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On the existence of curves with prescribed
a-number
Zijian Zhou

Abstract. We study the existence of Artin-Schreier curves with large a-number. We show
that Artin-Schreier curves with large a-number can be written in certain forms and discuss their
supersingularity. We also give a basis of the de Rham cohomology of Artin-Schreier curves. By
computing the rank of the Hasse-Witt matrix of the curve, we also give bounds on the a-number
of trigonal curves of genus 5 in small characteristic.

1. Introduction
Let k be an algebraically closed ﬁeld of characteristic p>0. By a curve we
mean a smooth irreducible projective curve deﬁned over k. Let X be a curve
deﬁned over k and Jac(X) be its Jacobian. Such a curve has several invariants, e.g.
the a-number and the p-rank. The a-number of the curve X is deﬁned as aX =
dimk (Hom(αp , Jac(X))) with αp the group scheme which is the kernel of Frobenius
on the additive group scheme Ga . The a-number of X is equal to g−r where g is
the genus of X and r is the rank of the Cartier-Manin matrix, that is, the matrix
for the Cartier operator deﬁned on H 0 (X, Ω1X ). We refer to [3] and [14] for the
properties of the Cartier operator. The p-rank of a curve X is the number fX
such that #Jac(X)[p](k)=pfX . One sees that 1≤aX +fX ≤g. Moreover, a curve is
called supersingular if its Jacobian is isogenous to a product of supersingular elliptic
curves.
A curve X of genus g is called superspecial if aX =g. Ekedahl [5] showed
that for a superspecial curve X one has g≤p(p−1)/2. It is known that the locus
of principally polarized abelian varieties with given a-number a has codimension
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a(a+1)/2 in the moduli space Ag ⊗Fp of principally polarized abelian varieties of
dimension g, see [12, Corollary 5.4]. It is interesting to see how these loci intersect
the Torelli locus of Jacobian varieties. The cases with a=g or close to g are here
of special interest. For hyperelliptic curves with p=2, Elkin and Pries [7] gave a
complete description of their a-numbers. For an Artin-Schreier curve X, that is,
a Z/pZ-Galois cover of P1 , Farnell and Pries [8] ﬁrst gave non-trivial examples of
families of Artin-Schreier curves with constant a-number. Booher and Cais [2] gave
upper and lower bounds for a-numbers of Artin-Schreier curves.
For an Artin-Schreier curve of genus g with p=2 and aX =g−1, it was known
that the curve has genus g≤3 [15, Corollary 3.2] and can be written as certain form
[7, Theorem 1.2]; for p≥3, we show that an Artin-Schreier curve with a-number g−1
has genus g≤p(p−1)/2 and can be written as y p −y=f (x) with f (x) a polynomial
whose degree divides p+1, see Proposition 2.2. Moreover, we have the following.
Theorem 1.1. Let k be an algebraically closed ﬁeld with char(k)=p≥3. Let X
be an Artin-Schreier curve of genus g>0 with equation y p −y=f (x). If aX =g−1,
then f (x)∈k[x] and if d=deg f (x) then either p=5, d=3 and X is isomorphic to a
supersingular curve of genus 4 with equation
(1)

y 5 −y = x3 +a1 x,

a1 = 0 ,

or p=3, d=4 and X is isomorphic to a supersingular curve of genus 3 with equation
(2)

y 3 −y = x4 +a2 x2 ,

a2 = 0 .

Note that for a curve X with aX =g−1, we have fX =0 or 1 since aX +fX ≤g.
Moreover by the Deuring-Shafarevich formula [16], an Artin-Schreier curve X has
p-rank (m−1)(p−1), where m is the number of branch points. Hence it is not
possible for Artin-Schreier curves to have aX =g−1 and fX =1 when p is odd. We
prove these results mainly by explicitly calculating the action of the Cartier operator
on a basis of holomorphic diﬀerential forms. To show the supersingularity we use
the de Rham cohomology.
Let X be an Artin-Schreier curve with aX =g−2. Then for p≥5, by the
Deuring-Shafarevich formula the curve X can be written as y p −y=f (x) with f (x) a
polynomial. For p=3, we give an explicit form of X, see Proposition 2.5. Moreover,
we have the following.
Proposition 1.2. Let X be an Artin-Schreier curve of genus g>0 given by an
equation y p −y=f (x), where f (x)∈k[x] and deg f (x)=d. If d | p+1 and aX =g−2,
then p=7, d=4 and X is isomorphic to the supersingular curve of genus 9 with
equation
y 7 −y = x4 +a1 x, a1 ∈ k ∗ .
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Recall that a result of Re [13] states that if X is a non-hyperelliptic curve of
genus g, then


p−1 2g
aX ≤
+g+1 .
p+1 p
The following results improve Re’s bound for trigonal curves of genus 5 in low
characteristics. Note that a trigonal curve of genus 5 is not hyperelliptic; see, for
example, [10, Section 2.1].
Theorem 1.3. Let k be an algebraically closed ﬁeld of characteristic 2. If X
is a trigonal curve of genus 5 deﬁned over k, then aX ≤2.
Theorem 1.4. Let k be an algebraically closed ﬁeld of characteristic 3. If X
is a trigonal curve of genus 5 deﬁned over k, then aX ≤3.
For g=5 and p=2, Re’s bound says that aX ≤3, while our result implies that
aX ≤2. Also for g=5 and p=3, Re’s bound says that aX ≤4, while our result implies
aX ≤3.

