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Local and 2-local automorphisms of simple
generalized Witt algebras
Yang Chen, Kaiming Zhao and Yueqiang Zhao

Abstract. In this paper, we prove that every invertible 2-local or local automorphism of a
simple generalized Witt algebra over any ﬁeld of characteristic 0 is an automorphism. Furthermore,
every 2-local or local automorphism of Witt algebras Wn is an automorphism for all n∈N. But
some simple generalized Witt algebras indeed have 2-local (and local) automorphisms that are not
automorphisms.

1. Introduction
Let A be an associative algebra. A linear operator Φ on A is called a local
automorphism if for every x∈A there exists an automorphism θx of A, depending
on x, such that Φ(x)=θx (x). The concept of local automorphism was introduced
by Larson and Sourour [14] in 1990. In [14] the authors actually proved that,
invertible local automorphisms of the algebra of all bounded linear operators on an
inﬁnite-dimensional Banach space X are automorphisms, and the automorphisms
and anti-automorphisms of the associative algebra Mn (C) of complex n×n matrices
exhaust all its local automorphisms. On the other hand, it was proved in [9] that
a commutative subalgebra of M3 (C) has a local automorphism which is not an
automorphism.
In 1997, Šemrl [15] introduced the notion of 2-local automorphisms of algebras.
Namely, a map Φ:A→A (not necessarily linear) is called a 2-local automorphism if
for every x, y∈A, there exists an automorphism θx,y :A→A such that Φ(x)=θx,y (x)
and Φ(y)=θx,y (y). Similarly, we have the deﬁnitions of local and 2-local derivations.
These concepts are actually important and interesting properties for an algebra.
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Recently, several papers have been devoted to similar notions and corresponding problems for Lie (super)algebras L. The main problem in this subject is to
determine all local and 2-local automorphisms (resp. local and 2-local derivations),
and to see whether every local or 2-local automorphism (resp. local or 2-local
derivation) automatically becomes an automorphism (resp. a derivation) of L, that
is, whether automorphisms (resp. derivations) of an algebra can be completely determined by their local actions. In [6], Chen and Wang initiated study of 2-local
automorphisms of ﬁnite-dimensional Lie algebras. They proved that if L is a simple
Lie algebra of type Al (l≥1), Dl (l≥4) or Ek (k=6, 7, 8) over an algebraically closed
ﬁeld of characteristic zero, then every 2-local automorphism of L is an automorphism. This result was extended to any ﬁnite dimensional semisimple Lie algebra
in [1].
For local automorphisms of Lie algebras it was only known that the automorphisms and the anti-automorphisms of ﬁnite dimensional simple Lie algebra
exhaust all its local automorphisms in [8]. For inﬁnite dimensional Lie algebras,
2-local derivations on Witt algebras were determined using diﬀerent approaches
in [2] and [16]. We determined all local derivations on Witt algebras in [7]. The
present paper proves that every invertible 2-local or local automorphism of a simple
generalized Witt algebra is an automorphism.
Witt algebras were one of the four classes of Cartan type Lie algebras originally introduced in 1909 by Cartan [5] when he studied inﬁnite dimensional simple
Lie algebras over complex numbers. Generalized Witt algebras were deﬁned by
Kaplansky [12] in the context of the classiﬁcation problem of simple ﬁnite dimensional Lie algebras over ﬁelds of prime characteristic. The deﬁnition of generalized
Witt algebras over ﬁelds of characteristic 0 was given by N. Kawamoto [13]. Using
diﬀerent notations from Kawamoto’s, Djokovic and Zhao [10] gave an essentially
equivalent deﬁnition of generalized Witt algebras. Over the last two decades, the
representation theory of generalized Witt algebras over complex numbers was extensively studied by many mathematicians and physicists; see for example [3], [4] and
[11]. Very recently, Billig and Futorny [3] obtained the classiﬁcation for all simple
Harish-Chandra modules over Lie algebra Wn of vector ﬁelds on an n-dimensional
torus, a well-known generalized Witt algebra.
The paper is organized as follows. In Section 2 we recall some known results
and establish some related properties concerning generalized Witt algebras over any
ﬁeld of characteristic 0. In Section 3 we prove that every invertible 2-local or local
automorphism of simple generalized Witt algebra is an automorphism. Furthermore, every 2-local or local automorphism of Witt algebras Wn is an automorphism
for all n∈N. But some simple generalized Witt algebras indeed have 2-local (and
local) automorphisms that are not automorphisms.

Local and 2-local automorphisms of simple generalized Witt algebras

3

Throughout this paper, we denote by Z, N and C the sets of all integers, positive
integers and complex numbers respectively.

