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Abstract. In this paper we introduce a definition of the local conservation property for numerical
methods solving time dependent conservation laws, which generalizes the classical local conservation
definition. The motivation of our definition is the Lax-Wendroff theorem, and thus we prove it for
locally conservative numerical schemes per our definition in one and two space dimensions. Several
numerical methods, including continuous Galerkin methods and compact schemes, which do not
fit the classical local conservation definition, are given as examples of locally conservative methods
under our generalized definition.

1 Introduction

Local conservation is a desired property for numerical methods solving conservation laws. The most
important theoretical reason is the well-known Lax-Wendroff theorem (Lax and Wendroff [11]). It
states that the finite volume method (in 1D) taking the conservation form would converge to a weak
solution of the underlying conservation law, if the numerical solutions actually converge. It is easy
to give counterexamples, e.g. in LeVeque [12], that finite volume methods not in conservation form
could converge to non-weak-solutions with wrong shock speed. Kréner and Rokyta [9] and Kroner et
al. [10] have extended the Lax-Wendroff theorem to finite volume methods on unstructured meshes
for 2D conservation laws. Abgrall et al. [2] have further generalized the Lax-Wendroff theorem to
residual schemes.

The finite volume methods and discontinuous Galerkin (DG) methods, see, e.g., [4], are by
design locally conservative numerical schemes. We could easily extend the Lax-Wendroff theorem
to DG methods by setting the test function to value 1 in one cell and 0 in all other cells. Continuous
Galerkin (CG) methods are considered only globally conservative until Hughes et al. [8] showed
that it is actually locally conservative. But their definition of flux is not consistent with ours in this
paper, because in their definition at least one of the two neighboring subdomains has to be global
(that is, its size is comparable to that of the whole domain and hence does not go to zero with mesh
refinements) to get the uniqueness of the flux across the boundary between these two subdomains.
Perot [13] showed the local conservation of the CG methods with a different flux definition that
is consistent with our definition (section 3.4.3). See also Abgrall [1] for the discussion of local
conservation of CG methods.

The notion of local conservation is widely known as the rate of change of a quantity (in the
classical definition this is the total mass in the cell) being equal to the sum of locally defined
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fluxes (exchange with neighbors), which is the idea underlying the physical conservation laws.
However, the absence of a rigorous definition makes it arguable as to whether a numerical method
is locally conservative or not. In this paper, we give a formal definition of the local conservation
property for numerical methods in one and two space dimensions. The motivation for our definition
is the requirements in the classical Lax-Wendroff theorem, and naturally we prove it for locally
conservative numerical methods per our definition.

The rest of the paper is organized as follows. In section 2, we introduce the definition of local
conservation in one space dimension, and prove the corresponding Lax-Wendroff type theorem.
Some examples of locally conservative numerical methods in 1D according to our definition are
given at the end of the section. Section 3 is about local conservation in two space dimensions. As
in section 2, we give the formal definition, prove a Lax-Wendroff type theorem, and present some
examples of locally conservative numerical methods in 2D.

2 One dimensional conservation laws

We first consider one dimensional scalar conservation laws:

up + f(u)y =0in RT x R

u(+,0) = up in R, e

where the flux function f is at least Lipschitz continuous. We would like to formally define the
local conservation property for numerical schemes designed for the above conservation laws, and
prove a Lax-Wendroff type theorem for locally conservative schemes.

2.1 Numerical schemes

We consider in our presentation only schemes with Fuler forward time stepping since the spatial
discretization is our primary concern, and thus the schemes read:

up (5 tag1) — un (e, tn)
At,

= L (up(-,tpn)), (2)

where the time domain is discretized as 0 = tg < t1 < ty... with {,, — 00 as n — oo. Time steps
are defined as At,, = t,,41 — t,, At = max,>0 At,. The numerical solution uj, is a function over
the time-space domain R™ x R, which is consistent with the initial condition in the sense of (10).
Since the scheme only defines the numerical solution when t = t,,, Vn > 0, we expand uy, to be a
constant over each time interval, i.e. up(z,t) = up(z,t,), Vt € [tn,tnt1). Therefore, we can denote
functions over the space domain u} = wup(-,t), Vt € [t,,t,41). For example, u} is a piecewise
constant function for finite difference and finite volume methods, and a piecewise polynomial for
Galerkin methods.

