 / D2

la|<m

in the usual Sobolev spaces H™2(R"™).

3.1. Theorem. Letu € H™ 1L2(R")NH; be a weak solution of the equa-
tion

(3.27) — aplu+ Ou = f,
where f € H™=%2(R"™), m > 2, and assume that
(3.28) st Y [ eIt <clsiE
la|<m—2”R"
then u € H™%(R™) and
(3.29) s+ Y [ eIl < clfIE s,
laf<m—1 7"

where the constants ¢ depend on m,©,pg,n and ay.

Proof. We shall prove the theorem by induction. First, in the lemma below
we shall prove that the theorem is valid for m = 2. Thus, let us assume that
the theorem is correct for m = ¢ > 2 and show that it is then also valid for
m=q-+1.

Fix 1 < k <n and define

(3.30) v = Dyu.
Differentiating (3.27) we obtain

(3.31) —agAv +Ov =Dy f — D,Ou = f.
We observe that

(3.32) fe H22(R")

and that

(3.33) 11522 < el Fll3-1.25
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because
IDkOull? 55 < c{lullg—22 + Z O|Dul*}
lal<q—2
(3:34) <clluliat 3 [ elpvup)
la]<q—17E"

< C||f||37272
in view of the definition of © and (3.29). Applying then the induction hypoth-
esis for m = g we conclude that the theorem is also valid for m =¢+ 1. O
3.2. Lemma. The preceding theorem is valid for m = 2, i.e., any weak
solution uw € Hi of
(3.35) —opAu+0OQu=f
satisfies the estimates (3.28) and (3.29), where we note that
(3.36) H 52 (R™) = {Dig" +go: 90,9" € L*(R") }
is the dual space of HY2(R™) and
(3.37) L*(R™) — H Y2(R™) C Hj.

The equation (3.35) has also a unique solution which can be found by min-
imizing a functional if we consider f and u to be real valued. Of course we
then also obtain a solution for complex valued f.

Proof. First, the existence of a solution u € H; of (3.35) satisfying

(3.38) B(u) = (Au,u) < c||f|?
is obvious, since
(3.39) K(v) = |v]?

is compact relative to B, and for real valued f and v and € > 0 we have

1 1
(0] < ellol® + 5e 1P

IN

(3.40)

IN

1 1

SN B) + 5P,

where 0 < Ag is the smallest eigenvalue of A. It then immediately follows
that the variational problem

(3.41) J(v) = B(v) — 2(f,v) — min Vv e Hy

has a unique solution u, which is also a weak solution of the corresponding
Euler-Lagrange equation, and that u satisfies (3.38) which is equivalent to
(3.28) for m = 2.

Secondly, to prove (3.29) for m = 2 we note that

(3.42) u € C®(R"),
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in view of the interior L?-estimates, since A is uniformly elliptic with smooth
coefficients. Hence, choosing a cut-off function n

(3.43) 0<neC*R")
such that

(3.44) |Dn| <2

and 1 < k <n we have

(3.45) Dyun? € HY2(R™).
Multiplying (3.35) by

(3.46) — Dy(D*un?),

where we use summation convention, integrating by parts and employing
some trivial estimates, we deduce

1
%/ |D2u|2772—|-*/ @|Du\2172
2 Jan 2 Jan
< AP + flull? 5 + / Olul’} < el I,

where we also used (3.38), (3.44) and where the symbol ¢ may represent
different constants. Since 7 is an arbitrary cut-off function, only subject to
(3.44), the result follows. O

(3.47)

As a corollary to Theorem 3.1 and Lemma 3.2 we obtain

3.3. Theorem. Let f € H™ 22(R"), m > 2, then the equation

(3.48) Au=—apAu+0Ou=f

has a unique solution u € H™?(R™) NHy satisfying

(3.49) e+ [ el <l
la|<m—1 K"

where ¢ depends on m,n,©,py and ag.
Moreover, the eigenfunctions u satisfying

(3.50) Au = du
are smooth and the H™?-norm can be estimated by
(3.51) [ullf2 < cnA™ull® Vm > 1,

where ¢, also depends on the smallest eigenvalue Mg of A.

Proof. It suffices to prove the last estimate, which can be deduced from (3.49)
by induction

(3.52) [ully 2 < eX?[lullf, 2 < eX*A™ 72 ul* = eA™||ul|?.

The proof for m = 1 follows from

(3.53) [ullf 2 < e(1+ 25" B(u) = c(1+ A5 HA[[ul*.
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O

3.4. Lemma. Let Hopm(R™), m > 1, be the completion of C°(R™, C) with
respect to the scalar product

(3.54) (A" u, A™v) :/ AMgA™v,

then

(3.55) [ull3ma < clA™ul?  Vu € Hom(R),
(3.56) |A™  ul|? < cf| A™ul|? Vu € Hom(R™),

and the eigenfunctions of A are complete in Hop (R™) for any m > 1. Fur-
thermore, if the eigenfunctions are mutually orthogonal in L?(R™) then they
are also mutually orthogonal in Ham (R™) and vice versa.

