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Abstract
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stiffness and preserve the bound of the numerical solutions. It is also straightforward to
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1 Introduction

We consider the scalar hyperbolic equations with a stiff source term in the multi-dimensional

case:

ut +∇ · F (u) =
1

ε
s(u), u(x, 0) = u0(x), (1.1)

with ε > 0 being a constant. We assume that the source term s = s(u) is dissipative in the

sense that

s′(u) ≤ 0, s(0) = 0. (1.2)

Then the entropy solution to (1.1) satisfies the bound-preserving properties (see e.g. [23]):

i) ‖u(·, t)‖L∞ ≤ ‖u0‖L∞ for t > 0;

ii) If u0(x) ≥ 0 for any x, then u(x, t) ≥ 0 for any x and t > 0; Also, if u0(x) ≤ 0 for any

x, then u(x, t) ≤ 0 for any x and t > 0.

In this paper, our target is to design schemes that numerically preserve these properties

independent of ε.

We remark that the hypothesis (1.2) on the source term is realistic. Indeed, there are

many physical models which fall into this category, e.g., the model of combustion [2], Euler

equations of gas dynamics with heat transfer [19], and shallow water equations with friction

force of the bottom [5]. The motivation of this study is to construct numerical schemes for

the simple scalar model (1.1). In the future, we expect to generalize the idea in this work to

hyperbolic systems with stiff source terms which have similar dissipation properties.

Moreover, without the assumption (1.2), the L∞-norm decreasing property for the solu-

tion can no longer be expected to hold [3]. For scalar equations with more general nonlinear

source terms, e.g. the source term with multiple equilibrium points in [24], we cannot expect

the monotonicity for the L∞-norm in general. However, the invariant region, between two

equilibrium points of the source term in [24], could be expected to be preserved. In [9], Do-

nat et al. studied the conditions that preserve the invariant region for the implicit-explicit
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(IMEX) RK schemes. Nevertheless, it is quite frustrating that even the first-order semi-

implicit scheme could only preserve the invariant region under the conditions dependent on

the stiffness parameter ε. This issue is beyond the scope of this paper.

Bound-preserving high order numerical methods for conservation laws have been actively

studied in the last few years. Zhang and Shu constructed uniformly high order accurate

schemes satisfying a strict maximum principle for scalar conservation laws [43]. By splitting

the cell average into a convex combination of values at quadrature points and then rewriting

the scheme for the cell average into a convex combination of formally monotone schemes,

the numerical solutions satisfy a maximum principle with the aid of a simple scaling lim-

iter first introduced in [27]. The framework was then successfully applied to compressible

Euler equations [44, 46], shallow water equations [37, 36], relativistic hydrodynamics [28],

convection-diffusion equations [47], Navier-Stokes equations [42] and so on. There exists

another popular approach for preserving physical bounds of the numerical solutions by Xu

[39] where the parameterized maximum principle preserving flux limiter was proposed. This

approach works well numerically but could be shown to keep accuracy only up to third-order.

This technique was also applied to various problems for preserving the bound of physical

quantities (see e.g. [38, 26, 35, 6]). For details, we refer readers to the review papers [45, 40].

The numerical approximation of hyperbolic equations with stiff source terms has been

intensively studied since the pioneering work by LeVeque and Yee [24]. The main difficulty

is the incorrect propagation speed of the discontinuities which may happen with insufficient

spatial or temporal resolution. Various techniques have been proposed to overcome this

difficulty (see e.g. [1, 10, 34]). Error estimates to the schemes for hyperbolic equations with

stiff source terms have been derived (see e.g. [33, 30, 3]).

There are rare works on bound-preserving schemes for hyperbolic equations with stiff

sources. Zhao et al. developed a positivity-preserving semi-implicit DG scheme for the

extended magnetohydrodynamics [48]. In their work, the time splitting integration is applied

and thus the scheme is at most first-order accurate in time. Recently, Chertock et al.
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proposed a class of second-order semi-implicit time integration methods with steady-state

and sign-preserving property for systems of ODEs with stiff terms [4], and successfully applied

it to the shallow water equations with stiff friction term [5]. More recently, we constructed

a class of second-order positivity-preserving implicit-explicit (IMEX) RK methods for the

system of ordinary differential equations arising from the semi-discretization of the Kerr-

Debye model [18]. We remark that all the schemes mentioned above are designed for specific

models and are only up to second-order accuracy in time. It is highly nontrivial to design

a time integrator which has high-order accuracy and allows the time step size much larger

than the stiffness parameter ε.

In this work, we first construct high-order exponential strong stability preserving (SSP)

RK and multi-step methods. Since the exponential functions decay to zero too fast, the

scheme only produces solutions with essentially zero value given inconsistent initial values

in the unresolved region. However, in some cases (e.g. source terms of polynomial type, see

numerical examples in section 5), the exact solution is of order ε instead of being essentially

zero. For capturing this kind of solutions more accurately, we modify the exponential scheme

by replacing the exponential function with a polynomial without destroying the accuracy,

hence obtaining high-order modified exponential RK methods. The bound-preserving prop-

erty and the weak asymptotic-preserving property are shown for these methods. Combining

these time integration methods with the semi-discrete DG schemes, we successfully obtain

the bound-preserving DG schemes.

The paper is organized as follows. In section 2, we construct exponential RK and multi-

step methods and then propose modified exponential RK methods by replacing the exponen-

tial functions with polynomials. For these methods, we show the bound-preserving property

and the weak asymptotic-preserving property. In section 3, we combine the time discretiza-

tion with the DG method and discuss the bound-preserving property by using the scaling

limiter. Numerical examples for non-stiff and stiff ODEs are conducted in section 4. We

validate our method for solving the scalar hyperbolic equations with non-stiff and stiff source
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terms in 1D and 2D cases in section 5. Some concluding remarks are given in section 6.

2 Time discretization

In this section, we focus on time discretization and consider initial value problem of ordinary

differential equation (ODE) for the scalar function u = u(t):

ut = f(u) +
1

ε
s(u), u(0) = u0, (2.1)

with constant ε > 0. Here f(u) denotes the non-stiff part and 1
ε
s(u) the stiff part, which

correspond to the convection term and the source term in semi-discrete schemes for (1.1),

respectively. We make the following assumption on (2.1):

Assumption 2.1. 1. The Euler forward scheme for the non-stiff part satisfies the maxi-

mum principle: There exists ∆tE > 0, such that for any 0 < ∆t ≤ ∆tE, if 0 ≤ u ≤M ,

then

0 ≤ u+ ∆tf(u) ≤M ;

if −M ≤ u ≤ 0, then

−M ≤ u+ ∆tf(u) ≤ 0.

2. The stiff source term satisfies the dissipative property (1.2): s′(u) ≤ 0 and s(0) = 0.

Our goal is to design a scheme for (2.1) which enjoys two properties:

i) |u(t)| ≤ |u(0)| for t > 0;

ii) If u(0) ≥ 0, then u(t) ≥ 0 for t > 0; Also, if u(0) ≤ 0, then u(t) ≤ 0 for t > 0.

We follow the idea of exponential Runge-Kutta methods (see e.g. [16]) and rewrite (2.1)

as follows:

ut = f(u) +
1

ε
(s(u) + µu)− µ

ε
u, (2.2)

with µ a constant to be determined. Then the exponential form is obtained:

d

dt

(
e
µ
ε
tu
)

= e
µ
ε
t

(
f(u) +

1

ε
(s(u) + µu)

)
. (2.3)
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In the following, we will use explicit Runge-Kutta methods and multi-step methods to dis-

cretize (2.3).

2.1 Euler forward

We start with the Euler forward time discretization on (2.3) and obtain

un+1 = e−
µ
ε

∆t

(
(un + ∆tf(un)) +

∆t

ε
(s(un) + µun)

)
. (2.4)

The bound-preserving property for (2.4) is easily shown below:

Proposition 2.1. For the exponential Euler forward scheme (2.4), if 0 ≤ un ≤ M , and

0 < ∆t ≤ ∆tE, and µ ≥ sup0≤u≤M(−s′(u)), then

0 ≤ un+1 ≤ e−
µ
ε

∆t(1 +
µ

ε
∆t)M ≤M. (2.5)

The conclusion is the same for the negative value of un.

Proof. On Assumption 2.1, we have

0 ≤ un + ∆tf(un) ≤M,

with 0 ≤ ∆t ≤ ∆tE. Set G(u) := s(u) + µu. Since µ ≥ sup0≤u≤M(−s′(u)), G(u) is non-

decreasing for 0 ≤ u ≤ M . Then G(un) ≥ G(0) = s(0) = 0 and G(un) ≤ G(M) =

s(M) + µM ≤ µM (Here we use s′(u) ≤ 0 and thus s(M) ≤ s(0) = 0). Finally, we arrive at

the estimate for un+1:

0 ≤ un+1 ≤ e−
µ
ε

∆t(1 +
µ

ε
∆t)M ≤M,

where we have used the inequality ex ≥ 1 + x. The argument is the same for −M ≤ un ≤ 0

with M > 0.

Notice that the exponential function e−
µ
ε

∆t in (2.4) decays to zero too fast. If we take

the initial value u0 = O(1) and ∆t � ε, then µ
ε
∆t � 1 and thus numerically only solution

with the value being essentially zero is obtained. However, in some cases (e.g. source terms
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of polynomial type, see numerical examples in section 5), the exact solution is of order ε

instead of being essentially zero. For capturing this kind of solutions more accurately, we

modify the scheme (2.4) by replacing the exponential function with a polynomial without

destroying the accuracy:

un+1 =
1

1 + µ
ε
∆t

(
(un + ∆tf(un)) +

∆t

ε
(s(un) + µun)

)
. (2.6)

It is easy to see that this scheme also enjoys the bound-preserving property with the same

assumption in Proposition 2.1.

Recall that a classical asymptotic-preserving (AP) scheme requires that, the numerical

scheme projects any initial data into the local equilibrium [20], with an accuracy of O(ε) in

one time step ∆t� ε, i.e.,

s(un) = O(ε), n ≥ 1, (2.7)

for any initial value u0. Obviously, the exponential Euler forward method (2.4) is AP in

this classical sense. However, the modified Euler forward scheme (2.6) does not satisfy this

property. Instead, it is AP in the weak sense [20].

