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Abstract: In this paper, we study the shape of the min-max minimal hypersurface
produced by Almgren-Pitts in [2][13] corresponding to the fundamental class of a Rieman-
nian manifold (M "+1,g) of positive Ricci curvature with 2 < n < 6. We characterize
the Morse index, volume and multiplicity of this min-max hypersurface. In particular, we
show that the min-max hypersurface is either orientable and of index one, or is a double
cover of a non-orientable minimal hypersurface with least area among all closed embedded

minimal hypersurfaces.

1 Introduction

Almgren and Pitts developed a min-max theory for constructing embedded minimal hyper-
surface by global variational method [1][2][13]. They showed that any Riemannian manifold
(M™*! g) for 2 < n < 5 has a nontrivial smooth closed embedded minimal hypersurface.
Later on, Schoen and Simon [16] extended to the case of dimension n = ql. In 2], Alm-
gren showed that the fundamental class [M]| € Hp41(M) of an orientable manifold M can
be realized as a nontrivial homotopy class in m (Z,(M),{0}). Here Z,(M) is the space of
integral n-cycles in M (see 2.1 in [13]). Almgren and Pitts [2][13] showed that a min-max con-
struction on the homotopy class in m (Z,(M),{0}) corresponding to [M] gives a nontrivial
smooth embedded minimal hypersurface with possibly multiplicity. We will call this min-max
hypersurface the one corresponding to the fundamental class [M]. Besides the existence, there
is almost no further geometric information known about this min-max minimal hypersurface,
e.g. the Morse inde)E, volume and multiplicity. By the nature of the min-max construction
and for the purpose of geometric and topological applications, it has been conjectured and

demanded to know that these min-max hypersurfaces should have total Morse index less or

!They also showed the existence of a nontrivial minimal hypersurface with a singular set of Hausdorff

dimension n — 7 when n > 7.
2See Chap 1.8 in [6] for the definition of Morse index.
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equal than one (see [14]). Recently, Marques and Neves [1I] gave a partial answer of this
question when n = 2. They showed the existence of an index one heegaard surface in certain
three manifolds. Later on, in their celebrated proof of the Willmore conjecture [12], Marques
and Neves showed that the min-max surface has index five for a five parameter family of
sweepouts in the standard three sphere S3.

In this paper, we study the shape of the min-max hypersurface corresponding to the
fundamental class [M] in the case when (M"!, g) has positive Ricci curvature, i.e. Ric, > 0.
In this case there exists no closed embedded stable minimal hypersurface (see Chap 1.8 in [0])
in M. By exploring this special feature, we will give a characterization of the Morse index,
volume and multiplicity of this min-max hypersurface.

We always assume that (M"™*1, g) is connect closed orientable with 2 < n < 6. Hypersur-

faces X" € M"™*! are always assumed to be connected closed and embedded. Denote
S={X"c (M" g): X" is a minimal hypersurface in M}.

Hence S # 0 by [13][16][7]. Let

Wy = min
YeSs

)Y if ¥ is ori 1
{ V(X), if X is orientable }7 (1.1)

2V (¥), if ¥ is non-orientable
where V(X) denotes the volume of 3. Our main result is as follows.

Theorem 1.1. Let (M" g) be any (n + 1) dimensional connected closed orientable Rie-
mannian manifold with positive Ricci curvature and 2 < n < 6. Then the min-max minimal

hypersurface ¥ corresponding to the fundamental class [M)] is:

(i) either orientable of multiplicity one, which has Morse index one and V(X) = Wyy;

(73) or non-orientable of multiplicity two with 2V (X) = Wyy.

Remark 1.2. In case (ii), ¥ has the least area among all S. The illustrative examples for
the first case are the equators S” embedded in S™*!, and for the second case are the RP"’s
embedded in RP"*! when n is an even number. Our theorem says that those are the only

possible pictures.

If there is no non-orientable embedded minimal hypersurface in M, we have the following

interesting corollary.

Theorem 1.3. Given (M™",g) as above, if (M, g) has no non-orientable embedded minimal
hypersurface, there is an orientable embedded minimal hypersurface ¥ C M™ 1 with Morse

index one.
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Remark 1.4. If M is simply connected, i.e. 71 (M) = 0, then by Theorem 4.7 in Chap 4 in [10],
there is no non-orientable embedded hypersurface in M. If 7y (M) is finite, and the cardinality
#(Fl(M )) is an odd number, then M has no non-orientable embedded minimal hypersurface

by looking at the universal cover.

As a by-product of the proof, we have the second interesting corollary.

Theorem 1.5. In the case of Theorem[I.3, the surface ¥ C M™ ' has least area among all

closed embedded minimal hypersufaces in M™ 1.

Remark 1.6. In general, compactness of stable minimal hypersurfaces follows from curvature
estimates [I6][17], which would imply the existence of a least area guy among the class of
stable minimal hypersurfaces or even minimal hypersurfaces with uniform Morse index bound.
However, the class of all closed embedded minimal hypersurfaces in M does not have a priori
Morse index bound. In fact, the existence of the least area minimal hypersurface comes from
the min-max theory and the special structure of orientable minimal hypersurface in manifold
(M™*1, g) with Ric, > 0.

The main idea is as follows. The difficulty to get those geometric information is due to the
fact that the min-max hypersurface is a very weak limit (varifold limit) in the construction.
To overcome this difficulty, we try to get an optimal minimal hypersurface, which lies in a
“mountain pass” (see [20]) type sweepout (continuous family of hypersurfaces, see Definition
1)) in this min-max construction. Given (M"™*! g) as in Theorem [l we will first embed
any closed embedded minimal hypersurface ¥ into a good sweepout. Then such families are
discretized to be adapted to the Almgren-Pitts theory. We will show that all those families lie
in the same homotopy class corresponding to the fundamental class of M. The Almgren-Pitts
theory applies to this homotopy class to produce an optimal embedded minimal hypersurface,
for which we can characterize the Morse index, volume and multiplicity. Our work is partially
motivated by [11][12].

The paper is organized as follows. In Section 2] we give a min-max theory for manifold with
boundary using the continuous setting as in [7]. In Section Bl we show that good sweepouts
can be generalized from embedded minimal hypersurface, where orientable and non-orientable
cases are discussed separately. In Section [d] we introduce the celebrated Almgren-Pitts theory
[2][I3][L6], especially the case of one parameter sweepouts. In Section [}l sweepouts which are
continuous in the flat topology are made to discretized families in the mass norm topology
as those used in the Almgren-Pitts theory. In Section [6] we prove a convergence result for

currents. Finally, we prove the main result in Section [1
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2 Min-max theory I—continuous setting

Let us first introduce a continuous setting for the min-max theory for constructing minimal
hypersurfaces. In fact, Almgren and Pitts [2][I3] used a discretized setting. They can deal
with very generally discretized multi-parameter family of surfaces, but due to the discretized
setting, the multi-parameter family is hard to apply to geometry directly. Later on, Smith [19]
introduced a setting using continuous families in S3. Recently, Colding, De Lellis [4](n = 2)
and De Lellis, Tasnady [7](n > 2) gave a version of min-max theory using continuous category
based on the ideas in [19]. They mainly dealt with the family of level surfaces of a Morse
function. Their setting is more suitable for geometric manipulation. Marques and Neves [11]
extended [4] to a setting for manifolds with fixed convex boundary when n = 2. They used that
to construct smooth sweepout by Heegaard surface in certain three manifolds. In this section
we will mainly use the version by De Lellis and Tasnady [7]. We will extend Marques and
Neves’ min-max construction for manifolds with fixed convex boundary to high dimensions.

Let (M™*! g) be a Riemannian manifold with or without boundary OM. H™ denotes the
n dimensional Hausdorff measure. When X" is a n-dimensional submanifold, we use V(%) to
denote H"(X).

Definition 2.1. A family of H" measurable closed subsets {Ft}te[o’l]kﬁ of M with finite H"
measure is called a generalized smooth family of hypersurfaces if
(s1) For each t, there is a finite subset P, C M, such that I'; is a smooth hypersurface in
M\ F;
(s2) t — H™(T;) is continuous, and t — I'; is continuous in the Hausdorff topology;
(s3) T'y — I'y, smoothly in any compact U CC M \ Py, as t — to;
When OM = (), a generalized smooth family {Zt}efo,1) is called a sweepout of M if there exists
a family of open sets {2 }¢[o,1], such that
(swl) (2¢\ 0Q) C P, for any t € [0,1];
(sw2) Volume(€2; \ €25) + Volume(Q; \ ;) — 0, as s — t;
(sw3) Qo =0, and O = M.
When OM # (), a sweepout is required to satisfy all the above except with (sw3) changed by
(sw3) Q1 = M. X9 = 0M, ¥y C int(M) for t > 0, and {¥;}o<i<c is a smooth foliation
of a neighborhood of M for some small ¢ > 0, i.e. there exists a smooth function
w: [0,¢] x OM — R, with w(0,2) = 0 and %w(o,:n) > 0, such that

5 = {expy (w(t,z)v(z)) : © € M}, forte|0,€,

where v is the inward unit normal for (M,0M).

