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In this paper we investigate the superconvergence of local discontinuous Galerkin (LDG) methods for
solving one-dimensional linear time-dependent fourth-order problems. We prove that the error between
the LDG solution and a particular projection of the exact solution, e,, achieves (k + %)th-order supercon-
vergence when polynomials of degree k (k > 1) are used. Numerical experiments with Pk polynomials,
with 1 < k < 3, are displayed to demonstrate the theoretical results, which show that the error e, actually
achieves (k + 2)th-order superconvergence, indicating that the error bound for e,, obtained in this paper is
suboptimal. Initial boundary value problems, nonlinear equations and solutions having singularities, are
numerically investigated to verify that the conclusions hold true for very general cases.
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estimates.

1. Introduction

In this paper we are interested in the superconvergence of local discontinuous Galerkin (LDG) methods
for a class of one-dimensional linear fourth-order problems formulated as

Ur +ouy + ,Buxx + tyxxx =0, (1.1
where a and £ are arbitrary constants. Note that, for f > 0, there is an antidiffusion term Suy, in the
equation, which is, however, dominated by the higher-order diffusion term u,,,. The general problem
(1.1) includes the following linear time-dependent biharmonic equation

Ur + txxxx =0, (1.2)

(© The author 2012. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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and the linearized Cahn—Hilliard equation
Ur + txy + Uyxrx =0, (1.3)

as its special cases.

The discontinuous Galerkin (DG) method is a class of finite element methods using discontinuous
piecewise polynomials as the solution and the test spaces. It was first introduced by Reed & Hill (1973)
for solving a first-order steady-state linear conservation law and later developed by Cockburn et al.
(Cockburn & Shu, 1989, 1998b; Cockburn et al., 1989, 1990) for solving time-dependent nonlinear
equations. Motivated by the successful numerical experiments of Bassi & Rebay (1997) for the com-
pressible Navier—Stokes equations, the LDG methods were developed for solving nonlinear convection—
diffusion equations (Cockburn & Shu, 1998a) containing second-order spatial derivatives in which L>
stability and a suboptimal L? error estimates were obtained for linear equations with smooth solutions.
Later, the LDG methods were generalized to solve various partial differential equations (PDEs) involv-
ing higher-order derivatives. For Korteweg-de Vries-type equations containing third-order derivatives,
an LDG method was developed in Yan & Shu (2002a), where a suboptimal error estimate was proved
for the linear case, and more recently, an optimal L? error estimate was obtained in Xu & Shu (in press).
In Yan & Shu (2002b), Xu & Shu (2004); Xu & Shu (2006) and Xia et al. (2007), LDG techniques were
developed for solving other types of high-order PDEs including the time-dependent biharmonic equa-
tions, the fully nonlinear K (n, n, n) equations, the Kuramoto—Sivashinsky-type equations, the Cahn—
Hilliard-type equations and so on. In Dong & Shu (2009), optimal error estimates for the LDG method
applied to the linear biharmonic equation and linearized Cahn—Hilliard-type equations were obtained in
one dimension and in multidimensions for Cartesian and triangular meshes. For more details of the DG
and LDG methods we refer to the lecture notes, Cockburn (1999), and review papers, Cockburn & Shu
(2001); Xu & Shu (2010).

Apart from the LDG methods mentioned above, there are also other finite element methods in the lit-
erature for solving fourth-order time-dependent problems. For example, Elliott & Zheng (1986) applied
a conforming finite element method to the Cahn—Hilliard equation and obtained optimal error estimates
in L2 and L* norms provided the approximate solution is bounded in L> and the polynomial degree
k > 3. Feng & Prohl (2004) applied a mixed finite element method for solving Cahn—Hillard equations
on quasiuniform triangular meshes and obtained an optimal error estimate under minimum regularity
assumptions on the initial data and the domain.

Adjerid & Issaev (2005) and Adjerid & Klauser (2005) showed that the LDG solution is super-
convergent at Radau points for solving convection- or diffusion-dominant time-dependent equations.
Based on Fourier analysis, Cheng & Shu (2008, 2009) proved superconvergence of the DG and LDG
solutions towards a particular projection of the exact solution in the case of piecewise linear polyno-
mials on uniform meshes for the linear conservation law and heat equation, respectively. The results
were later improved, using a different technique, in Cheng & Shu (2010) for arbitrary nonuniform reg-
ular meshes and schemes of any order. In this paper we follow the approach in Cheng & Shu (2010)
to obtain the superconvergence property of the LDG method for a class of fourth-order problems. An
important motivation for studying such superconvergence is to set a firm theoretical foundation for the
excellent behaviour of DG and LDG methods for long-time simulations, which have been repeatedly
observed by practitioners. Indeed, if superconvergence for the error between the DG or LDG solution
and a particular projection of the exact solution of the order (k + %), with linear growth in time, can be
shown for polynomials of degree k, then the error between the numerical solution and the exact solution
does not grow for a long time t = (’)(ﬁ), where £ is the mesh size (Cheng & Shu, 2010). The gen-

eralization from first- and second-order equations in Cheng & Shu (2010) to the fourth-order equation
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in this paper involves several technical difficulties, including the estimate of different combinations of
the LDG solution and auxiliary variables that approximate derivatives of different orders, and the design
and analysis of a special operator to guarantee the superconvergence property of the initial condition.

This paper is organized as follows. In Section 2 we define the LDG scheme for fourth-order time-
dependent problems, state the main results and present the details of the proof of the superconvergence
property. In Section 3 various numerical experiments, including linear equations, nonlinear equations,
initial boundary value problems and solutions having singularities, are shown to demonstrate that the
conclusions hold true for very general cases. Concluding remarks and comments on future work are
given in Section 4. The proofs for some of the technical lemmas are collected in Appendix.

2. LDG scheme for fourth-order problems

We consider the following linear fourth-order equation

U+ avy + Py + thyer =0 (2.1a)
with initial condition
u(x,0) =up(x) (2.1b)
and periodic boundary conditions
u(0,t) =u2x,t). (2.1¢)

We would like to remark that the assumption of periodic boundary conditions is for simplicity only and
not essential: see Cheng & Shu (2010) for discussion related to initial boundary value problems for
conservation laws.

2.1 The LDG scheme

We assume the following mesh to cover the computational domain I = [0, 27 ], consisting of cells
Ijz(j 1xj )forl Jj < N, where

<-~-<xN+%:27r.

The cell centre is denoted by x; = (x 1+x; )/2 Wealsoseth; =x., 1 —x; 1 and h = max; h;.

J= j+3 -
We denote by (vh) Ll and (1)h)+ ! the Values of vy, at the discontinuity point Xl from the left cell,

I;, and from the rlght cell, 141, respectlvely The following piecewise polynom1al space is chosen as
the finite element space:

Vi ={oivl;, € P, j=1,...,N},

where P¥ (I;) denotes the set of polynomials of degree up to k defined on the cell /;. Note that functions
in Vk are allowed to have discontinuities across element interfaces.

In order to construct the LDG scheme, firstly, we introduce some auxiliary variables approximating
various order derivatives of the solution and rewrite equation (2.1a) as a first-order system,

u+u+pqg+r)y=0, r—p,=0, p—qg:=0, g—u,=0.

2102 ‘9T J8go100 U0 AlSeAIUN UMoIg Te /B10's euanolpioxoeufewy/:dny woiy pepeojumod


http://imajna.oxfordjournals.org/

SUPERCONVERGENCE OF THE LDG METHOD 1297

Then, the semidiscrete LDG scheme is defined as follows: find up, g5, pn, rn € th , such that

(up)ipdx — | auppydx +oainp™|, 1 —aipp™|,_1 — [ Banpx dx
I; . Jt3 J=2 I;

IJ
+Panp~ ;= Banp 1y - /1,. rapedx +fupTl 0 = Fap Tl =0, (220
/1 ran dx +/1 punedx = pun” |1+ punl;_1 =0, (2.2b)
J J
/1 pié dx + /1 e dx = gné71 0 +anétl =0, Q22)
J J
/1 th//dx-l-/l uh’//xdx_ﬁh‘//_|j+%+’2hl//+|j_% =0 (2.2d)
J J

hold for any p, v,&, n € V}f, where iy, is the upwind flux depending on the sign of a. Without loss of
generality we assume that & > 0 and take i, = u, and then choose alternating fluxes for the diffusion
terms as follows:

ap=u,, dn=q;, bn=r,, h=r. (2.3)

2.2 Notation and auxiliary results

To prove superconvergence of the LDG method, we would like to introduce the following notation,
definitions and useful lemmas.

2.2.1 Notation for the DG discretization. First, we use [¢] = ¢ — ¢~ to denote the jump in the
function ¢ at each cell boundary point. For the linear problems discussed in this paper, we introduce the

DG discretization operator D as in Xu & Shu (in press): for each cell /; = (x C1,X. 1
; 2

J itz )’

Dy, s &) = —/I Ened + 1,y —Entl
J

We also use the notation

DE ;&) =D DpE n: ).
j

Using the definition of this operator, we have the following lemmas, whose proof is straightforward
(see Xu & Shu, in press and also Zhang & Shu, 2010).

