DISCONTINUOUS GALERKIN METHODS FOR WEAKLY
COUPLED HYPERBOLIC MULTI-DOMAIN PROBLEMS
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Abstract. In this paper, we develop and analyze the Runge-Kutta discontinuous Galerkin
(RKDG) method to solve weakly coupled hyperbolic multi-domain problems. Such problems involve
transfer type boundary conditions with discontinuous fluxes between different domains, calling for
special techniques to prove stability of the RKDG methods. We prove both stability and error esti-
mates for our RKDG methods on simple models, and then apply them to a biological cell proliferation
model [18]. Numerical results are provided to illustrate the good behavior of our RKDG methods.
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1. Introduction. This paper is dedicated to the study of hyperbolic multi-
domain problems with a transfer type discontinuous flux communication between
domains. The generic setup below (detailed in [2]) covers a broad range of cou-
pling problems which have received considerable attention over the past decade. Let
Q' C R™, n > 1, be a simply connected open set and {€;},=1.... o+ & nonoverlapping
collection of open subsets of Q with U Q; = Q. Then consider the phase space
K C RY with integer F > 1, a convex open set. For a given 7' > 0, the problem reads

as follows: find ¢ : [0,T] x © — K solution of

0 + div(fi(x,9)) = ( ®), on 0,T)xQ; i=1,--- N,
#(0,x) = (X)7 on  Q,
o(t,x)=0, on (0,

Vij(o(t,x7)) = ¢(t,x"), on (0

where f; : Q; x K — R™F and S; : Q; x K — R are smooth functions. The last
equation models the transmission condition between any pair of adjacent open sets
Q; and € such that Q;NQ; # 0 for (i,5) € {1,--- ,N'}?. The transmission condition,
that is discontinuous flux communication, is prescribed thanks to the smooth function
¥;; : K — K which allows us to define the right-hand trace of ¢(t,x*) at Q; N €,
from the left-hand trace ¢(t,x7).

Multi-domain problems have a wide range of applications, including the biological
model of cell proliferation [2], which is our main interest in this paper and will be
detailed in the third section. Other applications include multiphase flow in porous
media [3], traffic flow with discontinuous road surface conditions [6], and sedimenta-
tion in thickener-clarifier units [5] as examples. In all these models, the mathematical
difficulty lies in proving the well-posedness of the initial boundary value problems
(IBVP), and this is summarized well in the review [4].
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In this paper we deal with a nonconservative coupling setting where the veloci-
ties are nonlocal. As highlighted later in this paper, these two mathematical features
arise naturally in a biological context. We address the model developed in [18] in
the general context of cell dynamics, describing the time evolution of a density func-
tion depending on the age and maturity variables. This unknown is governed by a
kinetic-like equation involving velocities that are functions of integro-moments of the
unknown and the age and maturity variables. Closure equations for these velocities
are naturally discontinuous in the age and maturity variables, precisely at the biolog-
ical checkpoints which correspond to the interfaces between the biological phases [26].
These discontinuities require additional information which are handled as local dou-
ble IBVPs, where inner boundary conditions are formulated to express the biological
switch.

More details on the biological background of the model will be provided in section
3, which is devoted to its mathematical analysis and its numerical approximation. The
theoretical study of this model has been performed in [24]. The main difficulties come
from the nonlocal velocity, the coupling between boundary conditions, and the vector
nature of the coupling problem. We will pay special attention to the construction
and analysis of stable and high order accurate numerical algorithms for this model,
which to our knowledge has not been addressed in two-dimensional (2D) simulations
for nonconservative coupling. Although the well-posedness issue is not handled with
the same mathematical tools as that in [24], the numerical methods that we have
designed in this paper can be used in the application contexts cited above, like, for
instance, the traffic models [23].

The numerical algorithm we develop and analyze in this paper is the class of high
order accurate explicit Runge-Kutta discontinuous Galerkin (RKDG) methods. As
we will see below, such methods are particularly suited for handling the transfer type
discontinuous flux communication inter-domain boundary conditions. Discontinuous
Galerkin (DG) method is a class of finite element methods using completely discontin-
uous basis functions, which are usually chosen as piecewise polynomials. The use of a
DG discretization in space gives the methods the high-order accuracy, the flexibility in
handling complicated geometries, and easiness in treating boundary conditions, which
is important for the multi-domain model studied in this paper. The DG method was
originally developed in 1973 by Reed and Hill [22] to solve the framework of neutron
transport, that is a time independent linear hyperbolic equation. A major devel-
opment of the DG method was carried out by Cockburn et al in a series of papers
[7, 9, 10, 11, 12], in which they have established a framework to easily solve non-
linear time dependent problems, such as the Euler equations of gas dynamics, using
explicit, nonlinearly stable high order Runge-Kutta time discretizations [25, 19] (the
most popular scheme in this class is the third order strong-stability-preserving (SSP)
Runge-Kutta method that we use in this paper), and DG discretization in space, with
exact or approximate Riemann solvers as interface fluxes and total variation bounded
(TVB) nonlinear limiters to achieve non-oscillatory properties for strong shocks. The
RKDG method has advantages of high-order accuracy, high parallel efficiency and
the flexibility in handling complicated geometry. Stability and convergence results for
the RKDG method applied to scalar conservation laws are given in [27, 28]. In this
paper, in order to avoid the technical complication for analyzing fully discrete RKDG
schemes, we will perform stability and convergence analysis only for the semi-discrete
DG scheme, and concentrate on the difficulty in handling the particular inter-domain
boundary conditions in the analysis.
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The remainder of this paper is organized into three sections. In section 2, we
describe the main idea of our algorithm and analysis on a simple model of transport
equation in just one domain in one and two dimensions. The transfer type discontinu-
ous flux communication is realized through the interaction from the right boundary of
the domain to the left boundary. We analyze the well-posedness of this model prob-
lem and the stability and convergence of the corresponding DG scheme. The idea of
this analysis is used later in the proof for the more complicated biological model. We
also demonstrate the result using two numerical examples in this section. In section
3, we focus on the biological model describing the cell dynamics in developing ovarian
follicles [18]. Following the procedure of analysis in section 2, we present the proof of
well-posedness for the problem and stability for our DG scheme. Numerical valida-
tion is performed in the last part of this section which demonstrates that this scheme
can be used to solve this model well. Section 4 contains concluding remarks which
summarize the results in this paper and discuss possible future work.

2. A simple model with the main ideas.

2.1. One-dimensional case. In this section, we will consider the following
problem with suitable initial conditions

{utJruzO, z € [0,1]

(2.1) u(0,t) = Au(1,t)

wherein the factor A in the transfer type boundary condition is an arbitrary number
not equal to one (for our application, we have A > 1 which will be assumed in
the discussion below). Even though this is a one-domain problem, the transfer type
discontinuous flux communication is realized through the interaction from the right
boundary of the domain to the left boundary.

2.1.1. Well-posedness. First, we will discuss the well-posedness of the prob-
lem. We multiply the partial differential equation in (2.1) by (1+koz)u(z,t) and then
integrate it on [0,1], wherein the positive parameter kg is yet to be determined:

0 = fo 1+k0x)utu+(1+k01‘)urudz
= Ji 1+kox)(1 u?), da + [ ( 1+k0x)(% Q)wd:c
1A 11+ kox)ulde + L[(1+ kox)u?] [§ —5o [ u2da.

