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1 Introduction

In this paper, we present stability analysis and error estimates for the Lax-Wendroff dis-
continuous Galerkin (LWDG) method solving linear conservation laws. We concentrate
our attention in the scalar case, although the analysis can be easily generalized to one-
dimensional linear hyperbolic systems and multidimensional symmetric linear systems. To

be more specific, we are interested in the following initial value problem

up =V - (Bu), (z,t) € Q2 x (0,7,

(1.1)

u(z,0) = up(x), z e
For simplicity, periodic boundary conditions are assumed, but our analysis does not depend
on periodicity and can be extended to other types of boundary conditions. Here, 8 = B(z)
is a vector-valued function with the divergence-free condition V - #(z) = 0. In this setting,
the L? energy of the solution to (1.1) is conserved, which facilitates the study of LWDG
schemes using energy methods. Note that the divergence-free condition forces the coefficient
in (1.1) to be constant in the one-dimensional case, but it allows variable coefficients in
multidimensions.

The discontinuous Galerkin (DG) methods are a class of finite element methods using
discontinuous piecewise polynomial spaces, which were originally designed and most suitable
for solving hyperbolic conservation laws. The discontinuity at cell interfaces brings extra
degrees of freedom to the choice of numerical fluxes and to enforce conservation locally. On
the other hand, the finite-element nature allows the methods to suit complicated geometries
and boundary conditions. A major development of DG methods for solving time-dependent
nonlinear conservation laws was carried out by Cockburn et al. in a series of papers [6,
5, 4, 3, 7]. Later on, to adapt the methods to equations with diffusion terms, Cockburn
and Shu developed local discontinuous Galerkin (LDG) methods [8], based on the successful
numerical experiments of Bassi and Rebay in [1], in which they introduced auxiliary variables
to transform the original high order equation into a first order system. The LDG technique

can be used to handle even higher order spatial derivatives, more related work can be found



in, e.g. [15, 14].

The DG spatial discretization can be combined with different time integrators. The
most widely used ones are the strong-stability-preserving Runge-Kutta methods [10]. As
an alternative, one can also choose the Lax-Wendroff type time discretization, which relies
on converting time derivatives in a truncated Taylor expansion into spatial derivatives by
using the differential equation repeatedly, resulting in LWDG methods. The first LWDG
method for solving hyperbolic conservation laws was proposed by Qiu et al. in [13]. In
their schemes, the high order derivatives are approximated by directly differentiating the
numerical polynomials. In [11], Guo et al. pointed out that this method does not exhibit the
superconvergence property, so they developed a new LWDG method by applying the LDG
techniques. More specifically, they introduced new auxiliary variables and used DG spatial
discretization to approximate the spatial derivatives converted from time derivatives in the
Lax-Wendroff procedure. In this paper, we focus on the LWDG method in [11] and study
its stability and accuracy properties for solving linear scalar conservation laws.

Firstly, let us remark that there exist close relationships between the LWDG method and
the Runge-Kutta discontinuous Galerkin (RKDG) method. Both of these methods introduce
auxiliary or intermediate variables. In the RKDG method, the stage variables correspond to
the solution u at different internal time stages between two time levels; while in the LWDG
method, the intermediate variables approximate time derivatives of u. In general, these two
sets of variables do not contain the same information. But for linear conservation laws not
explicitly depending on time (including multidimensional systems), if we use the same fluxes
throughout the LWDG scheme, then it will be equivalent to the RKDG method after one full
time step. More specifically, in this case, the approximations of time derivatives in a LWDG
scheme and the stage variables in a RKDG scheme can be expressed as a linear combination of
each other, and they lead to the same numerical solution at the next time level. More details
are given in the appendix. Therefore, there are strong connections between our analysis and

the work by Zhang and Shu in [17, 20, 19], where they have provided the stability analysis



and a prior error estimates for the second and third order RKDG schemes. We will comment
on these connections later in the paper.

Next, we move on to the stability analysis. In the LWDG schemes in [11], Guo et
al. applied alternating fluxes as that in [8, 15]. However, it can be shown that the LWDG
schemes based on these alternating fluxes cannot preserve strong stability under the standard
CFL condition 7 < Ah, where 7 and h are the time step and the maximum element length
respectively and A > 0 is a constant. This reminds us of the well-known fact that the
choice of numerical fluxes has an essential influence on the types of stability. We assume
the numerical fluxes can be either upwind or downwind for each variable. After a detailed
analysis, we find that, if uniform or non-increasing time steps are used, for the second order
schemes (LW2DG) with piecewise linear elements, and the third order schemes (LW3DG)
with arbitrary P, elements, as long as we apply the upwind flux for u, then the schemes will
be stable in the L? norm. Furthermore, if we also use the upwind flux for the second variable
p (which approximates w,), then the schemes will be strongly stable, that is [Ju}™!|| < [lu}||.
Notice that, for the linear cases, the RKDG method belongs to this class. However, if we use
the downwind flux for p (e.g. according to the choice of alternating fluxes), then the scheme
is only stable in a weaker sense, namely [[u?|| < C||u?]||, where C is a constant which depends
on the CFL number and the inverse estimate constants, but is independent of the total time
T. Therefore, with both choices of the fluxes, the energy of the solution is well-controlled
after long time integration.

Finally, we perform error estimates under the same framework of the stability analysis
in one dimension. We highlight that optimal error estimates of both u;, and p, can be
obtained, where u; and p, are numerical approximations to v and wu,; respectively. To be
more precise, assuming u is a smooth solution to the one-dimensional problem, under a proper
CFL condition 7 < Ak, we have both ||u — up||z2 < C(72 + h?) and ||u; — pu|| < C(72 + h?)
for the LW2DG schemes with piecewise linear elements; and ||u — uy||z2 < O(73 + hE*1) and

|us — pull < O(72 + h**1) for the LW3DG schemes with Py, elements. The error estimates



hold for both choices of the numerical fluxes.

The organization of this paper is as follows. In section 2, the notations and preliminaries
are introduced for the one-dimensional analysis. In section 3, we present the stability analysis
of the LW2DG schemes and the LW3DG schemes for one-dimensional advection equations,
as well as the extension to multidimensions with divergence-free coefficients. In section 4,
we state the error estimates for one-dimensional problems and give a detailed proof only for
the second order schemes. In section 5, numerical examples are given to validate our error

estimates.

2 Notations and preliminaries

2.1 Model problem and notations

We study the following model problem in our one-dimensional analysis
Up = Uy, (x,t) € (0,2m) x (0,7,
u(z,0) = up(x), z € (0,27).
with periodic boundary conditions.
Let I; = (xj_%,xﬂé) be a regular partition of the domain. We denote the cell length by
hj = ;.1 —x; 1, and define i = max; h;. We use the notation (w,v); = flj wv dx for the
L?* inner product on I;, and define (w,v) = Zj(w, v);. Without specification, the notation

| - || refers to the L? norm.

The associated discontinuous finite element space is defined as
Vi, = {’U € L2(Q) : U|]j € Pk(lj),V]},

where Py (I;) is the space of polynomials on I; of degree at most k. Note that functions in V,
can be double-valued at cell interfaces, so we use v and v~ to represent the right and left
limits of v respectively. The jump is denoted by [v] = v —v~. We define the jump semi-norm

on Vy as [v] =, />, [v]? ., and the associated bilinear form as [w,v] = >~ [w],; 1[v];, 1.

3+%’ 2 2



One has the inverse estimate for polynomials, which states Vv € Py(1;),

1
hlvallz; + b= |[vllor, < pllvllz;,

where |[v]|ar, = \/(v

pendent of h. We denote a constant independent of i but depending on p by C),. Similarly,

;’_ )2+ (vj_Jr ;)% and p is the inverse estimate constant, which is inde-
2 2
we may use C),\, C, 18 and so on. The subscripts indicate the dependency of the constant

C on these parameters.

2.2 The LWDG method

For simplicity, we assume the time step 7 is a constant for different time levels throughout
this paper. The strong stability results however do not need this restriction, while the
weaker stability results (the energy is bounded but not necessarily non-increasing) do need
the restriction that the time steps are non-increasing, for which the constant time step is a
special case.

