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Abstract

We further investigate the high order positivity-preserving discontinuous Galerkin (DG)
methods for linear hyperbolic and radiative transfer equations developed in [14]. The DG
methods in [14] can maintain positivity and high order accuracy, but they rely both on
the scaling limiter in [15] and a rotational limiter, the latter may alter cell averages of the
unmodulated DG scheme, thereby affecting conservation. Even though a Lax-Wendroff type
theorem is proved in [14], guaranteeing convergence to weak solutions with correct shock
speed when such rotational limiter is applied, it would still be desirable if a conservative
DG method without changing the cell averages can be obtained which has both high order
accuracy and positivity-preserving capability. In this paper, we develop and analyze such
a DG method for both linear hyperbolic equations and radiative transfer equations. In the
one-dimensional case, the method uses traditional DG space P* of piecewise polynomials
of degree at most k. A key result is proved that the unmodulated DG solver in this case
can maintain positivity of the cell average if the inflow boundary value and the source
term are both positive, therefore the positivity-preserving framework in [15] can be used to
obtain a high order conservative positivity-preserving DG scheme. Unfortunately, in two-
dimensions this is no longer the case. We show that the unmodulated DG solver based
either on P* or Q¥ spaces (piecewise k-th degree polynomials or piecewise tensor-product
k-th degree polynomials) could generate negative cell averages. We augment the DG space
with additional functions so that the positivity of cell averages from the unmodulated DG
solver can be restored, thereby leading to high order conservative positivity-preserving DG
scheme based on these augmented DG spaces following the framework in [15]. Computational
results are provided to demonstrate the good performance of our DG schemes.
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1 Introduction

We are concerned with the numerical solutions of linear hyperbolic conservation laws (both
steady state and time dependent), and radiative transfer equations. These are the types
of equations for which the very first discontinuous Galerkin (DG) method was designed, in
[11]. In particular, we are concerned with the positivity-preserving property of the high
order DG methods for such equations. This paper improves the results in [14], in a crucial
way by obtaining conservative methods in the sense that the cell averages obtained by the
unmodulated high order DG solver are not altered. We refer to [14] and the references therein
for a detailed discussion on the background of the equations and the DG numerical methods
used in this paper, and will only give a sketchy description before proceeding directly to the
main new ideas in this paper.

Radiative transfer is the process of energy transfer in the form of electromagnetic radi-
ation. Radiation passes through a medium affected by absorption, emission, and scattering
procedures. The equation of radiative transfer describes these interactions mathematically.
Equations of radiative transfer have applications in a wide variety of subjects including in-
ertial confinement fusion, astrophysics, optical molecular imaging, shielding, atmospheric
science, and remote sensing.

The radiative transfer equation is an integro-differential equation. The presence of inte-
gral coupling terms makes it more challenging to solve the equation numerically, especially
for high dimensional cases. Several techniques for solving this kind of equations have been
studied in recent literature, including the Monte Carlo method, the discrete-ordinate method
(DOM), the spherical harmonics method, the spectral method, the finite difference method,
the finite volume method, and the finite element method. We will pay attention in this paper
only to the DOM [1, 6, 7] due to its relatively high accuracy, flexibility, and relatively low
computational cost. By means of the DOM method, the solid angle appearing in the radia-
tive transfer equation is discretized as a set of ordinate directions (numerical quadrature in

the angular direction). The angle-discretized radiative transfer equation is then a system of



linear hyperbolic equations coupled through the source terms.

The DG method was first proposed and analyzed in the early 1970s exactly for this type
of linear hyperbolic equations. In 1973, Reed and Hill introduced a DG method to solve
the hyperbolic neutron transport equation (radiative transfer) [11]. Immediately after that,
theoretical properties of this DG method including stability and error estimates were given in
[8]. Later, Cockburn et al. [4, 3, 2, 5] established a framework to easily solve nonlinear time-
dependent problems, such as the compressible Euler equations of gas dynamics, using explicit,
nonlinearly stable high order Runge-Kutta time discretization [13] and DG discretization
in space with exact or approximate Riemann solvers as interface fluxes and total variation
bounded (TVB) nonlinear limiters [12] to achieve non-oscillatory properties for strong shocks.
The DG method has many advantages such as high order accuracy, geometric flexibility,
suitability for h- and p-adaptivity, extremely local data structure, high parallel efficiency
and a good theoretical foundation for stability and error estimates.

When the DG method is used to solve the coupled system of linear hyperbolic equations
with source terms arising from DOM, several difficulties arise due to the coupling. Usually,
a source iteration technique is applied to “decouple” this system in each iteration, thus
achieving a class of scalar equations in each iteration with the coupling deferred to the
previous iteration, thereby amendable to the original sweeping DG method. This source
iteration could be slow in the diffusive limit, but we are not going to discuss this difficulty
in this paper.

The focus of this paper is on the positivity-preserving property of the high order DG
solution. Physically and mathematically, the solution to the radiative transfer equation is
positive (non-negative), however this property is often lost in numerical approximations,
especially for high order methods. In [14], a high order positivity-preserving DG method is
designed for linear hyperbolic equations and the source iteration of DOM for the radiative
transfer equation. The crucial observation is the proof that, for the unmodulated DG scheme,

the point value of the numerical solution at one particular point inside the cell remains



positive. Even though the exact location of this point is usually not known, it does not
prevent the design of a positivity-preserving limiter, which is a combination of the scaling
limiter designed in [15] when the cell average is positive, and a new rotational limiter used
when the cell average is negative. It is proved in [14] that the usage of this rotational
limiter does not affect the original high order accuracy of the DG scheme, nor does it affect
convergence to weak solutions (correct shock speed, a Lax-Wendroff type theorem), even
though conservation is lost when the original cell averages are altered through the rotational
limiter. However, conservation (in the sense that the cell average from the unmodulated DG
solver is not altered in the limiting process) is often treated as a sacred property, not to be
lost at any cost. This is the motivation that we attempt to obtain high order positivity-
preserving DG methods in this paper which are conservative, in the sense that the cell
average from the unmodulated DG solver is never altered.

In the one-dimensional case, we prove a key result that the unmodulated DG solver, based
on the standard DG space P* of piecewise polynomials of degree at most k, can maintain
positivity of the cell average when the inflow boundary value and the source term are both
positive, therefore the positivity-preserving framework in [15] can be used to obtain a high
order conservative positivity-preserving DG scheme. Unfortunately, in two-dimensions this
is no longer the case. We show that the unmodulated DG solver based either on the P*
or Q% spaces (piecewise k-th degree polynomials or piecewise tensor-product k-th degree
polynomials) could generate negative cell averages. We then augment the DG space with
additional functions so that the positivity of cell averages from the unmodulated DG solver
can be restored, thereby leading to high order conservative positivity-preserving DG scheme
based on these augmented DG spaces following the framework in [15].

The remainder of this paper is organized as follows: In Section 2, we first introduce the
linear hyperbolic equations and the discrete-ordinate radiative transfer equations, and then
formulate the DG discretization and implicit time discretization (for the time-dependent

problems) for these equations both in one and two dimensional spaces. Section 3 considers



positivity-preserving DG scheme in one dimension. The proof that the cell averages of the
unmodulated DG method remain positive and the development of the positivity-preserving
method via the scaling limiter in [15] will be given. In Section 4, we first demonstrate
the failure of cell average positivity from unmodulated DG methods based on either P*
or Q% spaces, and then construct augmented DG spaces for the second order case as an
example to restore this positivity, leading to the final development of the positivity-preserving
DG method based on these augmented DG spaces via the scaling limiter in [15]. Finally,
in Section 5, one- and two-dimensional numerical examples for solving linear hyperbolic
equations and the source iteration of DOM from the radiative transfer equation will be
given to verify the good performance of our positivity-preserving DG methods. Concluding

remarks are given in Section 6.
2 The linear hyperbolic equation and the radiative trans-
fer equation and their DG disretizations

2.1 The linear hyperbolic equation and its DG discretization in
one spatial dimension

We consider the following linear steady hyperbolic equation,

au'(z) + yu(z) = f(x), (2.1)

where o and v > 0 are constants and f(z) > 0 is the source term. Without loss of generality
we assume « > 0, in this case the boundary condition is given at the left boundary for the
existence and uniqueness of the solution.