2. The generalized Witt algebras
In this section we recall deﬁnitions, symbols and establish some auxiliary results
for later use in this paper.
Recall from [10]. Let A be an abelian group, F a ﬁeld of characteristic 0, and T a
vector space over F. The group algebra FA of A over F is spanned by basis elements
tα , α∈A, and the multiplication of FA is deﬁned by tα tβ =tα+β , α, β ∈A. We shall
write 1 instead of t0 . The tensor product W =FA⊗F T is a free left FA-module. For
the sake of simplicity, we shall write tα ∂ instead of tα ⊗∂, α∈A, ∂ ∈T . If a given
mapping ϕ:T ×A→F is F-linear in the ﬁrst variable and additive in the second one,
then the bracket
[tα ∂α , tβ ∂β ] := tα+β (ϕ(∂α , β)∂β −ϕ(∂β , α)∂α ),

α, β ∈ A, ∂α , ∂β ∈ T

deﬁnes an inﬁnite dimensional Lie algebra on the tensor product W . We shall refer
to W =W (A, T, ϕ) as a generalized Witt algebra. We now have the A-gradation

(2.1)
W=
Wα
α∈A

where Wα =tα T for α∈A. This gradation is compatible with the Lie algebra structure, i.e., [Wα , Wβ ]⊆Wα+β for all α, β ∈A. Consequently T =W0 is the Cartan
subalgebra in W . We say that ϕ is nondegenerate if
ϕ(∂, α) = 0,

∀∂ ∈ T =⇒ α = 0

ϕ(∂, α) = 0,

∀α ∈ A =⇒ ∂ = 0.

and
The following theorem is due to Kawamoto [13].
Theorem 2.1. Suppose that characteristic of F is 0. Then W =W (A, T, ϕ) is
a simple Lie algebra if and only if A= 0 and ϕ is nondegenerate.
From now on, we shall assume that the characteristic of F is 0 and W (A, T, ϕ)
is simple. Then A must be torsion-free. If A is ﬁnitely generated, then A is isomorphic to Zn , n∈N with standard basis {ε1 , ..., εn }. When we write ti instead of
tεi , the group algebra FA becomes identiﬁed with the Laurent polynomial algebra
±1
F[t±1
1 , ..., tn ] over F. Let T be a m-dimensional vector space Vm , m∈N with a
basis {∂1 , ..., ∂m }. Note that n≥m, otherwise ϕ is degenerate. The corresponding
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generalized Witt algebra is denoted by W (Zn , Vm , ϕ). All generalized Witt algebras W (Zn , Vn , ϕ) are isomorphic, so we may deﬁne the mapping ϕ: T ×A→F by
setting ϕ(∂i , εi )=δij . If we interpret ∂i as the diﬀerential operator ti ∂t∂ i , then
±1
W (Zn , Vn , ϕ) can be identiﬁed with the Lie algebra Wn =Der(F[t±1
1 , ..., tn ]) of
±1
±1
derivations of the Laurent polynomial algebra F[t1 , ..., tn ] over F. Specially, if
F=C, then W (Zn , Vn , ϕ) is the Lie algebra of vector ﬁelds on an n-dimensional
torus. We can obtain similar deﬁnition and formula for the generalized Witt alge±
bra W∞ =Der(F[t±
1 , t2 , ...]).
An automorphism of a Lie algebra L is an invertible linear map θ:L→L which
satisﬁes
θ([x, y]) = [θ(x), θ(y)], ∀x, y ∈ L.
The set of all automorphisms of L is denoted by Aut(L).
In [10, Section 5], Djokovic and Zhao gave explicit formulas of the automorphisms of simple generalized Witt algebras.
Theorem 2.2. Suppose that W =W (A, T, ϕ) is simple and θ∈Aut(W ). Then
θ(tα ∂α ) := θ(χ, σ, τ )(tα ∂α ) = χ(α)tσ(α) τ (∂α ),