For the second order LWDG method, we first approximate the original equation (2.1)

with the following first order system

2

Wt =+ D,
2 (2.2)
P = uy.

Then the fully discretized scheme can be obtained by replacing the spatial derivatives by

their DG discretizations. For convenience, we introduce the linear operators H* and H~,

).

vt
2 J—

N
N[=

H* (w,v) = ZH;:(UJ,U) = Z (w, vy); — wji%v;r + wj_c_
j j

As a convention, H*!' = H*. Then, the schemes will take the form

2
n n Oy n T (072 T
(upt™, on) = (up, on) — TH* (u, o) — = 1 (PR n),

(p;:? wh> = _H&; (p;:v ¢h>7

where ¢p, 9, € Vi, and a, o, and @, are equal to +1 or —1, corresponding to different

(2.3)

numerical fluxes, to be specified later.



In our analysis, we consider different choices of the numerical fluxes, and require o, = a,.
When «, = @, = +1 and a, = —1, we recover the alternating fluxes used in [11]; when
a, = @, = ap = +1, we can easily verify that this is actually the classical second order
RKDG scheme. The only superficial difference is that, for the RKDG scheme, one introduces

1)

the stage variable uﬁl = uy + 7p} instead of p} in our context.

Similarly, one can write down the third order schemes,

(uh+17 on) = (up, on) — TH™ (uy, on) — EH (P> n) — =—H"(qr, en),

6
(i n) = —H (uf, ), (24)
(a5t 1) = =M (s ),
where ¢, ¥, and 7, are test functions from Vj, and ., o, @, and @, are equal to +1
or —1, corresponding to different numerical fluxes. We would again require o, = &, and
a, = &,. When «, = +1 and «, = a, = —1, we restore the alternating fluxes in [11]; while
if oo, = oy = oy = +1, we can easily verify that this is actually the classical third order

RKDG scheme, where the stage variables are ug) = uy + 7p) and uf)

T, 7'2 n
We are interested in the stability of these schemes. We call a scheme to be stable, if there
is a constant C' independent of 7 and h, but may depend on the total time T" = nr, such

that [|u}|| < C|lu?||. We say a scheme is strongly stable, if ||u}*!|| < |lu}|| for any n. As a

corollary, we have C' =1 for a strongly stable scheme in ||u}|| < C|luY].

2.3 Properties of 'H

In this subsection, we familiarize the readers with the properties of the operator pair H™
and ‘H~, which are fundamental for the analyses later.

The first two lemmas focus on the operators themselves. Lemma 2.1 describes the rela-
tionships between H' and H~. It states the anti-symmetry, the semi-definiteness and the
difference of the operator pair. Lemma 2.2 estimates the L? operator norms of H*(w, ) and
HE(-,v) on Vj,. These lemmas are classical and can be proved straightforwardly, we refer

interested readers to, e.g. [16].



Lemma 2.1. Suppose w,v € V},, then

H(w, w) = —%[[w]]{ (2.5)
H (w,v) = —H*(v,w), (2.6)
HY (w,v) = H (w,v) + [w,v]. (2.7)

Lemma 2.2. Suppose w,v € V},, then

M= (w, )] < (Jwl| + Cub ™2 [w]) o] (2.8a)

M (w,0)] < ([[vall + Cuh 2 [o]) ]l (2.8b)

The next two lemmas describe the numerical spatial derivatives from DG and LDG
discretizations. Lemma 2.3 gives a crude bound for the first order derivative, and it follows
directly from Lemma 2.2 and the inverse estimate. Lemma 2.4 establishes the connections
among different orders of derivatives, which is essentially the discretized version of integration
by parts. To cover different choices of fluxes, we introduce undetermined parameters a’s in
this lemma, which can be either +1 or —1. The detailed proof is omitted, as it just amounts

to repeatedly using Lemma 2.1.

Lemma 2.3. Let u,p € Vj,. For any test functions ¥ € V},, (p,v) = —H* (u, ). Then
Ipll < Cub™Hlull. (2.9)

Lemma 2.4. Let u,p,q,r € V}, such that for any test functions 1, n,{ € Vy,

(P, ¥) = =H™ (u, V), (2.10a)
(¢;n) = —H*(p,n), (2.10b)
(r,¢) = —H(q,0), (2.10c)
where a, ap, ag = —1,+1. Then we have,
(1)
(p,u) = —%[[U]]za (2.11a)

8



(g,u) = —Ip|*> = 222 [u, p), (2.11b)

2
(r,u) = FDP — S5l (2.11¢)
(i1
(¢,p) = —%[[P]P’ (2.12a)
(r.p) = =llall* = “2[p. . (2.12D)

where uy, = oy + Qy, W, v = u,p,q.

3 Stability analysis
3.1 Second order schemes

The LW2DG schemes can be rewritten as follows. Given u}, find u}*' € V}, such that

7_2

(™ n) = (uision) + 7(Pr on) + = (k> on), (3.1a)
(P> ¥n) = =H* (up, ¥n), (3.1b)
(armm) = =H* Py, ), (3.1c)
for any on, Y, np € Vi
Note that (3.1a) implies
up ™t = upy + TP + T—zqz. (3.2)

2

In our analysis, we restrict the finite element space to be piecewise linear. This is because
when one uses upwind fluxes for both ) and pj!, the scheme is equivalent to the second order
RKDG scheme, which, according to the von Neumann analysis in [9], is unstable with high
order (k > 1) piecewise polynomial spaces when 7/h is a constant.

The key ingredient for the stability analysis is to use the specialty of piecewise linear
elements. In this case, the L? norm of (p}), can be bounded by the jump of u}, which is not
necessarily true in general. Zhang and Shu first used this technique in [19] to analyze the

second order RKDG scheme, but for a different auxiliary variable.



Here is the outline for the stability analysis of (3.1). We first prove Lemma 3.1 to connect

(7). || with [u}]. Then, with this lemma, precise estimates for |u}*! — u} — 7p}|| and
[pp*! — pi|| can be obtained, which are stated in Lemma 3.2 and Lemma 3.3 respectively.

Finally, we carry out the proof of Theorem 3.1 to establish the stability of the LW2DG
schemes. The first part of this theorem, which essentially rebuilds the result by Zhang and
Shu in [19], only uses Lemma 3.2. For the second part with alternating fluxes, Lemma 3.3

is used as well.
_3
Lemma 3.1. With Py elements, |[(py)zll; = 6h; *|[uh]jtau].

Proof. We only prove the lemma for a,, = +1, the case a,, = —1 follows along the same line.
For simplicity, we drop all the subscripts i and superscripts n. Let {¢°, ¢'} be the
normalized Legendre polynomials basis on I;, and ¢' is of degree i. Suppose p = po¢° + p1¢*

on I;. Then we have p, = 2\/§h_%p1, where p; can be obtained through (3.1b),

pl = (p7 ¢1)] = _(u7 ¢i)] _'_ uj+%(¢1>‘]_+% - uj_%(¢1>j_%
With integration by parts, we get
1= (Ug, ¢1)j - u]__i_% (‘bl)j__i_% + u;-+%(¢1)]—+% = [u]ﬂ_% (‘bl)j__i_%a (3.3)

where the second equality holds due to the fact that u, is a constant. Note that (gb; N ,)” =
2
V3h; 2. Now (3.3) implies p; = \/gh;§[u]j+%. Therefore p, = 6h]-_2[u]j+% and [|p.||; =
_3
6h; * |[“]j+%‘- O

The following statements hold based on Lemma 3.1.

Lemma 3.2.
lup ™ = uy = 7o )1* < Culr N [up]® + 7 Alph]%).
Proof. Rearranging (3.1) gives

2
n n n T (07 n
(Uh+l — Up — TphaSOh) = _EH p(ﬁm@h)-

10



Exploiting Lemma 2.2, we obtain

( n+1

,7_2
up, _UZ_TPZMPh) S ?

(1@l + Cuh ™= [} 1) lonll-

Then the proof is completed by applying Lemma 3.1 and setting ¢, = uzﬂ —wup —7pp. O

Lemma 3.3.