We denote S; = [mi_%,xiJr%], i=1,..., N as a subdivision of the interval [a, b] with

a=21 <23 < -+<ITy1=b Ax,=x..,1—z,
3 5 N+3 ' ¢ its i

N

Y

and h = max Ax;. The finite element space consists of the following piecewise polynomials
A

Vi ={veL*ab):v]s, € PE(S),Vi=1,...,N},



where P*(S;) stands for the set of polynomials of degree up to k defined in the cell S;.
The DG scheme for (2.1) is to seek the polynomial approximation uy(z) € V¥, such that

for any v(z) € V;¥, there always holds

—a/ un(2)v'(x)dz + oty 1v(z %) +'y/ w(z)v(z)dr = aq, :1:Jr / f(x

i i (2.2)
where 1, 1 is the numerical flux. For the scheme (2.2) to be locally solvable (sweeping from
the boundary), the numerical flux @, 1 at the cell interfaces must be chosen to be the upwind
flux, that is

QH% = uh(x;r%), (1

For simplicity, in the following, we denote u_ L= up (v, ! ), and u; = A%i /. g, Un(z)dz as the
cell average of uy(z) in the interval S;. We also omit the subscript i below.

For a time-dependent problem, the above linear hyperbolic equation becomes

Ou(z,t) Ou(z,t) B
5 +a o +yu(z,t) = f(z,t), >0, f>0. (2.3)

The semi-discrete DG scheme for (2.3) is to seek the polynomial approximation u(-,t) € V/¥,
such that for any v(z) € Vi, there always holds

< <xt><>daz—a/

Si

u(z, t)v'(z)dx + au_ 1 (t)v, 1 + 7/ u(z, t)v(z)de

e (2.4)

/ flx, tyo(x)de +au__, (t)v .

2 2

In this paper, we use the backward FEuler method as the time discretization for all time-

dependent problems. Assume that the approximation at time level n is denoted by u"(x) €

VE. then the fully discrete DG method for the equation in (2.4) can be described as follows:
Find v"*!(z) € V¥ such that You(z) € ViF we have

/ "t (z)v(x )dx—aAt"/S u" M (2)v (2)dx 4+ YA /s u”“(m)v(m)dw—i—aAt”(u?:%l)’v;r

i

_At”/ " (z dx+/ "(x )v(m)dx—kaAt”(u;‘jj)_v:“_l,
S’i 2 2
(2.5)



where At™ is the time step. Since the n-th time step solution u!'(z) is known, (2.5) can be

rewritten as

—a/ u' (2)v' (2)drta(ulf ) o 1—|—7/ (g d:c—/ F)(z)de+alu A RA
S; T2

where ¥ = v + x7 and f(z) = f*"(z) + gzu"(z). We notice that the scheme (2.6) is

identical to (2.2) for solving the steady equation, therefore we only need to consider (2.2)

below.

2.2 The linear hyperbolic equation and its DG discretization in
two spatial dimensions

For the two-dimensional steady case, the linear hyperbolic equation we consider has the

following general form

du(z,y)

aau(w’, Y)
oy

ox

+ +yu(z,y) = f(z,y), ~+=0, (2.7)

where «a, f are constants and f(x,y) > 0 is the source term. We again assume «,5 > 0
without loss of generality. In this case the boundary condition is given at the left and
bottom boundaries.

We denote the computational domain as D = [a,b] X [c,d], which is divided into the
rectangular mesh of S; ; = [xi_;,xH;] X [yj_;,yj+;] withi=1,...,N;,7=1,...,N,. The
inflow boundary 85 = I U [},2 and the outflow boundary 8S+ = Iou1 U L e can be
described as follows:

T = {21} % ;30501
Loutn = {xz+1} [yj—évijr%]? Loun = [%f%axwé] X {Z/j+%}-
Now, let V}* be the finite element space, then the DG scheme for solving (2.7) can be

described as: Find u(x,y) € V;F such that Yo(z,y) € V¥ we have



_ / u(z, y)(av,(z, y) +6vy<ﬂf’y>>dxdy+‘“/yyjl

-3

+5/ ) Yol y+1)dx+7/ (i, y)o(e, y)dady

u(wy, 1 y)ola, 1, y)dy

l\.’)

yj 1
_ / F(@,y)o(z, y)dady + / Pty ot pdy + 5 / ule,yT ,Jole,yt ,)dr.
Sij Y._1

)

Similarly, if we consider a time-dependent problem formulated as

ou(z,y,t) ou(z,y,t) ou(z,y,t)
= > > 2.
5 T o, o T yu(@,y,t) = f(z,y,t), v=0, [f=0, (29)

+

we obtain the corresponding DG scheme for (2.9) by means of backward Euler method for

time discretization as follows

yj+1
- / u" () (@val, ) + Boy(z,y))drdy + a / R AR AL

8 / T R R / W (2, y)o (e, y)dedy

1
2

+1 3
_ a/ 2 n—l—l( 1_7’ ) ( : 7y dy—i—ﬁ/ n+1 ZE,y
Y;_1

/ (@, y)v(@, y)dady,
(2.10)
where ¥ = v + Atn and f(x, y) = [z, y) + Atn u™(z,y). We again notice that the scheme
(2.10) is identical to (2.8) for solving the steady equation, therefore we only need to consider

(2.8) below.

2.3 The radiative transfer equation and its DG discretization in
one spatial dimension

The steady radiative transfer equation in one-dimensional planar geometry can be formulated

as

I (x, 1) '

p—g o Tod(w ) = %/ Iz, pdp+q(z,p), a<z<b-1<p<l — (2.11)
x -1



where [(z, u) is the radiative intensity in the direction p, oy is the extinction coefficient of
the medium due to both absorption and scattering, o, > 0 is the scattering coefficient of the
medium, i.e. o, < 0y, and ¢(x, 1) is the source term. The boundary condition for (2.11) is

given as follows:

Ia,p) =gi(p), 0 <p <1y I(b,p)=go(p), —1<p<0. (2.12)

By means of the discrete ordinate method (DOM) in [7], we can obtain the following
spatial differential equation for each discrete direction m

Ol (x)

M
Hm =5 + ol () = % lem,[m,(x) + gm(x), m=1,..., M, (2.13)

where p,, is the direction cosines along the z-coordinate of the direction m, w,, > 0 is the

M
quadrature weight with > w,, = 2 and [,,(z) = I(z, ;) is the radiative intensity in the
m=1
direction m.
Now, we also consider a given direction pu,, > 0, as the case of u,, < 0 is similar. Then

the DG method for solving (2.13) is described as follows: find I,,(x) € V;¥ such that for any

test function v(x) € V¥, we have

— | Im(@)V(2)d +0r [ Ln(2)v(2)dr + po Lz )0(2, 1)
0 /5 /S v (2.14)

2 /s o(z)v(z)dz + /S Gm(7)v(z)dT + um[m(g;i—_%)v@gr ),

where
M
p(z) = Z Wit Ly ().
m/=1
When considering the time-dependent problem, the unsteady radiative transfer equation

in planar geometry is described as

1
Vol i) = 2 / o )y + qlast), (215)

-1

10I(x,p,t)  OI(z, p,t)
c ot T ox

wherea <z <b,—1 < u<1,0<t<T and cis the speed of photon. The specific boundary



conditions and initial condition can be given as
I(a,p,t) = I'(u,t), 0<p<1,0<t<T,
I(b,p,t) =1"(u,t), —1<pu<0,0<t<T; (2.16)

I(x, 1,0) = Io(x, p).

Likewise, the approximation obtained by using the DOM for (2.15) can be written as

101 (z, 1) N Ol (z,t)

M
US
Y Hm "5+ oul(2,1) = = > WL (2, 8) + g, t),m=1,..., M.

m/'=1

(2.17)
Making use of backward Euler time discretization for solving (2.17), we get the following

DG scheme

1)

—um/ Igfl(:v)v'(:l:)da%l—&t/ I (z)(x)de + p I (27 )v(x
s, s, Z+2 i+

(2.18)
=% [ e @p)ds | Gale)o@de + o o)),
2 S; S; =3 =3
where 0y = 0y + 5 and @ (2) = ¢t (@) + = I (x). This is now the same as the steady

case (2.14).
Generally, the discrete set of algebraic equations in the DOM-DG schemes such as (2.14)
and (2.18) is solved by the source iteration (SI) method [9] in an optimal sweeping order,

which is usually referred to as the grid sweeping algorithm. More details can be found in [14].

Specifically, the ST method is defined for solving the DG scheme (2.14) as follows: When the

(-th iteration solution 7.7 (for all m = 1,..., M and all cells) is known, we compute I
cell by cell in the sweeping direction, and for each fixed cell, running through m =1,... M
to solve

—,um/ [ff*l)(:c)v'(x)dijat/ I (2)v(z)de 4 pn I (27 o(z )
S; S; vt
. i i (2.19)
=> | #V(@p(z)dr + / Qo (2)0(2)d + o 1D (27

2 Sz S’L 2 2

with

Z wm/](*

10



where I)(z) is taken as I';FY

. o (x) if it is already available; otherwise it is taken as ],(f,) (x).