To define the local conservation property, we need (i) a partition of the spatial domain into
intervals R = Ujez/;, (ii) a locally conserved quantity on each cell, and (iii) a flux on each interval
endpoint. The intervals I; = [z JEEPEITE! |, and they satisfy the regularity condition: |I;| > coh,
where |I;] is the length of the interval, mesh size h = maxjez |I;|, and ¢y > 0 is independent of the
mesh size. For simplicity, we now denote >_/°0 as 3°, , and 3" jez A D ;-



2.2 Definition of local conservation

We define a numerical scheme to be locally conservative if its solution satisfies the following con-
servation form (cf. [11]):

vt —gn 1

g 7, - ny _ ny\ _
T (e ) — gy i) =0 (3)

Here @} (generalized locally conserved quantity) and 9j+i (generalized flux) both depend on the
numerical solution locally. More precisely, they depend on u} (B;). Bj = {z € R : |v —w;| < ch},
where w; is the midpoint of the interval I;, and ¢ > 1 is independent of the mesh size. Note that
u} here is not necessarily the cell average (|I_1]\ S I uy) even though we use the traditional notation

for cell averages. The conserved quantity and flux also need to be consistent and bounded in the
following sense:

e consistency: if ujl(x) = u, a constant, Vx € B;, we have:

IS

7=, (4)

9701 (uf) = f(u) (5)
e boundedness: they are both bounded with respect to the L°°-norm of the solution:
|ut — 0| < Clupy — vp | Loy, (6)
941 () = 9,01 ()| < Cllh = villie (s, (7)
for two functions (uj and vy) in the numerical solution space.

To get global conservation from our definition, we also require the summation of the local
conservation quantities being exactly the global conservation quantity:

; R
J
It is easy to see that (8) together with (3) implies the following global conservation:

/Ruh(x,t) dx = / up(x,0) dzx, YVt > 0. 9)

R

We now have gathered all parts, and give the formal definition of local conservation.

Definition 2.1. A numerical scheme of the form (2) is locally conservative if there are conserved
quantities and fluzes, both of which locally depend on the numerical solution and satisfy (3)—(8).



2.3 Lax-Wendroff type theorem

In this section, we prove a Lax-Wendroff type theorem for locally conservative numerical schemes
in the sense of Definition 2.1. We first assume that the initial condition is weakly enforced in the
numerical solution as follows:

/(uo—u2)¢—>0, as h — 0, Vo € C5° (R). (10)
R

To get the convergence result, we also need an assumption similar to the bounded total variation
of the numerical solution:

h maBX|uh( x) —up(wj)| — 0,as h — 0, Vn >0 (11)
S

The assumption (11) on the numerical solution may seem odd at first glance, but it is actually
implied by boundedness of total variation as Proposition 2.2 shows. Recall the definition of total

variation:
400

TV (up,) = sup Y luh(win) — i), (12)

1=—00

where P denotes the set of all partitions of the real line R.

Proposition 2.2. If the numerical solution u} has uniformly bounded total variation, i.e.
TV(up) < C, ¥n >0, (13)
uy satisfies the assumption (11).

Proof. We can deduce that there are a finite number of, say no more than p (independent of mesh
size), intervals in each neighborhood B; from the regularity of the mesh and the definition of B;.
We define the point that attains the maximal value of |u}}(z) — uj(w;)| in B; as m;, which is in
some interval Iy, with |[j — k| < p.

We can therefore define a series of intervals (I, I, ...1I;,) such that m; € I;,, where j; = j,
and |js — js+1| <1 (V1 < s < p). The summation in (11) can be estimated as follows:

hz max [ujy () = ujp(wy)| = kY ujy (my) — ujy (w;)]

Shz (‘uZ(mJ) n(wj,)] +Z |uj (w;,) wﬂs+1)|>

<hz sup |uh — uﬁ(wjpﬂ + 2phz |up (wj1) — up (w;)]

T ij J
§4phTV(uh) — 0, as h— 0.

In the above calculation, we used two obvious inequalities:

ZEEP Juf (@) = i (wy)| < TV (up) (14)
D lufi(wy1) = wh(wy)| < TV (uf) (15)
O



We now state and prove a Lax-Wendroff type theorem for our definition of local conservation.
The proof is quite similar to the simplified proof of the Lax-Wendroff theorem in LeVeque [12].

Theorem 2.3. Assume the solution to a locally conservative numerical scheme, with initial condi-
tion imposed as (10), satisfies the assumption (11). If up converges boundedly almost everywhere
to some function u as At,h — 0, then u is a weak solution to the conservation law (1), i.e.