We would like to control the second term involving boundary values to be non-
negative. Considering the specific boundary condition, we should take k¢ such that
ko > A% — 1, so that

(1 -+ koa)u?] b= [(1+ ko)u2(1,1) — u2(0,8)] > 0.
Specially, we can choose kg = A2 — 1 > 0, thus,

d 1

1 1
= (1 + kox)utdr = k;o/ ude < ko/ (1 + kox)u?dz.
0 0

Using the Gronwall inequality we can deduce that
1 1
(2.2) / (1 + kox)u?(z, t)dx < ekot/ (1 + kox)u®(z,0)dz.
0 0

Notice that this weighted norm is equivalent to standard L? norm ||u||z2, hence the
problem is well-posed under the standard L? norm for finite time as well.
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2.1.2. Stability for the semi-discrete DG scheme. Next, we will discuss
the semi-discrete DG scheme for this model and its stability. In the subsequent

subsections, without loss of generality, we choose A = 2 to simplify the discussion.
We define

0=z <CE%<"'<CETL+%:1, Ij:[xj_%,xj+%], .
_1, h=max;h;, Vi ={v:v]|;e P*(I;)},

where P¥(I;) denotes the set of polynomials defined on I; of degree at most k. We will
consider uniform mesh h; = h for simplicity, although this restriction is not necessary
for our algorithm or the analysis below.
The semi-discrete DG scheme can be defined as follows. Find uy € V}, such that,
for all vy, € V3, we have
(2.3)
flj (up)svpdx — fI_ up(vp)zdz + ﬂjJr% (Uh)J+

(Uh)fézo’ j:1a27"'7n7
aj—i—% (uh) j+10 Jj=12,---,n, u

1
3 JTa -3

1 =21,
2 2
Notice that the transfer type boundary condition is easy to implement in our DG
scheme.
Proposition 1. The DG scheme (2.3) is stable for fized time t,

(2.4) lun (- )l 22(j0,17) < Mollun(-,0) || L2([0,1))

where My is a constant which may depend on t.

Proof. In order to prove the stability of the DG scheme (2.3), we would like to
follow the lines of the proof for the well-posedness and would like to take our test
function vy, as w = (1 + koz)uy. Here we choose kg = A% — 1 = 3. Unfortunately,
w, being a polynomial of one degree higher, is not in our finite element space V},, so
the best we could do is to take its projection in Vj,. We will use the standard L?
projection P, which is defined as the unique piecewise polynomial Pw in V}, satisfying

(2.5) /Xw—Pm¢m=m Vo € PH(I;).
I;
In the interval I;, u, € P*(I;). Let £ = 2(9571;]') € [-1,1]. Let Pi(§) be the stan-

dard Legendre polynomial of degree I, and Q;(& ) 1/ 2”1 P;(€). From the properties
of standard Legendre polynomials, we can get the follovvlng properties for @

Qi(-1) = /2 (1)}, 1=0,1,-- k+1

(26) f_l Qledg = 5lsa l s<k+1

EQu(§) = \/#(12113)@1“(5) \/m@—l(f), =12,k

We will first prove the following useful lemma.

LEMMA 2.1. Let v(§) is a polynomial of degree at most k about &, written as
v(§) = Zf:o bsQs(&), where the coefficients {bs}s=o,... k are independent of §&. If
g(&) = (co+c1§)v(€), wherein cy and c1 are constants, and e, = g — Pg, then we have

_ (k+1)2
(2.7) €g = Clbk\/(Qk—l—l)(Ws—i—S’)QkH(g)'
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Proof. Since g € P**1 we can express g(£) under the basis Q, ({)stl1 as

9(€) = Tr_glco+e1€)bsQs(8) = b dsQu(6) + c1br€Qi(€)
k
ES:O ast (5) + c1b (2k+k1+12k+3) Qk+1 (5)
where {ds}s=0,... x and {as}s=o,... x can be written out explicitly in terms of {bs }s=o,... k,

but such explicit expression is not needed in the analysis below. Here the last property
n (2.6) is used. Under these notations, we have

(k+1)2
€g = Clbk\/(%—f—l)(%—i—i%)QkH({)'

0
For any fixed time ¢, we can express our DG solution uy on I; by the basis Q4(&)

with coefficients b7 as below

k
=370, wel,

s=0

here we omit ¢ in the coefficients b2. In the interval I,

= (14 3z)up(x,t) = <(]. + 3$J) + 32h£> up(x,t).

Thus, with Lemma 2.1, we have

B 3h (k + 1)
(2.8) e=w—Puw="b \/MMQM(@.

Taking v, = Pw € V}, in the scheme (2.3), we have
- - = +
eo [ ()P~ / n(Pulade + By (PO~ Ty (P0))

Noticing the property of the projection in (2.5), and since uy, € P*(I;), (up)z €
P*(I;), we have

fI up) Pwd:r:fI up)qwdz,
fI un(Pw)odr = (un) (Pw)H_1 (uh) (Pw) - ij (up)zwdz.

From equation (2.9), we can deduce that

0= f[ up)rwdz — (u )7 +1 (Pw)7 + (uh)j_%(Pw)j_%
+fI Up)pwdz + ;1 (Pw)ﬁ_1 - aj_%(Pw)j'_l

f[ up twderfI up,)gwdx + (( WL - 3(Pw)+ N
Substituting the expression of w, and noticing that

flj (up)rwdr = 34 5, (1 + 3z)uidz,
flj (up)zwdx f 1+ 3x)(up)zundr = fl (1+ 3x) (1u%) dx
= % ) (1—1—3917JJr L) — %(uh) (1—}—336]7; %flj u3dz,
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-1)

N

Summing from j =1 to n, then we have
1 n
- 2dtf0 1+3x)uhdx—ff UidDC—i-%Zj:l(u ) %(1—i—39cJJr 1)
—E ) (e ) + X0 (wn)f ) — 1,y ) (P) .

Considering the boundary condition @y = 2, 1 = 2(us), , ,, we have
2

(2.10)

[N

Z(ui);+%(1 +3r,1) = @y (L4 32,,) +0% =

n n—1 n
Jj=1 j=1 Jj=

Because Pw = w — €, the last term in equation (2.10) can be written as
((wn)ty =,y ) Pty = ()i, =5y ) ()i, = ()}, =) (07,
wherein

((“h)f—% - aj_%) (w)f s = (up)7_y (1+ 3,

1
i-3 i—3 3

(NI

Now equation (2.10) becomes
(2.11)

0= %difo (1+3)uide — 3 [y uide+ 3 Y, @2 (1325 0)
—3 2 (u );r %( +3‘Tj7§)+Z]:1(uh)j+_§(1+3xj7%)
—z;tlwh)téa] (032, ) = S0 (), 3,y (OF
= id fo (14 3z)udr — %fo %de+%2?:1 ((uh);'_% —aj_%)z(l—i—?)xj_%)
-Ti ((uh>j,% ;1) (@F -

Therefore, we have
(2. 12)

14 fo (14 3z)uide — %fol uidz

= 15 (G >J,l—3,%)2<1+3x],%>+zﬂ(<uh>;%—a],5)<e>;%
< (- ay) wese ) (), - ay) + (O
< 1y (00,)

With the properties in (2.6), using the expression of € in (2.8), and noticing that

ot (S ’ A~ iy h,.;
[ =5 [ (Zb@(&)) de= 23 (00 > Ho])
I; -1 s=0 s=0
we have
(07,) = 200 gt @2 ()
= %gzi)l (b]) —94h(§l:—+1)1 I; updz.
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Let C), = (kA1) which is a constant only depending on the polynomial degree

I2RTD)
k, then (2.12) gives us
(2.13)
d I 1 1
% (1 + 32)uidr < 3/ ujdr + Z C’kh/ uidr < (3 + C’kh)/o (1 + 3z)ujdz.