Proposition 2.2 (weak AP of the modified Euler forward scheme). On Assumption 2.1,

and further assuming that s(u) 6= 0 for u 6= 0, the modified exponential Euler forward scheme

(2.6) is AP in the weak sense: for any ε > 0 and any initial value u0, and ∆t � ε, there

exists an integer Nε ≥ 1 (independent of ∆t), such that

s(un) = O(ε), n ≥ Nε. (2.8)

Proof. Without loss of generality, we assume that u0 ≥ 0. We provide a proof by contradic-

tion. Suppose that there exists ∆t� ε, such that ∀N ≥ 1, ∃n > N , s(un) = O(ε) does not

hold. Since un is non-increasing w.r.t. n, we deduce that ∃N ≥ 1 such that un � ε for any

n ≥ N .

un+1 =
1

1 + µ
ε
∆t

(
(un + ∆tf(un)) +

∆t

ε
(s(un) + µun)

)
,
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≤un
(

1 +
∆t
ε
s(un)
un

1 + ∆t
ε
µ(un)

)
,

≤un
(

1 +
s(un)
un

1 + µ(un)

)
,

Since ε � un ≤ u0 for any n ≥ N and s(u) 6= 0 for u 6= 0, we have
s(un)
un

1+µ(un)
≤ −r with

r = r(ε, u0) > 0. Thus un+1 ≤ (1− r)un. By iteration, we have uN+k ≤ (1− r)kuN for any

k ≥ 1, which makes a contradiction if we take k sufficiently large.

2.2 Runge-Kutta method

2.2.1 Second-order Runge-Kutta method

Now let us discretize (2.3) with the second-order SSP RK method [14] and obtain

u(1) = e−
µ
ε

∆t

(
(un + ∆tf(un)) +

∆t

ε
(s(un) + µun)

)
, (2.9a)

un+1 =
1

2
e−

µ
ε

∆tun +
1

2

(
(u(1) + ∆tf(u(1))) +

∆t

ε
(s(u(1)) + µu(1))

)
. (2.9b)

Proposition 2.3. For the second-order exponential RK scheme (2.9), if 0 ≤ un ≤ M , and

0 < ∆t ≤ ∆tE, µ ≥ sup0≤u≤M(−s′(u)), then

0 ≤u(1) ≤ e−
µ
ε

∆t(1 +
µ

ε
∆t)M ≤M, (2.10)

0 ≤un+1 ≤ e−
µ
ε

∆t(1 +
µ

ε
∆t+

1

2
(
µ

ε
∆t)2)M ≤M. (2.11)

The conclusion is the same for the negative value of un.

Proof. The first stage is Euler forward. By Proposition 2.1, we deduce that,

0 ≤ u(1) ≤ e−
µ
ε

∆t(1 +
µ

ε
∆t)M.

For the second stage, since µ ≥ sup0≤u≤M(−s′(u)), G(u) := s(u) + µu is non-decreasing for

0 ≤ u ≤M . As 0 ≤ u(1) ≤ e−
µ
ε

∆t(1 + µ
ε
∆t)M ≤M , we have G(u(1)) ≥ G(0) = 0 and

G(u(1)) ≤ G(e−
µ
ε

∆t(1 +
µ

ε
∆t)M) ≤ µe−

µ
ε

∆t(1 +
µ

ε
∆t)M. (2.12)
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Now it is easy to see that un+1 ≥ 0. The upper bound of un+1 is:

un+1 ≤1

2
e−

µ
ε

∆tM +
1

2
e−

µ
ε

∆t(1 +
µ

ε
∆t)M +

∆t

2ε
µe−

µ
ε

∆t(1 +
µ

ε
∆t)M

=e−
µ
ε

∆t(1 +
µ

ε
∆t+

1

2
(
µ

ε
∆t)2)M ≤M.

The argument is the same for the negative value of un.

Remark 2.4. Note that in the proof of Propositions 2.1 and 2.3, the upper bound of un+1

is controlled by using the inequalities ex ≥ 1 +x and ex ≥ 1 +x+ x2

2
, respectively, which are

exactly the first several terms of the Taylor series of ex at x = 0. Actually, in the estimate of

the upper bound, f and s are both dropped and do not make any contribution. Hence, the

problem is essentially equivalent to considering only the case that f = s = 0. In this case, the

ODE (2.1) is reduced to du
dt

= 0, which is rewritten as d
dt

(e
µ
ε
tu) = µ

ε
e
µ
ε
tu in the exponential

form. If we set v = e
µ
ε
tu and λ = µ

ε
, then the simplified case is nothing but the test equation

dv
dt

= λv. When the explicit RK methods are applied, we will obtain vn+1 = φ(λ∆t)vn

with φ being the stability function, which is equivalent to un+1 = e−λ∆tφ(λ∆t)un. It is

well-known that, for an s-stage explicit RK method with order s, the stability function

φ(z) = 1 + z + · · · + zs

s!
. Hence, it is of no surprise that the upper bound of un+1 is always

controlled by the Taylor expansion inequality of ex at x = 0. We will rediscover this fact for

the third-order exponential Runge-Kutta method later.

Replacing exponential functions by polynomials in (2.9) results in the following second-

order modified RK scheme:

u(1) =
1

1 + µ
ε
∆t+ 1

2
(µ
ε
∆t)2

(
(un + ∆tf(un)) +

∆t

ε
(s(un) + µun)

)
, (2.13a)

un+1 =
1

2(1 + µ
ε
∆t+ 1

2
(µ
ε
∆t)2)

un +
1

2

(
(u(1) + ∆tf(u(1))) +

∆t

ε
(s(u(1)) + µu(1))

)
, (2.13b)

which has the following bound-preserving property:

Proposition 2.5. For the second-order modified exponential RK scheme (2.13), if 0 ≤ un ≤

M , and 0 < ∆t ≤ ∆tE, µ ≥ sup0≤u≤M(−s′(u)), then

0 ≤u(1) ≤
1 + µ

ε
∆t

1 + µ
ε
∆t+ 1

2
(µ
ε
∆t)2

M ≤M, (2.14)
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0 ≤un+1 ≤M. (2.15)

The conclusion is similar for the negative value of un.

The proof is similar to that of Proposition 2.1. The only difference is that here in the

estimate of un+1, we should use the sharper upper bound
1+µ

ε
∆t

1+µ
ε

∆t+ 1
2

(µ
ε

∆t)2
M for u(1). This

fact will make a difference in the bound-preserving limiters for the DG and finite volume

methods. We will turn back to this issue in section 3.

Proposition 2.6 (weak AP of the modified second-order exponential RK scheme). On

Assumption 2.1, and further assuming that s(u) 6= 0 for u 6= 0, the second-order modified

exponential Euler forward scheme is AP in the weak sense: for any ε > 0 and any initial

value u0, and ∆t� ε, there exists an integer Nε ≥ 1 (independent of ∆t), such that

s(un) = O(ε), n ≥ Nε. (2.16)

Proof. Without loss of generality, we assume that u0 ≥ 0. We provide a proof by contradic-

tion. Suppose that there exists ∆t� ε, such that ∀N ≥ 1, ∃n > N , s(un) = O(ε) does not

hold. Since un is non-increasing w.r.t. n, we deduce that ∃N ≥ 1 such that un � ε for any

n ≥ N . With z = µ
ε
∆t and x = ∆t

ε
, we have

un+1 ≤ 1

2(1 + z + 1
2
z2)

un +
1

2
(1 + z)u(1)

≤ 1

2(1 + z + 1
2
z2)

un +
1

2
(1 + z)

1

1 + z + 1
2
z2

(un +
∆t

ε
(s(un) + µun))

=un(1 +
1 + z

2(1 + z + 1
2
z2)

∆t

ε

s(un)

un
)

=un(1 +
x(1 + µ(un)x)

2(1 + µ(un)x+ 1
2
(µ(un)x)2)

s(un)

un
).

With µ > 0, the expression x(1+µ(un)x)

2(1+µ(un)x+ 1
2

(µ(un)x)2)
, as a function of x, is non-decreasing for

0 ≤ x <∞. Thus for x� 1, we have

1 + µ(un)

2(1 + µ(un) + 1
2
(µ(un))2)

<
x(1 + µ(un)x)

2(1 + µ(un)x+ 1
2
(µ(un)x)2)

<
1

µ(un)
,
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and thus

un+1 < un(1 +
1 + µ(un)

2(1 + µ(un) + 1
2
(µ(un))2)

s(un)

un
).

Since ε� un ≤ u0 for any n ≥ N and s(u) 6= 0 for u 6= 0, we have 1+µ(un)

2(1+µ(un)+ 1
2

(µ(un))2)

s(un)
un
≤

−r with r = r(ε, u0) > 0. Immediately we obtain un+1 ≤ (1 − r)un. By iteration uN+k ≤

(1− r)kuN for k ≥ 1, which makes a contradiction if we take k sufficiently large.

2.2.2 Third-order Runge-Kutta method

We discretize (2.3) with the classical third-order SSP RK method [31]:

u(1) = e−
µ
ε

∆t

(
(un + ∆tf(un)) +

∆t

ε
(s(un) + µun)

)
, (2.17a)

u(2) =
3

4
e−

1
2
µ
ε

∆tun +
1

4
e

1
2
µ
ε

∆t

(
(u(1) + ∆tf(u(1))) +

∆t

ε
(s(u(1)) + µu(1))

)
, (2.17b)

un+1 =
1

3
e−

µ
ε

∆tun +
2

3
e−

1
2
µ
ε

∆t

(
(u(2) + ∆tf(u(2))) +

∆t

ε
(s(u(2)) + µu(2))

)
. (2.17c)

The bound-preserving property is given as follows. The proof is omitted since it is similar

to that for the second order scheme.

Proposition 2.7. For the third-order exponential RK scheme (2.17), if 0 ≤ un ≤ M , and

0 < ∆t ≤ ∆tE, µ ≥ sup0≤u≤ 3
e
M(−s′(u)), then

0 ≤u(1) ≤ e−
µ
ε

∆t(1 +
µ

ε
∆t)M ≤M, (2.18)

0 ≤u(2) ≤ e−
µ
2ε

∆t(1 +
µ

2ε
∆t+

1

4
(
µ

ε
∆t)2)M ≤ 3

e
M, (2.19)

0 ≤un+1 ≤ e−
µ
ε

∆t(1 +
µ

ε
∆t+

1

2
(
µ

ε
∆t)2 +

1

6
(
µ

ε
∆t)3)M ≤M. (2.20)

The conclusion is similar for the negative value of un.

