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Abstract

An important property for finite difference schemes designed on curvilinear meshes
is the exact preservation of free-stream solutions. This property is difficult to fulfill for
high order conservative essentially non-oscillatory (WENO) finite difference schemes. In
this paper we explore an alternative flux formulation for such finite difference schemes
[5] which can preserve free-stream solutions, based on the numerical technique for the
metric terms [13], which can be applied to this alternative flux formulation but is diffi-
cult to be applied to the standard finite difference formulation. Free-stream and vortex
preservation properties are investigated, and comparison with standard finite difference
WENO schemes is made. Theoretical derivation and numerical results show that the
finite difference WENO schemes based on the alternative flux formulation can preserve
free-stream and vortex solutions on both stationary and dynamically generalized coordi-
nate systems, hence giving much better performance than the standard finite difference

WENO schemes for such problems.
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1 Introduction

In this paper, we are interested in high order accurate conservative finite difference
weighted essentially non-oscillatory (WENQO) schemes on curvilinear meshes. Conser-
vative finite difference schemes share many advantages of finite volume schemes, such
as conservation and high order accuracy, yet they are much less expensive than finite
volume schemes in multi-dimensions. The first WENO scheme was a third order finite
volume scheme designed in [6]. Standard finite difference WENO schemes [4, 1, 9] use the
idea of reconstruction, which is the main relevant WENO procedure for designing both
conservative finite volume and conservative finite difference schemes to solve hyperbolic
conservation laws. In these standard finite difference WENO schemes, the derivative
f(u), is approximated by a numerical flux difference, and the numerical flux is based
on the reconstruction of the physical flux f(u) rather than on the solution u as in finite
volume methods.

When finite difference schemes are applied to curvilinear meshes (also referred to
as generalized coordinate systems), free-stream preservation is an important property
because errors from nonpreserved free-stream hide small physical oscillations, such as
turbulent flow structures or aero-acoustic waves. Research [13, 7] shows that if the free-
stream preservation condition is not satisfied, it will cause large errors and even lead to
numerical instabilities for high-order schemes.

For the numerical fluxes in standard finite difference WENO schemes, since the re-
construction is performed directly on the flux values {f(u;)} (or {f*(u;)} and {f~(u;)}
with a flux splitting f(u) = f"(u) + f~(u)), not on the point values of the solution
{u;}, it is difficult to maintain free-stream solutions exactly in curvilinear meshes for
multi-dimensional flow computation. This is because the fluxes in curvilinear coordi-
nates involve metric derivatives, resulting in non-exact cancellations when nonlinear
reconstructions are performed for different fluxes.

Visbal and Gaitonde [13] carefully studied the metric evaluation errors for high-order



central type compact schemes and found that for the three-dimensional generalized co-
ordinate systems, the schemes can preserve the free-stream condition if they use the
same formulas for the evaluation of both the metric and convection terms by adopting
a conservative form of those metric terms, originally proposed by Thomas and Lombard
[11]. However, it is difficult to apply the technique in [11, 13] to the standard conserva-
tive finite difference WENO schemes which are highly nonlinear. In [7], the free-stream
and vortex preservation properties of the standard finite difference WENO schemes on
stationary curvilinear grids have been investigated. It was found that standard finite
difference WENO schemes could preserve the free-stream condition in the Cartesian co-
ordinate system, but not in the generalized coordinate system. In addition, the schemes
in generalized grids have a rather large error arising from the metric terms on random-
ized grids and three-dimensional wavy grids. In [2], Cai and Ladeinder also mentioned
the difficulty of maintaining free-stream conditions in generalized curvilinear coordinate
systems for high order finite difference WENO schemes.

Recently, an alternative flux formulation for the conservative finite difference WENO
scheme, originally proposed in [10], was systematically studied in [5]. In this method, the
high order WENO interpolation procedure is applied to the solution {u;} itself rather
than to the flux functions {f(u;)}. In [5], several advantages of this alternative flux
formulation, including the increased flexibility to use arbitrary monotone fluxes in the
scalar case and arbitrary approximate Riemann solvers in the system case, as well as
a narrower effective stencil when applying the Lax-Wendroff time discretization, were
found. Another major advantage of this alternative flux formulation is that it allows us
to apply the technique in [11, 13] to obtain the free-stream preserving property for high
order conservative finite difference schemes. This advantage will be fully investigated in
this paper.

The organization of the remaining sections is as follows. In Section 2, we review

the alternative flux formulation for finite difference WENO schemes introduced in [5],



using the one-dimensional Euler system as an example. The numerical methods for
the three-dimensional Euler equations on generalized meshes and the analysis of the
free-stream preserving condition will be discussed in Section 3. In Section 4, extensive
numerical examples are provided to demonstrate the free-stream and vortex preservation
performance of the new method in comparison with the standard finite difference WENO

schemes. Concluding remarks are given in Section 5.