Jj=1

Similarly as before, from the Gronwall inequality and the equivalence of the two
norms, we reach the conclusion that the semi-discrete DG scheme is stable under the
standard L2 norm for fixed time.

0

2.1.3. Convergence for the semi-discrete DG scheme. We now consider
the error estimate for the DG scheme defined in equation (2.3).

Proposition 2. The solution uy, of the DG scheme (2.3) for the problem (2.1)
with a sufficiently smooth solution u which is in the Sobolev space H*T1(]0,1]) satisfies
the following error estimate

(2.14) 1w = un) (-, )| 2o,y < Coh™™,

where Cy depends on u and its derivatives but is independent of h.
Proof. For the exact solution u, we also have

(2.15)
f] U’tvhdx - f[ Uh d.]? + u]-‘r (Uh);+% - aj—%(vh);’__% = 07 J= 17 2a : 3 Ty V’Uh S Vh
+1*( )+1*( )++%ﬂ *1727"'7’”717 an+%:(u);+%’ a%:(u)%—:2un+l
Let e = u — uy, denote the error. Subtract equation (2.3) from (2.15), then we can get

the error equation
(2.16)
{ f[ etvhdsc—fj e(vp) dsc—i-eJJr (v h);+ —€j7%(vh)f_% =0, j=1,2--,n Yu,€V,

j+%_()j+%’ .]_1727' c, N, e

I o

26, 1.

1
2

Nl

We now decompose the error as e, = up, — P~ u and €, = u— P~ u, wherein P~ is
the Gauss-Radau projection onto P¥(I;) (see for example [8, 16]), which has following
properties. For each interval I;, we have

(2.17) / epvpdx = 0, Yoy, € Pk_l(fj); (Eh)j_—i-l =0.
Standard approximation theory [13] implies, for a smooth function u, the error esti-
mate ||ep|| < ChET!) where here and below C denotes a constant which may depends
on the exact solution u and its derivatives, and on time ¢, but is independent of the
mesh size h. C can take a different value in each occurrence.

Substituting e = ej, — e, into equation (2.16), we can obtain that
(2.18)

Ty exhnd = J en(00)o + ()0 (005, — (@04 ()]
= f[j (en)ropdr — ij en(vp)zdr + (5h)j+%(vh)j_+% — (5h)j_%(vh);%, Yoy, € V,
wherein
€h Jt+3 = (eh)jjr%, J 5 &y )y 1, (é\)% = 2(6/;1)n+%7
Eh it3 (gh ;+%7 J = 1a 3 , I, (71)% = 2(577,>n+%
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Owing to (2.17), the right hand side of equation (2.18) can be written as

RHSJ = / (sh)tvhdx.
I;
Let w = (14 3x)ey, and P be the L? projection which project w onto P*. Taking
vp, = Pw, and using the same approach as in the proof of stability, we can rewrite the
left hand side of equation (2.18) as

LHS; = [, (en)rwdz + %(e,%)jjr%(l +3z,1) - %(6,21);[%(1 +32;_1)
=3 [, du+ ((en)?, — @),y ) (Pw)t_,.
Let [en]; 1 = (eh);'_l —(€n)j—1,J =1,2,--+ ,n. Substituting Pw = w — € and
2

summing up over j, we can get that

1d [ 3
ZLHSj = idt/o (1+3x)e; dz— / erdr+— Zeh 1—|—3x %)_Z[eh]j*%(e)‘

j=1

Similar to the discussion in the stability analy51s we have

ZLHSJ >3 ( / (14 3z)eldx — (3+ckh)/oleida:> .

Recalhng the approximation property of the Gauss-Radau projection, if u is s-
mooth enough, then

1
/ (Eh)thda: S Chk+1||Pw||Lz7
0

From equation (2.18), we can obtain

z (% fol(l + 3z)eidr — (3 + Crh) fol e%dac) < fol(Eh)tPUJdv’U

1
2

IN

1
Chkt1 (fol(Pw)Zda:) * < ORpkt! (fol wgdac)
< Ch?42 4 C [(1 4 32)2e3dx < Ch?H2 4 C [}(1+ 3z)e} dx.
Let C1 =3+ C) + 2C, we have
1d
2 dt

Using Gronwall inequality, we have

1 1
(2.19) (1+3z)eidr < Ch*F T2 4 Oy / (1 + 3z)ejdx.
0 0

1 1
/ (1 + 3z)es (z,t)dx < Ch*H2 4 eClt/ (1 + 3z)e3 (x,0)dx.
0 0

Choosing a suitable initial condition as wp(-,0) which can make fol 3 (z,0)dz
proportional to h?**2 or even equal to 0, we have

1 1
/ e3 (z,t)dr < / (1+ 3z)es (z,t)dz < Ch* 2.
0 0

Hence we achieve the optimal L? error estimate
(2.20) 1w = un) (- )l 2o,y < Coh™ .
0
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2.1.4. Numerical example. Example 1. We test the following problem

{ Uy 4 uy = — 1 sin(27(z — t)), z,y € [0,1],
u(0,t) = 2u(1,t)

which has the exact solution u(z,t) = sin(2w(z — t))(1 — 3z). Using our scheme
with P? elements and third order time discretization, we get the errors and orders of
accuracy in Table 2.1. Clearly, the numerical result coincides with the conclusion of
our analysis.

TABLE 2.1
error table, t = 0.5, cfl = 0.2

N Li-err Li-ord L2-err L2-ord L -err L -ord
20 6.82E-05 — 9.23E-05 - 4.97E-04 -
40 8.47E-06 3.01 1.16E-05 3.00 6.45E-05 2.94
80 1.06E-06 3.00 1.45E-06 3.00 8.20E-06 2.98
160 | 1.32E-07 3.00 1.81E-07 3.00 1.03E-06 2.99
320 | 1.65E-08 3.00 2.26E-08 3.00 1.30E-07 2.99
640 | 2.06E-09 3.00 2.83E-09 3.00 1.62E-08 3.00

2.2. Two-dimensional case. In this section, we will consider the following
two-dimensional problem

Up + Uy + Uy =0, x,y € 10,1]
(2.21) u(0,y,t) = Au(l,y,t)
u(z,0,t) = u(z, 1,1).

Without loss of generality, we also choose A = 2 to simplify the discussion in the
subsequent subsections. Notice that the transfer type boundary condition only acts
in the z-direction, which simplifies our analysis below somewhat. However this is
not essential, the same analysis can be carried out when the transfer type boundary
condition is applied in both directions.