LEMMA 2.1 (Xu & Shu, in press) Choosing different numerical fluxes the DG discretization operator
satisfies the equalities

DE n; 7)Y+ D, E ) =0, (2.4a)
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DE &N+ D, 7)) =0, (2.4b)
DE. &N + D0 &in) = = D Dl (240)
J
DE. 1:¢T) + D0 &inT) = D Il (2.4d)
i
D(E.&¢T) = %Z[i]ﬁ%, (24e)
i
DE &N = -3 SR, . @40

J

LEMMA 2.2 By integration by parts we also have

Dy, (¢, n;é_)=/1 Sondx + L€y 2.5)
Dy, (&, n;é+)=/1 Cendx +[Eln 11 (2.6)

2.2.2  Projections and interpolation properties. In what follows we define two special projections,
PhjE into V,f , which are commonly used in the analysis of DG methods. For any given function u €
H'(I) and arbitrary subinterval / ;= (xj_ 1Xjp1 ), the special projections of u, denoted by P;' u and
P, u, are the unique functions in the finite element space Vé‘ satisfying, for each j,

/ (Ph+u(x) —u(x))px)dx =0 Vpe Pk_l(lj), (P,ju)j'_l = u(xj_l), 2.7
I 3 2
/[/(Ph_u(x) —u(x))px)dx =0 Vpe Pk_l(lj), (Ph_u);+% = u(xj+%). (2.8)

For the special projections mentioned above, we have, by the standard approximation theory (Ciarlet,
1978), that

IPFuC) —uC)l 2 < CAFH, 2.9)

where both here and below C is a positive constant (which may have a different value at each occurrence)
depending solely on u and its derivatives but independent of /. In particular, in equation (2.9), C =
C’|lut|lgs1, where ||u]|x41 is the standard Sobolev (k + 1) norm and C’ is a positive constant independent
of u.
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In the proof of the error estimates the following inverse properties are needed: for any vy € V}f‘ there
exists a positive constant C independent of 4, such that

1
lonllr < Ch™ 2ol g2, (2.10)
loxonllz2 < Ch™Honll 2, 2.11)
where ||vs | is the usual L? norm on the cell interfaces of the mesh.

2.2.3  Functionals related to the L> norm. To get the superconvergence property of the method two
functionals related to the L2 norm of a function on / ;j are needed as defined in Cheng & Shu (2010):

N TTr-id X=X

e (e I
X —X. 1 .

FOF) — ity 4 A

51 = [ s g (e ) a

The functionals defined above have the following properties, which are essential to the proof of super-
convergence.

LEMMA 2.3 (Cheng & Shu, 2010) For any function f(x) € C' on I; we have

2
_ _1 2 f(x]_;_%)
B/ = g | Pwdes e.12)
BH(f) = —— 2(x)d 126,-p 2.13
e R e.13)

The proof of this lemma is straightforward; see Cheng & Shu (2010).

2.2.4  Initial condition. To obtain the superconvergence property of the method, the initial condition
of the numerical scheme should be chosen carefully to be compatible with the superconvergence error
estimate. To this end we define an operator P; as follows: for any function u, then P,u € V}{‘, and
Suppose gpn, Ph, I'n € V}f‘ are the unique solutions (with given P;u) to

/ rhndx-l-/ Philx dx —P;ﬂ_|j+% +p}t_,7+|j_% =0, (2.14a)

1 1

0, (2.14b)

/phédx“'/thxdx_q]jé_|j+%+q;—5+|j_1
1j j

1

[N]

[ awart [ Rupear— o p Gty =0 @
1. .

J I J
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forany yv,¢&, 5 € Vé‘ , then we require
/((Ph_u — Pru) — (Pirq —qn) + (P r —rp))pdx =0 (2.15)
1

for any p € P¥=! on Ij and

(Ph_u — P,fu)_ = (Ph+q — q;,)+ — (Ph+r — rh)+ at x .

i (2.16)

D=

For the regular mesh considered in this paper we denote 4 = max; & ;/ min; h ;, which is a constant
during mesh refinements. As to the operator defined above we have the following lemma.

LEMMA 2.4 Ph*u exists and is unique. Moreover, there holds the error estimate
1Py u— Prull2 < CQ, ullipa)h* 72, (2.17)

The proof of this lemma is given in Appendix.

We would like to remark that the purpose for introducing the operator P, is only theoretical: it is
needed for the technical proof of superconvergence. In actual numerical computation we have observed
that we can use the usual L? projection of u as the initial condition and still observe superconvergence;
see the numerical experiments in Section 3. Of course, if the standard L? projection is used for the
initial condition, then the superconvergence result does not hold at + = 0 nor for small ¢. For later time
the dissipativity in the PDE and the numerical scheme seems to help to recover the superconvergent
performance.

2.3 Main results

Before we state the main results we would like to introduce the following notation:
ey =u—up=u— P u)+ (P u—up) =e +ey,
eg=q—qn=(q—P q)+(Plqg—qn) =¢,+e¢

q =4 —4qh q nd nd —d4qn q q>
ep=p—ph=p— P p)+ P p—pr)=tp+ep,
er =r —rp :(r—PhJ“r)+(Ph"’r—rh):e,+E,.

For the case o > 0 we have the following error estimates.

THEOREM 2.5 Letu, p = u,, be the exact solution of the fourth-order problem (2.1), which is assumed
to be sufficiently smooth, i.e. ||u||x+4, ||4s|lk+4, ||4st]lk+4 and ||tz ]| x+1 are bounded uniformly for any
time r+ € [0, T]. Let up, pp be the LDG solution of equation (2.2) when the diffusion alternating
fluxes (2.3) are used. We choose the initial condition as uy(-,0) = P; u¢. For regular triangulations of
I = [0, 2x], if the finite element space V,f with k > 1 is used, then there holds the following error
estimate:

t
2w, D7 + /0 lep(, D117, df < Ce* M3, (2.18)
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and, in particular,

leu(, )]l 2 < CeC1pF+3/2,

where C = C(a, f, 2, llullksa, |lurllksa, s llir4, 1t llks1) and both here and below C = Ci(a, )
> 0.

REMARK 2.6 For the case a < 0 we can choose i1, = u; and take the diffusion alternating fluxes as

an=u, an=q,, Pn=p), tw=r;. (2.19)

Theorem 2.5 still holds in this case with the obvious change of the projections.

For the case a = f = 0 equation (2.1a) reduces to the biharmonic equation (1.2), and we have the
following result.

THEOREM 2.7 Let u, p = uy, be the exact solution of the fourth-order problem (1.2), which is as-
sumed to be sufficiently smooth, i.e. ||u||x+a, |4z ||k+4, |14zt |l k+4 and ||use||k4+1 are bounded uniformly
for any time ¢t € [0, T]. Let uy, p, be the LDG solution of equation (2.2) when ¢ = f = 0 and dif-
fusion alternating fluxes (2.3) are used. We choose the initial condition as u, (-, 0) = P} u¢. For regular
triangulations of I = [0, 2z ], if the finite element space V,{‘ with & > 1 is used, then there holds the
following error estimate:

t
uauw;+én@um@m<ca+ﬁﬂ“i

and, in particular,

2w, D)l 12 < C(1 4 1)k 372,

where C = C(4, l[ullk+as Nurllkras Nurellisas llusiellis1)-

The proof of this theorem is similar to that for the previous theorem, except that we need to carefully
evaluate and estimate several terms to obtain a linear growth bound without employing Gronwall’s
inequality. The detailed proof is given in Appendix.

The case with the fluxes (2.19) is the same with the obvious change of the projections.

Note that, for the general cases including the antidiffusive case f > 0, the exponential growth of the
constant with respect to time in Theorem 2.5 is expected, as the exact solution may have such growth in
time for small wave numbers.

2.4 Proof of Theorem 2.5

By using the DG discretization operator, the LDG scheme (2.2) with the fluxes (2.3) can be written as

wn)ip dx + Dy, (un, ps uy)) + D1 (qn. p; qif) + D1, (ris p3137) = 0, (2.20a)
1

/1 rnndx — Dy, (pn, 15 p,) =0, (2.20b)
J
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/ piué dx — Dy (qn. &5 q;7) =0,
1.

J

/ gny dx — Dy, (. 3 ) = 0,

1

(2.20c)

(2.20d)

forany p, y,¢, 5 € V}f‘. Since the exact solutions u, ¢ = uy, p = Uyxy, F = Uxxy also satisfy the scheme

(2.2), we have therefore the error equations

/ (eu)tpdx+aplj(eusp; eu_)+ﬁD1j(eqsp;e;_)+Dlj(ersp; ej_) :O’
1

[ emax=Diepmey) =0,
1j

| entar =Dy cieh) =0,
I,

J

/eq’//dx_Dlj(eua‘;Weu_):Oa
I

which, by the properties of the projections P,~ and P,T , given in equations (2.7) and (2.8), is
/ (eu):ip dx + Dy, (eu, p; &) + fDr1; (64, p; ;) + Di;(er, p3 &) =0,
1j

/ erndx — Dlj(ép, n; E;) =0,
I.