3The parameter space [0, 1] can be any other interval [a, b] in R.
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Remark 2.2. The first part of the definition follows from Definition 0.2 in [7], while the second

part borrows idea from [11].

We will need the following two basic results.

Propostion 2.3. (Proposition 0.4 in [7]) Assume OM = 0. Let f : M — [0,1] be a smooth
Morse function. Then the level sets {{f = t}}te[o 1 18 a sweepout.

Given a generalized family {I';}, we set
L{Ty}) = max H"(T¢).
As a consequence of the isoperimetric inequality, we have,

Propostion 2.4. (Proposition 1.4 in [{] and Proposition 0.5 in [7]) Assume OM = (). There
exists a positive constant C(M) > 0 depending only on M, such that L({3;}) > C(M) for

any sweepout {¥i }reo,1]-
We need the following notion of homotopy equivalence.

Definition 2.5. When M = 0, two sweepouts {¥} }1e(o1] and {X7}iejo,1) are homotopic if
there is a generalized smooth family {T'(s )} (s ¢)efo,12, such that Iy = Y1 and Fay = 2,
When OM # (), we further require the following condition:

(*) T(s50) = OM, T'(5y) Cint(M) for t > 0, and for some small € > 0, there exits a smooth
function w : [0, €] x [0, €] x IM — R, with w(s,0,z) = 0 and %w(s,O,x) > 0, such that

L5 = {eaps (w(s, t,x)v(x)) : x € M}, for (s,t) € [0, €] x [0, €.

A family A of sweepouts is called homotopically closed is it contains the homotopy class of

each of its elements.

Remark 2.6. Denote Diffy(M) to be the isotopy group of diffeomorphisms of M. When OM #
(), we require the isotopies to leave a neighborhood of OM fixed. Given a sweepout {Zt}te[o,”,
and ¢ € C°°([0,1] x M, M) with 9(t) € Diffo(M) for all ¢, then {t(t,3¢)}eo,) is also a
sweepout, which is homotopic to {¥;}. Such homotopies will be called homotopies induced

by ambient isotopies.

Given a homotopically closed family A of sweepouts, the width of M associated with A is
defined as,

W (M,0M,A) = {Eig{;AL({Et}). (2.1)

When OM = (), we omit OM and write the width as W (M, A). In case M = (), as a corollary
of Proposition [Z4] the width of M is always nontrivial, i.e. W(M,A) > C(M) > 0.
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A sequence {{X}'}eq0,1) }20:1 C A of sweepouts is called a minimizing sequence if F ({S]'}) \,
W(M,0M,A). A sequence of slices {X} } with ¢, € [0,1] is called a min-maz sequence if
H (P ) — W(M,0M,A). The motivation in the min-max theory [I3][I6][4][7] is to find a
regular minimal hypersurface as a min-max limit corresponding to the width W (M, M, A).

If OM # () and v is the inward unit normal for (M, M), we denote the mean curvature of
the boundary by H(0M ), and the mean curvature vector by H(OM )v. Here the sign conven-
tion for H is that H(OM)(p) = — > i~ ,(Ve,v, €;), where {e1,--- ,e,} is an local orthonormal
basis at p € M. Based on the main results in [7] and an idea in [11], we have the following

main result for this section.

Theorem 2.7. Let (M™, g) be a connected compact Riemannian manifold with or without
boundary OM and 2 < n < 6. When OM # 0, we assume H(OM) > 0. For any homologically
closed family A of sweepouts, with W(M,0M,AN) > V(OM) if OM # 0, there exists a min-maz
sequence {X} } of A that converges in the varifold sense to an embedded minimal hypersurface
Y. (possible disconnected), which lies in the interior of M if OM # (). Furthermore, the width
W (M,0M,A) is equal to the volume of ¥ if counted with multiplicities.

Proof. When OM = (), it is just Theorem 0.7 in [7].

Now let us assume OM # (). The result follows from an observation of Theorem 2.1 in [I1]
and minor modifications of the arguments in [7]. Here we will state the main steps and point
out the key points on how to modify arguments in [7] to our setting.

Part 1: Since H(OM) > 0, by almost the same argument as in the proof of Theorem 2.1 in

[11], we can find @ > 0, and a minimizing sequence of sweepouts {{E?}te[o,l} }, such that
V(Z}) > W(M,0M,A) — 6, = d(X},0M) > a/2, (2.2)

where § = X(W(M,0M,A) — V(0M)) > 0, and d(-,-) is the distance function of (M, g).

Let us discuss the minor difference between our situation and those in [II]. Write a
neighborhood of M using normal coordinates [0,2a] x OM for some a > 0, such that the
metric g = dr? + g,. In [II] they deform an arbitrary minimizing sequence to satisfy (Z2) by
ambient isotopies induced by an vector field cp(r)a%, where o(r) is a cutoff function supported
in [0,2a]. Although the argument in Theorem 2.1 in [I1] was given in dimension 2, it works in
all dimension. The only difference is that in the proof of the claim on page 5 in [I1], we need
to take the orthonormal basis {eq, - ,e,}, such that {ei,--- ,e,_1} is orthogonal to %, and
then projects e, to the orthogonal compliment of %. Then all the argument follows exactly
the same as in [11].

Part 2: Now let us sketch the main steps for modifying arguments of the min-max construc-

tion in [7][4] to our setting.
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Given the minimizing sequence {{Eg}te[o,l}} C A as above. The first step is a tightening
process as in Section 4 in [4], where we deform each {X}},c(o1) to another one {i?}te[o,l}
by ambient isotopy {Fj}cjo,1) C Diffo(M), i.e. {¥p = F(t, ) }epo,) € A, such that every
min-max sequence {igl} converges to a stationary varifold. Since those ¥} with volume near
W(M,0M,A) have a distance a/2 > 0 away from 0M, we can take all the deformation vector
field to be zero near M in Section 4 in [4]. Hence {7} can be choose to satisfy (Z2) too.

The second step is to find an almost minimizing min-max sequence (see Definition 2.3 and
Proposition 2.4 in [7]) {X7 } among {i?}te[o,”, where 3 converge to a stationary varifold V.
By (22), the slices i? with volume near W (M,0M, A) always have a distance a/2 > 0 away
from OM, hence they are almost minimizing in any open set supported near M. Away from
OM, all the arguments in Section 3 of [7] work, hence it implies the existence of an almost
minimizing sequence in the sense of Proposition 2.4 in [7], which are supported away from
oM.

The final step is to prove that the limiting stationary varifold V of the almost minimizing
sequence is supported on a smooth embedded minimal hypersurface. This step was done in
Section 4 and 5 in [7]. The arguments are purely local. By our construction, the corresponding
varifold measure |V| on M is supported away from OM, hence the regularity results in [7] are

true in our case. Counting the dimension restriction 2 < n < 6, it implies the conclusion. [

3 Min-max family from embedded minimal hypersurface

In this section, by exploring some special structure for embedded minimal hypersurfaces in
positive Ricci curvature manifold, we will show that every embedded close connected orientable
minimal hypersurface can be embedded into a sweepout, and a double cover of every embedded
closed connected non-orientable minimal hypersurface can be embedded into a sweepout in a
double cover of the manifold. The sweepouts constructed in both cases can be chosen to be a
level surfaces of a Morse function, which hence represent the fundamental class of the ambient

manifold (see Theorem [(.§)). We first collect some results on differentiable topology.

Theorem 3.1. (Lemma 4.1 and Theorem 4.2 of Chap 4 in [10]) Let Q be a connected compact
orientable manifold with boundary 9). Then 0N is orientable.

Theorem 3.2. (Theorem 4.5 of Chap 4 in [I0]) Let M be a connected closed orientable
manifold, and % C M a connected closed embedded submanifold of codimension 1. If 3

separates M, i.e. M\ ¥ has two connected components, then % is orientable.

Lemma 3.3. Given M and X as above, then X is orientable if and only if the normal bundle
of ¥ inside M is trivial.
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Proof. The tangent bundle has a splitting T'M ‘E =TY & N, where N is the normal bundle.

Hence our result is a corollary of Lemma 4.1 and Theorem 4.3 in Chap 4 in [10]. O

We also need the following result which says that any two connected minimal surfaces

must intersect in positive Ricci curvature manifolds.

Theorem 3.4. (Generalized Hadamard Theorem in [8]) Let (M, g) be a connected manifold
with Ricy > 0, then any two connected closed immersed minimal hypersurfaces ¥ and X' must

intersect.