Proof. We prove the first estimate by induction.
»(3.55)“  The estimate is valid for m = 1, in view of Theorem 3.3.
Suppose the estimate is valid for ¢ > 1 and let u be test function, then

ullgr1).2 < cllAull3, 2
(3.57) < cf| A7(Au)||?
= cf| AT ulf?,
where we used Theorem 3.3 in the first inequality and the induction hypothe-

sis in the second.
»(3.56)%  Let m > 1, then

(3.58) A" |2 < Mg HAA™ u, ATy < A A™ | [[A™ |

It remains to prove the completeness of the eigenfunctions u; obtained
in Theorem 2.5 on page 11. They are complete in H; but also in L?(R")
because of the Parseval’s identity (2.52).

If they were not complete in Ha,, (R™) for some m, then there would exist
0 # u € Hyp,(R™) such that

(3.59) 0 = (A™u, A™u;) = (u, A%™u;) = N2 (u, u;) VieN,

hence we would infer

(3.60) u=0;

a contradiction. O

The elliptic operator A with
(3.61) D(A) = C*(R™) c H = L*(R")
is essentially self-adjoint, for a proof see Lemma 5.1 on page 37. Let us denote
its unique self-adjoint extension by the same symbol since the domain of the

extension is Ha(R™). We are almost ready to prove the trace class estimates
for A but we need to additional lemmata.
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3.5. Lemma. Let Hg be the Hilbert space

(3.62) Ho = L*(R", dp)
where

(3.63) dp = (14 [2])~ D,
then the embedding

(3.64) J o Hom(R™) — Hg

is Hilbert-Schmidt provided m > 5.

Proof. As in the proof of Lemma 2.6 on page 13 we adapt Maurin’s original
proof for bounded subsets of R™ to the present situation. Let ¢ be a real
valued test function

(3.65) v e CF(R")

and S the differential operator

(3.66) S=DyoDyo---0D,,
then

Il "
(367 Fay= [ [ s
The integrand can be expressed in the form
(3.68) S = Y capD0S
lee|+18]=n

with multiindices o, 8 and constants c,3, where some constants may be zero.
Hence, we deduce

(3.69) ol <cllellns Ve CER).

This estimate is of course also valid for complex valued u € Hap, (R™).
Now, let m > 3 and let e; be an ONB in Hom (R™) consisting of eigen-
functions of A, then, for any x € R™, the map

(3.70) u — u(x), u € Hom (R™),

is continuous, because of (3.69) and (3.55), hence it can be expressed in the
form

(3.71) u(z) = (A" @y, A™u) Vu € Hom(R"™),
where

(3.72) Pz € Hom(R")

and

(3.73) [A" e < ¢
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is uniformly bounded independent of x. If we choose especially u = e; then,
for any x € R"™,

(3.74) Y olei@)P =Y (A pe, ATe) P = | AT, |* < .
=0 =0

Integrating now with respect to measure in (3.63) completes the proof of the
lemma. (I

The next lemma is analogous to Lemma 2.7 on page 14.

3.6. Lemma. Let u; be an eigenfunction of A with eigenvalue \;, then
there exist positive constants ¢ and v such that

(3.75) luillf = B(ui) = Nlluil|® < A Juill3,
where ¢,y are independent of w; and ||-||o is the norm in Hy.
Proof. We have

(3.76) B(u;) = /R {ao| Dui|* + Olug*} = Ay|u ||
Moreover, we know, in view of (3.17) and (3.19), that

(3.77) o) > %clmpo Vlz| > 2Ry > 1,

where py > 0. Choosing small positive 4, e and applying Young’s inequality
with

Do 1
3.78 - -
(3.78) = po—pod 1-0
and
(3.79) ¢ =01

to estimate the L?-norm on the right-hand side of (3.76) from above by

1 1 / 1
CEUNY / (1+ el + e / (14 [a]) 700 2.

Choosing § so small that

(3.81) pod t>n+2
we deduce

9 1 1 5
(3.82) il ® < C;EQB(W) + e T uillo

leading immediately to the desired estimate by choosing e appropriately. [

Now we can prove:
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3.7. Theorem. Let A be the elliptic differential operator

(3.83) Au = —apAu + Ou,
then
(3.84) e P4, B>0,

is of trace class in L*(R™), i.e.,

o0

(3.85) D e <o,
=0

Proof. Let (u;) be an ONB of eigenfunctions of A in # = L*(R") and let

m > 3, then
oA BAs

=" ui||* = e*ﬁ)‘i)\ile(ui)

< e PieN] il

3.86
(3.86) < e PAT N A2
— ce AT 2
U;
(3.87) =
TAmw]

and where we also used the estimate (3.75) to derive the first inequality in
(3.86).

