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Abstract

In this paper, we adapt a simple weighted essentially non-oscillatory (WENO) lim-
iter, originally designed for discontinuous Galerkin (DG) schemes on two-dimensional un-
structured triangular meshes [39], to the correction procedure via reconstruction (CPR)
framework for solving nonlinear hyperbolic conservation laws on two-dimensional un-
structured triangular meshes with straight or curved edges. This is an extension of our
earlier work [4] in which the WENO limiter was designed for the CPR framework on
regular meshes. The objective of this simple WENO limiter is to simultaneously main-
tain uniform high order accuracy of the CPR framework in smooth regions and control
spurious numerical oscillations near discontinuities. The WENO limiter we adopt in this
paper uses information only from the target cell and its immediate neighbors. Hence, it
is particularly simple to implement and will not harm the conservativeness and compact-
ness of the CPR framework. Since the CPR framework with this WENO limiter does
not in general satisfy the positivity preserving property, we also extend the positivity-
preserving limiters [36, 26] to the CPR framework. Numerical results for both scalar
equations and Euler systems of compressible gas dynamics are provided to illustrate the

good behavior of this procedure.
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1 Introduction

In this paper, we consider the following two-dimensional hyperbolic conservation law
{ w + V- Fu) =0, (1)
u(z,y,0) = uo(z,y),

where u is the state vector, F = (f,g) is the flux vector, and V = (6%, a%)’ to be solved
on unstructured triangular meshes. There has been a surge of recent research activities
on high-order methods capable of solving conservation laws on unstructured meshes,
such as the discontinuous Galerkin (DG) method [22, 2, 3], the spectral and spectral-
element type methods [8, 14|, the spectral volume (SV) [27, 30, 31, 34] and spectral
difference (SD) methods [18, 20, 32]. In this paper, we consider a correction procedure

via reconstruction (CPR) framework developed more recently.

The CPR framework was originally developed in [9] to solve hyperbolic conservation
laws on structured meshes, under the name of flux reconstruction (FR). In [28, 29], this
method was extended to two-dimensional triangular and mixed grids, and the idea of flux
reconstruction was generalized into a lifting collocation penalty (LCP) approach. Later,
the FR and LCP methods were renamed the correction procedure via reconstruction or
CPR in short. When performing the CPR method, one need to evaluate the divergence
of the flux vector. Compared with the original more straight-forward Lagrange poly-
nomial (LP) approach, the chain-rule (CR) approach suggested in [28] produces a one
order higher approximation to the flux divergence, when the convective flux is nonlinear.
However, the conservativeness of the CPR method will be harmed when using the CR
approach for the interior flux divergence evaluation. In [6], Gao and Wang provided a
fix by adding a correction term into the CPR formulation and obtained a conservative
CPR formulation with the chain-rule divergence evaluation. In [33], the CPR framework
was combined with a PyPy method. The CPR framework can also be used to solve
diffusion problems [10] and Navier-Stokes equations [5, 7]. In [16], it was also extended

to compute broad-band waves.



The CPR formulation on unstructured meshes has some nice properties. With differ-
ent choices of lifting coefficients, the CPR approach recovers several well-known methods
in the framework, including DG, SV and SD methods and leads to more efficient versions
of these methods, at least for linear equations. Compared with the original DG formu-
lation based on volume and surface integral quadratures, the CPR framework solves the
conservation laws in a nodal differential form. The extension of the CPR method to
meshes with curved boundaries is straightforward because no surface or volume integrals
are required. The reconstruction of solution polynomials to calculate the residual can
be completely avoided through a judicious selection of solution and flux points. More-
over, the CPR method is compact because only immediate face neighbors play a role in
updating the solutions in the current cell. Therefore, the complexity of implementation
for multi-dimensional meshes including unstructured meshes can be reduced.

The main difficulty in solving conservation laws (1) is that solutions may contain
discontinuities even if the initial conditions are smooth. However, the CPR method on
unstructured meshes is only a high-order linear scheme, hence it may generate spurious
oscillations for problems containing strong discontinuities. These spurious oscillations
may lead to nonlinear instability and eventual blow-ups of the codes. Therefore, we need
to apply nonlinear limiters to control these oscillations.

To achieve the full potential of high order accuracy and efficiency of the CPR method,
we would like to find a robust high order limiting procedure to simultaneously maintain
uniform high order accuracy in smooth regions and control spurious numerical oscillations
near discontinuities. Limiters based on the WENO methodology [17, 13, 11] would serve
such a purpose. Zhu et al. [38] designed limiters using the usual WENO reconstruction
for the DG methods on two-dimensional unstructured meshes. They use the cell averages
in an adaptive stencil to reconstruct the values of the solutions at certain points in
the target cell. However, the reconstruction stencil contains not only the immediate

neighboring cells of the target cell but also the neighbors’ neighbors. To reduce the



width of the reconstruction stencil, a Hermite type WENO procedure for DG methods
on unstructured meshes is adopted in [19], which uses not only the cell averages but
also the first derivative or first order moment information in the stencil. However the
information of neighbors’ neighbors is still needed for higher order methods. Also, it
is complicated to perform the usual WENO procedure or the Hermite type WENO
procedure on unstructured meshes, with the possibility of negative linear weights, as
we would need to use extra special treatments to handle them [23]. To maintain the
compactness of the CPR framework, we would like to find another limiting procedure
that uses the information only from the target cell and its immediate neighboring cells,
with only positive linear weights in the WENO procedure if possible.

Very recently, a new and simple WENO limiter [39] was designed for the Runge-Kutta
discontinuous Galerkin (RKDG) methods on two-dimensional triangulations. This is an
extension of an earlier work [37] designed for RKDG methods on regular meshes. This
WENO limiter attempts to reconstruct the entire polynomial on the target cell, instead
of reconstructing point values or moments in the classical WENO reconstructions. In
fact, the entire reconstruction polynomial is just a convex combination of polynomials
on the target cell and its immediate neighboring cells (with suitable adjustments for
conservation). Hence, it will not harm the compactness of the CPR, framework. Also,
the linear weights are always positive.

Recently, we have adapted the new WENO limiter in [37] to the CPR framework on
structured meshes [4], to make it more robust for shocked flows while maintaining high
order accuracy. In this paper, we will extend this WENO limiter to the CPR framework
on two-dimensional unstructured triangular meshes with straight or curved edges along
the lines of [39] for RKDG methods.

An important property of the entropy solution of a scalar conservation law is that it

satisfies a strict maximum principle, i.e., if

M = maxuy(z,y), m = minug(z,y), (2)
(z,y) (z,y)



then u(x,y,t) € [m, M| for any (z,y) and ¢. In particular, the solution will not be
negative if ug(x,y) = 0. For hyperbolic conservation law systems, the entropy solutions
generally do not satisfy the maximum principle. However, for the Euler equations for
compressible flows, the density p and the pressure p should both be positive physically.
The failure of preserving positivity of density or pressure may cause blow-ups of the
numerical algorithm. In [36], a maximum-principle-satisfying and positivity-preserving
high order DG scheme on triangular meshes was developed. [26] further discussed an
extension to design arbitrarily high order positivity-preserving DG schemes for reac-
tive Euler equations and presented a simpler and more robust implementation of the
positivity-preserving limiter in [36].

