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Abstract

We further investigate the high order positivity-preserving discontinuous Galerkin (DG)

methods for linear hyperbolic and radiative transfer equations developed in [14]. The DG

methods in [14] can maintain positivity and high order accuracy, but they rely both on

the scaling limiter in [15] and a rotational limiter, the latter may alter cell averages of the

unmodulated DG scheme, thereby affecting conservation. Even though a Lax-Wendroff type

theorem is proved in [14], guaranteeing convergence to weak solutions with correct shock

speed when such rotational limiter is applied, it would still be desirable if a conservative

DG method without changing the cell averages can be obtained which has both high order

accuracy and positivity-preserving capability. In this paper, we develop and analyze such

a DG method for both linear hyperbolic equations and radiative transfer equations. In the

one-dimensional case, the method uses traditional DG space P k of piecewise polynomials

of degree at most k. A key result is proved that the unmodulated DG solver in this case

can maintain positivity of the cell average if the inflow boundary value and the source

term are both positive, therefore the positivity-preserving framework in [15] can be used to

obtain a high order conservative positivity-preserving DG scheme. Unfortunately, in two-

dimensions this is no longer the case. We show that the unmodulated DG solver based

either on P k or Qk spaces (piecewise k-th degree polynomials or piecewise tensor-product

k-th degree polynomials) could generate negative cell averages. We augment the DG space

with additional functions so that the positivity of cell averages from the unmodulated DG

solver can be restored, thereby leading to high order conservative positivity-preserving DG

scheme based on these augmented DG spaces following the framework in [15]. Computational

results are provided to demonstrate the good performance of our DG schemes.
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1 Introduction

We are concerned with the numerical solutions of linear hyperbolic conservation laws (both

steady state and time dependent), and radiative transfer equations. These are the types

of equations for which the very first discontinuous Galerkin (DG) method was designed, in

[11]. In particular, we are concerned with the positivity-preserving property of the high

order DG methods for such equations. This paper improves the results in [14], in a crucial

way by obtaining conservative methods in the sense that the cell averages obtained by the

unmodulated high order DG solver are not altered. We refer to [14] and the references therein

for a detailed discussion on the background of the equations and the DG numerical methods

used in this paper, and will only give a sketchy description before proceeding directly to the

main new ideas in this paper.

Radiative transfer is the process of energy transfer in the form of electromagnetic radi-

ation. Radiation passes through a medium affected by absorption, emission, and scattering

procedures. The equation of radiative transfer describes these interactions mathematically.

Equations of radiative transfer have applications in a wide variety of subjects including in-

ertial confinement fusion, astrophysics, optical molecular imaging, shielding, atmospheric

science, and remote sensing.

The radiative transfer equation is an integro-differential equation. The presence of inte-

gral coupling terms makes it more challenging to solve the equation numerically, especially

for high dimensional cases. Several techniques for solving this kind of equations have been

studied in recent literature, including the Monte Carlo method, the discrete-ordinate method

(DOM), the spherical harmonics method, the spectral method, the finite difference method,

the finite volume method, and the finite element method. We will pay attention in this paper

only to the DOM [1, 6, 7] due to its relatively high accuracy, flexibility, and relatively low

computational cost. By means of the DOM method, the solid angle appearing in the radia-

tive transfer equation is discretized as a set of ordinate directions (numerical quadrature in

the angular direction). The angle-discretized radiative transfer equation is then a system of
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linear hyperbolic equations coupled through the source terms.

The DG method was first proposed and analyzed in the early 1970s exactly for this type

of linear hyperbolic equations. In 1973, Reed and Hill introduced a DG method to solve

the hyperbolic neutron transport equation (radiative transfer) [11]. Immediately after that,

theoretical properties of this DG method including stability and error estimates were given in

[8]. Later, Cockburn et al. [4, 3, 2, 5] established a framework to easily solve nonlinear time-

dependent problems, such as the compressible Euler equations of gas dynamics, using explicit,

nonlinearly stable high order Runge-Kutta time discretization [13] and DG discretization

in space with exact or approximate Riemann solvers as interface fluxes and total variation

bounded (TVB) nonlinear limiters [12] to achieve non-oscillatory properties for strong shocks.

The DG method has many advantages such as high order accuracy, geometric flexibility,

suitability for h- and p-adaptivity, extremely local data structure, high parallel efficiency

and a good theoretical foundation for stability and error estimates.

When the DG method is used to solve the coupled system of linear hyperbolic equations

with source terms arising from DOM, several difficulties arise due to the coupling. Usually,

a source iteration technique is applied to “decouple” this system in each iteration, thus

achieving a class of scalar equations in each iteration with the coupling deferred to the

previous iteration, thereby amendable to the original sweeping DG method. This source

iteration could be slow in the diffusive limit, but we are not going to discuss this difficulty

in this paper.

The focus of this paper is on the positivity-preserving property of the high order DG

solution. Physically and mathematically, the solution to the radiative transfer equation is

positive (non-negative), however this property is often lost in numerical approximations,

especially for high order methods. In [14], a high order positivity-preserving DG method is

designed for linear hyperbolic equations and the source iteration of DOM for the radiative

transfer equation. The crucial observation is the proof that, for the unmodulated DG scheme,

the point value of the numerical solution at one particular point inside the cell remains
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positive. Even though the exact location of this point is usually not known, it does not

prevent the design of a positivity-preserving limiter, which is a combination of the scaling

limiter designed in [15] when the cell average is positive, and a new rotational limiter used

when the cell average is negative. It is proved in [14] that the usage of this rotational

limiter does not affect the original high order accuracy of the DG scheme, nor does it affect

convergence to weak solutions (correct shock speed, a Lax-Wendroff type theorem), even

though conservation is lost when the original cell averages are altered through the rotational

limiter. However, conservation (in the sense that the cell average from the unmodulated DG

solver is not altered in the limiting process) is often treated as a sacred property, not to be

lost at any cost. This is the motivation that we attempt to obtain high order positivity-

preserving DG methods in this paper which are conservative, in the sense that the cell

average from the unmodulated DG solver is never altered.

In the one-dimensional case, we prove a key result that the unmodulated DG solver, based

on the standard DG space P k of piecewise polynomials of degree at most k, can maintain

positivity of the cell average when the inflow boundary value and the source term are both

positive, therefore the positivity-preserving framework in [15] can be used to obtain a high

order conservative positivity-preserving DG scheme. Unfortunately, in two-dimensions this

is no longer the case. We show that the unmodulated DG solver based either on the P k

or Qk spaces (piecewise k-th degree polynomials or piecewise tensor-product k-th degree

polynomials) could generate negative cell averages. We then augment the DG space with

additional functions so that the positivity of cell averages from the unmodulated DG solver

can be restored, thereby leading to high order conservative positivity-preserving DG scheme

based on these augmented DG spaces following the framework in [15].

The remainder of this paper is organized as follows: In Section 2, we first introduce the

linear hyperbolic equations and the discrete-ordinate radiative transfer equations, and then

formulate the DG discretization and implicit time discretization (for the time-dependent

problems) for these equations both in one and two dimensional spaces. Section 3 considers
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positivity-preserving DG scheme in one dimension. The proof that the cell averages of the

unmodulated DG method remain positive and the development of the positivity-preserving

method via the scaling limiter in [15] will be given. In Section 4, we first demonstrate

the failure of cell average positivity from unmodulated DG methods based on either P k

or Qk spaces, and then construct augmented DG spaces for the second order case as an

example to restore this positivity, leading to the final development of the positivity-preserving

DG method based on these augmented DG spaces via the scaling limiter in [15]. Finally,

in Section 5, one- and two-dimensional numerical examples for solving linear hyperbolic

equations and the source iteration of DOM from the radiative transfer equation will be

given to verify the good performance of our positivity-preserving DG methods. Concluding

remarks are given in Section 6.

2 The linear hyperbolic equation and the radiative trans-

fer equation and their DG disretizations

2.1 The linear hyperbolic equation and its DG discretization in
one spatial dimension

We consider the following linear steady hyperbolic equation,

αu′(x) + γu(x) = f(x), (2.1)

where α and γ ≥ 0 are constants and f(x) ≥ 0 is the source term. Without loss of generality

we assume α > 0, in this case the boundary condition is given at the left boundary for the

existence and uniqueness of the solution.

We denote Si = [xi− 1
2
, xi+ 1

2
], i = 1, . . . , N as a subdivision of the interval [a, b] with

a = x 1
2
< x 3

2
< · · · < xN+ 1

2
= b, ∆xi = xi+ 1

2
− xi− 1

2
,

and h = max
1≤i≤N

∆xi. The finite element space consists of the following piecewise polynomials

V k
h =

{
v ∈ L2(a, b) : v|Si

∈ P k(Si),∀i = 1, . . . , N
}
,
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where P k(Si) stands for the set of polynomials of degree up to k defined in the cell Si.

The DG scheme for (2.1) is to seek the polynomial approximation uh(x) ∈ V k
h , such that

for any v(x) ∈ V k
h , there always holds

−α
∫
Si

uh(x)v
′(x)dx+ αûi+ 1

2
v(x−

i+ 1
2

) + γ

∫
Si

uh(x)v(x)dx = αûi− 1
2
v(x+

i− 1
2

) +

∫
Si

f(x)v(x)dx,

(2.2)

where ûi± 1
2
is the numerical flux. For the scheme (2.2) to be locally solvable (sweeping from

the boundary), the numerical flux ûi± 1
2
at the cell interfaces must be chosen to be the upwind

flux, that is

ûi+ 1
2
= uh(x

−
i+ 1

2

), ûi− 1
2
= uh(x

−
i− 1

2

).