Hence, we infer

(3.88) e < egllwl3,

where

(3.89) cp = csupe M=l
t>0

and we finally conclude
(3.90) e i<y Jlinsl§ < oo,
i=0 i=0

because the embedding
(3.91) J: Hom(R™) — Ho

is Hilbert-Schmidt, in view of Lemma 3.5. (]
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4. THE HAMILTONIANS GOVERNING QUANTUM GRAVITY

In three recent papers we applied our model of quantum gravity to a
globally hyperbolic spacetime with an asymptotically Euclidean Cauchy hy-
persurface [7] and to a Schwarzschild-AdS [6] resp. Kerr-AdS black hole [8].
In all three cases the quantized model had the same structure, namely, it
consisted of special solutions to a wave equation

1 n? . o_4 T, o 4 2
(4.1) a1 —(n—1)t nAu—§t » Ru + nt*Au = 0,
in a quantum spacetime
(4.2) N =R, x &,

where Sy is a m-dimensional, n > 3, Cauchy hypersurface of the original
spacetime, or, in case of black holes, the smooth limit of Cauchy hypersur-
faces. The Laplacian and the scalar curvature correspond to the metric o;; in
Sp, cf. [5, Theorem 6.9], where we derived this wave equation after a canonical
quantization process. The special solutions are a sequence of smooth func-
tions which are a product of temporal and spatial eigenfunctions of elliptic
operators, where the spatial eigenfunctions are eigendistributions.

In case of the globally hyperbolic spacetime with an asymptotically Eu-
clidean Cauchy hypersurface the solutions to the wave equation can be ex-
pressed in the form

(4.3) Usj = WiVij, 1eN, 1<j<m< oo,

where the w; are the eigenfunctions of a temporal Hamilton operator Hy
(4.4) How; = Ajw;

and the \; have multiplicity one such that

(4.5) O< <A<

and for each fixed i the at most countably many v;; generate an eigenspace
(4.6) ér, € S (So)

of a spatial Hamiltonian H;, i.e.,

(4.7 Hyvijy = Mg

We have

(4.8) vi; € C%(Sy) N7 (So).

In the two remaining cases of the black holes the special solutions are labelled
by three indices

(4.9) Uijk = Wik Py

where the w; are the same temporal eigenfunctions as before, the ¢; are the

eigenfunctions of an elliptic operator A on a smooth compact Riemannian
manifold (M, o;;), where topologically

(4.10) M ~S" 1,
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at least in the physically interesting cases, i.e.,
(411) AQDJ = ﬂj(pj,
(4.12) o < fir < fin < -

The ¢; form a mutually orthogonal basis of L?(M). For a Schwarzschild-AdS
black hole we know that

and for a Kerr-AdS black hole this condition can be assured by assuming that
the rotational parameter a is small enough such that the scalar curvature of
oi; is positive. Let us emphasize that we considered in [8] Kerr-AdS black
holes of odd dimensions

(4.14) dim N = 2m + 1, m > 2,

and assumed that all rotational parameters a; are equal

(4.15) a;=a#0 V1<i<m.

The (;; are eigendistributions in .’ (R) satisfying

(4.16) — il = wiCighs k=1,2,

where

(4.17) Giji(r) = \/12?62'“)”'7

and

(4.18) Gijo(T) = L omivar,
V2r

where

(4.19) wij >0

is defined by the relation

(4.20) Ni = i +wi,

i.e., for any i € N we look for all j satisfying

(4.21) fij < Aq

and then choose w;; > 0 satisfying (4.20). Let N; be the set of integers such

that the fi; satisfy (4.21), then the smooth functions

(4.22) Gijk®j

are mutually orthogonal in L?(M, ;;)—for fixed ¢ and k; note that we only
have two different eigendistributions (;;z, if

(423) Wi > 0,

otherwise we have only one. The eigendistributions (;;; and (;;2 are also
considered to be ,orthogonal“ since their Fourier transforms

(4.24) Cijk = Ot
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have disjoint supports.
Finally, the smooth functions u;; in (4.9) can be considered to be mutually
orthogonal since u;;, and u; ;5 are mutually orthogonal in

(4.25) L*(R,,dp) ® L*(M),
where

(4.26) dp = 2w dt,

if

(4.27) wij =wpjr A k=K

and as tempered distributions otherwise.

The w1, are eigendistributions for both the temporal Hamiltonian Hy as
well as for the spatial Hamiltonian H; with the same eigenvalues )\;, where
now the eigenvalues have finite multiplicities different from 1 by definition
of the eigendistributions and the w;;;, also solve the wave equation, since the
wave equation can be expressed as

(4.28) wo(Hou — Hyu) = 0,
where u = u(t, z) is a smooth function

(4.29) r€Sy=Rx M
and

(4.30) Qolt) =127,

In Section 5 we shall prove that we can define an abstract Hilbert space H,
where the eigendistributions w;;; resp. u;; in (4.3) form a basis of mutually
orthogonal unit vectors such that the Hamiltonian H; can be defined on
the dense subspace, which is the algebraic span of the basis vectors, as an
essentially self-adjoint operator. Let H; be its unique self-adjoint extension,
namely its closure, then we shall prove that for any 5 > 0

(4.31) e P
is of trace class in H. In addition H 1 satisfies
(4.32) Hy > XI, X >0.
The temporal eigenfunctions w; solve the equation
(4.33) How; = \w;,
where
(434) Hows = 05 (— o i+t M),
32n—-1
which is equivalent to
(4.35) - i”—Qwi + nt?| Alw; = Nipow,

2n—1
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i.e., it is one of the Sturm-Liouville eigenvalue problems which we considered
in (2.2) on page 8, where now

1 n?