In this paper, the CPR framework with the WENO limiter does not in general satisfy
a strict positivity-preserving property. Hence, we also extend the limiters designed for
the DG method in [36] and [26] to the CPR framework to get a positivity-preserving
CPR method. This is done in our previous work [4] for the structured meshes.

This paper is organized as follows. We first review the CPR formulation on unstruc-
tured meshes in Section 2. In Section 3, we describe the details of how to introduce the
WENO limiting procedure to the CPR framework. In Section 4, we describe the detailed
procedure to construct a positivity-preserving CPR framework. In Section 5, numerical
experiments are provided to verify the accuracy and stability of the CPR scheme with

these limiters. Finally, concluding remarks are provided in Section 6.

2 Formulation of the CPR framework

In this section, we give an overview of the formulation of the CPR framework on two-
dimensional unstructured triangular meshes for solving hyperbolic conservation law (1),
which can be either a scalar equation or a system of equations. In Section 2.1, we give
the formulation on unstructured triangular meshes with straight edges. The extension

to curved boundary cells will be given in Section 2.2.



2.1 Triangular meshes with straight edges

Let the domain of calculation be divided into N non-overlapping elements with the i-
th element denoted by V;. By multiplying Eq. (1) with a test function w and integrating
over V;, the weighted residual of Eq. (1) can be written as

/ (w+ V- ﬁ(u))wdmdy = / uwdxdy + /
V; g

wF (u) - vds — / Vu - F(u)dzdy = 0,
i ov;

Vi
(3)
where 7/ is the outward unit normal vector on the element interface. We assume that the
numerical solution belongs to P* (the space of polynomials of degree k or less) within each
element without continuity requirement across element interfaces. Let u;(x,y) € P*(V})
be an approximate solution to u in element V;, called the solution polynomial. It is

required to satisfy the following equation
/ (u;)ywdzdy + / wF (ug, uiy, 7)ds — / Vuw - F(u;)dzdy = 0. (4)

v; av; Vi

Since the solution is discontinuous across element interfaces, we use a common normal

flux in the equation above

F(Ui,UH_, ﬁ) ~ ﬁ(ul) : 177 (5)
where wu;, is the solution outside the current element V;. Applying integration by parts
again to the last term of Eq. (4), we obtain

/ (us)swdady + / WV - F(ug)dzdy + / W(F(us i, 7) — F(w) - 7)ds = 0. (6)
Vi - ovi

K3

Here [ is the common numerical flux defined in (5), while F(u;) - 7 is the boundary
flux calculated only from the current cell V;. Denote [F*] = F(u;, iy, 7) — F(u;) - 7 to
be the normal flux difference. It represents the influence of the data in the immediate
neighboring cells. Here we require that the space of the test functions have the same

dimension as the solution space. The test space is chosen in a manner to guarantee that

a unique solution exists for (6).



Next, we try to eliminate the test function w and transform the integral formulation

into a differential one. By the introduction of a “correction field” §; € P*,

/w(sid:)sdy:/ w[F"]ds, (7)
Vi oV

the boundary integral is cast as a volume integral. The above equation is sometimes

referred to as the “lifting operator”. Substituting Eq. (7) into Eq. (6), we get
/ [(u)): + V - F(u;) + 6;]wdzdy = 0. (8)
Vi

In general, V-F (u;) is not an element of P*(V;). Here we approximate it by its projection
onto P*(V;), denoted by II(V - F(u;)). In the case that the flux vector F is linear in u,
we have II(V - F(u;)) = V - F(u;). We will deal with the nonlinear case later. Now the
term (u;)¢ + II(V - F(u;)) + 6; belongs to P¥(V;). Because the test space is selected to

ensure a unique solution, (8) is reduced to
()¢ + (V- F(u;)) + 6; =0, (9)

which is satisfied everywhere in V;. Hence, we have reduced the weighted residual for-
mulation to an equivalent differential form, which involves no integrals. Note that for ;
defined by (7), if w € P*, Eq. (9) is equivalent to the DG formulation; if w varies in
another space, we will get a different method. We refer to [28] for more details.

Let the degrees-of-freedom be the solution values at a set of points 7 ; (j = 1,--- , K =

(k+1)(k+2)

5—— ), called solution points (SPs). Denote the numerical solution values on cell V;

at these solution points as u; ;(t), 7 = 1,--- , K. Note that each numerical solution value
u; ;(t) depends on ¢, and that w; ;(¢") is the numerical solution at time level n. For
simplicity, wu; ;(t") is abbreviated to u;; when there is no confusion. Eq. (9) must be

true at the SPs, i.e.,
(wig)e + IV - F(u; ;) + 6,5 =0, j=1-- K. (10)

Let us now deal with the term ¢; ; which can be computed by (7). Along each edge

m, we need to define k£ + 1 points named flux points. For efficiency, the solution points

7



are chosen to coincide with the flux points along cell edges. The normal flux difference
values [F"],,0,l =1,---  k+ 1 at the flux points along edge m define a one dimensional

polynomial of degree k, denoted by [F*],,. Eq. (7) can then be written as

/iwkZL Sijdady = Y /wk [F ) (11)

meoV;
Here Lj,j = 1,--- , K are the two dimensional Lagrange polynomials, and wj, is the test
function. For example, we can let wy = L, and this equation yields a linear system as
k varies form 1 to K. The resulting formulation is equivalent to the DG method. The
unknowns 9; ; can be easily solved in terms of the normal flux difference values at the

flux points, i.e.,

k+1

’i .

mlSm> (12)
meaw =1

where o ,,; are constants independent of the solution, j is the index for the solution
points, ¢ is the cell index, m is the edge index, [ is the index of the flux points, .5, is the
length of edge m and |Vj| is the area of cell V;. Substituting (12) into (10), we obtain

the following CPR formulation

k+1

ZZa]ml Y)im.1Sm j=1,---,K. (13)

mE@V =1

(uig)e + 1LV - Fuz)

For more details of the selection of the solution points and flux points and the compu-
tation of coefficients «;,,,; for various schemes, we refer to [28].

Now let us deal with the term II(V - F(u;)). To compute this projection, two ap-
proaches can be used: Lagrange polynomial (LP) and chain-rule (CR). For the LP
approach, the flux function is projected onto the P* space with Lagrange polynomial

reconstruction:
pp (V- Flu)) =V Y LiF(uy). (14)

However, for nonlinear fluxes, the LP approach can cause the accuracy to deteriorate

by about half an order due to the aliasing error [12]. The aliasing error could also
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induce instabilities [12]. To remedy this accuracy loss and possible instabilities, the CR
approach can be used instead. The idea is to obtain the exact divergence of the fluxes
at solution points, based on the degree k solution polynomial. Then the divergences at

the solution points are projected onto the P* space:
. OF
Her(V-Flu)) = ) Lj(% - Vu,)j. (15)

jESPs

When using the CR approach, the CPR method is not fully conservative. In [6], this
conservation issue is fixed by adding a source term to account for the conservation error.

Define the source term as
_f% Hor(V - F(u,))dady — Jov, F(u;) - vds

Sc,i = ) (16>
\4
then the fixed CPR formulation is
(wij)e + Hep(V - Fluy)) +0ij+ S =0,  j=1-- K, (17)

which can be solved by various time discretizations such as a Runge-Kutta method. We
will use this fixed CPR formulation in the rest of this paper. Integrating Eq. (17) over

cell V; with test function w = 1, we can obtain

A

/ (u;)idxdy +/ F(ui, uip, V)ds = 0, (18)
v,

ov;

which means Eq. (17) is fully conservative. For more details of the conservation issue,

we refer to [6].