2 Alternative flux formulation in one-dimension

The following one-dimensional Fuler equations with uniform grids are used for the dis-

cussion of the scheme.
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On a uniform mesh z; = iAx, we would like to find a consistent numerical flux function
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such that the flux difference approximates the derivative F'(Q(x)), to k-th order accuracy
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The alternative flux formulation, first developed in [10] and extensively explored in

[5] in the context of WENO interpolation, is given as follows
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which guarantees k = r-th order accuracy in (4). The coefficients ay in (5) can be
obtained through Taylor expansion and the accuracy constraint (4). To get an approxi-

mation with fifth order accuracy (k=5 in (4), thus r =4 in (5)), we have
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The first term of the numerical flux in (6) is approximated by

Fiyy = Q1. Q0) (7)

with the values Qil obtained by a WENO interpolation based on neighboring point

2

values (); using the local characteristic variables [8, 3, 9]. The two-argument numerical
function h is based on an exact or approximate Riemann solver. For example, we can
use the Godunov flux, the Lax-Friedrichs flux, the HLLC flux, etc. The exact Riemann
solver is given by the exact solution of the conservation laws (1) with the following step

function as the initial condition

Qé_l/g x < 0;
Qi+1/2 z >0,

evaluated at the center x = 0 for ¢ > 0 (this value is independent of t). The Godunov

Q.0 - {

flux is then given as h( ;r%, :r%) = F(Q(0,t)). The detailed formulation of the other
numerical fluxes can be found in, e.g. [12].

The remaining terms of the numerical flux in (6) or (5) have at least Az? in their
coefficients, hence they only need lower order approximations and they are expected
to contribute much less to spurious oscillations. It is the conclusion of [5] that these
remaining terms can be approximated by simple central approximation or one-point
upwind-biased approximation with suitable orders of accuracy, without using the more
expensive WENO procedure. Also, since we use Runge-Kutta time stepping in this
paper, rather than the Lax-Wendroff time discretization technique as in [5], we do not

expand 0°F/0z" as functions of @ and its spatial derivatives. We simply use fixed-stencil

interpolation on F' directly. The details will be shown in the next section.

3 Finite difference WENO scheme on curvilinear meshes

3.1 Three-dimensional Euler equations

In Cartesian coordinates (z, vy, z), the three-dimensional Euler equations are
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where

Q = (p, pu, pv, pw,e)",
FE = (pu, pu2 + p, puv, puw, u(e + p))T>
F = (pv, puv, pv° + p, pow,v(e + p))”,

G = (pw, puw, pow, pu* + p,wle +p))".

The governing equation (8) can be transformed in curvilinear coordinates (£, 7, (, 7)
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where

E = ét@ + émE + éyF + éva
F =i,Q + i, E + i, F + 7.G,

Here, we choose 7 = t. The inverse Jacobian J~! and the standard metrics are
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éim =&/ J = Ypzc — Yeon, giy =&/ J = zyxe — 20Ty, 5} =&,/ J = Ty — Ty,
Mo =N/ J = yce = Yezc, My =ny/J = 2cwe — Zexe, 0. =n./J = wcye — weye, (11)
Co=C/J = Yezy — YnZe, Gy = Cy/J = Zely — 2ple, (= ¢/ J = LeYn — Tnle,

ét - gt/J - _I:xTé(E + yTéy + ZTéZ]?
721& = nt/J = _I:fo]fE + yTﬁy + ZTﬁz]v (12)
Ct = Ct/‘] = _[zrgx + y‘rgy + ZTCZ]

The time-derivative term in equation (9) is split as follows:

(Q/J)T - (1/J)QT + Q(l/J)T



Thus, the governing equation (9) can be written as
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In the uniform flow (free-stream flow) regions, i.e. when @, E, F' and G are constants,

equation (13) is simplified as

oQ _

o = —JILQ+ LE+1,F + 1G], (14)
where
[:c - (éjx)f + (ﬁx)n + (él‘)(’
I, = (}/)5 + (7y)n + (JJ)Cv (15)
I = (éz)& + (772)17 + (EZ)O
Iy = (&) + (M) + (G)e + (1/ )7

As discussed in [14], I, = I, = I, = 0 constitutes a differential statement of surface
conservation, often termed the surface conservation law (SCL). I; = 0 is the volume

conservation law (VCL). By substituting (10)-(12) into (15), we can see

I = (Ynze — Yczn)e + (Yeze — Yezc)n + (Yezy — Ypze)e = 0
Iy = (zgx¢ — 2¢0n)e + (2cte — 26¢)y + (26T — 29 Te

)e =0,
= (Tnyc — Tcyn)e + (TcYe — Teyo)n + (Teyy — Tyye)c = 0

I, : (16)
]t == _(ITgm + yTé-y + ZT£2)5 - (xTﬁ.CB + yTﬁy + ZT'fh')n - (':CTC.CB + yTCy + zTCZ)C
e (Ynze — yezy) — xn(Yeze — yeze) + 2 (Yezy — ynze)lr = 0.
Then
oQ
— =0 17
L=, (1)

that is, the uniform flow conditions are held. In a finite difference discretization, all four
of the identities [; to I, in equation (16) must hold numerically to achieve the free-stream
preserving condition. For stationary meshes, only the first three identities for I, I, and

1., are required.



3.2 The numerical scheme

We will construct numerical fluxes E; /2%, Fij+1/2,6 and Gy jpy1/2 such that

A ~

Eiti26 — Eici/25k

Ag
Fi,j+1/2,k - Fi,j—1/2,k /T

A = (),

= <E>§‘(fi777j7<k) + O(Agk)v

(EmGe) T O(Aﬁk),
éi,j,k+1/2 - éi,j,k—1/2

AC = (G)¢

Emjse) T O(Agk)'

The numerical flux Ei—i—l /2,j,k 15 obtained by the one dimensional WENO approxima-
tion procedure described in Section 2, with Q(&) = Q(&,n;, () and with j, k fixed. We

summarize the procedure in the following:

1. Get Qiﬁl J2.jk through WENO interpolation on () in curvilinear coordinates (£, 7, ¢, 7)
in the &-direction for fixed j and k. Here the superscripts + refer to one-point

left /right biased stencils.