Let ¥® € M"™*! be a minimal hypersurface. When ¥ is two-sided, i.e. the normal bundle

of 3 is trivial, there always exists a unit normal vector field v. The Jacobi operater is
Lo = Dxo + (Ric(v,v) +|A]%)9,

where ¢ € C*(X), Ay is the Laplacian operator on 3 with respect to the induced metric,
and A is the second fundamental form of ¥. A € R is an eigenvalue of L if there exists a
¢ € C*(X), such that Ly = —A¢. The Morse indezx (abbreviated as index in the following) of
Y, denoted by ind(X), is the number of negative eigenvalues of L counted with multiplicity. 3
is called stable if ind(X) > 0, or in another word L is a nonpositive operator. Clearly Ricy > 0
implies that there is no closed two-sided stable minimal hypersurface.

Using basic algebraic topology and geometric measure theory, together with the fact that
there is no two-sided stable minimal hypersurface when Ric, > 0, we can show the reverse of
Theorem when 2 <n <6.

Propostion 3.5. Let (M"™*!, g) be a connected closed orientable Riemannian manifold with
2 < n <6 and Ricg > 0, then every embedded connected closed orientable hypersurface
¥ C M"Y must separate M.

Proof. Since X" is orientable, the fundamental class [X"] (see p.355 in [3]) of X represents a
homology class in H, (M,Z). Using the language of geometric measure theory, 3 is an integral
n cycle, hence represents an integral n homology class [X"] in H,(M,Z) (see Section 4.4 in
Chap 4 in [9]). Suppose that X" does not separate. Take a coordinates chart U C M, such
that UNY # ). Since X" is embedded, ¥ separates U into U; and Us after possibly shrinking
U. Pick p; € U; and py € Uy. We can connect p; to pa by a curve 1 inside U, such that v
intersects X transversally only once. Since ¥ does not separate, M \ ¥ is connected. We can
connect p to pe by a curve v, inside M \ ¥. Now we get a closed curve v = 1 U 2, which
intersects Y transversally only once. Hence ¥ meets v transversally, and ¥ N+ is a single
point. Using the intersection theory (see page 367 in [3]), the intersection of the n homology
[X] and the 1 homology [v] is

X]-hl=[Ensl#0.
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Hence [X] # 0 in H,(M,Z). Now we can minimize the mass inside the integral homology class
[X] (as a collection of integral cycles). Lemma 34.3 in [I8] tells us that there is a minimizing
integral current Ty € [X]. Moreover, the codimention one regularity theory (Theorem 37.7 in
[18]) when 2 < n < 6 implies that T is represented by a smooth n dimensional hypersurface
Yo (possibly with multiplicity) , i.e. Ty = m[Xg], where m € Z, m > 0. Since m[Xg] represents
a nontrivial integral homology class, g is orientable. The fact that both M and 3 are
orientable implies that the normal bundle of X is trivial by Lemma B3] hence X is two-sided.
By the nature of mass minimizing property of T', 3y must be locally volume minimizing, hence
Y is stable. This is a contradiction with Ricy > 0. O

From now on, we always assume that (M"™*! g) is connected closed oriented with 2 < n <

6, and hypersurfaces X" C M™+! are connected closed and embedded in this section.

3.1 Orientable case

The following proposition is a key observation in proving our main theorem, which asserts
that every orientable minimal hypersurface lies in a good sweepout in manifold (M"*1, g) of

positive Ricci curvature when 2 < n < 6. Denote
S, ={¥" c (M™" g): ¥"is an orientable minimal hypersurface in M}. (3.1)

Propostion 3.6. For any ¥ € Sy, there exists a sweepout {X}c(—1,1) of M, such that
(a) Xo=15;
(b) H™(X:) < V(X), with equality only if t = 0;
(¢) {Xt}te[—e,q forms a smooth foliation of a neighborhood of ¥, i.e. there exists w(t,x) €
C®([—¢€,¢] x X), w(0,x) =0, %w(o,:n) > 0, such that

S = {eap, (w(t,z)v(z)) : z€X}, t€[—¢d,

where v s the unit normal vector field of > in M.

Proof. By Proposition 3.5, ¥ separates M, hence M \ ¥ = M; U M> is a disjoint union of
two connected components M7 and My, with OM; = OMs = X. Assume that the unit normal
vector field v points into M;. We denote A; to be the first eigenvalue of the Jacobi operator
L, and wu; the corresponding eigenfunction. The first eigenvalue has multiplicity 1, and u; > 0
everywhere on ¥. Ricy > 0 means that X is unstable, hence A\; <0, i.e. Lu; = —Aju; > 0.

Consider the local foliation by the first eigenfunction via exponential map,

Ss = {exps (sui(z)v(z)) : z €8}, s € [—e€.
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e For ¢ > 0 small enough, since u; > 0, the map F : [—€,¢] x ¥ — M given by
F(s,x) = expy (sui(x)v(x)) is a smooth diffecomorphic one to one map, hence {X,}se[—c ¢
is a smooth foliation of a neighborhood of X.

e Since u; > 0, 3 is contained in M; (in M) for 0 < s < € (for —e < s < 0).

e By the first and second variational formulae (see [6][18]),

2

d d
V(S = — [ Hudp=0, —
V) /E wrdp -

ds

V() = —/ uy Luqdp < 0,
s=0 by

where H = 0 is the mean curvature of ¥. So V(X;) < V(X) for s € [—¢, €], and equality
holds only if s = 0.

e Denote H s to be the mean curvature operator of X, then

9
Os

(H,,v) = Luy > 0.
s=0

Hence H(X;) > 0 for 0 < s < € with respect to the normal v for € small enough.

Denote My s, = M \ {Es}o<s<s, for 0 < sop < €, which is the region bounded by X,.
Similarly we have My 4, such that OMs; 5, = X_5,. We will extend the foliation {¥,} to M; 4,
and My s,. We need the following claim, which is proved in Appendix 8]

Claim 1. For ¢ small enough, there exists a sweepout {25}56[_1,1], such that ¥y = X4 for
s € [—3¢€, €], and 3 C ML%E (or C Mz,%e) when s > e (or s < —%e).

Now cut out part of the sweepout {2} which is then a sweepout of (ML%E, OML%E)

se[le]s
(abbreviated as (Mj,0M;)) by Deﬁnition% ]Consider the smallest homotopically closed
family A of sweepouts containing {25}86[%5,1]’ If the width W (M, My, Ay) > V(9M), then
by Theorem 2.7] and the fact that H(OM;) = H(X 1 .) > 0, there is a nontrivial embedded
minimal hypersurface Y lying in the interior of Mj, which is then disjoint with X, hence is a
contradiction to Theorem 3.4l So W (M, 8M1,1~\1) < V(0M3), which means that there exists
selte] of (My,0M;), with MaxX g1, ] H™(X) very close to V(dM;). Since
oM, = Zif’ and V(Z%E) < V(¥) by our construction above, we can pick up one sweepout
{2;}86[%671} with maXerle ) HM(EL) < V(D).

We can do similar things to M, 1 to get another partial sweepout. Then we finish by

sweepouts {3}

putting them together with {ES}SG[—%E,iE}' O

3.2 Non-orientable case

We have the following topological characterization of non-orientable embedded hypersur-

faces in orientable manifold M.
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Propostion 3.7. For any non-orientable embedded hypersurface X" in an orientable manifold
M"Y there exists a connected double cover M of M, such that the lifts ¥ of ¥ is a connected
orientable embedded hypersurface. Furthermore, Y separates M, and both components of M \i‘,
are diffeomorphic to M \ X.

Proof. Since ¥ is non-orientable, hence M\ ¥ is connected by Theorem [3:21 Denote 2 = M\ X.
Q has a topological boundary 9f). € is orientable since M is orientable, hence 0fQ is orientable
by Theorem [B.11

Claim 2. 99 is a double cover of X.

This is proved as follows. Vx € X, there exists a neighborhood U of z, i.e. x € U C M, with
U diffeomorhic to a unit ball B1(0). Since ¥ is embedded, after possibly shrinking U, ¥ N U
is a topological n dimensional ball, and X separates U into two connected components U; and
Us, i.e. U\X = Uy UU,. Then the sets UNY ~ (0U;)NY ~ (0U3) NY are diffeomorphic. The
sets {UNX} form a system of local coordinate charts for 3. Moreover {(9U;) N X, (0Uz) N X}
form a systems of local coordinate charts for 92, and {(Uy,0U; N %), (Us,0U; N X)} form a
systems of local boundary coordinate charts for (£2,0€2). Hence 0f2 is a double covering of X,
with the covering map given by (0U;) N X, (0U2) N X)) — U NX.