I ™ = Phll* < Cu(h N [upl® + AL + 7°Allg; 1)

Proof. According to (3.2), the following relationship holds

2

-
(™ = pi ) = —H™ (up™ = uh, dn) = —H™ (TP} + 505 ). (3.4)

Then we apply Lemma 2.2 and Lemma 2.3 to obtain

(0h ™ = P on) < Culrll@R)e ]l + A2 [05]1* + 7Allgr D 1wl

The proof is completed by applying Lemma 3.1 and plugging in ¢, = pzﬂ — - 0

We are now ready to state our main theorem for the stability of the LW2DG schemes.

Theorem 3.1 (Stability of the LW2DG schemes). There exists a constant A, such that when
T < Ah, the numerical solution of schemes (3.1) satisfies,

(i) llup M < Mgl if cw = = +1,

(ii) Jlupll < Cunllupll, if o = +1 and ap, = —1,

where C, x 1s a constant depending on A and the inverse estimate constant p, but is inde-

pendent of the total time T' = nr.

Proof. Take @5, = u} in (3.1a). Using (2.4) we get

1 1 TQ 2 1 72

S I = Sl + T RRT? + T g ] = 5 g — k= TP
Note that

Jup™ —upll® = 2llppll* = Nup™ =gy — 7P l* + 27 (up ™ — wip — o, i),

11



where (u*' —up — 7pp, pp) = T (g, pf) = — o [[p?i]]2~ Hence
Jup ™12 = lupl]® + Tau[upl? + mouy[ul, Pyl + p[[Ph]]Q Jup ™t —uf —7pp|2. (3.5)

Exploiting Lemma 3.2, we have

n n n ,n a n
[ ™ = [k ® + (e = CudA) [up]? + Ty [uh, pi] + 7°(5F = CuA)BR]* < 0. (3.6)

(i) When o, = a;, = +1, (3.6) can be rewritten as

V3 V3

g P = b +T( — O X [up]?* + 7 (— — O] +7 [[—uh TPl <0,
which implies ||u}*!|| < ||u}|| when ) is sufficiently small.
(ii) When «,, = +1 and o, = —1, (3.6) gives
n n 1 (0
™17 = Nl + 71 = CX) ] = (5 + Cu )R] < 0. (3.7)

The coefficient of [p7]? is negative, and one needs to bring in new terms to balance it. To

this end, we plug in ¢, = p} in (3.4) to get

A G 1 R B A7) R P
By Lemma 3.3, this gives
Ioh 17 = lphll* = CuX° A up]? < —7(1 = LA [pR]* = 72(1 = CuM) gz II*. (3.8)

Multiplying (3.8) with 72 and adding it to (3.7), we have

(g ™%+ 7212y 0%) = (lupll® + 72 1ph11%) + 7(1 = CuA*) [u]?

1
+7°(5 = AL + 7 (1 = G llgi | < 0.

When A is small enough, this gives
i M P+ 2R I < lubll® + 72 phlI*.
Specially, when uniform time steps are used,

i ll® + 72 [1ph11* < Nupll* + 7 1pal* < (1 + CuA?)[Jup]l*.

12



The last inequality holds due to Lemma 2.3. This implies the stability result ||u}| <
1+ CN?||uf)|. Clearly, the result also holds if the time steps are non-increasing, namely

Tnil < Th. ]

Remark 3.1. We require that the time steps are non-increasing to ensure the stability in
(ii). One should note this is only a sufficient but not necessary condition. Let {7,} be the
sequence of time steps and assume 0 < A\g < 2= < A. The scheme is still stable in the

following cases.

Case 1: The time steps increase occasionally. Suppose T,4+1 < T, except for n = ng, then

2 2
1 1
a2+ ol < "°+ (a1 + 7o lh %) < ;L°+ (lap”lI* + 7 1250 1)
no no

7_2
One can continue the inequality by including the factor ’;%“
20

, and finally get

oo T 5
o1 < 251+ AR < S50+ Gl

no 0

Similarly, if there is a fired number m, such that the time steps increase no more than m
times, one can show that |[ul’]|* < 13113(1 + O M) [|[ud )12

Case 2: The time steps increase monotonically. Using the argument in case 1, one has

n

2
T
leill® + w20l < (L] =) (bl + 73 1phl*) = -
=1 "1

which is still stable.

2

)\_3(

m|31\3

2l + w2l 1%) < S5+ N |

[e=]

However, these arguments can not be used for general time steps {1,}. For example,
Tons1 = Ah and Topi o0 = %h. The factor will blow up when h goes to 0. One would need to
make more detailed discussions to analyze the stability.

In the following sections, we will also assume the non-increasing time steps when analyz-
ing the stability of the LWDG schemes with alternating fluzes. One should note the argument

above will still work, and we will not repeat it.

Remark 3.2. We note that the alternating fluzes in (ii) actually do not preserve the strong
stability. To see this, one can plug in a continuous initial condition ul) into (3.1). Then, by

(3:5), lupll? = Iufl* = FIoRD? + g™ — ufp = 7w3lI > 0.

13



3.2 Third order schemes

We can rewrite LW3DG schemes as follows. In each step, find u;‘“ € V},, such that

2 3

(™ on) = (i on) o7 (0h on) + 75 on) + (o 00). (3.99)
(P> ton) = —H™ (up, ¥n), (3.9b)
(g1 1) = =H* (DR ) (3.9¢)
(rhs Cn) = =H*(gqx Cn), (3.94)

for any @y, Un, My, Cn € Vi,. Note that (3.9a) implies

n+1 n n 7-2 n 7_3 n
uy T =up + Tpp + o + Frh' (3.10)

The proof of the third order schemes are actually easier, since there is inherent numer-
ical viscosity from the time discretization. The stability will hold for piecewise polynomial
elements of arbitrary degrees. In this section, A < 1 is assumed for simplicity.

Before going into the main theorem, we first prove the following lemma.
Lemma 3.4.
T n n T n n
I = BRI = gkl < G+ COAL + Gl

Proof. According to (3.9b) and (3.10), the following relationship holds

2 3

n n Oy (1 n oy n T T
(ph+1 — P ¥n) = —H (uh+1 —up,¥n) = —H*™(7p), + ?qh + Erh,iﬁh). (3.11)
Hence
n+1 n n Op — Qy T2 « n on T3 « n ,n
(Pp ™ —Ph — 7@y, Yn) = [ [Pk, U] — 57'{ “(aqn, ) — gH “(ry, Un)

< Cu(rh™2 [oR] + A llgg || + T Al D llr .

Using Lemma 2.3, we know 72\||r|| < 7C,A\?||¢}||. Hence
—ir n n
(h™" = i — 7ah, ¥n) < Culrh™ =[] + 7Allg D l1nll- (3.12)

14



Note that

n+1 n+l n+l

1> = Py — TP+ 2r(pt — o — Tar @) (3.13)

Ipp = pill? = 72 llanll® = llpn

By (3.12),

I = ph — Ta@ill* < Cu(rAIPR]? + 7°Allgi 11%).
n n n o n —1irn n n 1 7 "
pt =i —ran, an) < Culrh™2[pp] + A llgr D gl < g[[ph]]z + 7CM g1

The proof is completed by substituting the estimates above into (3.13). O

Theorem 3.2 (Stability of the LW3DG schemes). There exists a constant A, such that when
T < Ah, the solution of schemes (3.9) satisfies,

(i) < gl if e = ap = +1, ag = £1,

(ii) [|ut]] < Couxlludll, of aw = +1, oy = =1 and oy = +1,

where Cy, \ is a constant dependent upon X and the inverse estimate constant p, but is inde-

pendent of the total time T = nr.

