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The explicit formulae for scaling limits
in the ergodic decomposition
of infinite Pickrell measures

Alexander I. Bufetov and Yanqi Qiu

Abstract. The main result of this paper, Theorem 1.5, gives explicit formulae for the
kernels of the ergodic decomposition measures for infinite Pickrell measures on the space of infinite
complex matrices. The kernels are obtained as the scaling limits of Christoffel-Uvarov deformations
of Jacobi orthogonal polynomial ensembles.

1. Introduction

1.1. Pickrell measures

We start by recalling the definition of Pickrell measures [12]. Our presentation
follows [6].

Let s€R be a real parameter and let n€N, consider a measure ugf) on the
space Mat(n, C) of nxn-complex matrices:

(1) duls) (z) = const, s det (1+2%2) 20 g,

where dz is the Lebesgue measure on Mat(n,C), and const,, s is a normalization
constant chosen in such a way (see, e.g., [6, Prop. 1.8]) that the push-forward
of p;ﬂ)rl under the natural projection of cutting the northwest n xn-corner of a
(n+1)x (n+1)-matrix is precisely ,ugf) (there is a subtlety, see [3], [6] and [7], in
defining the push-forword for infinite measures pﬁ? when s<—1). By the Kol
mogorov Existence Theorem, one may define a measure u®), called Pickrell mea-
sure, on the space Mat(N, C) of infinite complex matrices as the projective limit of
the sequence (Mg{g))?:l.
an infinite measure if s<—1. See also [9] and [10] for the study of similar measures.

The measure ;(*) is a probability measure if s>—1 and is
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Let
U(oo)= | U(n)

neN

be the infinite unitary group. The group U(co) x U(o0) acts on Mat(N, C) as follows:
Ty s (2) =wrzuy,  for (ur,us) € U(oo)xU(oo), z€Mat(N,C).

By definition, for all s€R, the measure u(*) are U(co)x U(co)-invariant. One may
study the ergodic decomposition of ;(*). The probability case (s>—1) was studied
in [3] and the infinite measure case (s<—1) was studied in [6]. In this paper, we con-
tinue the study of the ergodic decomposition of the infinite Pickrell measures p(*).

Let us recall Pickrell’s classification of U(oco) x U(oo)-ergodic probability mea-
sures on Mat(N, C), see [11], [12] and [18]. Set

Qp{w('y,x):x(xl >x9>..>x;>...>0), ingy}.
i=1

A probability measure 1 on Mat(N, C) is U(oo) x U(o0)-ergodic if and only if there
exists a unique w=(v, (x,)) €Qp such that for any meN and Ay, ..., A, €R, we have

N ‘Re 2. 2) = 7 exp(—4(7 =300 7) A7)
(2) Aﬁat(N,C) exp<lz)\JR ”>dn( )_H HOO (1+4£L'k)\%) ’

j=1 =1 k=1

We denote by 7, the ergodic probability measure on Mat(N,C) characterized by
the formula (2).

If s>—1, then there exists a probability measure ﬁ(s) on Qp, called the de-
composition measure of (¥, such that the measure p(*) admits a unique ergodic
decomposition

(3) ) = /Q o dE ().

Set

0Y = {w:(%x)eﬂp:xi>0 for all 7, and VZZ%}.
i=1

We denote Conf((0,00)) the space of configurations on (0, c0), i.e.,

Conf((0,00)) :={X C (0,00)| X is a discrete subset of (0,00)}.
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Definition 1.1. Let B() denote the push-forward of the measure (%) under the
following forgetting map:

conf: Q% — Conf((0,00))

W {x, oy, )
It has been proved (the case s=0 in [3], the general case s€R in [6]), that
1 (Qp\ Q) =0,

and the map conf induces an isomorphism between probability spaces (Qp,ﬁ(s))
and (Conf((0, 00), B(*)). Moreover, the measure B(*) is a determinantal probability
measure on Conf((0,00)) induced by the correlation kernel (which is a kernel of an

orthogonal projection):
I t t
[ (D)o (oD
T1T2 Jo T T2

where Jg is the Bessel function of order s, see [1, p. 360, 9.1.10] for the definition
of Bessel functions.