Remark 2.8. Note that we could only prove that 0 ≤ u(2) ≤ e−
µ
2ε

∆t(1 + µ
2ε

∆t+ 1
4
(µ
ε
∆t)2)M .

The upper bound of u(2) is not less than M necessarily, but could be controlled by 3
e
M .

By replacing exponential functions by polynomials in (2.17), we have the following

scheme:

u(1) =
1

1 + z + 1
2
z2 + 1

6
z3

(
(un + ∆tf(un)) +

∆t

ε
(s(un) + µun)

)
, (2.21a)
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u(2) =
3

4(1 + 1
2
z + 1

8
z2 + 1

48
z3)

un

+
1 + z + 1

2
z2 + 1

6
z3

4(1 + 1
2
z + 1

8
z2 + 1

48
z3)

(
(u(1) + ∆tf(u(1))) +

∆t

ε
(s(u(1)) + µu(1))

)
, (2.21b)

un+1 =
1

3(1 + z + 1
2
z2 + 1

6
z3)

un

+
2(1 + 1

2
z + 1

8
z2 + 1

48
z3)

3(1 + z + 1
2
z2 + 1

6
z3)

(
(u(2) + ∆tf(u(2))) +

∆t

ε
(s(u(2)) + µu(2))

)
, (2.21c)

with z = µ
ε
∆t and µ = µ(un) = sup0≤u≤1.13652un(−s′(u)).

Proposition 2.9. For the third-order polynomial RK scheme (2.21), if 0 ≤ un ≤ M , and

0 < ∆t ≤ ∆tE, µ ≥ sup0≤u≤1.13652M(−s′(u)), then

0 ≤u(1) ≤
1 + µ

ε
∆t

1 + µ
ε
∆t+ 1

2
(µ
ε
∆t)2 + 1

6
(µ
ε
∆t)3

M ≤M, (2.22)

0 ≤u(2) ≤
1 + 1

2
µ
ε
∆t+ 1

4
(µ
ε
∆t)2

1 + 1
2
µ
ε
∆t+ 1

8
(µ
ε
∆t)2 + 1

48
(µ
ε
∆t)3

M ≤ 1.13652M, (2.23)

0 ≤un+1 ≤M. (2.24)

The conclusion is similar for the negative value of un.

The proof to the weak AP property of the third-order modified exponential RK method

(2.21) is similar as before and thus omitted here.

2.2.3 Fourth-order Runge-Kutta method

There exists no explicit four-stage fourth-order SSP Runge-Kutta method with non-negative

coefficients [22, 13]. However, fourth order SSP methods with more than four stages do

exist. Here, we take two fourth-order SSP Runge-Kutta methods as examples. The first one

is the optimal five-stage fourth-order Runge-Kutta method, which is developed in [22, 32]

and proved to be optimal in [29]. The second one is the ten-stage fourth-order method

by Ketcheson in [21], which has excellent SSP coefficient, low storage and simple rational

coefficients.

With the optimal five-stage fourth-order Runge-Kutta method, the time discretization
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for (2.3) is presented in the Shu-Osher form [31]:

u(1) =e−
µ
ε
c1∆t

(
α1,0u

n + β1,0∆tf(un) + β1,0
∆t

ε
(s(un) + µun)

)
, (2.25a)

u(2) =e−
µ
ε
c2∆tα2,0u

n + e−
µ
ε

(c2−c1)∆t

(
α2,1u

(1) + β2,1∆tf(u(1)) + β2,1
∆t

ε
(s(u(1)) + µu(1))

)
,

(2.25b)

u(3) =e−
µ
ε
c3∆tα3,0u

n + e−
µ
ε

(c3−c2)∆t

(
α3,2u

(2) + β3,2∆tf(u(2)) + β3,2
∆t

ε
(s(u(2)) + µu(2))

)
,

(2.25c)

u(4) =e−
µ
ε
c4∆tα4,0u

n + e−
µ
ε

(c4−c3)∆t

(
α4,3u

(3) + β4,3∆tf(u(3)) + β4,3
∆t

ε
(s(u(3)) + µu(3))

)
,

(2.25d)

un+1 =e−
µ
ε

(c5−c2)∆tα5,2u
(2) + e−

µ
ε

(c5−c3)∆t

(
α5,3u

(3) + β5,3∆tf(u(3)) + β5,3
∆t

ε
(s(u(3)) + µu(3))

)
+ e−

µ
ε

(c5−c4)∆t

(
α5,4u

(4) + β5,4∆tf(u(4)) + β5,4
∆t

ε
(s(u(4)) + µu(4))

)
, (2.25e)

with

α1,0 =1,

α2,0 =0.444370493651235, α2,1 = 0.555629506348765,

α3,0 =0.620101851488403, α3,2 = 0.379898148511597,

α4,0 =0.178079954393132, α4,3 = 0.821920045606868,

α5,2 =0.517231671970585, α5,3 = 0.096059710526147, α5,4 = 0.386708617503269,

and

β1,0 =0.391752226571890, β2,1 = 0.368410593050371, β3,2 = 0.251891774271694,

β4,3 =0.544974750228521, β5,3 = 0.063692468666290, β5,4 = 0.226007483236906,

and

c1 =0.391752226571890, c2 = 0.586079689311540, c3 = 0.474542363121400,

c4 =0.935010630967653, c5 = 1.

The bound-preserving property is easily shown in the same approach:
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Proposition 2.10. For the five-stage fourth-order exponential RK scheme (2.25), if 0 ≤

un ≤M , and 0 < ∆t ≤ ∆tE, µ ≥ sup0≤u≤1.27332M(−s′(u)), then

0 ≤ un+1 ≤e−z(1 + z +
z2

2
+
z3

6
+
z4

24
+ γz5)M ≤M,

with z = µ
ε
∆t and γ ≈ 0.004477718303076 < 1

120
. The conclusion is similar for the negative

value of un.

Now we replace exponential functions by polynomials and construct modified exponential

RK methods. Set the polynomial of degree 5 as

p(5)(z) := 1 + z +
z2

2
+
z3

6
+
z4

24
+ γz5, (2.26)

where the parameter γ is the same with that in Proposition 2.10. Then we replace e−ciz

by 1/p(5)(ciz) for i = 1, 2, 3, 4 and e−(cm−cn)z = ecnz/ecmz by p(5)(cnz)/p(5)(cmz) for (m,n) =

(2, 1), (3, 2), (4, 3), (5, 2), (5, 3), (5, 4) in (2.25) and deduce the schemes:

u(1) =
1

p(5)(c1z)

(
α1,0u

n + β1,0∆tf(un) + β1,0
∆t

ε
(s(un) + µun)

)
, (2.27a)

u(2) =
1

p(5)(c2z)
α2,0u

n +
p(5)(c1z)

p(5)(c2z)

(
α2,1u

(1) + β2,1∆tf(u(1)) + β2,1
∆t

ε
(s(u(1)) + µu(1))

)
,

(2.27b)

u(3) =
1

p(5)(c3z)
α3,0u

n +
p(5)(c2z)

p(5)(c3z)

(
α3,2u

(2) + β3,2∆tf(u(2)) + β3,2
∆t

ε
(s(u(2)) + µu(2))

)
,

(2.27c)

u(4) =
1

p(5)(c4z)
α4,0u

n +
p(5)(c3z)

p(5)(c4z)

(
α4,3u

(3) + β4,3∆tf(u(3)) + β4,3
∆t

ε
(s(u(3)) + µu(3))

)
,

(2.27d)

un+1 =
p(5)(c2z)

p(5)(c5z)
α5,2u

(2) +
p(5)(c3z)

p(5)(c5z)

(
α5,3u

(3) + β5,3∆tf(u(3)) + β5,3
∆t

ε
(s(u(3)) + µu(3))

)
+
p(5)(c4z)

p(5)(c5z)

(
α5,4u

(4) + β5,4∆tf(u(4)) + β5,4
∆t

ε
(s(u(4)) + µu(4))

)
. (2.27e)

The bound-preserving property of (2.27) is presented in the following and the proof is omit-

ted.
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Proposition 2.11. For the five-stage fourth-order modified exponential RK scheme (2.27),

if 0 ≤ un ≤M , and 0 < ∆t ≤ ∆tE, µ ≥ sup0≤u≤1.30453M(−s′(u)), then

0 ≤ un+1 ≤M,

The conclusion is similar for the negative value of un.

Remark 2.12. In constructing the fourth-order modified exponential RK method, we could

also replace exponential functions in (2.25) by polynomials

p(5)(z) = 1 + z +
z2

2
+
z3

6
+
z4

24
+

z5

120
, (2.28)

which is exactly the Taylor expansion series up to degree 5 for ez at z = 0. In this case, the

conclusion in Proposition 2.11 will be replaced by

0 ≤ un+1 ≤
1 + z + z2

2
+ z3

6
+ z4

24
+ γz5

1 + z + z2

2
+ z3

6
+ z4

24
+ z5

120

M ≤M.

The bound-preserving property also holds. However, this scheme behaves not well when

ε � ∆t with inconsistent initial values. The convergence order is not uniform as the mesh

refines.

Next, we construct exponential RK scheme based on the ten-stage fourth-order RK

method in [21]:

u(1) = e−
µ
ε
c1∆t

(
un +

1

6
∆t(f(un) +

1

ε
(s(un) + µun))

)
, (2.29a)

u(i+1) = e−
µ
ε

(ci+1−ci)∆t
(
u(i) +

1

6
∆t(f(u(i)) +

1

ε
(s(u(i)) + µu(i)))

)
, i = 1, 2, 3, (2.29b)

u(5) =
3

5
e−

µ
ε
c5∆tun +

2

5
e−

µ
ε

(c5−c4)∆t

(
u(4) +

1

6
∆t(f(u(4)) +

1

ε
(s(u(4)) + µu(4)))

)
, (2.29c)

u(i+1) = e−
µ
ε

(ci+1−ci)∆t
(
u(i) +

1

6
∆t(f(u(i)) +

1

ε
(s(u(i)) + µu(i)))

)
, i = 5, 6, 7, 8, (2.29d)

un+1 =
1

25
e−

µ
ε
c10∆tun +

9

25
e−

µ
ε

(c10−c4)∆t

(
u(4) +

1

6
∆t(f(u(4)) +

1

ε
(s(u(4)) + µu(4)))

)
+

3

5
e−

µ
ε

(c10−c9)∆t

(
u(9) +

1

6
∆t(f(u(9)) +

1

ε
(s(u(9)) + µu(9)))

)
, (2.29e)
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with

c1 =
1

6
, c2 = c5 =

1

3
, c3 = c6 =

1

2
, c4 = c7 =

2

3
, c8 =

5

6
, c9 = c10 = 1.