For simplicity, in the following, we denote u−
i± 1

2

= uh(x
−
i± 1

2

), and ui =
1

∆xi

∫
Si
uh(x)dx as the

cell average of uh(x) in the interval Si. We also omit the subscript h below.

For a time-dependent problem, the above linear hyperbolic equation becomes

∂u(x, t)

∂t
+ α

∂u(x, t)

∂x
+ γu(x, t) = f(x, t), γ ≥ 0, f ≥ 0. (2.3)

The semi-discrete DG scheme for (2.3) is to seek the polynomial approximation u(·, t) ∈ V k
h ,

such that for any v(x) ∈ V k
h , there always holds

d

dt

∫
Si

u(x, t)v(x)dx− α

∫
Si

u(x, t)v′(x)dx+ αu−
i+ 1

2

(t)v−
i+ 1

2

+ γ

∫
Si

u(x, t)v(x)dx

=

∫
Si

f(x, t)v(x)dx+ αu−
i− 1

2

(t)v+
i− 1

2

.

(2.4)

In this paper, we use the backward Euler method as the time discretization for all time-

dependent problems. Assume that the approximation at time level n is denoted by un(x) ∈

V k
h , then the fully discrete DG method for the equation in (2.4) can be described as follows:

Find un+1(x) ∈ V k
h such that ∀v(x) ∈ V k

h we have∫
Si

un+1(x)v(x)dx− α∆tn
∫
Si

un+1(x)v′(x)dx+ γ∆tn
∫
Si

un+1(x)v(x)dx+ α∆tn(un+1
i+ 1

2

)−v−
i+ 1

2

=∆tn
∫
Si

fn+1(x)v(x)dx+

∫
Si

un(x)v(x)dx+ α∆tn(un+1
i− 1

2

)−v+
i− 1

2

,

(2.5)
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where ∆tn is the time step. Since the n-th time step solution uni (x) is known, (2.5) can be

rewritten as

−α
∫
Si

un+1(x)v′(x)dx+α(un+1
i+ 1

2

)−v−
i+ 1

2

+γ̃

∫
Si

un+1(x)v(x)dx =

∫
Si

f̃(x)v(x)dx+α(un+1
i− 1

2

)−v+
i− 1

2

,

(2.6)

where γ̃ = γ + 1
∆tn

and f̃(x) = fn+1(x) + 1
∆tn

un(x). We notice that the scheme (2.6) is

identical to (2.2) for solving the steady equation, therefore we only need to consider (2.2)

below.

2.2 The linear hyperbolic equation and its DG discretization in
two spatial dimensions

For the two-dimensional steady case, the linear hyperbolic equation we consider has the

following general form

α
∂u(x, y)

∂x
+ β

∂u(x, y)

∂y
+ γu(x, y) = f(x, y), γ ≥ 0, (2.7)

where α, β are constants and f(x, y) ≥ 0 is the source term. We again assume α, β > 0

without loss of generality. In this case the boundary condition is given at the left and

bottom boundaries.

We denote the computational domain as D = [a, b] × [c, d], which is divided into the

rectangular mesh of Si,j = [xi− 1
2
, xi+ 1

2
]× [yj− 1

2
, yj+ 1

2
] with i = 1, . . . , Nx, j = 1, . . . , Ny. The

inflow boundary ∂S−
i,j = Γin1 ∪ Γin2 and the outflow boundary ∂S+

i,j = Γout1 ∪ Γout2 can be

described as follows:

Γin1 = {xi− 1
2
} × [yj− 1

2
, yj+ 1

2
], Γin2 = [xi− 1

2
, xi+ 1

2
]× {yj− 1

2
},

Γout1 = {xi+ 1
2
} × [yj− 1

2
, yj+ 1

2
], Γout2 = [xi− 1

2
, xi+ 1

2
]× {yj+ 1

2
}.

Now, let V k
h be the finite element space, then the DG scheme for solving (2.7) can be

described as: Find u(x, y) ∈ V k
h such that ∀v(x, y) ∈ V k

h we have
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−
∫
Si,j

u(x, y)(αvx(x, y) + βvy(x, y))dxdy + α

∫ y
j+1

2

y
j− 1

2

u(x−
i+ 1

2

, y)v(x−
i+ 1

2

, y)dy

+ β

∫ x
i+1

2

x
i− 1

2

u(x, y−
j+ 1

2

)v(x, y−
j+ 1

2

)dx+ γ

∫
Si,j

u(x, y)v(x, y)dxdy

=

∫
Si,j

f(x, y)v(x, y)dxdy + α

∫ y
j+1

2

y
j− 1

2

u(x−
i− 1

2

, y)v(x+
i− 1

2

, y)dy + β

∫ x
i+1

2

x
i− 1

2

u(x, y−
j− 1

2

)v(x, y+
j− 1

2

)dx.

(2.8)

Similarly, if we consider a time-dependent problem formulated as

∂u(x, y, t)

∂t
+ α

∂u(x, y, t)

∂x
+ β

∂u(x, y, t)

∂y
+ γu(x, y, t) = f(x, y, t), γ ≥ 0, f ≥ 0, (2.9)

we obtain the corresponding DG scheme for (2.9) by means of backward Euler method for

time discretization as follows

−
∫
Si,j

un+1(x, y)(αvx(x, y) + βvy(x, y))dxdy + α

∫ y
j+1

2

y
j− 1

2

un+1(x−
i+ 1

2

, y)v(x−
i+ 1

2

, y)dy

+ β

∫ x
i+1

2

x
i− 1

2

un+1(x, y−
j+ 1

2

)v(x, y−
j+ 1

2

)dx+ γ̃

∫
Si,j

un+1(x, y)v(x, y)dxdy

= α

∫ y
j+1

2

y
j− 1

2

un+1(x−
i− 1

2

, y)v(x+
i− 1

2

, y)dy + β

∫ x
i+1

2

x
i− 1

2

un+1(x, y−
j− 1

2

)v(x, y+
j− 1

2

)dx

+

∫
Si,j

f̃(x, y)v(x, y)dxdy,

(2.10)

where γ̃ = γ + 1
∆tn

and f̃(x, y) = fn+1(x, y) + 1
∆tn

un(x, y). We again notice that the scheme

(2.10) is identical to (2.8) for solving the steady equation, therefore we only need to consider

(2.8) below.

2.3 The radiative transfer equation and its DG discretization in
one spatial dimension

The steady radiative transfer equation in one-dimensional planar geometry can be formulated

as

µ
∂I(x, µ)

∂x
+ σtI(x, µ) =

σs
2

∫ 1

−1

I(x, µ)dµ+ q(x, µ), a ≤ x ≤ b,−1 ≤ µ ≤ 1, (2.11)

8



where I(x, µ) is the radiative intensity in the direction µ, σt is the extinction coefficient of

the medium due to both absorption and scattering, σs ≥ 0 is the scattering coefficient of the

medium, i.e. σs ≤ σt, and q(x, µ) is the source term. The boundary condition for (2.11) is

given as follows:

I(a, µ) = g1(µ), 0 < µ ≤ 1; I(b, µ) = g2(µ), − 1 ≤ µ < 0. (2.12)

By means of the discrete ordinate method (DOM) in [7], we can obtain the following

spatial differential equation for each discrete direction m

µm
∂Im(x)

∂x
+ σtIm(x) =

σs
2

M∑
m′=1

ωm′Im′(x) + qm(x), m = 1, . . . ,M, (2.13)

where µm is the direction cosines along the x-coordinate of the direction m, ωm > 0 is the

quadrature weight with
M∑

m=1

ωm = 2 and Im(x) = I(x, µm) is the radiative intensity in the

direction m.

Now, we also consider a given direction µm > 0, as the case of µm < 0 is similar. Then

the DG method for solving (2.13) is described as follows: find Im(x) ∈ V k
h such that for any

test function v(x) ∈ V k
h , we have

− µm

∫
Si

Im(x)v
′(x)dx+ σt

∫
Si

Im(x)v(x)dx+ µmIm(x
−
i+ 1

2

)v(x−
i+ 1

2

)

=
σs
2

∫
Si

φ(x)v(x)dx+

∫
Si

qm(x)v(x)dx+ µmIm(x
−
i− 1

2

)v(x+
i− 1

2

),

(2.14)

where

φ(x) =
M∑

m′=1

ωm′Im′(x).

When considering the time-dependent problem, the unsteady radiative transfer equation

in planar geometry is described as

1

c

∂I(x, µ, t)

∂t
+ µ

∂I(x, µ, t)

∂x
+ σtI(x, µ, t) =

σs
2

∫ 1

−1

I(x, µ, t)dµ+ q(x, µ, t), (2.15)

where a ≤ x ≤ b,−1 ≤ µ ≤ 1, 0 < t ≤ T and c is the speed of photon. The specific boundary
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conditions and initial condition can be given as

I(a, µ, t) = I l(µ, t), 0 < µ ≤ 1, 0 ≤ t ≤ T ;

I(b, µ, t) = Ir(µ, t), − 1 ≤ µ < 0, 0 ≤ t ≤ T ;

I(x, µ, 0) = I0(x, µ).

(2.16)

Likewise, the approximation obtained by using the DOM for (2.15) can be written as

1

c

∂Im(x, t)

∂t
+ µm

∂Im(x, t)

∂x
+ σtIm(x, t) =

σs
2

M∑
m′=1

ωm′Im′(x, t) + qm(x, t),m = 1, . . . ,M.