If s<—1, the ergodic decomposition of the measure p(*) was described in [6]:
there exists an infinite measure T® on Qp, such that u(*) admits the same decom-
position formula as (3). It was proved that the relation 7*)(Qp\2%)=0 still holds.
Moreover, the forgetting map conf defined in Definition 1.1 identifies the decom-
position measure 7i'®) with an infinite determinantal measure on Conf((0,00)). We

(4) J(S)(ml, Xo):=

denote this infinite determinantal measure on Conf((0, 00)) by B(*).
One way to describe B(®) is as follows. Let g:(0,00)—(0,00) be a positive
function, the multiplicative functional ¥, on Conf((0, 00)) is defined by the formula:

U, (X)= H g(z) for any X € Conf((0,00)).
zeX

If the function ¢ is appropriately chosen, one may get a finite measure \I/gIB%(S)
such that ¥, is B(*)-almost everywhere positive. Then the normalized probability
measure

B
) T dB(s)

(5) P .=
I fConf((O,oo
is a determinantal probability measure on Conf((0, c0)) induced by a kernel I19, see

[4] [5]. For the theory of determinantal probability measures, we refer to [13], [14]
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and [15]. Here I1¥ is the kernel of the orthogonal projection onto a certain subspace
of L2(0, 00). By definition of P, we have
(6) B) = Const- ¥, - P{").

If, in the above formula, ¢ is explicitly given, then the explicit formula for the

correlation kernel I19 of PE,S) turns out to be non-trivial. Our aim in this paper is

to give explicit formulae for the kernel I19 with certain suitably chosen g.

Remark 1.2. Note that to describe B(®), we only need to give one explicit
function g such that the relation (6) holds and the kernel II9 of IP’EJS) is explicitly
calculated.

1.2. Formulation of the main result

Definition 1.3. Let f1,..., fn be complex-valued functions on an interval. As-
sume that all these functions are differentiable up to order n—1. Then the Wron-
skian W(f1, ..., fn) of f1,..., fn is defined by the formula

W (frses S) () = et (£70(0) 1 s
where fi(j Y is the (j—1)-th derivative of the function f;.

Definition 1.4. For a>—1, v>0, we define

Jaw®) L Jotv) and  Ka,(t) < Ka(tv/0),

where J,, is the Bessel function of order « (cf. [1, 9.1.10]), and K, is the modified
Bessel function of second kind of order « (cf. [1, 9.6.24]).

Our main result is the following

Theorem 1.5. Let seR and let meN be any natural number such that s+m>
—1. Assume that vy, ..., vy, are distinct positive numbers. Take

@ o) =11 70

j=1
Then the correlation kernel I19 of the normalized determinantal probability measure
]P’gs) defined in (5) is given by the formula
1 (1,4/2)R(1,4/2")— </ (1,4/2")B(1,4/x)

9 (z,2") == — ’
®) ) = 3 T, oy 7)o 47 (6O (o —a)
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where o7, B, € are functions depending on parameters s,m, vy, ..., Uy, given by for-
mulae:

o
52{(75, y) = W(Ks+m7v17 ceey Kerm,vm ’ Jerm,y)(t)v ‘%(ta y) = W(u y) and
%(t) - W(K5+m)v1 g eeey K8+m,vm)(t)-

Remark 1.6. Note that there is no restriction on the parameter s in Theo-
rem 1.5. However, the case s<—1 is of particular interests for us.

When s>—1 and m>1, then by results of [6], the kernel II9 in (8) is the
kernel for the operator of orthogonal projection from Lo(R4, Leb) onto the subspace
Vg Range(J ()). Our result shows that the calculation of the correlation kernels of
determinantal point processes deformed by multiplying multiplicative functional is
in general difficult.