Proof. Substituting ¢p, = u} into (3.9) and summing over j, we have

Ta T o
Huh“ll2 IIuZII2 “[ui) — PR + — ks ph] + 5 s ]
2 2 (3.14)
.
HU"+1 uh|* = S IRl
Note that
gt —upll? = P2 ppl? = gt — g — ol + 27 (™ — wlp — T, P},
where
7_2 ,7_3 7-2a 7-305
(up™ —upy — 7o}, 1) = = (ay, 0h) + (s, ph) = ——L[Ph]* — —||th|2 = ohs i)
2 6 4 12
Hence
’7'30{ 7-4 '7-405
L e | L e e S AT RS

15



Using (3.15), the energy estimate (3.14) becomes

n n T3a n U, n n T3au n n 7-4@ n n
||uh+1||2 ||Uh||2 + Tau[[uh]]2 + 3 p[[ph]]2 + B p[uhaph] + Tq[um(Jh] + 6pq [Pm%]
n+l n n|l2 7-4 nil2
= ||U uy — 7|7 — g”%” .
Since
n+1 7_2 7-3
(up™ —up — TD), pn) = ?(q;f,s@h) + g(rz, ©n),

by Lemma 2.3, [lup™ — u — mp}|| < 72(3 + C.\)||gr]l. Suppose A < 1, then the estimate

becomes

n n n Tga n U n ,n TgOéu n .n
Jup P2 = [lup)|? + Tow [up]® + 3 EIor]? + 5 Eluh, ph] + 6 uy, g
i (3.16)

T Qpg

n n 1 n
+— phrai) < (=35 + CuM) i

Different from (3.1), the right hand side of (3.16) is automatically negative when A is small.
This is due to the numerical dissipation from the third order time discretization. One can
avoid detailed arguments as in Lemma 3.1 to absorb terms with jumps.

(i) When o, = a,, = +1, by using the inequality ab < ea® + £, we obtain

n n n n 1
[P = [k * + 7Clup]” + 7°CIoR]* < (=35 + GGl + 7 ClLaiT,

where the C’s are positive constants. Using the inverse estimate, 7°C[q]* < 7*C.A||¢} ||

Hence [lup "2 —[Jup||* < 74(—35+C/A)|lg;|*. The strong stability holds as long as X <

120/'
(ii) When «,, = +1 and «,, = —1, the estimate becomes
3 Sog: . Tl 1 .
g I = Ml |* + 7 lup]® — —[[ nl* + 5 ks ai) + 5Pk 6] < T (-5 + G g
(3.17)

Use Lemma 2.3 and the inverse estimate,

TgOéuq

6

3,

6

[up, 4n] < —[[UZ]]2+T4CMHQZIIQ,

T n n
i) < SIAT + T CuNaR)
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Hence
n+1)12 1, m 2 . L n2_T_3 n72 4_i ny2 (3.18)
a1 = gl + Z[l — SIRT < 7 (— = + NI -

Now the jump term of p}! on the left hand side is negative. As we have done in Theorem 3.1,

we would introduce ||p}|| to balance this term. Substituting ¢, = p} into (3.11), we have

1 n 1 n 1 n n Tron T2 n 7-3 n o,n
B2 = IRl = S et = phl = = SIDE = TailE = THreen). (319)
Note that
7-3 +/.n .n 7_3 n ,.n 7-3 n n 2 n|l2 3 20
M) = (i) < g < PO g, (3.20)

where Lemma 2.3 is used in the last inequality. Therefore, by using Lemma 3.4 and (3.20)

in (3.19), one can get

2 1P = [Pk 1* < (CuX = %)THPZ]]Q + 7 Cull i . (3.21)
Multiplying (3.21) by 72 and adding it to (3.18), we get
(g 1472 2) = -4+ S [T+ = CL MR < 7=+ ) g

Therefore, when A is sufficiently small, all jump terms are nonnegative, and the right hand

side is less than zero. So when uniform time steps are used, we get
lunl® + 72l < [lunll® + 1Pk I1* < [lunll® + 72(|ph]1>.

Using Lemma 2.3, one has 72||p||* < C,A\?[Juf||*>. Hence ||u}]] < 1/1+ C,A?[[uf]|. Clearly,

the result also holds with non-increasing time steps, namely 7,11 < 7,. O

3.3 Multidimensional cases

3.3.1 Notations and preliminaries

Let us now consider the general linear scalar conservation law (1.1). Recall that V-8(z) = 0,

hence V - (Bu) = (8- V)u.
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Suppose K = {K} is a quasi-uniform partition of the domain Q with triangular (or
rectangular) element K, where h = maxg hg, with hx being the diameter of element K.
The collection of cell interfaces is denoted by €. We use the notation (u,v)x = [, uv dedy

for the L? inner product on each element, and (u,v) = Y, (u,v)x for the whole domain.

Besides, we denote the integration on element interfaces by (u,v) f uv dl and jumps by
[u]le = (u* —u™). Here, ut = lm y(x + ¢f8), while v~ = lim y(x — ¢f). Furthermore, let

[uls.e = 1/ [.[u]?|B - n|dl and [u]g = /3" ce[ulz,.. The corresponding cross term is denoted
by [u, vlg =D ceelul, [v]|B - n).
Similar to our one-dimensional cases, we introduce the operators Hﬂi for convenience,

Hi (w,v) ZHBK (w,v) Z((w,V-(,@v))K—<wi,vﬁ-n>aK).

K

When B(z) is parallel to the cell interfaces, u* are not well-defined. But in this case,
B(zx) -n = 0, hence the value of u* will not make any difference. When B(z) - n changes
sign on the edge, Hﬂi(w, v) can still be defined as above. But one should note w* are no
longer polynomials and one would need to be careful when applying the inverse estimates.
See appendix B.2 for details.

As before, we introduce the auxiliary variables p = u, = V - (Bu), ¢ = uy = V - (Bp) and
r = 1wy = V- (Bq) (for the third order schemes). Then the numerical schemes can be defined
as in the one-dimensional cases in (3.1) and (3.9), except for replacing H* by H; Moreover,
we use the discontinuous finite element space V;, = {v € L*(Q) : v|x € Pp(K),VK € K},
where P (K) denotes the space of polynomials on K of degree no more than k.

For V- B(z) = 0 and w,v € V}, the following relationships hold, which extend Lemma
2.1 and Lemma 2.2 to multidimensions. The proof of Lemma 3.5 and 3.6 is given in the

appendix.
Lemma 3.5.
_ I
Hpg (w,w) = _iﬂwﬂﬁ’ (3.22)
Hg(w,v) = —Hg(v,w), (3.23)
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Hg(w,v) = Hg(w,v) + [w, vl (3.24)
Lemma 3.6.

Mg (w,0)] < (8- V)wl + Cpph™2[w]s) 0] (3.25)

Hg(w,0)] < (I8~ V)l + Cugh™2[v]g)l|w]. (3.26)

With the relationships above, we can state a similar lemma to Lemma 2.4.

Lemma 3.7. Lemma 2.4 holds after replacing H with Hg, [-,-] with |-, ] and [-] with [-]s-

Lemma 3.1 plays a key role in the stability analysis of the LW2DG schemes. Similarly, we
need the following lemma to bound ||(8 - V)p}||x with [u}]gax. The proof of this lemma is

given in the appendix.

Lemma 3.8. For the piecewise linear polynomial space in R?,
(i) If B is a constant vector, then ||(B - V)pj|lx < Cu’ﬁh_%[[u;i]]ﬁ’a](,

(i1) If B is a vector-valued function with V - B(x) = 0, then
n _3 n — n
18 - V)pillx < Cruph™2 [upllpon + Cuph™"llup i

Remark 3.3. Note that our proof only holds for P, elements. It is difficult to extend the

proof to Qp elements, which are defined by tensor products on rectangular meshes.

3.3.2 Stability results

Theorem 3.3 (Stability of the LW2DG schemes in multidimensions). For multidimensional
cases, let uy be the numerical solution of the LW2DG schemes with Py elements. Then under
the standard CFL condition T < \h,

(i) When B is constant, ||u} ™| < [[up]] if cw = o = +1; ||ud]| < Cunplled]] if v, = +1 and
a, = —1, where C), \ g depends on X, p1 and B but is independent of T

(ii) When B(z) is a function with V - B(x) = 0, if a, = +1 and o, = *£1, then ||up|| <

Curprllulll, where Cy,\pr depends on A, u, B and T
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Proof. For constant 3, we proceed in the same way as we have done for Theorem 3.1, except
for using Lemma 3.7 instead of Lemma 2.4, and Lemma 3.8 instead of Lemma 3.1. For
non-constant function B, we will get an extra ||u|x term in Lemma 3.8. A similar argument
will lead to [[uf™| < (1 4+ 7C;ap)||up|| when a, = +1, which will end up with [u}| <

eCr28T||u?||. For the same reason, the constant will also depend on 7" when o, = —1. O

Theorem 3.4 (Stability of the LW3DG schemes in multidimensions). For multidimensional
cases, assume V - B(x) = 0. Let uj be the numerical solution of the LW3DG schemes with
P elements. Then under the standard CFL condition T < A\h,

(i) Jlup M < upll, if aw = o = +1 and oy = 1,

(ii) ||u]] < Curglludll, if an = +1, ay = =1 and oy = +1,

where C\, \ g depends on X, p and B, but is independent of T

Proof. The proof follows the same lines as in the one-dimensional case and is thus omitted.