/UQ¢ +/ U Oy +/ f(u)qﬁx:O, V¢€C§O(R+XR) (16)
R Rt xR Rt xR

Proof. Multiplying At,, |I;| ¢(wj,t,) on both sides of (3) and summing it over all n, j, we have the
following equality:

ZZ\I!("“ *")¢"+sz (g1 (i) = 9,1 (u)) 7 =0 (17)

where we denote ¢(wj,t,) as @7, and ¢(z,t,) as ¢" (). We can apply summation by parts on the
first term and get:

ZZ’”("H ’?)Qﬁ?:—Z\Iﬂﬂ?fbo ZZ\I\(”“ ¢")*“+1 “I-1I  (18)

J

By using assumptions (4), (6), (10), (11), the fact that ¢ is compactly supported, and the bounded
convergence theorem, we get the convergence of term I to the first integration in (16) as follows:

Ejj 186} = [ o) o' @ydo + Z /I (@ — ud(2)) ¢°(z) dz + O(h)

N / ug(2)¢°(x) dx + o(1)
R

where o(1) denotes a quantity which goes to zero when the mesh sizes go to zero. We similarly
deduce the convergence of term II to the second integration in (16):

ZZM |( s ¢n) —n+1
/tn+1/ ode(x,t) up(x,t) dmdt+zz/tn+1/ bi(x,t) u —uf(x)) dzdt + O(h)
tn

nljt” n=1 j

:/ b1 (2, 1) u(w, £) da dt + o(1)
R+ xR

Notice that the second term in the middle line above is o(1) because we can uniformly bound



¢¢(x,t) which has a compact support, and then get

n+1
/ /(btwt uf — upy(x)) dedt
n= 1 i tn

<c; Y Z/tn"ﬂ/ @7 — uf(wy)| + [uf(w;) — uf (z)] dadt

TLEN¢j€J¢
<Gy 3 1 e )~
< 2£%§>ng ’J’grc%%)j’uh(w) up, (w;)|
¢

—o(1)

where Ny is the index set corresponding to the support of ¢:(z,t), the first term on the second
line is bounded by the term on the third line due to the consistency and boundedness of u} (see
(4) and (6)), and the last equality comes directly from the assumption (11). Lastly, we prove the
convergence of the second summation in (17) to the third integration in (16):

I (93 i) 67 = ;3 (i) 07
—ZZAt (Flartwn) (@7 =60 ) = flhtwy) (67 —0ny)) +
sz«% W) = Fiw)) (67 = o1 ) = (953 (i) = Fluhwy))) (67 =7 1))

=IT1 + IV,

where ¢ (z,, 1 ) is denoted as ¢ri1
2
By using the definition (4)-(7) and the assumption (11), we have that term IV vanishes as the

mesh size goes to zero. The convergence of term III to the last integration of (16) can be deduced
by using the local conservation definition and the assumption (11) as follows:

Il = —ZZAtnf (ujr (w;)) <¢§F+1 —qb;‘__)
:_Zz/tt"“/ Ful (@) Dpd(x, ) d dt + o(1)

. / s + o(1)
R+xR

The proof is concluded by combining the convergence of terms I-IV. O

2.4 Examples of locally conservative numerical methods

We first point out that the DG methods (see, e.g., [14]), as well as standard finite difference and
finite volume methods taking conservation form obviously have the local conservation property. In
the next few subsections, we show some other examples of locally conservative numerical methods.



2.4.1 Compact (finite difference) schemes

Compact schemes are non-standard finite difference methods, for which the numerical solution
usually is defined on the grid points of a uniform mesh. We can extend the definition of the
numerical solution to be a piecewise constant function defined over the whole real line. A compact
scheme for the conservation law (1) can be written as (Cockburn and Shu [5]):

upt (wy) — uf (wy)

At,

+ Aiw (A~! B f(up)),; =0 (19)

where A and B are local linear operators. We can define the conserved quantity a7 = (Aup); and
the flux g, , 1 (up) satisfying

(B f(ur))j = 941 (up) = g;_1(up)- (20)

It is not hard to check that the compact scheme is locally conservative with the conserved quantity
and flux we just defined.