2.2 Triangular meshes with curved boundary

(0.1)

—>

(0,0) (1,0)
(x.7) (E.n)

Figure 1: Transformation of a curved boundary triangle to a standard element



We first transform the curved boundary element from the physical domain (z,y) into
the computational domain which is a standard element with the variables (£, n) as shown

in Figure 1. The transformation can be written as

<§)=§;Mz(§,n)<§;), (19

where L is the number of points used to define the curved boundary element, (x;,y;) are
the Cartesian coordinates of these points, and M;({,n) are the shape functions. Denote

the Jacobian matrix of this transformation as

I=5en Ll @

Assuming the transformation is non-singular so that the inverse matrix J~! exists, we

get that
-1 _ 8(5777) _ [ gm gy :|
Jl = o) L mom | (21)
where
§o = yn/ ], &y = —xy/]J], ny = —Ye/|J], ny = ze/|J]. (22)

Here, |J| is the Jacobian determinant of J and is assumed to be positive. By replacing
the variables (z,y) with (£, 7), we transform Eq. (1) on the physical domain into the

following equation on the standard element which has straight edges,

GV F =0, (23)
where V = (8%, 8%), F= (f,9) and
u=|J|u,
f=11Ef +&9), (24)
9= 1J1(nef +1my9)-

We now introduce the CPR formulation for the curved boundary element, for ex-
ample, the i-th element V;. Let us denote the standard element as V. Note that the

Jacobian matrix of the transformation from V; to V depends on the shape of V;. Here,

10



we assume that the new solution polynomial @;(£,7) is a member in P¥(V). Hence, we
can obtain (¢, n) by interpolating @; ; = |J|u;;,j = 1,---, K in V. We then apply the
CPR formulation (17) to the transformed equation on the standard triangle. Now, the

formulation becomes

(ai,j>t+HCR(v'F)+ ij+ S =0, Jj=1-,K, (25)

where the superscript ~ means the variables or operations computed by the transformed

equation on the standard triangular element. For example,

k+1

Si’j =2 Z Zaj,m,l[ﬁg]m,lgma (26>

medV =1
where 7 is the outward unit normal vector of V, [F ] are the normal jumps of the
transformed fluxes across the edges of V, and S,,,m € OV are the lengths of the edges

of V.

3 The WENO limiter

In this section, we attempt to adapt the WENO limiter in [39] to the CPR framework
to control the oscillations for shocked flows as well as maintain the original high order
accuracy in smooth regions. As mentioned in the introduction, the CPR method is
compact because only immediate face neighbors play a role in updating the solutions in
the current cell. For convenient, we label the target cell and its immediate neighboring
cells as shown in Figure 2. When performing the WENO limiting procedure on V;, we
use the same stencil S = {V;, V;1, Vis, Vis}. Hence, the WENO limiter can maintain the

compactness of CPR. For the target cell V;, we first use the WENO limiter to get a

new
K3

new reconstructed function u**(x,y) if the original solution w;(z,y) contains possible

shocks, then perform the normal CPR procedure on the new numerical solutions u;'$" =

uP(7;;), j =1,---, K at the solution points instead of u; ;,7 =1,---, K.

11



Figure 2: The stencil S = {V}, Vi1, Vi, Vis}

In Sections 3.1 and 3.2, we assume that all the edges in the stencil S are straight.
Hence, the solutions on those cells in S are approximated by the solution polynomials
on the physical domain (z,y) by interpolating the numerical solutions at the solution

points. We will discuss the extensions to the curved boundary cells in Section 3.3.

3.1 The WENO limiting procedure for the scalar case

Consider conservation laws as shown in Eq. (1), where u, f and g are scalars. For

convenience, we denote the solution polynomials on cell V;, Viq, Vi, Vig as
pO(xay) = Ul(iﬁ',y) S Pk(‘/l% pl(x7y> = uil(xvy) S Pk(‘/zl% [ = 1727 3. (27>

As in [39], we first use the KXRCF shock detection technique [15] to check whether
the cell V; is a troubled cell, namely, whether po(x,y) contains possible shocks and needs
the limiting procedure. We divide the boundary dV; into two parts: 9V,” and 9V;*,
where the flow is into (F'(u) - # < 0) and out of (F'(u) - 7 > 0) V; respectively. The

target cell V; is identified as a troubled cell when

| favf (po(l’, y) - pl<SL’, y))d8|

) > Ck, (28)
R 10V - [lpol

where Cj, is a constant, h is the radius of the circumscribed circle in V;, pi(x,y) denote

the solution polynomials on the neighboring cells sharing the edge(s) in 0V, and || - | is

12



the standard L? norm in the cell V;. We remark that the KXRCF troubled cell indicator
is just one of the many possibilities and may not be the best one (see [21] for a detailed
discussion). We use it here for its simplicity, as our main focus of this paper is not on
troubled cell indicators.

Assuming that the cell V; is a troubled cell, we now introduce the WENO limit-
ing procedure in [39] to reconstruct the solution polynomial on it. We need to use
the solution polynomials on the target cell and its three neighboring cells, namely,
p(x,y),l = 0,1,2,3. In order to maintain the original cell average of po(z,y) in cell
V;, which is essential to keep the conservativeness of the original CPR framework, we

make the following modifications:

1 1

ﬁl(xuy) = pl(x7y> - m v pl(l',y)dl'dy + m v po(l’,y)dl’dy, [ = 17 273 (29>

For notational consistency we also denote po(x,y) = po(x,y). The final nonlinear WENO

new
3

reconstruction polynomial u*“(z,y) on cell V; is defined by a convex combination of

these four modified polynomials:

new

ui " (z,y) = wopo(z,y) +wip1(z,y) + wapa(x,y) + wsps(z, y). (30)

From Eq. (30), we know that u“*(x,y) has the same cell average as po(x,y) as long

i
as wo + wy + wy + w3z = 1. Hence, we define the normalized nonlinear weights as

W= — 1=0,1,2,3, (31)

Zmzo (:Jm

where the non-normalized nonlinear weights @; are defined as

- Vi

W =—, [=0,1,2,3. 32
T e+ B)? (82)

Here € > 0 is introduced to avoid the denominator to become 0. We take ¢ = 1076 in

all our numerical tests. The linear weights v;,1 = 0,1, 2, 3 are a set of positive numbers

adding up to one. Note that since p;(x,y) for [ = 0,1,2,3, are all (k + 1)-th order

approximations to the exact solution in smooth regions, there are no extra requirements

13



on the linear weights in order to maintain the original high order accuracy. As discussed
in [39], since for smooth solutions the central cell is usually the best one, we put a larger

linear weight on the central cell than on the neighboring cells. As in [39], we take
Yo = 0997, Y1 = Y2 = V3 = 0001, (33)
which can maintain the original high order in smooth regions and can keep essentially
non-oscillatory shock transitions in our numerical examples. [; is the smoothness indi-
cator, which measures how smooth the function p;(z,y) is on the target cell V;. As in

[13, 1], we define 3, as

AR 0" *dud 34
Z | ‘ 8:17518 82pl(x y)) T y? ( )

|s|=1

where s = (s1, s2).
For each cell V;, 2 = 1,---, N, if it is a troubled cell, we replace the entire solution

new (g, y), which is a convex

polynomial u;(x, y) with the new reconstructed polynomial u
combination of polynomials on this cell and its immediate neighboring cells. If the cell
V; is not a troubled cell, we just let u!*“(z,y) = u;(x,y). Now we can get the new
solutions at the solution points u}$" = uj’(ri;), j = 1,---, K. After the WENO

limiter procedure, we just use the original CPR procedure to march to the next time

level by using the new numerical solutions w5, j =1,---, K.