(4.36) Au = T T 1ii+nt2|/1|u,
(4.37) b(t) = nt?| A
and
(4.38) Qolt) =127,
The eigenvalues are obtained by looking at the generalized eigenvalue problem
(4.39) B(u,v) = AK (u,v) Vv € Hi,
where
(4.40) B(u,v) = (Au,v)
and
(4.41) K(u,v) = / 2~ 5w,
R,

cf. Theorem 2.5 on page 11, where now
(4.42) co = 0.
Hence, the assumptions of Theorem 2.8 on page 15 are all satisfied and we
conclude

4.1. Theorem. Let 8 > 0 and let Hy be the Hamiltonian in (4.34), then
the operator
(4.43) e~ PHo
is of trace class L*(R,., dp).

There is also a spatial Hamiltonian H;, which, in the case of the black holes
considered, is a direct product of a classical harmonic oscillator in R and an

elliptic operator A on a compact, smooth Riemannian manifold M = M™~1,
n > 3, with metric o;;, where A has the form

(4.44) Ap=—(n—1)Ap— gR@

and the Laplacian is the Laplacian in M and R the scalar curvature of the
metric. A is self-adjoint with domain

(4.45) D(A) = H**(M) Cc L*(M),

where

(4.46) H™2(M), m¢€ M,
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are the usual Sobolev spaces with norm
(4.47) ol = 3 [ 1Dk
laj<m M

A has a pure point spectrum with countable many eigenvalues fi; with finite
multiplicities and mutually orthogonal eigenfunctions ¢; such that

(4.48) o < jig <---

and

(4.49) lim fi; = oo.
J

We want to prove that
(4.50) e P4 B>,

is of trace class in L?(M).
The proof of this result will follow the arguments in Section 3 very closely.

4.2. Lemma. Let m > "T_l, then the embedding
(4.51) j: H™?(M) — L*(M)
is Hilbert-Schmidt.

Proof. This result is due to Maurin and its proof is identical with the proof
of Lemma 2.6 apart from some obvious modifications. ([l

We also need the lemma:

4.3. Lemma. Let m € N, then there exists c,, > 0 such that

(4.52) ll3m.2 < em(lA™0l? + [l2lI*)
and the bilinear form
(4.53) (A™ @, A™p)o + (@, ¥)o
defines an equivalent scalar product in H?™2(M), where
(454) .= [ wv.
M
Proof. Let
(4.55) feH™(M)
and
(4.56) p € H**(M)
a solution of
(4.57) Ap=f,

then it is well-known that
(4.58) o € H™22(M)
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and there exists ¢,, such that

(4.59) [ellm+2.2 < Em(([fllm,2 + [l€llo)-
The constant ¢, also depends on A and M. Using this estimate the relation
(4.52) can be easily proved by induction. O

Now, we are ready to prove:

4.4. Theorem. Let A be the self-adjoint operator in (4.44), then
(4.60) e A
is of trace class in L>(M) for any 3 > 0.

Proof. Let m > 1 and equip H?™?(M) with the scalar product (4.53)
such that

(4.61) 1132 = (A™0, A™p)o + (¢, )0,
then any eigenfunctions ¢;, ¢; of A satisfy
(4.62) <90ia§0j>0 =0 = <<Pi,80j>2m,2 =0.

Let (¢;) be an ONB of eigenfunctions of 4 in L?*(M) and define

(4.63) @5 = @ill#illzm.as
then the ¢; form an ONB in H?"™2(M) and we conclude

™R = e ilpylIE = e |13 2 125113

(4.64) . < ~
= e PR (14 |5 P™)185 13 < eslll5
yielding
(4.65) D e P <ep > |ll5 < oo
§j=0 =0
in view of Lemma 4.2. O

With the help of the preceding lemma we can now prove that, in case of
the black holes, the spatial Hamiltonian H; has the property that

(4.66) e PH

is of trace class for all § > 0, where we still have to define an appropriate
Hilbert space.

We have
(4.67) Hiv=—9— Av,
where we write v as product
(4.68) v(r,z) = ((T)p(z)
with

(4.69) TER AN z€M=M""1,
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where A is the differential operator in (4.44). Let ¢; be the eigenfunctions
of A with eigenvalues fi;, then, for any eigenvalue A\; we define

(4.70) Ni={j € N:ji; <N}
and w;; > 0 such that

(4.71) wy; + fij = Ai.
Note that

(4.72) 0eN; VieN,
since

(4.73) fo < 0.

Let

(4.74) Gijks k=1,2,
be the tempered distributions

(4.75) G = \/%eiwiﬂ

and

(4.76) Cijo = 1 e Wi
V2r

where this distinction only occurs for

(4.77) wij > 0.

Let fijk be the Fourier transform of (;jx, then

(478) éijl = 5wij A CAijQ = 5—‘%1

such that these tempered distributions are considered to be mutually ,,or-
thogonal“. The smooth functions

(4.79) Uijke = GijkPj
satisfy
(4.80) Hyuiji = Niwiji-

Label the eigenvalues of H; including their multiplicities and denote them
by A;. Then

(4.81) Z e Br <2 Z e Prin(\) =2 Z e_g’\"e_gAin()\i),
i=0 =0 i=0
where
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4.5. Lemma. Let 8y > 0 be arbitrary, then, for any

(4.83) 0<fo<p
and for any i € N, the estimate
(4.84) e~ FNn(\) < e(B) < cl(Bo),

where ¢(By) also depends on A but is independent of i € N.