2. Construct the first term h(Qi—H/zjk, ;jrl/%k). For the metrics &,, éy, ¢ and &

at the half point (&41/2,7;,(x), we obtain them using fixed-stencil interpolation

approximation

q1

& livryzgn = Z @&yl (410 + O(ALPFOT), (18)

l=—p1

where p; + ¢; = k, 7y stands for z, y, z, or t and q; are constants not dependent on

A¢. For instance, when k = 5, we use central approximation and have

. 1 - . . .
gfy‘i+1/2,j,k %%(%ﬂi—zm — 258, |im1,jk + 1508, |5 5.k + 1508, |ig1,5k
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3. For the term 0?FE/0€?, since there is an extra A&? as a coefficient, interpolate only

with (k — 2)-th order accuracy

82E~| q1 B
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where p; + ¢ = k and b, are constants independent of A¢. When & = 5, the

following central approximation can be used

9%FE 1 _ . _ _
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+39Ei0,56 — 5B i43,8)-

4. Approximate the remaining terms similarly as in step 3. For example,

I'E N
4a—§4|i+1/2,j,k = Z by + O(Agprathy (20)

l=—p1
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where p; + ¢ = k and ¢ are constants independent of A¢. When & = 5, the

following central approximation can be used
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- 3E~I|i+27j,k + E~I|i+37j,k)'

5. Form the numerical flux as the sum of all the terms above

. ) . 1 ,0°FE
Eivvagn =M@y 10 @irjogn) = 5788 8—52|z'+1/27j,k
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Likewise, the numerical fluxes 13’2-7]41 /2., and Gi7j7k+1 /2 are obtained by the one dimen-
sional WENO approximation procedure, with Q(n) = Q(&;,n, (x) and with i, k fixed, or
with Q(¢) = Q(&,n;, () and with ¢, j fixed.

Notice that Qil ik = Qejr = Q if @ has the same value at all grid points. Thus

we have

h( i_+1/2,j,k7 ;1/2,]',14) = h(Q, Q) = E(Q)|i+1/27j,k

= (GQ+&LEQ) +&F(Q) + ézG(Q))‘iH/z,j,k-



Since F = E(Q), F'= F(Q) and G = G(Q) are also constants, we have

q1
h( i_+1/27j,ka 7—;:_1/27]'714;) = Z al(&@ + &+ gyF + ng)‘iH,j,kv
I=—p1
82E~1 q1 N
A§26—62|i+1/2,j,k = Z blE|(i+l,j,k)

l=—p1

q1
= Y bGQ + LB+ F + £G)|iyrin
l=—p1
’'E -
A§4a—€4li+1/2,j,k = Y aBlasgmn
l=—p1
q1

= Y 6@ LB+ EF G
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Thus, Ejy1/2; has the form

q1 q1
Eiv126 = Q Z ditlivi g+ E Z Ao lii gk

I=p I=p
q1 B q1 B
+ F Z di&ylivije + G Z A&z ivigms (22)
l=—p1 l=—p1

where d; are constants independent of A¢. We therefore have the flux difference

~

Eiii258 — Ei—1/2,j,k o1 & ~ 1 7 ~
A = QA—§ Z erelivijn + EA—§ Z e litijk

l=—p1—1 l=—p1—1
q1

1 Q . 1 .
+FA_§ > €l€y|i+l,j,k+GA—£ > aliliie  (23)

l=—p1—1 l=—p1—1
where the e; are constants not dependent on A¢. We can see that, when () are constants,
our scheme degenerates to a linear scheme. Since (E)e = Q(&)e+E(E)e+F(&,)e+G(Ex)e,

we can get the approximation

~ 1 q1 ~
(57)52 A_£ Z 615«,|i+l,j,k7

l=—p1—1

where v stands for z, y, z or t.

10



Similarity, in the n- and (-directions, we also have

A A

B P _ g LoS™ et B 30 g
AT] = A’l] mt|ij+mk AT] mTz|i,j+m.k

m:—p2—1 m:—p2—1

1 4q2 R 1 q2 .
+ FA—T] Z fmny‘i,j—l—m,k + GA—H Z fmnz|i,j+m,k (24)

m:—p2—1 m:—p2—1

A ~

Gijrri2 — Gijr—12 1 &z = 1 = =
AC = QA—C Z 9nGtligkn + EA—C Z 9nGalijk+n
n=—p3—1 n=—p3—1
+F— gnCy|i7j,k+n +G— gnCZ|i7j,k+n (25>
AC n=—p3—1 AC n=—p3—1

where f,, and g, are all constants.

In the first step, Q, instead of Q, could also be used as the interpolation quantity
for achieving the formal order of accuracy. However, since Q includes the Jacobian, the
weights evaluated in the weighted averaging procedure will be adversely affected, even
under the free-stream condition. For this reason, ) values are not used for the WENO
interpolation procedure in our algorithm formulation. The validity of using () in our

procedure is shown later.

3.3 SCL and VCL

For finite difference numerical methods, Thomas and Lombard [11] gave the following

“conservation” metric expressions instead of equation (11)

gx = (Yn2)c — Wez)n, & = (247)¢ — (2¢T)0, gz = (Tyy)¢ — (Tcy)y,
e = (yez)e = (Wez)e, My = (2w)e — (2ex)e, 1 = (2ey)e — (wey)c, (26)
Co = (Ye2)n — (n2)e, Gy = (2e@)y — (@), G = (Tey)n — (@9Y)e.