Since Iir Y (z,_,) (for i = 1 this is taken as the given boundary condition) and the other (£+
2
1)-th iteration solution needed on the right-hand side of (2.19) have already been computed

in the sweep, the SI solver (2.19) is equivalent to (2.2) for solving the steady linear equation,

therefore we only need to consider (2.2) below.

2.4 The radiative transfer equation and its DG discretization in
two spatial dimension

We first consider a steady-state, one-group, isotropically scattering transfer equation

2.-9,1(r,9) + ol(r, 2) = / I(r, 2)dQ2 + q(r, ), (2.20)
S

where I(7, §2) is the radiative intensity in the direction 2 and the spatial position 7, S
is the unit sphere, o, > 0 is the scattering coefficient of the medium, o; is the extinction
coefficient of the medium due to both absorption and scattering (namely o, > oy), and
q(r, §2) is a given source term. For two spatial dimensional problems, the position vector
r = (x,y) € D C R? and the vector is usually described by a polar angle ¢ measured with

respect to a fixed axis in space and a corresponding azimuthal angle . If we introduce

1 = cos ¢, we would like to denote
dr = dxdy, df2 = sin¢pdedy) = —dudip.

To solve the above radiative transfer equation numerically, we need to make use of the
DOM and DG method to discretize the angular variables and the spatial variables in (2.20)
respectively. For each discrete direction £2,,; = (G, A),m=1,...,M,l =1,..., L, with the
numbers M, L of directions in ( and A respectively, where ( = sin ¢ cosy) = ﬂ cos
and A\ = singsiny = \/1—7;12 sin®, the equation (2.20) turns into a spatial differential

equation defined in Cartesian coordinates

8]m,l(x7y) + )\l a]m,l(xay)

Gm ox dy

Os
+ Ut]m’l(l’, y) = E Z (A}m”l/Im/’l/<I, y) + qml(‘ra y)v (221)

m !

11



where I, ;(z,y) = I(x,y, (m, Ar) is the radiative intensity in the direction ((m, i)y @mu(z,y) =

q(x,y, (m, A1) s the source term and w,y,; is the quadrature weight with ) wy,, p = 47.

m’l

Here we take the case of (,,, > 0, \; > 0 as an example, the DOM-DG scheme for solving

(2.20) in a rectangular cell S; ; can be described as

i—

- / [m,l<x7 y)(CmU:r:(ma y) + )\lvy(xa y))dxdy + Cm/ ’
S, Y

(%)

T, 1
+/\l/ ? Im,l(xuy]-_+%)v(x7yj_+ )d$+0t/ ImJ(I?y)U(ZL',y)de’dy

1

%,y 2 Sij

o
iy @(%y)v(ﬂf,y)d:vdw/ Gm (2, y)v(x, y)dxdy

™ Sivj Si,j

Yird _ n Tivd B N
+Cm/ Im,z(xi%,y)v(ﬂ?i%,y)dwh/ L@, y;_ s Jv(, y )de

Yy Iii%

(2.22)

NI

j—

with
QO($, y) = Z wm’,l’[m’,l’ (l’, y)
m/ )l

The scheme for the other cases of ((,, A;) is similar, where the numerical flux at the cell

interfaces is chosen to be the upwind flux.

Similarly, for the two-dimensional unsteady radiative transfer equation which reads as

10I(r, 2
——a <Irét ’t) + Q . Vr]('r, Q; t) + O-t]('ra ‘97 t) - Z_S / ]('I", ‘Qa t)d‘g + q('r, ‘Qv t)? (223)
C T Js

the corresponding DOM-DG scheme for the direction (,, > 0, \; > 0 with backward Euler

time discretization has the following form

yj+1 B B

—/ f?nﬁl(xay)(é“mvm(fc,y)+szy($,y))dxdy+Cm/ ?f,’?ﬁl(m%,y)v(%%,y)dy
Sij Y, 1
I72

T 1 _
+ )\z/ ’ IZLT(:E, y;r%)v(x, yjjr%)dx + Ut/S IZLT(:E, y)v(z,y)dedy
z,_1 i3

Os n ~
= @ “(x,y)v(w,y)dxdw/ Gm, (2, y)v(2, y)dwdy
™ Siyj Si,j

+Cm/ : ffnﬁl(ﬂf_;,y)v(fﬂj_;,y)dwAz/ I @y (e, yl s )de,

1
T, 1

Y._1 _
) 2
(2.24)

NI

12



where 0, = 0, + CAtn and G (x,y) = qy’fll( Y) + cAtn —= 17 ( ,4). This is the same as (2.22)
in the steady case.

For both the steady and unsteady problems, we will utilize the SI method, which allows
us to rewrite the DG scheme (2.22) into

Yyl
- / It " (@.9) Cuva(,y) + Aoy (2, y))dady + G / L ey, )y

2
S Y,

—i—)\l/ [(£+1)(x Y. ) (z, ;Jré)dx—i-at/ Igjl)(x,y)v(m,y)dxdy
x S,

2%

(S

i—

[N

Ts .
= | @@y, y)dedy + / G (2, y)v(, y)ddy
T JSi; Si
y'Jrl xiJrl
) A e LR Yl I AN G
v T 2 2
(2.25)
where
- Z wm’,l’ly(:’),l’ (l’, y)
m/ I/
Similarly to the one-dimensional case, Ir(n, v(7,y) is taken as [ ( ,Jrl,) (x,y) if it has been already

obtained; otherwise, it is taken as [ﬁl?’l,(:c,y). Notice again that the SI solver (2.25) is

equivalent to (2.8) for solving the steady linear equation, therefore we only need to consider

(2.8) below.

3 High order positivity-preserving DG schemes for the
linear hyperbolic equation and the radiative transfer
equation in one spatial dimension

A DG scheme for the linear hyperbolic equations and the radiative transfer equations men-
tioned in the previous section is called positivity-preserving if it can always generate a non-
negative numerical solution when a non-negative source term and non-negative boundary
conditions (for time-dependent problems, also a non-negative initial condition) are given.
Generally speaking, high order approximations can provide more accurate solutions but

may also produce negative numerical solutions even though the exact solution is positive,

13



which is un-physical and may sometimes lead to instability of the numerical schemes. In this
section we will discuss how to design a high order conservative (in the sense that the cell
averages produced by the unmodulated DG solver are not altered) positivity-preserving DG
scheme in one spatial dimension. The discussion is restricted to the DG scheme (2.2) solving
linear steady-state hyperbolic equations only, however by our discussion in the previous
section, it applies also to the DG scheme (2.6) for solving the unsteady linear equation with
backward Euler time stepping, and to the DG scheme (2.19) for solving the SI DG solver for
steady or unsteady radiative transfer equations.

In each interval S;, we define

k

1
op(z) = Al ;(Qn + Dpn(&(x)), z€S; (3.1)
where p,(§) is the standard Legendre polynomial defined in [—1,1] and § = Q(Z—Z) with the

1

midpoint of the cell z; = 3

(xi_% +:L“Z-+%). Then the following lemma (see, e.g. [10]) indicates
that this polynomial actually defines the d-function in P*(S;) at the point x; +1- This is also

sometimes referred to as the lifting operator in the DG literature.

Lemma 3.1. [10] For the function 0(x) defined in (3.1) and any polynomial u(x) € P*(S;),

there always holds

u(z,) = /S u(e)iu(e)da. (3.2)

1
2
The proof of this lemma is straightforward, see, e.g. [10].

By Lemma 3.1, we are able to rewrite the left-hand side of (2.2) as

LHS = /S u(x) <7U(x) —av'(z) + avz‘;%ék(@) dz. (3.3)

We would like to find a special test function v(z) € V¥ such that the left-hand side of

(2.2) provides the cell average of u(z) multiplied by the cell size, i.e.

LHS = /s u(z) <’yv(3:) —av'(z) + O‘v;%d’f(x)) dr = /s u(z)dr = Ax; -w;,  Yu(z) € VF.
(3.4)

i

14



That is, we would like to find v(x) € V}¥ such that

yo(z) — av'(z) + ow;L%(Sk(x) =1 (3.5)

The existence and uniqueness of such a specific test function v(z) are not difficult to prove.

More importantly, the fact that v(x) is a polynomial enables us to determine v(x) explicitly

as follows
( 5 eyt (50 0
IR (0 (i) - 00()
—- = - Jif v >0,
v(e)=1q " 1+ 3 (24160 (2, ) (3.6)
=0
1 .
\ a(xH% —x), if v =0.