J

[ encax =y cen o,
l.

J

/ eqp dx — Dy ey, y;e,) =0,
1.

(2.21a)

(2.21b)

2.21¢)

2.21d)

forany p, w,¢,n € V}f. Taking (p, v, ¢, ) = (ey, —é,, €p, €4) in equation (2.21), adding them up and

summing over all j, we obtain

/(éu),éuder/éf, dx—}—/(su),éudx—l—/spép dx+/aréqu —/eqérdx—i—aD(éu,éu;éu_)
1 1 1 1 1 1

+ BD(ey. eus &)) + D(er, eus &) + D(eu. &3 ;) — D(eg. ep; ef) — D€y, &5 €,) =0.
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Using the property of the operator D in Lemma 2.1 we thus have

/(Eu)téu dx —}—/Ei dx —I—/(e,,)téu dx —i—/epép dx
I I I I

_ _ a _ - - -
+/1£req dx — /[gqe, dv + - ;[eu]§+; + BD(ey. ;€)= 0. (2.22)
By taking ¢ = ¢, in equation (2.21c) and summing over all j we get

DGy i) = [ eiua (2.23)
1

Combining equations (2.22) and (2.23) we arrive at

1d _ _ _ _ _ _ _
Eaﬂeu”iz—i—llep”iz < —/(8u),eudx—/gpepdx—/£req dx—i—/gqerdx—ﬁ/epeu dx. (2.24)
I I I I I

It fOHOWS fl‘()m the Cauchy—schwarl lnequahty that
+ ‘/ Sreq dx’
1

2
+ 18 ‘ / epéu dx' + %néuuiz. (2.25)
1

——|€ + —|le RS & e, dx + gpe, dx
2 dr ully2 ) pli2 , u)t€u ’ pep

/aqér dx
I

On the other hand, using Lemma 2.2, equation (2.21) can be rewritten as

+

[ €nnds v abupien)+ [ @ pepan e +palpTl L =0 @26
I I

/ e ndx —/ (ep)xndx — [Ep];7+|j_% =0, (2.26b)

1 1

/ epé dx —/ (eq)x¢ dx — [éq]§‘|j+% =0, (2.26¢)
1 1j

/1 eqy dx _/1 (€w)xy dx — [éu]wﬂj_% =0. (2.26d)
J J
Denote
Cu=rj+djxX)x = xj)/hj, g =bj+s5;()x —x;)/hj,
ep=vj+w;i(x)(x —x;)/hj, e =1;+g;j(x)x —x;)/hj,

where rj,b;,v;,l; are constants and d;(x),s;(x),w;(x),g;j(x) € P*=1. First, taking y =
di(x) (x — X;_1 )/ hj in equation (2.26d), and using the definition of Bj_, we have
2

/1- eqdj(x)(x — xj_%)/hj dx — Bj_(dj) =0.

J
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By the property of Bj_ in Lemma 2.3 we obtain

/ d7(x)dx < 4/ eqd;j (0)(x —x;_1) dx.

1/ IJ
Defining piecewise polynomials d(x) and ¢1(x), such that d(x) = d;(x) and ¢ (x) = x — x;_1onlj,
: 1 .
and summing the above inequality over j, we get
ldllL2 < 4llegli2ll@ilizee < 4hllegll L2, (2.27)

where we have used the fact that ¢ [z = h. Similarly, taking & = s5;(x)(x — xj+%)/hj in equation

(2.260), n = w;j(x)(x — xj_%)/ hj in equation (2.26b) and using the definition of Bj_ and B;r, we have

/1. e,w;(x)(x —xj_%)/hj dx —Bj_(wj) =0,

/ epsj(x)(x —xH%)/hjdx —B;F(Sj) =0.

1
By the properties of Bj_ and B;r in Lemma 2.3 we obtain

/, w3 (x) dx < 4/ erioj ()0 = x;y) d,

1 1j

/ s?(x)dx < —4/ eps;(x)(x —xH%)dx.

1j Ij

Defining piecewise polynomials w(x), s(x) and ¢ (x), such that w(x) = w;(x),s(x) = s;(x) and
Po(x) =x — X; 10N I, and summing the above inequality over j, we get
2

lwlipz < 4llerll2llPrllLe < 4hllerllz2, (2.28)
Islzz < 4llepllp2lig2llLe < 4hllepllp2, (2.29)

where we have used the fact that [|¢1]lzc = |l¢2llze = h. Then, letting p = (g;(x) + Bs;(x))
(x — xj+%)/hj in equation (2.26a), we have

/@»mM—a[/@m¢H@mﬂF4+/Ya+ﬁumm=a
I i I

1

which can be written as

[@m@mnwmmu—gymwmm@+@=a
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where
R = [ @l 0+ B3y e =) )
- [”"1 " %d-’—l("f—é)] A CICRYRYICNY)
= [ a0 i@ + sy = ) e
I j
o= )] o) )
and

1 1 2
R} = B (3, + fsy) = ‘Ej/,j(gf(x) s = (5(x1) + 855 (51))
Therefore,
/['(g,(x) + fsj(x))*dx < 4/1.(eu)t(g,-(x) + B3 () (x = x; 1) dx — dah; Rj.

Summing the above inequality over all j we arrive at
lg + Bsll7. < 4lle)illr2lig + Bsli2llgalie +4a | D hjR]|. (2.30)
Taking w = 1 in equation (2.26d) we get

1 1

So, the term /; R } can be formulated as

hiR! =/].d,-(x)<x—x,-)<g,»<x>+ﬁs,-(x)>/h,- d

J

[ e =)0+ b5} 0N =3,y

I

+h; [/1, ¢ dx = %df (xj+£)} (gf (xj—%> Bsi (xf‘%)) '

By the inverse properties (2.10) and (2.11) we have the estimate

D hiRj| < C(K)lIg + Bslr2(ld ] 2 + hllegl2), (2.31)
J
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where k is the degree of polynomials in the finite element space th . Combining equations (2.27), (2.30)
and (2.31) together and recalling that ||¢;]||po~ = ||x — Xipl ||z = h, we conclude that
2

g + BsliL2 < Cla, k)h(ll(ew)ell 2 + llegliL2)- (2.32)
Thus,
lgllp2 < llg + Bsliz +1BllIsl2 < Cla, B, Dh(l(ew)ill 2 + llegl 2 + llepllz2)- (2.33)

Now, we return to the error equation (2.25). Note that (g,);, &4, €, and ¢, are orthogonal to any piece-
wise constant functions, then

/I(Su)téudx = E /I(eu)tdj(x)(x—xj)/hjdx < M)l 2lldll 2@l
j J

‘/Igpépdx = E /Iepwj(x)(x—xj-)/hjdx < lleplip2llwllp2li@llze,
j J

‘/Ieréqu - Z/{ s () (6 — )/ By dx| < el 2 sl 2 I8 o
j J

/ngérdx = Z/{ €q8j(X)(x — xj)/hjdx| < llegl 2 Mgl 2@l
j J

‘/} £péy dx| = Z/} epd(¥)(x = x))/hjdx| < llepll 21l 2 b o,
j J
where ¢ = (x — x;)/h;. Then, equation (2.25) becomes

1
= 12 S 2
Eglleulle + E”ep”LZ < gllzee[lla)eliz2ldlz2 + lepl2llwliz2 + llerliz2 sl 2

£
+llegllz2 gl + 1BlEp 2l 2] + - lleul 2.

Using the approximation property of the projections (2.9) and the fact that |||z = % we get

1d _ 1 B
5 g 1elze + 518p072 < CH Nl 2 + sz + lwll2 + lglz2) + S 18l 7o (2.34)

where C = C(f, llullk+4, lttsllk+1). Substituting equations (2.27), (2.28), (2.29) and (2.33) into
equation (2.34), we obtain

1d _ 1 B*
5 g 1elze + 5 18pl72 < CH 2 eudille + llegllzz + llepllzz + llerll2) + S-lleullzo, (235
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where C = C(a, B, ||t|lk+4, llusllk+1)- Integrating the above inequality with respect to time and using

the bound for initial error (2.17), we obtain

l _ 1 t _ t
ez + 5 / lep@)7, dt < Ch / (el 2 + lleglp2 + llepll 2 + llerll2) de
0 0

,32 t _
+ = [ llen®)l7, de + Ch*F,
2 Jo
where C = C(a, B, 2., llullisas lurllis)-

To get the superconvergence result we need the following lemma.