Note in the case where s>—2, m=1 and g(x)=(1+vxz/4)~!, by a simple com-
putation, we can write more explicitly
1 A(x)B(z")— A(z")B(x)
2 o ) 0 42 Ko (Vo) - (o' —a)

Hg(x x)

where
A(z) = K1 (V0) T (VA 2) /4 2= VoK (V0) Jega (VA/z) - and
B(@) = K1 (Vo) Iy (VA]2)4 20Ky, (v/0) o1 (V/3]2).

For reader’s convenience, we also give an integral formula for I1Y in this case:

19 (2, 2') :%{N<%)N<§>
b ) L)

where

VUK (523/v)
Fy(5,t) = \/_Js+1(%\/_) s+1(%\/_)—s+1(%\/—)

and

N () = (’US+1F(7571)F(S+2))71/2t%(1}+t)71/2 if —2<s<—1,
0 if s> 1.

The proof of formula (9) is straightforward. For details of the calculation, the reader
is referred to our preprint [8, Prop. 4.22].
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1.3. Organization of the paper

The paper is organized as follows. In Section 2, we give certain asymptotic
formulae associated with Jacobi polynomials that will be useful for us. In Section 3,
we prove that for appropriate functions g, the determinantal measures of type (5)
have finite dimensional approximation. The finite dimensional approximations allow
us to use the theory of orthogonal polynomial ensembles. Section 4 is the main
section of this paper. We explain in Section 4.1 the strategy of the calculation of
the correlation kernels as certain scaling limits. In Section 4.2, we obtain the scaling
limits of Christoffel type deformation of Jacobi orthogonal polynomial ensembles,
this section contains our main ideas in calculating the scaling limits. Finally, in
Section 4.3, we adopt the ideas developed in Section 4.2 to obtain the scaling limits
of Uvarov type deformation of Jacobi polynomial ensembles. Theorem 1.5 is derived
as a corollary of the main result of Section 4.3.
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2. Some asymptotic formulae associated with Jacobi polynomials
2.1. Jacobi polynomials
For a, 8>—1, let Pff"ﬁ) be the standard Jacobi polynomials (cf. [16, Sec-

tion 4.1]), orthogonal on the interval (—1,1) with weight wq, g(t)=(1—t)*(1+t)?
and normalized by the condition

PleB) (1) = (n—f—a).

n
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When a=s, =0, we will omit 8 in the notation.

2.2. Difference operators

Given a sequence f=(f,)22,, we define the sequence of differences A(f)=
(A(f)n)22, by the formula

A(f)n = fat1—fn
More generally, for £>1 the sequence of (£+41)-order differences is defined by
ATL(f) = A(AN)).

By convention, we set A%(f)n=fn.

2.3. Asymptotics for differences of Jacobi polynomials

Let P(>f) = (P(a’ﬁ))n o be the sequence of Jacobi polynomials.

Lemma 2.1. For £>0 and n>1, we have
(n+DATHPED) (@) +LA (PD) () +0(1—z)ATH (P (x)

(10) +( +%ﬁ+1> (1—2) A (Pt (2) =aA*(P*P) (x).

Proof. If £=0, then the identity (10) is reduced to the known formula (cf. [16,
4.5.4]):

(n+ 232 41) =Pt a)

(11) = (n+1) (P ()~ P (2)) +a P (x).

Now assume that the identity (10) holds for an integer ¢ and for all n>1. In
particular, we have

(n+2)AfH! (P(Q”B))n+1 (z)+LA* (P(O“’ﬁ))wr2 (z)

(1) AT (PN ()

(12) +( + %ﬁ+2> (1—2)AY(POTLD) L (2) =AY (PP L (2).
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Taking (12)—(10), we get
(n+ AT (PR (@) +(+ DA (PR (x)
+ ((+1)(1—z) AL (PlettA)

# (4 25241 ) LA (P), ()= (P), (o)

n+1 (I)

Thus the identity (10) holds for /41 and for all n>1. By induction, the identity
(10) holds for all £>0 and for all n>1. O

The classical Mehler-Heine theorem ([16, p. 192]) says that for zeC\ {0},

(13) lim n~®P*A) (1—%) =2°272J,(V/2).

n—oo

This formula holds uniformly for z in a simply connected compact subset of C\{0}.
In what follows, let (5¢,)22; denote a sequence of natural numbers such that

. HAn
lim — =x>0.
n—oo N

Proposition 2.2. Let x(”):l—ﬁ. Then for £>0, we have

: — «@ n o Lo
(14) r};rgone AE(P( ’ﬁ))%n (x( )):2 27 JO (5e/2),
where J( ) is the (-th derivative of the Bessel function J,. The formula holds uni-
formly in s and z as long as 3 ranges in a compact subset of (0,00) and z ranges
in a compact simply connected subset of C\{0}.