2. On the existence of Artin-Schreier curves with prescribed a-number
Let char(k)=p≥3. Before giving the proof of Theorem 1.1, we recall and prove
several results needed for Theorem 1.1 and give a basis of the de Rham cohomology
for Artin-Schreier curves.
Since aX +fX ≤g, a superspecial curve has p-rank 0. Moreover for superspecial
Artin-Schreier curves we have the following result of Irokawa and Sasaki [9].
Theorem 2.1. Let k be an algebraically closed ﬁeld of char(k)=p≥3. Let X
be a superspecial Artin-Schreier curve with equation y p −y=f (x), where f (x)∈k[x]
and deg f (x)=d≥2 with gcd(p, d)=1. Then X is isomorphic to a curve given by
y p −y=xd with d|p+1.
For the next step, aX =g−1, we have the following.
Proposition 2.2. Let k be an algebraically closed ﬁeld with char(k)=p>0. Let
X be an Artin-Schreier curve of genus g≥1. If aX =g−1, then
(1) if p=2, then g≤3 and the curve X can be either written as y 2 +y=f (x),
where f (x)∈k[x] and deg f (x)=5 or 7, or as y 2 +y=f0 (x)+1/x with deg f0 (x)=1
or 3 and f0 (x)∈xk[x];
(2) if p≥3, then g≤(p−1)p/2 and X is isomorphic to a curve with equation
y p −y = xd +ad−2 xd−2 +...+a1 x,
where d | p+1. Moreover if d=p+1, then at least one of the ai with 2≤i≤d−2 is
non-zero. If d<p+1, d | p+1, then at least one of the ai with 1≤i≤d−2 is non-zero.
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Proof. Part (1) of Proposition 2.2 was known, see for example [7, Theorem
1.2]. Here we only give a proof of part (2).
Suppose that f (x) has poles at ∞, Q1 , ..., Qm for some m∈Z≥0 . Let x−ξi be
a local parameter at Qi . Write xi =1/(x−ξi ) for i=1, ..., m and x0 =x. Then f (x)
can be written as
(3)

f (x) = f0 (x)+

m

i=1

fi (1/(x−ξi )) =

m


fi (xi ) ,

i=0

where deg fi (x)=di . By [17, Lemma 1], a basis of H 0 (X, Ω1X ) is given by B =∪m
s=0 Bs
where
B0 = {xi y j dx|i, j ∈ Z≥0 , ip+jd ≤ (p−1)(d0 −1)−2},
Bs = {xis y j dx| i ∈ Z≥1 , j ∈ Z≥0 , ip+jd ≤ (p−1)(ds +1)},

s = 1, ..., m .

The condition aX =g−1 is equivalent to the rank of the Cartier operator rank(C)
m
being equal to 1. Note that if f (x)= i=0 fi (xi ) as in (3), we always have xs dx∈B
for 1≤s≤m. Note that C(xs dx)= 0 and we get rank(C)≥m.
If p≥3, then by the Deuring-Shafarevich formula, the p-rank of X is 0 since
the a-number of X is g−1. We show the following:
(a) For all p≥3, we have d≤p+1;
(b) If p=5 and d=4, then rank(C)≥2;
(c) If p≥7 and d≥3 with dp+1, then rank(C)≥2.
Then by a change of coordinates and by Theorem 2.1, one can easily prove the
existence of non-zero coeﬃcients in f . After excluding the cases where rank(C)≥2
or rank(C)=0, what is left are curves with a-number g−1. Note that if d=2 and
f (x)∈k[x], the curve with equation y p −y=f (x) is superspecial.
By a change of coordinates, we may assume
f (x) = xd +ad−2 xd−2 +...+a1 x+a0 ,

d≥3.

Then a basis of H 0 (X, Ω1X ) is
B = B0 = {xi y j dx| i, j ∈ Z≥0 , pi+jd ≤ (p−1)(d−1)−2}.
(a) If d≥p+2, then by deﬁnition we have xp−1 dx∈B. There exist l, b∈Z≥0
such that d=lp+b with l=1 and 2≤b≤p−1 or l≥2 and 1≤b≤p−1. One can show
xp−1−b y dx∈B by checking (p−1−b)p+d≤(p−1)(d−1)−2. Then
C(xp−1−b y dx) = C(xp−1−b (y p −f (x)) dx)
= yC(xp−1−b dx)−C(xp−1−b f (x) dx) = 0
as the leading term of xp−1−b f (x) is xlp+p−1 . This contradiction shows that d≤p+1.
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(b) For p=5, by (a) we have d≤p+1. If dp+1, then d=4 and y 1 dx, y 2 dx∈B.
Additionally, we have C(y i dx)=y i−1 dx for i=1, 2 and hence rank(C)≥2, a contradiction. We therefore have d|p+1.
(c) For p≥7 and d≤p+1, assume we have dp+1. Then there exists l∈Z>0 such
that ld≤p≤(l+1)d. Furthermore, we have ld≤p−1 and (l+1)d≥p+2 as gcd(d, p)=
1 and dp+1. Then there exists b satisfying ld+b =p−1 for 0≤b ≤d−3.
If d=p−1, then l=1, b =0, we get y dx, y 2 dx∈B and C(y i dx)=y i−1 dx for
i=1, 2. This implies rank(C)≥2, a contradiction. If d=p−2, l=1 and b =1, then
we have i(p−1)≤(p−1)(p−2)−2, which implies xy dx, xy 2 dx∈B. Then C(xy dx)
and C(xy 2 dx) are linearly independent and hence rank(C)≥2. Now if d≤p−3, we

show that xb y l dx∈B. This is equivalent to showing ld+b p≤(p−1)(d−1)−2. By
substituting b with b =p−1−ld in the inequality, we only need to show d(l+1)(p−
1)≥p2 +1, which is clear since (l+1)d≥p+2.


Now we show that xb y l dx, xb y l+1 dx∈B. It suﬃces to show ld+d+b p≤
(p−1)(d−1)−2. We have ld+d+b p≤(p−1)−b +d+b p as b =p−1−ld. Hence we
only need to show
d ≤ (d−b −2)(p−1)−2 .