Equations (11) and (26) are equivalent mathematically but not necessarily numerically.
Visbal and Gaitonde [13] reported that a compact difference scheme, which is applied to
the generalized coordinate system, can preserve the free-stream condition if the conser-
vation form (26) of the metric terms is evaluated using the same formulas as those used

in the evaluation of the conservation terms, at least for free-stream solutions. Here we

11



use the same idea in our method. For example,

- 1 3 1 D)
€x|i,j7k :A—C Z gn(ynz)h,j,k—i-n - A— Z fm(yCZ)|i7j+m,k
n=—p3—1 " m=—pa—1
1 a3 q2
:ACA Z g"Z|i7j,k+n Z fmy|z',j+m,k+n
n n=—p3—1 m=—pa2—1
1 q2 q3
A AC Z Smzlijemp Z InYlij+mtn: (27)
n m:_p2_1 TL:—pg—l

Thus

I = (&)e + (7la)y + (Co)e

1 q1 B 1 q2 1 q3 N
= A_g Z elgm‘i—l—l,j,k + A_Tl Z fmnm|i,j+m,k + A—C Z gncgv‘i,j,k—l-n

l=—p1—1 m=—pa—1 n=—ps—1
q1 q3 q2
1
= m E € E gnz|i+l,j,k+n E fm?/|z’+l,j+m,k+n
l=—p1—1 n=—-p3—1 m=—po—1
q1 q2 q3
- # €l fmz‘i—l—l,j—l—m,k gny|i+l,j+m,k+n
ASARA¢
l=—p1—1 m=—p2—1 n=—p3—1
q2 q1 q3
+ # fm elz|i+l,j+m,k gny|i+l,j+m,k+n
AnAEAC
m=—po—1 l=—p1—1 n=—p3—1
q2 q3 q1
- 71 fm gnz|i,j+m,k+n ely|i+l,j+m,k+n
AnACAE
m=—pa—1 n=—p3—1 l=—p1—1
q3 q2 q1
+ # 9n fmz‘i,j—l—m,k—l—n ely‘i—l-l,j—l—m,k—l—n
ACAnAE
n=—p3—1  m=—p2—1 l=—p1—1
1 q3 q1 q2
- m E dn § €l2’|i+l,j,k+n E fmy|i+l,j+m,k+n
n=—p3—1 l=—p1—1 m=—pa—1
—0. (28)

Similarly, we also have

Thus, we can get the SCL.

For moving meshes, the VCL identity I, = 0 must also be satisfied. We simply invoke

the VCL identity to evaluate (1/.J)., i.e.

(1/0)r = =[(€)e + ()y + (G)e] (29)
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For the standard conservative finite difference WENO methods [4] in the generalized
coordinates, the idea of Visbal and Gaitonde [13] cannot be applied, since it requires the
same scheme for the evaluation of the metric and the convection terms. The Jacobian
and metrics cannot be evaluated by the upwinding procedure of WENO because they
cannot be split to the nonlinear upwind components. Thus, compact difference formulas

are used to evaluate the metric terms in [7].

4 Numerical results

In this section, we will discuss the results of both stationary and dynamical meshes.
We denote S-LF and S-R as the standard finite difference WENO scheme of Jiang and
Shu [4] with the Lax-Friedrichs flux splitting and the Roe splitting respectively. A-LF
and A-HLLC are used to denote the methods under consideration with the alternative
flux formulation and with the Lax-Friedrichs flux and the HLLC flux respectively. The

third-order TVD Runge-Kutta scheme is used for time integration

The specific heat ratio of the fluid in the test cases is set as v = 1.4. Compact difference

formulas, as described in [7], are used to evaluate the metric terms for the standard finite

difference WENO scheme.

4.1 Free-stream preserving properties

The fluid in the test cases is nondimensionalized by the density and the speed of sound
for the free-stream condition. In this test, an x-direction free-stream of Mach number 0.5
is imposed. Thus the y-direction velocity v and the z-direction velocity w are expected

to remain machine zero.
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Example 1. Firstly , we will test the free-stream preservation property on a stationary

wavy grid, which is expressed as following:

_ o™ — DA wem(k — 1) Az
Tijk = Tmin T AZg (i_l)—O—Amsinnyﬂ-(j ) Yo i " 7( YAz |
) - Ly L, ]
_ 2k —1)A L7 — 1) Axg]
Yijk = Ymin + Ao (j_1)+Aysinny 7T(L ) Az sinny 7T(7,L )Axg |
: zx — 1A . — 1A 1
Zijk = Zmin + Az | (k — 1) + A, sin w(zL ) Ay Sinnyﬂ(JL )Ayo )
i . )

where

’i:1,2,'-' a[ma)w ]:172a aJmaX> k:1a2>"'>Kmax>

, L, L
Ay = —L= Ayy = Y Azp = z

Lo = 71 Yo Tonpe =1 0= K10
Lmin — — 217 Ymin = — an Zmin — — 22-

The wavy grid parameters used in this test are Inax = Jmax = Kmax = 21, Ly, = L, =

L,=4, A, =A,=A, =1, and nyy, = n,, = ... =4, and the grid is shown in Fig. 1.
Time step is taken as At = 0.05, and flow fields at ¢ = 10 are examined. We list the
Ly errors of v and w in Table 1. We can see that A-LF and A-HLLC have errors less
than 1074, which are close to the machine zero. However, the S-LF and S-R schemes
have large errors on the level of 1073, These demonstrate that our schemes with the
alternative flux formulation are appropriate for free-stream preservation, while neither
S-LF nor S-R could preserve free-stream solutions.