(2.17)

Making use of backward Euler time discretization for solving (2.17), we get the following

DG scheme

−µm

∫
Si

In+1
m (x)v′(x)dx+ σ̃t

∫
Si

In+1
m (x)v(x)dx+ µmI

n+1
m (x−

i+ 1
2

)v(x−
i+ 1

2

)

=
σs
2

∫
Si

φn+1(x)v(x)dx+

∫
Si

q̃m(x)v(x)dx+ µmI
n+1
m (x−

i− 1
2

)v(x+
i− 1

2

),

(2.18)

where σ̃t = σt +
1

c∆tn
and q̃m(x) = qn+1

m (x) + 1
c∆tn

Inm(x). This is now the same as the steady

case (2.14).

Generally, the discrete set of algebraic equations in the DOM-DG schemes such as (2.14)

and (2.18) is solved by the source iteration (SI) method [9] in an optimal sweeping order,

which is usually referred to as the grid sweeping algorithm. More details can be found in [14].

Specifically, the SI method is defined for solving the DG scheme (2.14) as follows: When the

ℓ-th iteration solution I
(ℓ)
m (for all m = 1, . . . ,M and all cells) is known, we compute I

(ℓ+1)
m

cell by cell in the sweeping direction, and for each fixed cell, running through m = 1, . . . ,M

to solve

− µm

∫
Si

I(ℓ+1)
m (x)v′(x)dx+ σt

∫
Si

I(ℓ+1)
m (x)v(x)dx+ µmI

(ℓ+1)
m (x−

i+ 1
2

)v(x−
i+ 1

2

)

=
σs
2

∫
Si

φ(∗)(x)v(x)dx+

∫
Si

qm(x)v(x)dx+ µmI
(ℓ+1)
m (x−

i− 1
2

)v(x+
i− 1

2

),

(2.19)

with

φ(∗)(x) =
M∑

m′=1

ωm′I
(∗)
m′ (x),
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where I
(∗)
m′ (x) is taken as I

(ℓ+1)
m′ (x) if it is already available; otherwise it is taken as I

(ℓ)
m′ (x).

Since I
(ℓ+1)
m (x−

i− 1
2

) (for i = 1 this is taken as the given boundary condition) and the other (ℓ+

1)-th iteration solution needed on the right-hand side of (2.19) have already been computed

in the sweep, the SI solver (2.19) is equivalent to (2.2) for solving the steady linear equation,

therefore we only need to consider (2.2) below.

2.4 The radiative transfer equation and its DG discretization in
two spatial dimension

We first consider a steady-state, one-group, isotropically scattering transfer equation

Ω · ∇rI(r,Ω) + σtI(r,Ω) =
σs
4π

∫
S

I(r,Ω)dΩ + q(r,Ω), (2.20)

where I(r,Ω) is the radiative intensity in the direction Ω and the spatial position r, S

is the unit sphere, σs ≥ 0 is the scattering coefficient of the medium, σt is the extinction

coefficient of the medium due to both absorption and scattering (namely σt ≥ σs), and

q(r,Ω) is a given source term. For two spatial dimensional problems, the position vector

r = (x, y) ∈ D ⊂ R2 and the vector is usually described by a polar angle ϕ measured with

respect to a fixed axis in space and a corresponding azimuthal angle ψ. If we introduce

µ = cosϕ, we would like to denote

dr = dxdy, dΩ = sinϕdϕdψ = −dµdψ.

To solve the above radiative transfer equation numerically, we need to make use of the

DOM and DG method to discretize the angular variables and the spatial variables in (2.20)

respectively. For each discrete direction Ωm,l = (ζm, λl),m = 1, . . . ,M, l = 1, . . . , L, with the

numbers M,L of directions in ζ and λ respectively, where ζ = sinϕ cosψ =
√
1− µ2 cosψ

and λ = sinϕ sinψ =
√
1− µ2 sinψ, the equation (2.20) turns into a spatial differential

equation defined in Cartesian coordinates

ζm
∂Im,l(x, y)

∂x
+ λl

∂Im,l(x, y)

∂y
+ σtIm,l(x, y) =

σs
4π

∑
m′,l′

ωm′,l′Im′,l′(x, y) + qm,l(x, y), (2.21)
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where Im,l(x, y) = I(x, y, ζm, λl) is the radiative intensity in the direction (ζm, λl), qm,l(x, y) =

q(x, y, ζm, λl) is the source term and ωm,l is the quadrature weight with
∑
m′,l′

ωm′,l′ = 4π.

Here we take the case of ζm > 0, λl > 0 as an example, the DOM-DG scheme for solving

(2.20) in a rectangular cell Si,j can be described as

−
∫
Si,j

Im,l(x, y)(ζmvx(x, y) + λlvy(x, y))dxdy + ζm

∫ y
j+1

2

y
j− 1

2

Im,l(x
−
i+ 1

2

, y)v(x−
i+ 1

2

, y)dy

+ λl

∫ x
i+1

2

x
i− 1

2

Im,l(x, y
−
j+ 1

2

)v(x, y−
j+ 1

2

)dx+ σt

∫
Si,j

Im,l(x, y)v(x, y)dxdy

=
σs
4π

∫
Si,j

φ(x, y)v(x, y)dxdy +

∫
Si,j

qm,l(x, y)v(x, y)dxdy

+ ζm

∫ y
j+1

2

y
j− 1

2

Im,l(x
−
i− 1

2

, y)v(x+
i− 1

2

, y)dy + λl

∫ x
i+1

2

x
i− 1

2

Im,l(x, y
−
j− 1

2

)v(x, y+
j− 1

2

)dx

(2.22)

with

φ(x, y) =
∑
m′,l′

ωm′,l′Im′,l′(x, y).

The scheme for the other cases of (ζm, λl) is similar, where the numerical flux at the cell

interfaces is chosen to be the upwind flux.

Similarly, for the two-dimensional unsteady radiative transfer equation which reads as

1

c

∂I(r,Ω, t)

∂t
+Ω · ∇rI(r,Ω, t) + σtI(r,Ω, t) =

σs
4π

∫
S

I(r,Ω, t)dΩ + q(r,Ω, t), (2.23)

the corresponding DOM-DG scheme for the direction ζm > 0, λl > 0 with backward Euler

time discretization has the following form

−
∫
Si,j

In+1
m,l (x, y)(ζmvx(x, y) + λlvy(x, y))dxdy + ζm

∫ y
j+1

2

y
j− 1

2

In+1
m,l (x

−
i+ 1

2

, y)v(x−
i+ 1

2

, y)dy

+ λl

∫ x
i+1

2

x
i− 1

2

In+1
m,l (x, y

−
j+ 1

2

)v(x, y−
j+ 1

2

)dx+ σ̃t

∫
Si,j

In+1
m,l (x, y)v(x, y)dxdy

=
σs
4π

∫
Si,j

φn+1(x, y)v(x, y)dxdy +

∫
Si,j

q̃m,l(x, y)v(x, y)dxdy

+ ζm

∫ y
j+1

2

y
j− 1

2

In+1
m,l (x

−
i− 1

2

, y)v(x+
i− 1

2

, y)dy + λl

∫ x
i+1

2

x
i− 1

2

In+1
m,l (x, y

−
j− 1

2

)v(x, y+
j− 1

2

)dx,

(2.24)
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where σ̃t = σt +
1

c∆tn
and q̃m,l(x, y) = qn+1

m,l (x, y) +
1

c∆tn
Inm,l(x, y). This is the same as (2.22)

in the steady case.

For both the steady and unsteady problems, we will utilize the SI method, which allows

us to rewrite the DG scheme (2.22) into

−
∫
Si,j

I
(ℓ+1)
m,l (x, y)(ζmvx(x, y) + λlvy(x, y))dxdy + ζm

∫ y
j+1

2

y
j− 1

2

I
(ℓ+1)
m,l (x−

i+ 1
2

, y)v(x−
i+ 1

2

, y)dy

+ λl

∫ x
i+1

2

x
i− 1

2

I
(ℓ+1)
m,l (x, y−

j+ 1
2

)v(x, y−
j+ 1

2

)dx+ σt

∫
Si,j

I
(ℓ+1)
m,l (x, y)v(x, y)dxdy

=
σs
4π

∫
Si,j

φ(∗)(x, y)v(x, y)dxdy +

∫
Si,j

qm,l(x, y)v(x, y)dxdy

+ ζm

∫ y
j+1

2

y
j− 1

2

I
(ℓ+1)
m,l (x−

i− 1
2

, y)v(x+
i− 1

2

, y)dy + λl

∫ x
i+1

2

x
i− 1

2

I
(ℓ+1)
m,l (x, y−

j− 1
2

)v(x, y+
j− 1

2

)dx,

(2.25)

where

φ(∗)(x, y) =
∑
m′,l′

ωm′,l′I
(∗)
m′,l′(x, y).

Similarly to the one-dimensional case, I
(∗)
m′,l′(x, y) is taken as I

(ℓ+1)
m′,l′ (x, y) if it has been already

obtained; otherwise, it is taken as I
(ℓ)
m′,l′(x, y). Notice again that the SI solver (2.25) is

equivalent to (2.8) for solving the steady linear equation, therefore we only need to consider

(2.8) below.

3 High order positivity-preserving DG schemes for the

linear hyperbolic equation and the radiative transfer

equation in one spatial dimension

A DG scheme for the linear hyperbolic equations and the radiative transfer equations men-

tioned in the previous section is called positivity-preserving if it can always generate a non-

negative numerical solution when a non-negative source term and non-negative boundary

conditions (for time-dependent problems, also a non-negative initial condition) are given.