2.2.1. Well-posedness. Again we will first discuss the well-posedness of the
problem. We multiply the partial differential equation in (2.21) by (1 + kox)u(z, y,t)
and integrate over the domain Dy = [0, 1]2. Taking advantage of the boundary condi-
tions, and taking ky = 3 to cancel the boundary terms generated through integration
by parts in the z-direction, we obtain

1d 3 11
=_-— 1 Ydedy — = 2dxdy.
Oth/O/O(+3x)uxy 2/O/Ouacy

d

— (1 + 32)uldedy = 3/
dt Do Do

Thus,
wldrdy < 3 / (1 + 32)u’dzdy.
Do
With the Gronwall inequality, we can deduce that
(2.22) / (1 + 32)udedy < e?’t/ (1 + 3z)u?dxdy.
Do DO

Therefore, this problem is well-posed under both the weighted norm and the standard
L? norm for fixed time.
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2.2.2. Stability for the semi-discrete DG scheme. Next, we will discuss
the semi-discrete DG scheme for this model and its stability. We define

1
O=zi <23 < <2y 1=1 hy=-, Li=[z_1,21]

O=yy <ys < <yp41=1 hy=5, J=[y_ 191l
h = max(hq, hy), Kij =1 x Jj, M) o QMK

where P*(K. ;) again denotes the set of polynomials defined on K; of degree at most
k and QF (Kij) denotes the set of tensor product polynomials defined on Kj;j, namely
each member in Q* (Kj;) is a polynomial of degree at most k in x for fixed y and is a
polynomial of degree at most k in y for fixed z. As before, we will consider uniform
mesh for simplicity.
The semi-discrete DG scheme can be defined as follows. Find uy € V}, such that,
for 1 <4 <ng,1 <75 <nyand all v, € V), we have
(2.23)
S, (wn)rwndedy — [ie un(vp)edady + [, ( +1iWvn(T 1Y) — iy J(y)vh(wf,%,yﬁ dy

_fK Up, Uh) dxdy+f[ ( 'LJ+ ( )Uh(.%',yj+ ) az,]fé( )'Uh(l’,yj_,’_%)) da::O,

wherein

M

%,j(y) = 2an1+%,j(y)7

u
ai,j-‘r%(x) :uh('rayj__i_%)a .7:1727 y Ny ﬁ(x,y%) :a(xayny-i-%)'

Proposition 3. For both P* and Q¥ finite element spaces, the DG scheme (2.23)
is stable for fized time t,

(2.24) [un (s DllL2 (o) < Mollun(-s -, 0)ll L2 (Do)

where My is a constant which may depend on t.
Proof. Following the procedure in section 2.1.2, let w = (1 + 3z)uy, and P denote
the standard L? projection to V},, which for the specific w acts in the z-direction only.

Let £ = w and n = w in K;;. We can express uy, on K;; by
x Y

k
=D b (mQs(€)
s=0

where @, is the scaled Legendre polynomial defined in the previous section, and b% (1)
is a polynomial of 7 with degree not exceeding (k — s) for P¥ and not exceeding k for

QF. Especially for P* space, we can write the coefficient b% (1) as f Og BI(1)Qi(n),
wherein % (1) are constants. Recall w = (1 + 3z)u, = ((1+ 3x1) 3 ¢) wy,. With
Lemma 2.1, in Kj;;, we have

(2.25)

.. s 2
3he o B (k — s) %Qk s(MQs11(8),  for P* space,
ij kt1)?
Shaby (n) (2k(+1—;_(12)k+3) Qre+5(8)- for Q space.

Take v, = Pw in the scheme (2.23). Integrate by parts for the second and fourth
terms, then use the property of the projection, we have
(2.26)

[, (un)rwdzdy + [i (un)swdady + [, (Uh T y) Uiy, )) Puw(x] s, y)dy
+fK1:j (un)ywdzdy + fIi (uh(x,y;'_%) — ﬁw-_% x)) Pw(z,yt ,)dr =

eV =w—Pw =


qyliu
高亮
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Notice also

Jic, (un)owdady = [, (Sud (e, p)(1+ 32,
fK (u )ywdxdy—fI 1—|—3a:)( u? (z, yﬁ_%)

Y@l ) (3w, ) ) dy — § [y, uddudy,
) do
Substituting the two equations above and Pw = w — € into equation (2.26), and
noticing that

)= 3
SACH N

w\»—A

Y) =
) =

we can sum over ¢ from 1 to n, and j from 1 to n, to obtain, with the boundary
conditions Uy ;(y) = 2U,,, 1 ;(y) and U, 1 (x) = U, 41 (),

uh(

7+ z+%,j(y)7 fO’I" Z:172a s Ny
un (2, y;

7_]-i— (m) fOT' j:172a"'7nya

|N\H
S 2

+1
+3

E?:mlJ% +1'()( +3‘T )dy_ZzlJ%Q%j(y
S [, (14 32) (% e )) de =Y, [, (1+32 (ﬁij_%(x)) dz.

The equation (2.26) now becomes
0= 34 [p, (14 30)uddedy + X, [, 5 (@2, 2
_% fDo u%dmdy +22 . va (“h(mzr_%7y) - aifé,j(y ) Uh x,_%,y)(l + 39517%)‘1?/
+ Xy S, (1 32) (32, (@) — S (w,yt ) de
u

JrZijf] (14 3z) (un(z y;_ %)*ai,j—%(w) h(x,y;;%)dx
Z’L] f,] (uh i_lvy) Azféj(y) e”(xj_%,y)dy
=iy (@)~ Ty () o

1,
= 14 o (14 32)ujdedy — 3 fDougdmdy

2
+2-,ij.%(uh<le,y> Ty (0) (1432, y)dy

i—3 ,
-5, fJ (uh C oY)~y () €9y y)dy
- Z” f[,i (uh x»-y;r %) - jfé(x) e (x, y;r_%)dx
Therefore
14 fD 1+ 3z)uldady — 2 fD u? dzdy

(2.27) < §Zi,ijj (6 xi_gy)) dy+ Zufl( %))2(&.

From the expression of €/ in (2.25) and the expression of uy,, for P* space, we

have

- 2 . .
o (96, m) dy = h2hy SE (89 (= ) 5ty < h2hy Ao (B9 (k - 5))?,
2 .
3y (G >) do = h3 A (B (k — 5))* eiiirss (2(k — 5) + 1) < S(2k + 1)h2 5 (89 (k —

Jic,, whdady = "5 S0 S5 (B (D) = o o0 (B (k — 9))2.

s))%,
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For QF space, we have

2 1 i

Qf ( er 171/)) dy = 392 U;;:H th f_ b] 77)) dn,
2

s () e = B et a0 (L)

6 2h+1)(26+3) Lz
fK uidzdy =

T [ SR () 2dn > Pl [ (61 () 2dy.

I

E‘N

x

So for P* space, we have

%Z‘,jfj (ij T_%ay)>2dy+%zi7jfl ( TR ) dx

i (sphahy + 35 <2k+1>h3)z’: o (B (k o
2”3(34—(2/4;—&— )h fK u? dxdy

- (3+(2k+1) )h [y, u}ddy.

(2.28)

IN

If is upper-bounded by a constant « during refinement (a standard requirement

for regular meshes), let Cj, = 2 (3 + (2k + 1)a), then

(2.29)

4 (1 4+ 3x)uidedy < (3 + C’khm)/
Do

uidrdy < (3 + Cyhy) / (1 + 3)uj dedy.
dt Dy

Dy
From the Gronwall inequality, we have

/D (14 32)us (z,y, t)dedy < eB+Crha)t /D (1 + 32)ui (x,y,0)dzdy.
0 0

Since this weighted norm is equivalent to the standard L? norm, we have proved
that the semi-discrete DG scheme is stable under the L? norm for fixed time.

This stability result also holds for the tensor-product polynomial Q" space. In
this case, the coefficient by’ (1) is a polynomial of degree at most k. So with trace

theorem, we have (bfgj(fl))2 < Oy f_ll(sz(n))zdn, wherein Cy is a positive constant.
This leads to

iy 2 N 5
%Zi,ij ( N j_ 1’y)> derlZiij (ew(l'»y]t;» dx
kt1) v k+1 i
= Zz] 392 (2k+1 hZhllf b] ))Zdn+zz] 16mhi(b]( ))2
(k+1 Co
16 26T 2ij ( 2hy + 2k+3hi) Tahy JK, u? dxdy

_ 9 (k+1)? 2Cy h,
= 8 2k+1 (1+ 2k+23h )h fD uhdxdy

(2.30)

IN

So similarly we can get the stability.
0

2.2.3. Convergence for the semi-discrete DG scheme. We now consider
the error estimate for the DG scheme defined in equation (2.23).