The corresponding modified scheme reads as:

u(1) =
1

p(10)(c1z)

(
un +

1

6
∆t(f(un) +

1

ε
(s(un) + µun))

)
, (2.30a)

u(i+1) =
p(10)(ciz)

p(10)(ci+1z)

(
u(i) +

1

6
∆t(f(u(i)) +

1

ε
(s(u(i)) + µu(i)))

)
, i = 1, 2, 3, (2.30b)

u(5) =
3

5

1

p(10)(c5z)
un +

2

5

p(10)(c4z)

p(10)(c5z)

(
u(4) +

1

6
∆t(f(u(4)) +

1

ε
(s(u(4)) + µu(4)))

)
, (2.30c)

u(i+1) =
p(10)(ciz)

p(10)(ci+1z)

(
u(i) +

1

6
∆t(f(u(i)) +

1

ε
(s(u(i)) + µu(i)))

)
, i = 5, 6, 7, 8, (2.30d)

un+1 =
1

25

1

p(10)(c10z)
un +

9

25

p(10)(c4z)

p(10)(c10z)

(
u(4) +

1

6
∆t(f(u(4)) +

1

ε
(s(u(4)) + µu(4)))

)
+

3

5

p(10)(c9z)

p(10)(c10z)

(
u(9) +

1

6
∆t(f(u(9)) +

1

ε
(s(u(9)) + µu(9)))

)
, (2.30e)

with z = µ
ε
∆t and p(10)(z) the stability function:

p(10)(z) = 1 + z +
z2

2
+
z3

6
+
z4

24
+

17z5

2160
+

7z6

6480
+

z7

9720
+

z8

155520
+

z9

4199040
+

z10

251942400
.

The bound-preserving properties of the ten-stage fourth-order exponential RK scheme

(2.29) and the modified exponential RK scheme (2.30) are presented in the following and

the proof is omitted as well.

Proposition 2.13. For the ten-stage fourth-order exponential RK scheme (2.29), if 0 ≤

un ≤M , and 0 < ∆t ≤ ∆tE, µ ≥ sup0≤u≤1.976M(−s′(u)), then

0 ≤ un+1 ≤M.

For the ten-stage fourth-order modified exponential RK scheme (2.30), if 0 ≤ un ≤ M ,

and 0 < ∆t ≤ ∆tE, µ ≥ sup0≤u≤2.0584M(−s′(u)), then

0 ≤ un+1 ≤M.

The conclusion is similar for the negative value of un.
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Before concluding this part, we give several remarks on the relations between our work

and the existing work in the literature.

Remark 2.14. We remark that the modified RK methods developed above are only AP in

the weak sense and thus the convergence orders in the unresolved region are nontrivial to

analyze theoretically. We will test the accuracy in the numerical examples. They all have

around first-order of accuracy with ε� ∆t.

Remark 2.15. In [25], Li and Pareschi developed a class of exponential RK methods with

positivity-preserving properties for the Boltzmann equations. We remark that our methods

are different from theirs. As pointed out in Remark 4 in [25], for preserving the positivity of

the distribution function, they require that cj ≤ ci for j < i where cj denotes the usual time

nodes in RK methods. However, the classical third-order SSP method [31] does not satisfy

this restriction.

Remark 2.16. Very recently, in [12], based on explicit SSP RK methods with non-decreasing

abscissas, Gottlieb et al. constructed a class of explicit SSP integrating factor RK methods

for problems with a linear component that is stiff and a nonlinear component that is not.

If assuming that the abscissas are non-decreasing and only considering hyperbolic equations

with linear source, our schemes before modification are exactly the same with theirs.

2.3 Multi-step method

In this section, we use the SSP multi-step methods (see Table 5.1 in [14]) to discretize (2.3)

and obtain the exponential multi-step methods. The second-order one is given as

un+1 =
3

4
e−

µ
ε

∆t

(
un + 2∆tf(un) +

2∆t

ε
(s(un) + µun))

)
+

1

4
e−

3µ
ε

∆tun−2, (2.31)

the third-order one:

un+1 =
16

27
e−

µ
ε

∆t

(
(un + 3∆tf(un)) +

3∆t

ε
(s(un) + µun)

)
17



+
11

27
e−

4µ
ε

∆t

(
(un−3 +

12

11
∆tf(un−3)) +

12∆t

11ε
(s(un−3) + µun−3)

)
, (2.32)

and the fourth-order one:

un+1 =
5∑
i=1

e−i
µ
ε

∆t

(
αiu

n+1−i + ∆tβif(un+1−i) + βi
∆t

ε
(s(un+1−i) + µun+1−i)

)
(2.33)

with

α1 =
1557

32000
, α2 =

1

32000
, α3 =

1

120
, α4 =

2063

48000
, α5 =

9

10

and

β1 =
5323561

2304000
, β2 =

2659

2304000
, β3 =

904987

2304000
, β4 =

1567579

768000
, β5 = 0.

Proposition 2.17. 1. For the second-order exponential multi-step scheme (2.31), if 0 ≤

un−2, un ≤M , and 0 < ∆t ≤ ∆tE, µ ≥ sup0≤u≤M(−s′(u)), then

0 ≤un+1 ≤
(

3

4
e−

µ
ε

∆t(1 +
2µ

ε
∆t) +

1

4
e−

3µ
ε

∆t

)
M ≤M, (2.34)

2. For the third-order exponential multi-step scheme (2.32), if 0 ≤ un−3, un ≤ M , and

0 < ∆t ≤ ∆tE, µ ≥ sup0≤u≤M(−s′(u)), then

0 ≤un+1 ≤
(

16

27
e−z(1 + 3z) +

11

27
e−4z(1 +

12

11
z)

)
M ≤M, (2.35)

with z = µ
ε
∆t > 0.

3. For the fourth-order exponential multi-step scheme (2.33), if 0 ≤ un−i ≤ M , for i =

0, 1, · · · , 4 and 0 < ∆t ≤ ∆tE, µ ≥ sup0≤u≤M(−s′(u)), then

0 ≤un+1 ≤M, (2.36)

with z = µ
ε
∆t > 0.

The conclusion is similar for the negative value of un.

One important issue for the multi-step methods is the initialization. One usually uses

the RK methods to start the multi-step methods [11]. However, the explicit RK methods

18



are not suitable for the stiff problems, and in the class of implicit methods only the implicit

Euler backward methods has the desired bound-preserving property.

For the second-order exponential multi-step method (2.31), the first-order implicit-explicit

(IMEX) method is enough to keep the accuracy and also has bound-preserving property:

un+1 = un + ∆tf(un) +
∆t

ε
s(un+1). (2.37)

For the higher order exponential multi-step methods (2.32) and (2.33), if ε � ∆t or

ε� ∆t with well-prepared initial value, we can use our (modified) exponential RK method

designed in the last subsection. If ε� ∆t with an initial layer, our modified RK methods do

not work well. The reason is that they are only weak AP and thus the numerical solutions

in the first several time steps are not accurate. Hence, the multi-step methods shown above

seem to be difficult to use for problems with initial layers. We will therefore mainly focus

on the exponential RK methods in the following sections.

3 Bound-preserving DG methods

In this section, we couple the modified exponential RK methods with the semi-discrete DG

scheme and discuss the bound-preserving property. We take the one dimensional case as

an example and some remarks on two dimensional case and the finite volume ENO/WENO

schemes will be given later.

We first discretize (1.1) in space following [8]. Denote the computational domain by I ⊂

R. For each partition of the interval I, {xj+ 1
2
}Nj=0, we set Ij = (xj− 1

2
, xj+ 1

2
) for j = 1, · · · , N .

For simplicity, we assume that the partition is uniform with mesh size h. Define the finite

element space:

V k
h = {v ∈ L1(I) : v|Ij ∈ Pk(Ij), j = 1, · · · , N}, (3.1)

where Pk(Ij) denotes the space of polynomials in Ij of degree at most k ≥ 0. The semi-

discrete DG scheme for (1.1) reads as∫
Ij

(uh)tvh −
∫
Ij

f(uh)(vh)x + f̂j+ 1
2
(vh)

−
j+ 1

2

− f̂j− 1
2
(vh)

+
j− 1

2

=
1

ε

∫
Ij

s(uh)vh (3.2)
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for all j and all vh ∈ V k
h . Here f̂j+ 1

2
= f̂(u−

j+ 1
2

, u+
j+ 1

2

) is the numerical flux, which is chosen

to be a Lipschitz continuous monotone flux, i.e., f̂(·, ·) is nondecreasing in its first argument

and nonincreasing in its second argument. For instance, the global Lax-Friedrichs flux is

defined by

f̂(u, v) =
1

2
(f(u) + f(v)− a(v − u)), a = max |f ′(u)| . (3.3)

We approximate the integral of the source term in (3.2) by quadrature rules:∫
Ij

g(x)dx ≈ ∆x
L∑
β=1

ωβg(xβj ). (3.4)

Here ωβ ≥ 0 are integration weights and xβj are integration points. We denote the set of

these integration points by

SSIj = {xβj , β = 1, · · · , L}. (3.5)

Note that, to keep the accuracy, the quadrature rules are required to be exact for polyno-

mials up to degree 2k [7, 17]. To present our scheme more clearly, we keep using the weak

formulation and do not introduce basis functions. We introduce the notation [41]

Hj(u, v) :=

∫
Ij

f(u)(v)x − f̂j+ 1
2
(v)−

j+ 1
2

+ f̂j− 1
2
(v)+

j− 1
2

, (3.6)

and use (·, ·)Ij to denote the inner product on L2(Ij) and 〈·, ·〉Ij to denote the quadrature

product in Ij which is defined as

〈u, v〉Ij = ∆x
L∑
β=1

ωβu(xβj )v(xβj ). (3.7)