Generally speaking, high order approximations can provide more accurate solutions but

may also produce negative numerical solutions even though the exact solution is positive,

13



which is un-physical and may sometimes lead to instability of the numerical schemes. In this

section we will discuss how to design a high order conservative (in the sense that the cell

averages produced by the unmodulated DG solver are not altered) positivity-preserving DG

scheme in one spatial dimension. The discussion is restricted to the DG scheme (2.2) solving

linear steady-state hyperbolic equations only, however by our discussion in the previous

section, it applies also to the DG scheme (2.6) for solving the unsteady linear equation with

backward Euler time stepping, and to the DG scheme (2.19) for solving the SI DG solver for

steady or unsteady radiative transfer equations.

In each interval Si, we define

δk(x) =
1

∆xi

k∑
n=0

(2n+ 1)pn(ξ(x)), x ∈ Si (3.1)

where pn(ξ) is the standard Legendre polynomial defined in [−1, 1] and ξ = 2(x−xi)
∆xi

with the

midpoint of the cell xi =
1
2
(xi− 1

2
+xi+ 1

2
). Then the following lemma (see, e.g. [10]) indicates

that this polynomial actually defines the δ-function in P k(Si) at the point xi+ 1
2
. This is also

sometimes referred to as the lifting operator in the DG literature.

Lemma 3.1. [10] For the function δk(x) defined in (3.1) and any polynomial u(x) ∈ P k(Si),

there always holds

u(x−
i+ 1

2

) =

∫
Si

u(x)δk(x)dx. (3.2)

The proof of this lemma is straightforward, see, e.g. [10].

By Lemma 3.1, we are able to rewrite the left-hand side of (2.2) as

LHS =

∫
Si

u(x)
(
γv(x)− αv′(x) + αv−

i+ 1
2

δk(x)
)
dx. (3.3)

We would like to find a special test function v(x) ∈ V k
h such that the left-hand side of

(2.2) provides the cell average of u(x) multiplied by the cell size, i.e.

LHS =

∫
Si

u(x)
(
γv(x)− αv′(x) + αv−

i+ 1
2

δk(x)
)
dx =

∫
Si

u(x)dx = ∆xi · ui, ∀u(x) ∈ V k
h .

(3.4)

14



That is, we would like to find v(x) ∈ V k
h such that

γv(x)− αv′(x) + αv−
i+ 1

2

δk(x) = 1. (3.5)

The existence and uniqueness of such a specific test function v(x) are not difficult to prove.

More importantly, the fact that v(x) is a polynomial enables us to determine v(x) explicitly

as follows

v(x) =


1

γ
·
1 +

k∑
l=0

(α
γ
)l+1

(
δ
(l)
k (xi+ 1

2
)− δ

(l)
k (x)

)
1 +

k∑
l=0

(α
γ
)l+1δ

(l)
k (xi+ 1

2
)

, if γ > 0,

1

α
(xi+ 1

2
− x), if γ = 0.

(3.6)

Lemma 3.2. The test function v(x) defined in (3.6) satisfies

v(x) ≥ 0, ∀x ∈ Si.

Proof. For the case of γ = 0, the result is obvious. Now we consider the case of γ > 0. To

prove it, let us recall a few properties of the standard Legendre polynomials:

p0(ξ) = 1, p1(ξ) = ξ,

and

(2n+ 1)pn(ξ) = p′n+1(ξ)− p′n−1(ξ), ∀n ≥ 2, ξ ∈ [−1, 1]

the latter relation tells us that for all n ≥ 2,

p′n(ξ) =


n−1∑
k=1

k is even

(2k + 1)pk(ξ) + 1, if n is odd

n−1∑
k=1

k is odd

(2k + 1)pk(ξ), if n is even

By induction, we can express p
(l)
n (ξ), n = 0, 1, · · · , k, l = 0, 1, · · · , n as a linear combination

of Legendre polynomials themselves with positive coefficients. Thanks to pn(1) = 1 for all

n and the fact that the maximum value of Legendre polynomials always occurs at the point

ξ = 1, we know p
(l)
n (1) > 0 and

p(l)n (1)− p(l)n (ξ) ≥ 0, ∀ξ ∈ [−1, 1],
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which implies

δ
(l)
k (xi+ 1

2
) > 0, δ

(l)
k (xi+ 1

2
)− δ

(l)
k (x) ≥ 0.

This clearly leads to the positivity of v(x).

From the Lemmas above, we know that there exists a unique positive test function v(x)

such that the left-hand side of (2.2) is the integral of u(x) over the cell for any u(x) ∈ P k(Si).

At the same time, the positivity of v(x) and the source term f(x) guarantee that the right-

hand side of (2.2) is also positive for any given positive inflow condition. We have therefore

proved the following important conclusion for the unmodulated DG solver (2.2).

Theorem 3.3. For the linear steady-state hyperbolic equation in (2.1), if the inflow boundary

condition from the upstream cell (including the physical boundary condition for the first cell)

and the source term are both positive, then the cell average ui of the unmodulated DG scheme

is positive.

If the unmodulated DG solver (2.2) is used, there is still one condition required to prove

that all the cell averages of the unmodulated DG solution are positive, namely all the up-

stream DG solution values at the interfaces u−
i+ 1

2

remain positive, when the physical inflow

condition and the source term are both positive. This is actually correct, when the mesh

size h is small enough, as proved in Appendix B. However, the result in Appendix B is not

required for the following development of the conservative positivity-preserving DG schemes.

3.1 Positivity-preserving limiter

The crucial Theorem 3.3 enables us to achieve the positivity of the numerical solution u(x)

in the cell Si by utilizing the scaling positivity-preserving limiter proposed in [15], without

losing the designed high order accuracy. Before describing the limiting procedure, let us first

introduce the Gauss-Lobatto point set in the cell Si as Gi

Gi =
{
xi− 1

2
= x1i , x

2
i , · · · , xKi = xi+ 1

2

}
,
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where K is chosen so that integrals for P k polynomials are given exactly by the Gauss-

Lobatto quadrature. Then the specific implementation of the limiter can be taken as follows:

ũi(x) = θ(ui(x)− ui) + ui (3.7)

with

θ = min
x∈Gi

{
1,

∣∣∣∣ ui
ui − ui(x)

∣∣∣∣} . (3.8)

By this limitation, we can get the approximating polynomial ũi(x) which is positive at

all Gauss-Lobatto points (including at the right boundary of the cell, thus making Theorem

3.3 valid for the neighboring cell downstream), without loss of accuracy.

We have therefore obtained a high order DG scheme, which is the original DG scheme

(2.2) plus the scaling limiter (3.7)-(3.8), that achieves positivity for the numerical solution

at all Gauss-Lobatto points in each cell, as well as being conservative in the sense that the

cell averages from the unmodulated DG solver is not changed by the limiter (3.7)-(3.8).

This conclusion is valid for DG schemes solving both steady and unsteady linear hyperbolic

equations and for the SI DG solver of steady and unsteady radiative transfer equations.

4 High order positivity-preserving DG schemes for the

linear hyperbolic equation and the radiative transfer

equation in two spatial dimensions

We would like to repeat our work in one-dimension and find a specific test function v(x, y) ∈

V k
h such that, for any u(x, y) ∈ V k

h , the left-hand side of (2.8) produces the integral of u(x, y)

over the cell Si,j:

LHS =

∫
Si,j

u(x, y)dxdy. (4.1)

Similarly as in the one-dimensional case, we can still easily obtain the existence and unique-

ness of such test function v(x, y). If we could also establish the fact that v(x, y) is positive in

the cell Si,j, then the same result as in one-dimension would hold. Unfortunately, it appears

that this particular v(x, y) is negative in part of the cell Si,j for both the P k (polynomials
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of degree at most k) and the Qk (tensor-product polynomials of degree k) DG spaces. We

would then attempt to modify the DG space, by augmenting P k with additional functions

(P k is retained in the space to ensure accuracy), so that the test function v(x, y) determined

by (4.1) in this augmented space is positive in Si,j. We will denote this augmented space as

Rk. In this paper we only attempt to carry this procedure out for k = 1 (the second order

DG method) on rectangular meshes, as an example.

4.1 The positivity-preserving DG scheme with k = 1

Before starting the procedure of finding positivity-preserving DG scheme with an augmented

DG space R1, let us first show that the specific test function v(x, y) satisfying (4.1) does not

remain positive for either the P 1 or the Q1 space.

As before, let Si,j be the rectangular element with center (xi, yj) and width ∆xi,∆yj.

For simplicity we take ∆xi = ∆yj, as a change in this mesh ratio only alters the parameters

α and β in (2.8). If we denote

ξ =
2(x− xi)

∆xi
, η =

2(y − yj)

∆yj
, (4.2)

then we can obtain the specific test function v(x, y) satisfying (4.1) by solving a local linear

system. For P 1, we obtain

v(ξ, η) =
∆xi
Λ1

(
(β + γ∆xi)(γ∆xi + 3β(1− η))

+ α(β(10− 9ξ − 9η) + γ∆xi(4− 3ξ)) + 3α2(1− ξ)
) (4.3)

where

Λ1 = 6α3+6β3+10β2γ∆xi+5βγ2∆x2i+γ
3∆x3i+2α2(11β+5γ∆xi)+α(22β

2+18βγ∆xi+5γ2∆x2i ).

Similarly, for Q1, we obtain

v(ξ, η) =
∆xi
Λ2

(
(6β2 + 4βγ∆xi + γ2∆x2i )(γ∆xi + 3β(1− η))

+ α(2βγ∆xi(17− 9ξ − 9η + 9ξη) + γ2∆x2i (7− 3ξ) + 6β2(7− 3ξ − 6η + 6ξη))

+ 18α3(1− ξ) + 6α2(γ∆xi(3− 2ξ) + β(7− 6ξ − 3η + 6ξη))
)

(4.4)
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where

Λ2 =36α4 + 48α3(2β + γ∆xi) + (6β2 + 4βγ∆xi + γ2∆x2i )
2

+ 4α2(30β2 + 28βγ∆xi + 7γ2∆x2i ) + 8α(12β3 + 14β2γ∆xi + 6βγ2∆x2i + γ3∆x3i ).