Proposition 4. The solution uy, of the DG scheme (2.23) for the problem (2.21)
with the exact solution u smooth enough (namely it is in the Sobolev space H**1(Dy))
satisfies the following error estimate

(2.31) 1(w = un)(-s - 1)l L2(py)y < Coh*, for the P* space,
' [(w—un) (- )l L2(py) < Coh*, for the QF space,


qyliu
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where Cy depends on u and its derivatives but is independent of h.
Proof. The exact solution also satisfies the scheme (2.23):
(2.32)

Jie,, wavndedy = [ie w(on)odady + [; (g @on(ar,,0) = Gy ; @)onel . v)) dy

1
27

5J
— Jyc,, ulvn)ydady + [, (ﬁi7j+%(x)vh(x7y;+%) ;53 (@)on(z,yt, %)) =0, Yo €V,
wherein
Uipy W) =ulev) =ul@l ), i=12ne 1
ai,j—&-%(x) = u(a:,yj_+%) = u(x,y}:?, J=12,ny—1,
anw+;,j (y) = U(QU;I %,y), ai,ner%(‘T) = u(xay;y+%)a
Uy () = u(@l,y) =20y, 11 5(v), Ww,yy) =ulz,y]) = 8,y 11)-

Let e = u — uyp, denote the error. Subtracting equation (2.23) from (2.32), we can
get the error equation
(2.33)

[k, exvndady — [ e(vn)odady + [, (€i+%,j W)on(z,159) = é}f%,j(y)vh(wf_% , y)) dy

_ fKij e(vn)ydady + [} (€i7j+%(x)vh(x,y;+%) - gi,j_%(x)vh(x,y;;%) de =0, Yoy €V,
wherein
By @) = ey =12 im0 =24y,
/e\i7j+%(‘r) ze(;c,y];%), J=12,--,ny, ’e\(w,y%) :/e\(m Yny+3 )

First consider the P* space. Let ej, = uj, — Pu, €, = u — Pu, wherein P is again
the standard 2D L? projection onto P* (Kij). Substituting e = €5, — e;, into equation
(2.33), we can obtain that
(2.34)

Jic, enyivndady = fic, (en) (n)odady + [, ((é)icy,
—fK eh Uh) d:z:dy—i—fl ( é;z ‘)j+l(-’1/')’0h(x y»f 1) -
= Jx,(en tvhdxdy i, (&n) Uh) drdy + f}

wherein
(é;L)%l»%,j(y) = eh($:+%7y)7 i = 1727 c Ny, (é;l)%,j(y> = 2(671)77,1,«%%,](2;)’
(é;L)@j-i-%(‘r) = eh(zzyjjr%)r .] = 1727 c s Ny, (é;L)(Iay%) = (é;L)(x7yny+%)7
(gil)z+%,j(y) :Eh(l';_%,y), i = 1»27 y N (é]\l)%,](y) :2(5\)n1+%,g(y)7
(éﬁ)i,j-ﬁ-%(x) = Eh(%y-_ ) J=12,--+,ny, (E/ﬁ)(x,y%) = (E)(%ynﬁ-l)

Similar to the proof of convergence for the 1D case, taking w = (1 + 3z)ep and
vy, = Pw, we can use the approach in the stability proof to deal with the left hand
side of (2.34), obtaining

1/d
> LHS;; > 5 (dt/ (1+ 3z)erdzdy — (3 + Ckhm)/ e,%da:dy> .
i Do

Do
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Notice that vy, (vs), and (vp), all belong to the space P¥(K;;), with the properties
of the L? projection, the first two terms and the fourth term of the right hand side of
(2.34) are equal to 0, hence

= [, (IE0) iy PO, )] + 1@y G PEE 0l dy
I, (1)1 g3 @ (P) @,y )l +1ER) oy (@) (P (@, 5, ) dor

1
2

We now just consider the first item, as other terms can be handled similarly. Under
the requirement for regular mesh, using the trace inequality for Pw, we have

Sy 16

5 (
th

Notice that sz'j (Pw)?dxdy < fK” widzdy < 4fK“(l + 3z)eidrdy. With the ap-
proximation property of €5, we have

() (Pw)(ar, 1 v)ldy
(

9)? + h((Pw)(ar,,,1))?) dy

Eh)it g
((€n)s i+1.4
G y))Qdy+CfK” (Pw 2d:valy

IAIA
/\ ;"‘H

1
+3,

> RHS; <Ch** +C | (1+3x)ejdzdy,

0] Do

So we have

(2.35) % (jt /DO(1+3z)eidx— (3+Ckhx)/

eidw) < Ch*4+C | (143x)eldz.
Do

Do

With a suitable initial condition, Gronwall inequality and equivalence of the two
norms, we finally get the sub-optimal L? error estimate

(2.36) H(u - uh)(" E t)lle(Do) < Cohk'

Notice that we are getting a sub-optimal error estimate because we have used the
standard L? projection for u in the proof. Optimal error estimates of O(h**1) can be
obtained if the DG space is Q" instead of P¥, since in this case we can replace the L2
projection by a 2D Gauss-Radau type projection (see for example [8, 16]). We will
not give the details here to save space. O

2.2.4. Numerical examples. Example 2. We test following problem

Up 4 ug + uy = —3 sin(2m(z 4+ y — 2t)), z,y €[0,1],
u(0,y,t) = 2u(1, y, 1),
u(z,0,t) = u(x,1,t)

which has the exact solution u(z,y,t) = sin(27(z+y—2t))(1— 4z). Using our scheme
with P? elements and third order time discretization, we get the errors and orders
of accuracy in Table 2.2. We obtain clearly third order accuracy, indicating that our
error estimate is perhaps not sharp for such rectangular meshes.

3. A biological model.
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TABLE 2.2
error table, t = 0.1, cfl = 0.2

N Li-err Li-ord L2-err L2-ord L*>-err L°°-ord
10 2.11E-03 — 3.30E-03 - 3.75E-02 —

20 2.64E-04 3.00 4.17E-04 2.99 4.81E-03 2.96
40 3.29E-05 3.01 5.23E-05 3.00 6.13E-04 2.97
80 4.11E-06 3.00 6.54E-06 3.00 7.69E-05 2.99
160 | 5.13E-07 3.00 8.17TE-07 3.00 9.64E-06 3.00

~
fmaz

Amax

Gl | SM

7o
(A Iy 9

Fic. 3.1. Fields of the definition for 3 cellular phases.

3.1. The follicle selection model. The follicle selection model is a multi-
domain model for ovarian follicular development. The development of ovarian follicles
is a crucial process for the reproduction in mammals. This model is developed in
[18, 17, 14, 1, 2, 15]. In this model, each ovarian follicle is described through a
2D density function giving an age and maturity-structured description of its cell
population of granulosa cells. The cell population dynamics is ruled by a first-order
conservation law with variable coefficients which describes the changes in the granulosa
cell age and maturity, and with a source term corresponding to cell apoptosis. The
model has the transfer type boundary conditions because of cell mitosis, which means
that at the end of a cell cycle, one mother cell gives birth to two daughter cells. In
the model, this is described as the density doubling its value at the end of the cell.