Proof. If £=0, the identity (14) is reduced to the formula (13). Now assume
that the identity (14) holds for 0,1, ...,¢. By the relation (10), we have

<x<”>>

lim n€+17aAé+l (P(ocﬁ))

n—00 Hn
/ f—1— (a+1)
:_;_4 20‘2 = J ( \/_) 20‘+1 a+1 (%\/_)
Z2a+1 w (£) 20, —J([
~Zget, aH(x\fH (v/3)
{—1)
(15) :2(,%2[4»1270‘ _E (4)( \/—) g Jo(t+1 (%\/E) (Z) (%\/—) (z)(%\/z) .

n\/z /2 Jot1 a/z
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From the recurrence relation (cf. [1, 9.1.27])

(16) To(2) = =Jar1(2)+ S Ja(2),

one may derive, by induction on ¢, that for all £>1,

(17) [T+ I ()] = (=0T ()~ LT 0 ).

The identity (14) for £41 follows from the identities (15) and (17). By induction
on ¢, Proposition 2.2 is completely proved. O

We will need the asymptotics for the derivative of the differences of Jacobi
polynomials. The following formula will be useful for us (cf. [16, 4.21.7]):

(18) BeP) () {P(a DYt =5( Lntatprn)pettaen g,

Proposition 2.3. Let x(”)zl—ﬁ. Then for £>0, we have

n—oo O‘+1

lim n~ 2t LC;AZ (p(a,ﬁ))zn} (x(")) :2012& #(0) (%\/—)

where J o1 (t):=tJai1(t). The formula holds uniformly in > and z as long as
ranges in a compact subset of (0,00) and z ranges in a compact simply connected

subset of C\{0}.

Proof. The relation (18) can be written as

n—1"

d
2ZAY(POD) = (ntatf+1)A° (POFLD)
From this formula, we may derive by induction that for all £>0,

(19) Q%N(P<aﬁ>)n:(n+a+ﬂ+1)Af(P<a+lﬁ+l>) +L-ATH(platlATDy

n—1 n

In view of Proposition 2.2 and the identity (19), we have

fim =0 L A(POD) - (200) 2905 [ 5, (e 3) I ()

a+1(%V/U

The last equality follows from Leibniz formula (tJay1(t))® tJ(Z) 1 (1)
+eaSN ). O

2+I a~

:2(¥
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2.4. Asymptotics for differences of Jacobi’s functions

Let a, 8>—1 and let n>0 be an integer. The Jacobi’s function of second kind
Q') is defined as follows. For xeC\[-1,1], set

1 (a,8)
(20) Q,gaﬂ)(x);:%(%1)*“(%1)” /l(lt)“(lﬂ)ﬁﬁft@

dt.

Let Q(O"B)Z(Q%a’ﬁ))oo be the corresponding sequence.

n=0

If a=s,3=0, we denote Q(S)IZ(Q%S’O))ZC:&

Proposition 2.4. Let s>—1 and r,=5.5. Then

lim n Q) (14r,) =2°w™ % K, (3cy/w),

n— oo "
where K is the modified Bessel function of the second kind of order s. Moreover,
for any >0, the convergence is uniform as long as »€[e,1] and w ranges in a
bounded simply connected subset of C\{0}.