O

Remark 3.4. By now, we have spent our main effort on some special coefficients 3. Ac-
tually, the LWDG schemes can be modified to suit general B(z,t), where B may depend on
time and can have a non-zero divergence. Furthermore, as long as B is sufficiently smooth,
we can obtain the weak stability result ||ul]| < C||ub]||, where C depends on 8 and T, as well
as i and X\ if alternating fluzes are used.

We use the LW2DG scheme with upwinding fluxes for a brief illustration. The revised

scheme then becomes

2
n n n 7— n
(up™, on) = (up + Tp) + =q5, ¢n),

2
(Ph>¥n) = —Hg (uh, ¥n) + (V - Bug, ¢n), (3.27)
(qh>mn) = =Hg k> mn) + (V- Bpg, mn) — Hg, (uh,mn) + (V- Beug, mn).-
Here we have the extra terms (V - Bul,vp), (V - BpY,mh), H;ﬁ(uz’nh) and (V- B, my).

Furthermore, the properties of H has been changed and there will be more terms coming out

when one follows the previous approach. But compared with the exponents of T before them,
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the order of derivatives for all these new terms are relatively low. One can apply the Cauchy-
Schwartz inequality, Lemma 3.6 and the inverse estimates to show they can be bounded by
Cl|up||? with some proper constant C'. Hence we will finally obtain ||u)™||> < (1+C7)|Jup|?,

which indicates the weak stability result.

4 FError estimates

For the one-dimensional problem (2.1), denote u"(z) = u(x,t,) and u}(x) = uy(x,t,). As-

suming the exact solution u(z,t) is smooth, we have the following error estimates.

Theorem 4.1 (Error estimates of the LW2DG schemes). Under the CFL condition T < \h
for a proper constant X\, using Py elements, the numerical approrimations uy and p} from
the LW2DG schemes (3.1) satisfy the following error estimates,

(i) " = upll < C(r* + 1?),

(ii) [lui — phll < C(r2 + h?),

where C depends on p, X\, T, u, u; and their derivatives but is independent of T and h.

Theorem 4.2 (Error estimates of the LW3DG schemes). Under the CFL condition T < Ah
for a proper constant \, using Py elements (k is arbitrary), the numerical approzimations
u and p} from the LW3DG schemes (3.9) satisfy the following error estimates,

(i) Ju" = up] < C(7° + 1™,

(ii) |luf — pill < O(r% + BEFY),

where C' depends on p, \, T, u, u; and their derivatives but is independent of T and h.

The error estimate of u follows from the stability results through a standard argument,
while the error estimate of u, relies on the relationship between u} and pj. Here we only
give the details of the proof of Theorem 4.1 and omit the details of the proof of Theorem
4.2, as they can be obtained following similar lines.

We will need the following lemma for the error estimates. The proof of (4.1) is straight-

forward, and (4.2) follows from the standard approximation theorem [2].
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Lemma 4.1. Suppose w is a smooth function, then

HE (75w — w,v) =0, Yo € Vy, (4.1)

ntw — w]| < Cuht+, (4.2)

+

where Cy, is a constant depending on w; m* are the Gauss-Radau projections to Vy,. More

precisely, Ttw is the unique element in Vj, such that
(5w —w,v); =0 Yo € Ppy(;), (mFw)E, =w" .

Proof of Theorem 4.1: Let u be the exact solution of (1.1), p = u; and ¢ = uy. We denote

the truncation error by
2
-
W' =yt =y — p" — Eq". (4.3)

By the consistency of the schemes, for any ¢y, ¥y, n, € V4, the following equalities hold

2

(u™ o) = (u" +7p" + %q”, on) + (W", o), (4.4a)
(p", ) = —H™ (u", ¥y, (4.4Db)
(¢" ) = —H™ (", mn). (4.4¢)

Subtract the system (4.4) from the numerical schemes (3.1), then we get the error equation

2

-
(W =t o) = (ut —up + 7(p" — pp) + E(Q" — qy,on) + (W", 0n), (4.5a)
(" — D, n) = —H*™(u" — up, Yp), (4.5b)
(@" — qn 1) = —H™ (" — pi,Mn)- (4.5¢)

Denote €! = 7*v — v and €' = v — v, with v = u, p, q. Applying Lemma 4.1, the error

equation can be simplified as follows

2 72
(ep*! — e —Ten — 5627 on) = —(ent —ep —Tep — 5627 on) + (W", o), (4.6a)
(e;:u 7ph) = —H* (627 7ph) - (627 wh)u (46b>
(eg:mm) = —H*(ep,mn) — (€4 7n)- (4.6¢)
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Furthermore, by using (4.3) and (4.6b), one can also obtain the error equation for w,
-2
—e

(et — e, un) = —Ho (v + =

P

v 4w, ) — (gt — ], ). (4.7)

Our error estimates are based on the framework of stability analysis. We need lemmas
comparable to Lemma 2.3, Lemma 2.4, Lemma 3.1, Lemma 3.2 and Lemma 3.3. Among
them, Lemma 4.2, Lemma 4.3 and Lemma 4.4 can be proved by using (4.6) and similar

techniques as before, and the details are omitted.

Lemma 4.2.

lepll < Cuh™Hlenll + llepll, (4.8a)
legll < Cuh™Hlepll + lleg I (4.8b)
Lemma 4.3.
(5. €h) = =S ex]? = (&5 €l), (4.92)
(et = —llepl? = S2e en] = (5, k) = (<3 e3), (4.90)
(er,en) = —%[[6;3112 — (e, (4.9¢)

where Quy = Quy + @, w,v = £1.
Lemma 4.4. For piecewise linear elements, ||(e])s| < C,h~2[er] + Cuh™Hlen]l.
Lemma 4.5.

lemtt — e — ret|| < Cur?(h2[en] + A2 [el]) + O(r° + Th?). (4.10)

u_

Proof. Substituting (4.6b) into (4.6a), we get

2

)
(et —er —7el, o) = —(ep™ — el — Tel o) — ?H%(ez, on) + (W", on)

n n n n n —l n
< (nexl e e+ e+ 2Rl + A aﬂepm) lnll (411)

3. 1.
< (nez*l e (1t O+ ]+ T2C (e + 2ﬂepu>) lonll
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where we have used Lemma 4.4 in the last inequality. One can see that

lentt —enll + (1 + CuM)llep Il + o™l < C(7* + 7h?). (4.12)

The proof can be completed by using the estimate (4.12) and substituting ¢;, = e?*? —€y,—TE,

into (4.11). O
Lemma 4.6.

lentt —er|| < Cu(rh™2[el] + Th72[ef] + TAller])) + C(r2 + h?). (4.13)

Proof. By (4.7), one has

2

-
(e;”rl — el ) = —H™(rer + 362 + w, Yy — (52“ — &), %n)
< (@(TH(@Z%H +7h 2 [el] + TAllel] + 7Y w") + Jlentt — €Z||) [[¢n (4.14)

_3rn Ll n n — n n n
< (Cu(Th 2[en] + th72[ep] + TAllegll + Allep |l + A7 Hlw™ 1) + llep ™ — «%II) [4nl
where we have used Lemma 4.4 in the last inequality. We see that
Mlepll +a~ w" | + g™ = epll < C(7* + h?). (4.15)

The proof is completed by using the estimate (4.15) and substituting ¢, = ep™ — 2 into

(4.14). O

Step 1: To prove |le"|| < C(7% + h?).