There are slight differences among the models discussed in the references listed
above, mainly through different partitions of biological domains and expressions of
coefficients. We will consider the model in [18] as a representative example. This
is a nice example of multi-domain problems with discontinuous flux communication
through boundaries. We will first discuss the well-posedness of the problem and then
analyze the stability of the related semi-discrete DG scheme. We will omit the error
estimates for the semi-discrete DG scheme to save space.

The granulosa cell population consists of proliferating cells (they are running a-
long the cell cycle), differentiated cells (they have left the cell cycle) and apoptotic
cells (they have engaged in a dying program). We characterize the cells by their posi-
tion within or outside the cell cycle and their sensitivity to FSH (follicle stimulating
hormone). This leads us to distinguish 3 cellular phases (domains) within the granu-
losa cell population detailed in [18]. The domains for these three phases are shown in
Figure 3.1. We denote the whole domains by (2.
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For a given follicle, we introduce the cell density function ¢(z,y,t), wherein
the subscript f = 1,--- , F represent the serial number of follicles; ¢ denotes time; x
denotes the cell age, i.e. its position within the cell cycle, or, if the cell is already
differentiated, the sum of the age reached at the cell cycle exit and the time elapsed
afterwards; and y is a marker of cell maturity representing the cell responsiveness to
FSH [21]. In each biological cellular phase (domain), the cell population dynamics is
ruled by a PDE detailed below. In the G1, SM, and D phase or domain respectively,
we have

o gy (u Ohs(y,u
%_,_ gf(af)¢f+ f(éyf)¢f = —A(y, U)oy, (x,y) € G,

(3.1) %L 4+ %1 =0, (x,y) € SM,
a 8 hs(y,u
dor 96 if(%y”‘”f = Ay, U)éy, (x,y) € D,

where the functions gy, hy and A are respectively the aging and maturation velocities,
and the source term. The u¢ and U arguments are respectively the local control term
and global control term detailed in [18].

Boundary conditions are given as follows

gf(uf)(bf(ao 5 Y, ) - 2¢f(a2_?y7t)a (TS ['yOa’YSL

¢f(a1 ay7 ) - gf(uf)¢f(a1 'Y, )7 RS [70373]7
(3 2) ( 775 ; ) ¢f(x Vs s ) LS [aOval]v
. (1’7'70 ) ) 0, T e [a07a2}>
(bf(l’ FYO ) ) Ov HARS [alaamam]y

¢f(a0 ay’t) - Oa RS [7577mar]-

Here we define the PDEs in (3.1) together with the boundary conditions in (3.2)
as our biological model problem.
We have the following assumptions for the functions g¢, hy and A:

0<r <gglup) <ray Y, Aly,U) >0, Y (y,U),

3.3 f :
B3 a2 0, Iyl up)le < My, 228000 < by

where 71, ro, M7 and Ms are fixed positive constants.

n [18, 2], finite volume schemes were used to solve this problem, with special
treatments for discontinuous flux communication, which were much more complicated
than the treatments in our RKDG scheme. Also, no stability or convergence proofs
were provided for these finite volume schemes.

2. Well-posedness of the problem. In order to discuss the well-posedness,
we let w(z) = 1+ ko(z — ao), multiply each PDE by w(z)¢s(z,y,t) and integrate on
its own domain. Here kg is a positive constant, to be determined later.

In the G1 domain, we have

0= o Shasogdady + oy UGty
+Ja %w( )opdzdy + [, Ay, U)W(x)(éfcdxdy.

Performing simplification similar to that in the 2D case studied in the last section,
we can deduce that

2 at fGl x)¢}drdy = —3 I " gr(up)dt(ar, v, t)(1 + ko(ar — ag))dy
+ 3 o 9f(“f)¢f(a0 2y, t)dy + kogf(uf) Jen Fdady
= 3y hf %,Uf) (@)% (2,75, )dx— 1 [y P (a) g3 dady

= Jar M (z)p3dady.

(3.4)
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The other two domains can be handled similarly. For the SM domain,

2 & Sy w@dtdedy = —5 [0 63 (ay,y, t)(1 + ko(az — ao))dy

3.5 )
(3.5) + 3763 (al,y, ) (1 + o(ar — ao))dy + 5 [o, $3dady,

and for the D domain,
(3.6)
2 Jpw(0)djdudy = 3 [y Gjdady = 5 [, Ry (s, up)e(@)03 (x5 )dn
h u
- 3l % (z )qb%d:cdy [ Ay, U)w(x) ¢3daxdy.
In order to control the boundary terms, we multiply (3.4), (3.5) and (3.6) by a1,
ag and ag respectively and then sum them up, where a1, as and ag are positive

constants to be determined later. We then substitute the boundary conditions. Let
(3.7)

||¢f||§,ko=(a1 [ ety +a [ sy +as [ w(m)qb;dxdy),
G1 SM D

we have LHS = %%Héﬁf”i,ko , and

RHS = f’Yb (algf(uf - a29f f)) d)?f a1 ,y, ]. + ko(a1 — ao))dy
—% ae (@1 = az)hy (s, up)w(z) o3 (z, 75, t)da
-3 f% (0‘2 (1+ko(az — ao)) — 1W) d3(ag,y, t)dy
o Ohys(y,uy)
% Jo (%fa*;: +20(y, U)) wlz) ¢ dady
=5 [y (2180 4 20 (y, U) ) w(w) ¢ dady

obogg ) [ Grdudy + 25 [, dady + 252 [, $rdudy
= I+41I+1II,

where I, IT and III represent the summation of terms in the first three rows, terms in
the next two rows and terms in the last row, respectively.
Noticing the assumptions in (3.3), we have

ko

I < 7”¢f”ak07 T < =2 [l 112 ko
where C, = ko max(1,rz).

To control I to be non-positive, we can first choose a positive number kg to satisfy
Ty < Wﬁ, then take as =1, a1 = a3 and o1 € [ra, W?ﬁ], so that

argy(uy) — azgi(ug) >0,
(3.8) a; —ag >0,

OZQ(]. —+ kO(CLQ — ao)) — alﬁ 2 0
Thus I < 0, and therefore we have
(3.9) ||¢’f||a ko < (Ma + Co )| ¢112 k-

With the Gronwall Lemma and the equivalence of the weighted norm and the standard
L? norm, we can claim that the problem is well-posed for fixed time.
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3.3. Stability for the semi-discrete DG scheme. Next, we will discuss the
semi-discrete DG scheme for this model and its stability. For simplicity, we consider
uniform partition.

Gmaz —A0
Ng )

ha
Yo =YL <Yz < <Yp, 41 = Ymaz; hy = %nanw;’ma
Li=loi @il Ji=ly_1,y541], Ky =1L xJj,

CLQZ.CL'% <.’IJ% <"'<xnw+%:amaa:a

M(Kij)}

where P¥(K;;) again denotes the set of polynomials defined on K;; of degree at most
k. We assume n, and n, are chosen such that there exist positive integers nz,, ng,
and n,, satisfying

Tnoy+3 =0 Tng, 44 =92 Uny 14 = Vs

The semi-discrete DG scheme can be defined as follows. For a fixed follicle f,
f=1,---,F, find ¢sp € V}, such that, for 1 <i <n,,1 <j <ny,andall v, €V}, we
have
(3.10)

Jre,, (Den)eondady — [o gp(up)dpn(on)adady — [o hy(y,up)dsn(vn)ydrdy
+15, (9f¢fi+é,j(y)”h(xf+%»y) 9f¢fzﬁj(y)vh( i_l,y)) dy

+ fqu (hf¢fi,j+%($)vh(x7 ZUJ;%) - hf¢fi7j_%( x)vp(x, yj+%)) dx
== [k, My, U)o snon, for K;; C G1,