Table 1: Ls errors of v and w components in the free-stream preservation test on a wavy
grid.

v-component | w-component
S-LF 9.33E-03 9.32E-03
S-R 9.34E-03 9.18E-03
A-LF 2.03E-15 1.54E-15
A-HLLC 4.05E-15 2.67E-15

Example 2. Next, we will test the free-stream preservation on a randomized grid.
Uniform grids constructed for the mesh Az = Ay = Az = 0.2 with 21 x 21 x 21 grid

points are randomized with 20% magnitude grid spacing in a random direction, and the

14
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Figure 1: A stationary wavy grid for the free-stream preserving test.

mesh is shown in Fig. 2. The same time step At = 0.05 is used. We also test our
results at t = 10. Results for Ly errors of v and w are shown in Table 2. Similar to
our observations in Example 1, the S-LF and S-R schemes both have large errors, while
A-LF and A-HLLC have errors close to machine zero. So, on a randomized grid, A-LF
and A-HLLC can also preserve free-stream solutions.

Table 2: L, errors of v and w components in the free-stream preservation test on a
randomized grid.

v-component | w-component
S-LF 7.70E-02 7.53E-02
S-R 1.21E-01 1.18E-01
A-LF 1.76E-15 1.61E-15
A-HLLC 3.16E-15 2.92E-15

Example 3. In this example, we consider the free-stream condition on the spherical

grid shown in Fig. 3. The computational domain is chosen as [2,4] x [0,2] x [-2,0] on
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Figure 2: A stationary randomized grid for the free-stream preserving test.

the r-6-¢ coordinate systems:

x = rcos(mf/6) cos(mp/6),
y = rsin(76/6) cos(mp/6),

z =rsin(r¢/6). (31)

A uniform mesh with 21 x 21 x 21 grid points is used on the computational domain. The
time step was taken to be At = 0.02, and the results were again tested at the final time
of t = 10. Loy errors of v and w are shown in Table 3. We can see that the numerical
results for our schemes with the alternative formulation can reach machine zero, and the
free-stream condition is preserved. On the other hand, both S-LF and S-R schemes have

large errors, and fail to preserve the free-stream condition.
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Figure 3: A stationary spherical grid for the free-stream preserving test.

Table 3: Ly errors of v and w components in the free-stream preservation test on a
spherical grid.

v-component | w-component
S-LF 2.80E-07 2.67TE-07
S-R 1.34E-06 6.79E-07
A-LF 5.92E-16 5.42E-16
A-HLLC 1.11E-15 1.09E-15

Example 4. Finally, we will test the free-stream preservation on a moving wavy mesh:

T jk(T) = Tmin + Az | (i — 1) + A, sin(27wT) sin

Yi ik (T) = Ymin + Ayo |(j — 1) + Ay sin(27wT) sin

2 jk(T) = Zmin + Azg | (k — 1) + A, sin(27w7T) sin

where

i:172;"';lmaxa j:1727"'7Jmax

nacyﬂ-(j - 1)Ay0 sin

Nk — 1) Az |

Ly

Ny (k — 1) Az

L,

Ny (i — 1) Ay |

L,

N.m(i — 1)Axg

Sin

L,

n Ny (J — 1)Ayq |

L,

; k:]-azv"'vaaxv

— Lz — Ly —
A:L'O — Imix_l’ Ayo - Jmf;x_l, AZO T Kmax—17
Tmin = _ij ymin—_Ty; Zmin — —

with the specified parameters Iax = Jmax = Kmax = 31, Ly = L, = L, = 12, A, =

A, =A, =15, and n,y, =

17

Ne. = ... =4, and the frequency of oscillation w = 1.0. We



choose the time step At = 0.001, and the flow fields at ¢ = 0.25 are examined. Fig. 4
shows the mesh at the final time, and numerical results are listed in Table 4. Similar to

the stationary meshes, A-LF and A-HLLC can preserve the free-stream condition, while

S-LF and S-R cannot.
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Figure 4: A moving wavy grid for the free-stream preserving test at ¢t = 0.25.

Table 4: L, errors of v and w components in the free-stream preservation test on a
moving wavy grid.

v-component | w-component
S-LF 4.45E-02 4.45E-02
S-R 4.46E-02 4.46E-02
A-LF 6.91E-16 6.98E-16
A-HLLC 3.71E-16 3.72E-16

4.2 Vortex preservation properties

Here, two-dimensional moving vortex problems are used to examine vortex preservation
properties. The fluid is nondimensionalized by the density and the speed of the sound for
the free-stream condition, as in the free-stream preservation test. An isentropic vortex

whose center is located at (z.,y.) = (0,0) is set on the free-stream of Mach number 0.5

18



as the initial condition, where the velocity, temperature, and entropy fluctuations of an

isentropic vortex are expressed as follows:

(Ou, 6v) = eAe® ) (sin B, — cos 6),

5T — — (v —1)e? p2a(1-2?)
dary

58 =0, (33)

Y

where A = 7/r. and r = [(x — z.)? + (y — y.)?]'/?. Here, r. = 1.0 denotes the vortex
core length, a = 0.204 denotes the parameter of the length scale of the vortex decay,
and ¢ = 0.3 denotes the vortex strength. 7" = p/p is the temperature, and S = p/p”
is the entropy. The boundary conditions for - and n-directions are set to be periodic.
Numerical results are tested at ¢ = 32, at which time the vortex moves back to the
same position as the initial condition in the grid system defined in each of the following

examples.