(4)



Note that b ≤d−3, we have (d−b −2)(p−1)−2≥p−3≥d.
Then xb y l dx,
b l+1
x y
dx∈B and
 
j



j
C(xb y j dx) =
(−1)t
(y l−t )C(xb f t (x) dx) = 0, j = l, l+1 .
t
t=0




Put t=l, then C(xb f l (x))=C(xb +ld +...) dx)= 0, which implies rank(C)≥2. Therefore we have d|p+1. 
1
Now we will use the de Rham cohomology HdR
(X) for a curve X of genus g.
Recall that this is a vector space of dimension 2g provided with a non-degenerate
pairing, cf. [12, Section 12]. Let X be an Artin-Schreier curve over k of genus g
with equation

(5)

y p −y = h(x) ,

where h(x)∈k[x]\k is non-zero of degree d. Let π:X →P1 be the Z/p-cover. Put
U1 =π −1 (P1 −{0}) and U2 =π −1 (P1 −{∞}). For the open aﬃne cover U ={U1 , U2 },
1
we consider the de Rham cohomology HdR
(X) as in [11, Section 5], i.e.
1
1
1
(X) = ZdR
(U)/BdR
(U)
HdR
1
1
(U)={(t, ω1 , ω2 )|t∈OX (U1 ∩U2 ), ωi ∈Ω1X (Ui ), dt=ω1 −ω2 } and BdR
(U)=
with ZdR
{(t1 −t2 , dt1 , dt2 )|ti ∈OX (Ui )}.
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1
Under the action of the Verschiebung operator V on HdR
(X), one has
1
0
1
V (HdR (X))=H (X, ΩX ) and V coincides with the Cartier operator on H 0 (X, Ω1X ).
For 1≤i≤g, put s(x)=xh (x) with h (x) the formal derivative of h(x) and write
s(x)=s≤i (x)+s>i (x) with s≤i (x) the sum of monomials of degree ≤i. Then we have
the following proposition.

Proposition 2.3. Let X be an Artin-Schreier curve over k with equation y p −
1
y=h(x), where h(x)∈k[x] and deg h(x)=d. Then HdR
(X) has a basis with respect
to U ={U1 , U2 } consisting of the following residue classes with representatives in
1
ZdR
(U):
(6)
(7)

αi,j = [(0, xi y j dx, xi y j dx)],
 p−1−j

y
φi,j (x, y)
(p−1−j)s>i+2 (x)y p−2−j
,
−
dx,
dx
,
βi,j =
xi+1
xi+2
xi+2

where i, j ∈Z≥0 , pi+jd≤(p−1)(d−1)−2 and φi,j (x, y)=(p−1−j)s≤i+2 (x)y p−2−j +
(i+1)y p−1−j .
Proof. We use the exact sequence
1
(X) −→ H 1 (X, OX ) −→ 0 .
0 −→ H 0 (X, Ω1X ) −→ HdR

The elements αi,j are images of xi y j dx under the embedding of H 0 (X, Ω1X )→
1
HdR
(X).
Clearly, ωi,j =xi y j dx form a basis of H 0 (X, Ω1X ) for i, j ∈Z≥0 with pi+dj ≤
(p−1)(d−1)−2. On the other hand, we may identify OX (U2 ) with the k-algebra
k[x, y] deﬁned by (5). Moreover, xi y j with i≥0, 0≤j ≤p−1 form a basis of the image
of OX (U2 ) in OX (U1 ∩U2 ). Additionally, we have xi y j ∈OX (U1 ) for 0≤j ≤p−1 and
−pi≥dj. Then the residue classes [xi y j ] form a basis of H 1 (X, OX ) for i<0, 0≤j ≤
p−1 and −pi−dj <0. By substituting i=−(i +1), j =p−1−j  , the residue classes
[xi+1 y p−1−j ] form a basis with i≥0, 0≤j ≤p−1 and pi+jd≤(d−1)(p−1)−2.
Now we check the equality that dfi,j =ωi,j,1 −ωi,j,2 for residue classes βi,j =
[(fi,j , ωi,j,1 , ωi,j,2 )]. Note that
y p−1−j (p−1−j)xi+1 y p−2−j dy (i+1)xi y p−1−j dx
=
−
xi+1
x2i+2
x2i+2
i+1 p−2−j 
i p−1−j
h (x) dx (i+1)x y
dx
−(p−1−j)x y
=
−
x2i+2
x2i+2
φi,j (x, y) dx (p−1−j)y p−2−j s>i+2 (x) dx
=−
−
= ωi,j,1 −ωi,j,2 ,
xi+2
xi+2

dfi,j = d

which ends the proof. 
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Remark 2.4. The pairing , for this basis is as follows: αi1 ,j1 , βi2 ,j2 = 0
if (i1 , j1 )=(i2 , j2 ) and αi1 ,j1 , βi2 ,j2 =0 otherwise. Indeed, for (i1 , j1 )=(i2 , j2 ) we
have ord∞ (y p−1 /x dx)=−1 and hence αi1 ,j1 , βi2 ,j2 = 0. For other cases, the proof
is similar to the proof of [18, Theorem 4.2.1].
2.1. Proof of Theorem 1.1
Note that by Proposition 2.2 (2), curve X can be written as certain form with
rank(C)=1. For d≤2, the situation is trivial and rank(C)=0 for all p>0. Then we
may assume that the polynomial f (x) has the form:
f (x) = xd +ad−2 xd−2 +...+a1 x ,

d>2.