Then the semi-discrete DG scheme with source term approximated by quadrature rules can

be rewritten as

((uh)t, vh)Ij = Hj(uh, vh) +
1

ε
〈s(uh), vh〉Ij , (3.8)

which is reformulated as

((uh)t, vh)Ij =Hj(uh, vh) +
1

ε
〈s(uh) + µuh, vh〉Ij −

µ

ε
〈uh, vh〉Ij ,

=Hj(uh, vh) +
1

ε
〈s(uh) + µuh, vh〉Ij −

µ

ε
(uh, vh)Ij ,
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and is equivalent to

((e
µ
ε
tuh)t, vh)Ij = e

µ
ε
t

(
Hj(uh, vh) +

1

ε
〈s(uh) + µuh, vh〉Ij

)
. (3.9)

We apply the modified exponential RK methods developed in section 2 to (3.9). For

simplicity, we take the second-order method (2.13) as an example and deduce:

(u
(1)
h , vh)Ij =

1

1 + µ
ε
∆t+ 1

2
(µ
ε
∆t)2

(
(unh, vh)Ij + ∆tHj(u

n
h, vh) +

∆t

ε
〈s(unh) + µunh, vh〉Ij

)
,

(3.10a)

(un+1
h , vh)Ij =

1

2(1 + µ
ε
∆t+ 1

2
(µ
ε
∆t)2)

(unh, vh)Ij

+
1

2

(
(u

(1)
h , vh)Ij + ∆tHj(u

(1)
h , vh) +

∆t

ε

〈
s(u

(1)
h ) + µu

(1)
h , vh

〉
Ij

)
. (3.10b)

In the following, we discuss the bound-preserving property of the scheme (3.10). Setting

the test function vh ≡ 1 results in

ū
(1)
j =

1

1 + µ
ε
∆t+ 1

2
(µ
ε
∆t)2

(
(ūnj − λ(f̂n

j+ 1
2
− f̂n

j− 1
2
)) +

∆t

ε

L∑
β=1

ωβ(s(un(xβj )) + µun(xβj ))

)
,

(3.11a)

ūn+1
j =

1

2(1 + µ
ε
∆t+ 1

2
(µ
ε
∆t)2)

ūnj +
1

2

(
ū

(1)
j − λ(f̂

(1)

j+ 1
2

− f̂ (1)

j− 1
2

)
)

+
∆t

2ε

L∑
β=1

ωβ(s(u(1)(xβj )) + µu(1)(xβj )).

(3.11b)

First we briefly review the techniques introduced in [43] for controlling the bound of the

convection part (ūj − λ(f̂j+ 1
2
− f̂j− 1

2
)). Here we only list the main results and refer readers

to [43] and [45] for details. Choose N to be the smallest integer satisfying 2N − 3 ≥ k

and consider the N -point Legendre Gauss-Lobatto quadrature rule on the interval Ij =

[xj− 1
2
, xj+ 1

2
]. We denote these quadrature points on Ij as

SGLj = {xj− 1
2

= x̂1
j , x̂

2
j , · · · , x̂N−1

j , x̂Nj = xj+ 1
2
}. (3.12)

Define v̂α = uh(x̂
α
j ) for α = 1, · · · , N , and let ω̂α be the quadrature weights for the interval

[−1
2
, 1

2
] such that

∑N
α=1 ω̂α = 1.

Assume that u−
j− 1

2

, u+
j+ 1

2

and v̂α (α = 1, · · · , N) are all in the range [m,M ]. By splitting

the cell average ūj into a convex combination of values at quadrature points and then writing
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the convection term (ūj − λ(f̂j+ 1
2
− f̂j− 1

2
)) into a convex combination of formally monotone

schemes, under the condition λa ≤ ω̂1 with a being the constant in the global Lax-Friedrichs

flux defined in (3.3), we have the bound for the convective part:

m ≤ ūj − λ(f̂j+ 1
2
− f̂j− 1

2
) ≤M. (3.13)

To ensure that u−
j− 1

2

, u+
j+ 1

2

and v̂α (α = 1, · · · , N) are all in the range [m,M ], a scaling

limiter is applied to keep the accuracy and conservativity [27]: The polynomial pj(x) (i.e.

the polynomial on the interval Ij in the DG scheme) is modified to p̃j(x) which is calculated

by

p̃j(x) = θ(pj(x)− ūnj ) + ūnj , θ = min{
∣∣∣∣M − ūnjMj − ūnj

∣∣∣∣ , ∣∣∣∣ m− ūnjmj − ūnj

∣∣∣∣ , 1}, (3.14)

with

Mj = max
x∈SGLj

pj(x), mj = min
x∈SGLj

pj(x). (3.15)

Now we analyze the bound-preserving property of our scheme (3.10). Assume that m ≤

ūnj ≤M for any j with m ≤ 0 and M ≥ 0. In the first stage (3.10a), by applying the limiter

(3.14) with mj and Mj replaced by

Mj = max
x∈SGLj ∪SSIj

pj(x), mj = min
x∈SGLj ∪SSIj

pj(x), (3.16)

w have the bound for the convection term

m ≤ ūnj − λ(f̂n
j+ 1

2
− f̂n

j− 1
2
) ≤M, (3.17)

and the values at all quadrature points

m ≤ unh(xβj ) ≤M. (3.18)

Take µ = supm≤u≤M(−s′(u)). Then s(u) + µu as a function of u is non-decreasing for

m ≤ u ≤M and thus we have

µm ≤ s(m) + µm ≤ s(unh(xβj )) + µunh(xβj ) ≤ s(M) + µM ≤ µM. (3.19)
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Remembering that
∑L

β=1 ωβ = 1 and ωβ ≥ 0, by (3.11a) we have

1 + µ
ε
∆t

1 + µ
ε
∆t+ 1

2
(µ
ε
∆t)2

m ≤ ū
(1)
j ≤

1 + µ
ε
∆t

1 + µ
ε
∆t+ 1

2
(µ
ε
∆t)2

M. (3.20)

Now for the second stage (3.10b), we can get the bound of ūn+1
j in the same procedure,

except that the constant m and M in the limiter should be replaced by
1+µ

ε
∆t

1+µ
ε

∆t+ 1
2

(µ
ε

∆t)2
m and

1+µ
ε

∆t

1+µ
ε

∆t+ 1
2

(µ
ε

∆t)2
M , respectively.

Proposition 3.1. Consider the modified second-order RK method coupled with the semi-

discrete DG scheme (3.10). Assume that the quadrature weights of the integration for the

source term are non-negative and the CFL condition λa ≤ ŵ1. In the first stage (3.10a), if

u−
j− 1

2

, u+
j+ 1

2

, un(x̂αj ) (α = 1, · · · , N) and un(xβj ) (β = 1, · · · , L) are all in the range [m,M ]

with m ≤ 0 and M ≥ 0, then

1 + µ
ε
∆t

1 + µ
ε
∆t+ 1

2
(µ
ε
∆t)2

m ≤ ū
(1)
j ≤

1 + µ
ε
∆t

1 + µ
ε
∆t+ 1

2
(µ
ε
∆t)2

M. (3.21)

In the second stage (3.10b), if u−
j− 1

2

, u+
j+ 1

2

, u(1)(x̂αj ) (α = 1, · · · , N) and un(xβj ) (β = 1, · · · , L)

are all in the range [
1+µ

ε
∆t

1+µ
ε

∆t+ 1
2

(µ
ε

∆t)2
m,

1+µ
ε

∆t

1+µ
ε

∆t+ 1
2

(µ
ε

∆t)2
M ], then

m ≤ ūn+1
j ≤M. (3.22)

The bound of these point values is guaranteed by applying the scaling limiter (3.14).

Remark 3.2. Note that in the original paper on the maximum-principle-preserving schemes

for scalar conservation laws, the constant m and M , i.e., the lower and upper bound of the

solutions, are naturally taken to be the minimum and maximum of the given initial values

[43]. However, in our case, the magnitudes of the solutions will decay with time due to

the dissipation of the source term. Therefore, the constants m and M should vary with

time and be taken as the minimum and maximum values of numerical solutions evaluated as

polynomials. If the constants m and M are fixed to be the minimum and maximum values

of the initial data, then the parameter µ will be fixed. In fact, with fixed µ, the scheme does

not work well in the stiff case with inconsistent initial values. We remark that evaluating

extrema of polynomials will increase the computational cost, especially in the 2D case.
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Remark 3.3. Other types of spatial discretization such as the finite volume ENO/WENO

scheme could be coupled with the modified exponential RK methods. Moreover, our time

integrators could be applied to problems in the 2D case. The bound-preserving property

could be derived in the same approach. The derivations are omitted here for saving space.

We refer readers to the review paper [45] for details.

4 Numerical results for the ODE solver

In this part, we test the accuracy of our (modified) exponential RK and multi-step methods

on the initial value problem of the scalar ODE (2.1). In the following part, for the (modified)

exponential fourth-order RK method, we refer to the five-stage fourth-order one.

4.1 Non-stiff case

We first test the accuracy of our methods for the non-stiff case. In the ODE (2.1), we take

f(u) = −u2, s(u) = −u3, ε = 1, the initial value u0 = 1 and the final time t = 1.

The errors at t = 1 for the (modified) exponential RK methods are listed in Table 4.1.

In the table, we denote errors for the exponential RK methods and the modified exponen-

tial RK methods by “error (exp)” and “error (modify)”, respectively. In the computation,

the parameter µ = µ(un) is set to be the lower bound in the propositions. For example,

µ = sup0≤u≤1.13652un(−s′(u)) = 3(1.13652un)2 for the third-order modified exponential RK

method. The table shows clear convergence orders except that the third-order modified RK

method has some “superconvergence”. Moreover, the errors for the modified RK methods

are smaller than those for the exponential RK methods.

We also discuss the impact of the values of µ on the numerical behaviour presented in

Table 4.2. Here we use the second-order (modified) exponential RK method. Note that in

the propositions, for preserving the bound of the numerical solution, we only require the

lower bound of the parameter µ. From the table, we can observe that, if µ is much larger

than the lower bound in the proposition, there will be some order degeneration phenomenon.
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Table 4.1: Error table for the (modified) exponential Runge-Kutta method for solving the
scalar ODE in the non-stiff case.