Substitute ¢, = €l into (4.6) and use (4.3). It follows that

a
len ™ 1* — llenll® + Tawlef]? + TP aulel, er] + Tp[[eﬂ2 = llen* — e — rep P + Y,
where v, = —27(e?, e]) — 27’2(5;‘, er) + 27’2(5;‘, ey) — 7'3(52‘, er) + (emtl —en e?) + (W™, en).

Using Lemma 4.2, one can get an estimate for ~,

u

Yu < Curllenll® + O 1” + llegl) + —llew™ = il + —wl® < Curllel] + C(7° + 7h%).
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Hence, with the estimate above, by using Lemma 4.5, we get

len ™ 17 +7 (o= CuM) [en]* + T g e, ep) +7° (——C Nlepl? < A+7C)llenl*+C (77 +7h%).

Cus p
(4.16)
Case 1: When A is small and a,, = a;, = +1, all the jump terms can be removed to yield

a much simpler inequality
ler )2 < (1 +7C,)|er]|* + C(7° + Th?). (4.17)

Note that €2 = 0. (4.16) implies

le2|| < C(7* + h?). (4.18)
Case 2: When A is small, o, = +1 and o, = —1, we have
ler )2 + 7(1 — C ) [el]?* + 73( - -C )\)[[e"]]2 (1+7C)|er* + C(r° + 7h'). (4.19)

Plug in ¢, = €} in (4.7). It follows that

leg 1% = Nepll® = lleg™ — epll* — 7llegl* — Taulep]” + s (4.20)

where v, = —72(el, e!) — H*(w, e]) — (ep™ — €7, e). Note that
n|2 ni|2 1 n+1 ni|2 1 2 ni2 51 —2 4
W < TCllep ™ + Tllegl” + —llen™ —eull® + s llwll” < CurllepI” + C(r°h™" + 71%).

Hence, using Lemma 4.6, we get

len™|? < (14+7C) lep] P4+ Cuh™ N[en]*—m*(1=C 22 |2 P =T (1=C W\ [ep]*+C(r°h >+ +h?).

(4.21)
(4.19) and (4.21) lead to the following inequality
lew ™ 1" + ¥y HI* < (1 +7Cu)(llenll” + T*llepll*) + C(7° + 7h?). (4.22)
Note that [leg|| =0, [le)]| < [lep]l < Ch*. Hence we have,
leall” + T*llepl|* < C(r* + %), (4.23)
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which implies ||e?|| < C(72 + h?).

Step 2: We claim that ||e"™! — || < C(73 + 7h?).

Note that et — e” satisfies the same error equation as that of e?, except for ||w"|] < C75.
Noting also that |lel — 2] = |leL|| < CTh? by estimating (4.6a) directly, we can prove the
statement in the same way as that in Step 1.

Step 3: (4.6) gives that

2

(enth — e — Te, — %eg‘, ey) =—("ep), (4.24)

2
where 1" = et — el — 7¢l — Tell + w". Hence

n n n n T n n
[ < Nlew™ = eull + 7liey + gl + llw™ | < C(7* + 7h?).

Rearranging the equality, we have

2

Tlepl? = (et — i = S ) = (", )

2
n n n T n n
=7lepll < e — el + S legl + 1| (4.25)

2
n n n T n n
=7(1 = CA)llegll < llei™ —exll + S llegll + 171,

where Lemma 4.2 is used in the last step. Using the results in Step 1 and Step 2, one can
get

eyl < C(7% + h?).

Hence by Lemma 4.1,
lu™ = wpll < lleull + llegll < C(72 + 7%),

[up — Pyl < Nt + ekl < C(72 + h2).
]

Sketch of the proof for Theorem 4.2: We adopt similar notations as before. By using
the same lines as those in the stability analysis, one can show ||e?|| < C(7® + h**!) and

|ent! — en|| < O(7* + 7h**1). This already implies the error estimate of u. Like what
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we have done in Step 3 above, 7|lep]| < [lept! — el|| + T;He;‘H + %3||e7?|| + [[v™]|, where

2
V' =eptt — e —Tep — Tl

7_3 n n n 3 ]
5 €0 — g tw". We can bound [|e|| by estimating each term here.

O

Remark 4.1. Note that our optimal error estimates are only one-dimensional results. Since
there are mo proper Gauss-Radau projections for Py elements in multidimensions to elim-
wnate the cell boundary terms, one may lose the optimal order of accuracy when directly
applying trace inverse inequalities. As for rectangular meshes with Qy elements, we may
obtain optimal error estimates for the third order schemes using similar arguments as in the

one-dimensional case.

5 Numerical tests

The main purpose of this section is to numerically validate the error estimates in section
4. We list the error tables of the second order schemes with fluxes (+,+) and (4, —), and
the third order schemes with numerical fluxes (+,+,+) and (+, —, —). Here (4,+) means
a, = +1 and o, = +1. Others are defined analogously. The piecewise linear polynomial
space is used for the second order schemes and the piecewise quadratic polynomial space is
used for the third order schemes. Furthermore, we use the uniform time steps and uniform
spatial meshes for the numerical tests. For two-dimensional problems, the triangular meshes
are used and the triangulation is constructed by adding diagonals linking the left-bottom

and right-top vertexes in a uniform square mesh.

5.1 One-dimensional example with constant coefficients

Consider
Up = Uy, (x,t) € (0,2m) x (0,7,
(5.1)
u(x,0) = @ x € (0,2m),

with periodic boundary conditions. The mesh size is chosen as h = 27 /N, where N is the

number of cells and N = 40, 80, 160, 320, 640 are used. We compute up to the time 7' = 7/2,
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with 7 = 0.05h. The numerical results are listed in Table 5.1. The convergence is as we have

predicted in section 4.

Table 5.1: 1D, constant coefficients, "= 5, A = 0.05

scheme N | w L? error | order | u; L? error | order
40 | 4.3721E-03 - 7.7284E-03 -
80 | 1.0993E-03 | 1.99 | 1.8998E-03 | 2.02
160 | 2.7654E-04 | 1.99 | 4.7316E-04 | 2.01
320 | 6.9407E-05 | 1.99 | 1.1824E-04 | 2.00
640 | 1.7389E-05 | 2.00 | 2.9565E-05 | 2.00
40 | 4.3813E-03 - 6.6884E-03 -
80 | 1.0999E-03 | 1.99 | 1.6147E-03 | 2.05
160 | 2.7657E-04 | 1.99 | 4.0014E-04 | 2.01
(+-) 320 | 6.9409E-05 | 1.99 | 9.9854E-05 | 2.00
640 | 1.7390E-05 | 2.00 | 2.4958E-05 | 2.00
40 | 9.0552E-05 - 1.8916E-04 -
80 | 1.1336E-05 | 3.00 | 2.4017E-05 | 2.98
160 | 1.4173E-06 | 3.00 | 3.0286E-06 | 2.99
320 | 1.7717E-07 | 3.00 | 3.8029E-07 | 2.99
640 | 2.2146E-08 | 3.00 | 4.7644E-08 | 3.00
40 | 9.0252E-05 - 1.9211E-04 -
80 | 1.1327E-05 | 2.99 | 2.4465E-05 | 2.97
160 | 1.4170E-06 | 3.00 | 3.0816E-06 | 2.99
(5= 7) ] 390 | 17716807 | 3.00 | 3.8645E-07 | 3.00
640 | 2.2146E-08 | 3.00 | 4.8377E-08 | 3.00

(+,+,+)