Also a basis of H 0 (X, Ω1X ) is given by forms below:
B = {xi y j dx|ip+jd ≤ (p−1)(d−1)−2} .
(1) For p≥7, we show that rank(C)= 1. Indeed, if ai =0 for i∈{1, 2, ..., d−2, d},
then by Theorem 2.1 we have rank(C)=0. Otherwise, let i0 be the largest integer in
{1, 2, ..., d−2} such that ai0 = 0. There are non-negative integers l, m, b satisfying
ld=p+1 and d−2=mi0 +b with b≤i0 −1.
Suppose 2≤i0 ≤d−2, we show that xb y l−1+m dx∈B . This is equivalent to
showing
bp+(l+m−1)d ≤ (d−1)(p−1)−2,
for m≥1, i0 ≥2. By substituting b=d−2−mi0 , one can show this is equivalent to
m(pi0 −d)≥2 , which is trivial as d|p+1 and m(pi0 −d)≥2p−d≥2.
Now if d=p+1, then we have l=1 and xb y m dx∈B as showed above. If b=0, we
have d−2=p−1=mi0 . By i0 ≥2, we have m≤(p−1)/2. We show that y m+1 dx∈B
if p≥5. It is suﬃcient to show that (m+1)≤(p−1)(d−1)−2=p(p−1)−2. This is
true for p≥5. Then C(y m+1 dx)= 0 and C(y m dx)= 0 are linearly independent. This
implies rank(C)≥2 for b=0. Suppose b≥1. We show that xb−1 y m+1 ∈B . Note that
d−2=p−1=mi0 +b. By a similar fashion, we only need to show m(i0 −1)(p−1)≥4 ,
which is true if p≥5. Then
i0 m
ωb,m := C(xb y m dx) = C(xb (y p −f (x))m dx) = C((−1)m xb am
i0 (x ) dx)+...
p−1
= C((−1)m am
dx)+... = 0 .
i0 x

Similarly, we have
ωb−1,m+1 : = C(xb−1 y m+1 dx) = C(xb−1 (y p −f (x))m+1 dx)
2p−1
= C((m+1)(−1)m+1 ap+1 am
dx)+... = 0 .
i0 x

Since ωb,m and ωb−1,m+1 are k-linearly independent, we have rank(C)≥2.
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If d|p+1 and d≤(p+1)/2, we show that xb y l+m dx∈B , which is equivalent
to bp+(l+m)d≤(d−1)(p−1)−2.
Since m(pi0 −d)≥2p−d, we only need to
show m(pi0 −d)−d≤2, which is true for p≥7. Hence C(xb y l+m dx)= 0 and
C(xb y l+m−1 dx)= 0 by the same method above.
Assume i0 =1 and ai =0 for any i∈2, 3, ..., d−2, if d=p+1, by a simple change
of coordinates and by Theorem 2.1 the curve is superspecial and rank(C)=0. Otherwise we have d<p+1, in this case we have d−2=m+b. We show that y l+m+b−1 dx,
y l+m+b dx∈B , which is equivalent to showing
(l+m+b−1)d ≤ (d−1)(p−1)−2

and

(l+m+b)d ≤ (d−1)(p−1)−2 ,

respectively. These can be simpliﬁed to
d2 −(p+2)d+2p+2 ≤ 0,

d2 −(p+1)d+2p+2 ≤ 0 .