2.4.2 Non-standard finite volume methods

Zhang et al. [15] have proposed a non-standard finite volume scheme, in order to design high order
maximum-principle-satisfying schemes for solving convection-diffusion equations. The degrees of
freedom for this method are the so called “double cell averages” as opposed to the usual cell averages
for standard finite volume methods. Suppose the real line is uniformly decomposed into intervals
R = Ujezl;. The cells I; = [z j-Li Tyl | whose midpoints are denoted as x;. The scheme applied

on conservation law (1) can be written as (see (3.19) in [15]):

’L_Ln+1

N Z“’a (Fg=17y) =0 &

where w,, are quadrature weights and fo‘ L are numerical fluxes (clearly satisfying (5) and (7)) on

the quadrature points. The double cell averages are defined as:

uy = A:L"?// €)d¢ dx, (22)

where uj is the underlying numerical solution. By using the following equality

‘:

o 1 I 1 Tt
U = X2 / up(z)(x —xj_1)de + — A2 / up (x)(xj41 — ) dz, (23)
Tj—1

we can easily show that the double cell averages satisfy conditions (4), (6), and (8). Therefore the
scheme (21) is locally conservative.



2.4.3 Continuous Galerkin method

Let UF = {v € H'(R) : v € Pi(e;),Vj € Z}, where the set of intervals{e; = [y;,yj1] : 7 € Z}
is a partition of the real line and Pj(e;) denotes the set of polynomials over the cell e;. The CG
method reads: find uy(-,t,) € UF, such that for all test function v, € UF

n+1 n

Up — — Uy / ny,

L2 — | flup)v, =0. 24
/R o T (up)vp, (24)

To define local conservation, we need a different partition of the domain R = Ujezl; = Ujez[a:j_; , a:j+;],
2 2
where Tj1= $(yj+yj+1). We take the test function vy, as the shape function v;, which is a piece-
wise linear function satisfying v;(y;) = ﬁ, vj(y;) =0, VI # j. The generalized conserved quantity
J
is defined as: u} = J ut vj, and the generalized flux is defined as 941 (up) = ‘6—1J| fej flup). It is
easy to check that the above definitions satisfy the conditions (3)—(8), and thus the CG method
is locally conservative. The result in this section can be generalized to CG methods with local

basis satisfying the partition of unity property by a similar argument to that in section 3.4.3. The
B-spline finite element methods (see, e.g., [6]) is one example.

3 Two-dimensional conservation laws

We study numerical methods for two-dimensional scalar conservation laws of the form:

ug 4+ V- f(u) =0 in RT x R?

25
u(+,0) = up in R?, (25)

where the flux function f = (f1, f2), and both of its components are at least Lipschitz continuous.
We similarly define the local conservation property and prove a Lax-Wendroff type theorem here.
3.1 Numerical schemes

We again consider in our presentation only schemes with Euler forward time stepping since the
spatial discretization is our primary concern, and thus the schemes read:

up (5 tag1) — un (s, tn)
At,

= L (up(-,tpn)), (26)

where the time domain is discretized as in 1D case. The numerical solution is a constant over each
time interval, i.e. up(-,t) = up(-,tn), Vt € [tn,tns1), and thus we can denote u} = up(-,ty,).

To define the local conservation property, we need (i) a partition of the spatial domain into cells
R? = U;je T, (ii) a locally conserved quantity on each cell, and (iii) a flux on each cell interface.
The cells are polygons with at most p edges, and satisfy the regularity condition: |T};| > ¢ h?,
where |T}| is the area of the cell, and the mesh size h = max;c s diam (T}). For simplicity, we again

denote 32 5 as >, and Yy as Y.



3.2 Definition of local conservation

We say a numerical scheme is locally conservative if its solution satisfies the following conservation
form equality (cf. [9, 10, 2]):

777,-‘1-1 le

% + — z S g (up) (27)

lENsl

Here, N; denotes the set of cell indices of all cells adjacent to T}, i.e. N; ={l € J:T;NT; # &}.
The cell interface between T; and 7 has c;; line segments. If {7} : j € J} is a triangulation, c;j;
is always 1. If {T} : j € J} is the dual mesh (see, e.g., Bush and Ginting [3]) of a triangulation,
¢ji equals to two for all the boundaries. @} (generalized conserved quantity) and g;; (generalized
flux) both depend on the numerical solution locally. More precisely, they depend on uj (Bj).
B; = {& € R? : |& — w;| < ch}, where the center of a cell w; = %ﬂijmdm, and c¢(> 1) is
independent of the mesh size. The conserved quantity and flux also need to be consistent and
bounded in the following sense:

o consistency: if uj(x) = u, a constant, V& € B;, we have:

and S (%) is the s-th line segment on the boundary between elements

)

where v/ l ‘ Jl ,

T; and 1. n! l is the normal vector on S (s pointing toward 7.
e boundedness: they are both bounded in terms of the L°°-norm of the numerical solution:
| = 57| < Clluh — vRllz=(s,): (30)
gji(up) — gj(vp)| < Ch|lup — vp | Lo (B;)- (31)
As a flux, g; must be unique on cell interfaces, i.e.