3.2 The WENO limiting procedure for the Euler system

Let us consider the two-dimensional Euler system which is given by
w; + f(u), +g(u), =0,

p m n
2 (35)
o m o pu” +p . puv
u = n >f(u) - UV >g(u) - pU2 +p
E u(E + p) v(E + p)
Here, p is the density, (u,v)? is the velocity vector, m = pu and n = pv are the momenta.

E' is the total energy, and p is the pressure, with
1
p(w) = (3~ 1)(E — Sp(u? +17). (36)

14



We present the WENO limiting procedure for the Euler system in this subsection. For

convenience, we also denote the solution polynomials on cell V;, V;q, Vi, Vig as

pO(x7y> = ui(xay)v pl(%y) = uil(xmy)u [ = 17 2737 (37>

respectively. Each of them is a 4-component vector.

As in the scalar case, we first identify the troubled cells using the KXRCF' technique.
We divide the boundary OV; into two parts: 9V,” and OV,", where the flow is into
((u,v)T -7 < 0) and out of ((u,v)” -7 > 0) V; respectively. In the system case, we take
both the density p and the total energy E as the indicator variables. The target cell V;

is identified as a troubled cell when

| Jov— (po(,y) = pi(, y))ds|

L > Cy, (38)
1OV ool
or
| — Ey(z,y))ds|
fav ( ! ) o (39)
W \8V |- |1 Eol|

where p;(x,y) and Ej(x,y) denote the density polynomials and the total energy polyno-
mials on the neighboring cells sharing the edge(s) in V.

Assuming that the cell V; is a troubled cell, we now perform the WENO limiting
procedure on it. To maintain the original cell average of p,(x,y) in cell V;, we compute
as before the four modified solution polynomials on the target cell and its three immediate

neighboring cells:

- 1 1
pl(x>y) :pl(zvy)_m/vpl(x>y)dxdy+m[/pO(x>y)dxdya l:0>1a273a (40)

each of them being a 4-component vector and each component of the vector is a k-th
degree polynomial. In order to achieve better non-oscillatory qualities, the WENO limiter
is used with a local characteristic field decomposition. Denote the Jacobian matrix as

(f'(u), g’(u))T -1y, where 1 = (nyg, nyy)", 1 = 1,2, 3 are the outward unit normal vectors

15



to different edges of the target cell V;. Then the matrix with the left eigenvectors of such

Jacobian matrix as rows is

Ba+(unz+onyy)/c Biutng/c  Bivtng/c B

2 2 2 2
Ny U — NV —n n 0
Ll _ ly lx ly lx : (41)
1— Bg Blu Bl’U —Bl
Ba—(unigtony)/c Biu—ng/c  Biv—ny/c B
2 2 2 2
and the matrix with the right eigenvectors as columns is
1 0 1 1
U — CNyy —Nyy U U+ Cnyy
Rl - ) (42)
UV — Cnyy Ny v U+ cnyy
u2_,’_ 2

H — c(uny, +vng)  —ngyu + ngv = H + c(ung, + vnyy)

2
where ¢ = \/vp/p, By = (v — 1)/, By = By(u® +v?)/2 and H = (E + p)/p.

Now we perform the characteristic-wise WENO limiting procedure in each 7 direction
with the associated Jacobian (f'(u), g’ (u))T - 1, to reconstruct a new polynomial vector
(po)“™”. We first project the modified polynomial vectors p,,,m = 0,1,2,3 into the

characteristic fields:
pm:Ll'IN)ma m20717273' (43)

Then we perform the scalar WENO limiting procedure that has been specified in the last

~NEW

subsection on each component of these vectors, and obtain a 4-component vector pj

The new polynomial vector (pg)/“” in the 7 direction is then computed by projecting

Py back into the physical space:
(Po)/ = Ri - pg~". (44)

The final new 4-component solution polynomial vector on the troubled cell V; is defined

as
3
new ‘/;
u?ew _ Zl:l(?o)l ‘ l‘ ' (45>
Zl:l |Vil|
For each cell V;, i = 1,---, N, if it is a troubled cell, we perform the characteristic-

wise WENO limiting procedure discussed above in each 7, direction separately and get
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three reconstructed new polynomial vectors (pg)7“*,l = 1,2,3. We replace the entire
solution polynomial u;(x,y) with the final new 4-component solution polynomial vector

new
u.

mew(x,y) as in (45), which is a combination of these three reconstructed polynomials.

new
7

If the cell V; is not a troubled cell, we just let u**(x,y) = u;(x,y). Then we compute

the new numerical solutions u’" = ul“"

iy (rij), g =1,---, K. We now use the normal

CPR procedure to march to the next time level by using the new numerical solutions

wew, j=1,--- K.

Z?] ’

3.3 Extension to curved cells

Figure 3: The case that only the neighboring cells have curved edges

We now turn to the cases that the reconstruction stencil S contains triangle(s) with
curved edges. We first consider the case that only one or more of the neighboring cells, say
Vi1, has curved edges, as shown in Fig. 3. Note that in the CPR framework, we transform
Vi1 into the standard element V and assume that the transformed solution polynomial
1 (€,m) = |J]uq (it is a 4-component vector in the system case) is a member in P*(V).
Hence, u;; = t;1/|J| is no longer a polynomial in the physical element. However, in the
WENO limiting procedure, we can simply obtain a polynomial p;(x,y) by interpolating
the numerical solution values w;; j = @; ;/|J],7 = 1,---, K in the physical element V};
and extend it to the cell V;. The remaining procedure remains exactly the same as in

the case with all straight edges.

17



Figure 4: The case that the target cell has curved edges

Now we consider the case that the target cell V; itself has curved edges as shown in
Fig. 4. In the CPR framework, we transform (x,y) € V; into (£,7) € V using Eq. (19).
The Jacobian J of this transformation is a function of (£, 7). Note that the transformed
solution ;(&,1) = |J|u; is a polynomial in P*(V). Hence, u; = ;/|J| is no longer a
polynomial in the physical element (x,y). However, we still let po(z,y) = w;(z,y). The
WENO limiter for this case has actually the same form as in the straight edges case,
except that po(z,y) is no longer a polynomial (or a vector of four polynomials in the
system case) in the physical domain V;. Hence, we need to be careful when doing the
computations with py. Also, since V; has curved edges, we need to transform it into 1%
when computing integrals on it. For example, we use the following equation to compute

the cell averages on V;:

1
|V|/pz(w,y)dérdy=
il Jv;

For I = 0, we know that po(&,n)|J|(€,1) = @(£,m) is a polynomial in P*(V). Hence

1 [, el mdgan (16)

the above integral is easy to compute. For [ = 1,2, 3, we know the expression of p;(x,y)
which is a polynomial in (z,y). Using Eq. (19) which describes the relationship between
(z,y) and (&, 7n), we can obtain the expression of p;(£,n) as well. Hence, we can compute

the above integral.
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4 Positivity-preserving limiter

In this section, we extend the positivity-preserving limiters originally designed for
the DG schemes in [26, 36] to the CPR framework on triangular meshes. At each time
level of the CPR framework, we first reconstruct the solution functions using the WENO
limiter described in Section 3 to control oscillations, and thus can obtain a new set of
numerical solutions at the solution points. Now we further modify these solution values
in each cell to enforce the positivity of the solutions. The other procedures will remain
the same as in the original CPR framework. As shown in [36] and [26], these limiters
will not harm the original high order accuracy of CPR.