We plot these two test functions in Figures 4.1-4.2. Clearly, we see that they are negative

in certain parts of the cell Si,j.
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Figure 4.1: The test function v(ξ, η) in P 1 with α = 4, β = 1, γ = 10,∆xi = ∆yj = 0.1. Left:
the surface plot of v; Right: the region plot of v. The black points in the figure represent
the area where v is negative.
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Figure 4.2: The test function v(ξ, η) in Q1 with α = 10, β = 1, γ = 0,∆xi = ∆yj = 0.1. Left:
the surface plot of v; Right: the region plot of v. The black points in the figure represent
the area where v is negative.

We now attempt to construct an augmented DG space Rk, such that the specific test
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function v(x, y) determined by (4.1) remains positive over the cell Si,j. We start with aug-

menting P 1 by adding just one function, such that the computational cost is the same as that

for Q1. If we choose standard Legendre polynomials as the basis functions of P 1 denoted as

{1, ξ, η}, then our ansatz for this additional function is ξη+µ(ξ2+η2) where µ is a parameter

to be determined. Then the augmented DG space R1 is

R1 = Span
{
1, ξ, η, ξη + µ(ξ2 + η2)

}
. (4.5)

It turns out that the choice of µ = 1
4
would produce a v(x, y) satisfying (4.1) which is positive

over Si,j, the details of this v(x, y) is given in Appendix A. We would like to remark that

neither the choice of the additional function ξη+ µ(ξ2 + η2) nor the choice of the parameter

µ = 1
4
is unique.

Since we know that there exists a positive v(x, y) satisfying (4.1), we can get the following

important conclusion.

Theorem 4.1. Consider the linear steady-state hyperbolic equation in (2.7), then the cell

average ui,j of the DG scheme (2.8) with the augmented DG space R1 defined in (4.5) will

remain positive if positive inflow conditions from the upstream cells (including the physical

boundary conditions for the boundary cells) and positive source terms are given.

Theorem 4.1 motivates us to obtain the positivity of the numerical approximation u(x, y)

in the cell Si,j as before by applying the scaling positivity-preserving limiter without the loss

of the designed accuracy. Now, let us first denote the Gauss-Lobatto point set in the cell

Si,j as Gi,j, which consists of the vertices of the cells, the midpoints of each edge of the cells

as well as the center point of the cell, namely

Gi,j =
{
(xK1

i , yK2
j ) : K1, K2 = 1, 2, 3

}
with x1i = xi− 1

2
, x2i = xi, x

3
i = xi+ 1

2
, so does yK2

j . Then the limiting procedure can be

described as the following modification of the approximate polynomial

ũi,j(x, y) = θ(ui,j(x, y)− ui,j) + ui,j (4.6)
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where

θ = min
(x,y)∈Gi,j

{
1,

∣∣∣∣ ui,j
ui,j − ui,j(x, y)

∣∣∣∣} . (4.7)

5 Numerical tests

In this section, we perform numerical experiments in one- and two-dimensions to validate the

properties of high order accuracy and positivity-preserving of our DG schemes. We adopt S8

and P8-T8 discrete-ordinate quadrature rules for all the following one-dimensional and the

two-dimensional tests with non-zero scattering terms respectively, unless otherwise stated.

Example 1. (Accuracy test of the DG scheme for the one-dimensional steady advection

equation)

We solve the steady advection equation (2.1) with α = 1, γ = 6000 and f(x) =

γ(1
9
cos4 x+ε)− 4

9
cos3 x sinx. Here we take ε = 10−14 to ensure the source term to be nonneg-

ative. The computational domain is [0, π]. The boundary condition is given as u(0) = 1
9
+ ε.

The exact solution for this problem is u(x) = 1
9
cos4 x + ε. We record the numerical errors,

orders of accuracy, and the minimum values of the numerical approximation polynomials.

The results with and without the positivity-preserving limiter are given in Tables 5.1-5.2. We

can see that the minimum value of the numerical solutions is negative for the unmodulated

DG scheme. Also, the designed high order accuracy is maintained with the application of

the positivity-preserving limiter, verifying our theoretical results.
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Table 5.1: Errors of the P k DG scheme for solving the steady problem (2.1) using N uniform
cells without the positivity-preserving limiter

k N L2 error L2 order L∞ error L∞ order minuh

1

10 0.14E-02 – 0.33E-02 – -0.48E-03
20 0.36E-03 1.98 0.89E-03 1.89 -0.58E-04
40 0.94E-04 1.99 0.22E-03 1.96 -0.41E-05
80 0.22E-04 1.99 0.58E-04 1.96 -0.27E-06
160 0.56E-05 1.99 0.14E-04 1.96 -0.17E-07
320 0.14E-05 1.99 0.39E-05 1.93 -0.11E-08

2

10 0.11E-03 – 0.30E-03 – -0.35E-04
20 0.15E-04 2.98 0.38E-04 2.99 -0.24E-05
40 0.18E-05 2.99 0.48E-05 2.99 -0.16E-06
80 0.23E-06 2.99 0.59E-06 3.01 -0.10E-07
160 0.29E-07 2.99 0.73E-07 3.02 -0.66E-09
320 0.37E-08 2.98 0.88E-08 3.04 -0.45E-10

3

10 0.87E-05 – 0.22E-04 – -0.12E-04
20 0.55E-06 3.98 0.15E-05 3.82 -0.93E-06
40 0.34E-07 3.99 0.10E-06 3.91 -0.62E-07
80 0.21E-08 3.99 0.67E-08 3.93 -0.41E-08
160 0.13E-09 3.99 0.44E-09 3.91 -0.27E-09
320 0.87E-11 3.97 0.30E-10 3.87 -0.18E-10

4

10 0.54E-06 – 0.15E-05 – -0.73E-06
20 0.17E-07 4.98 0.47E-07 4.96 -0.12E-07
40 0.53E-09 4.99 0.14E-08 5.03 -0.20E-09
80 0.16E-10 4.99 0.44E-10 5.04 -0.33E-11
160 0.52E-12 4.98 0.13E-11 5.07 -0.46E-13
320 0.16E-13 4.96 0.39E-13 5.05 0.90E-14
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Table 5.2: Errors of the P k DG scheme for solving the steady problem (2.1) using N uniform
cells with the positivity-preserving limiter

k N L2 error L2 order L∞ error L∞ order Limited cells (%)

1

10 0.14E-02 – 0.33E-02 – 40.00
20 0.36E-03 2.00 0.89E-03 1.89 20.00
40 0.90E-04 1.99 0.23E-03 1.96 10.00
80 0.22E-04 1.99 0.58E-04 1.96 5.00
160 0.56E-05 1.99 0.15E-04 1.96 2.50
320 0.14E-05 1.99 0.39E-05 1.93 1.25

2

10 0.12E-03 – 0.30E-03 – 20.00
20 0.15E-04 3.02 0.38E-04 2.99 10.00
40 0.19E-05 3.00 0.48E-05 2.99 5.00
80 0.24E-06 2.99 0.60E-06 3.01 2.50
160 0.29E-07 2.99 0.73E-07 3.02 1.25
320 0.37E-08 2.98 0.88E-08 3.04 0.63

3

10 0.15E-04 – 0.55E-04 – 20.00
20 0.84E-06 4.14 0.42E-05 3.70 10.00
40 0.45E-07 4.21 0.28E-06 3.93 5.00
80 0.25E-08 4.16 0.17E-07 3.98 2.50
160 0.15E-09 4.09 0.11E-08 3.99 1.25
320 0.90E-11 4.03 0.69E-10 3.99 0.63

4

10 0.92E-06 – 0.22E-05 – 20.00
20 0.19E-07 5.58 0.48E-07 5.52 10.00
40 0.54E-09 5.14 0.14E-08 5.03 5.00
80 0.17E-10 5.01 0.44E-10 5.04 2.50
160 0.53E-12 4.98 0.13E-11 5.07 1.25
320 0.17E-13 4.96 0.39E-13 5.05 0.00

Example 2. (Accuracy test of the DG scheme for the one-dimensional linear time-

dependent hyperbolic equation)

We solve the time-dependent problem (2.3) with α = 1, γ = 1 and f(x, t) = cos4(x−t)+ε

with the final time T = 0.1. Here we also take ε = 10−14 . The computational domain is

[0, π]. The initial condition and boundary condition are given as u(x, 0) = cos4(x) + ε and

u(0, t) = cos4(t)+ε respectively. The exact solution for this problem is u(x, t) = cos4(x−t)+ε.

The time step is taken as ∆t = CFL ·hk+1 (with CFL = 10 for k ≥ 2 and CFL = 1 for k = 1)

to ensure that the temporal error does not dominate. We record the numerical errors and

orders of accuracy by performing the DG scheme without and with the positivity-preserving
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limiter, respectively. The results are shown in Tables 5.3-5.4. We also list the minimum

value of the numerical approximation polynomials after one time step in Table 5.3, and the

percentage of cells where the limiter is used in Table 5.4. We can see that the limiter indeed

works and does not destroy the high order accuracy.