Proof. Each N; is the disjoint union

(4.85) N!UN/,
where
(4.86) N = {jeN;: fi; <0}

and N/ is its complement. The operator A has only finitely many eigenvalues
which are non-positive, i.e.,

(4.87) #N! <ny VieN,
hence
e 2n(\) <o + Z e 2N <py+ Z e~ 2
JEN/ JEN!
< ng + Z e_g’lﬂ
(4.88) =
: _B8;. 2 1~
=ng+ Y e 2P (1+|a3m) (15513
Jj=no

where we used (4.64). The estimate for the Hilbert-Schmidt norm of the
embedding

(4.89) j: H™*(M) — L*(M)
depends on A, since we used the equivalent norm given in (4.61), and
(4.90) ¢(B) = sup e‘gt(l 4 t2m).

t>0

]

4.6. Corollary. The sum on the left-hand side of (4.81) is finite and hence
(4.91) e BHL B8>0,

is of trace class provided we can define a Hilbert space H such that the
eigendistributions form a complete set of eigenvectors in H and Hy is es-
sentially self-adjoint in H.
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Proof. The first claim follows immediately by combining (4.88) and Theo-
rem 2.8. In Lemma 5.1 on page 37 we shall define the Hilbert space H and
shall prove that H; is essentially self-adjoint in H and that the eigendistri-
butions form a complete set of eigenvectors in H. O

The elliptic operator A also depend on A, since the underlying Riemannian
metric depends on it. The estimates in the preceding lemma remain valid
provided |A| remains in a compact subset of R, since the operator A is then
still uniformly elliptic and smooth. However, when

(4.92) 1A| = o,

then the relation (4.52) is no longer valid and a more sophisticated analysis
is necessary to achieve a corresponding estimate. Let us treat the cases
Schwarzschild-AdS and Kerr-AdS black holes separately.

For a Schwarzschild-AdS black hole the operator A can be written in the
form

(4.93) A=ry2A,
where r( is the black hole radius and
(4.94) Ap=—(n—1)Ap — gé@

Here, the Laplacian and the scalar curvature R refer to the corresponding
quantities of S"~! with the standard metric, cf. [6, equ. (2.12) and (2.14)].
The eigenfunctions of A are the eigenfunctions of A. Let t; be the eigenvalues
of A and fi; the eigenvalues of A, then

(4.95) Ay =5

From the definition of the black hole radius
—(n—2 2

it is evident that

4.97 li =0

(4.97) A5

and also

(4.98) im |Alrg = oo,
—oo

1
4]
though the latter result is only needed when we shall treat the Kerr-AdS
case.

We can now prove:

4.7. Lemma. Let $y > 0 be arbitrary and |Ag| so large that
(4.99) ro <1 VA > Ao,
then for any i € N, any 8 > By and any |A| > |Ag|

(4.100) e"TMn(\) < ¢(8) < ¢(Bo),
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where ¢(By) also depends on A but is independent of |A| and i € N.

Proof. We follow the proof of Lemma 4.5 but use A instead of A to define an
equivalent norm in H™2(M),

(4.101) M =s""1.

Then, we infer, cf. (4.88),

e TN (\i) < o + Z e 7N <ng + Z e 3

JEN]' JEN]
S no + Z e_gﬂj
(4 ) jzno
.102 B ~
=no+ Y e 2P (1+|ul3m) (|53
j>mno

Here, we used
(4.103) fij = 1oy > pg > 0.
O

Let us now look at Kerr-AdS black holes. In [8, equ. (2.50)] we described
the metric 0;; on M = sn—1

r2 + a? i . i .
dshy = m((szjd# dp? + 117 0;5d @ de?)
4.104
( ) +a2(1—|—l27‘2)(r2—|—a2) 2 200t do)
Here
(4.105) n = 2m, m > 2,

and the coordinates p;, 1 < ¢ < m are subject to the constraint
(4.106) > pp=1
i=1

They are the latitudinal coordinates of S*~! and the ¢;, 1 < i < m, are the
azimuthal coordinates. The metric

(4.107) Sipdptdp? + p3didptde’
is the standard metric of S®~1. The constant r is the radius of the event
horizon, a # 0 the rotational parameter and

1

(4.108) ?= “mm D)
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The relation
(4.109) a’l? <1

is assumed. We also require that a is small enough such that the scalar
curvature R of the metric o;; is positive. We can write the metric as a
conformal metric

r? +a? _

Let us also note that the Schwarzschild-AdS black hole is obtained by setting
a = 0 and that

(4.111) lim r = ro,

a—0

is the Schwarzschild black hole radius.
In order to prove the analogue of Lemma 4.7 we assume that, when

(4.112) [A] = oo,

a is supposed to be so small that

(4.113) lim [Ala® =0
|A] =00

and

(4.114) lim |A|r? = oo,
|A]— o0

and we emphasize that these assumptions are always satisfied if a = 0, cf.
(4.98). If these are satisfied, then the operator A can be expressed in the
form

1—a%l? -
4.115 =T A
( ) 7,2 + (12
where A converges uniformly in C°°(M) to the operator A in (4.94), i.e.,
for large |A|, A is uniformly elliptic and smooth such that the number of
non-positive eigenvalues ng(A) is bounded from above by the ng of the limit
operator

(4.116) no > limsup ng(A),

| Al =00
since ng is upper semi-continuous as it is well-known.
4.8. Lemma. Under the assumptions (4.113) and (4.114) the results of

Lemma 4.7 are also valid for the Kerr-AdS black hole, i.e., there exists |Ag| >
0 such that for all

(4.117) |A| > | Ap]
and for any B satisfying
(4.118) 0< B <p,
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where By is arbitrary,
(4.119) e=Tin(\) < c(Bo)
uniformly in i € N, |A| and f.