Since X is connected, 02 has no more than two connected components. If 002 is not
connected, then 02 has two connected components, i.e. 9Q = (9Q); U (02)2, with ¥ ~
(092)1 ~ (092)2. Hence X is orientable since 0f) is orientable, which is a contradiction. So
must be connected. Let M = Q Uion:z—a+) 2 be the gluing of two copies of (£2,0€) along
0N using the deck transformation map z — x* of the covering 92 — 3, then the lift of ¥ is
3 ~ 9. M is then orientable and satisfies all the requirements. O

As a direct corollary of the results in the previous section, we can embed a double cover
of a non-orientable minimal hypersurface to a sweepout in the double cover M of a manifold
(M™*1 g) with positive Ricci curvature when 2 < n < 6. Let

S_ ={¥" c (M"* g): ¥"is a non-orientable minimal hypersurface in M?}. (3.2)

Propostion 3.8. Given X € S_, there exists a family {%;}4cp01) of closed sets, such that
(a) o =0;
(b) {Xt}iep,1) satisfies (s1)(swl)(sw2)(sw3) in Definition 2.1}
(¢) maxyep 1 H™" () = 2V(¥) and H™(E;) < 2V(X) for all t € [0,1];

(d) (s2) in Definition 21 only fails when t — 0, where H"(X;) — 2V (X);

(e) (s3) in Definition [21] only fails when t — 0, where ¥; — 2X.
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Proof. Consider the double cover (M ,g) given by Proposition B.7l The lift 3 is an orientable
minimal hypersurface, and must has the double volume of ¥, i.e. V() = 2V (). ¥ separates
M into two isomorphic components M; and Mo, which are both isomorphic to M \ X, We
can apply Proposition B to (M, ) to get a sweepout {it}te[_l,” satisfying (a)(b)(c) there.
By the construction, we know that it C My for t > 0, and it C M for t < 0. To define
{Zt}iejo,], We can let ¥ = ¢ while identifying M; with M \ ¥, and let ¢ = 0. Then the
properties follow from those of {it}te[—l,l]' O

4 Min-max theory II—Almgren-Pitts discrete setting

Let us introduce the min-max theory developed by Almgren and Pitts [1][2][13]. We will
briefly give the notations in Chap 4.1 in [13] in order to state the min-max theorem. Marques
and Neves also gave a nice introduction in Section 7 and 8 in [I2]. For notations in geometric
measure theory, we refer to [I§], Section 2.1 in [I3] and Section 4 in [12].

Fix an oriented Riemannian manifold (M"*!, g) of dimension n + 1, with 2 < n < 6.
Assume that (M"F!, g) is embedded in some RY for N large. We denote by Ij,(M) the space
of k-dimensional integral currents in R with support in M; Z;(M) the space of integral
currents T € I (M) with 0T = 0; and Vi (M) the space k-dimensional rectifiable varifolds in
RY with support in M, endowed with the weak topology. Given T € Iy(M), |T| and ||T|
denote the integral varifold and Radon measure in M associated with T respectively. F and
M denote the flat norm and mass norm on Ij(M) respectively. Ip(M) and Zi(M) are in
general assumed to have the flat norm topology. Ix(M, M) and Z(M,M) are the same space
endowed with the mass norm topology. Given a smooth surface ¥ or an open set ) as in
Definition 2.1, we use [[X]], [[©2]] and [X], [22] to denote the corresponding integral currents
and integral varifolds respectively.

We are mainly interested in the application of the Almgren-Pitts theory to the special case
71 (Zn(M"*1),{0}), so our notions will be restricted to this case.

Definition 4.1. (cell complex of I = [0,1])

1. I=10,1], Io = {[0], [1]};

2. For j € N, I(1,5) is the cell complex of I, whose 1-cells are all interval of form [3%, Z;)F—Jl],
and 0-cells are all points [3%] Denote I(1, j), the set of all p-cells in I(1, j), withp =0, 1,
and Iy(1,5) = {[0], [1]} the boundary 0-cells;

3. Given «a a l-cell in I(1,7) and k € N, a(k) denotes the 1-dimensional sub-complex of
I(1,j + k) formed by all cells contained in «, and «(k)y are the boundary 0O-cells of «;

4. The boundary homeomorphism 0 : I(1,5) — I(1,7) is given by 9[a,b] = [b] — [a] and
Jla] = 0;
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5. The distance function d : I(1, )0 x I(1,5)o — Z* is defined as d(z,y) = 37|z — y|;
6. The map n(i,j) : I(1,9)0 — I(1,j)o is defined as: n(i,j)(z) € I(1,7)o is the unique
element, such that d(:n,n(i,j)(m)) = inf {d(:z:,y) cy € I(l,j)o}.

Consider a map to the space of integral cycles: ¢ : I(1,5)g — Z,(M" ). The fineness of
¢ is defined as:

M (p(x) — 6(y))
d(z,y)
Amap ¢:1(1,5)0 — ( (M"+) {0}) means that (b( (1,5)o ) C Z,(M™*1) and Pl1y(1,5)0 = 0,

Le. ¢([0]) = ¢([1]) = 0.

Definition 4.2. Given § > 0 and ¢; : I(1,k;)o — (Z,(M"™1),{0}), i = 1,2. We say ¢ is
1-homotopic to ¢ in (Zn(M"H), {0}) with fineness §, if 3 ks € N, ks > max{ky, ka2 }, and

f(¢)=sup{ : x,yef(l,j)o,x#y}- (4.1)

¥ I(1,ks)o x I(1,k3)o — (Z,(M™1)),

such that

o f(y) <4
o P([i — 1], ) = di(n(ks, ki)(x));
L] 1][)(](1,](33)0 X I(](l,k’g)(]) =0.

Definition 4.3. A (1, M)-homotopy sequence of mappings into (Zn(M"Jrl), {0}) is a sequence
of mappings {¢; }ien,
i - (1, K)o — (Z.(M™1),{0}),
such that ¢; is 1- homotopic to ¢;41 in (Zn(M ntly, {0}) with fineness d;, and
e lim; . 6; = 0;

e sup; {M(¢;(z)): € I(1,k;)o} < +oo.

Definition 4.4. Given S; = {¢} }ien and Sz = {¢?}ien two (1, M)-homotopy sequence of
mappings into (Z,(M"*1),{0}). Si is homotopic with S if 3 {J;}ien, such that
e ¢} is 1-homotopic to ¢7 in (Z, (M), {0}) with fineness &;;

The relation “is homotopic with” is an equivalent relation on the space of (1, M)-homotopy
sequences of mapping into (Z,(M™*1),{0}) (See 4.1.2 in [13]). An equivalent class is a (1, M)
homotopy class of mappings into (Zn(M ntl)) {0}) Denote the set of all equivalent classes by
Wf& (Zn(M"t1,M),{0}). Similarly we can define the (1, F)-homotopy class, and denote the
set of all equivalent classes by 7'('# (Zn(M™1, F),{0}). In fact, Almgren-Pitts showed that
they are all isomorphic to the top homology group.
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Theorem 4.5. (Theorem 13.4 in [I], Theorem 4.6 in [13]) The followings are all isomorphic:
Hypr (M"Y, 78 (2,(M™F, M), {0}), 7 (2, (M, F), {0}).
Definition 4.6. (Min-max definition) Given II € 7'(':1# (Zn(M™1, M), {0}), define:
L:II—R"
as a function given by:

L(S) = L({¢i}ien) = lim sup max {M(¢i(z)) : = lies in the domain of ¢;}.

1—00

The width of 11 is defined as
L(IT) = inf{L(S) : S €1I}. (4.2)

S € Ilis call a critical sequence, if L(S) = L(IT). Let K : I — {compact subsets of V,(M"*1)}
be defined by

K(S)={V: V= lim ¢;,(x;): x; lies in the domain of ¢;, }.
j—o0

A critical set of S'is C(S) = K(S)N{V : M(V) =L(S)}.

The celebrated min-max theorem of Almgren-Pitts (Theorem 4.3, 4.10, 7.12, Corollary 4.7

in [I3]) and Schoen-Simon (for n = 6, Theorem 4 in [16]) is as follows.

Theorem 4.7. Given a nontrivial I € wf (Z,(M"™ 1, M), {0}), then L(II) > 0, and there
exists a stationary integral varifold 3, whose support is a closed smooth embedded minimal

hypersurface (which may be disconnected with multiplicity), such that
IZ][(M) = L(II).

In particular, X lies in the critical set C(S) of some critical sequence.