Table 5.3: Errors of the P k DG scheme for solving the time-dependent problem (2.3) using
N uniform cells without the positivity-preserving limiter

k N L2 error L2 order L∞ error L∞ order minuh

1

20 0.64E-02 – 0.13E-01 – -0.89E-03
40 0.16E-02 1.95 0.39E-02 1.72 -0.53E-04
80 0.41E-03 1.99 0.99E-03 1.98 -0.30E-05
160 0.10E-03 2.00 0.24E-03 2.01 -0.17E-06
320 0.26E-04 2.00 0.61E-04 2.00 -0.10E-07

2

20 0.53E-02 – 0.62E-02 – 0.27E-05
40 0.77E-03 2.80 0.90E-03 2.77 -0.17E-05
80 0.97E-04 2.97 0.11E-03 2.96 -0.10E-06
160 0.12E-04 2.99 0.14E-04 2.99 -0.56E-08
320 0.15E-05 2.98 0.18E-05 3.00 -0.34E-09

3

20 0.96E-03 – 0.11E-02 – -0.11E-04
40 0.61E-04 3.96 0.73E-04 3.97 -0.58E-06
80 0.38E-05 3.99 0.46E-05 3.97 -0.34E-07
160 0.24E-06 4.00 0.28E-06 4.01 -0.21E-08
320 0.15E-07 3.99 0.18E-07 3.98 -0.13E-09

4

10 0.44E-02 – 0.51E-02 – 0.11E-04
20 0.15E-03 4.85 0.18E-03 4.79 -0.12E-07
40 0.48E-05 4.99 0.57E-05 5.00 -0.20E-09
80 0.15E-06 4.99 0.17E-06 5.00 -0.33E-11
160 0.44E-08 5.07 0.51E-08 5.12 -0.46E-13
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Table 5.4: Errors of the P k DG scheme for solving the time-dependent problem (2.3) using
N uniform cells with the positivity-preserving limiter

k N L2 error L2 order L∞ error L∞ order Limited cells (%)

1

20 0.64E-02 – 0.13E-01 – 14.00
40 0.17E-02 1.94 0.39E-02 1.72 8.08
80 0.42E-03 1.99 0.99E-03 1.98 4.26
160 0.10E-03 2.00 0.24E-03 2.01 2.20
320 0.26E-04 2.00 0.61E-04 2.00 1.18

2

20 0.54E-02 – 6.201E-3 – 0.00
40 0.77E-03 2.80 0.91E-03 2.77 0.47
80 0.98E-04 2.97 0.11E-03 2.96 0.16
160 0.12E-04 2.99 0.14E-04 2.99 0.63E-01
320 0.15E-05 2.99 0.18E-05 3.00 0.28E-01

3

20 0.96E-03 – 0.11E-02 – 2.05
40 0.61E-04 3.96 0.73E-04 3.97 1.04
80 0.38E-05 3.99 0.46E-05 3.97 0.38
160 0.24E-06 4.00 0.29E-06 4.01 0.13
320 0.15E-07 3.99 0.18E-07 3.98 0.38E-01

4

10 0.44E-02 – 0.51E-02 – 0.00
20 0.15E-03 4.85 0.18E-03 4.79 0.52
40 0.48E-05 4.99 0.57E-05 5.00 0.45
80 0.15E-06 4.99 0.18E-06 5.00 0.79E-01
160 0.45E-08 5.07 0.51E-08 5.12 0.13E-01

Example 3. (Shock in the linear problem ut + ux = 0.)

The initial condition is taken as

u(x, 0) =

{
1, if x ∈ [1

4
, 3
4
]

ε, otherwise

The boundary condition is u(0, t) = ε and the computational domain is [0, 3
2
]. The small

positive constant ε = 10−14 is used to remove the round-off effect. We simulate this problem

using our positivity-preserving DG scheme described in (2.6) up to the time T = 0.2. Figure

5.1 shows the comparison of numerical approximations obtained from the {P 1, P 2, P 3, P 4}

DG schemes without and with the positivity-preserving limiter. We can clearly notice that

the DG schemes without the positivity-preserving limiter produce negative solutions while

the positivity can be maintained by using the limiter.
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Figure 5.1: The comparison of numerical solutions to the discontinuous problem computed
by the {P 1, P 2, P 3, P 4} DG schemes without and with positivity-preserving limiter.

Example 4. (Accuracy test of the DG scheme for the one-dimensional steady radiative

transfer equation [14])

In this test, we solve the absorbing-scattering radiative transfer problem described by

(2.11) with σt = 22000, σs = 1, q(x, µ) = −4πµ3 cos3 πx sinπx + σt(µ
2 cos4 πx + a)− σs(a +

cos4 πx
3

). Here a = 10−14 is a small positive constant which is used to avoid the round-off

effect and to ensure the source term to be nonnegative. The computational domain is [0, 1]

and the boundary condition is given as follows: I(0, µ) = µ2 + a if µ > 0,

I(1, µ) = µ2 + a if µ < 0.

We have the exact solution for this problem given by I(x, µ) = µ2 cos4 πx+ a.
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When performing the test on the DG scheme without the positivity-preserving limiter, we

record the numerical errors and orders of accuracy as well as the minimum of the numerical

approximation polynomials at the Gauss-Lobatto points in Table 5.5. We can see that neg-

ative values at the Gauss-Lobatto points do occur. We then apply the positivity-preserving

limiter on the DG scheme and show the corresponding numerical errors and orders of accu-

racy in Table 5.6. The percentage of cells where the positivity-preserving limiter is used is

also listed in this table. We can see that the usage of this limiter does not destroy the high

order accuracy.

Table 5.5: Errors of the P k DG scheme for solving the steady radiative transfer equation
(2.11) using N uniform cells, without the positivity-preserving limiter

k N L2 error L2 order L∞ error L∞ order minuh

1

10 0.29E-02 – 0.27E-01 – -0.39E-02
20 0.74E-03 1.98 0.74E-02 1.89 -0.48E-03
40 0.18E-03 1.99 0.18E-02 1.97 -0.34E-04
80 0.46E-04 1.99 0.48E-03 1.97 -0.22E-05
160 0.11E-04 1.99 0.12E-03 1.96 -0.14E-06
320 0.29E-05 1.99 0.32E-04 1.94 -0.94E-08

2

10 0.25E-03 – 0.25E-02 – 0.19E-04
20 0.32E-04 2.98 0.32E-03 2.99 0.12E-05
40 0.41E-05 2.99 0.40E-04 2.99 0.73E-07
80 0.51E-06 3.00 0.49E-05 3.01 0.46E-08
160 0.63E-07 3.00 0.61E-06 3.02 0.28E-09
320 0.79E-08 3.00 0.74E-07 3.04 0.18E-10

3

10 0.20E-04 – 0.18E-03 – -0.10E-03
20 0.12E-05 3.98 0.12E-04 3.82 -0.76E-05
40 0.79E-07 3.99 0.84E-06 3.92 -0.50E-06
80 0.50E-08 3.99 0.55E-07 3.94 -0.32E-07
160 0.31E-09 3.99 0.36E-08 3.92 -0.20E-08
320 0.19E-10 3.98 0.24E-09 3.88 -0.13E-09

4

10 0.13E-05 – 0.12E-04 – -0.59E-05
20 0.41E-07 4.98 0.39E-06 4.96 -0.99E-07
40 0.13E-08 5.00 0.12E-07 5.02 -0.16E-08
80 0.40E-10 5.01 0.37E-09 5.03 -0.25E-10
160 0.12E-11 5.02 0.11E-10 5.06 -0.39E-12
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Table 5.6: Errors of the P k DG scheme for solving the steady radiative transfer equation
(2.11) using N uniform cells, with the positivity-preserving limiter

k N L2 error L2 order L∞ error L∞ order Limited cells (%)

1

10 0.29E-02 – 0.27E-01 – 40.00
20 0.74E-03 2.00 0.74E-02 1.89 20.00
40 0.18E-03 1.99 0.18E-02 1.97 10.00
80 0.46E-04 1.99 0.48E-03 1.97 5.00
160 0.11E-04 1.99 0.12E-03 1.96 2.50
320 0.29E-05 1.99 0.31E-04 1.94 1.25

2

10 0.25E-03 – 0.25E-02 – 0.00
20 0.38E-04 2.98 0.32E-03 2.99 0.00
40 0.41E-05 2.99 0.40E-04 2.99 0.00
80 0.51E-06 3.00 0.49E-05 3.01 0.00
160 0.63E-07 3.00 0.62E-06 3.02 0.00
320 0.79E-08 3.00 0.74E-07 3.04 0.00

3

10 0.32E-04 – 0.45E-03 – 20.00
20 0.18E-05 4.12 0.35E-04 3.70 10.00
40 0.10E-06 4.19 0.23E-05 3.93 5.00
80 0.57E-08 4.14 0.14E-06 3.98 2.50
160 0.33E-09 4.08 0.91E-08 3.99 1.25
320 0.20E-10 4.03 0.57E-09 3.99 0.63

4

10 0.19E-05 – 0.18E-04 – 20.00
20 0.44E-07 5.41 0.39E-06 5.51 10.00
40 0.13E-08 5.09 0.12E-07 5.02 5.00
80 0.40E-10 5.02 0.37E-09 5.03 2.50
160 0.12E-11 5.02 0.11E-10 5.06 1.25

Example 5 (Counter-example in the 2D case)

In this example, we verify that the unmodulated DG solver based on P 1 or Q1 space can

generate negative cell averages in the first cell (i.e. the lower-left corner cell) even though the

inflow boundary conditions and the source term are both positive. We consider the following

smooth problem:

ux + uy =

(
3

2
(x+ y)

)10

, (x, y) ∈
[
0,

1

2

]
×
[
0,

1

2

]
with the boundary conditions

u(x, 0) =

(
3
2

)10
x11

22
, u(0, y) =

(
3
2

)10
y11

22
.
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Obviously, the analytic solution is formulated as u(x, y) =
( 3
2)

10
(x+y)11

22
. We simulate the

problem numerically using P 1 DG scheme and R1 DG scheme respectively and obtain the

following table of errors and orders. Moreover, we record the cell average values in the first

cell (i.e. the lower-left corner cell) for each mesh. It is easy to observe that negative cell

averages indeed occur in the first cell with positive boundary conditions and positive source

term when using the P 1 DG scheme.