These two inequalities hold for p≥11. For p=7, we have d|p+1=8 and hence d≥4.
Then those two inequalities also hold.
Moreover, we have
C(y l+m+b−1 dx) = C((y p −f (x))l+m+b−1 dx)
= C((−1)l+m+b−1 (xd )l−1 (a1 x)m+b dx)+...
= C((−1)l+m+b−1 am+b
xp−1 dx)+... = 0
1
and C(y l+m+b dx)=C((−1)l+m+b−1 am+b
xp−1 y p dx)+...= 0. Then rank(C)≥2.
1
(2) For p=5 and d=p+1=6, to get rank(C)=1 we must have i0 ≥2, otherwise
X is superspecial by Theorem 2.1. Then xb−1 y m+1 dx, xb y m dx∈B for b≥1 and
y m+1 dx, y m dx∈B for b=0 (similar to the case p=7). This implies rank(C)≥2. As
for d=3, if ad−2 =a1 =0, then it is superspecial by Theorem 2.1. If a1 = 0, then
y 2 dx∈B and rank(C)=1.
For the supersingularity, let X be a curve given by equation y 5 −y=x3 +a1 x
with a1 = 0. Then we have H 0 (X, Ω1X )= dx, x dx, y dx, y 2 dx and C(H 0 (X, Ω1X ))=
dx . Moreover by using Proposition 2.3, one can compute that X has EkedahlOort type [4, 3, 2] and the curve X is supersingular by [4, Step 2, p. 1379]. For the
deﬁnition of Ekedahl-Oort type we refer [6].
(3) For p=3, if d=2 the curve is superspecial. If d=4, then we may assume
that a2 = 0 in f (x), otherwise by a simple change of coordinates we may assume the
curve is given by equation y 3 −y=a4 x4 , which is superspecial by the Theorem 2.1.
If a2 = 0, then by a change of coordinate we get f (x)=x4 +a2 x2 . A basis of
0
H (X, Ω1X ) is {dx, x dx, y dx} with C(dx)=C(x dx)=0 and C(y dx)=C(−a2 x2 dx)=
1/3
−a2 dx= 0 . This implies rank(C)=1. Similarly using Proposition 2.3, a curve
given by equation y 3 −y=x4 +a2 x2 with a2 = 0 has Ekedahl-Oort type [3, 2] and
hence is supersingular by [4, Step 2, p. 1379].
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2.2. Proof of Proposition 1.2
Let X be an Artin-Schreier curve given by equation y p −y=f (x) with deg f (x)=
d|p+1 and rank(C)=2. We may assume that the polynomial f (x) has the form:
f (x) = xd +ad−2 xd−2 +...+a1 x .
By the proof of Theorem 1.1, there is an integer n∈{1, 2, ..., d−2} such that an = 0.
Again denote by i0 the largest integer in {1, 2, ..., d−2} such that ai0 = 0 and let
l, m, b be the same as in the proof of Theorem 1.1.
For p≥7, if d=p+1, we show that in this case rank(C)≥3. Indeed by Theorem 2.1, we have i0 ≥2 and d−2=p−1=mi0 +b. If b=0, then d−2=p−1=mi0
and m≤(p−1)/2. Moreover from the proof of Theorem 1.1, part (1), we have
y m dx, y m+1 dx∈B. We show that y m+2 dx∈B. It suﬃces to show that (m+2)d≤
(p−1)(d−1)−2, which is equivalent to showing (m+2)(p+1)≤p2 −p−2 for any
1≤m≤(p−1)/2. This is true for p≥7. On the other hand, note that C(y m dx),
C(y m+1 dx) and C(y m+2 dx) are linearly independent. Then rank(C)≥3 in this
case. Now if b≥1, we showed that xb y m dx, xb−1 y m+1 dx∈B. By a similar argument as in the case b=0 above, one can show that xb y m+1 dx∈B. Additionally,
C(xb y m dx), C(xb−1 y m+1 dx) and C(xb y m+1 dx) are linearly independent. Then we
have rank(C)≥3 for p≥7 and d=p+1.
Now if d|p+1 and d<p+1, then l=(p+1)/d≥2. If i0 ≥2, we show that rank(C)≥
3 for p≥7. Note that we have xb y l+m−1 dx, xb y l+m dx∈B by the part (1) of the
proof of Theorem 1.1. We now claim that xb y l+m+1 dx∈B. By deﬁnition of B, it
suﬃces to show
(l+m+1)d+bp ≤ (p−1)(d−1)−2 .
By substituting b=d−2−mi0 and p=ld−1, the inequality can be simpliﬁed to
(i0 l−1)m≥3. This is true as i0 ≥2, l≥2 and m≥1. For i0 =1, we show that
rank(C)≥3 for p≥11. Note that in this case we have d−2=m. One can easily
show that y l+m dx, y l+m−1 dx∈B by the deﬁnition of B. Additionally, we show that
y l+m+1 dx∈B for p≥11. Indeed, it suﬃces to show (l+m+1)d≤(p−1)(d−1)−2,
which can be simpliﬁed to 2l+d≤p. Note that ld=p+1, we only need to show
2(p+1)/d+d≤p which can be rewritten as d2 −dp+2(p+1)≤0. This is true for
3≤d≤(p+1)/2.
For p=7 and i0 =1, we have d=4 and the curve is given by equation y 7 −y=
4
x +a1 x with a1 ∈k ∗ . Then
B = {xi y j dx, |i, j ∈ Z≥0 , 7i+4j ≤ 16}
and C(xi y j dx)=0 for all i, j except (i, j)=(0, 4), (0, 3), (1, 2). Moreover, C(y 4 dx)
and C(y 3 dx) are linearly independent and C(y 3 dx)=ξC(xy 2 dx) for some ξ ∈k ∗ .
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Then rank(C)=2. Using Proposition 2.3 and by [4, Step 2, p. 1379] as above, the
curve is supersingular.
Now let p=5. If d=3, then by Theorem 2.1 and Theorem 1.1, we have aX =g or
g−1. For d=6, we get d−2=4=mi0 +b. Additionally for i0 =2, 3, 4, one can easily
show that y 2 dx, y 3 dx, xy 3 dx∈B and C(y 2 dx), C(y 3 dx) and C(xy 2 dx) are linearly
independent. Hence rank(C)≥3 and aX ≤g−3 with g=10.
For p=3 and d | p+1=4, by Theorem 2.1 and Theorem 1.1, we have aX ≥g−1.
Similar to Proposition 2.2, we have the following.
Proposition 2.5. Let k be an algebraically closed ﬁeld with char(k)=p≥3.
Let X be an Artin-Schreier curve of genus g≥1 with equation y p −y=f (x), where
f (x)∈k(x). If aX =g−2, then
(1) if p=3, then g≤7 and the curve X can be either written as y 3 −y=f (x),
where f (x)∈k[x] and deg f (x)≤8, or as y 3 −y=f0 (x)+f1 (1/x) with f0 (x), f1 (x)∈
k[x] and deg f0 (x)≤4, deg f1 (x)≤2;
(2) if p≥5, then g≤(2p+1)(p−1)/2 and X is isomorphic to a curve with equation
y p −y = f (x),

f (x) ∈ k[x] .

The proof of part (1) is similar to the part (1) of the proof of Proposition 2.2
and hence we omit it. For part (2), one can ﬁrst show f is a polynomial using
the Deuring-Shafarevich formula and then prove the proposition by analysing the
degree of f .

3. On the existence of trigonal curves with prescribed a-number
Now we study the existence of trigonal curves with prescribed a-number and
give proofs of Theorems 1.3 and 1.4. We deal here with genus 5. It is well known
that a trigonal curve X of genus 5 is a normalization of a quintic curve C in P2
with a unique singular point [1, Exercise I-6, p. 279], see also [10, Lemma 2.2.1].