Example 5. First, vortex preserving properties on uniform grids are examined. Three
different computational grids are constructed for the region —8 <z < 8 and —8 <y < 8§,
with 41 x 41, 81 x 81 and 161 x 161 grid points. Time steps At are set to 0.05, 0.0125,
and 0.003125 for the 41 x 41, 81 x 81 and 161 x 161 grids, respectively. These small time
steps are used to minimize the temporal error from the third-order time integration. The
Ly errors and orders of accuracy for the swirl velocity are presented in Table 5, showing
that all these schemes can achieve close to the designed fifth order accuracy on uniform
meshes. Fig. 5 shows the most coarse computational grid and the vorticity magnitude
distributions for the initial conditions and the four schemes at ¢t = 32. Fig. 6 shows the
swirl velocity on the n-constant line passing through the vortex center. These figures
demonstrate that the vortex of all these four implementations can preserve the vortex

strength and swirl velocity qualitatively compared with the exact solutions.

Example 6. Next, we will test the vortex preserving property on wavy grids. A two-
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Table 5: Ly errors in the swirl velocity of the two-dimensional moving vortex problem
on the uniform grid.

S-LF S-R A-LF A-HLLC
Ny x Ny | Lo errors order | Lo error order | Lo errors order | Lo error order
41 x 41 3.54E-03 — 2.92E-03 — 4.64E-03 — 1.81E-03 -
81 x 81 1.88E-04 4.23 | 1.42E-04 4.36 | 2.50E-04 4.21 | 9.21E-05 4.30
161 x 161 | 7.51E-06 4.65 | 6.14E-06 4.53 | 1.05E-05 4.58 | 3.93E-06 4.55

dimensional wavy grid is formulated as follows:

2yT(J — 1A
i = Tmin + ASL’O |:(7, — 1) + Am sin n y7T(j ) y0:| 7

L,
. L Ny (1— 1) Az
Yij = Ymin + AYo [(] — 1)+ Aysin e 7 ) 0] ) (34)
where
1= 1727"' 7]maxa .]: 1727"' 7']max7
L

Azg = 22, Ayo = Jmii—l’
xmin:_Txa ymin:_Ty~

The parameters for the wavy grid are L, = L, = 16, A,Azg = 0.4, A,Ayy = 0.8, and
Ngy = Ny = 6. Similar to the uniform grids, three different grids, with 41 x 41, 81 x 81
and 161 x 161 grid points, are used. At is set to be 1/30, 1/120 and 1/480 for the 41 x 41,
81 x 81 and 161 x 161 grids respectively. The L, errors and orders of accuracy in the
swirl velocity are presented in Table 6. These numerical results show that all the four
schemes can again achieve close to the designed fifth order accuracy. Fig. 7 shows the
computational grid and the vorticity magnitude distributions for the initial conditions
and the four schemes at ¢ = 32 on the most coarse gird. In Fig. 8, the swirl velocity
on the n-constant line passing through the vortex center are plotted. These figures
demonstrate that S-R, A-LF and A-HLLC can preserve the vortex strength and swirl
velocity qualitatively compared with the exact solutions, while S-LF has significantly
worse performance. This may be caused by the high diffusive nature of the Lax-Friedrichs

flux splitting in which the wavy grid participates.

Example 7. Now, the vortex preserving property on the randomized grids is examined.

Uniform grids constructed for the region —8 < x < 8 and —8 < y < 8 with 41 x 41 grid
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Table 6: Ly errors in the swirl velocity of the two-dimensional moving vortex problem

on the wavy grid.

S-LF S-R A-LF A-HLLC
Ny x Ny | Lo errors order | Lo error order | Lo errors order | Lo error order
41 x 41 6.12E-02 — 2.83E-02 — 3.58E-02 — 2.11E-02 —
81 x 81 5.72E-03  3.42 | 2.28E-03 3.63 | 2.79E-03 3.69 | 1.36E-03  3.96
161 x 161 | 2.29E-04 4.64 | 1.26E-04 4.17 | 1.23E-04 4.50 | 6.47E-05 4.39

points are randomized with 20% magnitude grid spacing in a random direction. Time
step At = 0.01 and numerical solutions are shown at the final time ¢ = 32, at which point
the vortex moves back to the same position as the initial condition. Fig. 9 shows the
computational grid and vorticity magnitude distribution for the initial condition and the
solutions at ¢t = 32. Fig. 10 shows the swirl velocity on the n-constant line approximately
passing through the vortex center. Results for S-LF and S-R show large numerical errors
owing to the grid distortions. This indicates that metric canceling has a strong effect on
the randomized grid. The result for the S-R scheme is different from that of the strongly
wavy grid. This should be due to the discontinuity in the derivatives of the randomized
grid points, whereas the strongly wavy grid does not have such a discontinuity, at least
analytically. We emphasize that conservative finite difference schemes are not designed
for grids with discontinuous derivatives [4]. However, in practice low quality grids may
appear and we would still like to reduce numerical artifacts when finite difference schemes

are used on such grids.