Proof. Let us prove Proposition 2.4 for s,=n, the general case is similar.
Define t,, by the formula

L= (ot =), <1
"Tm=z|tnT7 |, n .
2 tn

By definition, we have
lim n(1-t,)=vw.
n—o0

We now use the integral representation for the Jacobi’s function (cf. [16, 4.82.4]):

Qﬁf)(lﬂn)—l( il ) /OO (Lttn)e™+1—t,) "

2\1-t,) |

1 e
X (1+rn+(2rn+r%)2 COShT) ! dr.

Taking n— oo and using the integral representation for the modified Bessel function

(cf. [1, 9.6.24]), we see that

o0

lim niSQsLS)(l_Frn):QS*lw*%/ e*ST*\/Ecosh'r dr
n—o0 e

=25"ly~3 / e VWeOshT cosh(sT) dr

— 00

=252 / e VW eOshT oogh(sT) dr = 2°w™ 2 K, (vw).
0
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Proposition 2.5. Let s>—1 and r,=5,.7. Then for all {>0, we have

(21) lim nZ*SAe(Q(s))% (1+47,) =2°w 2 KO (sev/w0),

n—00

where ng) 1s the £-th derivative of the modified Bessel function Ks. Moreover, for
any €>0, the convergence is uniform as long as »€[e, 1] and w ranges in a bounded
simply connected subset of C\{0}.

Proof. 1t suffices to prove Proposition 2.5 in the case s, =n. The general case
can be easily deduced by using the uniform convergence.
From the identity (11) we obtain

(n+1)At (Q(S))n(a:)—i— <n+ g —l—l) (z—1)A° (Q(3+1))n(x) =sA° (Q(s))n(x).

By induction, for all £>0, we have

(n+DATHQY)  (2)+LAY(QY), (@) +(z—1)A QW) . (x)
(22) + (n+;+1) (z—D)AYQET) (2)=sA"(QW), ().

Using the formula ([1, 9.6.26))
(23) KL(t) = =Ko (0)+ 7KL (1),
we may derive that for £>1,

(24) tED O+ K ()] = (s— 0K (1) eV (@)

Proposition 2.4 says that the relation (21) holds for {=0. Now assume that
the relation (21) holds for 0,1, ..., £. By the identity (22), we have

lim n 1 ARL(QP) (14+(M)

n—o00 J

£—s—2

—s .
=2, KO (a7 - 22, T KD ()

£—s—1

W 95+1 TK(Z) 9s %K(é)
- ) wj s+1(\/wj)+3 wj s (\/wj)
— 20w, 7 [(s—O) KO (w;)— KD () -y KO, (Vs
w; [(5 VK (Vwy) s+1 (vw;) w; K/ ( w])]

4+1—s

=2w; 7 K ( /).

This completes the proof. [
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3. Bessel point processes and Pickrell measures

3.1. Radial parts of Pickrell measures and infinite Bessel point processes

Following Pickrell, we introduce a map vad,:Mat(n, C) =R’ by the formula

tabn(z) = ()\1(2)3 teey An(z))a

where (A1(2), ..., An(2)) is the collection of the eigenvalues of the positive matriz z*z
arranged in the order A1 (2)<A2(2)<...<A,(2).
When s>—1, the measure ugf) is a probability measure and the push-forward

measure (tabn)*usf ) is well-defined. We call (tabn)*ugf) the radial part of ugf).

Since finite-dimensional unitary groups are compact, when s<—1, although ugf)
is an infinite measure, the measure (tabn)*ugf) is still well-defined once we have
n+s>0.

Denote dA the Lebesgue measure on R}, then (tabn)*,ugf) is a measure on the

subset {0<A; <...<\,} CR% having the form

n

1
2
1<i<j<n =1
The change of variables
Ai—1
U; = )
Ai+1

transforms (vad,,). 15 to a measure on (—1,1)™ given by the formula

(26) consty, s H (u;—u;)?