(3.11)
fKij (d)fh)tvhdxdy - fKij ¢fh ’Uh) dxdy

15, (970145007 4o 0) = 07,y s W)on(aTy0y) ) dy =0 for Ky € SM,

Jie,, (Dpn)evndady — [r bpn(vn)adady — [i Dy, up)dsn(on)ydedy
fJ (qbfl_;,_ J y)vh(a?;+%7y) ¢f1_7](y)vh( i— 17y)) dy

+L(MWW+U%u%ﬂ>hmh]<>< L)) do
= _fK d)fh’Uh, fO’/‘ Ki] C D

(3.12)

wherein we take the upwind flux
(3.13)

gf¢fi+1 j(y) = gf(uf)(ﬁfh(x:_%vy)a Kij - Gla
¢f1+ W) = dgn(x z+§’y) K;; cSMUD,
hf¢f”+ L (2) = hyp(yj41, Uf)d)fh(x y,) Ky cGrub,

¢f%7j( ):0’ J=ny 1 ny,
95971 ;) =205, 1)y br, 11 50) = 95bp, 1 W) T= 120 0y,
hf(bf%%(l‘) :O7 7 = 1,2’-.- ’an) hf¢fz7ny1+%(l‘) :0, ’L':TLII +1’ s Ny

Proposition 5. Assume that (3.3) hold true, then the DG scheme (3.10), (3.11)
and (3.12) with fluzes chosen in (3.13) is stable for fixed time t,

(3.14) Psn (s Dll2) < Molldsnl-s - 0)llL2(a),
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where My is a constant which may depend on t.

Proof. We can prove the stability for this semi-discrete DG scheme following
the steps we used in the previous section for the simple 2D model, and the proof
of well-posedness for the biological model. Similar to the proof in section 2.2.2, let
w = w(z)psn. As before, we can express ¢, on K;; by

k
Srn(w,y) =Y b7 (MQs(8),
s=0
where the coefficients b/ (1) € P*=%([—1,1]) are related to the fixed time ¢ which is

omitted in the expression. We can also write coefficient b% (1) as Y= 87 (1)Qy ().
Then, in K;j, w = (1 + ko(z — ao))osn = ((1 + ko(z; — ao)) + %5) ¢¢n. Using
Lemma 2.1, we have

k

_ ko TR R Gk Y
= ?hwgﬁs (k —s) (ZH1)(2%3)@;@78(77)62”1(6).

(3.15) €Y

Take v, = Pw in the DG scheme, then integrate by part. Doing summation for
all the cells K;; in the G1 domain, and taking advantage of boundary conditions, we
have

2 dt fG1 ¢fhd$dy 2 fcn gr Uf)¢fhd95dy
+fc%( U) (hf(ya“f)) ) (z )¢fhd$dy N
=3 [, 395 Uf)¢fh(a1 )1+ ko(ar — ao))dy + 3750 [5 545 0n(az ,v)dy
_Zzli I; th(,ysau’f) ( ) fh(m 75_)2dx
+§ ZKijecl ij gs(uy) (6‘ (x ,»_py)) dy
2
+% ZK‘,ﬁjEGl fli h’f(yj*%’uf) (6” (xﬂ yj_%)) dx

Let LT denote the summation of the terms in the last two rows above. Notice
the assumptions in (3.3) together with the expression of €% in (3.15),

. 2 . 2
LT S QZKUEGI f] ( g j_ 1ay)) dy+ %EKUEGI f[i (el](xay;;,)) dx

IA

< 3Xkec (7’2 32h2h + M 5 2k+1h3) Sk (B (k — s))?
= 2 ZK”eGl 3 (T2+M12k+1h ha fK ¢fhdmdy
< (T +M 21~c+1 h h fGl ¢fhdxdy
With the standard requirement for regular meshes (2 pe < ) let Cy, ,, = ’%2(7«2 +
2kt M), then LT < Ciy iy ha fG1¢ pdredy < Ciyy he [ w qbfhdxdy So we
have
(3 16)

3 fG1 ¢5fhd:rdy < kow S (@pn)*dady + 2 2 Jor (Bn)? (1 + koa)dad'y
nyl fJ 59f uf)¢jh(a1 Y)(1+ ko(ar — ao))dy + 2?911 J7 g1 uf ¢fh(a2 ) dy
n” f] zhf (Vss up)w(z )¢fh(95 v )dx + Ch, o N fGl ¢fhd$dy
Similarly for the domains SM and D, we have
(3.17)
%% ISMW )¢fhdxdy <k ISM ¢fhdxdy Znyl fJ 2¢fh(a2 2 Y)(L+ koaz — ao))dy

+Z;7’yll ) gf2uf) ?h(af,y)(l—i-ko(al—ao))dy—I—Cgk wo P [gp w( qﬁfhdxdy
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(3.18) 3o [pw( )¢fhd$dy< ¢fhd$dy+ 2 [pw( ¢fhd=’ﬂdy

+Z?Ii I; zhf('787uf) w(w )(bfh(x Vs )dx+03k koh fD ¢fhdxdy

We multiply (3.16), (3.17) and (3.18) by a1, as and a3 respectively and then sum
them up, so LHS = %inﬁtha koo and

RHS = =0 [, 5(angp(ug) — azgi(ug))¢f,(ar, 9)(1 + koar — ao))dy
=308 [y, 59 (az . y) (a2(1 + ko(az —ag)) — o gf(uf)) dy
- é(al —ag)hp(vs, up)w(z )fbfh(x Vs )dx
tadle [ 0(@)g3, dedy + @M Jpw@)ég,dudy
ak Jor % hdxdy—i— azko [0 % dody + 23k fD qﬁfhdacdy
—|—a101k o P fGl gbfhd:vdy—f— asCa,  ha fSM x)p% ), dxdy

+asCs, , ha [pw(@)dF,dedy
= I'+1I'+ HII

where I’, I and III' represent the summation of terms in the first three rows, terms
in the next two rows and terms in last two rows respectively.
Let Ck, = ko max(1,rz2), we have

II (M2+Ck0)||¢fh||a ko*

l\')\»—l

Take the same ko and weights «; (i = 1,2,3) to satisfy the conditions in (3.8),
and let Ok, = max(Ch, , ,C2, 4, > Cs, 4, ) We have

I'<0, I < CrohalldsnllZ k-

Hence

(3.19) Hsbfhlla ko < (M + Cro + 2Ck10h0) 10512 1

Now, from the Gronwall Lemma and the equivalence of the two norms, we can claim
that the semi-discrete DG scheme is stable for fixed time.
|

3.4. Numerical simulation. In this section, we consider the example described
in section 5 of [2]. There is a slight difference from the model in [18] in that the age
of the granulosa cell will not come back to 0 at the end of mitosis. This makes the
coeflicients different but it does not cause any difficulty to the numerical scheme and
simulation.