3.1. Set up
For a trigonal curve X of genus 5 deﬁned over k, let φ:X →P1 be a morphism of
degree 3. Then using the base point free pencil trick and Cliﬀord Theorem one can
easily show that φ is unique (up to isomorphism of P1 ) and X is not hyperelliptic.
Lemma 3.1. Let p be either 2 or 3. If X is a trigonal curve of genus 5 over
k, then
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(1) X is a normalization of a quintic curve C in P2 with a unique singular
point of multiplicity 2. Moreover,
(i) If C has a node, then C is given by a homogeneous polynomial F ∈k[x, y, z]
of degree 5 with
F = xyz 3 +f ,
where f is a sum of monomials not divisible by z 3 .
(ii) If C has a cusp, then C is given by a homogeneous polynomial F ∈
k[x, y, z] of degree 5 with
F = x2 z 3 +f ,
where f is a sum of monomials not divisible by z 3 and the coeﬃcient of y 3 z 2
in f is non-zero.
(2) The normalization of any C with one singular point in (i) and (ii) is a
trigonal curve of genus 5.
Proof. Kudo and Harashita proved the lemma for p= 2 in [10, Lemma 2.2.1]
(note that we can assume ε=0 in the statement of Lemma 2.2.1 in [10] since k is
algebraically closed). For p=2, we show that part (1) is true and since the proof of
the other part is similar to the case p≥3 we omit it.
Assuming the singular point is (0:0:1), the curve C is given by F =Qz 3 +f ,
where Q is a quadratic form in k[x, y] and f is a sum of monomials in x, y of degree
>2.
If Q is non-degenerate, then C has a node. We may change coordinates so
that Q equals xy, we arrive at F =xyz 3 +f with f a sum of monomials in x, y of
degree >2.
If Q is degenerate, then C has a cusp. We may change coordinates so that
Q equals x2 , we arrive at F =x2 z 3 +f with f a sum of monomials in x, y of degree >2. 
We recall the following proposition.
Proposition 3.2. ([10, Proposition 2.3.1]) Let X be a trigonal curve of genus
5 deﬁned over k. Let C be an associated quintic curve in P2 given by Lemma 3.1.
Let hl,m (1≤l, m≤5) be the coeﬃcient of the monomial xpil −im y pjl −jm z pkl −km in
F p−1 , where
l 1 2 3 4 5
il 3 1 2 2 1
.
jl 1 3 2 1 2
kl 1 1 1 2 2
Then the Hasse-Witt matrix H of X is given by H =(hl,m ).
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3.2. The proof of Theorem 1.3
Let p=2 and X be a trigonal curve of genus 5 deﬁned over k. we start by
simplifying the deﬁning equation of the singular model C ⊂P2 of X.
Lemma 3.3. Let k be an algebraically closed ﬁeld with char(k)=2. In the
notation of Lemma 3.1 case (i), we can choose f as
(8)

f =(x3 +b1 y 3 )z 2 +

5


(ai x5−i y i−1 )z+

i=1

11


ai x11−i y i−6

i=6

or
5
11


5−i i−1
(ai x y )z+
ai x11−i y i−6 .
f=

(9)

i=1

i=6

For case (ii), we can choose f as
(10)

f = y3 z2 +

5


(ai x5−i y i−1 )z+

i=1

11


ai x11−i y i−6 .

i=6

Proof. For the case (i) of Lemma 3.1, the curve C is given by F =xyz 3 +f ,
where f is the sum of monomials, which have degree >2 in x, y. By a linear
transformation z →z+αx+βy, we may assume the coeﬃcients of x2 yz 2 and xy 2 z 2
are zero. Then
3

3

2

f = (b0 x +b1 y )z +

5


5−i i−1

ai x

y

i=1

z+

11


ai x11−i y i−6 ,

i=6

where b0 , b1 , a1 , ..., a11 ∈k. Note that if (b0 , b1 )= (0, 0), by symmetry we may assume
b0 = 0. By scaling x →αx, y →βy with αβ =1 and α3 =1, we may assume b0 =1. On
the other hand, if b0 =b1 =0 in f , then we have
f=

5


ai x5−i y i−1 z+

i=1

11


ai x11−i y i−6 .

i=6

For the case (ii) of Lemma 3.1, the curve C is given by F =x2 z 3 +f , where f is
the sum of monomials, which have degree >2 in x, y and the coeﬃcient of y 3 z 2
is non-zero. Consider y →y+γx and then consider z →z+αx+βy, we may assume
the coeﬃcients of x3 z 2 , x2 yz 2 and xy 2 z 2 are zero. Moreover, by scaling y →δy with
δ 3 =1, we may assume the coeﬃcient of y 3 z 2 is equal to 1. Then we have
f = y3 z2 +

5

i=1

ai x5−i y i−1 z+

11


ai x11−i y i−6 ,

i=6

Now we can give a proof of Theorem 1.3.

a1 , ..., a11 ∈ k . 
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Proof of Theorem 1.3. Let C be a singular model of X given by Lemma 3.1.
If C has a node, then by Lemma 3.3, f is either given by (8) or (9). If f is given
by (8), then by Proposition 3.2, the Hasse-Witt matrix H of X is equal to
⎛
⎞
a2 0 a1 a7 a6
⎜ 0 a4 a5 a11 a10 ⎟
⎜
⎟
⎜ a4 a2 a3 a9 a8 ⎟ .
(11)
⎜
⎟
⎝1 0 0 0 1 ⎠
0 1 0 b1 0
Let ei be the i-th row of H. Then e4 and e5 are linearly independent and rank(H)≥
2.
Now we show rank(H)≥3 in this case. Indeed, if rank(H)=2, then ei for
i=1, 2, 3 is a linear combination of e4 and e5 . By the shape of H, we have
a1 = a3 = a5 = a7 = a10 = 0,

a4 = a 8 ,

a2 = a 6 ,

b1 a4 = a11 ,

b 1 a2 = a9 .