1<i<j<n i

n
(1 7ui)s dui

=1

For s>—1, the constants are chosen such that the measures (26) are proba-
bility measures. It is the Jacobi orthogonal polynomial ensemble (with parameters
a=s, $=0) and hence represents a determinantal point process. The Heine-Mehler
asymptotics of Jacobi polynomials imply that these determinantal point processes,
when rescaled by

(27) uizl—QyTiQ and yie(0,4n2), i1=1,...,n,
have as scaling limit the Bessel point process on (0, 00), see Tracy and Widom [17].
Using the same notation as in [6], we denote this point process by B®). Recall
that we denote Conf((0,00)) the space of configurations on (0, 00). Hence B(®) is a
probability measure on Conf((0,c0)).
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For s<—1, the scaling limit of (26) under the scaling regime (27) is an infinite
determinantal measure B) on Conf((0,0)), see [6] [7].

Fix s€R. Let us denote by J(*™ the determinantal measure on Conf((—1,1))
(finite or infinite) corresponding to the measure (26). The change of variable u=
1— 5% transforms J*™ to a determinantal measure on Conf((0,4n?)) (which will
be viewed as a subset of Conf((0,00))). We denote this measure on Conf((0,4n?))
by B,

Here we recall that a change of variables x1=p(y1), x2=p(y2) transforms a
kernel K (z1,x2) to a kernel of the form +/p’(y1)p' (y2) K (p(y1), p(y2))-

The relations between the determinantal measures we are going to deal with
are demonstrated in the following diagram:

(tadn, ). il on Conf((0, 00))

u

pass to variable u€(—1,1) l A= }J—ru

‘J<5*”) on Conf((—1,1)) ‘

pass to variable y € (0, 4n?) pass to variable z € (0, o0)
u:172i2 u=n2a.-—1

n n2z+1

‘I@(S’”) on Conf((0,4n?)) ‘ B&™ on Conf((0, 00)) ‘

n—oo l weakly converges to n—oo l weakly converges to

change of variables

IIE%(S) on Conf((0, c0)) | ‘B(S) on Conf((0, 00)) ‘

y=4/z

Remark 3.1. For obtaining the relation between B() and B(), we used the
relation:
2.
yo e 1:1_ 4/x N1_4/_x.
n?z+1 2n2+2/x 2n?

3.2. Christoffel-Uvarov deformations and the scaling limits

Let (wy, ..., wy,) and (vy, ..., v, ) be two fixed m-tuples of distinct positive num-
bers. Define functions F),, Gp,:(—1,1)—Ry by the formulae:

oty (=32 —w)? B 1-u
Fn(u)fH =g and Gn(u)fn ET—

m
=1

(2
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Let fn(x), gn(x) denote the functions given by the formulae
n?x—1 n?r—1
(28) fn(x):Fn<x—) and g, (z)=Gy (m)

By direct computations, the sequence of functions (f,); and the sequence of
functions (g, )5 ; admits pointwise limit f and g respectively, given by the formulae:

m ) 2 m
(29) f(z) :H<1—%x) and g(:v):H 4—|—4vix'

i=1 i=1

Let (h,)22; be either the sequence (f,,)52; or the sequence (g,,)52;, and let
h:(0,00)—10, 1] denote f or g accordingly. There exists a constant M >0 such that
(a) for any (finite or infinite) sequence of positive real numbers (z;)¥, we
have
N N
(30) [ 7o) < DT Rlao).

i=1 i=1

(b) for any sequence {(xgn))lgign};l’ozl satisfying :UZ(-H)ZO,

lim z; ' =x; and nlgglonZ —Z;asz<oo7

n—ooo
i=1

we have
(31) nh_}n;@l;[lhn (z;") —l;llh(xz).

Let H,, denote the function F, or G,. On the cube (—1,1)", the probability
measure

n

(32) consty, - H (ui—uj)QH(l—ui)an(ui)dui

1<i<j<n i=1

gives a determinantal point process. The change of variable y:%ER, trans-
forms the point process (32) to

(s,n)
(s.m) Yn, B
(33) ]P)h'n, = s,n)’
fconf((o,+oo)) Uy, dB=n)
where B(*™) is the point process (tad, ). ;Af) after the change of variable y= Zii;}

and h,, is the function f, or g, on (0,00) defined by the formulae (28).
We shall need the following elementary lemma.
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Lemma 3.2. Let (2,m) be a measure space, m is a o-finite measure. Given
two sequences of positive functions (¢,)2, and (®,)2%, in L' (Q,m) satisfying
(i) for any neN, ¢, <P,.
(ii) limy o0 On=4, a.e. and lim, o ®,=P, a.c.
(iil) limy, oo [ @ dm= [ ® dm<oo.
Then

lim [ ¢, dm:/godm.