Table 5.7: Errors of the P 1 DG scheme and augmented (R1) DG scheme for solving the
linear hyperbolic equation above using Nx ×Ny uniform cells

P 1 R1

Nx = Ny L2 error L2 order u1,1 L2 error L2 order u1,1
2 0.83E-01 — -0.47E-05 0.42E-01 — 0.48E-04
4 0.27E-01 1.59 -0.23E-08 0.96E-02 2.13 0.23E-07
8 0.72E-02 1.93 -0.11E-11 0.22E-02 2.11 0.11E-10
16 0.17E-02 2.01 -0.55E-15 0.56E-03 1.98 0.56E-14
32 0.44E-03 2.01 -0.33E-18 0.14E-03 1.96 0.27E-17

When going to the Q1 DG scheme, we consider the equation (2.7) locally defined within

one cell [0,∆x] × [0,∆y] with α = 5, γ = 0 since it is more difficult to define a global and

smooth function which generate negative cell averages. The boundary conditions and source

term are given as follows:

u(x, 0) = u(0, y) = 0, f =

 1001, if
487

496
≤ ξ ≤ 1,−17

18
≤ η ≤ 60ξ − 67

24ξ − 15

0, otherwise

Then the exact solution reads as

u(x, y) =

 200x+ y, if
487

496
≤ ξ ≤ 1,−17

18
≤ η ≤ 60ξ − 67

24ξ − 15

0, otherwise

where ξ and η are defined as (4.2). We compute the cell average by means of the unmodulated

DG solver and augmented DG solver respectively with three different meshes by refinement.

The numerical approximations are recorded in the Table 5.8. We can see that the Q1 DG

scheme produces negative cell average while R1 DG scheme does not.
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Table 5.8: Comparison of the cell averages u1,1 computed fromQ1 DG scheme and augmented
(R1) DG scheme

∆x = ∆y exact Q1 R1

1/4 0.12E-02 -0.11E-04 0.12E-03
1/8 0.15E-03 -0.14E-05 0.19E-04
1/16 0.19E-04 -0.17E-06 0.24E-05

Example 6. (The accuracy test of the DG schemes on the purely absorbing model for

the two-dimensional steady radiative transfer equation)

In this test, we solve the two-dimensional steady radiative transfer equation (2.21) with

σt = 1, σs = 0, q = 0. The computational domain is [0, 1] × [0, 1]. ζ = 0.7, λ = 0.3. The

boundary condition is

I(x, 0) = 0, I(0, y) = sin6(πy).

In this case, the problem has the exact solution given as follows,

I(x, y) =

{
0, y < λ

ζ
x,

sin6(π(y − λ
ζ
x))e−

σt
ζ
x, else.

For this problem, numerically negative radiative intensity appears if the positivity-preserving

limiter is not used in the high order DG schemes. Figure 5.2 shows the contour of the radiative

intensity simulated by the R1 DG scheme using 40 × 40 uniform cells and the cells where

the positivity-preserving limiter has been performed during the simulation. The errors and

orders of accuracy for the R1 DG scheme without and with the positivity-preserving limiter

are listed in Tables 5.9-5.10 respectively. The percentage of the cells that require the usage

of the positivity-preserving limiter is listed in the table 5.10 as well. From the table, we

can observe the desired order of accuracy for the positivity-preserving R1 DG scheme, both

in L2-norm and L∞-norm, which is quite similar to that of the R1 DG scheme without the

positivity-preserving limiter.
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Figure 5.2: The radiative intensity for the purely absorbing model simulated by the R1

DG scheme with the positivity-preserving limiter on a 40 × 40 uniform grid. The white
points represent the cells where the positivity-preserving limiter has been enacted during
the computation.

Table 5.9: Errors of the R1 DG scheme without positivity-preserving limiter on the purely
absorbing model for the 2D steady radiative transfer equation

Nx = Ny L2 error L2 order L∞ error L∞ order min uh
10 0.59E-03 – 0.90E-01 – -0.28E-01
20 0.15E-03 1.96 0.28E-01 1.70 -0.30E-02
40 0.39E-04 1.99 0.79E-02 1.82 -0.12E-03
80 0.97E-05 1.99 0.21E-02 1.91 -0.42E-05

Table 5.10: Errors of the R1 DG scheme with positivity-preserving limiter on the purely
absorbing model for the 2D steady radiative transfer equation

Nx = Ny L2 error L2 order L∞ error L∞ order limited(%)
10 0.62E-03 – 0.90E-01 – 58.00
20 0.16E-03 1.96 0.28E-01 1.69 45.75
40 0.39E-04 2.03 0.79E-02 1.82 31.31
80 0.97E-05 1.99 0.21E-02 1.91 16.97

Example 7. (The positivity-preserving test of the DG schemes on the transparent model

for the two-dimensional steady radiative transfer equation)

This problem is a two-dimensional transparent model which is described by the equation
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(2.21) with σt = 0, σs = 0, q = 0. The computational domain is [0, 1]×[0, 1]. ζ = 0.6, λ = 0.4.

The boundary condition is I(x, 0) = 0, I(0, y) = 1. For this problem, it has the exact solution

as follows,

I(x, y) =

{
0, y < λ

ζ
x,

1, else.

Figure 5.3 plots the contour of the radiative intensity simulated by the R1 DG scheme

with the positivity-preserving limiter on a 40 × 40 uniform grid. In the figure, we mark

the cells where the positivity-preserving has been enacted by discrete white points as well.

Figures 5.4 show the comparison of the radiative intensity cut along the lines y = 0.5 and

x = 0.5 simulated by the R1 DG scheme without and with the positivity-preserving limiter

respectively. We can clearly see that the R1 DG scheme without the positivity-preserving

limiter produces negative solutions while the positivity of the radiative intensity can be kept

well for the R1 DG scheme with the positivity-preserving limiter.

Figure 5.3: The contour of the radiative intensity for the transparent model simulating by
the R1 DG scheme with the positivity-preserving limiter on a 40×40 uniform grid. The white
points represent the cells where the positivity-preserving limiter has been enacted during the
computation.
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Figure 5.4: The comparison of the radiative intensity cut along the lines y = 0.5 and x = 0.5
for the transparent model simulated by the R1 DG scheme without and with the positivity-
preserving limiter on a 40× 40 uniform grid. Left: y = 0.5; Right: x = 0.5.

Example 8. (The positivity-preserving test of the DG schemes on the purely absorbing

model for the two-dimensional steady radiative transfer equation)

We test the scheme (2.25) on the purely absorbing model which is expressed by the

equation (2.21) with σt = 1, σs = 0 and q = 0. The computational domain is [0, 1] × [0, 1].

ζ = 0.6, λ = 0.4. The boundary condition is

I(x, 0) = 0, I(0, y) = 1.

Its exact solution is as follows,

I(x, y) =

{
0, y < λ

ζ
x,

e−
σt
ζ
x, else.

Figure 5.5 depicts the contour of the radiative intensity simulated by the R1 DG scheme

with the positivity-preserving limiter on a 40× 40 uniform grid, where the cells in which the

positivity-preserving limiter has been enacted during the computation are marked by the

discrete white points. In Figure 5.6, the comparison of the radiative intensity cut along the

lines y = 0.5 and x = 0.5 obtained by the R1 DG scheme without and with the positivity-

preserving limiter is presented respectively. From these figures, we can observe that the

R1 DG scheme with the positivity-preserving limiter produces positive solutions with good

resolution.
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Figure 5.5: The contour of the radiative intensity for the purely absorbing model simulated
by the R1 DG scheme with the positivity-preserving limiter on a 40× 40 uniform grid. The
white points represent the cells where the positivity-preserving limiter has been enacted
during the computation.

Figure 5.6: The comparison of the radiative intensity cut along the lines y = 0.5 and
x = 0.5 for the purely absorbing model simulated by the R1 DG scheme without and with
the positivity-preserving limiter on a 40× 40 uniform grid. Left: y = 0.5; Right: x = 0.5.

Example 9. (The positivity-preserving test of the DG schemes on the absorbing-scattering

model for the two-dimensional steady radiative transfer equation)

In this problem, we test the schemes on the absorbing-scattering model described by the

equation (2.21) with σt = 1, σs = 1 and q = 0. The computational domain is [0, 1] × [0, 1].
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The boundary condition is set as follows,

I(x, 0) = 0, λ > 0; I(x, 1) = 0, λ < 0;
I(0, y) = 1− cos(4πy), ζ > 0; I(1, y) = 0, ζ < 0.

The exact solution cannot be obtained theoretically for this problem. For comparison, we

take the numerical solution by the R1 DG scheme with the positivity-preserving limiter on a

160× 160 uniform grid as a reference solution. We implement the test on a 40× 40 uniform

grid by using the R1 DG scheme without and with the positivity-preserving limiter. The

contour of the radiative intensity in the (ζ, λ) = (0.2578, 0.1068) angular direction simulated

by the R1 DG scheme with the positivity-preserving limiter is given in Figure 5.7. In the

picture, the cells where the positivity-preserving limiter has taken effect during the compu-

tation are marked by discrete white points as well. Figure 5.8 shows the comparison of the

radiative intensity cut along the cells near the left boundary in the (ζ, λ) = (0.3256,−0.7860)

angular direction simulated by the R1 DG scheme without and with the positivity-preserving

limiter individually. From the figure, we notice that negative solution occurs if the R1 DG

scheme without the positivity-preserving limiter is applied, while the R1 DG scheme with the

positivity-preserving limiter can produce nonnegative solution with satisfactory resolution.