Proof. The proof is identical to the proof of Lemma 4.7 by using the fact
that the special H™?2(M) norm

(4.120) (Ao, A™p)o + (@, P)o,

with different m than used to express the dimension of M, is uniformly
equivalent to the standard H™?(M) norm, hence the Hilbert-Schmidt norm
of the embedding

(4.121) §: H™2*(M) — L*(M)
is uniformly bounded. We also relied on
. 1 — a?l?
(4.122) Bi=Jaggats >t >0
for j € N'. O

Finally, let us derive the last result in this section.

~ 4.9. Lemma. Let \; be the temporal eigenvalues depending on A and let
\; be the corresponding eigenvalues for

(4.123) 1A =1,
then
(4.124) A = M| A

Proof. Let B and K be the bilinear forms defined in (4.40) resp. (4.41), where
B corresponds to the cosmological constant A, and let By be the form with
respect to the value

(4.125) |A] =1.

Moreover, let us denote the corresponding quadratic forms by the same sym-
bols, then we have

(4.126) Ble) _ g5t Bulo)

K(p) K(p)
To prove (4.126) we introduce a new integration variable 7 on the left-hand
side

V0 # e CP(R,).

(4.127) t=pur, w>0,
to conclude
B n— B
(4.128) Blo) _ e (%) V0 #p e CP(R,).
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provided
(4.129) = |A]"%.
The relation (4.126) immediately implies (4.124). d

5. THE PARTITION FUNCTION

We first define the partition function for the black holes and shall later
show that the definitions and results are also applicable in case of the quan-
tized globally hyperbolic spacetimes with a negative cosmological constant
and asymptotically Euclidean Cauchy hypersurfaces.

We define the partition function by using the spatial Hamiltonian H; of
the quantized black holes, Kerr or Schwarzschild, which is now defined in the
separable Hilbert space H generated by the eigendistributions

(5.1) Uijk = WiCijkP;)

which are smooth functions satisfying the eigenvalue equations
(5.2) Hiuijr = Aiwijk

as well as

(5.3) Houiji = A,

where Hj is the temporal Hamiltonian.
In order to explain how the eigendistributions can generate a Hilbert space

let us relabel the eigenfunctions and the eigenvalues by (u;, A;) such that

and
(55) H()Ui = ;\Z‘Ui,

i.e., the multiplicities of the eigenvalues are now included in the labelling and
the ordering is no longer strict

(5.6) M<A <A<
To define the Hilbert space H we simply declare that the eigendistributions
are mutually orthogonal unit eigenvectors, hence defining a scalar product in

the complex vector space H’ spanned by these eigenvectors. We define the
Hilbert space H to be its completion.

5.1. Lemma. The linear operator Hy with domain H s essentially self-
adjoint in H. Let Hy be its closure, then the only eigenvectors of Hy are
those of Hy.

Proof. Hy is obviously densely defined, symmetric and bounded from below
(5.7) Hy > Mol > 0.

Since A > 0, the eigenvectors also span R(Hy), i.e., R(H;) is dense. Let
(5.8) weH
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be arbitrary, and let

(5.9) Hyv; € R(Hy)

be a sequence converging to w, then v; is a Cauchy sequence, because
(5.10)  Nollvi — v||? < (Hyv; — Hyvj,v; — v;) < |[Hyvg — Hyvg| v — g,
hence

(5.11) R(Hy)=H

and H; is the unique s.a. ex_tension of Hy.
It remains to prove that H; has no additional eigenvectors. Thus, let u be
an eigenvector of H; with eigenvalue A

(5.12) Hyu = \u,

and let

(5.13) E(\)CH, ieN,
be the eigenspaces of H;. Let us first assume that there exists j such that
(5.14) A=),

but

(5.15) u ¢ E(\;).
Without loss of generality we may assume

(5.16) ue B\
However, this leads to a contradiction, since then
(5.17) ue E(\)Y  VieN,
and hence

(5.18) ue M+

which implies u = 0.
Thus, let us assume

(5.19) A#N  VieN,
but then (5.17) is again valid leading to the known contradiction. O

5.2. Remark. In the following we shall write H; instead of H.

5.3. Lemma. For any 8 > 0 the operator

(5.20) e PH1
is of trace class in H. Let
(5.21) F = FL(H)

be the symmetric Fock space generated by H and let
(5.22) H =dI'(Hy)



TRACE CLASS ESTIMATES AND APPLICATIONS 39

be the canonical extension of Hy to % . Then

(5.23) e PH

is also of trace class in F

(5.24) tr(e ) = H(l - efﬁj‘i)fl < 00.
i=0

Proof. The first part of the lemma has already been proved in Corollary 4.6
on page 32. This property can now be rephrased as

(5.25) tr(e PH1) = Ze_ﬂj‘i < 00.
=0

The second assertion is well known, since

(5.26) Hy > Xl >0,

and the properties (5.25) and (5.26) imply (5.24), cf. [1, Proposition 5.2.7]
and [9, Volume II, p. 868], where the equation (5.24) is also proved. O

We then define the partition function Z by

(5.27) Z =tr(e PH) = H(1 — e Bt
i=0

and the density operator p in .# by
(5.28) p=2te PH
such that
(5.29) trp=1.