α ∈ A, ∂α ∈ T,

where χ is a character of A, and σ∈Aut(A), τ ∈GL(T ) satisfy ϕ(τ (∂), σ(γ))=
ϕ(∂, γ) for any ∂ ∈T, γ ∈A.
We need the following result several times later.
Lemma 2.3. Let n∈N, and let k1 , ..., kn , k1 , ..., kn ∈Z\{0, ±1} be such that
any two of them are relatively prime. Let S ⊂S  ={k1 ε1 , k1 ε1 , ..., kn εn , kn εn } such
that S involves all εi . If σ∈Aut(Zn ), the automorphism group of the additive group
Zn , satisﬁes σ(S)⊂S  , then σ=idZn , the identity mapping on Zn .
Proof. For each i we know that ki εi ∈S or ki εi ∈S. We may assume that
ki εi ∈S for all i after switching some ki with ki if necessary. Since σ∈Aut(Zn ) is
also a Z-module automorphism, we have σ(ki εi )=ki σ(εi )=kj εj or kj εj for some j.
If ki σ(εi )=kj εj , We see that
σ(εi ) =

kj
εj ∈
/ Zn
ki

which is a contradiction. If ki σ(εi )=kj εj with i= j we see that
σ(εi ) =

kj
εj ∈
/ Zn
ki

which is also a contradiction. Thus we deduce that σ(ki εi )=ki εi for all i, i.e.,
σ(εi )=εi for all i. Therefore σ=idZn . 
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For W (Zn , Vm , ϕ), let us ﬁx an element
(2.2)

wn,m =

n




(tki εi +tki εi )∂i ,

i=1

where ∂i =∂m for i≥m, and k1 , ..., kn , k1 , ..., kn ∈Z\{0, ±1} such that any two of
them are relatively prime. We prove the following property ﬁrst.
Lemma 2.4. If there is a subalgebra W (Zn , Vm , ϕ) in W (A,
 T, ϕ), and
θ=θ(χ, σ, τ )∈Aut(W (A, T, ϕ)) satisfying θ(wn,m )=wn,m , then θW (Zn ,Vm ,ϕ) =
idW (Zn ,Vm ,ϕ) .
Proof. Since θ(wn,m )=wn,m , we see that σ is a bijective mapping
 from the set


{k1 ε1 , k1 ε1 , ..., kn εn , kn εn } to itself. Using Lemma 2.3 we see that σ Zn =idZn .
By Theorem 2.2, we have τ (∂i )∈F∂i and
ϕ(τ (∂i ), α) = ϕ(τ (∂i ), σ(α)) = ϕ(∂i , α), ∀α ∈ Zn ,

which implies that τ (∂i )=∂i , i=1, ..., m, i.e. τ Vm =idVm . Therefore
θ(wn,m ) =

n



(χ(εi )ki tki εi +χ(εi )ki tki εi )∂i ,
i=1

ki

yielding that χ(εi ) =χ(εi ) =1. Since ki is relatively prime to ki , it follows that
χ(εi )=1, i=1, ..., n, i.e. χ(Zn )=1. So θW (Zn ,V ,ϕ) =idW (Zn ,Vm ,ϕ) . 
ki

m

3. Local and 2-local automorphisms of simple W (A, T, ϕ)
In this section we shall determine all 2-local and local automorphisms of the
simple generalized Witt algebras W (A, T, ϕ) over a ﬁeld F of characteristic 0. For
W (Zn , Vm , ϕ), we take
(3.1)

wn,m =

n


(tki εi +tki εi )∂i ,
i=1


wn,m
=

n




(t−ki εi +t−ki εi )∂i ,

i=1

k1 , ..., kn , k1 , ..., kn ∈Z\{0, ±1}

where ∂i =∂m for i≥m, and
such that any two of
them are relatively prime.
Let A be a subgroup of A and T  be a subspace of T . We say that (A , T  ) is
a non-degenerate pair if
ϕ(∂, A ) = 0

for ∂ ∈ T  =⇒ ∂ = 0

ϕ(T  , α) = 0

for α ∈ A =⇒ α = 0.

and
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The following linear algebra result looks trivial. But we do not have a reference
in hand.
Lemma 3.1. Let Ā be a ﬁnitely generated subgroup of A and Ṫ be a ﬁnitedimensional subspace of T . Then there exist a ﬁnitely generated subgroup A of A
and a ﬁnite-dimensional subspace T  of T such that (A , T  ) is a non-degenerate
pair with Ā⊂A and Ṫ ⊂T  .
Proof. Let Ṫ0 ={∂ ∈ Ṫ :ϕ(∂, Ā)=0} and Ā0 ={α∈ Ā:ϕ(Ṫ , α)=0}. We shall prove
the statement by induction on r(Ā, Ṫ )=rankĀ0 +dim Ṫ0 .
This is clear for r(Ā, Ṫ )=0. Suppose that it is true for r(Ā, Ṫ )≤k∈N and now
suppose that r(Ā, Ṫ )=k+1. We have two cases to consider.
If dimṪ0 ≥1, there is α∈A such that ϕ(Ṫ0 , α)= 0. Take Ā = Ā+αZ and Ṫ  = Ṫ
in this case.
If rankĀ0 ≥1, there is ∂ ∈T such that ϕ(∂, Ā0 )= 0. Take Ṫ  = Ṫ +F∂ and Ā = Ā
in this case.
We see that in both cases r(Ā , Ṫ  )≤k. By induction hypothesis the lemma
follows. 
Lemma 3.2. If x, y are elements of the simple generalized Witt algebra W (A,
T, ϕ), then there exits a simple Lie algebra W (Zn , Vm , ϕ) such that
x, y ∈ W (Zn , Vm , ϕ) < W (A, T, ϕ),
where < means to be a Lie subalgebra, Zn is considered as a subgroup of A, and Vm
is considered as a subspace of T .