Let us denote by F' the number of follicles in the general case. The cell density
® = (¢5)f=1,...,F satisfies the following system of equations, for f =1,--- , F :

3¢f(a:,y,t) 8(gf(:c,y,uf(t))¢f(x,y,t) a(hf(xayauf(t))¢f(zayat) _
o oz + oy = Ay,

Ut)¢s(x,y,t)

in the computational domain Q in the (x,y) plane,

Q={(z,y), 0<x<N.xD.,0<y<1}
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Fic. 3.2. Computational domain.

where N, is the number of cell cycles, D, is the duration of one cycle and is set to be
1. In consideration of different phases, the whole domain 2 is divided into 3 parts :

& ={(z,y)eQ, (p-1)D.<z<(p-1/2)D,, 0<y<n,},
p= 1527 e aNCa @1 = UZZ)V:F]_Q?, G1 phCLS€7
9y ={(z,9)eQ, (p—1/2)D. <z <pD., 0<y<n},

p= 1527 e aNCa @2 = U;)V:Cng, SM phase,
Q3 ={(z,9)€Q, ~.<y<1}, D phase,

which is shown in Figure 3.2.
The aging function gy is defined by

| mu+ty2, for (z,y) €6
gf(x,y,u)—{ 1, for (x,y) € ©2UQ;

where 71,72 are real positive constants that may depend on the follicle f.
The maturation function A is defined by

—y° l—e % ) 5 © Q
e ={ QLT Gyl S e o

where 73, ¢1, co and T are real positive constants that may depend on the follicle f.
The source term, that represents cell loss through apoptosis, is defined by

A(z,y,U) = Re T -U), for (z,y)€ 01U
0’ fOT (mvy)ec'—)Q

where A and 7 are real positive constants.

Comparing to the general model analyzed before, we have specific expressions
for all the coefficients, and the range of the variable y is set to be [0,1]. Another
difference is that, with the values of constants given below, the coefficient hs(x,y, uy)
may become negative inside part of the domain Q3. In this case, we would need
to take the upwinding flux in the scheme. This does not cause any problem to the
stability of the scheme.

The equations in the PDE system are coupled together through the argument
us(t) appearing in the speeds gs(z,y,u) and hy(x,y,u) and the argument U(t) ap-
pearing in the source term A(x,y,U). U(t) and uy(t) represent the plasma FSH level
and the locally bioavailable FSH level respectively and depend on the first maturity
moment of the densities. If we define

1 pN.D. F
myg(t) = /0 /0 yo¢(x,y,t)dzdy, M(t) = ;mf(t),
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the plasma FSH level U(¢) in the arguments of the source term is defined by

1- Umin

Ult) =Unpin + ————,
(t) T 1 4+ ec(M(t)—M)

where Upnin, ¢, and M are real positive constants. The locally bioavailable FSH level
us(t) in the arguments of the speeds is defined by

ebamy(t)
b3

where b1, b2, and bs are real positive constants that may depend on the follicle f. The

numerical values of the biological constants are gathered in Table 3.1. To simplify the

notation we do not explicitly indicate their possible dependence as a function of the
follicle even if it is implied by the f index notation.

ug(t) = min(by + ,DU(t) for f=1,---,F,

TABLE 3.1
Values of the parameters for the biological model simulation. The two follicles in competition
differ by the value of 7.

Parameter [ Description [ Value
FSH plasma level
Umin minimum level 0.5
c slope parameter 2.0
M abscissa of the inflection point 4.5
apoptosis source term
A intensity factor 0.1
5 scaling factor 0.01
Vs cellular maturity threshold 0.3
intrafollicular FSH level
b1 basal level 0.08
bo exponential rate 2.25
b3 scaling factor 1450.
aging function
Y1 rate 1.
Y2 origin 1.
maturation function
c1 0.68
c2 0.08
u 0.02
™ foll.1 | foll.2
0.7 1.0
The boundary conditions are shown below. For each cell cycle p, p=1,--- | Ng,

the following hold:
e The flux on the z-axis is continuous on the interface between Q2 and QF,

or(xt,y,t) = (iug +y2)dp(x,u,t), z=(p—1/2)D,, 0<y<n,.

e The flux is doubling at the end of each mitosis cell cycle on the interface
between Q5 and Q7!

(mug + 7)oz, y,t) =205 (x",y,t), x=pD., 0<y <.

e A waterproof boundary condition holds to the north of the interface between
O and Qs,

¢s(x,yd,t)=0, (p—1/2)D. <z < pD..
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Fic. 3. 3 Full model with the MPP lzmzter snapshots of the denszty at dzﬁerent times of the
follicular development for follicle 1(top) and follicle 2(bottom), hey = 0.00625. The different colors
indicate different levels of cell density. In each line, from left to right, 1st: t = 0.66; 2nd: t = 2.58;
Srd: t = 3.35; 4th: t = 3.80.
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FiG. 3.4. Comparison of numerical results for the DG method with different hy: 0.00625
(solid line) and 0.0125 (symbols) at t = 3.80. From left to right, 1st: follicle I cut at x = 4.20; 2nd:
follicle 1 cut at y = 0.45; 3rd: follicle 2 cut at x = 4.16; 4th: follicle 2 cut at y = 0.63.

We refer the readers to [1, 2] and the references therein for more details of this model.
We take N. = 5, and take the initial condition as

_ (2=0.3)24(y—0.15)?
v

¢f(w,y,0) = 277102 € 27 (@) € Q%
0, elsewhere

where o2 = 0.002.

The positivity-preserving property for the densities is important. To avoid the
mendacious negative oscillation, we follow the framework in a series of papers by
Zhang and Shu on high order bound-preserving DG schemes [29, 30], and apply the
maximum-principle-preserving (MPP) limiter designed in these papers to our DG
scheme. The appearance of the source term in our model can be dealt with, modulo a
slight modification of the CFL number. For the 1-D problem, we refer to the details in
[20]; the same result can be obtained for the 2-D problem following similar procedure.
Notice that it is proved in [29, 30] that such MPP limiters do not affect the high order
accuracy of the original DG schemes.

In the numerical results, to illustrate different phenomena at the interfaces, snap-
shots of the density at significant times of the follicular development are displayed in
Figure 3.3. We can see that the structures are resolved quite well in the simulation.

To illustrate the stability of the DG scheme without the MPP limiter, we com-
pare the results for different mesh sizes h, in Figure 3.4. We can clearly see a grid
refinement numerical convergence in these cuts.

To illustrate the effect of the MPP limiter, we compare the cuts of density of the
numerical results with and without the MPP limiter in Figure 3.5. We can clearly
see that the DG results without the MPP limiter produces negative density, while the
results with the MPP limiter is completely positive.

4. Concluding remarks. In this paper, we have studied the well-posedness
of the PDE and stability and error estimates of the discontinuous Galerkin (DG)
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Fic. 3.5.  Comparison for the positivity-preserving property of the numerical results for the
DG method with (solid line) and without (symbols) the MPP limiter, hy = 0.00625, t = 3.80. From
left to right, 1st: follicle 1 cut at x = 4.20; 2nd: follicle 1 cut at y = 0.45; 3rd: follicle 2 cut at

x = 4.16; 4th: follicle 2 cut at y = 0.63.

method for a class of multi-domain problems with discontinuous flux communication
through boundaries. The proof of both well-posedness of the PDE and stability of
the DG scheme uses a particular weighted norm, which is equivalent to the regular
L? norm. For the DG method, the particular weight makes the desired test func-
tion not in the finite element space, hence a careful study of effect by replacing this
test function by its projection into the finite element space has been performed in
order to prove stability. The results are first demonstrated through simple one and
two-dimensional model problems, then they are generalized to a biological cell prolif-
eration model. Positivity-preserving properties of the DG schemes are also explored.
Numerical results, both for the simple one and two-dimensional model problems and
for the biological cell proliferation model, are provided to illustrate the good behavior
of our DG methods. The schemes and their stability analysis in this paper can be
applied to general multi-domain problems with transferring type boundary condition-
s arising from many applications, for example, in traffic flows, networks, multiphase
flows, etc., such generalizations constitute our future work.
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