Lemma 3.2. The test function v(zx) defined in (3.6) satisfies
v(z) >0, VYxebs,.

Proof. For the case of v = 0, the result is obvious. Now we consider the case of v > 0. To

prove it, let us recall a few properties of the standard Legendre polynomials:

po€) =1, pi(§) =¢,

and
(27’L + 1)pn(f) = p;H-l(f) - pfn—l(f)? Vn Z 27 5 € [_17 1]

the latter relation tells us that for all n > 2,

1
(2k + 1)pr(€) + 1, if nis odd

3
|

/ k e
Pa(§) = el
(2k + D)pr(§), if n is even
kb odd
By induction, we can express pg) (&),n=0,1,--+ ,k,l=0,1,--- ,n as a linear combination

of Legendre polynomials themselves with positive coefficients. Thanks to p,(1) = 1 for all
n and the fact that the maximum value of Legendre polynomials always occurs at the point

§ =1, we know pg)(l) > (0 and

pO(1) —pP(€) >0, veel-1,1],



which implies

l l l
This clearly leads to the positivity of v(z). =

From the Lemmas above, we know that there exists a unique positive test function v(z)
such that the left-hand side of (2.2) is the integral of u(x) over the cell for any u(x) € P*(S;).
At the same time, the positivity of v(z) and the source term f(x) guarantee that the right-
hand side of (2.2) is also positive for any given positive inflow condition. We have therefore

proved the following important conclusion for the unmodulated DG solver (2.2).

Theorem 3.3. For the linear steady-state hyperbolic equation in (2.1), if the inflow boundary
condition from the upstream cell (including the physical boundary condition for the first cell)
and the source term are both positive, then the cell average u; of the unmodulated DG scheme

18 positive.

If the unmodulated DG solver (2.2) is used, there is still one condition required to prove
that all the cell averages of the unmodulated DG solution are positive, namely all the up-
stream DG solution values at the interfaces u;r% remain positive, when the physical inflow
condition and the source term are both positive. This is actually correct, when the mesh
size h is small enough, as proved in Appendix B. However, the result in Appendix B is not

required for the following development of the conservative positivity-preserving DG schemes.

3.1 Positivity-preserving limiter

The crucial Theorem 3.3 enables us to achieve the positivity of the numerical solution u(z)
in the cell S; by utilizing the scaling positivity-preserving limiter proposed in [15], without
losing the designed high order accuracy. Before describing the limiting procedure, let us first

introduce the Gauss-Lobatto point set in the cell S; as G;

16



where K is chosen so that integrals for P* polynomials are given exactly by the Gauss-

Lobatto quadrature. Then the specific implementation of the limiter can be taken as follows:

with
6:316161165{1, m_—;z(x) } (3.8)

By this limitation, we can get the approximating polynomial u;(x) which is positive at
all Gauss-Lobatto points (including at the right boundary of the cell, thus making Theorem
3.3 valid for the neighboring cell downstream), without loss of accuracy.

We have therefore obtained a high order DG scheme, which is the original DG scheme
(2.2) plus the scaling limiter (3.7)-(3.8), that achieves positivity for the numerical solution
at all Gauss-Lobatto points in each cell, as well as being conservative in the sense that the
cell averages from the unmodulated DG solver is not changed by the limiter (3.7)-(3.8).
This conclusion is valid for DG schemes solving both steady and unsteady linear hyperbolic

equations and for the SI DG solver of steady and unsteady radiative transfer equations.

4 High order positivity-preserving DG schemes for the
linear hyperbolic equation and the radiative transfer
equation in two spatial dimensions

We would like to repeat our work in one-dimension and find a specific test function v(zx,y) €
VF such that, for any u(z,y) € Vi, the left-hand side of (2.8) produces the integral of u(z, y)

over the cell S, ;:

LHS:/ u(z,y)dzdy. (4.1)
S;

»J

Similarly as in the one-dimensional case, we can still easily obtain the existence and unique-
ness of such test function v(z,y). If we could also establish the fact that v(z,y) is positive in
the cell S; ;, then the same result as in one-dimension would hold. Unfortunately, it appears

that this particular v(z,y) is negative in part of the cell S;; for both the P* (polynomials

17



of degree at most k) and the QF (tensor-product polynomials of degree k) DG spaces. We
would then attempt to modify the DG space, by augmenting P* with additional functions
(P* is retained in the space to ensure accuracy), so that the test function v(z,y) determined
by (4.1) in this augmented space is positive in 5; ;. We will denote this augmented space as
RE. In this paper we only attempt to carry this procedure out for k¥ = 1 (the second order

DG method) on rectangular meshes, as an example.

4.1 The positivity-preserving DG scheme with £ =1

Before starting the procedure of finding positivity-preserving DG scheme with an augmented
DG space R, let us first show that the specific test function v(z,y) satisfying (4.1) does not
remain positive for either the P! or the Q! space.

As before, let S;; be the rectangular element with center (z;,y;) and width Ax;, Ay,.
For simplicity we take Az; = Ay;, as a change in this mesh ratio only alters the parameters

a and f in (2.8). If we denote

2z — 1) ~2(y —yy)
§= A—%, n= —ij ) (4-2)

then we can obtain the specific test function v(z,y) satisfying (4.1) by solving a local linear

system. For P!, we obtain

AJ],‘
AL ((ﬁ +yAz) (yAz; +38(1 — 1)) (4.3)

+ a(B(10 — 9¢ — 9n) + YAz (4 — 3€)) + 30*(1 = €))

v(€,n) =

where
Ay = 60 +68°+108*y Az +-5 872 Ax?+v* Ard +202 (11 8+5yAx )+ (2262 +18 3y Az +572 Ax?).

Similarly, for Q*, we obtain

AQZ’Z’
Ay
+ (287 Az (17 — 9 — 9 4 9¢n) + V2 A22(7 — 3€) 4+ 65%(7 — 3¢ — 61 + 6£n))

v(&,n) ==—((68% + 4B8yAz; + v*Ax?) (yAz; + 38(1 — 7))

+18a3(1 — &) + 6a*(yAz;(3 — 26) + B(T — 6 — 3n + 6577))) "
4.4
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where

Ay =360 + 480° (28 + vAx;) + (657 + 487Ax; + v2Ax?)?

+ 4a*(308% + 288y Ax; + Ty*Ax?) + 8a(125° 4+ 148°yAx; + 63y Ax? + > Axd).
We plot these two test functions in Figures 4.1-4.2. Clearly, we see that they are negative

in certain parts of the cell .S, ;.

0.5

-0.5

4

Figure 4.1: The test function v(&,n) in P! with @ = 4,8 = 1,7 = 10, Az; = Ay; = 0.1. Left:
the surface plot of v; Right: the region plot of v. The black points in the figure represent
the area where v is negative.

0.5

-0.5

N
[y OO00000000!

1 0.5 0 0.5

H

Figure 4.2: The test function v(&,n) in Q' with a = 10,8 = 1,7 = 0, Az; = Ay; = 0.1. Left:
the surface plot of v; Right: the region plot of v. The black points in the figure represent
the area where v is negative.

We now attempt to construct an augmented DG space RF, such that the specific test
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function v(x,y) determined by (4.1) remains positive over the cell S; ;. We start with aug-
menting P! by adding just one function, such that the computational cost is the same as that
for Q. If we choose standard Legendre polynomials as the basis functions of P! denoted as
{1,&,n}, then our ansatz for this additional function is £n+ u(£2 +n?) where p is a parameter

to be determined. Then the augmented DG space R! is

R' = Span {1,5,77, &+ (€ + 772)} ) (4.5)

It turns out that the choice of yu = % would produce a v(z, y) satisfying (4.1) which is positive
over S, j, the details of this v(z,y) is given in Appendix A. We would like to remark that
neither the choice of the additional function &n + u(£2 + n?) nor the choice of the parameter
o= % is unique.

Since we know that there exists a positive v(z, y) satisfying (4.1), we can get the following

important conclusion.

Theorem 4.1. Consider the linear steady-state hyperbolic equation in (2.7), then the cell
average U; ; of the DG scheme (2.8) with the augmented DG space R' defined in (4.5) will
remain positive if positive inflow conditions from the upstream cells (including the physical

boundary conditions for the boundary cells) and positive source terms are given.