5 Discretization

In this section, we will adapt the families constructed in Section [ to the Almgren-Pitts
setting. The families constructed in Section Bl are continuous under the flat norm topology,
but Almgren-Pitts theory applies only to discrete family continuous under the mass norm
topology. So we need to discretize our families and to make them continuous under the mass
norm. Similar issue was considered in the celebrated proof of the Willmore conjecture [12].
Besides that, we will show that all the discretized families belong to the same homotopy class.
The proof is elementary but relatively long. A fist read can cover only the statements of
Proposition [5.4] Theorem and Theorem [5.8
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5.1 Generating min-max family

Propostion 5.1. Given ® : [0,1] — Z,(M™"!) defined by
®(z) = [[0Q]], = €[0,1],

where {Q4}1c(01) is a family of open sets satisfies (swi)(sw2)(sw3) in Definition 2.1 for some
{Zt}te[o,l] satisfying (s1)(s2)(s3) there, then

(1) ®:[0,1] = (Z,(M™1),{0}) is continuous under the flat topology;

(2) m(®,r) = sup {||®(2)||B(p,r) : pe M,z € |0, 1]}@ — 0 when r — 0, where B(p,r) is

the geodesic ball of radius r and centered at p on M.

Proof. By (swl) and (sl) in Definition 1] 0f2, is smooth away from finitely many points,
hence it lies in Z,(M™!). By (sw3), Qo = 0, Q1 = M implies that ®(0) = ®(1) = 0. So ® is
well-defined as a map to (Z,(M"™1),{0}).

From the definition of flat norm (see Section 31 in [I§]),

]:((I)(:E), <I>(y)) < |92y — Q|| (M) = Volume(Q,AQ,) — 0,

as y — = by (sw2) in Definition 2.1l Here and in the following, we abuse 2 and ¥ with the
associated integral currents [[Q]] and [[X]].

So what left is the last property, i.e. m(®,7) — 0 when » — 0. Now we will abuse the
notation and write ®(x) = X, = 08, since they only differ by a finite set of points.

Lemma 5.2. Fix x € [0,1], and let P, be the finite set of singular points of ¥, and B,(P;)
the collection of geodesic balls centered at Py on M, then lim,_,o |S4 || (B (Py)) =

Proof. We only need to show that lim,_,q || S5/ (By(p)) = 0 for every p € P,. By the definition
of Hausdorff measure (see Section 2 in [18]), (H"LX;)({p}) = H" (X N {p}) = H"({p}) = 0.
Since H™(X,) < +00, by the basic convergence property for Radon measures (See Proposition
2.1 in Chap 11.1 in [15]),

0= (H"L%,)({p}) = lim (H"L%,) (B, (p)) = lim | S| (B (p)).

Given ro > 0 small enough, define f : [0,79] x M x [0,1] — R™ by

flrop,z) =122 (Br ().

“The concept m first appears in Section 4.2 of [12]
"Here ||2| is the Radon measure corresponding to the integral current [[X]] associated with ¥ (See Section

27 in [18]).
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Lemma 5.3. f is continuous.

Proof. For the continuity of the parameter “z”, we can fix the ball B,.(p). For any ¢ > 0, we
can take 0 < r, < 1, such that ||3,||(B,.(Ps)) < § by the previous lemma, where P, is the
finite singular set of ¥,. Since ¥, converges to ¥, smooth on compact sets of M \ P, by (s3)

of Definition 1] we can find d, ¢, such that whenever |y — x| < d5,
€
‘HEyH(BT(p) \ Brm,e(Pm)) - ||EwH (Br(p) \ Brm,e(Pm))‘ < 1

We claim that ||| (Br,.(P:)) <
subsequence y; — z, |3y, || (Br,..(Py))
H"(X,). Now

5 if dz¢ is small enough. Suppose not, then for a
> §. Notice (s2) in Definition 2.I] i.e. H"(%,) —

H™(Sy) = H"(Sy \ Br,..(Pr)) + H"(3y N By, (Py)),

H' () = H" (22 \ B, (Pr)) + H" (22 N By, (Pr)).

Tx,e

Since ¥, converge smoothly to X, on compact subsets of M\ Py, H"(,\ By, . (Ps)) = H"(Zz\
B,‘m(Pm)), hence we get a contradiction since H" (Ey N Brm(Pm)) —H" (Em N BTM(PQD)) >

€ €

€
21 %

Combing all above, we have |[|Z, || (Br(p)) — 22| (Br(p))| < € whenever |y — x| < 6,., and
hence proved the continuity of f w.r.t. “z”.

For the continuity of the parameter “r”, we can fix ¥, and the point p € M. For any

e > 0, take r, . as above. For any Ar > 0,
H™ (Z2NBrgar(p)) —H" (22NBr(p)) < H"(X2NBr, (Pr))+H" (SNA(p, 7, r+ATr)\By, (Pr)),

where A(p,r,r+ Ar) is the closed annulus. Since ¥, is smooth on M\ P, by (s1) in Definition
2.1 we can take 8, > 0, such that whenever Ar < &, ., H™ (SNA(p, 7, r+Ar)\B,, (Py)) < §.
Hence H"(Ew N Br+Ar(p)) — H" (Ex N Br(p)) < §. Similar argument holds for Ar < 0.

The continuity of the parameter “p” follows exactly the same as that of “r”, so we omit
the details here. O

Let us go back to the proof of lim, ,om(®,r) = 0. Since [0,ro] x M x [0,1] is com-
pact, f is uniformly continuous. So by standard argument in point-set topology, m(®,r) =
SuppEM,xE[O,l] f(rvp7$) — 0 when r — 07 as f(07p7x) = ||E£E‘|({p}) =0. 0

Given ¥ € S, we can define a mapping into (Z,(M"1),{0}),
¥ 1 [0,1] = (Z,(M™ 1), {0})

as follows:



5 DISCRETIZATION 17

e When ¥ € 84, ®*(x) = [[002,—1]] for z € [0,1], where {Q}4c[_1,1] is the family of open
sets of M in Definition 2.T] corresponding to the sweepout {¥;}¢c[—1 1 of X constructed
in Proposition B.6

e When ¥ € S_, ®¥(z) = [[0€,]] for z € [0,1], where {Q}1c[o,1) is the family of open
sets of M in Definition LT] corresponding to the family {¥;};cjo1] of ¥ constructed in
Proposition 3.8

Then as a corollary of Proposition [3.6], Proposition B.8 and Proposition 5.1}, we have,

Corollary 5.4. ®*: [0,1] — (Z,(M"1),{0}) is continuous under the flat topology, and
(a) supgep 1] M((I)E(x)) =V(¥) if ¥ eS8y
(b) SUPge0,1] M((I)E(x)) =2V(X) if X eS_;
(¢) m(®*,7) — 0, when r — 0.

Proof. In the case ¥ € S;, our conclusions are a direct consequence of Proposition [5.1], as &>
satisfies the conditions there.

If ¥ € S_, all the conclusions are true by Proposition 3.8 and the proof of Proposition [5.1]
except that we need to check (c¢). Using notions in Proposition B.8] let M and ¥ be the double
cover of M and ¥ respectively. Let &> be the mapping corresponding to Y in M, then it is
easy to see that m(®>,r) < 2m(<i>i, ), hence we finish the proof by using the first case. [

5.2 Discretize the min-max family

Now we will discretize the continuous family ®* to a (1, M)-homotopy sequence as in
Definition 43l The idea originates from Section 3.7 and 3.8 of Pitts in [I3]. Marques and
Neves first gave a complete statement in Secion 13 in [I2] on generating (m, M)-homotopy
sequence into the space Z5(M?3) of integral two cycles in three manifold from a given min-max
family continuous under the flat norm topology. Their proof never used any special feature
for the special dimensions, so Theorem 13.1 in [I2] is still true to generate (m,M)-homotopy
sequence into Zi(M™) from any continuous family under flat topology. While they used a
contradiction argument, for the purpose of the proof of Theorem [£.8, we will give a modified
direct discretization process based on ideas in [13][I2]. Our main result is an adaption of
Theorem 13.1 in [12].

Theorem 5.5. Given a continuous mapping ® : [0,1] — (Z,(M"™*!, F),{0}), with

sup M(®(z)) < oo, and lim m(®P,r) =0,
z€(0,1] r—0

there exists a (1, M) homotopy sequence

¢i : I(1,k;)o — (Z.(M"T1, M), {0}),
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and a sequence
¢i : I(l, kz)O X I(l, kz)O — Zn(Mn+1,M),

with k; < ki1, and {6;}ien with 6; > 0, §; — 0, and {l;}ien, l; € N with l; — oo, such that
¥i([0],-) = @i, Yi([1],+) = Pir1lr1,k:)0, and
(1) M(qﬁl(x)) < sup {M(Cb(y)) :x,y €, for some 1-cell o € I(1, ll)} + 8;, hence
L({i}ien) < sup (®(2)); (5.1)
z€0,1]
(2) £(¥i) < 6is
(3) sup {F(vi(y,z) — ®(2) : y € I(1,k)o,z € I(1,ki)o)} < 6.

Before giving the proof, we first give a result which is a variation of Lemma 3.8 in [13]
and Proposition 13.3 in [12]. For completeness and for the purpose of application to the proof
of Theorem (.8, we will give a slightly modified sketchy proof. Denote B (S) to be a ball of
radius € centered at S in Z,(M"+1, F).