LEMMA 2.8 Under the same condition as in Theorem 2.5 we have

lew(@)l 2 + lleg (D)l 2 < Ce“ R,

t
/ (leplz + llesll2) df < CeCrTRRH,
0

where C = C(a, B, ||lu|lk+4, lus||x+3)- Moreover, we have

'
/ I ew)ell 2 dr < CeCVR*HY,
0

where C = C(a, B, llulli+a, s llias e letas Neteiellks1)-

(2.36)

(2.37)

(2.38)

(2.39)

The proof of this lemma is given in Appendix. Using Lemma 2.8 we get from equation (2.36) that

1 1 t _ ﬁZ t _
el + 5 /0 lep(@)li72 dr < = /0 2 (6)117 5 d + Ce“1' R H3.
Gronwall’s inequality gives us the desired result:
t
2. ()17, + / 12,112, dr < Ce*C1p2F3
0

and, in particular,

leu(t)]l 2 < CeC1 RT3/,

where C = C(a, B, A, llullk+a, lusllkt4, 1t 4, |4 lle+1) and C1 = Ci(a, f) > 0.

3. Numerical examples

In this section we provide some numerical experiments to demonstrate the superconvergence of the LDG
method for fourth-order problems. We do not pay attention to the efficiency of time discretizations, thus
either the third-order explicit total variation diminishing (TVD) Runge—Kutta method (Shu & Osher,

1988) or the second-order implicit Crank—Nicholson method can be used in our calculation.
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EXAMPLE 3.1 To demonstrate superconvergence as well as the long-time behaviour of the error, we
consider the linear fourth-order problem

U + Uy +tyx + Uxyxx =0,

3.1
u(x,0) =sinx,
with periodic boundary conditions. The exact solution to this problem is
u(x,t) =sin(x —t). 3.2)

Note that for problems containing high-order derivatives, such as problem (3.1), the popular explicit
nonlinearly stable high-order TVD Runge—Kutta methods (Shu & Osher, 1988) will suffer from ex-
tremely small time step restriction due to the stiffness of the LDG spatial discretization operator. Thus,
the second-order implicit Crank—Nicholson time discretization method is used to perform long-time
simulations in this example. We consider both the special projection P, and the usual L? projection
of the initial condition as our numerical initial conditions and get similar results. Uniform meshes and
numerical fluxes (2.3) are used in the calculation.

Table 1 lists the numerical errors and their orders for k = 1 at different final times 7" when the
special projection P;’u is used as the initial condition. From the table we conclude that, at any time, we
can observe third-order accuracy for ¢, and e, indicating that the error estimate obtained in equation
(2.18) is not optimal. Even though we have derived an exponential growth result for ¢, and e,, we

TABLE 1 P! polynomials for Example 3.1 on a uniform mesh of N cells at different times T; P} pro-
Jection of the initial condition

T =1 T =10 T =100
N L2 error Order L2 error Order L2 error Order
20 4.68 x 107 — 3.04 x 10703 — 2.92 x 10702 —
3 40  6.18 x 1070 2.92 3.87 x 10~% 2.97 3.75 x 10793 2.96
80  7.93 x 107 2.96 490 x 1079 2.98 473 x 107% 2.99
160  1.00 x 107 2.98 6.15 x 1070 3.00 5.92 x 1070 3.00
20 427 x 1079 — 5.25 x 10703 — 2.96 x 10702 —
e 40  1.06 x 10703 2.01 1.13 x 10793 2.22 3.90 x 10793 2.93
80  2.65x 107%™ 2.00 2.70 x 10794 2.07 542 x 107% 2.85
160  6.64 x 1070 2.00 6.66 x 1070 2.02 8.89 x 1079 2.61
20 4.66 x 107 — 3.06 x 10703 — 2.93 x 10702 —
Z 40  6.16 x 1079 2.92 3.88 x 1070 2.98 3.75 x 10793 2.96
80  7.92 x 1079 2.96 4.90 x 1079 2.98 473 x 107% 2.99
160  1.00 x 1079 2.98 6.15 x 1070 3.00 5.92 x 1070 3.00
20 427 x 10793 — 5.26 x 10703 — 2.96 x 10792 —
. 40  1.06 x 1073 2.01 1.13 x 10703 2.22 3.90 x 10793 2.93
r 80  2.65x 107%™ 2.00 2.70 x 1079 2.07 542 x 107 2.85

160  6.64 x 1079 2.00 6.66 x 10705 2.02 8.89 x 1079 2.61
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can clearly observe that they actually grow linearly with respect to time for this particular example,
which guarantees that the errors for ¢, and e, do not grow much with respect to time for a long time,
t = O(h~"). This is especially prominent for fine grids.

Table 2 lists the numerical errors and their orders for k = 2 at different final times 7" when the
special projection P u is used as the initial condition. We can clearly see that both ¢, and e, achieve
fourth-order accuracy at T = 1. For longer time, for example 7 = 10 and T = 50, the orders seem also
to converge to four, if we keep on refining the mesh. We also observe that the errors for both e, and ¢,
do not grow much until the final time we have run (7" = 50), especially for fine grids. For the case of
k = 3 the results in Table 3 also demonstrate the superconvergence of ¢, and e,.

If we use the L? projection of the initial condition as our numerical initial condition instead, we
also obtain the superconvergence results for e, and ¢, and observe little difference compared to the case
when P/fu is used as the numerical initial condition, indicating that the definition of the operator P,:‘ is
only for a technical purpose in the proof and not essential to the computation; see Tables 4-6.

We would like to mention that, apart from the superconvergence results for ¢, and e, we have also
obtained similar superconvergence results for e, and e, in our numerical experiments, which are not
listed here to save space.

EXAMPLE 3.2 We consider problem (3.1) with exact solution (3.2) and the boundary conditions

w(,0) = g1(1), uxQm, 1) =g2(1), uxx(0,1) =g3(t), wxax(m,1) = g4(),  (3.3)

where g; (¢) corresponds to the data from the exact solution.

TABLE 2 P? polynomials for Example 3.1 on a uniform mesh of N cells at different time T. P projec-
tion of the initial condition

T=1 T =10 T =50
N L2 error Order L2 error Order L2 error Order
10 693 x107% — 1.17 x 107% — 472 x 107

;g 20 423x 10706 4.03 5.20 x 1070 4.49 1.54 x 1079 4.93
40  2.63 x 10797 4.01 2.79 x 10797 422 5.30 x 10797 4.86
80 1.64 x 10798 4.00 1.64 x 10798 4.08 1.90 x 10708 4.80
10 856 x 107% — 8.62 x 107 — 9.76 x 1070 —

e, 20 107x 10704 3.00 1.07 x 10~% 3.01 1.08 x 10794 3.18
40 134 x 1079 3.00 1.34 x 10705 3.00 1.34 x 1079 3.01
80  1.67 x 1079 3.00 1.67 x 107 3.00 1.67 x 107 3.00
10 5.69 x 1079 — 1.10 x 107%4 — 471 x 10704 —

s 20 3.81 x 107% 3.90 4.87 x 1079 4.50 1.53 x 1079 4.94

P40 249 x 10707 3.94 2.66 x 10797 4.19 5.24 x 10797 4.87
80 1.60 x 10798 3.96 1.60 x 10798 4.06 1.87 x 10798 4.81
10 8.56 x 107% — 8.62 x 107* — 9.76 x 10~ —

e 20 1.07 x 107% 3.00 1.07 x 107% 3.01 1.08 x 1070 3.18
40 134 x 1079 3.00 1.34 x 10795 3.00 1.34 x 1079 3.01

80  1.67 x 10796 3.00 1.67 x 10700 3.00 1.67 x 10700 3.00
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TABLE 3 P3 polynomials for Example 3.1 on a uniform mesh of N cells; T = 1; P;7 projection of the
initial condition

éu €y ép ¢p
N L? error Order L? error Order L? error Order L? error Order
5 6.60x 1079 — 526 x 1070 — 563 x 107 — 527 x 107 —

10 1.73x 107% 525  330x 10795 4.00 152 x 1079 522 330 x 1079  4.00
20 539 x 10798 501 206 x 1079 400  502x 1079 491 2.06 x 1079 4,00
40 171 x 1079 498 1.29 x 10797 4.00 1.69 x 1079  4.89 1.29 x 10797 4.00

TABLE 4 P! polynomials for Example 3.1 on a uniform mesh of N cells; T = 1; L? projection of the
initial condition

ey ey ey ep
N L? error Order L? error Order L? error Order L? error Order
20 436 x 107%  — 426 x 10793 — 438 x 10794 — 426 x 1079 —

40 563 x 1079 295  1.06 x 1079 200 564 x107% 296  1.06 x 1079 2.00
80 7.15x 107% 298 266 x 107" 200 7.16 x 1079 298  2.66 x 107 2.00
160 9.00 x 10797 299 664 x 107 2.00 9.01 x 10797 299  6.64 x 1079 2.00

TABLE 5 P? polynomials for Example 3.1 on a uniform mesh of N cells; T = 1; L? projection of the
initial condition

ey ey e€p ep
N L? error Order L? error Order L? error Order L? error Order
10 6.90 x 1079 — 8.56 x 107 — 5.66 x 10795 — 8.56 x 107" —