The von Neumann entropy S is then defined by

S = —tr(plogp)
=log Z + BZ ' tr(He PH)

(5.30) dlog Z
=logZ - a9

=logZ + BF,
where E is the average energy
(5.31) E =tr(Hp).

E can be expressed in the form
(5.32) E=) ———

Here, we also set the Boltzmann constant

(5.33) Kp=1.
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The parameter 3 is supposed to be the inverse of the absolute temperature
T

(5.34) B=T""
In view of Lemma 4.9 on page 36 we can write the eigenvalues )\; in the form
(5.35) A= NlAI

where )\; are the eigenvalues corresponding to |A| = 1. Hence, Z, S, and E
can also be looked at as functions depending on 8 and A, or more conve-
niently, on (3, 1), where

(5.36) r=4

since the \; can also be expressed as

n—1
n

)

(5.37) X= A= MlA
where j is different from 4
(5.38) j <1,

because of the multiplicities of X;. Let emphasize that the multiplicities also
depend on A, hence it is best to simply note that

n—1

(5.39) Ao = Xo = Ao|A|

and that the ); are ordered. We shall never use the relation (5.37) explicitly
in the proofs of the subsequent theorems and lemmata referring to (5.35)
instead.

5.4. Theorem. (i) Let By > 0 be arbitrary, then, for any

(5.40) 0 < B < P,

we have

(5.41) lim F = co
A—0

as well as

(5.42) lim S = oo,
A—0

where the limites are uniform in (.
(ii) Let Bo > 0 be arbitrary, then, for any

(5.43) B = Bos

we have

(5.44) lim E=0
|A| =00

as well as

(5.45) lim S =0,
|A]— o0

where the limites are uniform in (.
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Proof. ,,(1)¢ We first observe that

4 E= > :
(5 6) ‘ e,BAifl_Zeﬁ)‘i—l
=0 =0
Now, let m € N be arbitrary, then
(5.47) E>Zeﬁ>\1,1_zeﬁ,\¢_
and
N NT

hmme > lim _—
(5.48) 70— ePriT

=(m+1)F7" > (m+1)5"
yielding

(5.49) lim £ = co
AS0

uniformly in 5.
Since Z > 1, the relation (5.42) follows as well.

,»(i1)¢ We estimate E from above by

o] by 00

X o= 2Xi = EXiq _ —BAi-1
Ezl—ef”‘ l)\le2e2(le )
(5.50) =
< (L—en2) (o) Yo e,
=0

where we used (5.43) and
5\7;67%

(5.51) A< Suptefgt = ¢(B) < ¢(Bo).
>0
Furthermore, we know that
S et casy et
(5.52) =0 =
<o) Y e N,

cf. Lemma 4.7 on page 33 and Lemma 4.8 on page 35, hence we obtain

oo

(5.53) B < (1 e M) le(5)a(fo) 3 e 1T
i=0

deducing further

(5.54) limsup F < ¢(89)é(Bo) hm Ze T _

T—00
=0
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uniformly in S and hence
(5.55) lim £ =0.

T—>00

It remains to prove that S vanishes in the limit. We have

Z=TJa—e )t =J[a+e @ —e )
=0 =0

(5.56) -
< oxp{(1 - N0y 1Y e Ay,
i=0
where we used the inequality
(5.57) log(1+1t) <t Vt>0

in the last step.
Applying then the arguments preceding the inequality (5.54) we conclude
(5.58) lim Z=1
T—00

uniformly in 5. O

5.5. Remark. The first part of the preceding theorem reveals that the
energy becomes very large for small values of |A|. Since this is the energy ob-
tained by applying quantum statistics to the quantized version of a black hole
or of a globally hyperbolic spacetime—assuming its Cauchy hypersurfaces are
asymptotically Euclidean—a small negative cosmological constant might be
responsible for the dark matter, where we equate the energy of the quantized
universe with matter. As source for the dark energy density we conjecture
that the dark energy density should be proportional to the eigenvalue of the
density operator p with respect to the vacuum vector 7

(5.59) pn=Z""n,
which is Z~1.