5.2 One-dimensional example with variable coefficients

Using the same parameters, we solve the following problem with a variable coefficient

uy = sin*(x) g, (z,t) € (0,2m) x (0,T),
(5.2)
u(z,0) = sin(z), z € (0,2m),
where periodic boundary conditions are assumed. The exact solution to (5.2) is u(z,t) =
sin (cot™(cot(z) — t)). Note that our analysis does not cover the problems with variable
coefficients in one dimension. This numerical test is given only for showing the generality

of our results. The numerical results are listed in Table 5.2. One can observe the designed

order of accuracy for all the schemes and for both u and ;.
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Table 5.2: 1D, variable coefficients, T = 7, A = 0.05
scheme N | u L? error | order | u; L? error | order
40 | 4.3310E-02 - 1.2344E-01 -
80 | 1.2661E-02 | 1.77 | 3.2003E-02 | 1.95
160 | 3.4131E-03 | 1.89 | 8.6104E-03 | 1.89
320 | 8.8808E-04 | 1.94 | 2.2432E-03 | 1.94
640 | 2.2659E-04 | 1.97 | 5.7261E-04 | 1.97
40 | 4.3517E-02 - 1.2376E-01 -
80 | 1.2705E-02 | 1.78 | 3.1334E-02 | 1.98
160 | 3.4193E-03 | 1.89 | 8.3235E-03 | 1.91
(+-) 320 | 8.8883E-04 | 1.94 | 2.1586E-03 | 1.95
640 | 2.2668E-04 | 1.97 | 5.5026E-04 | 1.97
40 | 6.1574E-03 - 1.1386E-02 -
80 | 8.8437E-04 | 2.80 | 3.0574E-03 | 1.90
160 | 1.1798E-04 | 2.91 | 4.1416E-04 | 2.88
320 | 1.5238E-05 | 2.95 | 5.3551E-05 | 2.95
640 | 1.9373E-06 | 2.98 | 6.8084E-06 | 2.98
40 | 6.1434E-03 - 1.1103E-02 -
80 | 8.8038E-04 | 2.80 | 2.9849E-03 | 1.90
160 | 1.1764E-04 | 2.90 | 4.1036E-04 | 2.86
(h =) 320 | 15217805 | 2.95 | 5.3397E-05 | 2.94
640 | 1.9360E-06 | 2.97 | 6.8012E-06 | 2.97

(+,+,+)

5.3 Two-dimensional example with constant coefficients

Consider
=L P, e X0 x 0D,
w@0) =sin@+y). (@) € (0.27) x (0,2),

with periodic boundary conditions. The mesh is constructed by adding diagonals to the
uniform square mesh with NV x N elements, where N = 20, 40, 80, 160, 320. We compute up
to time T' = 1, with 7 = 0.05h. The numerical results are listed in Table 5.3. Once again,

the designed order of accuracy can be observed.

5.4 Two-dimensional example with variable coefficients

We then compute a two-dimensional problem with variable coefficients. Consider
w= (=Lt g+ (= uy,  (2,,1) € (0,27) x (0,27) x (0,T),
g i (5.4)
u(z,0) = ¢ 2™ —4ly=m)?* (z,y) € (0,2m) x (0,2m),
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Table 5.3: 2D, constant coefficients, T'=1, A = 0.05

scheme N x N | u L? error | order | u; L? error | order
20 x 20 | 1.2879E-01 | - | 1.8160E-01| -
40 x 40 | 3.1837E-02 | 2.02 | 4.4990E-02 | 2.01
80 x 80 | 7.8797E-03 | 2.01 | 1.1142E-02 | 2.01
(£ | 160 % 160 | 1.95798-03 | 2.01 | 2.7680E-03 | 2.01
320 x 320 | 4.8786¢-04 | 2.00 | 6.8994¢-04 | 2.00
20 x 20 | 1.2801E-01 | - | 1.7886E-01| -
40 x 40 | 3.1844FE-02 | 2.02 | 4.4179E-02 | 2.02
80 x 80 | 7.8802E-03 | 2.01 | 1.0930E-02 | 2.02
(=) | 160 x 160 | 1.95308-03 | 2.01 | 2.7148E.03 | 2.01
320 x 320 | 4.8786E-04 | 2.00 | 6.7647E-03 | 2.00
20 x 20 | 2.7288E-03 | - | 3.8230E-03 | -
40 x 40 | 3.3286E-04 | 3.04 | 4.7406E-04 | 3.01
80 x 80 | 4.1561E-05 | 3.00 | 5.8895E-05 | 3.01
(1) | 160 % 160 | 5.1948E-06 | 3.00 | 7.3615E-06 | 3.00
320 x 320 | 6.4942E-07 | 3.00 | 9.2031E-07 | 3.00
20 x 20 | 2.7068E-03 | - | 3.6877E-03 | -
40 x 40 | 3.3274FE-04 | 3.02 | 4.5206E-04 | 3.03
80 x 80 | 4.1550E-05 | 3.00 | 5.6536E-05 | 3.00
(=) 160 x 160 | 5.1941E-06 | 3.00 | 7.0576E-06 | 3.00
320 x 320 | 6.4938E-07 | 3.00 | 8.8436E-07 | 3.00

with periodic boundary conditions. The same parameters are used as that of (5.3), except
for the time steps 7 = 0.02h. When calculating the exact solution, we remove the periodic
boundary conditions and compute by tracing the characteristic lines. For general initial
inputs, this does cause inconsistency, and the error can be from the mismatch of both u and
B outside of the domain. However, since our initial condition is intentionally chosen as a
Gaussian centered at (7, 7), which decays quickly near the boundary, the difference between
the exact solution we use and the real exact solution is negligibly small. For simplicity of
implementation, we apply upwind and downwind fluxes in terms of the wind direction at
the midpoint of each edge, instead of strictly using the definition in our analysis. Since the
coefficients are smooth, this should cause negligible difference. The L? error of u and w; is
listed in Table 5.4. We can observe the designed convergence of u. As for u;, the LW2DG

schemes exhibit a clear second order convergence, and the order of accuracy for the LW3DG

schemes are also close to the third order.
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Table 5.4: 2D, variable coefficients, T' =1, A = 0.02

scheme N x N | u L? error | order | u; L? error | order
20 x 20 | 6.0750E-02 | - | 2.5668E-02 | -
40 x 40 | 1.6066E-02 | 1.92 | 6.0414E-03 | 2.09
80 x 80 | 4.0954E-03 | 1.97 | 1.4221E-03 | 2.09
()| 160 x 160 | 1.03005-03 | 1.99 | 3.4356E.04 | 2.05
320 x 320 | 2.5821e-04 | 2.00 | 8.4534E-05 | 2.02
20x 20 | 6.07476-02 | - | 2.55846.02 | -
40 x 40 | 1.6067¢-02 | 1.92 | 6.0305¢-03 | 2.08
80 x 80 | 4.0956¢-03 | 1.97 | 1.4201¢-03 | 2.09
(=) | 160 x 160 | 1.03016-03 | 1.99 | 3.4311e.04 | 2.05
320 x 320 | 2.5821e-04 | 2.00 | 8.4422¢-05 | 2.02
20 x 20 | 5.60806-03 | - | 6.55446-03 | -
40 x 40 | 6.4540e-04 | 3.12 | 9.3527¢-04 | 2.81
80 x 80 | 7.4533¢-05 | 3.11 | 9.4578¢-05 | 3.31
() 1160 % 160 | 9.02090-06 | 3.05 | 8.2682¢.06 | 3.52
320 x 320 | 1.1214¢-06 | 3.01 | 7.0247¢-07 | 3.56
20 x 20 | 5.6014E-03 | - | 6.5005B-03 | -
40 x 40 | 6.4485E-04 | 3.12 | 9.2575E-04 | 2.81
(4— )| 8080 | TAS06E05 | 311 | 9.3600E-05 | 3.1
7)1 160 x 160 | 9.0280E-06 | 3.04 | 8.2128E-06 | 3.51
320 x 320 | 1.1213E-06 | 3.01 | 6.9989E-07 | 3.55

Finally, we remark that, even though the choices of the numerical fluxes may have in-

fluence on the specific types of stability, they only cause minor differences on the L? error

according to our numerical tests.

6 Concluding remarks

We analyze the stability and estimate the error of the Lax-Wendroff discontinuous Galerkin
(LWDG) method for linear scalar conservation laws. Assume uniform or non-increasing time
steps, one can choose between upwind and downwind fluxes for each variable. As we have
shown, for both second order LW2DG schemes with P; elements and third order LW3DG
schemes with arbitrary Py, as long as we use the upwind flux for u, the scheme will be
stable. Furthermore, if we also use the upwind flux for p (which approximates w;), then

the scheme will be strongly stable. On the other hand, if the downwind flux is used for
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p, then the energy of the numerical solution will be bounded by the initial energy times a
constant, which is independent of the total time T". In both cases we have a good control
of the L? energy after long time integration. The stability results can be extended to high
dimensions easily for problems with constant coefficients. For variable coefficient problems
with a divergence-free condition V - B(z) = 0, the previous results still hold for the third
order schemes. But for the second order schemes, we can only prove the stability in a weaker
sense, namely ||u?|| < C||u?| where C' may depend on T.