In Sections 4.1 and 4.2, we also assume that all the edges of the cell are straight. We

will discuss the extensions to the curved boundary cells in Section 4.3.

4.1 Positivity-preserving limiter for scalar conservation laws

As shown in Equation (18), the CPR framework is conservative. Note that we only
reconstruct the solution polynomials during the WENO limiting procedure and use the

same CPR procedure thereafter. Hence, the solution after the WENO limiting procedure

new

75" J = 1,---, K are the new solution values

is also conservative. Assuming that u
in V; modified by the WENO limiter and u}““(z,y) is the new solution polynomial
interpolating them, we have
[ ety + [ P e pyds = o (47)
Vi

ov;

Considering the Euler forward time discretization of this equation, we can get

At -
it = By, wis, 7)ds, (48)
Vil Jav

(3

where @' denotes the cell average of u“” on V; at time level n:

1
u; = udxdy. 49
Vi (49)
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Note that Equation (48) is the same as the scheme satisfied by the cell averages of a DG
method. Hence, we can extend the limiters in [36] and [26] designed for the DG method
easily to the CPR framework. Here we can choose the global Lax-Friedrichs flux

A

F(u,0,0) = =(F(u) -7+ F(v) - 7 — a(v — ), (50)

1
2
where a = max, » |F'(u) - 7.

Assuming u? > 0 and the edge integral in Equation (48) is approximated by the

(k+1)-point Gauss quadrature, a sufficient condition of the positivity property @/ > 0

new
K3

is that each u*"(z,y) satisfies u"(z,y) > 0,¥(x,y) € Q;, under the CFL condition

At <&
77 2 5 <

Here @ = é for k =2,3 and v, = % for £ = 4,5. In the barycentric coordinates, the

a (I)l. (51)

Wl N

set (); can be written as

Q=15+, (5 + (5 ), (5~ 05 — "), (52)
(5~ 05— v 5+, (5 + )5 — %),
(G +( = %) (5 — )5 — o) 5 +%)

a:177M752177k+1}7

where M is the smallest integer such that 2M — 3 > k, {u® : « = 1,--- , M} denote
the Gauss-Lobatto quadrature points on [—%, %] and {07 : 3=1,--- ,k+ 1} denote the

Gauss quadrature points on [—3, 1]. For more details of this conclusion, we refer to see

[36).

new
(2

We now modify the solution polynomial u?<*(x, y) to get ;(x, y) such that u;(z,y) >

0,Y(x,y) € Q;. For all i, assume @] > 0, we define the following modified polynomial

i
7

i(r,y) = 0(u*" (z.y) — ) + 4, 6=min { T

,1}, (53)

with m; = ming ,eq, uf*’(x,y). In the case of m; > 0, we have § = 1 and iz, y) =

ul*(xz,y) = m; = 0,¥(x,y) € @Q;. In the case of m; < 0, we have 0 = % and

7 ;" —Mmyg
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wi(z) = 0(m; — a?) + @} = 0,Y(z,y) € Q;. Then we replace the numerical solutions
upi?,j = 1,---, K by the modified numerical solutions ﬁi(ﬁj),j =1,---,K for all
. The other procedures remain unchanged as in the original CPR framework with the
WENO limiter.

We can also use SSP high order time discretization and it will keep the positivity-
preserving property because of the convexity. In this case, we need to perform the
procedure above in each stage for a Runge-Kutta method or in each step for a multistep

method.

4.2 Positivity-preserving limiter for the Euler equations

Consider the two-dimensional FEuler system which is given by Equation (35). We
define the set of admissible states as
p
m
. Oandp(u) >0 p . (54)

E

Denote the solution polynomial reconstructed by the WENO limiter in the cell V; at
time level n as ul*“(z,y) = (pi(x,y),mi(:c,y),ni(x,y),Ei(:c,y))T with the cell average

u = (pr,mp,n’ Eﬁ)T. Since the CPR method is conservative, the scheme satisfied by

the cell averages in the CPR method with Euler forward time discretization is

At .
= al — F(u, ut", v)ds = 0. (55)
Vil Jov,

Here, we also consider the Lax-Friedrichs flux

~

F(u,v,v) =

%(F(u) U+ F(v) 7 —a(v—u)), (56)

where F = (f,g)", a = max{]|(Jul + ¢) [, [|(|v] + ) [l }-
Assuming the edge integral is approximated by the (k 4 1)-point Gauss quadrature,

a sufficient condition of the positivity property a""! € G is that each u?**(xz,y) satisfies

u(z,y) € G,V(z,y) € Q;, where Q; is defined in (52), under the CFL condition (51).
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We use the following algorithm to get a new modified solution polynomial &;(z, )

such that w;(z,y) € G,V(z,y) € Q;.

1. In each cell, we enforce the positivity of density first. Set up a small number £ > 0
such that pI' > ¢ for all i. In practice, we can choose ¢ = 107!3. Replace p;(z,y)

by
pi(x,y) = 01 (pi(z,y) — A7) + 7y 01 = min{mpzi_'a 1}, (57)

With prim = ming e, pi(2,y). Now we have p;(z,y) = ¢ > 0,V(z,y) € Q;. This

fact is proved in [36].

2. The second step is to enforce the positivity of the pressure. Define w,;(x,y) =

(ﬁi(x,y),mi(x,y),ni(:c,y),Ei(:c,y))T. For each (z,y) € Q;, if p(Q;(z,y)) > 0, set

0., = 1; otherwise, set

p(uy)
Op, = —— r 58
" D) - plan(e, ) )
Then we get the limited polynomial
ﬁi(xu y) = ‘92(11@(']:7 y) - ﬁ?) + ﬁ?u 92 = min em,y- (59>

The proof of p(w;(x,y)) > 0,¥(z,y) € Q; can be found in [26]. It can be shown

that this limiter does not destroy accuracy for smooth solutions [26].

We replace uj§", j =1,---, K in V; by the modified solutions ﬁi(f’i,j), j=1,---,K for

all 7. The other procedures remain unchanged as in the original CPR framework with
the WENO limiter.