Proof. Suppose that x= α∈S tα ∂α and y= α∈S  tα ∂α , where S, S  are ﬁnite
subsets of A. Let Ā be the subgroup generated by S and S  ,
Ṫ = span{∂α , ∂α  : α ∈ S, α ∈ S  }.
By Lemma 3.1, there exist a rank n subgroup A of A and an m-dimensional subspace T  of T such that (A , T  ) is a non-degenerate pair with Ā⊂A and Ṫ ⊂T  .
We have the simple Lie algebra W (A , T  , ϕ) ∼
= W (Zn , Vm , ϕ) and
x, y ∈ W (A , T  , ϕ) ∼
= W (Zn , Vm , ϕ) < W (A, T, ϕ),

m, n ∈ N. 

Theorem 3.3. Every invertible 2-local automorphism of the simple generalized
Witt algebra W (A, T, ϕ) over any ﬁeld of characteristic 0 is an automorphism.
Proof. Suppose that Φ is an invertible 2-local automorphism of W (A, T, ϕ).
From Lemma 3.2, for any x, y∈W (A, T, ϕ) there is a simple Lie subalgebra
W (Zn , Vm , ϕ) < W (A, T, ϕ),

m, n ∈ N
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such that x, y∈W (Zn , Vm , ϕ). For wn,m deﬁned in (2.2), there exists an automorphism θwn,m ,wn,m on W (A, T, ϕ) such that Φ(wn,m )=θwn,m ,wn,m (wn,m ). Let Φ =
−1
θw
¨Φ, then Φ is a 2-local automorphism of W (A, T, ϕ) such that Φ (wn,m )=
n,m ,wn,m
wn,m . For any z∈W (Zn , Vm , ϕ), there exists an automorphism θwn,m ,z on W (A, T,
ϕ) such that
wn,m = Φ (wn,m ) = θwn,m ,z (wn,m ), and Φ (z) = θwn,m ,z (z).

It follows that θwn,m ,z W (Zn ,V ,ϕ) =idW (Zn ,Vm ,ϕ) by Lemma 2.4, and thus Φ (z)=z,
m

i.e. Φ 
=idW (Zn ,V ,ϕ) . Hence
n
W (Z ,Vm ,ϕ)

m


Φ

W (Zn ,Vm ,ϕ)


= θwn,m ,wn,m W (Zn ,Vm ,ϕ) .

It implies that Φ(cx+y)=cΦ(x)+Φ(y), c∈F and Φ([x, y])=[Φ(x), Φ(y)]. Therefore
Φ is an automorphism of W (A, T, ϕ). 
Theorem 3.4. Every invertible local automorphism of the simple generalized
Witt algebra W (A, T, ϕ) over any ﬁeld of characteristic 0 is an automorphism.
Proof. Suppose that Φ is an invertible local automorphism of W (A, T, ϕ). From
Lemma 3.2, for any x, y∈W (A, T, ϕ) there is a simple Lie subalgebra
W (Zn , Vm , ϕ) < W (A, T, ϕ),

m, n ∈ N

such that x, y∈W (Zn , Vm , ϕ). For wn,m deﬁned in (2.2), there exists an automor−1
phism θwn,m on W (A, T, ϕ) such that Φ(wn,m )=θwn,m (wn,m ). Let Φ =θw
¨Φ,
n,m


then Φ is a local automorphism of W (A, T, ϕ) such that Φ (wn,m )=wn,m .
For any tα ∂α ∈W (Zn , Vm , ϕ) with α∈Zn \∪ni=1 {ki εi , ki εi } and ∂α ∈Vm \{0},
there exist automorphisms of W (A, T, ϕ):
θ1 = θ1 (χ1 , σ1 , τ1 ),
θ2 = θ2 (χ2 , σ2 , τ2 )
where χ1 , χ2 are characters of A, and σ1 , σ2 ∈Aut(A), τ1 , τ2 ∈GL(T ), such that
Φ (tα ∂α ) = θ1 (tα ∂α ),

Φ (tα ∂α +wn,m ) = θ2 (tα ∂α +wn,m ).