Figure 5.7: The contour of the radiative intensity for the absorbing-scattering model in
the (ζ, λ) = (0.2578, 0.1068) angular direction simulated by the R1 DG scheme with the
positivity-preserving limiter on a 40× 40 uniform grid. The white points represent the cells
where the positivity-preserving limiter has been enacted during the computation.
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Figure 5.8: The comparison of the radiative intensity cut along the cells near the left bound-
ary in the (ζ, λ) = (0.3256,−0.7860) angular direction for the absorbing-scattering model
simulated by the R1 DG scheme without and with the positivity-preserving limiter.

6 Conclusion

In this paper, we focus on the design of conservative high order positivity-preserving DG

schemes for both one- and two-dimensional linear hyperbolic equations as well as the discrete

ordinate radiative transfer equations. Here “conservative” refers to the fact that the cell

averages from unmodulated DG solver are not altered by the positivity-preserving limiter. In

the one-dimensional case, the method uses traditional DG space P k of piecewise polynomials

of degree at most k. A key result is proved that the unmodulated DG solver in this case can

maintain positivity of cell averages, provided the inflow value and the source term are both

positive, therefore the positivity-preserving framework in [15], namely the application of a

simple scaling limiter around the cell average, can be used to obtain a high order conservative

positivity-preserving DG scheme. In two-dimensions, the unmodulated DG method based

either on P k or Qk spaces (piecewise k-th degree polynomials or piecewise tensor-product

k-th degree polynomials) could generate negative cell averages. We augment the DG space

with additional functions so that the positivity of cell averages from the unmodulated DG

method can be restored, thereby leading to high order conservative positivity-preserving DG

scheme based on these augmented DG spaces following the framework in [15]. This effort is

carried out for the second order case in two-dimensional rectangular meshes as an example.
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Computational results are provided to demonstrate the good performance of our DG schemes.

Even though the larger augmented DG spaces involve additional computational cost, this

can be reduced if an adaptive procedure is used, in which the standard P k space is used

when the computed cell average is positive, and the augmented Rk space is used only when

the computed cell average from P k is negative. In future work, we will extend the results

of this paper to triangular meshes, and to higher orders of accuracy in two-dimensions. The

more difficult task of generalization to the cases of variable coefficients or even nonlinear

problems will also be explored.

Appendix A. The specific test function v for the aug-

mented DG spaces

In this appendix we give explicit formulas for the specific test function v satisfying (4.1) for

the augmented DG space R1 defined in (4.5). Since we just consider the case α, β > 0 in

(2.7), we can simplify it as αux + uy + γu = f . Besides, for the DG scheme (2.8), we also

take the size of the cell Si,j as ∆xi = ∆yj, which will only effect the ratio of α and β. The

formula for v is then given as

v(ξ, η) =
∆xi
Λi,j

(
44γ̃3 + 3γ̃2(α+ 1)f1(ξ, η) + γ̃(f2(ξ, η) + 2αf3(ξ, η) + α2f4(ξ, η))

+ α(f5(ξ, η) + 2αf6(ξ, η) + 786α2(1− ξ)) + 786(1− η)
)
,

(A.1)

where Λi,j reads as

Λi,j =4
(
393 + 393α4 + 536γ̃ + 310γ2 + 88γ̃3 + 11γ̃4

+ 2α3(667 + 268γ̃) + α2(1882 + 1481γ̃ + 310γ̃2)

+ α(1334 + 1481γ̃ + 583γ̃2 + 88γ̃3)
)
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with γ̃ = γ∆xi and

f1(ξ, η) = 106− 5ξ2 − 44η − 5η2 − 20ξη,

f2(ξ, η) = 820− 15ξ2 − 15η2 − 558η − 60ξ − 60ξη,

f3(ξ, η) = 848 + 30ξ2 + 30η2 + 120ξη − 441ξ − 441η,

f4(ξ, η) = 820− 15ξ2 − 15η2 − 558ξ − 60η − 60ξη,

f5(ξ, η) = 2206 + 300ξ2 + 300η2 + 1200ξη − 1158ξ − 1944η,

f6(ξ, η) = 1103 + 150ξ2 + 150η2 − 972ξ + 600ξη − 579η.

(A.2)

We can easily prove that the functions fk(ξ, η), k = 1, . . . , 6 are all positive when (ξ, η) ∈

[−1, 1]2. Hence v(ξ, η) is positive on Si,j.

Appendix B.

In this appendix we prove that, for the unmodulated DG scheme, all the upstream solution

values at the interfaces u−
i+ 1

2

remain positive, when the physical inflow condition and the

source term are both positive and when the mesh size h is small enough. Consider the case

for α > 0 in (2.1), then (2.1) can simplified as ux+γu = f . By means of the similar technique

utilized before, we would like to seek a special test function which satisfies∫
Si

u(γv − v′ + v−
i+ 1

2

δk(x)) = u−
i+ 1

2

(B.1)

with δk(x) defined in (3.1). Thanks to Lemma 3.1, we obtain an ordinary differential equation

for v as follows:

γv − v′ + v−
i+ 1

2

δk(x) = δk(x). (B.2)

Once again, the fact that v(x) is a polynomial with degree of k enables us to formulate v(x)

explicitly by the form of

v(x) =



k∑
l=0

( 1
γ
)l+1δ

(l)
k (x)

1 +
k∑

l=0

( 1
γ
)l+1δ

(l)
k (xi+ 1

2
)

, if γ > 0,

1 , if γ = 0.

(B.3)
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Obviously, v(x) is positive when γ = 0. Now let us analyze the case γ > 0. We can express

δ
(l)
k (x) more explicitly as follows

δ
(l)
k (x) =

1

∆xi

k∑
n=0

(2n+ 1)p(l)n (ξ(x)) = 2l(
1

∆xi
)l+1

k∑
n=l

(2n+ 1)p(l)n (ξ). (B.4)

Meanwhile, we can reformulate v(x) as

v(x) =

k∑
l=0

( 1
γ
)l+1δ

(l)
k (x)

1 +
k∑

l=0

( 1
γ
)l+1δ

(l)
k (xi+ 1

2
)

=

k∑
l=0

2l( 1
γ∆xi

)l+1
k∑

n=l

(2n+ 1)p
(l)
n (ξ)

1 +
k∑

l=0

2l( 1
γ∆xi

)l+1
k∑

n=l

(2n+ 1)p
(l)
n (1)

=

k∑
l=0

2l(γ∆xi)
k−l

k∑
n=l

(2n+ 1)p
(l)
n (ξ)

(γ∆xi)k+1 +
k∑

l=0

2l(γ∆xi)k−l
k∑

n=l

(2n+ 1)p
(l)
n (1)

=

2k(2k + 1)p
(k)
k (ξ) +

k−1∑
l=0

2l(γ∆xi)
k−l

k∑
n=l

(2n+ 1)p
(l)
n (ξ)

2k(2k + 1)p
(k)
k (1) + (γ∆xi)k+1 +

k−1∑
l=0

2l(γ∆xi)k−l
k∑

n=l

(2n+ 1)p
(l)
n (1)

.

(B.5)

Here we notice that p
(k)
k (ξ) = p

(k)
k (1) is a positive constant, which reads as

p
(k)
k (ξ) = p

(k)
k (1) =

(2k)!

2k · k!

since pk(ξ) =
1

2k·k!
dn

dξn
(ξ2− 1)k. Therefore, when the mesh size ∆xi is small enough, v(x) will

be positive with a value close to 1.

For smaller k, we also list the range of γ∆xi to ensure the positivity of v. Let us denote

γ̃ = γ∆xi once again. We can write v out as a function of the variable ξ for the cases

k = 1, 2, 3, 4 as follows:

(1) k = 1:

v(ξ) =
6 + γ̃ + 3γ̃ξ

6 + 4γ̃ + γ̃2
.

It turns out that v(ξ) ≥ 0 if γ̃ ≤ 3.

(2) k = 2:

v(ξ) =
120 + 12γ̃(1 + 5ξ) + 3γ̃2(−1 + 2ξ + 5ξ2)

120 + 72γ̃ + 18γ̃2 + 2γ̃3
.
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v(ξ) will be non-negative when γ̃ ≤ 5
√

2
3
.

(3) k = 3:

v(ξ) =
1680 + 120γ̃(1 + 7ξ) + 30γ̃2(−1 + 2ξ + 7ξ2) + γ̃3(−3− 15ξ + 15ξ2 + 35ξ3)

1680 + 960γ̃ + 240γ̃2 + 32γ̃3 + 2γ̃4
.

When γ̃ ≤ 5− 52/3

(1+
√
6)1/3

+
(
5(1 +

√
6)
)1/3 ≈ 5.6484 we have v(ξ) ≥ 0.

(4) k = 4:

v(ξ) =
5

Λ

(
24192 + 1344γ̃(1 + 9ξ) + 336γ̃2(−1 + 2ξ + 9ξ2)

+ 24γ̃3(−1− 7ξ + 7ξ2 + 21ξ3) + γ̃4(3− 12ξ − 42ξ2 + 28ξ3 + 63ξ4)
)

where

Λ = 8(15120 + 8400γ̃ + 2100γ̃2 + 300γ̃3 + 25γ̃4 + γ̃5).

It is easy to prove that v(ξ) ≥ 0 if

γ̃ ≤ 1

2

(
7− 11 · 72/3

(3(81 + 4
√
2157))1/3

+
(7(81 + 4

√
2157))1/3

32/3

)
≈ 4.2923.
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