20 4.23 x 1079 403 1.07 x 1079 3.00 3.81 x 107% 3.89 1.07 x 107%  3.00
40 2.62 x 10797 4,01 134 x 10795 3,00 249 x 10797 3.93 1.34 x 10795 3.00
80 1.65 x 1079 3.99 1.67 x 107% 3.00 1.61 x 10798 395 1.67 x 1079 3,00

TABLE 6 P2 polynomials for Example 3.1 on a uniform mesh of N cells; T = 1; L? projection of the
initial condition

ey ey ey ep
N L? error Order L? error Order L? error Order L? error Order
5 558 x107%  — 525 x 107 — 443 x 1079 — 525 x 107 —

10 1.73 x 107% 5,01 3.30 x 1079 3.99 1.51 x 10700 488 3.30 x 10795 3.99
20 539%x 1079 500 206 x 107% 400 5.02x 1079 491 2.06 x 1079 4,00
40 1.95 x 1079 4.79 1.29 x 10797 4.00 1.80 x 1079 4.80 1.29 x 10797 4.00

Note that the above boundary conditions are matched with the alternating numerical fluxes (2.3).
Both here and below, we use the third-order explicit TVD Runge—Kutta method and the L? projection
of the initial condition as our numerical initial condition. Table 7 lists the results for both P! and P>
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TABLE 7 P! and P? polynomials for Example 3.2 with boundary conditions (3.3) on a uniform mesh
of N cells; T =0.5

pk k=1 k=2

o ey ey ey ey

N L? error Order L? error Order L? error Order L? error Order
10 3.07x1079 — 171 x 10792 — 6.85 x 107 — 8.56 x 107  —

20 3.95x 107%™ 296  425x 1079 201 422 x 1079 4,02 1.07 x 107%  3.00
40 5.03x 1079 298 1.06 x 10793 200 2.62x 10797 4,01 1.34 x 1079 3.00
80 634 x 1079 299 265 x 107% 2.00 1.71 x 10798 3.94 1.67 x 107%  3.00

polynomials at 7 = 0.5 when fluxes (2.3) are used. To impose the given boundary conditions (3.3), the
corresponding boundary fluxes are defined as

(Mh); =gi(), (Qh);+% = g2(1), (Ph)%_ = g3(1), (Vh);% = ga(1).
From the table we can clearly see that e, achieves (k + 2)th-order superconvergence and the error e,
achieves the expected (k + 1)th order of accuracy.
EXAMPLE 3.3 We consider problem (3.1) with exact solution (3.2) and the boundary conditions
u(,1) =h1(t), uQm,t)="ha(), uy(0,t)=nh3(t), u,Qn,t)=hat), 3.4
where £; (1) corresponds to the data from the exact solution.

In this example the minimal dissipation LDG method is used to deal with the Dirichlet boundary
conditions (3.4). The distinctive feature of this method is that the stabilization parameters associated
with the numerical fluxes are taken to be identically zero on all interior cell interfaces (that is, only the
numerical fluxes at boundaries are penalized) and this is why its dissipation is said to be minimal; see,
e.g. Castillo et al. (2002). More precisely, the numerical fluxes based on equation (2.3) for uy, gn, pn, rn
are chosen as

(u]:’q;—’pisr]j—)j_;’_%a j:la-~-aN_1a
(ﬁh,éh,ﬁh,fh)jJr%: (M;,qh_,ﬁh,r[f)%, j=0, (3.5)

Wy ay Py Fi)ygss  J=N,
where
(Mh); = h1(0), (Mh);Jr% = ha(2), (C]h)%_ = h3(1), (CIh);Jr% = ha(2),
and
(Pn)) = (Ph); +rilgnly, Gryyn = (”h);+% —walunly s

with x1 and e, positive constants that are O(h~!) and O(h~3), respectively. The numerical errors and
their orders obtained by using P! and P? polynomials at 7 = 0.5 are listed in Table 8. From the table
we can clearly see that e, achieves (k + 2)th-order superconvergence and the error e, achieves the
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TABLE 8 P! and P? polynomials for Example 3.3 with boundary conditions (3.4) on a uniform mesh
of N cells; T = 0.5; k1 =30/ h, k = 10/ h>

pk k=1 k=2

o ey €u ey €u

N L? error Order L? error Order L? error Order L? error Order
10 282x 1079  — 171 x 1072 — 700 x 1075 — 8.55 x 107 —

20 3.53x 107" 300 425x 1079 201 422 x 1079 405 1.07 x 107%  3.00
40 443 x 1079 299 1.06 x 10793 2,00 2.62 x 10797 401 1.34 x 10795 3.00
80 5.58 x 1079 299  265x 107% 2.00 1.70 x 10798 3.95 1.67 x 1079  3.00

expected (k + 1)th order of accuracy. Based on the results in Examples 3.2 and 3.3, we conclude that
the superconvergence property also holds true for initial boundary value problems.

EXAMPLE 3.4 To test the validity of the superconvergence property for solutions with singularities, we
solve the equation u; + iy + Uyxyx + Uxxxy = 0 on the interval [—1, 1] with discontinuous initial data

1 if|x] <0.5,
u(x,0) = (3.6)

0 otherwise,

and periodic boundary conditions.

By Fourier analysis we can derive the exact solution of Example 3.4 in the form

1 ad 2 2 a4 SIN (M)

ue,t)=—+2y elom =t 1 2 J g —1)).

(6, =3+22 = cos(er (x = 1)
w=1
In our computation the exact solution is taken as

1 > 2 2 44, SiD (%)

ulx,r) ==+ ZZe(“’ wimo )t 2 2 cos(wm (x — 1)) 3.7
2 = wn

with negligible error. The numerical errors and their orders for Example 3.4 using both P! and P>
polynomials at 7 = 0.05 are given in Table 9 from which we can clearly observe (k +2)th and (k + 1)th
orders of accuracy for ¢, and e, respectively; that is, the conclusions also hold true for solutions with
singularities in the initial condition, provided the singularities are located at cell boundaries.

EXAMPLE 3.5 In this example we solve the linear time-dependent biharmonic equation

ur +uyxex =0,
(3.8)
u(x,0) =sinx,
with periodic boundary conditions. The exact solution to this problem is

u(x,t) =e 'sinx. (3.9)
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TABLE 9 P! and P? polynomials for Example 3.4 with discontinuous initial data (3.6) on a uniform
mesh of N cells; T = 0.05

Pk k=1 k=2
éu €y éu €u
N L2 error Order L? error Order L? error Order L2 error Order
4 1.08x 10703 1.18 x 10703 526 x 10705 — 1.08 x 10704 —
8 593 x 1079 419 221 x 107 242  3.01 x107% 4.13 1.34 x 10705 3,02
16 489 x 107% 360 534 x 1079 205 1.85 x 10797 4.02 1.67 x 107%  3.00
32 540 x 10797 3.18 1.33 x 1079 2,01 1.15%x 10798 400  2.09 x 10797 3.00
e v Error for el
8.5E-05 | Reference line
8E-05 —
i v/
7.5E-05 |~ VVV
5 i 4
= B A4
E i \v4
7E-05 B
6.5E-05 —
<%7
6E-05 -
| 1 L 1 N |
5 10 15 20

FIG. 1. The growth of the relative error versus time using P! polynomials.

Note that the exact solution u is exponentially decaying with respect to time; let us denote by é{f’l a
leull, 2
lull 2
error in the L2 norm, ||é{fl Ilz2, versus time, obtained by using P! polynomials on a uniform mesh of
40 cells, is plotted in Fig. 1. We can see that the relative error grows essentially linearly with respect to
time from 7 = 8 to the final time 7" = 20 that we have run. This example demonstrates that not only
the absolute error grows at most linearly with time, as proved in Theorem 2.7, but also the relative error
grows only linearly in time.

measure of the relative error between e, and u, namely, ||é[f1 l72 = . The growth of the relative
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TABLE 10 P! and P? polynomials for Example 3.6 solving the Kuramoto—Sivashinsky equation (3.10)
on a uniform mesh of N cells; T = 0.5

P* k=1 k=2
ey ey ey ey
N L? error Order L? error Order L? error Order L? error Order
80 2.32x 1072 —  7.04x 1072 —  216x 1078 — 530 x 1079 —

160 426 x 107 244 164 x 10792 2.11 124 x 1079 412 659 x 1079  3.01
320 5.65 x 107% 291 399 x 1079 203 756 x 107% 404 823 x 1079 3.00
640 7.19 x 1079 297 992 x 107 201 474 x 107 400 1.03 x 1079 3.00

EXAMPLE 3.6 In order to see the superconvergence of the method for nonlinear problems, we consider
the Kuramoto—Sivashinsky equation

2
u
ur + (?) Flyy + OUxxx +Uyxrx =0, (3.10)
X

with the exact solution given by
u(x,1) =c+9 — 15(tanh(k(x — ct — x0)) + tanh?(k(x — ¢t — x0))
— tanh® (k(x — ¢t — x0))), (3.11)

where ¢ =4, ¢ =6,k = 1 and xo = —10.