Lemma 5.6. Given §, v, L positive real numbers, and T € Z,(M™1) N {S : M(S) < 2L},
there exists 0 < ¢ = €(T,0,7,L) < 9, and k = k(T,d,r,L) € N, such that whenever S €
BI(T)n{S: M(S) < 2L}, and m(S,r) < &, there exists a mapping ¢ I(1,k)y — B (T),
satisfying
(i) &([0]) = 5, $([1]) =
(i) £() < 6;
(#47) SupPzer,p), ¢([2]) < M(S) + 4.

Proof. By Corollary 1.14 in [I], there exists ey > 0, such that if € < €jy, there exists @ €
I, 1 (M), such that
0Q=S-T, MQ)=FS-T)<e

We claim that there exists € = €(T, d,r, L) > 0 small enough and v = v(T,d,r, L) € N large
enough, such that for any S € B7(T) N {S : M(S) < 2L}, there exists a finite collection of
disjoint balls {B,, (pi)};_; with r; < r, satisfying:

1511 (B, p0)) < 2. ISI(M\ Ui By (o) < G (52)
7By, (p) < 5 WM\ UL By, () < o (53)

]

(T =S (Br: (pi)) < 50 (TN = ISIM \ Uiz By (p2)) < ;- (5.4)
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e Denoting d;(z) = d(x,p;), the slice@ (Q,d;,r;) € L,(M™1), and

(Q,ds,ri) = 0(QL By, (i) — (0Q)L By, (pi) = d(QL By, (pi)) — (S —=T)L By, (ps); (5.5)

v
> M((Qudr) < 5. (5.6)
i=1

This claim follows from a contradiction argument. If it is not true, then there is a sequence

e = 0,and S; € BL(T)n{S : M(S) < 2L}, such that there exists no finite collection of

disjoint balls satisfying the above properties. Then lim;_,, S; =T, and weak compactness of

varifolds with bounded mass implies that lim;_,o0 [S;| = V' € V,(M™ 1) for some subsequence.

Using the arguments in the proof of Lemma 13.4 in [I2] and the proof of Lemma 3.8 in [13],

we can construct finite collection of disjoint balls satisfying the above requirement for each

S; when j is large enough, hence a contradiction. Notice that the condition m(S,r) < % is

essentially used to find the radius of the balls (see Lemma 13.4 in [12] for details).

Define the map ¢ : I(1,k)g — Z,(M"™1), with k = N, where we write v = 3V — 1 for
some N € N, as follows:
i

=5-3 0(QLBy,(pa), 0<i <3V —1;

-

2

9]
|

(5.7)

By arguments similar to Lemma 13.4 in [I2], we can check that ¢(I(1,k)o) C B (T), and get

the properties (7)(i4) (i) listed in the lemma using (£.2]) (53)) (5.4) (53] O

Remark 5.7. In the proof of Lemma 13.4 in [12] and Lemma 3.8 in [13], they used contradiction
arguments to get the discretized maps, while we use contradiction arguments to get the good

collection of balls.

Now let us sketch the proof of Theorem Since the idea is the same as Lemma 13.1 in

[12], we will mainly point out the ingredients which we will use in the following.

Proof. (of Theorem B.5)) Fix a small § > 0. Let L = sup,¢j;) M(®(z)), and find r > 0,
such that m(®,r) < %. By the compactness of Z,(M"t1)n{S : M(S) < 2L} under flat
norm topology, we can find a finite cover of Z,(M™™1) N {S : M(S) < 2L}, containing
{BI(T;): i=1,---,N}, with

e(T3,0,r, L)

T € Z,(M™™) N {S: M(S) <2L}, ¢ = e

6See Section 28 for definition of slices.
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where €(T;,9,r, L) and k; = k(T;,0,r, L) are given by Lemma [5.0
By the continuity of ®, we can take js € N large enough, such that for any 1-cell a €
I(1, js5), () C Bf(a)( i(a)) for some i(a) depending on a.

Now fix a 1-cell a € I(1, js), with o = [t},t2]. Then ®(t.) € Bf( ,(Tia ), and m(®(th), ) <

%, for | = 1,2. By Lemma [5.6] there exists ¢!, : I(1,k;)o — Be( )( i(a))> such that: oL([0]) =

(th), dh([1]) = Tiw), £(h) < 6, and sup{M (g} (2)) : = € I(1,k;)o} < M(@(th,)) + 3.

By identifying a with [0,1], we can define ¢q : (ks + 1)g — B

o )( i(a)) as follows:

Ti(ay, if j=3M,... 2.3, (5.8)
3k —+1

; Qz}x([gkfﬁ])a ifj=0,--- 731%;
dallgi)) = { '
SR, it =23k, 3kt

Then for ks = max_, {k;}, we can define: ¢s : I(1,js + ks + 1)g — Z,(M"+1) as follows:
Oslagks+1)0 = = po on(ks + 1,k +1), for any 1-cell a € I(1,js), (5.9)

where n(i,j) is as in (6) of Definition £Il From Lemma [5.6] we know that: ¢5|I(1,j5)o
CID‘I 1,55)0° (¢5) < Supae] (1,4s)1 (¢a) < (5 and

M (¢s(x)) < sup{M(®(y)) : y,x € a, for some 1-cell a € I(1, j5)}.

Now take a sequence of positive numbers {0;};cn, with §; — 0 as ¢ — oo. Construct
i = ¢s, + 1(1,js, + ks, + 1)o — Z,(M™"1) as above. By taking a subsequence, we can
construct the sequence of 1-homotopy {t;}ien as in the second part of Theorem 13.1 in [12].
The properties (1)(2)(3) listed in the theorem follow from the arguments there. O

In order to prove the final result, we need to show that the (1, M)-homotopy sequences
of mappings into (Z,(M™1),{0}), which are constructed above from the mapping ®* in
Corollary .4l for any ¥ € S, belong to the same homotopy class in ] ( R (M) {0}).
Similar issue was considered in the proof of Theorem 8.4 in [12]. However, they only need to
show that their sequence is non-trivial, while we need to identify all our sequences. First we

have the following theorem.

Theorem 5.8. Given ® as in Theorem [5.3, and {¢;}ien the corresponding (1, M)-homotopy
sequence obtained by Theorem [58. Assume that ®(z) = [[09]], = € [0, 1] where {4 }1ej0,1) 5
a family of open sets satisfying (sw2)(sw3) in Definition 2. If F : ©] ( R(M™T) {0}) —
H, 1 (M"Y, 7) is the isomorphism given by Almgren in Section 8.2 in [1|], then

F([{¢i}ien]) = [[M]],

where [[M]] is the fundamental class of M.
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Proof. We will directly cite the notions in the proof of Theorem First we review the
definition of F' given in Section 3.2 in [I]. Fix an i large enough, with §; small enough,
and we will omit the sub-index ¢ in the following. Take ¢s = ¢5, : I(1,j5s + ks + 1)o —
Z,(M™1) constructed in Theorem For any 1-cell 8 € I(js + ks + 1), with 8 = [té,t%],
}"(gbg(té,),gbg(t%)) < M(gbg(té,),qﬁg(t%)) < f(¢s) < J. By Corollary 1.14 in [I], there exists an
isoperimetric choice Qg € I, 1 (M™1), with M(Qg) = ]:((255(1%), gbg(t%)), and

0Qs = ¢5(98) = ¢5(t3) — ds(tp)-

Then F' is defined in [1] as:

F([{¢i}ien]) = > [l (5.10)

BEI(1,js+ks+1)1

where the right hand side is a n + 1 dimensional integral cycle as ¢;5([0]) = ¢s([1]) = 0, which
hence represents a n + 1 dimensional integral homology class.