Theorem 4.1 motivates us to obtain the positivity of the numerical approximation u(z, y)
in the cell S; ; as before by applying the scaling positivity-preserving limiter without the loss
of the designed accuracy. Now, let us first denote the Gauss-Lobatto point set in the cell
S;.; as G; j, which consists of the vertices of the cells, the midpoints of each edge of the cells

as well as the center point of the cell, namely
Gi,j = {(l’lKl,y]K2> : K17K2 = 1,2,3}

with z! = « = z;, 7} = i1, so does yJKQ. Then the limiting procedure can be

described as the following modification of the approximate polynomial

Wi j(2,y) = 0(uij(z,y) — Uiy) + Us (4.6)
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where

f = min {1,

(z,y)€Gy

g ‘ } . (4.7)

;5 — i (x,y)

5 Numerical tests

In this section, we perform numerical experiments in one- and two-dimensions to validate the
properties of high order accuracy and positivity-preserving of our DG schemes. We adopt Sg
and Pg-Tg discrete-ordinate quadrature rules for all the following one-dimensional and the
two-dimensional tests with non-zero scattering terms respectively, unless otherwise stated.
Example 1. (Accuracy test of the DG scheme for the one-dimensional steady advection
equation)
We solve the steady advection equation (2.1) with a = 1, v = 6000 and f(z) =

3

(5 cos? x+¢)— 5 cos® xsin z. Here we take e = 10~ to ensure the source term to be nonneg-

ative. The computational domain is [0, 7]. The boundary condition is given as u(0) = § +¢.
The exact solution for this problem is u(z) = %cos‘*x + €. We record the numerical errors,
orders of accuracy, and the minimum values of the numerical approximation polynomials.
The results with and without the positivity-preserving limiter are given in Tables 5.1-5.2. We
can see that the minimum value of the numerical solutions is negative for the unmodulated

DG scheme. Also, the designed high order accuracy is maintained with the application of

the positivity-preserving limiter, verifying our theoretical results.
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Table 5.1: Errors of the P* DG scheme for solving the steady problem (2.1) using N uniform

cells without the positivity-preserving limiter

k| N | Lgerror | Ly order | Ly, error | Lo, order | min uy
10 | 0.14E-02 — 0.33E-02 — -0.48E-03
20 | 0.36E-03 1.98 0.89E-03 1.89 -0.58E-04
1 40 | 0.94E-04 1.99 0.22E-03 1.96 -0.41E-05
80 | 0.22E-04 1.99 0.58E-04 1.96 -0.27E-06
160 | 0.56E-05 1.99 0.14E-04 1.96 -0.17E-07
320 | 0.14E-05 1.99 0.39E-05 1.93 -0.11E-08
10 | 0.11E-03 — 0.30E-03 - -0.35E-04
20 | 0.15E-04 2.98 0.38E-04 2.99 -0.24E-05
9 40 | 0.18E-05 2.99 0.48E-05 2.99 -0.16E-06
80 | 0.23E-06 2.99 0.59E-06 3.01 -0.10E-07
160 | 0.29E-07 2.99 0.73E-07 3.02 -0.66E-09
320 | 0.37E-08 2.98 0.88E-08 3.04 -0.45E-10
10 | 0.87E-05 - 0.22E-04 — -0.12E-04
20 | 0.55E-06 3.98 0.15E-05 3.82 -0.93E-06
3 40 | 0.34E-07 3.99 0.10E-06 3.91 -0.62E-07
80 | 0.21E-08 3.99 0.67E-08 3.93 -0.41E-08
160 | 0.13E-09 3.99 0.44E-09 3.91 -0.27E-09
320 | 0.87E-11 3.97 0.30E-10 3.87 -0.18E-10
10 | 0.54E-06 — 0.15E-05 — -0.73E-06
20 | 0.17E-07 4.98 0.47E-07 4.96 -0.12E-07
4 40 | 0.53E-09 4.99 0.14E-08 5.03 -0.20E-09
80 | 0.16E-10 4.99 0.44E-10 5.04 -0.33E-11
160 | 0.52E-12 4.98 0.13E-11 5.07 -0.46E-13
320 | 0.16E-13 4.96 0.39E-13 5.05 0.90E-14
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Table 5.2: Errors of the P* DG scheme for solving the steady problem (2.1) using N uniform
cells with the positivity-preserving limiter

k| N | Lyerror | Ly order | Ly, error | Lo, order | Limited cells (%)
10 | 0.14E-02 - 0.33E-02 - 40.00
20 | 0.36E-03 2.00 0.89E-03 1.89 20.00
1 40 | 0.90E-04 1.99 0.23E-03 1.96 10.00
80 | 0.22E-04 1.99 0.58E-04 1.96 5.00
160 | 0.56E-05 1.99 0.15E-04 1.96 2.50
320 | 0.14E-05 1.99 0.39E-05 1.93 1.25
10 | 0.12E-03 - 0.30E-03 - 20.00
20 | 0.15E-04 3.02 0.38E-04 2.99 10.00
9 40 | 0.19E-05 3.00 0.48E-05 2.99 5.00
80 | 0.24E-06 2.99 0.60E-06 3.01 2.50
160 | 0.29E-07 2.99 0.73E-07 3.02 1.25
320 | 0.37E-08 2.98 0.88E-08 3.04 0.63
10 | 0.15E-04 - 0.55E-04 - 20.00
20 | 0.84E-06 4.14 0.42E-05 3.70 10.00
3 40 | 0.45E-07 4.21 0.28E-06 3.93 5.00
80 | 0.25E-08 4.16 0.17E-07 3.98 2.50
160 | 0.15E-09 4.09 0.11E-08 3.99 1.25
320 | 0.90E-11 4.03 0.69E-10 3.99 0.63
10 | 0.92E-06 - 0.22E-05 — 20.00
20 | 0.19E-07 5.58 0.48E-07 5.52 10.00
4 40 | 0.54E-09 5.14 0.14E-08 5.03 5.00
80 | 0.17E-10 5.01 0.44E-10 5.04 2.50
160 | 0.53E-12 4.98 0.13E-11 5.07 1.25
320 | 0.17E-13 4.96 0.39E-13 5.05 0.00

Example 2. (Accuracy test of the DG scheme for the one-dimensional linear time-

dependent hyperbolic equation)

We solve the time-dependent problem (2.3) with « = 1,y = 1 and f(x,t) = cos*(z—t)+e¢

with the final time T = 0.1. Here we also take ¢ = 107 .

The computational domain is

[0, 7]. The initial condition and boundary condition are given as u(x,0) = cos’(z) + ¢ and

u(0,t) = cos?(t)+e respectively. The exact solution for this problem is u(z,t) = cos*(z—t)+e.

The time step is taken as At = CFL- k¥ (with CFL = 10 for k¥ > 2 and CFL = 1 for k = 1)

to ensure that the temporal error does not dominate. We record the numerical errors and

orders of accuracy by performing the DG scheme without and with the positivity-preserving

23



limiter, respectively. The results are shown in Tables 5.3-5.4. We also list the minimum
value of the numerical approximation polynomials after one time step in Table 5.3, and the
percentage of cells where the limiter is used in Table 5.4. We can see that the limiter indeed

works and does not destroy the high order accuracy.

Table 5.3: Errors of the P* DG scheme for solving the time-dependent problem (2.3) using

N uniform cells without the positivity-preserving limiter

k| N | Lyerror | Ly order | Lo, error | Lo, order | minwuy,
20 | 0.64E-02 — 0.13E-01 — -0.89E-03
40 | 0.16E-02 1.95 0.39E-02 1.72 -0.53E-04
1] 8 | 0.41E-03 1.99 0.99E-03 1.98 -0.30E-05
160 | 0.10E-03 2.00 0.24E-03 2.01 -0.17E-06
320 | 0.26E-04 2.00 0.61E-04 2.00 -0.10E-07
20 | 0.53E-02 - 0.62E-02 — 0.27E-05
40 | 0.77E-03 2.80 0.90E-03 2.77 -0.17E-05
2| 80 | 0.97E-04 2.97 0.11E-03 2.96 -0.10E-06
160 | 0.12E-04 2.99 0.14E-04 2.99 -0.56E-08
320 | 0.15E-05 2.98 0.18E-05 3.00 -0.34E-09
20 | 0.96E-03 — 0.11E-02 — -0.11E-04
40 | 0.61E-04 3.96 0.73E-04 3.97 -0.58E-06
3| 80 | 0.38E-05 3.99 0.46E-05 3.97 -0.34E-07
160 | 0.24E-06 4.00 0.28E-06 4.01 -0.21E-08
320 | 0.15E-07 3.99 0.18E-07 3.98 -0.13E-09
10 | 0.44E-02 — 0.51E-02 — 0.11E-04
20 | 0.15E-03 4.85 0.18E-03 4.79 -0.12E-07
4| 40 | 0.48E-05 4.99 0.57E-05 5.00 -0.20E-09
80 | 0.15E-06 4.99 0.17E-06 5.00 -0.33E-11
160 | 0.44E-08 5.07 0.51E-08 5.12 -0.46E-13
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Table 5.4: Errors of the P* DG scheme for solving the time-dependent problem (2.3) using
N uniform cells with the positivity-preserving limiter

k| N | Lyerror | Ly order | Ly, error | Lo, order | Limited cells (%)
20 | 0.64E-02 - 0.13E-01 - 14.00
40 | 0.17E-02 1.94 0.39E-02 1.72 8.08