N error (exp) order error (modify) order

first-order

20 7.37e-03 - 1.09e-04 -
40 3.63e-03 1.024 1.18e-04 -0.108
80 1.80e-03 1.012 7.40e-05 0.667
160 8.96e-04 1.006 4.08e-05 0.861
320 4.47e-04 1.003 2.13e-05 0.936

second-order

20 8.13e-05 - 2.86e-04 -
40 2.20e-05 1.887 6.98e-05 2.038
80 5.66e-06 1.956 1.72e-05 2.021
160 1.44e-06 1.981 4.27e-06 2.011
320 3.61e-07 1.991 1.06e-06 2.005

third-order

20 1.23e-05 - 1.60e-06 -
40 1.46e-06 3.073 9.85e-08 4.020
80 1.77e-07 3.038 6.29e-09 3.969
160 2.19e-08 3.020 4.21e-10 3.899
320 2.71e-09 3.010 3.03e-11 3.797

fourth-order

20 2.90e-07 - 2.60e-07 -
40 1.59e-08 4.191 1.57e-08 4.045
80 9.23e-10 4.104 9.57e-10 4.038
160 5.55e-11 4.055 5.88e-11 4.024
320 3.33e-12 4.059 3.57e-12 4.041
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Moreover, the modified RK method is better than the exponential RK method in the aspects

of magnitudes of errors and convergence orders.

Table 4.2: Error table for different values of µ with the second order modified exponential
RK method for solving the scalar ODE in the non-stiff case.

N error (exp) order error (modify) order

µ = 3(un)2

20 8.13e-05 - 2.86e-04 -
40 2.20e-05 1.887 6.98e-05 2.038
80 5.66e-06 1.956 1.72e-05 2.021
160 1.44e-06 1.981 4.27e-06 2.011
320 3.61e-07 1.991 1.06e-06 2.005

µ = 3(3un)2

20 3.73e-02 - 3.51e-02 -
40 1.40e-02 1.416 1.01e-02 1.798
80 4.29e-03 1.703 2.78e-03 1.858
160 1.17e-03 1.880 7.40e-04 1.912
320 3.01e-04 1.954 1.92e-04 1.950

µ = 3(5un)2

20 1.85e-01 - 1.87e-01 -
40 8.71e-02 1.084 6.27e-02 1.580
80 4.88e-02 0.836 1.88e-02 1.736
160 2.18e-02 1.163 5.41e-03 1.799
320 7.45e-03 1.547 1.48e-03 1.867

µ = 3(10un)2

20 3.87e-01 - 4.84e-01 -
40 3.67e-01 0.075 3.65e-01 0.408
80 1.95e-01 0.915 1.87e-01 0.967
160 1.32e-01 0.561 6.28e-02 1.571
320 9.16e-02 0.528 1.90e-02 1.721

Next, we move to the exponential multi-step methods. In the non-stiff case, the exponen-

tial RK methods are good enough to start the multi-step methods. For example, we use the

second-order exponential RK method to initialize the third-order multi-step method. The

results are presented in Table 4.3 which shows clear convergence orders.

4.2 Stiff case

We now focus on the numerical behavior of the ODE solver on the stiff case. Set f(u) = −u2,

s(u) = −u5 and ε = 1 × 10−4. Since the linear source term results in exponential decay in

time, we take s(u) to be a polynomial of high degree in order to guarantee that u is not that

small for t = O(1).
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First we discuss the consistent initial value, i.e., s(u0) = O(ε). In the numerical examples,

we take u0 = 0.1. The errors for the RK methods and the multi-step methods at t = 1 are

listed in Table 4.4 and Table 4.5, respectively. Here we use the exponential RK methods to

start the multi-step methods. They all have full order of accuracy.

For the inconsistent initial value, we take u0 = 1. For the RK methods, the errors

are listed in Table 4.6. As expected, the exponential RK methods only output numerical

solutions of zero value, which does not converge to the numerical solution with ε� ∆t. The

modified RK method all have similar convergence orders of around first-order and similar

magnitudes of errors. We remark that the modified RK methods are only AP in the weak

sense and thus the convergence orders in the unresolved region are nontrivial to analyze

theoretically.

Next, we move to the exponential multi-step methods in the case of ε � ∆t with the

inconsistent initial value. In order to verify the accuracy of our methods without the effects

of the initial layer, we use exact solutions in the first several time steps to do initialization. As

shown in Table 4.7, they all behave with a first-order convergence order. We also try to use

Table 4.3: Error table for the exponential multi-step methods for solving the scalar ODE in
the non-stiff case.

N error order

second-order

20 7.20e-04 -
40 1.88e-04 1.934
80 4.83e-05 1.965
160 1.22e-05 1.982
320 3.07e-06 1.991

third-order

20 1.44e-04 -
40 1.97e-05 2.867
80 2.58e-06 2.928
160 3.32e-07 2.960
320 4.21e-08 2.979

fourth-order

20 8.87e-05 -
40 3.81e-06 4.541
80 1.62e-07 4.554
160 8.89e-09 4.190
320 5.58e-10 3.994
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Table 4.4: Error table for the (modified) exponential RK methods for the scalar ODE in the
stiff case with consistent initial value.

N error (exp) order error (modify) order

first-order

20 2.03e-03 - 6.78e-04 -
40 1.06e-03 0.945 3.27e-04 1.053
80 5.41e-04 0.965 1.60e-04 1.028
160 2.74e-04 0.981 7.94e-05 1.014
320 1.38e-04 0.990 3.95e-05 1.007

second-order

20 2.87e-05 - 1.61e-04 -
40 9.14e-06 1.649 4.02e-05 2.005
80 2.47e-06 1.886 1.00e-05 2.005
160 6.38e-07 1.954 2.50e-06 2.003
320 1.62e-07 1.979 6.24e-07 2.001

third-order

20 1.28e-05 - 1.93e-05 -
40 1.14e-06 3.486 2.93e-06 2.719
80 1.15e-07 3.311 3.97e-07 2.884
160 1.27e-08 3.178 5.14e-08 2.949
320 1.49e-09 3.095 6.53e-09 2.976

fourth-order

20 8.10e-06 - 3.24e-06 -
40 4.72e-07 4.102 2.21e-07 3.874
80 2.83e-08 4.061 1.41e-08 3.969
160 1.73e-09 4.033 8.86e-10 3.993
320 1.07e-10 4.017 5.55e-11 3.998

Table 4.5: Error table for the multi-step methods for the scalar ODE in the stiff case with
consistent initial value (initialization with exponential RK methods).

N error order

second-order

20 5.20e-04 -
40 1.44e-04 1.853
80 3.77e-05 1.933
160 9.63e-06 1.970
320 2.43e-06 1.986

third-order

20 6.51e-06 -
40 7.36e-07 3.145
80 1.02e-07 2.850
160 1.43e-08 2.834
320 1.93e-09 2.892

fourth-order

20 1.88e-06 -
40 7.98e-08 4.555
80 1.25e-08 2.672
160 9.68e-10 3.693
320 6.22e-11 3.962
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Table 4.6: Error table for the (modified) exponential RK methods for the scalar ODE in the
stiff case with inconsistent initial value.

N error (exponent) order error (polynomial) order

first-order

20 6.79e-02 - 1.38e-02 -
40 6.79e-02 0.000 5.44e-03 1.342
80 6.79e-02 0.000 2.42e-03 1.168
160 6.79e-02 0.000 1.12e-03 1.105
320 6.79e-02 0.000 5.32e-04 1.079

second-order

20 6.79e-02 - 1.29e-02 -
40 6.79e-02 0.000 4.83e-03 1.419
80 6.79e-02 0.000 2.04e-03 1.241
160 6.79e-02 0.000 8.97e-04 1.189
320 6.79e-02 0.000 3.96e-04 1.178

third-order

20 6.79e-02 - 2.39e-02 -
40 6.79e-02 0.000 7.13e-03 1.745
80 6.79e-02 0.000 2.79e-03 1.351
160 6.79e-02 0.000 1.16e-03 1.265
320 6.79e-02 0.000 4.88e-04 1.253

fourth-order

20 6.79e-02 - 1.76e-01 -
40 6.79e-02 0.000 1.69e-02 3.384
80 6.79e-02 0.000 5.60e-03 1.591
160 6.79e-02 0.000 2.22e-03 1.331
320 6.79e-02 0.000 9.21e-04 1.273
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the first-order IMEX method to start the second-order multi-step method. The first-order

convergence is observed in Table 4.8.

Table 4.7: Error table for the multi-step methods for the scalar ODE in the stiff case with
inconsistent initial value (initialization with the exact solution).

N error order

second-order

20 3.00e-04 -
40 1.84e-04 0.710
80 1.04e-04 0.824
160 5.59e-05 0.892
320 2.92e-05 0.934

third-order

20 1.58e-04 -
40 8.16e-05 0.958
80 4.16e-05 0.971
160 2.10e-05 0.985
320 1.05e-05 0.995

fourth-order

20 1.88e-05 -
40 1.19e-06 3.984
80 6.27e-06 -2.398
160 4.30e-06 0.544
320 2.21e-06 0.958

Table 4.8: Error table for the second-order multi-step method for the scalar ODE in the stiff
case with inconsistent initial value (initialization with first-order IMEX).

N error order
20 6.74e-04 -
40 2.85e-04 1.240
80 1.25e-04 1.186
160 5.65e-05 1.150
320 2.58e-05 1.133

We summarize the numerical results shown above:

i) In the non-stiff case, i.e., ε � ∆t, the (modified) exponential RK and the multi-step

methods all have full convergence orders. We also observe that the values of µ should

not be set much larger than the lower bound, otherwise there will be order degeneration

phenomenon.

ii) In the stiff case with well-prepared initial value, the (modified) exponential RK and
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the multi-step methods all have full convergence orders. If the inconsistent initial value

is given, the modified RK methods and the multi-step methods initialized with exact

solutions all have first-order convergence.

Finally, we remark that the motivation for replacing the exponential functions by poly-

nomials is to treat the stiff problems with inconsistent initial values without resolving the

initial layer. However, for the multi-step method, the initialization problem is not easy to

attack. Therefore, it seems that the exponential multi-step methods is not easily applicable

for the stiff problems, and it is not very meaningful to develop modified multi-step methods

following similar approaches for the RK methods. In the numerical examples for the PDEs

below, we will not discuss the multi-step methods and will focus on the modified exponential

RK methods only.

5 Numerical results for the DG scheme

In this section, we apply the modified exponential RK method to the semi-discrete DG

scheme and discuss the accuracy and bound-preserving property of the scheme. In the

numerical examples, unless otherwise stated, the CFL number is taken to be 1/3, 1/6 and

1/10 [43] for k = 1, 2, 3 where k denotes the polynomials of degree in the finite element

space. The numerical flux is taken to be the global Lax-Friedrichs flux. For the numerical

tests without explicit analytic solutions, the “exact” solutions are computed via the spectral

method with an extremely refined mesh.