Then we have
θ1 (tα ∂α )+wn,m = Φ (tα ∂α )+wn,m = Φ (tα ∂α )+Φ (wn,m )
(3.2)

= Φ (tα ∂α +wn,m ) = θ2 (tα ∂α +wn,m )
= θ2 (tα ∂α )+θ2 (wn,m ).
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Using Theorem 2.2 we see that σ2 is a bijective mapping from the set {α, k1 ε1 ,
k1 ε1 , ..., kn εn , kn εn } to {σ1 (α), k1 ε1 , k1 ε1 , ..., kn εn , kn εn }. It implies that σ2 maps
{α, k1 ε1 , k1 ε1 , ..., kn εn , kn εn }\{α, σ2−1 (σ1 (α))}
to
{k1 ε1 , k1 ε1 , ..., kn εn , kn εn }.

Using Lemma 2.3 we see that σ2 Zn =idZn , and thus we obtain that
σ1 (α) = σ2 (α) = α ∈ Zn \∪ni=1 {ki εi , ki εi }.
Now (3.2) becomes
χ1 (α)tα τ1 (∂α )+

n




(tki εi +tki εi )∂i = χ2 (α)tα τ2 (∂α )+

i=1

n

(χ2 (ki εi )tki εi
i=1



+χ2 (ki εi )tki εi )τ2 (∂i ).
Using the gradation (2.1) and comparing homogeneous components, we deduce that
χ1 (α)tα τ1 (∂α )=χ2 (α)tα τ2 (∂α ), i.e., θ1 (tα ∂α )=θ2 (tα ∂α ). Now from (3.2) we obtain
that θ2 (wn,m )=wn,m . Therefore θ2 W (Zn ,Vm ,ϕ) =idW (Zn ,Vm ,ϕ) by Lemma 2.4, and
thus
Φ (tα ∂α ) = θ1 (tα ∂α ) = θ2 (tα ∂α ) = tα ∂α .
Hence Φ (tα ∂α )=tα ∂α , ∀∂α ∈Vm \{0}, α∈Zn \∪ni=1 {ki εi , ki εi }.



Now Φ (wn,m
)=wn,m
for wn,m
deﬁned in (2.2). In the arguments of the last

paragraph if we replace wn,m with wn,m
and make corresponding modiﬁcations, we
can prove that
Φ (tα ∂α ) = tα ∂α ,

∀∂α ∈ Vm \{0}, α ∈ Zn \∪ni=1 {−ki εi , −ki εi }.

Moreover,
it is clear that Φ (0)=0 by the
 deﬁnition of local

 automorphism. So

Φ W (Zn ,V ,ϕ) =idW (Zn ,Vm ,ϕ) , and thus ΦW (Zn ,V ,ϕ) =θwn,m W (Zn ,V ,ϕ) . It implies
m
m
m
that Φ([x, y])=[Φ(x), Φ(y)]. Therefore Φ is an automorphism. 
Remark 3.5. Local and 2-local automorphisms must be injective by deﬁnition
but may not be surjective. For example, deﬁne the following linear map
Φ :W∞ −→ W∞ ,
d
d
−→ t(0,α)
,
tα
dti
dti+1

i ∈ N, α ∈ Z∞ .

Then Φ is not an automorphism since it is not surjective. However, Φ is both a
local and 2-local automorphism. Therefore, it is necessary that we demand that the
maps are invertible in Theorems 3.3 and 3.4. But these conditions can be removed
in some cases.
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Corollary 3.6. Suppose that the group A is ﬁnitely generated. Then
(a) Every 2-local automorphism of the simple generalized Witt algebra W (A, T,
ϕ) is an automorphism;
(b) Every local automorphism of the simple generalized Witt algebra W (A, T, ϕ)
is an automorphism.
Proof. We may assume that AZn for some n∈N. Then dim T =m≤n. We
see that W (A, T, ϕ)=W (Zn , Vm , ϕ) for some m-dimensional vector space Vm . We
may take W (A, T, ϕ) directly as the simple subalgebra in the proofs of Theorems 3.3
and 3.4, and thus the condition “invertible” is not needed in this case. The results
follow. 
A special case of the above corollary is the following.
Corollary 3.7. For any n∈N, every 2-local automorphism (or local automorphism) of the Witt algebra Wn over a ﬁeld of characteristic 0 is an automorphism.
Remark 3.8. In fact, the assumption that the group A is ﬁnitely generated in
Corollary 3.6 can be relaxed to dim T <∞.
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