1| 80 | 0.42E-03 1.99 0.99E-03 1.98 4.26
160 | 0.10E-03 2.00 0.24E-03 2.01 2.20
320 | 0.26E-04 2.00 0.61E-04 2.00 1.18
20 | 0.54E-02 - 6.201E-3 - 0.00
40 | 0.77E-03 2.80 0.91E-03 2.77 0.47

2| 80 | 0.98E-04 2.97 0.11E-03 2.96 0.16
160 | 0.12E-04 2.99 0.14E-04 2.99 0.63E-01
320 | 0.15E-05 2.99 0.18E-05 3.00 0.28E-01
20 | 0.96E-03 - 0.11E-02 - 2.05
40 | 0.61E-04 3.96 0.73E-04 3.97 1.04

3| 80 | 0.38E-05 3.99 0.46E-05 3.97 0.38
160 | 0.24E-06 4.00 0.29E-06 4.01 0.13
320 | 0.15E-07 3.99 0.18E-07 3.98 0.38E-01
10 | 0.44E-02 - 0.51E-02 - 0.00
20 | 0.15E-03 4.85 0.18E-03 4.79 0.52

41 40 | 0.48E-05 4.99 0.57E-05 5.00 0.45
80 | 0.15E-06 4.99 0.18E-06 5.00 0.79E-01
160 | 0.45E-08 5.07 0.51E-08 5.12 0.13E-01

Example 3. (Shock in the linear problem u; + u, = 0.)

The initial condition is taken as

1, ifze(},3]

€, otherwise

ulw,0) = {

The boundary condition is u(0,¢) = € and the computational domain is [0, 3]. The small
positive constant € = 10714 is used to remove the round-off effect. We simulate this problem
using our positivity-preserving DG scheme described in (2.6) up to the time 7" = 0.2. Figure
5.1 shows the comparison of numerical approximations obtained from the { P!, P2, P3 P}
DG schemes without and with the positivity-preserving limiter. We can clearly notice that

the DG schemes without the positivity-preserving limiter produce negative solutions while

the positivity can be maintained by using the limiter.
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Figure 5.1: The comparison of numerical solutions to the discontinuous problem computed
by the {P!, P2, P3, P*} DG schemes without and with positivity-preserving limiter.

Example 4. (Accuracy test of the DG scheme for the one-dimensional steady radiative
transfer equation [14])

In this test, we solve the absorbing-scattering radiative transfer problem described by

(2.11) with o; = 22000, 0, = 1, q(x, u) = —4mp® cos® rxsinw + o(u? cos? mx + a) — o4(a +

COS4 Tr )

3 Here a = 107 is a small positive constant which is used to avoid the round-off

effect and to ensure the source term to be nonnegative. The computational domain is [0, 1]
and the boundary condition is given as follows:

10,p) = > +a if p>0,

I, p)=p*+a if u<O.

4

We have the exact solution for this problem given by I(z, u) = p? cos* mx + a.
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When performing the test on the DG scheme without the positivity-preserving limiter, we
record the numerical errors and orders of accuracy as well as the minimum of the numerical
approximation polynomials at the Gauss-Lobatto points in Table 5.5. We can see that neg-
ative values at the Gauss-Lobatto points do occur. We then apply the positivity-preserving
limiter on the DG scheme and show the corresponding numerical errors and orders of accu-
racy in Table 5.6. The percentage of cells where the positivity-preserving limiter is used is
also listed in this table. We can see that the usage of this limiter does not destroy the high

order accuracy.

Table 5.5: Errors of the P* DG scheme for solving the steady radiative transfer equation
(2.11) using N uniform cells, without the positivity-preserving limiter

k| N | Lyerror | Ly order | Lo, error | Lo, order | minuy,

10 | 0.29E-02 — 0.27E-01 - -0.39E-02
20 | 0.74E-03 1.98 0.74E-02 1.89 -0.48E-03
40 | 0.18E-03 1.99 0.18E-02 1.97 -0.34E-04

L 80 | 0.46E-04 1.99 0.48E-03 1.97 -0.22E-05
160 | 0.11E-04 1.99 0.12E-03 1.96 -0.14E-06
320 | 0.29E-05 1.99 0.32E-04 1.94 -0.94E-08
10 | 0.25E-03 - 0.25E-02 - 0.19E-04
20 | 0.32E-04 2.98 0.32E-03 2.99 0.12E-05

9 40 | 0.41E-05 2.99 0.40E-04 2.99 0.73E-07
80 | 0.51E-06 3.00 0.49E-05 3.01 0.46E-08
160 | 0.63E-07 3.00 0.61E-06 3.02 0.28E-09
320 | 0.79E-08 3.00 0.74E-07 3.04 0.18E-10
10 | 0.20E-04 - 0.18E-03 - -0.10E-03
20 | 0.12E-05 3.98 0.12E-04 3.82 -0.76E-05

3 40 | 0.79E-07 3.99 0.84E-06 3.92 -0.50E-06

80 | 0.50E-08 3.99 0.55E-07 3.94 -0.32E-07
160 | 0.31E-09 3.99 0.36E-08 3.92 -0.20E-08
320 | 0.19E-10 3.98 0.24E-09 3.88 -0.13E-09
10 | 0.13E-05 - 0.12E-04 - -0.59E-05
20 | 0.41E-07 4.98 0.39E-06 4.96 -0.99E-07
4| 40 | 0.13E-08 5.00 0.12E-07 5.02 -0.16E-08
80 | 0.40E-10 5.01 0.37E-09 5.03 -0.25E-10
160 | 0.12E-11 5.02 0.11E-10 5.06 -0.39E-12
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Table 5.6: Errors of the P* DG scheme for solving the steady radiative transfer equation
(2.11) using N uniform cells, with the positivity-preserving limiter

k| N | Lyerror | Ly order | Ly, error | Lo, order | Limited cells (%)
10 | 0.29E-02 - 0.27E-01 - 40.00
20 | 0.74E-03 2.00 0.74E-02 1.89 20.00
1 40 | 0.18E-03 1.99 0.18E-02 1.97 10.00
80 | 0.46E-04 1.99 0.48E-03 1.97 5.00
160 | 0.11E-04 1.99 0.12E-03 1.96 2.50
320 | 0.29E-05 1.99 0.31E-04 1.94 1.25
10 | 0.25E-03 - 0.25E-02 - 0.00
20 | 0.38E-04 2.98 0.32E-03 2.99 0.00
9 40 | 0.41E-05 2.99 0.40E-04 2.99 0.00
80 | 0.51E-06 3.00 0.49E-05 3.01 0.00
160 | 0.63E-07 3.00 0.62E-06 3.02 0.00
320 | 0.79E-08 3.00 0.74E-07 3.04 0.00
10 | 0.32E-04 - 0.45E-03 - 20.00
20 | 0.18E-05 4.12 0.35E-04 3.70 10.00
3 40 | 0.10E-06 4.19 0.23E-05 3.93 5.00
80 | 0.57E-08 4.14 0.14E-06 3.98 2.50
160 | 0.33E-09 4.08 0.91E-08 3.99 1.25
320 | 0.20E-10 4.03 0.57E-09 3.99 0.63
10 | 0.19E-05 - 0.18E-04 — 20.00
20 | 0.44E-07 5.41 0.39E-06 5.51 10.00
4| 40 | 0.13E-08 5.09 0.12E-07 5.02 5.00
80 | 0.40E-10 5.02 0.37E-09 5.03 2.50
160 | 0.12E-11 5.02 0.11E-10 5.06 1.25

Example 5 (Counter-example in the 2D case)

In this example, we verify that the unmodulated DG solver based on P! or Q! space can
generate negative cell averages in the first cell (i.e. the lower-left corner cell) even though the
inflow boundary conditions and the source term are both positive. We consider the following

smooth problem:

Up + Uy = (g(:rnty))loa (z,y) € [0’%} 8 [0’%}

with the boundary conditions

NONS
ul@,0) = =55 —



(3)" @yt

55 . We simulate the

Obviously, the analytic solution is formulated as u(x,y) =
problem numerically using P* DG scheme and R!' DG scheme respectively and obtain the
following table of errors and orders. Moreover, we record the cell average values in the first
cell (i.e. the lower-left corner cell) for each mesh. It is easy to observe that negative cell

averages indeed occur in the first cell with positive boundary conditions and positive source

term when using the P! DG scheme.