n—oo

Proposition 3.3. Assume that we are in one of the following situations:

L. hp=fn, h=f and s—2m>—1;

II. hpy=gn,h=g and s+m>—1.
Then the determinantal probability measure in (33) converges weakly in the space
of finite Radon measures on Conf((0,00)) to the probability measure:

U,B)
Uy, dB(s)

(34) Py =
fConf((O,oo))

Proof. In this proof, we will use without explanation the notation in [6, p. 25].
It is proved in [6] that the measure u(*) is supported on the subset Mat,eg (N, C)
for any s€R. By the properties (30) and (31) for the sequence (h,,), for any z€
Mat,eg (N, C), we have

lim Uy, (v((2)) =0, (+*(2)) and Ty, (v (2)) < M-y, (e (2)).

n—oo
Now take any bounded and continuous function ¢ on Conf((0,00)), we have

_ Iateegno) Pt (2)) T, (¢ (2)) dut) ()
: T (0(2) A ()

/ B(X) P (X)

fMatreg(N,C)

By Lemma 3.2, to prove Proposition 3.3, it suffices to show that

(35 lim Wy (+) (2)) dp® (2) = / Wy () (2)) du®) (2).
N0 JMat(N,C) Mat(N,C)
If s>—1, the measure (%) is a probability measure, by dominated convergence
theorem, the equality (35) holds.
If s<—1, the measure px(*) is infinite. The radial part of u(*) is an infinite
determinantal process described in Section 5.2 in [6]. By using the asymptotic
formulae

(o (o +
f(z)wlfz7z and g(z)wlfzzx, asz—0",

% %
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we can check that the conditions of Proposition 3.6 in [6] are satisfied. For instance,
let us check the following condition

(36) lim tryv/1—AII®™/1—h = trv/1—hII®) V1=,

n—oo
where T1(5™) is the orthogonal projection onto the subspace L(5127s:m="72) described
in Section 5.2.1 in [6]. Combining the estimates given in Proposition 5.11 and Propo-
sition 5.13 in [6], the integrands (1—h(z))II*™ (x,x) appeared in the calculation
of

trv/1—hIE™/1—h

are uniformly integrable, hence by the Heine-Mehler classical asymptotics, the
equality (36) indeed holds. Now by Corollary 3.7 in [6], we have

U, Bsm) 0, B
v, dB(s:n v, dB(s)

—
fConf((O,oo)) ) fConf((O,oo))

It follows that

i g P )P (2)) dp)(2)

e Satarvcy Yt (2)) dul) (2)
_ Jrtasvc) (¢ (2)) W), () (2)) dpu'®) (2)
- fMat(N’(C) Uy, (20 (2)) duls)(2)

(37)

Moreover, by Lemma 1.14 in [6], there exists a positive bounded continuous function
¢ such that

lim S W= [ o @) o)

%0 JMat(N,C) Mat(N,C)

Again by Lemma 3.2, we have

lim q[)(t(")(z))\llh (t(")(z)) du'® (z)
n=00 JMat(N,C)

(38) - / (£ (2)) Ty () (2)) dul® (2).
Mat(N,C)

Finally, by taking ¢=¢, the relation (35) now follows from the relations (37)
and (38). O
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4. Scaling limits of Christoffel-Uvarov deformations of Jacobi
orthogonal polynomial ensembles

In this section, we calculate the kernels of the determinantal probability mea-
sures IP’;LS) in Proposition 3.3.