gii(up) + gij(up) =0, Vje J leNj. (32)

To get global conservation from our definition, we also require the summation of the local conser-
vation quantities being exactly the global conservation quantity:

ST = [ vz (33)
J

It is easy to see that (33) together with (27) and (32) implies the following global conservation:

/R2 (-, t) = /R un(-,0), Wt > 0. (34)

We now have all the parts and give the formal definition of local conservation.

Definition 3.1. A numerical scheme of the form (26) is locally conservative if there exist conserved
quantities and fluzes, both of which locally depend on the numerical solution and satisfy (27)—(33).



3.3 Lax-Wendroff type theorem

In this section, we prove a Lax-Wendroff type theorem for numerical schemes satisfying Defini-
tion 3.1. The technique of the proof is similar to that in Kroéner and Rokyta [9] and Kroner et
al. [10]. We first need to weakly enforce the initial condition as follows:

/ (uo —up) ¢ — 0, as h — 0, Vo € C5° (R?). (35)
RZ

To get the convergence result, we also need an assumption similar to the bounded total variation
of the numerical solution:
h? m%x lup () — up(wj)| — 0, as h — 0, Vn >0, (36)
; Te
which is a 2D generalization of (11). This assumption clearly holds for piecewise smooth functions
with smooth regions divided by curves.

Theorem 3.2. Assume the solution to a locally conservative numerical scheme with initial condi-
tion imposed as (35) satisfies the assumption (36). If uy, converges boundedly almost everywhere to
some function u as At,h — 0, then u is a weak solution to the conservation law (25), i.e.

/ wo & +/ uy +/ f(u)-Vé =0, V6 € C° (RT x R?). (37)
R2 R+ xR2 Rt xR?2

Proof. Multiplying Aty |T}| ¢(wj,t,) on both sides of (27) and summing it over all n,j, we have
the following equality:

C]l

ZZ’“("H—@WWN PIDID IS I ACALET (38)

n j leN;s=1

where we denote ¢(wj, t,) as ¢7, and ¢(z, tn) as ¢™(z). The convergence of the first summation in
(38) to the first two integrations in (37) can be proved exactly the same as in Theorem 2.3.

We now prove the convergence of the second summation in (38) to the third integration in (37)
by using definition (28)—(32) together with the assumption (36):

SY S S A ey =S5 5 S anad ) (6 - 00)
n j leN;s=1 n j leN;s=1

le

=S S A ppw)) 67 ()
n j leN;s=1

le

D030 D At (g () — 0 (wh(wy)) (5 — 0" (7))
n j leN;s=1
== 20 2 At IT] f(uii(wy)) - V6" (wy) + (1)
=—/ Fu)-Vé +o(1)
R+ xR2

10



(s) (s)

where Zj is the midpoint of § i In the above calculation, we used the fact that

cji
Z ZVJI =0, (39)
leN; s=1
le
SN gatup) ¢n (=) =0, (40)
J IENJ' s=1
and Lemma 3.3 from [10]. O

Lemma 3.3. If ¢ € C§° (R2), we have the approximate integration by parts formula:

ch

T3 Vo(w;) = > S o)W +on?). (41)

leN; s=1

3.4 Examples of locally conservative numerical methods

As in the one dimensional case, the DG methods (see, e.g., [4]), standard finite volume and finite
element methods taking conservation form are obviously locally conservative per Definition 3.1. We
show in this section that the two dimensional counterpart of numerical methods in section 2.4 are
also locally conservative.

3.4.1 Compact (finite difference) schemes

The compact schemes in the two space dimensions has their solutions defined on a 2D uniform
structured grid with size Az, Ay. We can extend the solution by making it a constant on a
rectangular centered at each grid point. The size of each rectangle is Az x Ay. We denote the grid
points as {w;; € R? : 4,5 € Z}, and the schemes read:

n+1

- (Wj)At_ wis) ﬁ(fl;l By fi(u))i; + Aiy(Azleyﬁ(“))ij =0 (42)

where the operator A, is the operator for the 1D compact scheme applied in the z direction, and
the same for other three operators. We can rewrite the scheme (42) into a conservation form as in
Cockburn and Shu [5]:

antl

ug 1 /. ) 1
v Y n _ fn AN o an _
At, Az ( it fi—%d) Ay (gi,j+% 9m‘—%> =0 (43)

where @;; = AyAyu, and the flux are similarly defined as in the 1D case. For example,

1= 5 Ay (i) + S ),

AT 1 n n
Gije1 = 54 (g(uh (wij1)) + g(up (wiz)))

if (Bu); = %(uiﬂ —u;—1). We could easily check that the compact scheme in 2D is locally conser-
vative with the form (43).