Hence C is given by
F = xyz 3 +(x3 +b1 y 3 )z 2 +(a2 x3 y+a4 xy 3 )z+a2 x5 +a4 x3 y 2 +b1 a2 x2 y 3 +b1 a4 y 5
1/2

1/2

= (z+a2 x+a4 y)2 (b1 y 3 +x3 +xyz)
and C is reducible. This contradiction shows that rank(H)≥3.
Now if f is given by (9), then again by Proposition 3.2 the Hasse-Witt matrix
H of X is equal to
⎛
⎞
a2 0 a1 a7 a6
⎜ 0 a4 a5 a11 a10 ⎟
⎜
⎟
⎜ a4 a2 a3 a9 a8 ⎟ .
(12)
⎜
⎟
⎝1 0 0 0 0 ⎠
0 1 0 0 0
Then we have rank(H)≥2. Moreover, if rank(H)=2, then we have ai =0 for all
i∈{1, ..., 11} with i= 2, 4. This implies
F = xyz 3 +a2 x3 yz+a4 xy 3 z = xy(z 3 +a2 x2 z+a4 y 2 ) ,
a contradiction. Hence we have rank(H)≥3 if C has a node.
If the curve C has a cusp, then by Lemma 3.3, f is given by (10). Hence by
Proposition 3.2, the Hasse-Witt matrix of X is equal to
⎞
⎛
a2 0 a1 a7 a6
⎜ 0 a4 a5 a11 a10 ⎟
⎟
⎜
⎜ a4 a2 a3 a9 a8 ⎟ .
(13)
⎟
⎜
⎝0 0 1 0 0 ⎠
0 0 0 1

0

242

Zijian Zhou

Then we still have rank(H)≥2. We show rank(H)≥3 by showing that C has at
least two singular points if rank(H)=2. Indeed, suppose rank(H)=2. By (13), we
obtain a2 =a4 =a6 =a8 =a10 =0. This implies
F = x2 z 3 +y 3 z 2 +(a1 x4 +a3 x2 y 2 +a5 y 4 )z+a7 x4 y+a9 x2 y 3 +a11 y 5 .
Denote by Fx (resp. Fy , Fz ) the formal partial derivative with respect to the variable
x (resp. y, z). Note that we have
Fx = 0, Fy = y 2 z 2 +a7 x4 +a9 x2 y 2 +a11 y 4 ,

Fz = x2 z 2 +a1 x4 +a3 x2 y 2 +a5 y 4 .

By setting x=1 in Fx , Fy and Fz , one can easily show that (1:a:b) is a singular
point. Then there are at least two singular points on C. By the genus formula for
plane curves, the genus of X is less than 5, a contradiction.
Now we have rank(H)≥3 for any trigonal curve X of genus 5 over k. Then
aX ≤2. 

3.3. The proof of Theorem 1.4
Let p=3 and X be a trigonal curve of genus 5 deﬁned over k. We now give
the reductions of the deﬁning equations of the singular model C ⊂P2 of X given by
Lemma 3.1.
Lemma 3.4. Let k be an algebraically closed ﬁeld with char(k)=3. In the
notation of Lemma 3.1 case (i), we can choose f as
(14) (b0 x3 +b1 y 3 +b2 x2 y+b3 xy 2 )z 2 +

5

i=1

ai x5−i y i−1 z+a6 x5 +

11


ai x11−i y i−6 .

i=8, i=10

For the case (ii), we can choose f as


3
5


3
4−i i−1
y +
(15)
bi x y
ai x5−i y i−1 z+a7 x4 y+a8 x3 y 2 +a10 xy 4 +a11 y 5 .
z2 +
i=2

i=1

Proof. If C has a node, then by Lemma 3.1, F =xyz 3 +f with f the sum of
monomials, which have degree >2 in x, y. By a linear transform z →z+αx+βy we
may assume the coeﬃcients of x4 y and xy 4 is zero. Then f is equal to
(b0 x3 +b1 y 3 +b2 x2 y+b3 xy 2 )z 2 +

5

i=1

ai x5−i y i−1 z+a6 x5 +a8 x3 y 2 +a9 x2 y 3 +a11 y 5 .
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By Lemma 3.1, if C has a cusp, then F =xyz 3 +f with f the sum of monomials,
which have degree >2 in x, y and the coeﬃcient of y 3 z 2 is non-zero. By a linear
transform z →z+αx+βy, we may assume the coeﬃcients of x5 and x2 y 3 is zero.
Moreover, by scaling y →δy, we may assume the coeﬃcient of y 3 z 2 is 1. Then we
have
f = (y 3 +b2 x2 y+b3 xy 2 )z 2 +

5


ai x5−i y i−1 z+a7 x4 y+a8 x3 y 2 +a10 xy 4 +a11 y 5 . 