The behaviour of Z with respect to A is described in the theorem:

5.6. Theorem. Let Sy > 0 be arbitrary, then, for any

(5.60) 0 <8< Po,

we have

(5.61) lim Z = oo
A—0

and for any

(5.62) Bo < B

the relation

(5.63) lim Z=1
|A]— o0

1s valid. The convergence in both limites is uniform in 3.
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Proof. ,(5.60)“ Let m € N be arbitrary, then

o0

7 > H *ﬁ)\ — H(l o e*ﬂXfr)fl

1=0 1=0

> H —ﬁoA 7'

(5.64)

and we infer

(5.65) lim Z = liminf Z = co.
T—0 T—0
,»(5.63)“ This limit relation has already been proved in (5.58). O

Let us now consider the quantized globally hyperbolic spacetimes with an
asymptotically Euclidean Cauchy hypersurface. The eigenspaces

(5.66) & €S (So)

of H; are separable but they are in general not finite dimensional as can be
seen by the following counterexample

(5.67) H =-A
in R™. The eigenspaces
(5.68) &, Ai >0,

contain the tempered distributions
i(k,x n—1
(5.69) eltbr) - pesyh

As a Hamel basis they generate a vector space the dimension of which is
equal to the cardinality of S*~!. Of course, as a Schauder basis the functions
with

(5.70) keDcsy,

where D is countable and dense, generate a dense subspace.

This example indicates that not all eigendistributions of H; might be phys-
ically relevant. Contrary to the cases of the black holes, where the selection of
eigenvectors and eigendistributions was a natural process, only the temporal
eigenvectors are naturally selected in the present situation and of course at
least one matching spatial eigendistribution to obtain a solution of the wave
equation. Hence, we could use Hy to define the partition function. However,
we believe this choice would be too restrictive, and we shall instead stipulate
that we only pick at most

(5.71) e[|

spatial eigendistributions in &),, where ¢ and p are arbitrary but fixed con-
stants, i.e., we assume that
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With this assumption it becomes evident that the results and conjectures of
Theorem 5.4, Remark 5.5 and Theorem 5.6 are also valid in case of globally
hyperbolic spacetimes with asymptotically Euclidean hypersurfaces.

6. THE FRIEDMANN UNIVERSES WITH NEGATIVE COSMOLOGICAL
CONSTANTS

In [5, Remark 6.11] we observed that, if the Cauchy hypersurface Sy is a
space of constant curvature and if the wave equation (4.1) on page 25 is only
considered for functions u which do not depend on x, then this equation is
identical to the equation obtained by quantizing the Hamilton constraint in
a Friedman universe without matter but including a cosmological constant.
The equation is then the ODE

1 n?
32n-1
where R is the scalar curvature of Sy. We cannot apply our previous ar-
guments to the solutions of this ODE. However, if we consider instead the
more general equation (4.1), where u is also allowed to depend on z, which
certainly is more general and accurate, then the previous arguments can be
applied if the curvature k of Sy vanishes

(6.1) ung#%u+m%mza 0<t< oo,

(6.2) E=0.
The scalar curvature, which is equal to

(6.3) R =n(n—1)R,
then vanishes too and

(6.4) So = R™

We are now in the situation which we analyzed at the end of the previous
section, where now the spatial Hamiltonian is

(6.5) H =-(n—1)A

and some spatial eigendistributions are shown in (5.69) on page 43. However,
since we consider the quantized version of a Friedmann universe we shall look
for radially symmetric eigendistributions, i.e., we look for smooth functions
v = v(x) satisfying

(6.6) v(z) = ()
such that
(6.7) Av=@+n—1Drtp=—p?o in r>0,

where p > 0. Obviously, it is sufficient to assume p = 1, because, if ¢ is an
eigenfunction for 4 = 1, then

(6.8) p(r) = p(ur)

is an eigenfunction for the eigenvalue p?. Therefore, let us choose pu = 1.
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We shall express the solution ¢ with the help of a Bessel function J,,. Let
1) be a solution of the Bessel equation

(6.9) G4r Y+ (1—r 22y =0,
where
(6.10) y=" 5 2

then the function

(6.11) o(r)=r""¢
satisfies
(6.12) r¢+ (2v+1)p+1re =0,

which is equivalent to (6.7) with u = 1. The Bessel equation (6.9) has the
two independent solutions .J, and Y,,, the Bessel functions of first kind resp.
of second kind. It is well known that the functions

(6.13) r~J,

can be expressed as a power series in the variable 72, cf. [2, equ. (21), p. 420],
i.e., the function

(6.14) v(x)=p(r)=r""J,
is smooth in R™, while the functions
(6.15) r=vY,

have a singularity in r = 0. Hence, there exists exactly one smooth radially
symmetric solution v of the eigenvalue equation

(6.16) — Av = X0, A >0,

which is given by

(6.17) v=(Ar)""J,(Ar).

This solution also vanishes at infinity, hence it is uniformly bounded and a
tempered distribution.

A solution of the wave equation (4.1) on page 25, in case of a quantized
Friedmann universe, is therefore given by a sequence

(6.18) w; = w;(t)vi(x), ieN,

where w; is a temporal eigenfunction and v; a spatial eigenfunction. The
u; are also eigenfunctions for the temporal Hamiltonian as well as for the
spatial Hamiltonian. Each eigenvalue has multiplicity one. We have therefore
proved:
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6.1. Theorem. The results in Theorem 5.4, Remark 5.5 and Theorem 5.4
are also valid, if the quantized spacetime N = N™t1 n > 3, is a Friedmann
universe without matter but with a negative cosmological constant A and with
vanishing spatial curvature. The eigenvalues of the spatial Hamiltonian H,
all have multiplicity one.
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