11



3.4.2 Non-standard finite volume methods

A straightforward generalization of the non-standard finite volume methods (21) on 2D uniform
rectangular meshes are given in [15] (see (4.3)):

’L:L:H_l —an 1 . R 1
J 1] o
At Az (fi+%,ﬂ' ~fict, > Ay <9m+2 g%]_ﬁ) =0 (44)

where @ is the 2D version of double cell average:

(5]
! ! 2 d drdnd 45
ij = Am2 AZ' / / / / 5 nay-. ( )

The 2D uniform rectangular mesh is denoted as: R? = Umez[aﬁi_%,:pH%] X [yj_%,yﬂ_%]. We can

Sl

similarly get the local conservation property for this scheme by using the following equality on
double cell averages:

—n 1 1 Zi Yj n
Ui A2 A—y2 /x / up (z,y)(x — 2-1)(y — yj—1) drdy +

i—1 JYj—1

Z; Yi+1
AMy/% e G ) drdy +

xz+1 Yj
x2 Ay /x / (z,y)(@it1 — 2)(y — yj—1) dedy +

Yj—1

Ti4+1 Yji+1
soap ) ] e 0 e

where z; and y; are midpoints of the the intervals in each dimension.

3.4.3 Continuous Galerkin method

Let UF = {v € HY(R?) : v € Py(e;),Vi € Z}, where {e;, i € Z} is a triangulation of the whole
space. The CG method reads: find up(-,t,) € U,’f, such that for all test function vy, € U/f

upt! — g
/ o - / Ful) - Vo, = 0. (46)
R2 tn R2

The flux defined in Hughes et al. [8] does not fall in our definition since it needs at least one
of the two regions to be global to get the uniqueness of flux between the two regions. The flux
and conserved quantity in Perot [13] does satisfy the requirement of Definition 3.1, and we briefly
reproduce his formulation here.

For the purpose of defining local conservation, we use a different partition R = U;¢ ;7};, where
{T; : j € J} is the dual mesh of the original triangulation {e;, i € Z}. The dual mesh, see, e.g.,
Bush and Ginting [3], is constructed by connecting the midpoint of edges and centroids of cells in
the original triangulation. Since every cell in the dual mesh corresponds to a vertex in the original
triangulation, we denote {n; : j € J} as the set of vertices. The shape functions are defined as

12



{v; € UL : v;(nj) = 1,v;(ny) = 0, VI # j}. Because the partition of unity property, > jesvj =1on
R?, we have the following equality:
Vu; = Z v Vo; —v; Vo, in R% (47)

lENE
which leads to a rewriting of the scheme (46) if we take the test function as the shape function:
L<i/ u"“fu-—i uﬁv)—z:L v flup) - Voj —vj f(upy) - Vo =0. (48)
Aty \|Tj| Sz " 7 (Tl S ™ iex, 15l Jre T

We can check, with routine algebraic calculation, that the 2D CG method (46) is locally conservative
in the sense of Definition 3.1 if we define the conserved quantity and flux as follows:
—N

an 1
TG JRe
(s)

‘Sjl 1

(8)(,m n n
951 (up) = - =1 | D = [ v FuR) - Vo = fup) - V. (50)
‘S](-l)‘—F‘SJ(-l)‘ iew, 1Tl Jre

up, vj, (49)

Note that c;; is always 2 here because {1}, j € J} is the dual mesh of a triangulation. According
to the above argument, all CG methods with local basis satisfying partition of unity are locally
conservative. The 2D B-spline finite element methods (see, e.g., [7]) with tensor product B-spline
basis is one example.

4 Conclusions

In this paper, we have given a rigorous definition of the local conservation property for numerical
methods solving conservation laws in both one and two space dimensions. Lax-Wendroff type
theorems are stated and proved for locally conservative numerical schemes thus defined. Our
definition serves as a general framework for the discussion of local conservation property. We have
shown that the CG methods among others are considered locally conservative in our framework.
Hence, their solutions would converge to a weak solution of the underlying conservation law if they
do converge.
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