Table 5.7: Errors of the P! DG scheme and augmented (R') DG scheme for solving the
linear hyperbolic equation above using N, x N, uniform cells

P! R!
N, = N, | Ly error | Ly order Uy Lo error | Lo order Uy 1
2 0.83E-01 — -0.47E-05 | 0.42E-01 — 0.48E-04
4 0.27E-01 1.59 -0.23E-08 | 0.96E-02 2.13 0.23E-07
8 0.72E-02 1.93 -0.11E-11 | 0.22E-02 2.11 0.11E-10
16 0.17E-02 2.01 -0.55E-15 | 0.56E-03 1.98 0.56E-14
32 0.44E-03 2.01 -0.33E-18 | 0.14E-03 1.96 0.27E-17

When going to the Q' DG scheme, we consider the equation (2.7) locally defined within
one cell [0, Azx] x [0, Ay] with & = 5, = 0 since it is more difficult to define a global and
smooth function which generate negative cell averages. The boundary conditions and source

term are given as follows:

487 17 60¢ — 67
1001, if ST cgaq 0oy 0T
0, otherwise
Then the exact solution reads as
4 1 _
2005 1y, i oF <g<1, 1<y 0T
u(z,y) = 496 18 24¢ — 15
0, otherwise

where & and 7 are defined as (4.2). We compute the cell average by means of the unmodulated
DG solver and augmented DG solver respectively with three different meshes by refinement.
The numerical approximations are recorded in the Table 5.8. We can see that the Q' DG

scheme produces negative cell average while R* DG scheme does not.
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Table 5.8: Comparison of the cell averages u; ; computed from Q' DG scheme and augmented
(R') DG scheme

Ax = Ay | exact Q! R!
1/4 0.12E-02 | -0.11E-04 | 0.12E-03
1/8 0.15E-03 | -0.14E-05 | 0.19E-04

1/16 0.19E-04 | -0.17E-06 | 0.24E-05

Example 6. (The accuracy test of the DG schemes on the purely absorbing model for
the two-dimensional steady radiative transfer equation)

In this test, we solve the two-dimensional steady radiative transfer equation (2.21) with
o = 1,0, = 0, ¢ = 0. The computational domain is [0,1] x [0,1]. { = 0.7, = 0.3. The
boundary condition is

I(x,0) =0, 1(0,7) = sin®(my).

In this case, the problem has the exact solution given as follows,

7 0, y < %x,
(z,9) = sin®(m(y — %x))e_%x, else.

For this problem, numerically negative radiative intensity appears if the positivity-preserving
limiter is not used in the high order DG schemes. Figure 5.2 shows the contour of the radiative
intensity simulated by the R!' DG scheme using 40 x 40 uniform cells and the cells where
the positivity-preserving limiter has been performed during the simulation. The errors and
orders of accuracy for the R! DG scheme without and with the positivity-preserving limiter
are listed in Tables 5.9-5.10 respectively. The percentage of the cells that require the usage
of the positivity-preserving limiter is listed in the table 5.10 as well. From the table, we
can observe the desired order of accuracy for the positivity-preserving R DG scheme, both
in Lo-norm and L..-norm, which is quite similar to that of the R' DG scheme without the

positivity-preserving limiter.
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Figure 5.2: The radiative intensity for the purely absorbing model simulated by the R!
DG scheme with the positivity-preserving limiter on a 40 x 40 uniform grid. The white
points represent the cells where the positivity-preserving limiter has been enacted during
the computation.

Table 5.9: Errors of the R DG scheme without positivity-preserving limiter on the purely
absorbing model for the 2D steady radiative transfer equation

N, = N, | Ly error | Ly order | Lo, error | Ly order | minuy,
10 0.59E-03 - 0.90E-01 - -0.28E-01
20 0.15E-03 1.96 0.28E-01 1.70 -0.30E-02
40 0.39E-04 1.99 0.79E-02 1.82 -0.12E-03
80 0.97E-05 1.99 0.21E-02 1.91 -0.42E-05

Table 5.10: Errors of the R' DG scheme with positivity-preserving limiter on the purely
absorbing model for the 2D steady radiative transfer equation

N, = N, | Ly error | Ly order | L, error | Lo, order | limited(%)
10 0.62E-03 — 0.90E-01 - 58.00
20 0.16E-03 1.96 0.28E-01 1.69 45.75
40 0.39E-04 2.03 0.79E-02 1.82 31.31
80 0.97E-05 1.99 0.21E-02 1.91 16.97

Example 7. (The positivity-preserving test of the DG schemes on the transparent model
for the two-dimensional steady radiative transfer equation)

This problem is a two-dimensional transparent model which is described by the equation
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(2.21) with o0y = 0,05 = 0, ¢ = 0. The computational domain is [0, 1] x [0, 1]. { = 0.6, A = 0.4.
The boundary condition is I(z,0) = 0, 1(0,y) = 1. For this problem, it has the exact solution

as follows,

0, y< Ax,
I(z,y) = { 1 else.C

Figure 5.3 plots the contour of the radiative intensity simulated by the R' DG scheme
with the positivity-preserving limiter on a 40 x 40 uniform grid. In the figure, we mark
the cells where the positivity-preserving has been enacted by discrete white points as well.
Figures 5.4 show the comparison of the radiative intensity cut along the lines y = 0.5 and
x = 0.5 simulated by the R! DG scheme without and with the positivity-preserving limiter
respectively. We can clearly see that the R! DG scheme without the positivity-preserving
limiter produces negative solutions while the positivity of the radiative intensity can be kept

well for the R* DG scheme with the positivity-preserving limiter.

Figure 5.3: The contour of the radiative intensity for the transparent model simulating by
the R! DG scheme with the positivity-preserving limiter on a 40 x 40 uniform grid. The white
points represent the cells where the positivity-preserving limiter has been enacted during the
computation.
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Figure 5.4: The comparison of the radiative intensity cut along the lines y = 0.5 and x = 0.5
for the transparent model simulated by the R! DG scheme without and with the positivity-
preserving limiter on a 40 x 40 uniform grid. Left: y = 0.5; Right: x = 0.5.

Example 8. (The positivity-preserving test of the DG schemes on the purely absorbing
model for the two-dimensional steady radiative transfer equation)

We test the scheme (2.25) on the purely absorbing model which is expressed by the
equation (2.21) with o, = 1,0, = 0 and ¢ = 0. The computational domain is [0, 1] x [0, 1].
( =0.6, A =0.4. The boundary condition is

I(x,0) =0, 1(0,y) = 1.

Its exact solution is as follows,

I(z,y) = { PP e
e <", else.

Figure 5.5 depicts the contour of the radiative intensity simulated by the R' DG scheme
with the positivity-preserving limiter on a 40 x 40 uniform grid, where the cells in which the
positivity-preserving limiter has been enacted during the computation are marked by the
discrete white points. In Figure 5.6, the comparison of the radiative intensity cut along the
lines y = 0.5 and = = 0.5 obtained by the R' DG scheme without and with the positivity-
preserving limiter is presented respectively. From these figures, we can observe that the

R! DG scheme with the positivity-preserving limiter produces positive solutions with good

resolution.
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Figure 5.5: The contour of the radiative intensity for the purely absorbing model simulated
by the R! DG scheme with the positivity-preserving limiter on a 40 x 40 uniform grid. The
white points represent the cells where the positivity-preserving limiter has been enacted
during the computation.
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Figure 5.6: The comparison of the radiative intensity cut along the lines y = 0.5 and

x = 0.5 for the purely absorbing model simulated by the R' DG scheme without and with
the positivity-preserving limiter on a 40 x 40 uniform grid. Left: y = 0.5; Right: x = 0.5.

Example 9. (The positivity-preserving test of the DG schemes on the absorbing-scattering
model for the two-dimensional steady radiative transfer equation)
In this problem, we test the schemes on the absorbing-scattering model described by the

equation (2.21) with oy = 1,0, = 1 and ¢ = 0. The computational domain is [0, 1] x [0, 1].
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The boundary condition is set as follows,

I(x,0) =0, X>0; I(x,1)
1(0,y) = 1 — cos(4my), ¢ > 0; I(1,y)

0,\ <0;
0,¢ < 0.