We can also use SSP high order time discretization and it will keep the positivity-
preserving property because of the convexity. In this case, we need to perform the
procedure above in each stage for a Runge-Kutta method or in each step for a multistep

method.
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4.3 Extension to curved boundary cells

In this subsection, we consider the cell with curved edges, for example, V;. Assume
that the new solutions in V; modified by the WENO limiter are u$",j = 1,---, K
(scalars or vectors). As described in Section 2.2, we transform V; into the standard ele-
ment V with the Jacobian denoted by .J and then perform the normal CPR procedure on

new

the transformed solutions 475" = [J|u7$”,j = 1,---, K in V using Eq. (25). Integrating

Eq. (25) over cell V with test function w = 1, we can obtain

[ (@), dédn + / CFrends =, (60)
1% oV

~new
i,j >

where u*"(£,n) is a polynomial in Pk(f/) interpolating u¢*, 7 = 1,---, K and ﬁ’"ew
is the transformed common normal flux in V. This equation has the same form as the
equation satisfied by u*"(x,y) in V;.

Replacing v (z,y) with @ (£, n), we transform the problem on V; into a problem
on V which has straight edges. Now we only need to use the same positivity-preserving
limiter described in Section 4.1 for the scalar case or the limiter described in Section 4.2
for the system case to modify a¢*(£,n) in V. For the scalar case, we can get att >0

~n+1

after the limiting procedure, where @™ denotes the cell average of " on V at time

level n + 1:

it = [ medsan (61)

Note the fact that

1
,a:H-l / newdxdy _ / new J den / ~newd§dn o ~n+1. 62
v Sy = gt

Hence, we also have u""! > 0.

For the system case, although the transformed equation is no longer an Euler equa-
tion, the numerical flux can still be computed using the flux of the original Euler equation.

Suppose U = (7%, 9") is the unit outward normal vector of V. Note that

F— &6 + &, T]g(w)
— 60() + 6,8(@) (63)
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and
g= nmf(ﬁ) + nyg(ﬁ>v (64)

we have

(&£(@) + &, (0), nf(8) + n,8(H)) - & (65)
where 7(&,n) = (F5&, + 0y, D°E, + 0''n,). Hence, the numerical flux of the transformed

equation can be computed by the flux of the Euler equation multiplying |7]:

Enew [\ ~new ~new T
F' = F(u, ajf ,W) 7. (66)

Now, the scheme satisfied by the cell averages of the transformed solution with Euler

forward time discretization is

~n =n At O/ ~new ~new T
ui+1 =u; — ﬁ - F(aj, ajy 7W) |7]ds. (67)

By denoting {(&.5,m) : 6 =1,---,k+ 1} as the Gauss quadrature points on the [ —th

edge of V, we can get "™ € G under the CFL condition

At

3
a—max Y _ S| (&.p,m)| < 5@ (68)
vie s

Wl N

We omit the details of the proof since it is almost the same as in [36]. Since @} =

1
Vil

+1

™ we also have a'*! € G.

N

5 Numerical results

In this section, we provide numerical experiments to demonstrate the performance of
the WENO limiter for the CPR framework on unstructured meshes.

We use the third order TVD Runge-Kutta method [25] for the time discretization.
Second, third and fourth order CPR schemes with the WENO limiter are tested in
the accuracy test examples where the CFL numbers are set to be 0.3. Since the time
discretization is only third order accurate, we take At ~ Az*? to obtain the fourth

order accurate results for the accuracy test examples. For the examples containing
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discontinuities, the positivity-preserving limiter is used for the third order scheme. To
satisfy the CFL condition (51) in case the positivity-preserving limiter is used, we use
the CFL number 0.1 in all the examples containing discontinuities.

For all the numerical experiments, we use a non-uniform triangulation. The refine-
ment is performed by a structured refinement (we simply break each triangle into four
similar smaller triangles for each level of the refinement).

As we know, there are several different kinds of methods in the CPR framework. For
9; defined by (7), if the test function w varies on different spaces, we obtain formulations
corresponding to different methods [29]. In all our numerical examples, we choose w €
P*, which result in a method similar to the DG formulation.

For the purpose of artificially generating a larger percentage of troubled cells in order
to test accuracy when the WENO reconstruction procedure is enacted in more cells, we
adjust the constant C} in different examples when using KXRCF technique to identify
troubled cells. We list in each table the percentage of troubled cells among all the cells.

Example 1. Consider the two-dimensional nonlinear scalar Burgers equation

2 2
%)m + (%), =0, 0<azy<om (69)

Ut+( 9

with the initial condition u(x,y,0) = 0.5 + sin(z + y) and periodic boundary conditions
in both directions. For this test case the coarsest mesh we have used is shown in Figure
5. We show the errors and numerical orders of accuracy for the CPR method with the
WENO limiter comparing with the original CPR method without limiter at ¢t = 0.25
(smooth solution) in Table 1. We list in the last column of the table the percentage of
troubled cells among all the cells. We can see that the WENO limiter keeps the designed
order of accuracy, even when a large percentage of good cells are artificially identified as
troubled cells.

At t = 0.5, a shock begins to appear in the solution. We plot the solution surfaces at
t = 0.75 in Figure 6. We can see that the schemes give non-oscillatory shock transitions

for this problem.
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Table 1: 2D Burgers equation at ¢ = 0.25.

cell CPR without limiter CPR with WENO limiter (Ck = 0.01)
length | L' norm order L* norm order L' norm order L norm order percentage
2nd order (Cy = 0.01)
27/10 | 2.51E-02 - 1.68E-01 - 4.01E-02 - 3.88E-01 - 83.75%
27/20 | 6.01E-03 2.06 5.49E-02 1.61 8.44E-03 2.25 8.67TE-02  2.16 79.48%
2 /40 | 1.54E-03 1.97 1.88E-02 1.55 1.80E-03 223 1.86E-02 2.22 59.22%
2/80 | 3.93E-04 197 8.74E-03 1.10 4.09E-04 214 8.64E-03 1.11 41.20%
27/160 | 1.00E-04 1.97 4.21E-03 1.05 1.00E-04 2.03 4.17E-03 1.05 17.60%
3rd order (Cj = 0.01)
27/10 | 2.58E-03 - 7.06E-02 - 2.57E-03 - 7.08E-02 - 17.92%
2/20 | 3.97E-04 2.70 1.43E-02 2.30 3.96E-04 270 1.44E-02 2.30 5.83%
27 /40 | 5.96E-05 2.74  2.68E-03 242 5.92E-05 2.74 2.71E-03 241 1.38%
2 /80 | 8.89E-06 2.75  4.87TE-04 2.46 8.89E-06 2.74 4.87TE-04 2.48 0.06%
27/160 | 1.30E-06 2.78  7.20E-05  2.76 1.30E-06  2.78  7.20E-05 2.76 0.00%
4th order (Cj = 0.001)
27 /10 | 4.52E-04 - 1.92E-02 - 4.55E-04 - 1.92E-02 - 21.67%
27/20 | 3.40E-05 3.73  2.69E-03  2.83 3.37E-05 3.76  2.70E-03  2.83 5.83%
2/40 | 2.22E-06 3.94 2.72E-04 3.31 2.19E-06 3.94 2.73E-04 3.31 1.46%
2/80 | 1.46E-07 3.92 1.62E-05 4.07 1.45E-07 3.92 1.62E-05 4.07 0.08%
27/160 | 1.02E-08 3.85 1.08E-06 3.91 1.01E-08 3.84 1.08E-06 3.91 0.00%
6o
5
oF
3
2
s
04 . R
X
Figure 5: Burgers equation. The coarsest mesh. The mesh points on the

boundary are uniformly distributed with cell length 27 /10.
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(a) 2nd order (k =1) (b) 3rd order (k = 2)

(c) 4th order (k = 3)

Figure 6: 2D Burgers solution at ¢ = 0.75.