The computational domain is [—30, 30]. Although the exact solution is not periodic, we can still
use periodic boundary conditions in our computation since the exact solution is negligibly small at
the boundary of the domain for short-time simulations, for example, T = 2, due to the large size
of the computational domain. We use the Godunov flux, which is an upwind flux, for the nonlinear
convection part, and alternating fluxes (2.3) for other parts. The projection is defined element by element
as follows. If u(x;, t) is positive we choose P, on the cell I;; otherwise, we use P,f . We test this
example using both P! and P? polynomials at 7 = 0.5. The numerical errors and orders of accuracy
for e, and e, are given in Table 10. From the table we can see that the error e, achieves (k + 2)th-order
superconvergence and the error ¢, achieves the expected (k 4 1)th order of accuracy. This example
shows that the superconvergence property also holds true for some nonlinear equations.

4. Concluding remarks

In this paper we have studied the superconvergence of the LDG method for linear fourth-order time-
dependent problems. We prove that the error between the numerical solution and a particular projection
of the exact solution achieves (k + %)th-order superconvergence when polynomials of degree k (k > 1)
are used. Various numerical experiments, including linear equations, nonlinear equations, initial bound-
ary value problems and solutions having singularities, are shown to demonstrate that the conclusions
hold true for very general cases. Even though we consider only the one-dimensional case in this paper,
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similar results should hold for certain tensor product two-dimensional cases; see Cheng & Shu (2010)
for related discussion for convection and second-order diffusion equations.

The theoretical study of the superconvergence of the DG or LDG method for nonlinear equations
and for nonperiodic boundary conditions is more challenging and this will be carried out in the future.

Funding
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Appendix

In this appendix we give the proofs for some of the technical lemmas and theorems.

A.1 The proof of Lemma 2.4

We will first prove the existence and uniqueness of P;u.
When using the DG discretization operator D, equation (2.14) can be written as

/ rpndx =Dy (pr,n; p) =0, (A.la)
1
/1 pué dx — Dy (qn. &1 4) = 0, (A.1b)
J
/ gny dx — Dy, (Pyu, y; (Pyu)”) =0 (A.1c)
IA

J

for any v, <&, 5 € fo. Since the exact solutions u,q = uy, p = Uyx,’ = Uxyyx also satisfy scheme
(A.1), we thus have the error equations

/I_(" —rpndx =Dy (p— pr,n; (p — pn)~) =0, (A.2a)

/IA(p—ph)fdx —Dr,(qg = aqn. < (g —aqn)™) =0, (A.2b)

2102 ‘9T J8go100 U0 AlSeAIUN UMoIg Te /B10's euanolpioxoeufewy/:dny woiy pepeojumod


http://imajna.oxfordjournals.org/

SUPERCONVERGENCE OF THE LDG METHOD 1317
/ (g — gy dx = Dy, (u — P,y (u — Piu)™) =0, (A20)
1j

forany y,¢&, 5 € V,f. Denote
u—Pyu=w—P u)+ (P, u—Pu)=¢,+E,,
q—aqn=(q—Pfq)+ (P qa—an) = ¢4+ Eq,
p—pn=p—P p)+ (P, p—pn)=¢p+Ep,
r—rh=(r—Ph+r)+(P;'r—rh)=sr+Er.

By virtue of the properties of the projections Ph+ and P, given in equations (2.7) and (2.8), equation
(A.2) becomes

(er + Er)ndx — Dy, (Ep, 13 E;) =0, (A.3a)
1
/ (6p + Ep)édx — Dy (Eg & EF) =0, (A.3b)
1
/ (eq + Eq)y dx — Dy, (Ey, w3 E;)) = 0. (A.3¢)
I.

J

Also, conditions (2.15) and (2.16) are equivalent to
/ (E,—E;+E)pdx =0 (A4)
1

for any p € P~ on Ij and

E; =(E;— E)% atx,

i (A.5)

D=

Note that equations (A.3), (A.4) and (A.5) are a linear system for E,, E,, E,, E, € V}{‘. To prove the
existence and uniqueness of P;'u, we need only to prove the uniqueness of E,, then Pju = P, u — E,
will exist and is unique.

Plugging conditions (A.4) and (A.5) into (A.3), we obtain

(er + Epyndx — Dy (Ep, ; E;) =0, (A.62)
1j
/ (p + Ep)é dx — Dy (Eq, & EF) =0, (A.6b)
Ij

/ (¢g + Eg)y dx — Dlj (Eq — Er,p; (Eq — Er)+) =0, (A.6¢)
1
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which is
/ Erndx =D (Ep, n; E,)) = —/ erndx, (A.7a)
1j 1j
/ Epédx — Dy (Eq, & Ef) = —/ ep¢ dx, (A.7b)
Ij 1j
/ qu// dx — DI_,‘ (Eq - Er, v (Eq - Er)+) = _/ gq'// d'xﬂ (A7C)
Ij Ij

forany y, &, n € V,f. Note that equation (A.7) is a linear system, hence the existence of (£, Ep, E,)
follows by the uniqueness.

We claim that the solution (E,, E,, E,) to equation (A.7) is unique. Suppose both (E ' E },, Er‘) and
(E2, E,z), E,z) saFisfy equation (A.7) and denote g, = qu - Eg, g&p = E,l, - EIZJ, g = E,1 - E,2 then
equation (A.7) yields

/1 grndx —Dy;(gp. m58,) =0, (A.82)
J
/1 gpédx — Dy (g, &5 87) =0, (A.8b)
J
/1 gqwdx — Dy (gg — gr v (g4 — &) 7) =0, (A.8¢)
J

forany w,¢&, 5 € V,{‘. Now taking (v, ¢, n) = (g4 — &> &p»> &¢) in equation (A.8), adding them up and
summing over all j, we get

||gq||2Lz + ||gp||i2 - D(gp; 8q> g;) - D(gLI7 8ps g;—) - D(gq — &r>8q — 8r (gq - gr)+) =0.
By the property of the operator D in Lemma 2.1, we have

2

1
2 2 2
g7z + lgplize + 5 Z_[gq —&l,, =0,
J
which implies g, = g, = 0 and further, g, = 0. We have thus proved the existence and uniqueness of
E, and E,, then conditions (A.4) and (A.5) lead to the existence and uniqueness of E, and thus P, u.

We obtain the error estimate (2.17) in three steps.
Step 1. By Lemma 2.2 equation (A.6) can be rewritten as

x (er + Er)ndx _z (Ep)x’de - [Ep]77+|j_% =0, (A.9a)
/1 (ep + Ep)E dx — /1 (Eg)eé dx — [EJE] 1 =0, (A.9b)

/ (6 + Eg)y dx —/ (Eqy — Ep)yydx —[E; — Er]l//_|j+% =0. (A.9¢)
I I

2102 ‘9T J8go100 U0 AlSeAIUN UMoIg Te /B10's euanolpioxoeufewy/:dny woiy pepeojumod


http://imajna.oxfordjournals.org/

SUPERCONVERGENCE OF THE LDG METHOD 1319

Define E, =bj +s;(x)(x —xj)/hj, E, =v; +w;x)(x —xj)/h;, E, =1; +g;(x)(x —x;)/h;j
on [, where b;,v;,l; are constants and s;(x), w;(x), g;j(x) € P*=1 First, we let w = (s;(x) —
gj(x)(x — le)/hj in equation (A.9c) and get, by the definition of B}",

2

/] (e + Eg)(sj(x) — gj(x))(x —xj+%)/hj dx — B;r(sj -gj)=0.
J
Using the property of B;‘ in Lemma 2.3, we have

1
/[j(aq +E )(sj(x) — gj(x))(x —xj_{_%)/hj dx + %/lj(sj(X) —gj(x))2dx

1 2
+ Z(Sj(xj_%) - g,/(xj_%)) =0.
Thus,

/((sj(x) —gj(x))zdx < —4/{(8(1 +E (sj(x) —gi(x)(x —xH%)dx. (A.10)

1! J

Define piecewise polynomials s(x), g(x) and ¢(x), such that s(x) = s;(x), g(x) = g;j(x), p2(x) =

X=Xy 1 on [}, then summing equation (A.10) over all j,

s — gl < 4lleg + Eqllp2lp2llzoe.
By approximation results (2.9) and the fact that || ||L~ = h we get
s — gllz2 < 4hlleq + Eqll 2 < CR*T? + Ch|Eq |l 12, (A.11)
where C = C(Jlu|lx42). Similarly, letting & = 5;(x)(x — xj+%)/hj in equation (A.9b) and n =

w;(x)(x — X )/ hj in equation (A.9a), and using the definition of Bj_ and BT, we get

/1-(8r + E)w;(x)(x —xj_%)/hj dx —B;(wj) =0,

/I‘(e,, + Ep)sj(x)(x = x;, 1)/ hjdx = Bf(sj) =0.