The exact solution cannot be obtained theoretically for this problem. For comparison, we
take the numerical solution by the B! DG scheme with the positivity-preserving limiter on a
160 x 160 uniform grid as a reference solution. We implement the test on a 40 x 40 uniform
grid by using the R! DG scheme without and with the positivity-preserving limiter. The
contour of the radiative intensity in the (¢, \) = (0.2578,0.1068) angular direction simulated
by the R* DG scheme with the positivity-preserving limiter is given in Figure 5.7. In the
picture, the cells where the positivity-preserving limiter has taken effect during the compu-
tation are marked by discrete white points as well. Figure 5.8 shows the comparison of the
radiative intensity cut along the cells near the left boundary in the (¢, A) = (0.3256, —0.7860)
angular direction simulated by the R! DG scheme without and with the positivity-preserving
limiter individually. From the figure, we notice that negative solution occurs if the R' DG
scheme without the positivity-preserving limiter is applied, while the R DG scheme with the

positivity-preserving limiter can produce nonnegative solution with satisfactory resolution.

O aaan
© LhwrboNko
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0 0.2 0.4 0.6 0.8

X

Figure 5.7: The contour of the radiative intensity for the absorbing-scattering model in
the (¢,\) = (0.2578,0.1068) angular direction simulated by the R' DG scheme with the
positivity-preserving limiter on a 40 x 40 uniform grid. The white points represent the cells
where the positivity-preserving limiter has been enacted during the computation.
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Figure 5.8: The comparison of the radiative intensity cut along the cells near the left bound-
ary in the (¢,\) = (0.3256, —0.7860) angular direction for the absorbing-scattering model
simulated by the R DG scheme without and with the positivity-preserving limiter.

6 Conclusion

In this paper, we focus on the design of conservative high order positivity-preserving DG
schemes for both one- and two-dimensional linear hyperbolic equations as well as the discrete
ordinate radiative transfer equations. Here “conservative” refers to the fact that the cell
averages from unmodulated DG solver are not altered by the positivity-preserving limiter. In
the one-dimensional case, the method uses traditional DG space P* of piecewise polynomials
of degree at most k. A key result is proved that the unmodulated DG solver in this case can
maintain positivity of cell averages, provided the inflow value and the source term are both
positive, therefore the positivity-preserving framework in [15], namely the application of a
simple scaling limiter around the cell average, can be used to obtain a high order conservative
positivity-preserving DG scheme. In two-dimensions, the unmodulated DG method based
either on P* or Q¥ spaces (piecewise k-th degree polynomials or piecewise tensor-product
k-th degree polynomials) could generate negative cell averages. We augment the DG space
with additional functions so that the positivity of cell averages from the unmodulated DG
method can be restored, thereby leading to high order conservative positivity-preserving DG
scheme based on these augmented DG spaces following the framework in [15]. This effort is

carried out for the second order case in two-dimensional rectangular meshes as an example.
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Computational results are provided to demonstrate the good performance of our DG schemes.
Even though the larger augmented DG spaces involve additional computational cost, this
can be reduced if an adaptive procedure is used, in which the standard P* space is used
when the computed cell average is positive, and the augmented R* space is used only when
the computed cell average from P* is negative. In future work, we will extend the results
of this paper to triangular meshes, and to higher orders of accuracy in two-dimensions. The
more difficult task of generalization to the cases of variable coefficients or even nonlinear

problems will also be explored.

Appendix A. The specific test function v for the aug-
mented DG spaces

In this appendix we give explicit formulas for the specific test function v satisfying (4.1) for
the augmented DG space R! defined in (4.5). Since we just consider the case o, 8 > 0 in
(2.7), we can simplify it as ou, + u, + yu = f. Besides, for the DG scheme (2.8), we also
take the size of the cell S;; as Az; = Ay;, which will only effect the ratio of o and 8. The
formula for v is then given as

€

A ~ N ~
o(6m) =5 (445° + 370+ )A€ m) + T(al&m) + 20 f3(E 1) + @26 m)

+a(fs(&m) + 2afe(€,m) + 786a%(1 - €)) + 786(1 — 1)),

where A; ; reads as

(A1)

A;; =4(393 4 393" + 5367 + 3107 + 887" + 115"
+ 207 (667 + 2687) + a*(1882 + 14815 + 3103?)

+ a(1334 + 14817 + 5837° + 887?))
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with 7 = yAz; and
J1(€,m) =106 — 56 — 44n — 51° — 20&n,
f2(€,m) = 820 — 1562 — 15n* — 5581 — 60& — 60,
f3(&,m) = 848 4 30£2 + 300 + 120&n — 441€ — 4410,
f4(€,m) = 820 — 1562 — 15n* — 558¢ — 60n — 600,
f5(€,m) = 2206 + 300£% + 300n% + 1200£n — 1158¢ — 1944,

fs(&,m) = 1103 + 15067 + 150n% — 972¢ + 6000 — 5797.
We can easily prove that the functions fx(£,n),k = 1,...,6 are all positive when (£,7n) €

[—1,1]%. Hence v(,n) is positive on S; ;.

Appendix B.

In this appendix we prove that, for the unmodulated DG scheme, all the upstream solution

values at the interfaces (O remain positive, when the physical inflow condition and the

2

source term are both positive and when the mesh size h is small enough. Consider the case
for @ > 0in (2.1), then (2.1) can simplified as u, +yu = f. By means of the similar technique

utilized before, we would like to seek a special test function which satisfies

/ u(yv =0+ 1 0k(2)) =y, (B.1)
S; 2

1
with 0y (z) defined in (3.1). Thanks to Lemma 3.1, we obtain an ordinary differential equation

for v as follows:

v — v+ 1 0k(x) = 0p(). (B.2)

Once again, the fact that v(x) is a polynomial with degree of k enables us to formulate v(x)

explicitly by the form of

k l
> (21 ()
=0
_ k
Y=Y 1 S0,
1=0 2
L 1 ,if vy =0.

,if v >0,
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Obviously, v(x) is positive when v = 0. Now let us analyze the case v > 0. We can express

51(;) () more explicitly as follows

(@) = 5 o+ D) =2(5 )M Y+ DO (B

Meanwhile, we can reformulate v(z) as

k k
-2 (535)" Xl2n + )t (€)

é“y“éﬁ’(x)
”ZZG)”W Y 1+li02l< >l+1i_l<zn+1>p£f><1>

i 2 (7 Ar ) S (20 + 1 (€)
=0 (B.5)

n=l

=2 |

v(x) =

(A8 4 522 (A 35 20+ 1l (1)
(1

€ + f 2 (3 Az 3 20+ 1 (€)

2k (2k + 1)p!*
=0 n=l|

k
252k + 1l (1) + (A5)H + T 2801 3 20+ (1)
=0 n=l|

Here we notice that pék) (&) = p(k)(l) is a positive constant, which reads as
K 5 (2k)!
p© =n W) = o5

Therefore, when the mesh size Ax; is small enough, v(z) will

e (& =D~

since Pk (6) = Qk A dgn

be positive with a value close to 1.
For smaller k, we also list the range of YAz; to ensure the positivity of v. Let us denote

v = vAx; once again. We can write v out as a function of the variable £ for the cases

k=1,2,3,4 as follows:
(1) k=1:

It turns out that v(§) > 0if ¥ < 3.
(2) k= 2:

U(g)_120+12”7“(1+5§)+3 ¥ (— 1+2§+5§2)
N 120 + 727 + 1832 + 273
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v(€) will be non-negative when 7 < 5\/g :

(3) k=3:
o(€) = 1680 + 1209(1 + 7€) + 3072 (—1 + 2€ + 7€2) +73(—3 — 15€ + 15€2 + 35€3)
B 1680 4 9607 + 24072 + 3273 + 274 '
~ / 1/3
When 7 < 5 — 52 + (5(1+v/6))"* ~ 5.6484 we have v(€) > 0.
(4) k = 4:

v(€) :% (24192 + 13445(1 + 9€) + 33677 (—1 + 2€ + 9€7)

+ 247%(—1 = 76 + 7€ + 216%) + 74(3 — 126 — 426” + 28¢° + 63¢"))

where

A = 8(15120 + 84007 + 21007° + 3007 + 255" + 7°).

It is easy to prove that v(§) > 0 if

1 11 7%/3 7(81 4 4+/2157))Y/3
s<if7- 1 TELEAVZID)I T 4 gg03.
2 (3(81 + 44/2157))1/3 3%/
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