Example 2. Let us consider the two-dimensional Euler system (35). The initial con-
dition is set to be p(z,y,0) = 1+ 0.2sin(x + y), u(z,y,0) = 0.7, v(z,y,0) = 0.3 and
p(z,y,0) =1, 0 < z,y < 27. The boundary conditions are periodic. v = 1.4 is used in
the computation. The exact solution is p(z,y,t) = 1+ 0.2sin(x +y —t), u(z,y,t) = 0.7,
v(z,y,t) = 0.3 and p(z,y,t) = 1. For this test case, we use the same mesh as in Exam-
ple 1. The coarsest mesh is show in Figure 5. Table 2 shows the L; and L., errors and
numerical orders of accuracy of the density at t = 27. Similar to the previous example,

we can see that the WENO limiter again keeps the designed order of accuracy.
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Table 2: 2D Euler equation with initial condition p(z,y,0) = 140.2sin(z+y), u(z,y,0) =
0.7, v(z,y,0) = 0.3 and p(z,y,0) =1 at t = 27.

cell CPR without limiter CPR with WENO limiter
length | L' norm order L* norm order L' norm order L norm order percentage
2nd order (Cy = 0.01)
27/10 | 3.60E-03 - 1.16E-02 - 7.84E-03 - 3.19E-02 - 17.92%

2/20 | 6.41E-04 2.49  3.43E-03 1.76 6.79E-04 3.53  3.92E-03  3.02 1.15%
27/40 | 1.42E-04 217 9.42E-04 1.86 1.42E-04 2.25 9.42E-04 2.06 0.00%
27/80 | 3.41E-05 2.06 2.61E-04 1.85 3.41E-05 2.06 2.61E-04 1.85 0.00%
27/160 | 8.41E-06 2.02 6.89E-05 1.92 8.41E-06 2.02 6.89E-05 1.92 0.00%

3rd order (Cj = 0.0001)

27/10 | 4.59E-04 - 3.94E-03 - 6.04E-04 - 4.89E-03 - 93.33%
27/20 | 6.17E-05 2.89 6.51E-04  2.60 1.10E-04 246 6.71E-04  2.87 84.58%
27/40 | 7.53E-06 3.03 9.16E-05 2.83 1.66E-05 2.72  1.14E-04  2.56 60.52%
27/80 | 9.09E-07 3.05 1.23E-05 2.89 1.12E-06 3.89  2.07E-05  2.45 3.89%
27/160 | 1.11E-07 3.04 1.60E-06 2.94 1.11E-07  3.34  1.60E-06  3.69 0.00%

4th order (Cj = 0.00001)

27/10 | 1.52E-05 - 1.97E-04 - 1.44E-04 - 8.26E-04 - 88.75%
27/20 | 8.46E-07 4.17 1.45E-05 3.76 1.08E-05 3.73 1.45E-04 2.51 43.33%
27/40 | 5.15E-08 4.04 8.92E-07 4.02 1.48E-07 6.19 3.29E-06  5.46 2.16%
27/80 | 3.18E-09 4.02 5.68E-08 3.97 3.17TE-09 5.54 5.69E-08  5.85 0.00%
27/160 | 1.97E-10  4.01  3.58E-09  3.99 1.97E-10 4.01  3.59E-09  3.99 0.00%

Example 3. Consider the two-dimensional vortex evolution problem, which is an ideal-
ized problem for the 2D Euler equations [24]. The set up of this problem is: The mean
flowis p=1, p=1 and (u,v) = (1,1) (diagonal flow). We add, to this mean flow, an
isentropic vortex (perturbation in (u,v) and the temperature T = £, no perturbation in

the entropy S = p%):

2 - 1 2 2
(Ou,ov) = 0500 g 1) = OV e g (7
2w 8y

where (Z,7) = (x — 7,y — 7), r> = 2> + 7?, and the vortex strength ¢ = 5. The computa-
tional domain is taken as [0, 14] x [0, 14], extended periodically in both directions. It is
clear that the exact solution of the Fuler equation with the above initial and boundary
conditions is just the passive convection of the vortex with the mean velocity. For this
test case the coarsest mesh we have used is shown in Figure 7. The errors and orders of

accuracy for the density at ¢ = 0.2 are shown in Table 3. We can see that the WENO
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limiter maintains both the designed order of accuracy and the magnitude of the errors

of the original CPR method.

Figure 7:

14

12

10

I
10

15

2D Euler system of the smooth vortex evolution problem. The
coarsest mesh. The mesh points on the boundary are uniformly distributed
with cell length 14/10.

Table 3: 2D Euler system of the smooth vortex evolution problem at t = 0.2.

cell CPR without limiter CPR with WENO limiter

length | L' norm order L* norm order L' norm order L norm order percentage
2nd order (C, = 0.01)

14/10 | 2.81E-03 - 6.93E-02 - 2.69E-03 - 1.42E-01 - 8.97%

14/20 | 6.10E-04 2.20 2.03E-02  1.77 7.11E-04 192 4.36E-02 1.71 7.16%

14/40 | 1.23E-04 2.31 4.91E-03  2.05 1.30E-04 245 7.30E-03  2.58 2.80%

14/80 | 2.91E-05 2.09 1.56E-03  1.65 2.91E-05 2.16  1.55E-03  2.23 0.75%

14/160 | 7.21E-06 2.01 5.55E-04 1.49 7.20E-06 2.01 5.57E-04 1.48 0.20%
3rd order (Cj = 0.001)

14/10 | 6.40E-04 - 2.51E-02 - 6.76E-04 - 2.53E-02 - 16.24%

14/20 | 1.13E-04 2.50 7.82E-03  1.68 1.11E-04 2.61 7.86E-03 1.69 10.26%

14/40 | 1.76E-05 2.68 1.98E-03  1.98 1.73E-05 2.68 1.98E-03 1.99 4.78%

14/80 | 2.89E-06 2.61 2.96E-04 2.75 2.85E-06 2.60  3.00E-04 2.72 1.36%

14/160 | 4.67E-07 2.63  5.16E-05  2.52 4.67E-07 2.61 5.16E-05 2.54 0.00%
4th order (C} = 0.0001)

14/10 | 1.64E-04 - 1.34E-02 - 9.15E-04 - 9.94E-02 - 25.64%

14/20 | 1.15E-05 3.84 1.15E-03  3.55 3.21E-05 4.83 4.98E-03 4.32 12.18%

14/40 | 7.94E-07 3.86 8.39E-05 3.77 1.43E-06 4.49 1.43E-04 5.12 3.77%

14/80 | 5.14E-08 3.95 5.90E-06 3.83 6.156E-08 4.54  9.23E-06  3.95 0.40%

14/160 | 3.09E-09 4.06 2.93E-07 4.33 3.09E-09 4.31 2.93E-07 4.98 0.00%
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Example 4. We test the double Mach reflection problem. The computational domain is
sketched in Figure 8. This problem is initialized by sending a horizontally moving Mach
10 shock into a solid wall inclined by a 30° angle. In order to impose the no-penetration
boundary condition by the reflection technique, people usually solve an equivalent prob-
lem that puts the wall horizontal and puts the shock 60° angle inclined to the wall. We
solve the original problem in this example. Initially the right-moving shock is positioned

at (0,0). The initial pre-shock condition is
(p,p,u,v) = (1.4,1,0,0), (71)
and the post-shock condition is
(p,p,u,v) = (8,116.5,8.25,0). (72)