For any 1-cell a € I(1, js), we denote

Fla,g) = Y. Qs (5.11)

Bea(ks+1)1
Now let us identify the right hand side of (GI0) with [[M]] using our construction. Let
{Q}4ejo,1) be the defining open sets of ®. From the construction of ¢s, we know ¢s7(1,j5), =
<I>|I(1,j5)o7 S0

b5((]) = o(L) = (199, )

3? 375 Py
by the definition of ®.
Claim 3. For the 1-cell a; = [3]75’ ]3%1],

Fog, ¢s) = [ \ Q4 ]

375 395
Hence
3951
F({gitien]) = Y. Flaygs) = > [ \ Q4 )] = [[]] = [[M]].
ael(1,js) j=0 ¥ 3
Let us go back to check the claim. Take o = o = [3g—6, ]3%1] Since @sla(ks+1)0 = bo ©

n(ks + 1, ko) + 1) by (B3, it is easy to see that

F(Oé, ¢6) = F(Oé, an) = Z [[QBH

Bea(kia)+1h
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By identifying o = [0, 1], the mapping ¢q : I (ki(a) + 1o = Zn(M"*1) is a combination of

three parts by (£.8)), especially ¢a| 2]k = Tj(a), hence

(a))o
F(a,6a) = F(3) + F(2).
Take q@}l s (L Ekyy)o — Zn(M n+1) for example. From the construction, there exists an

isoperimetric choice Qa1 € I41(M™ 1), such that Q1 = ®([:L]) —Tia) = [[09__]] = Ti(a)>
375

39

and M(Qq,1) < .7:((1)([3]6]) Ti(a)) < €a < 6. Then from (5.7), we have

h
¢1 ([3k( )]) = [[693%6“ - ;O(QaJ'—Bru(pa))y 1<h< i) — 1; QNS}X(D]) = Ti(a)'

Take the isoperimetric choice Qg 1., € I, 1 (M), such that

h ~ h—1 :
aQa,l,h @ba([gki(a) ]) - gba([?’kl(a) ]) (Qa ILBrh(ph))y 1<h< 3kz(a) — 1;
- 3k — 1 ;
aQaJ’gki(Q) = Tia) — %([W]) = —5<Qa,1|—(M \Uph=1 By, (ph))>'
So
3¥i(e)
Z 8C?oa,l,h = _8Qa,1 = Ti(a) - [[OQL]L
h=1 3o
and from the definition of isoperimetric choice (See Corollary 1.14 in [1]),
3Fi(a) 3Ri(e) _1
Z M(Qa,l,h) < Z M(Qa,l'—Brh(ph)) + M<Qa,1|—(M \ Uzlerh(ph))>
h=1 h=1
= M(le) <9

Similar results hold for ¢2, so

3Fi(a) 3Fi(a)
Fla,¢a) = F(64) + F(62) = Y [Qannll + D ([Qa2nll;
h=1 h=1

with M(F (o qba)) < 26, and

O(F (e, da)) = Ty — [[092 5 ]| + [[0Q1]] = Ty = 9[[Qaza \ 2 4 ]

336 378 37§ 378

Hence 8(F(a,q~5a) [[QJH \©Q, ]]) =0, so using the Constancy Theorem (Theorem 26.27

396

n [18]), we know that F(  00) — [[Qi2 \ Q5 ]] = E[[M]] for some k € Z. Since that

375 375

M(F(a, ba) — [[QJH \ Q_ ]]) <20+ Volume (211 \ ©_; ) is small enough for large js, we

336 378 336

know that k = 0, hence Flo, ) = [[Qi+1 \ Q5 ]], so we proved the claim and finished the
Js Js
proof. ’ ’ O
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Now we can combine all the results above to get discretized sequences and show that they
all lie in the same homotopy class. Given ¥ € S, let ®* : [0,1] — (Z,(M"'),{0}) be the
mapping given in Corollary 5.4l Then we can apply Theorem to get a (1, M)-homotopy
sequence {¢? }ien into (Z,(M™H1, F),{0}). Clearly

VD), ifSes,;

L({¢7 }ien) < { (D), fTeS..

(5.12)

Then a direct corollary of Theorem [5.8]is,

Corollary 5.9. [{¢7 }ien] = F7Y([[M])) € ﬂ# (Z(M™1),{0}), for any S € S.

6 A convergence result for integral currents

In this section, we will introduce a convergence result for integral currents. In Theorem
47, the stationary varifold ¥ is an integral multiple of the smooth minimal surface by the
Constancy Theorem (Section 41 in [I8]). The fact that ¥ lies in the critical set C(S) of
some critical sequence S implies that Y is a varifold limits of a sequence of integral cycles
{i,(xj)}jen C Zn(M™1). The weak compactness implies that {¢;,(z;)}jen convergences
to an integral current up to a subsequence. However, we know nothing about the relation

between those two limits. So it motives us to prove the following result.

Theorem 6.1. Given a sequence {T};}ien C Z,(M™1) of integral cycles, and lim;_ oo [T}] =
E[X0] as varifolds with k € N, where 3¢ is a n-dimensional connected closed smooth embedded
submanifold. If k = 1, then for a subsequence lim; o, T; = £[[Xo]] as currents, and Xy must

be orientable.

Remark 6.2. Our result gives a relation between the varifold limit and current limit, when the
varifold limit is smooth and has multiplicity one, i.e. the current limit must be represented

by the varifold limit with the same or the opposite orientation, .

We need several results about slicing of currents. The main results trace back to Chap 4.3
in [9]. Let U be an open subset of some RN, B™ an oriented manifold of dimension n, and
f : U — B™ alocally Lipschitzian map. For m > n and any integral current T € I,,,(M),
where M is a compact submanifold embedded in UB, by Section 4.3.1, 4.3.6, 4.3.13 in [9], there
is an integral current (T, f,y) € L,_,,,(U) for H™ almost everywhere y € B", called the slice
of T in f~'(y). Let Q be the orienting volume n-form of B, by Section 4.3.2, 4.3.6, 4.3.13 in

[9], we have the following properties. For any real valued Baire function ® on B",

"In [8], M can be any compact Lipschitz neighborhood retract in U.
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e For any compactly supported smooth (m — n)-form ¢ € D™ "(U),

/B (y) (T, f.y)(W)dH" (y) = (TL F*(3Q))(): (6.1)

e The flat norm of the slices satisfy:
[ Fu(T5.) () < (Lin gl Fan (7). (6.2)

where f * is the upper integral;

e The mass of the slices satisfy:
[ 19GIM(T L)) = M(TL 1 (09). (63)

Let us go back to the proof of Theorem

Proof. Since lim;_,oo[T;] = [Xo] as varifolds, we know that M(T;) are uniformly bounded,
hence the compactness theorem for integral currents (See Theorem 27.3 in [18]) implies that a
subsequence, which we still denote by {T};}, converges to some integral current Ty € Z,(M"+1)
in the weak sense, i.e. lim;_, T; = Tp. Since the associated Radon measure ||T;|| converges to
|X0]| weakly by the varifold convergence, we know that Ty must have its support in X, i.e.

spt(Tp) C 2. As an elementary fact, we have (see the proof in Appendix []]),
Claim 4. Tj is a n-current in Xg, i.e. Ty € Z,(Xo).

By the Constancy Theorem (Theorem 26.27 in [18]@), Ty = k[[X0]], for some k € Z. The
lower semi-continuity of the mass implies that M(Tp) = M(kXg) < M(Xy), hence |k| < 1.
When |k| = 1, To = £[[20]], hence ¥y must be orientable, as a non-orientable closed embedded
hypersurface could not represent a nontrivial integral cycle in Z,(M"™*!). We only need to

rule out the possibility £ = 0.

Claim 5. The following could not happen:
lim [T;] = [Xo] as varifolds, while lim T; = 0 as currents. (6.4)
1—00 71— 00
The claim is proved as follows. Suppose the claim is not true, then (6.4 holds. Assume
(M™*1,g) is embedded in RY. Fix p € M, and an open neighborhood U c RY of p small
enough, such that U N M is an open neighborhood of p in M. We can further assume that
Yo N U is orientable and is almost a n-dimensional flat disk D by possibly shrinking U. By
using restriction on U, we can assume that spt(7;), spt(Xg) C (MNU). For U small enough, we

8Here we can first find a finite covering of Yo, with each open set diffeomorphic to a Euclidean ball, and

then apply the Constancy Theorem to each open set of the covering, and finally patch the results together.
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can consider a smooth projection mapping 7 : U — ¥, which is the nearest point projection
when restricted to M N U.

Consider the slicing of (T;, 7, y) € Io(M NU) by « for H™ almost everywhere y € 3. Using
(62), and the fact that lim7; = 0,

*

Funk ((T;,m,y))dH™(y) < (Lipr|pno)" Funk (T;) = 0, as i — oo, (6.5)
Yo

for any compact subset K C U. Using (6.3), for any ® € C2(%),
[ @M 7o) dH () = ML (00). (6.6)
0

Here

M(TiL7"(2Q)) = /MmU (i), (w*(29)) (2))]dI|T3 | (), (6.7)

where T is the defining unit n-vectors for the integral current T} as in Section 27 in [I8].
Now define a function f : G, (U) — R, where G, (U) is the Grassmanian bundle over U,
such that:
Fla.P) = (P, (x* (@) (2)

where P is a defining unit n-vector of the n-plane P. As w, ®, ) are all continuous, it is

, (z,P) € Gp(U),

easy to see that f is continuous, since P has at most two signs, which is irrelevant as we
take an absolute value. Since [T;] — [Xo] as varifolds, we have from the definition of varifold

convergence (see Section 38 in [18]) that:
[ @), @)@t = [ T
MU MU
— f (2, Zo(x))d|| o]l (=) =/ [(Zo(y), (7*(292)) (1)) |d][Zoll(») (6.8)

MNU MNU

=/ D (y) |dH" (y),
o

where the last “ =" follows from the fact that 7|y, = id and Q = i‘o by our choice.