Using the properties of Bj_ and B}" in Lemma 2.3, we have

1 ) w?(x./%)
/}(g,+Er)wj(x)(x—xj_%)/hjdx—m Wl dy - = o,
I I

1o, $7; 1)
/Ij(gp+Ep)Sj(x)(x—xj_i_é)/hjdx—}-ﬂj/lj S(/(X)dJC+—4 =0.
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Thus,

[ wiwas<a [ @+ Ewee—x,_pas,

1

/I.s]z(x)dx < —4/11.(8,, +Ep)si(x)(x —xj+%)dx.

J

Define piecewise polynomials w(x) and ¢1 (x), such that w(x) = w;(x), ¢1(x) = x —Xx;_1on I;; thus,

l¢1llL = h, and finally, we get

lwllz2 <4ller + Erll2 il < dhlle, + Erll2 < CHF2 4 Ch|E, | 12, (A.12)

Isliz2 <4llep + Epll2lidalizee < 4hlle, + Epllg2 < CHF? 4 CRYE, | 2, (A.13)

where C = C(Jlullg+4)-
Step 2. On the one hand, taking (v, ¢, ) = (E4 — E;, E), E;) in equation (A.7), adding them up
and summing over all j, we obtain

1EGIS2 + IEpll; — D(Ep., Eg; Ej) — D(Eq, Ep; Ef) = D(Eg — Er, Eq — Er; (Eg — E;)™)

=—/8rEqu—/ngpdx—/gq(Eq—Er)dx.
I I I

By the property of the operator D in Lemma 2.1, we have
1
IEqIZ2 + IEpIIZ2 + 5 DIE, - Er]ﬁ% = —/Ie,Eq dx —/Ie,,E,, dx —/qu(Eq — E)dx,
J

and thus
IEqI7, + I Epl3, < '/SrEqu‘ + '/e,,E,,dx‘ + ‘/eq(Eq —E,)dx‘.
1 1 1

Note that ¢, £, and ¢, are orthogonal to any piecewise constant functions, then

‘/IerEqu - Z/I rs () — x))/ B dx| < lerl 25l 2 e,
J i

‘/IepEpdx - Z/I 1 (1) (x — x7)/ hy dx| < llepl 2wl 2 bl
j J

‘/Isq(Eq—E,)dx - Z/I £ (506 = 8500 Cx = x)/ By dx| < llagll2ls = gll 2@l oe,
j J
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where ¢ = (x — x;)/ h;. Therefore,
1EGNT2 + IEplT 2 < oo lerl2llslizz + Nepll2llwl 2 + llggllz2lls — gllz2)-

From the approximation results (2.9) and employing ||¢ ||z = %, we conclude that

IEqI7, + 1Epl7, < CE T (sl 2 + llwll g2 + 1ls — gl 2). (A.14)
Collecting (A.11)—(A.13) into (A.14) we arrive at
1S + IEpll72 < CH**F + CH (| Egll 2 + I1Epll 2 + 1 Erll 2), (A.15)

where C = C([|ullk+4)-
On the other hand, taking (v, ¢, ) = (=Ep, E4, E, — E;) in equation (A.7), adding them up and
summing over all j, we obtain

IEAN 2 + D(Ep, Eg — Ey; E;) + D(Eq — Ey, Ep; (Eq — E-)T) = D(Ey, Eg; E))

=—/er(Er—Eq)dx—/equdx+/aqudx+/EqErdx.
1 I I 1

By the property of the operator D in Lemma 2.1, we have
1
IEA: + 5 D IES, | = —/e,(E, — E,)dx —/g,,Equ+/ng,,dx+/EqE,dx,
2 7 Jt3 I I I I
and thus

1
§||Er||§2 < ‘/Jer(Er — Eg)dx

1
+‘/8PEqu + ’/qupdx‘JrinEqniz.
1 1

Note that ¢, ), and ¢, are orthogonal to any piecewise constant functions, then

1

/er(Er—Eq)dx = Z/{ er(gj(x) = 5 () (x — x,)/hjdx| < llerll2llg — sl 2Bl e,
j J

'/]equdx =3 [ oo =y x| < leplpalsliz I,
j J

'/[Squdx = Z/} gqwj(x)(x — x;)/hjdx| < llegllp2llwll g2 1@l Lo,
j J

we recall that ¢ = (x — x;)/h ;. Therefore,

1 1
EHEVH%Z <l lerlizzlig = slizz + lepliz2lislizz + llegll 2 llwll2) + E”Eq”iz-

From the approximation results (2.9) and employing ||¢|| L~ = %, we conclude that

1 1
SNEAI72 < CHN g = sllga + lsliz2 + wll2) + S 1 Egll 7. (A.16)
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Collecting (A.11)—(A.13) into (A.16), we arrive at

1 1
§||E,||i2 < Ch* P+ CHM P2 (1Bl 2 + I1Ep 2 + I Ell 2) + 5||Eq||iz, (A.17)

where C = C(||ul|x+4). Then, equations (A.15) and (A.17) produce

1
SNEGIZ + IE I + 5 ||Er||iz < Ch* B 4 CH (I Egll 2 + 1 Epll 2 + 1 Exl 12),
which implies
IEgll 2 + IEpl 2 + I Erll 2 < C(llulliaa)n* 372, (A.18)

Step 3. Suppose that

k 2(x — xj)) 2(x — x;)
o) g, (2em50)
o= Xaln, (2 ST

on /;, where P, (-) denotes the nth-order Legendre polynomial. By using the technique in Cheng & Shu
(2010), conditions (A.4) and (A.5) yield the relationship

IEull2 < CIEG — Erll 2. (A.19)

We recall that 4 is the maximum of two different two different arbitrary mesh sizes. A combination of
equations (A.18) and (A.19) gives us a bound for E,,,

IEull2 < COYUEG 2 + 1 Ell2) < CO, llullgga)h* 372,

A.2 The proof of Lemma 2.8

If we can prove

t
lew (N2 + leg ()2 + /0 (lepll 2 + eyl 2) de < CeC1 AT, (A.20)

with C = C(a, B, llullk+4, llus]lx+3), then the estimates (2.37) and (2.38) in Lemma 2.8 will follow by
the approximation error estimates (2.9) and the triangle inequality. To this end, on the one hand, we
rewrite equation (2.24) as

1d _ } _ _ _ _
Ea||eu||i2 +lepll7, < —/[(gu)teudx —/Ig,,e,, dx —/Ig,eq dx—l—/[gqerdx

_ _ 1
- ﬁ/l‘speu dx + ﬁ2||€u||iz + Z||€p||iz~ (A.21)
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On the other hand, taking the time derivative in equation (2.21d), letting (p, v, &, n) = (—e,, €4, (€u)s,
er) in equation (2.21), adding them up and summing over all j, we obtain

1d _ _ _ _ _ - - -
S + e + /1 (eq)eq dx + /1 0, dx — /1 (eu)iép dx + /1 £p(@)r dx — aD(Ey, 2y 27)
- ﬁD(éqs Ep§ é;_) — D, ép; E;‘r) - D(E[la er; é;) - D(éQ3 @) E;—) —D((eu)r» Eq; (eu);) =0.
Using the property of the operator D in Lemma 2.1, we have
1d _ 5 _ _ _ -
Ea”eq”LZ + ”er”Lz + I(gq)teq dx + ; grer dx — I(f':u)zep dx
+ / ep(ew) dx — aD(ey, ep; &;) — fD(ey, p; &)) =O. (A22)
I
By taking y = e, in equation (2.21d) and summing over all j we get
Dey,ep; e, ) = /eqép dx. (A.23)
I

Using the property of the operator D in Lemma 2.1, and then taking # = ¢, in equation (2.21b) and
summing over all j, we obtain

D(ey,ep; ¢)) = =D(p, e45 ) = —/eréq dx. (A24)
1
Plugging equations (A.23) and (A.24) into (A.22), then

Ird _ 5 r_ 5 _ _ _ _
Ea”eq”L2+§||er”L2<_ I(Sq)tequ_ lgrerdx+ I(EM)tepdx_ [gp(eu)tdx

_ _ 1 B\, -
+ a/sqe,, dx — ﬁ/ereq dr + 2 llgpll72 + (a2 + 7) 1eg1172. (A.25)
I I
Combining equations (A.21) and (A.25) we arrive at

1d

1d 1 1 p?
= 12 = 12 = 12 = 12 215 12 2 = 2
S leullia s g llegliztolepla+5lerl. < A+0+4 Ileulle+(a + 7) llegl;o,  (A.26)

where

A= —/gp(éu),dx
1
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@:—/(su),éudx—/spépdx—/sréqu+/eqé,dx—,b’/epéudx
! I ! I I

—/(aq),équ—/srér dx—}—/(su),épdx+a/8qépdx—ﬂ/sréqu.
I I I I I

Using the approximation property of the projections (2.9), we get

and

101 < CH** (lewll 2 + 112g11 2 + 12,11 2 + 1211 2).