At y = 0, the exact post-shock condition is imposed. At the solid wall, a reflective
boundary condition is used. At the top boundary, the flow values are set to describe the
exact motion of the Mach 10 shock. Supersonic inflow and outflow boundary conditions
are used at the left and right boundary, respectively. A sample mesh coarser than what is
used is shown in Figure 9. C, = 0.01 is used in this example. We compute the solutions
of the second order and third order schemes up to t = 0.2. Figure 10 shows the density
contours. The “zoomed-in” pictures around the double Mach stem to show more details
are given in Figure 11. In all the plots, we use 29 contours equally distributed from
p = 1.3 to 23. We can see that the resolution around the double Mach region improves

with an increasing k.
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on the boundary are uniformly distributed with cell length 0.08.
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Figure 10: Double Mach reflection problem. Top: second order (k = 1);
bottom: third order (k = 2). 29 equally spaced density contours from 1.3
to 23. The mesh points on the boundary are uniformly distributed with cell
length 1,/200.
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Figure 11: Double Mach reflection problem. Zoom-in pictures around the
Mach stem. Left: second order (k = 1); right: third order (k =2). 29 equally
spaced density contours from 1.3 to 23.

Example 5. A Mach 3 wind tunnel with a step. The setup of the problem is as follows.
The wind tunnel is 1 length unit wide and 3 length units long. The step is 0.2 length
units high and is located 0.6 length units from the left-hand end of the tunnel. The
problem is initialized by a right-moving Mach 3 flow. Reflective boundary conditions are
applied along the wall of the tunnel and inflow /outflow boundary conditions are applied
at the entrance/exit. At the corner of the step, there is a singularity. For the second
order scheme, we do not modify the scheme or refine the mesh near the corner. For the
third order scheme, we adopt the Woodward-Collela fix technique [35] at the corner of
the step. We present a sample triangulation coarser than what is used in Figure 12.
Cy = 0.01 is used in this example. The results are shown at ¢ = 4 in Figure 13. In all
the plots, we use 30 contours equally distributed from 0.32 to 6.15. We can see that the

third order scheme gives better resolution than the second order scheme.
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Figure 12: Forward step problem. Sample mesh. The mesh points on the
boundary are uniformly distributed with cell length %

Figure 13: Forward step problem. Top: second order (k = 1); bottom: third
order (k = 2). 30 equally spaced density contours from 0.32 to 6.15. The mesh
points on the boundary are uniformly distributed with cell length 1/100.

Example 6. Let consider the problem of a shock passing a backward facing corner
(diffraction). The setup is the following: the computational domain is the union of

[0,1] x [6,11] and [1,13] x [0, 11]; the initial condition is a pure right-moving Mach 5.09
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shock, initially located at x = 0.5 and 6 < y < 11, moving into undisturbed air ahead of
the shock with a density of 1.4 and pressure of 1. The boundary conditions are inflow at
r=0,6<y<1l,outlowat z =13, 0 <y <1l and 1 < x < 13, y = 0, and reflective
at the walls 0 < x < 1l,y=6and x =1, 0 < y < 6. At the top boundary, we use
the exact solution of a free-moving Mach 5.09 shock. We present a sample triangulation
coarser than what is used in Figure 14. C = 0.0001 is used in this example. The density

and pressure at ¢ = 2.3 are presented in Figure 15.

Figure 14: Shock diffraction problem. Sample mesh. The mesh points on the
boundary are uniformly distributed with cell length i.
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Figure 15: Shock diffraction problem. Top: second order (k = 1); bottom:
third order (k = 2). Left: density, 20 equally spaced contour lines from
0.066227 to 7.0668; right: pressure, 40 equally spaced contour lines from
0.091 to 37. The mesh points on the boundary are uniformly distributed
with cell length 1/16.

Example 7. A shock wave diffracts at a convex corner. Here we study a Mach 10 shock
diffracting at a 120° convex corner. The initial condition is a pure right-moving Mach
10 shock, initially located at x = 3.4 and 6 < y < 11, moving into undisturbed air ahead
of the shock with a density of 1.4 and pressure of 1. We present a sample triangulation
coarser than what is used in Figure 16. Cy = 0.0001 is used in this example. The contour
plots of density and pressure at 7' = 0.9 are given in Figure 17. The high order CPR

method without the positivity limiter may blow up since the lowest density is very close
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to zero.

10

Figure 16: Mach 10 Shock diffracting at a 120° corner. Sample mesh. The
mesh points on the boundary are uniformly distributed with cell length 0.4.
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Figure 17: Mach 10 Shock diffracting at a 120° corner. Top: second order
(k =1); bottom: third order (k = 2). Left: density, 20 equally spaced contour
lines from 0.07 to 8.1; right: pressure, 40 equally spaced contour lines from
0.8 to 115. The mesh points on the boundary are uniformly distributed with
cell length 1/20.

Example 8. We consider inviscid Euler transonic flow past a single NACA0012 airfoil
configuration with Mach number M = 0.8, angle of attack o = 1.25 and with M = 0.85,
angle of attack a = 1. The computational domain is [—15, 15] x [—15, 15]. The mesh used
in the computation is shown in Figure 18, consisting of 5780 elements with the maximum
diameter of the circumcircle being 0.8857 and the minimum diameter being 0.00042 near
the airfoil. The mesh uses curved cells near the airfoil. The second order and third order

CPR schemes with the WENO limiter are used in the numerical experiments. Mach
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number distributions are shown in Figure 19.
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Figure 18: NACAOQ0012 airfoil mesh zoom in.
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Figure 19: NACAO0012 airfoil. Mach number. Top: second order (k = 1);
bottom: third order (k£ = 2). Left: M, = 0.8, angle of attack o = 1.25°, 30
equally spaced Mach number contours from 0.172 to 1.325; right: M., = 0.85,
angle of attack a = 1°, 30 equally spaced Mach number contours from 0.158
to 1.357.

6 Concluding remarks

In this paper, we adapt a WENO limiter [39] original designed for DG method to
the CPR framework for solving hyperbolic conservation laws on two-dimensional un-
structured triangular meshes with straight or curved edges to make it more robust for
shocked flows and uniformly high order accurate. Also, we extend the limiters in [26, 36]
to the CPR framework and get a positivity-preserving CPR framework. On each time

level, we first use the WENO limiter to reconstruct the solutions on those troubled cells,
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then use the positivity-preserving limiter to modify the solution polynomials in each
cell if necessary. Finally, we update the numerical values at the solution points, and
perform the normal CPR procedure to march to the next time level. Since the WENO
limiter uses information only from immediate neighbors, it is very simple to implement
and can maintain the compactness of the CPR framework. Also, we only perform this
WENO limiter on the solution polynomials which can be discontinuous among adjacent
cells, thus the conservativeness of the CPR framework will not be harmed. Numerical
results are provided to show that this WENO limiting procedure can simultaneously
maintain uniform high order accuracy of the CPR framework in smooth regions and

control spurious numerical oscillations near discontinuities.
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