Example 8. Next, we conduct vortex preserving test on a grid with an abrupt change
in grid spacing. The computational grid is —8 < x < 8 and —8 < y < 8. Abrupt changes
are imposed in the streamwise spatial distribution at = —4(5;) and x = 4(S;). At
the location S7, the mesh spacing is suddenly halved from Az = 0.4 to Ax; = 0.2.
Conversely, at Sy, the mesh is abruptly coarsened back to Az,. Periodic boundary
conditions are applied in both coordinate directions. The grid is uniform in the y-

direction with Ay = Az;. At = 0.01, and the computation is then carried out until
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t = 32. From Fig. 11 and Fig. 12, we can see that S-R, A-LF and A-HLLC can preserve
the vortex, while S-LF has a large error, which may again be caused by the high diffusive

nature of the Lax-Friedrichs flux splitting in which the abrupt-changing grid participates.

Example 9. In this example, we test our problems on the mesh which exhibits a
localized abrupt change in the slope of 45° at z = 0. Az = 0.4 and Ay = 0.4. Numerical
solutions are shown at ¢t = 32 in Fig. 13 and Fig. 14, and At = 0.01. We can see that

all the four schemes can preserve the vortex for the mesh with localized abrupt change.

Example 10. Finally, we test the two-dimensional moving vortex problems on a dy-

namical wavy grid formulated as follows:

Ly j (T) = ZTmin + ACL’(] |:(Z - 1) + Am Sin(zﬂ'w7-> sin nwyﬂ'(j - 1)Ay0:| 7

Ly
Ny (1 — 1)Axg
L, ’

Yii (T) = Ymin + Ao {(] — 1)+ A, sin(27wT) sin (35)

where

'é:1>27"' a]maX> ]:1>2a aJmaX>

— Lm — L?J
A:1:'0 = Tmax—1° AyO - JmEX_la
. o— _La L=

Lmin = 2 Ymin = 2 -

The parameters for the wavy grid are L, = L, = 16, A,Azy = A,Ayy = 0.6, and
Ngy = Nye = 6. Similar to the uniform grids, three different grids with 41 x 41, 81 x 81
and 161 x 161 grid points are used. At is set to 1/50, 1/200 and 1/800 for the 41 x 41,
81 x 81 and 161 x 161 grids respectively. Lo errors in the swirl velocity are listed in
Table 7, and vorticity magnitude distributions and swirl velocity distributions on the
line approximately passing through the vortex center at the final time t = 32 are shown
in Fig. 15 and Fig. 16. Compared with S-LF and S-R, A-LF and A-HLLC have better
performance, which shows that metric canceling has a strong effect on the dynamically
changing grids. Similar to the stationary wavy grids, the large error and distortion
of the vortex for the S-LF scheme may be caused by the high diffusive nature of the

Lax-Friedrichs flux splitting in which the changing wavy grid participates.
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Table 7: Ls errors in the swirl velocity of the two-dimensional moving vortex problem

on the dynamically changing wavy grid.

S-LF S-R A-LF A-HLLC
Ny x Ny | Lo errors order | Lo error order | Lo errors order | Lo error order
41 x 41 6.16E-02 — 4.04E-02 — 3.08E-02 — 1.66E-02 -
81 x 81 5.77TE-03  3.42 | 3.70E-03 3.45 | 1.91E-03 4.01 | 9.45E-04 4.13
161 x 161 | 3.15E-04 4.19 | 2.40E-04 3.95 | 7.93E-05 4.59 | 4.12E-05 4.52

4.3 Flow past a cylinder

Example 11. In this test, we use the schemes to simulate the supersonic flow past a
cylinder. In the physical space, a cylinder of unit radius is positioned at the origin on
the z-y plane. The computational domain is chosen to be [0, 1] x [0, 1] on the &-n plane.

The mapping between the computational domain and the physical domain is

v = (R, — (R — 1)§) cos(0(2n — 1)),

y = (Ry — (Ry — 1)) sin(6(2n — 1)).

Here we take R, = 3, R, = 6, and § = 57/12. A uniform mesh of 60 x 80 in the
computational domain is used. An illustration of the mesh in the physical space is shown
in Fig. 17(a), which draws every other grid line. The problem is initialized by a Mach
3 shock moving toward the cylinder from the left. The reflective boundary condition
is imposed at the surface of the cylinder, i.e., £ = 1, the inflow boundary condition is
applied at £ = 0, and the outflow boundary condition is applied n = 0,1. From Fig.
17, we can see that all the four schemes can simulate the supersonic flow past a cylinder

well.

5 Concluding remarks

In this paper, we have discussed the performance of conservative finite difference WENO
schemes based on an alternative flux formulation [10, 5] on generalized meshes, and

compared their performance preserving free-stream and vortex solution with those of
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the standard finite difference WENO schemes. In our scheme with the alternative flux
formulation, the WENO interpolation of the solution and its derivatives are used to
directly construct the numerical flux, instead of the usual practice of reconstructing the
flux functions. Thus, the numerical technique of Visbal and Gaitonde [13] for free-stream
preservation is applicable to the scheme with the alternative flux formulation but not
to the standard finite difference WENO schemes based on the reconstruction of the flux
functions.