5.1 Non-stiff case

Example 5.1 (1D advection equation with source term). We solve the 1D advection equation

with source term:

ut + ux =
1

ε
s(u), 0 ≤ x ≤ 2π, t > 0,

u(x, 0) =u0(x),
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with periodic boundary condition.

In the computation, the initial condition is set to be

u(x, 0) = u0(x) =
1

2
(1 + sin(x)) (5.1)

with the final time t = 0.5. The source term is s(u) = −u. The exact solution is

u(x, t) = e−
1
ε
tu0(x− t)

.

The errors with and without limiters are listed in Table 5.1. We observe designed order

of accuracy without limiter and order degeneration with limiter, especially for high-order

methods. The order degeneration phenomenon is also observed in [43]. The reason is that

the high-order RK methods depend more heavily on the error cancellations in different stages,

but the bound-preserving limiter after each stage will destroy this cancellation.

Table 5.1: Example 5.1: 1D advection equation with linear source term. Modified exponen-
tial RK method without and with limiter (left: no limiter; right: limiter). ε = 1.

N L1 error order L∞ error order L1 error order L∞ error order

P 1

20 5.97e-03 - 4.55e-03 - 7.00e-03 - 8.35e-03 -
40 1.49e-03 2.000 1.19e-03 1.930 1.76e-03 1.993 2.12e-03 1.981
80 3.92e-04 1.927 2.88e-04 2.051 4.52e-04 1.958 6.37e-04 1.732
160 9.66e-05 2.023 7.39e-05 1.962 1.08e-04 2.061 1.53e-04 2.056
320 2.39e-05 2.015 1.91e-05 1.952 2.60e-05 2.063 4.03e-05 1.925
640 6.07e-06 1.977 4.67e-06 2.033 6.47e-06 2.005 1.01e-05 1.991

P 2

20 1.63e-04 - 1.58e-04 - 2.74e-04 - 3.89e-04 -
40 2.04e-05 2.999 1.97e-05 3.007 4.48e-05 2.616 1.03e-04 1.916
80 2.55e-06 3.002 2.46e-06 2.997 6.21e-06 2.849 2.84e-05 1.858
160 3.19e-07 3.000 3.08e-07 3.000 8.59e-07 2.856 1.02e-05 1.474
320 3.99e-08 3.000 3.85e-08 3.000 1.21e-07 2.824 2.35e-06 2.121
640 4.98e-09 3.000 4.81e-09 3.000 1.60e-08 2.921 4.87e-07 2.274

P 3

20 3.37e-06 - 3.82e-06 - 8.46e-06 - 1.64e-05 -
40 2.06e-07 4.033 2.03e-07 4.234 1.07e-06 2.988 4.84e-06 1.757
80 1.27e-08 4.024 1.39e-08 3.867 1.40e-07 2.934 1.26e-06 1.937
160 7.89e-10 4.006 8.57e-10 4.021 1.92e-08 2.861 3.16e-07 2.000
320 4.93e-11 4.000 5.37e-11 3.998 2.61e-09 2.882 8.05e-08 1.972
640 3.27e-12 3.915 3.35e-12 4.000 3.59e-10 2.862 2.19e-08 1.881
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Figure 5.1: Example 5.1: 1D advection equation with piecewise constant initial value. Third-
order modified exponential RK method with P 2-DG. The grid number N = 160. Solid line:
exact solution; circle: numerical solution (cell averages). Left: with limiter; right: without
limiter.

We also test another piecewise constant initial value for the same linear advection equa-

tion with linear source term:

u0(x) =

 1, 0 ≤ x ≤ π,

0, π < x ≤ 2π.

In the computation, the third-order modified exponential RK method is applied to the DG

scheme. The final time t = 0.5 and the grid number N = 160. As shown in Figure 5.1, the

numerical solution stays non-negative with the bound-preserving limiter. As a comparison,

we also show the result of the same DG scheme without limiter. The undershoot near the

discontinuity is then apparent.

Example 5.2 (1D Burgers’ equation with source term). We solve the 1D Burgers’ equation

with periodic boundary condition.

ut + (
u2

2
)x =

1

ε
s(u), 0 ≤ x ≤ 2π, t > 0,

u(x, 0) =u0(x),

Take the initial value

u0(x) =
1

2
(sin(x) + 1) (5.2)
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and the source term s(u) = −u. The final time t = 0.2. The relaxation parameter ε = 1.

Again, we can clearly observe the designed order of accuracy without limiter in Table

5.2. In this case, the numerical results with limiter are almost the same with those without

limiter.

Table 5.2: Example 5.2: 1D Burgers’ equation with linear source term. Modified exponential
RK method without and with limiter (left: no limiter; right: limiter). ε = 1.

N L1 error order L∞ error order L1 error order L∞ error order

P 1

20 6.12e-03 - 5.28e-03 - 6.67e-03 - 6.98e-03 -
40 1.70e-03 1.848 1.53e-03 1.783 1.76e-03 1.920 1.72e-03 2.018
80 4.66e-04 1.865 4.30e-04 1.834 4.74e-04 1.895 4.69e-04 1.877
160 1.23e-04 1.922 1.13e-04 1.923 1.24e-04 1.934 1.16e-04 2.021
320 3.17e-05 1.957 2.88e-05 1.976 3.18e-05 1.962 2.88e-05 2.001
640 8.07e-06 1.974 7.23e-06 1.997 8.09e-06 1.976 7.23e-06 1.997

P 2

20 2.31e-04 - 2.52e-04 - 2.39e-04 - 2.52e-04 -
40 2.86e-05 3.015 3.73e-05 2.755 2.90e-05 3.043 3.73e-05 2.755
80 3.57e-06 3.006 4.59e-06 3.021 3.59e-06 3.016 4.59e-06 3.021
160 4.45e-07 3.003 5.90e-07 2.959 4.46e-07 3.007 5.90e-07 2.959
320 5.55e-08 3.002 7.47e-08 2.982 5.56e-08 3.003 7.47e-08 2.982
640 6.94e-09 3.001 9.40e-09 2.991 6.95e-09 3.002 9.40e-09 2.991

P 3

20 4.62e-06 - 6.40e-06 - 4.62e-06 - 6.40e-06 -
40 2.71e-07 4.091 4.41e-07 3.858 2.71e-07 4.091 4.41e-07 3.858
80 1.80e-08 3.910 2.81e-08 3.973 1.80e-08 3.910 2.81e-08 3.973
160 1.14e-09 3.983 1.84e-09 3.930 1.14e-09 3.983 1.84e-09 3.930
320 7.17e-11 3.992 1.19e-10 3.959 7.17e-11 3.992 1.19e-10 3.959
640 4.63e-12 3.952 7.38e-12 4.005 4.63e-12 3.951 7.38e-12 4.005

Example 5.3 (2D advection equation with source term). We solve the 2D advection equation

with periodic boundary condition.

ut + ux + uy =
1

ε
s(u), 0 ≤ x ≤ 2π, t > 0,

u(x, y, 0) =u0(x, y),

Take the initial value

u0(x) = exp(sin(x+ y))− exp(−1) (5.3)

with the source term s(u) = −u. The exact solution is

u(x, y, t) = (exp(sin(x+ y − 2t))− exp(−1)) exp (− t
ε

). (5.4)
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In the computation, the final time t = 1.2 and the parameter ε = 1. For the sake of simplicity,

the uniform grid is used with ∆x = ∆y.

The errors are presented in Table 5.3. Once more, we observe designed order of accuracy

without limiter and order degeneration with limiter, especially for high-order methods.

Table 5.3: Example 5.3: 2D advection equation with linear source term. Modified exponen-
tial RK method without and with limiter (left: no limiter; right: limiter). ε = 1.

N L1 error order L∞ error order L1 error order L∞ error order

P 1

20 4.26e-03 - 3.29e-02 - 4.50e-03 - 3.26e-02 -
40 8.71e-04 2.289 9.81e-03 1.745 9.07e-04 2.311 9.67e-03 1.754
80 1.92e-04 2.181 2.71e-03 1.856 1.98e-04 2.199 2.68e-03 1.852
160 4.55e-05 2.080 7.10e-04 1.934 4.65e-05 2.088 7.05e-04 1.926
320 1.11e-05 2.032 1.81e-04 1.969 1.13e-05 2.041 1.81e-04 1.964

P 2

20 2.57e-04 - 5.58e-03 - 2.88e-04 - 5.75e-03 -
40 2.97e-05 3.113 7.46e-04 2.903 3.34e-05 3.107 7.46e-04 2.946
80 3.65e-06 3.024 9.37e-05 2.993 4.33e-06 2.950 9.37e-05 2.993
160 4.54e-07 3.007 1.17e-05 2.996 5.75e-07 2.912 1.17e-05 2.996
320 5.67e-08 3.002 1.47e-06 2.999 7.83e-08 2.875 2.05e-06 2.517

P 3

20 1.97e-05 - 8.33e-04 - 2.81e-05 - 8.33e-04 -
40 1.21e-06 4.026 5.70e-05 3.868 1.69e-06 4.056 5.70e-05 3.868
80 7.56e-08 4.003 3.60e-06 3.987 1.38e-07 3.613 3.60e-06 3.987
160 4.72e-09 4.002 2.27e-07 3.989 1.41e-08 3.293 5.58e-07 2.688
320 2.95e-10 4.001 1.42e-08 3.999 1.66e-09 3.080 1.45e-07 1.941

Example 5.4 (2D Burgers’ equation with source term). We solve the 2D Burgers’ equation

with periodic boundary condition.

ut + (
u2

2
)x + (

u2

2
)y =

1

ε
s(u), 0 ≤ x ≤ 2π, t > 0,

u(x, y, 0) =u0(x, y),

Take the initial value

u0(x) =
1

2
(sin(x+ y) + 1) (5.5)

with the linear source s(u) = −u. The final time t = 1.2. The parameter is ε = 1.

Similar to the results in 1D Burgers’ equation, the designed orders of accuracy with and

without limiters are observed.
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5.2 Stiff case

In this section, we investigate the numerical behaviour of our methods for solving the stiff

problems.