Using (6.6)(6.7) and (6.8), we have that M((T;, 7, y))dH" — dH" weakly on . Using
the Egroff Theorem (See page 73 in [15]), for any € > 0, we have that M((Ti,ﬂ,y>) — 1,
uniformly up to a subsequence on a subset E C ¥y with H"(E) > H"(Xg) — €.

Notice that (T;, 7, y) € Io(MNU) is 0O-dimensional integral currents, it is a set of points with
signed multiplicities, hence M((TZ, T, y)) can be only natural numbers, i.e. M((Ti, T, y)) eN.
As M((Ti,w,y» — 1, we have that M((Ti,ﬂ,y>) = 1 for i large enough on E. So (T;,7,y)
can contain only one point, hence .FMQK(<1},7T,y>) = 1 on any compact subset K C E by
definition. Hence we get a contradiction to (G.5l).

So we proved Claim [B], hence ruled out the case £ = 0 and finished the proof. O
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7 Proof of the main result

Now we are ready to prove the main results.

Proof. (of Theorem [LT)) For any ¥ € S, take ®* as in Corollary [5.4] and let the corresponding
(1, M)-homotopy sequence be Sy = {¢}ien. From Corollary (9] all Sy lie in the same
homotopy class F~1([[M]]), which we denote by II5;, then IIj; is nontrivial by Theorem
We know from (B.12) that,

L(IIy) < Wy,

where Wy is defined in (ILI). Then we can apply the Almgren-Pitts Min-max Theorem [4.7]
so there exists a stationary integral varifold ¥, whose support is a closed smooth embedded
minimal hypersurface ¥, such that L(IIy;) = ||X||(M). Notice that ¥y must be connected by
Theorem 3.4l Hence ¥ = k[X¢] for some k € N, k # 0. So

kV(30) = IZ][(M) = L(Ilxr) < Wi, (7.1)

and from the definition (L.I]) of Wy,

o If X9 € S, orientable, then k < 1, hence k = 1;
e If 3y € S_, non-orientable, then k < 2, hence k =1 or k = 2.

First let us see the case ¥y € S_. As discussed in the beginning of Section [6] there
exists a sequence {T}}ieny C Zn,(M™1), such that lim; .o[T;] = ¥ = k[Xo] as varifolds. If
k = 1, then by Theorem [61], lim; o, T; = %[[X¢]] as currents, and ¥y must be orientable.
It is then a contradiction since ¥ is non-orientable. Hence k = 2, and by (LI and (7))
Wiy < 2V (Xg) < Wy, which implies that 2V(3g) = Wjs. So we proved the case (7).

If ¥p € Sy, then by (LI) and (1) again Wy, < V(39) < Wiy, which implies that
V(Z0) = War.

Claim 6. In this case, Xy has index one.

Let us check the claim now. As in the proof of Proposition [3.6] there exists an eigenfunction
uy of the Jacobi operator Ly, with Ly, u; > 0 and u; > 0. Moreover, the sweepout {Et}te[—l,l}
constructed there is just the flow of ¥y along uv, where v is the unit normal vector fields of
Y. Suppose the index of ¥ is grater or equal to two, then we can find an L? orthonormal
eigenbasis {v1,va} C C*°(Xg) of Ly, with negative eigenvalues. A linear combination will give
a vy € C*(%)), such that

/ vsLy,urdp =0, w3 # 0. (7.2)
3o

Let X = vsv be another normal vector field, and extend it to a tubular neighborhood of .
Denote {Fs}se[_g,e] to be the flow of X, hence Fj are all isotopies. Now let X, = Fi(X),
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and consider the two parameter family of generalized smooth family {Xg} (s 1e[—e,e]x[~1,1]-
Notice that ¥, is then a smooth family for (s,t) € [—¢€, €] x [—¢€,€] for € small enough by
(c) in Proposition Denote f(s,t) = H™(Xs4). Then V£(0,0) = 0 (by minimality of %),
a?—;sf(0,0) =0 ( by (Z2)), and g—;f(0,0) < 0, %f(0,0) < 0 (by negativity of eigenvalues).
So there exists § > 0 small enough, f(3,t) < f(0,0) for all ¢, since £(0,t) < £(0,0) for all t # 0
by (b) in Proposition By Remark 2.6l {¥s,¢}c[—1,1] is a sweepout in the sense of Definition
21l By Proposition 5.1], Theorem and Theorem [5.8] we can construct a (1, M)-homotopy
sequence {qﬁ?}ieN, such that {qﬁf}ieN € II,;, and

L({¢}ien) < S[UP ]f(@ t) < £(0,0) = V(So) = Wy,
te[~1,1
which is hence a contradiction to the fact that L(IIy;) = Wjys. So we proved Claim [6] and

hence case (7). O

Remark 7.1. We used the same idea to prove the index bound as in [II][I2]. However they
a prior need the existence of a least area embedded minimal hypersurface among a family of
embedded minimal hypersurfaces, while in our case, the existence is just a by-product of the

min-max construction and the existence of good sweepout (Proposition 3.6, Proposition B.8)).

8 Appendix

First we give the proof for Claim [l in Proposition

Proof. (of Claim [Il in Proposition B.6) Denote Uy, = F([—s0,50] X £) for 0 < sg < e. It is
easily to see that {3} sc|_q is a foliation corresponding to the level set of a function f defined
in a neighborhood Ue of ¥, such that f(Xs) = s. In fact, using coordinates (s, z) € [—¢€, €] X X
for U. = F([—¢, €] x ),

d*(s,x)
up(x)

f(s,x) =s=

, feC™®U,

where d* : U, — R is the signed distance function with respect to %, i.e.

0 () = { dist(x,Y), if x € My;
U —dist(z, %), if 2 € M.

+_ .
Since |[Vd*| =1, |f| < eand Vf = Vduilfvul, we can choose € small enough depending only
on uq, such that |V f] is bounded away from 0 on U.. Hence f is a Morse function on U,.
We want to cook up a Morse function g on M, which coincides with f on Ui,. First
2

extend f to be a smooth function on M (denoted still by f), such that f] M, 5 > %e (and
yT€
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fla, 5. < —3¢). Using the fact that the set of Morse function is dense in C*¥(M) for k > 2
s €

(see Theorem 1.2 of Chap 6 in [10]), we can find a C™ function f, such that ||f — f||c2 is
arbitrarily small. Choose a cutoff function ¢ : M — R, such that ¢ =1 on U Lo and ¢ =0
outside U 3 Let

g=of+A-p)f=Ff+1—9)(f-f)

Hence g = f in U1, and g = f outside Us_. In order to check that g is a Morse function, we
2 4

only need to check that in the middle region. Now

Vg=Vf+1-9)(Vf=Vf)—Ve(f -1

Since |V f| is bounded away from 0 on U, we can take ||f — f||c2 small enough to make sure
that |Vg| is bounded away from 0, hence g is a Morse function.

Now take {¥,} to be the sweepout given by the level surface of g (by Proposition 2.3).
Yy = X since g = f in U%E. S C ML%E (or C MZ%E) when s > Ze (or s < —1¢) follows
from the fact that g > %e on M, 1 (or g < —%e on M, 1 .)- A reparameterization gives the

sweepout in the claim. O

Now we give the proof of Claim (] in Theorem The proof is elementary, but does not

appear in standard reference, so we add it here for completeness.

Proof. (of Claim []in Theorem [6.1]) First we show that Tj is an integral current in Y. Since
Tp is an integral current in M, it is represented as Tp = (N, 0,&) (see Section 27 in [I8]),
where N is a countably n-rectifiable set, § an integral valued H™ measurable functions, and &
equals the orienting n-form of the approximated tangent plane T, /N for H" a.e. z € N. As
N lies in the support of Ty, hence in Xy, T also represents an integral current in g, and we
denote it as T}.

Now let us show that 7] = 0 as current in Z,(Xp). We only need to show that for
any compactly supported smooth n — 1 form ¢ € AT71(%), we have dT}(¥)) = 0. By using
partition of unity, we can restrict to the case when v is supported in a local coordinate chart.

Assume that the support of ¢ lies in U N Xy, where U is a coordinates chart for M, with
coordinates {x1, -+ ,zn—1,y}, and UNYy is given by y = 0. We can easily extend ¢ smoothly
to a neighborhood of U N X, denoting by ¢ € A"~1(U), such that £ayzﬂ = 0 near U N X.
In fact, this can be achieved by extending the coefficients of ) to U trivially, so that those
coefficients do not depend on y near U N Xy. Hence dl[)’UnZo = dy. So

T (Y) = Ty(dy) = Ty(d|uns,) = To(dip) = 0Tp(¢h) = 0,

where the third “ = follows from the integral formula (page 146 in [I8]) for integral currents.

Writing T} as Tj again, we finish the proof. U
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