i=1

Proof of Theorem 1.4. Let C be the singular model given by Lemma 3.1. Denote by H the Hasse-Witt matrix of X given by Proposition 3.2 and by ei =
(ei,1 , ..., ei,5 ) the i-th row of H. Then we have rank(H)≥1 because of the Ekedahl’s
genus bound for superspecial curve [5]. Suppose rank(H)=1. We consider diﬀerent
cases for the singular point of C.
If the curve C has a node, by Lemma 3.4, f is given by (14). If at least one of
the b0 , b1 is non-zero, by symmetry we may assume b0 = 0. By scaling we may assume
b0 =1. Moreover, by Proposition 3.2, we have e4 =(2b2 , 0, 2, b22 +2b3 +2a2 , b2 +2a1 )
which is non-zero. Then ei =λi e4 with λi ∈k for i=1, 2, 3, 5. In particular, we have
e5 = (0, 2b3 , 2b1 , 2b1 b3 +2a5 , 2b1 b2 +b23 +2a4 ) = λ5 e4 .
This implies that b3 =0 and b1 b2 =0.
If b1 =0, then e5 =(0, 0, 0, 2a5 , 2a4 ) is the zero vector. Hence a4 =a5 =0. Note
that in this case we have e3,1 =2a11 and e3,1 =λ3 e4,1 =0. Then a11 =0 and
F = xyz 3 +(x3 +b2 x2 y)z 2 +(a1 x4 +a2 x3 y+a3 x2 y 2 )z+a6 x5 +a8 x3 y 2 +a9 x2 y 3 .
One can easily check that (0:0:1) and (0:1:0) are common zeros of F =Fx =Fy =
Fz =0. Then C has at least two singular points, a contradiction.
Now if b1 = 0, then the equation b1 b2 =0 implies b2 =0. Consider a change of
coordinate x →αx, y →βy and multiply F by 1/(αβ). The coeﬃcients of x3 and y 3
−1/3
in F become α2 /β and β 2 b1 /α. By taking β =α2 and α=b1 , we may assume
b0 =b1 =1. Then e5 =λ5 e4 implies a2 =a5 and a1 =a4 . Additionally, we have
e1 = (2a1 a3 +a22 +2a8 , a21 +2a6 , 2a1 a2 , 2a1 a8 +2a3 a6 , 2a2 a6 ),
e2 = (a22 +2a11 , a21 +2a2 a3 +2a9 , 2a1 a2 , 2a1 a11 , 2a2 a9 +2a3 a11 ) .
Then by e1 =λ1 e4 and e2 =λ2 e4 , we have
a6 = a21 ,

a8 = a22 −a1 a3 ,

a9 = a21 −a2 a3 ,

a11 = a22 .
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If a3 =0, then one can easily show that (−1:1:0) and (0:0:1) are common zeros of
F =Fx =Fy =Fz =0 and hence are singular points of C, a contradiction. If a3 = 0,
then Fz =2(x3 +y 3 )z+a1 x4 +a2 x3 y+a3 x2 y 2 +a1 xy 3 +a2 y 4 and by substituting
z = (a1 x4 +a2 x3 y+a3 x2 y 2 +a1 xy 3 +a2 y 4 )/(x+y)3
in Fx and Fy and by letting y=1, we have (x(x+y)9 Fx )|y=1 =((x+y)9 Fy )|y=1 and
((x+y)9 Fx )|y=1 = (a31 +a1 a2 )x12 +(a1 a2 +a32 +2a23 )x9 +(a33 +a23 )x6
+(a31 +a1 a2 +2a23 )x3 +a1 a2 +a32 .
Since a3 = 0, one can check that it has solutions with x= −1, 0. Then there exists
another singular point on C which is distinct from (0:0:1), a contradiction.
Now if b0 =b1 =0, we have e4 =(2b2 , 0, 0, b22 +2a2 , 2a1 ) and e5 =(0, 2b3 , 0, 2a5 , b23 +
2a4 ). Since rank(H)=1, we have at least one of the b2 , b3 is zero. By symmetry we
may assume b3 =0. If b2 = 0, by scaling we may assume b2 =1. Note that we have ei =
λi e4 with λi ∈k for i=1, 2, 3, 5. In particular for i=5, it is straightforward to see that
λ5 =0 and a4 =a5 =0. Moreover, e2,2 =2a11 =λ2 e4,2 =0. Then by a similar fashion,
one can show that (0:0:1) and (0:1:0) are singular points of C, a contradiction. If
b3 =b2 =0, then
e1 = (2a1 a3 +a22 , a21 , 2a1 a2 , 2a1 a8 +2a3 a6 , 2a2 a6 ),

e4 = (0, 0, 0, 2a2 , 2a1 ) .

This implies a1 =a2 =0 otherwise e1 and e4 are linearly independent. Similarly one
has a4 =a5 =0 by checking the linearly independence of e2 and e5 . Now we have
e4 =e5 =0 and
e1 = (0, 0, 0, 2a3 a6 , 0),

e2 = (0, 0, 0, 0, 2a3 a11 ),

e3 = (0, 0, a3 , 2a3 a9 , 2a3 a8 ) .

Since rank(H)=1, we obtain that a6 =a11 =0 and F =y(xz 3 +a3 x2 yz+a8 x3 y+
a9 x2 y 2 ), a contradiction.
Now if C has a cusp, then by Lemma 3.4, f is given by (15). Moreover, by
Proposition 3.2, we have
e4 = (2b3 , 0, 2b2 , b22 +2a3 , 2a2 ),

e5 = (0, 2, 0, 2b3 , 2b2 +b23 +2a5 ) .

If rank(H)=1, then ei =λi e5 with λi ∈k for i=1, 2, 3, 4. In particular, e4 =λ4 e5
implies λ4 =b2 =b3 =a2 =a3 =0. Then we obtain
e1 = (0, a21 , 0, 2a1 a8 , 2a1 a7 ),
e2 = (a25 +2a11 , a24 , 2a4 a5 +2a10 , 2a4 a11 +2a5 a10 , 2a4 a10 ),
e3 = (2a8 , 2a1 a4 , 2a1 a5 +2a7 , 2a1 a11 +2a4 a8 +2a5 a7 , 2a1 a10 +2a4 a7 ) .
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Hence by ei =λi e5 for i=1, 2, 3, we get a7 =2a1 a5 , a8 =0, a10 =2a4 a5 , a11 =a25 . Additionally, one can easily check that F =Fx =Fy =Fz =0 have common zeros (0:0:1), (0:
1:0) if a5 =0 and (0:0:1), (0:1/(2a5 ):1) if a5 = 0, a contradiction. Then rank(H)≥2
if C has a cusp.
In any case, we have rank(H)≥2 and hence aX ≤3. 
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