As in the numerical examples for the ODE, since the linear source term results in expo-

nential decay in time, with small ε, the solution decays to zero for t = O(1). Hence, we take

the source to be polynomial with high degree in this part. For saving space, we only present

the numerical results with limiters.

We start with the 1D linear advection equation. In Example 5.1, take the source term to

be s(u) = −u7 and ε = 1 × 10−4. From Table 5.5, we observe that the converge orders are

all around one, which is the same with the results for the ODE. Moreover, the errors with

high order methods are slightly larger than those with low order methods.

Presented in Figure 5.2 are the numerical and exact solutions with stiff source for the

stiff advection equation with the initial value (5.1). We observe that, with the mesh number

N = 160, i.e., ∆x,∆t� ε, the profiles of the solutions are captured well.

Next, we move to 1D Burgers’ equation with stiff source term. As shown in Table 5.6, they

Table 5.4: Example 5.4: 2D Burgers’ equation with linear source term. Modified exponential
RK method without and with limiter (left: no limiter; right: limiter). ε = 1.

N L1 error order L∞ error order L1 error order L∞ error order

P 1

20 1.66e-03 - 3.07e-02 - 1.72e-03 - 3.74e-02 -
40 4.31e-04 1.942 1.15e-02 1.411 4.37e-04 1.972 1.16e-02 1.693
80 1.08e-04 2.001 3.82e-03 1.595 1.08e-04 2.013 3.82e-03 1.596
160 2.70e-05 1.996 1.07e-03 1.833 2.71e-05 2.002 1.07e-03 1.833
320 6.78e-06 1.993 2.83e-04 1.921 6.79e-06 1.996 2.83e-04 1.921

P 2

20 3.39e-04 - 1.39e-02 - 3.43e-04 - 1.39e-02 -
40 4.97e-05 2.769 4.47e-03 1.641 5.00e-05 2.781 4.47e-03 1.641
80 6.70e-06 2.892 1.10e-03 2.028 6.70e-06 2.898 1.10e-03 2.028
160 8.60e-07 2.960 1.56e-04 2.810 8.60e-07 2.962 1.56e-04 2.810
320 1.09e-07 2.984 2.07e-05 2.920 1.09e-07 2.984 2.07e-05 2.920

P 3

20 8.48e-05 - 9.99e-03 - 9.73e-05 - 9.99e-03 -
40 9.42e-06 3.169 1.53e-03 2.711 9.42e-06 3.368 1.53e-03 2.712
80 6.06e-07 3.959 1.54e-04 3.310 6.06e-07 3.959 1.54e-04 3.310
160 4.06e-08 3.902 1.17e-05 3.713 4.05e-08 3.902 1.17e-05 3.713
320 2.59e-09 3.970 7.87e-07 3.897 2.59e-09 3.969 7.87e-07 3.897
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Table 5.5: Example 5.1: 1D advection equation with stiff source term. Modified exponential
RK method with limiter. ε = 1× 10−4. The source term s(u) = −u7.

N L1 error order L∞ error order

P 1

20 7.88e-02 - 6.07e-02 -
40 3.58e-02 1.137 3.18e-02 0.936
80 1.63e-02 1.141 1.46e-02 1.126
160 7.28e-03 1.159 6.35e-03 1.196
320 3.21e-03 1.180 2.75e-03 1.210

P 2

20 1.53e-01 - 1.08e-01 -
40 7.00e-02 1.126 5.78e-02 0.906
80 3.11e-02 1.170 2.68e-02 1.110
160 1.36e-02 1.196 1.18e-02 1.181
320 5.81e-03 1.225 5.06e-03 1.222

P 3

20 3.11e-01 - 1.46e-01 -
40 1.64e-01 0.927 1.15e-01 0.354
80 7.49e-02 1.126 6.12e-02 0.905
160 3.29e-02 1.185 2.82e-02 1.120
320 1.42e-02 1.218 1.22e-02 1.203
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Figure 5.2: Example 5.1: 1D linear advection equation with stiff source term. The the initial
value (5.1) with limiter. Third-order modified exponential RK method with P 2-DG. N = 80
and N = 160, t = 3, ∆x = 2π/N , ∆t = ∆x/10. Solid line: exact solution; circle: numerical
solution (cell averages).
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all have first-order of accuracy with ∆x,∆t� ε. Presented in Figure 5.3 are the numerical

and exact solutions with stiff source. With the grid number N = 80, the maximum value

of the numerical solutions does not coincide with that of the exact solutions. With the grid

number N = 160, the profiles of the solutions are captured well. This example indicates that

the grid number should not be too small when using our methods.

Table 5.6: Example 5.2: 1D Burgers’ equation with stiff source term. Modified exponential
RK method with limiter, source term s(u) = −u7.

N L1 error order L∞ error order

P 1

20 1.91e-01 - 4.97e-02 -
40 6.12e-02 1.644 1.44e-02 1.785
80 2.49e-02 1.295 5.75e-03 1.326
160 1.08e-02 1.212 2.50e-03 1.204
320 4.73e-03 1.189 1.10e-03 1.177

P 2

20 7.96e-01 - 2.05e-01 -
40 1.21e-01 2.719 2.76e-02 2.893
80 4.15e-02 1.544 9.38e-03 1.559
160 1.64e-02 1.339 3.72e-03 1.334
320 6.65e-03 1.302 1.52e-03 1.289

P 3

20 1.55e+00 - 4.70e-01 -
40 9.82e-01 0.659 2.63e-01 0.837
80 1.42e-01 2.793 3.26e-02 3.013
160 4.59e-02 1.626 1.04e-02 1.652
320 1.77e-02 1.374 4.00e-03 1.378

We also investigate the 2D linear equation with stiff source. The initial value is

u0(x, y) =
1

2
(sin(x+ 3y) + 1) (5.6)

and the parameter ε = 1× 10−4.

Again, the first-order convergence orders are observed in Table 5.7. Illustrated in Figure

5.4 are the numerical and exact solutions. We observe good resolution of our scheme for this

2D example.

The results of our methods for the 2D Burgers’ equation with stiff source are presented

in Table 5.8, which shows around first-order accuracy. Here, the initial value is taken to be

(5.6) and the parameter ε = 1× 10−4.
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Figure 5.3: Example 5.2: 2D linear advection equation with stiff source term. The initial
value (5.1) with limiter. Third-order modified exponential RK method with P 2-DG. N = 80
and N = 160, t = 0.2, ∆x = 2π/N , ∆t = ∆x/20/maxu. Solid line: exact solution; circle:
numerical solution (cell averages).

Table 5.7: Example 5.3: 2D linear advection equation with stiff source term. Modified
exponential RK method with limiter, source term s(u) = −u7.

N L1 error order L∞ error order

P 1

20 2.27e-01 - 3.91e-01 -
40 8.83e-02 1.362 2.17e-01 0.850
80 2.46e-02 1.847 8.24e-02 1.399
160 9.83e-03 1.322 3.35e-02 1.298
320 4.28e-03 1.199 1.39e-02 1.270

P 2

20 2.72e-01 - 4.14e-01 -
40 1.73e-01 0.652 2.86e-01 0.531
80 4.51e-02 1.937 1.29e-01 1.152
160 1.80e-02 1.329 5.76e-02 1.161
320 7.45e-03 1.270 2.48e-02 1.216

P 3

20 3.30e-01 - 5.91e-01 -
40 2.93e-01 0.172 4.72e-01 0.326
80 2.02e-01 0.532 2.97e-01 0.667
160 4.98e-02 2.024 1.34e-01 1.145
320 1.91e-02 1.383 5.97e-02 1.170

39



(a) numerical solution (b) exact solution

Figure 5.4: Example 5.3: 2D linear advection equation with stiff source term. The initial
value (5.6). Third-order modified exponential RK method with P 2-DG. N = 160, t = 0.2,
∆x = ∆y = 2π/N , ∆t = ∆x/10. Left: numerical solution; right: exact solution.

Table 5.8: Example 5.4: 2D Burgers’ equation with stiff source term. The initial value:
u0(x, y) = 1

2
(sin(x + 3y) + 1). Modified exponential RK method with limiter, source term

s(u) = −u7.
N L1 error order L∞ error order

P 1

20 1.88e-01 - 3.81e-01 -
40 5.39e-02 1.801 1.03e-01 1.881
80 1.17e-02 2.198 2.67e-02 1.953
160 4.44e-03 1.402 8.14e-03 1.714
320 1.92e-03 1.212 3.08e-03 1.403

P 2

20 2.28e-01 - 4.14e-01 -
40 1.30e-01 0.805 2.05e-01 1.010
80 2.12e-02 2.618 2.92e-02 2.812
160 7.46e-03 1.509 1.12e-02 1.388
320 2.98e-03 1.325 4.87e-03 1.199

P 3

20 3.00e-01 - 5.91e-01 -
40 2.51e-01 0.255 4.72e-01 0.326
80 1.60e-01 0.652 2.63e-01 0.840
160 2.47e-02 2.695 3.27e-02 3.010
320 8.22e-03 1.587 1.17e-02 1.484
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6 Concluding remarks

In this work, we develop high-order modified exponential RK methods by replacing the ex-

ponential functions by polynomials without destroying the accuracy. The bound-preserving

property and the weak asymptotic-preserving property are shown for these methods. By

applying these time discretization methods to the semi-discrete DG schemes, we successfully

obtain the bound-preserving DG schemes. Various numerical tests validate the theoretical

analysis of our scheme.

We also mention several drawbacks of this work. Although our schemes are high-order

accurate in resolved region and with consistent initial values in unresolved region, they de-

generate to around first-order of accuracy with unresolved initial layers numerically. It is

nontrivial to analyze this order degeneration phenomenon theoretically. New and powerful

ideas need to be introduced to construct higher-order and uniformly accurate time inte-

grators with bound-preserving property. We also hope to extend the idea in this work to

specific hyperbolic systems with stiff sources, e.g. reactive Euler equations, for preserving

the positivity of the density and pressure.

Moreover, we only focus on the time discretization for scalar hyperbolic equations with

stiff source terms, with the standard DG spatial discretization. It is well-known that the

spatial discretization of the source term should also mimic that of the convection term to

avoid non-physical numerical wave propagations. In [15], a class of monotone finite-difference

schemes and a split-step scheme are analyzed theoretically and numerically. We hope to

extend the analysis in [15] to our newly developed time discretizations with different spatial

discretizations. These issues constitute our ongoing work.
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