Integrating A with respect to time, we get, after a simple integration by parts,

/O Adt = /O /1 ()i, dx dt — /1 (@u(t)e (1) — 2,(0)2(0)) dx.

Thus, by the approximation results (2.9) and the choice of initial condition in Lemma 2.4, we conclude

that
t
/ Adt
0

where C = C(||u||g+4, ||us||k+3)- Integrating equation (A.26) with respect to time, we obtain

t
_ 1 _
< CHH / el 2+ G001, + CHA2,
0

1 1 1 [
—[&u(I%, + =12, )13 +—/ (epll%, + lle11%,) dr
4 u L2 2 q L2 2 0 V4 L2 r L2

1 _ 1 ro _ _ _
< §||eu(0)||iz+5||eq(0)||iz+c;zk+‘/ (el 2 + gl + 12,1 22 + llerll 2)de
0

t 2 t
+ 4 / 12ull7 > df + (a2 + %) / g7 dt + Ch*+2, (A27)
0 0

where C = C(a, B, ||u|lk+4, |4t |lk+3). Gronwall’s inequality and the estimates of the initial condition
(2.17) and (A.18) give us the error estimate (A.20).

To prove the estimate (2.39), we first need to get a bound for (e, ); (-, 0). Using conditions (2.15) and
(2.16), we have, at r = 0,

Dlj(érs P é;}') = D[}.(Eq, P E(_;) - D]j(éu, P éu_)
forany p € V}f‘. Then, equation (2.21a) becomes
[ @ip s @ = 0Dy @ pi &) + 8+ 0D @y i) =0
I
It follows from equations (2.21c) and (2.21d) that, at = 0,

/l/(eu)tpdx+(a_1)/1/equx+(ﬂ+l)/1_;eppdx:0
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forany p € V,f. Taking p = (e,); (-, 0) and summing the above equality over all j, we get, at t = 0,

1€€w): (- Ol z2 < (Ew)e ¢ 02 + la — Tllleg (-, 0)llz2 + 18 + Hllep (-, 0l 22
Then, the approximation results (2.9) and estimates for the initial data in equation (A.18) give us
@) (02 < CHFFY,

where C = C(a, f, ||tllk+4, llts|lk+1). Then, taking the time derivative in equation (2.21),
(p,w. & n) = ((ew)r, —(er)s, (p)s, (eq):), adding them up and summing over all j, we obtain

/1 @)er @)y dx + /1 @,)? dx + /I (6a)er @)y dx + /1 (6,02 dx + /1 (6):(2,); dx

(A.28)

letting

- /1 (g9)1(@r)r dx + aD((€w)r, (@u)s; (@u);) + BD((Eg)r, (@u)is (€9)) + D((er ), (u)rs (€r)))

+ D@, @)rs (@u)7) = D((Eg)r, @p)rs (€9);7) = D((€p)rs (8q)ss (€p)]) = 0.

Using the property of the operator D in Lemma 2.1, we have

/1 @)ur @)y dx + /1 @) dx + /I (ea)us @)y dx + /1 (6,02 dx + /1 (6):(2,); dx

- [@n@nar+5 UG8,y + A @ @) =0

Note that

D(@y)i, @) @) = /1 (e): (@) .

Combining equations (A.29) and (A.30) we arrive at

1d _ _ _ _ _
Sl @ I + 1@l < - /I () @)y dx — /I ()i @) dx — /I (6r)1 (g dx

+ /1 (6): (@) dx — B /, (&) + @) (@) d.

Integrating the above inequality with respect to time,

1 re o —
5@ @17 + /0 1@p)OII72 d <5 1@ O +7 + 2,

T = —/I/Ot(sp),(ép)t dr dx —ﬁ/l/ot(ép)t(éu),dt dx

where

(A.29)

(A.30)

(A31)

(A.32)
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F =— /I/OI(Su)n(éu); drdx —/I/Ot(er),(éq), dr dx
o [ [epenaax—p [ [ e
1J0 1J0

By the Cauchy—-Schwarz inequality and approximation results (2.9) we obtain

and

t_ 1t 21_
|N<Anwmm@m+zém%w;m+%énmmw;m

t 2 t
<An@mm@m+%4n@mw;m+w%ﬂ (A33)

Using integration by parts with respect to time, we get

=] < /Ot ICewuell 2 lewll 2 At + Nl (€u)ie DI 2 llew () 22 + 1 €u)ir 0) I 2 l1€w (0) [l 2
+ /Ot Cer)erll 2 llegllz2 de 4+ Nl (er)e (Dl 2 lleg Dl 2 + 1) (O)l 2 lleq (0) 22
+ /Ot gDl 2ller 2 dr + [1(eq)s (Dl 2 ller (DNl L2 + 1(eg)s (O) I L2 1l€r (0) I 2
+ 151 [/Ot ICep)iell L2 llewll 2 d + [l (ep)e (Dl 2 lleu O]l 2 + ||(€P)l(0)”L2||éu(0)”L2i|

t
<CW“AUMMrWQMHWMWNt

+ CH T 12ul 2 + N12gll 2 + llerllp2) + CRPH/2 (A.34)

with C = C(B, ullk+a, llusllk+4, s lk+4, l4seellk+1), where we have used the approximation results
(2.9) and estimates for the initial data (A.18) and (2.17) to obtain the last inequality. Plugging equations
(A.33) and (A.34) into (A.32) and using estimates (A.20), (A.28), we have

1 _ 2 t _
;w»mmgstWﬂ”+cM“wmmy+%xém%mnﬁmn (A35)
Denote E(r) = f(; II(en): (2) ||i2 dr and integrate over equation (A.35) with respect to time,
1 ﬂ2 t
—E(t) < CeCVp+2 4 —/ E(s) ds.
2 2 Jo
Gronwall’s inequality gives us

1
E@=Au@mw;w<@”%m?
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Therefore,
t
/ 1@ @)z dr < CeClRFF,
0
where C = Cl(a, B, |ullk+4, e llkra, luiellks4s ltsellks1) and Cy = Ci(a, f) > 0. Then, estimate

(2.39) follows by taking into account the approximation error estimates (2.9) and the triangle inequality.
This finishes the proof for Lemma 2.8.

A.3 The proof of Theorem 2.7

To get the linear growth result for the case o = f = 0, similarly to Lemma 2.8, we need to prove the
following error estimates:

lew(®)ll 2 + 1842 < C(1+ R, (A.36)
t
/ (Iepll 2 + el 2) dt < C(1+1)32n*F!, (A.37)
0

where C = C(|lu|lk+4, llusllk+3)- Note that, if equations (A.36) and (A.37) hold, we can easily get a
bound for (e,); (),

1
| 1@ ar < ot (A38)
0
and thus equation (2.36) will give us the desired result in Theorem 2.7 by combining with the approxi-

mation error estimates (2.9). First, let us prove the error estimate (A.36).
If o = f = 0, then equation (A.27) reduces to

1 _ 1 _ | L _
71Oz + 512, Ol + 5/0 (epl3> + llerll?,) de

1 _ 1 ro _ _ _
< 518z + 51124 O)IZ, + Ch*! /O (el 2 + gl 2 + 12pl 2 + llell 2) di + Ch* 2,

which, by using the bounds for the initial error (2.17) and (A.18), is

1 _ 1 _ | _
eI + 512 O + 5/0 (llepll7> + llerl13,) dr

< ChFt /0 t(néuan + llegllg2) de + R /O t(néanz + llerll o) de + CR*20 (A39)
By using the Cauchy—Schwarz inequality we get
(llew(®ll 2 + 124 () 12)* < ChFH! /0 t(uéuan + légll2) df + Ch* 2,
where C = C(||u|lk+4, llusllg+3)- Since ||lu|lg+a and |lu;] k43 are bounded uniformly for any time ¢ €

[0, T], thus we can assume that C = C(||u|lk+4, [lus]lx+3) < C with C a positive constant independent
of time. Denote E(¢) = [le, (¢)|l2 + lleg ()|l 2, then we have

t
E%(r) < Ch*H! / E(s)ds + Ch*+2,
0
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Define z(r) = Ch¥*! f E(s) ds + Ch%*+2 thus «/2(0) < Ch**!, and the above inequality gives us

E(r) < vz ().

Therefore,

dz(¢
Zd( ) ChE(@) < Ch' Yz ().

We integrate the above inequality with respect to time between 0 and ¢ and use the estimate for /z(0)
to obtain a bound on E(¢),

E() < vz(t) < V200) + Ch* e < CRMHY (1 + 1),
that is,
el 2 + lleg (Dl 2 < CRH( +1).

Finally, the error estimate (A.37) follows by combining equations (A.36) and (A.39). This completes
the proof of Theorem 2.7.
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