The free-stream and vortex preservation properties for the new schemes have been
investigated both theoretically and numerically. Regarding the free-stream preserving
tests, it has been found that the scheme with the alternative flux formulation can preserve
the free-stream condition on both stationary and dynamically changing meshes, while the
standard WENO schemes cannot. Through the vortex preservation tests, we have found
that the standard finite difference WENO schemes have a rather large error arising from
the metric terms on randomized and moving grids, while the finite difference WENO
schemes with the alternative flux formulation based both on the Lax-Friedrichs flux
and on the HLLC flux can simulate the vortex well for all grids. For the problem of
flow passing a cylinder, both the scheme with the alternative flux formulation and the

standard WENO schemes can simulate the solution well.

References

[1] D. Balsara and C.-W. Shu, Monotonicity preserving weighted essentially non-
oscillatory schemes with increasingly high order of accuracy, Journal of Compu-

tational Physics, 160 (2000), 405-452.

[2] X. Cai and F. Ladeinde, Performance of WENO scheme in generalized curvilinear

coordinate systems, AIAA Paper 2008-36, 2008.

[3] E. Carlini, R. Ferretti and G. Russo, A weighted essentially nonoscillatory, large

24



[10]

[11]

[12]

time-step scheme for Hamilton-Jacobi equations, STAM Journal on Scientific Com-

puting, 27 (2005), 1071-1091.

G.S. Jiang and C.W. Shu, Efficient implementation of weighted ENO schemes, Jour-
nal of Computational Physics, 181 (1996), 202-228.

Y. Jiang, C.-W. Shu and M. Zhang, An alternative formulation of finite difference
WENO schemes with Lax-Wendroff time discretization for conservation laws, STAM

Journal on Scientific Computing, 35 (2013), A1137-A1160.

X.D. Liu, S. Osher and T. Chan, Weighted essentially non-oscillatory schemes,

Journal of Computational Physics, 115 (1994), 200-212.

T. Nonomura, N. lizuka and K. Fujii, Freestream and vortex preservation properties
of high-order WENO and WCNS on curvilinear grids, Computers and Fluids, 39
(2010), 197-214.

K. Sebastian and C.-W. Shu, Multi domain WENO finite difference method with
interpolation at sub-domain interfaces, Journal of Scientific Computing, 19 (2003),

405-438.

C.-W. Shu, High order weighted essentially non-oscillatory schemes for convection

dominated problems, STAM Review, 51 (2009), 82-126.

C.-W. Shu and S. Osher, Efficient implementation of essentially non-oscillatory

shock-capturing schemes, Journal of Computational Physics, 77 (1988), 439-471.

P.D. Thomas and C.K. Lombard, Geometric conservation law and its application to

flow computations on moving grids, AIAA Journal, 17 (1979), 1030-1037.

E.F. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics, a Practical

Introduction, Springer, Berlin, 1997.

25



[13] R.M. Visbal and D.V. Gaitonde, On the use of higher-order finite-difference schemes
on curvilinear and deforming meshes, Journal of Computational Physics, 181 (2002),

155-185.

[14] H. Zhang, M. Reggio, T.Y. Trépanier and R. Camarero, Discrete form of the GCL
for moving meshes and its implementation in CFD schemes, Computers and Fluids,

22 (1993), 9-23.

26



10 10
5 sk ]
i i 7 = Nm |
> of > of AL an s
| | \‘ [\l 71 1l
5 sk Sk
1ol L Ll Ll 1 PN L Ll Ll 1
Ty 5 0 5 10 Ty 5 0 5 10
X X
(a) grid (b) initial condition
10 10
5 HH 5
[ N [ / ﬁﬁg
I e ins 1 1| Il NP W
> 0f t i | > 0f t FEHOHH
I 1 Vi 1] I I U\ 1 Vi 1
| \ £ 7 - \
5 sk Ngaas
1ol L Ll Ll 1 PN L Ll Ll 1
Ty 5 0 5 10 Ty 5 0 5 10
X X
(c) S-LF (d) S-R
10~ 10~
5k H 5k HH
- ) - it ==
B B T
| | 7 PR
e 1l 1T AV ]
> O 1 it ] > O t an HHAHH
Vi \ e iriri I
I H I /
| &= |
I = L =
5 sk =
ol L Ll Ll 1 ol L Ll Ll 1
T 5 0 5 10 T 5 0 5 10
X X
(e) A-LF (f) A-HLLC

Figure 5: Vorticity magnitude distribution of the results of two-dimensional

moving

vortex problem on the coarsest uniform grid. Here, 21 contours from 0.0 to 6.0 are

shown.
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Figure 6: Swirl velocity distributions on the line approximately passing through the

vortex center of the two-dimensional moving vortex problem on the coarsest uniform
grid.
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Figure 7: Vorticity magnitude distribution of the results of two
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Figure 8: Swirl velocity distributions on the line approximately passing through the
vortex center of the two-dimensional moving vortex problem on the coarsest wavy grid.
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Figure 9: Vorticity magnitude distribution of the results of two-dimensional moving
vortex problem on the random grid. Here, 21 contours from 0.0 to 6.0 are shown.
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Figure 10: Swirl velocity distributions on the line approximately passing through the
vortex center of the two-dimensional moving vortex problem on the random grid.
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Figure 14: Swirl velocity distributions on the line approximately passing through the

vortex center of the two-dimensional moving vortex problem on a mesh with localized
abrupt change.
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Figure 16: Swirl velocity distributions on the line approximately passing through the

vortex center of the two-dimensional moving vortex problem on the coarsest dynamically
changing grid.
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Figure 17: Flow past a cylinder. (a) an illustration of the physical grid (drawing every
other grid line); (b)-(e) pressure on the mesh 60 x 80.
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