For the error estimates, we analyze one-dimensional problems with a smooth solution.
We obtain optimal error estimates for both u and u;. Once we choose the upwind flux for
u, whatever fluxes we use for the remaining variables, our error estimates will hold. The
LW2DG scheme with P; elements is of the second order accuracy, and the LW3DG scheme
with P, elements is of the third order accuracy.

Even though we have considered only scalar problems in this paper, the analysis can
be easily generalized to one-dimensional linear hyperbolic systems and multidimensional
symmetric linear systems. The method also generalizes to nonlinear scalar equations or
systems, however stability analysis is expected to be difficult. On the other hand, error
estimates for smooth solutions should carry through, along the lines in [18, 12] for RKDG

methods.

A Relationships between RKDG and LWDG methods

We only consider the third order temporal discretization. The relationships of the second
order schemes follow from the same lines.
Consider the time dependent problem u; = Lu. One can apply Lax-Wendroff procedure
to write down a semi-discretized scheme with respect to time.
2 3

Wt =t g L

p'=Lu", ¢ =Lp"
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where 7 is the time step.

In general, to obtain a fully discretized scheme, one can replace L with different consistent
spatial discretization operators. For example, for the DG method, one can apply different
numerical fluxes, and the final scheme will still approximate the original equation.

Now we assume the same spatial discretization Ly is used for each L. Then the scheme
becomes

7_2 3

-
u" ="+ 7p" + Eq” + ELNqn’ (A1)
p" = Lyu", q" = Lnp",
which corresponds to the truncated Taylor expansion for the semi-discretized scheme u; =
Lyu.
Assume Ly to be linear and independent of t. If the third order SSP Runge-Kutta

method is applied for time stepping, one will get
uV) = u" + TLyu" = u" + p",

3 1
u® = Zu" + ~(u + 7Lyu)

4 4
3 1

= Z(u” +7p" + TLyu" + 72 Lyp")

_.n T n T2 n

=u +§P +Zq’ (A.2)
1 2

u"t = gu" + g(u@) + 7 Iu®)

1 2 T T2 72 73

— _gm “lan foan roon Lvu™ Lap® g™
U +3(u +2p+4q + T Nu+2 Np+4 ~g")

=u +7p —1—3(1 +ELNq.

After comparing (A.1) and (A.2), we will see, if the same spatial discretization Ly is
used, with Ly being linear and independent of time ¢, then the fully discretized schemes
obtain from the Lax-Wendroff procedure and the Runge-Kutta method are equivalent after
one full time step.

In particular, let Ly corresponds to the DG discretization for multidimensional system

U = Zle(Ai ()u),,. One can check this specific Ly also satisfies the assumptions above. If
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this Ly is used through out the Lax-Wendroff procedure, then the scheme will be equivalent

to the corresponding RKDG scheme.

B Proofs of several lemmas

B.1 Proof of Lemma 3.5

Proof. We restore the integral notation in this proof.

(1) InHg, w=w"if B-n<0,w=w"if B-n>0. Hence

Hg (w,w) = Z %/K(,B-V)dex— Z/{)Ku]_wﬁ-ndl

Kek KekK
1
:KEE;CLK(§QU—QU JwB - ndl
=Y [ 5w 1Bl — (Gut —w Bl (B.1)
ecE V€
1 — 2
:;/e_i(w — w8 - nldl
Lo 0o
= _iﬂw]]ﬁ’

(2) Since V-8 =0, (8-V)v=V-(Bv)

Hg (w,v) = Z/va-(,@v)dx—Z/aKw_vﬁ-ndl

iex iex
_ _KZEI:C/KU(,B-V)wdx—KXE;C/aK(w_—w)vﬂ-ndl

_ _KXEI:C/KU(,B-V)wdx+;/e(w_ —wh)t|B - n|dl (B-2)
:_I%;C/Kv(ﬁ-V)wngC/awaﬁ-ndz

— M (v, w).
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Hg(w,u):Z/ 8- Vvdx—Z/ w B - ndl

Kek Kek
:Z/ ﬂVde—Z/ whuB - ndl—i—Z/ wlvB - ndl
Kek Kek Kek (B.3)
_Hﬁwu+2/ |8 -n|di
ec&

= Hﬁ (w,v) — [w,v]a.

B.2 Proof of Lemma 3.6

Proof. (1) According to (B.2),

Z/ (8- dem—Z/ 18 - n|dl. (B.4)

KeKk ecé

Therefore, by the Cauchy-Schwartz inequality,

Mz (w,0) < 3 [ollcl(B - Pyl + 218 ndl, [S° [ (w18 nld
el B Sl 5 foo a5

Kek

<118~ Vywlllo] + Callwls, [3 / (v+)2dl

We would like to bound the term \/ >

(B.5)

vee J.(vt)2dl with |lv]|. However, v* will no longer be
a polynomial if B(z) - n changes sign along the edge, and in this case one can not directly
apply the trace inverse inequality. Therefore, we introduce v’ and v" to denote the left and

right limit of v along the edge. Then it gives

w,v wl|||v]] + Calw v")2dl,
[H5 (w, )] < (8- Vywllvl] + Col ﬂﬂ\/eeg )? +2(07) 56

< (18- V)w| + Cpuph™2 [w]g) 0]l

(2) Use Hg (w,v) = —Hz (v, w). The remaining steps are similar. 0O
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B.3 Proof of Lemma 3.8

Proof. For simplicity, we drop all the subscripts h and superscripts n. Let g be the centroid

of the element K in d-dimensions. Denote 8y = B(xo). Let Py(K) = Vo + Vi + Vs, where
Vo = {y € P1(K)|y is a constant},

Vi={y € Pi(K)|(y,2)x = 0,Yz € V and (By - V)y = 0},
Vo ={y € Pi(K)|(y,2)x = 0,Vz € VoU Vi }.
Then we can assume p = po@® + p1d! + pod?, where ¢* € V; and ||¢'||x = 1. Note that
V¢? =0 and (B, - V)¢! = 0. Using the inverse inequality, we get
18- V)pllx < [lp2(8 - V)&*|| i + 1 (B = Bo) - V)& ||«
< Cuph™ |p2ll| || + Cuh ™" IB — Bollz=Ipalll 6"l x (B.7)
< Cgh™ po| + Cuh™H|B = Boll o< |p1l-
Denote e™ = {x € 0K |B(x) -n > 0}, and e~ = dK\e*. We integrate by parts to get ps.
pr=(p, )k = —(u,(B-V))x + (u™, 6°B-n)ox
= ((B-V)u, 0"k — (u,¢*B - n)ox + (u™, ¢*B -n)ox
= ((B-V)u,0*)x = (u™,¢*|B - nl)er + (uF,6°|B -nl)- + (u™, "B - n)ox
= (B~ Bo) - V)u, ") + ([u, 6°|B - n[)+,
where we have used the fact (8y - V)u € V4. By the trace inverse inequality,
[p2| < Cuplulp.orxllo®llox + Cuh™ 18 — Boll e lullx
< Cu,ﬂh_%[[uﬂﬁﬁl( + CL,h7 B = Boll e ||ullx-

Similarly, one can show

1| < Chugh™ [ullg.or + Cuh ™18 = Boll el ull - (B.9)

(i) When 3 is a constant, 8—f = 0. Therefore, ||(8-V)p|lx < C,gh™|ps] < C,mh_%[[u]]ﬁ’a[{.

(ii) For non-constant B, by the regularity of B, ||8 — Bol/z~ < Cgh. Therefore

1B - V)pllx < Cruph™"|p2| + Cuplpi
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_1
Ip2| < Cuph™2ulgox + Cupllullx

_1
Ip1| < Cuph™2[ulgox + Cupllullx,

which implies [|(8 - V)pllx < C.ph™2[u]pox + Cph™||ul| . O
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