4.1. Strategy

We are going to deal with two cases.
(i) Case I: for any integer m>1 and real number s>2m—1, we obtain the
correlation kernel for the determinantal probability measure

B
U, dB®

fConf((O,oo))

Recall that f is the function defined by the formula

fz)= ﬁ (1—%35)2.

k=1

Note that in this case, we have s>—1 and the measure B(*) is obtained by Borodin
and Olshanski. Our result in this case provides an example for calculating the corre-
lation kernels for determinantal measures deformed by multiplying a multiplicative
functional.

(ii) Case II: for any s€R, we choose any integer méeN such that s+m>—1
and we obtain the correlation kernel for the determinantal probability measure

B
T, dB()

fConf((O,oo))

for a function g given by

m 4
x)= )
9(x) kl;[l d4+vpx

We emphasize that in this case, there is no restriction on the parameter seR. If
s>—1, we get similar result as in Case I. However, the case where s<—1 is of
particular interests for us. Our main result, Theorem 1.5, is derived as a corollary
of the main result in this case.

Let us briefly explain our strategy in our main case, the Case II. The analysis
of Case I is similar.
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By the diagram above Remark 3.1, the change of variables y=4/x transforms
the determinantal probability measure

B
fConf((O,oo)) \Ilg dB(*)
to the determinantal probability measure
B
(39) e,
fConf((O,oo)) \IJf? dB'*

where § is a function defined by §(y)=g(4/y). For analyzing the measure (39), we
need to consider the determinantal probability measure

Vg Jlsn)

] G, dJ(s,n) :

(40)
fConf((O,4n2))

The change of variable u=1—35%; transforms (40) to the following probability mea-
sure
v, Bl

(41) —
Vg, dB(n)

fConf((O,oo))
where §,,:(0,4n%)— (0, 1) is given by the formula

m

gn(y) ::Gn<1_2y?> -TI y

bt vty

By Remark 3.1, §,(y) is approximately g¢,(4/y). Slightly modifying the proof of
Proposition 3.3, one may prove that

\I/g”@(s’n) n—o0 \I’g@(&)

) \Ilgn dB(>m) fConf((O,oo)) \IJ‘? dB(®)

fConf((O,oo

We will show by direct computation that the correlation kernel of the determinantal

probability measure }
\Ijgn]B(S)n)
T, dB(sn)’

fConf((O,oo))

converges pointwise and uniformly on compact sets to a limit kernel. This limit
kernel is then automatically the correlation kernel of

;B
y Vg dBE

fConf((O,oo
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4.2. Casel

Recall that in Case I, we have fixed s€R, meN such that s>2m—1 and have
fixed an m-tuple of distinct positive numbers (wy, ..., w,,). Note that in Case I, we
must have s>—1.

As explained in Section 4.1, we need to consider the determinantal probability
measure

\I,Fnj(s,n)

42 .
( ) \Ian dq]]’(s,n)

fConf((O,4n2))

The above determinantal measure turns out to be given by the orthogonal polyno-
mial ensemble

n m 2
(43) consty, H (ui—uy)? H [H (1— ;}T’Z —ui) 1 (1—u;)* ™2™ du,.
k=1

1<i<j<n i=1
The ensemble (43) is a Christoffel deformation of the following Jacobi polynomial
ensemble (which is a probability measure since s—2m>—1):

n

consty, s H (ui—uj)QH(l—ui)s_%”dui.

1<i<j<n i=1

Let wy:(—1,1)—= Ry be the weight:

wn (u) := ﬁ (1—%—1;)2(1—14)5‘2’"7

k=1

and let (7;);>0 denote the system of monic orthogonal polynomials associated with
the weights w,, (we omit in the notation the dependence of 7; on n, s and wr, ..., Wy, ).
Let K, (u1,us) denote the associated n-th Christoffel-Darboux kernel given by the
formula:

K, (uy,ug) = wn(ul)wn(w).i M,
§=0

h;

where
(44) hy = /_ 0w du

By classical results on orthogonal polynomial ensembles, we know that K, (u1,us)
is the correlation kernel for (43) and hence for (42).
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Our aim of this section is to establish the scaling limit of K, (u1,ug) in the
regime:

Ui

45 i=1—
(45) u 52

and y; >0, i1=1,2.

We show by direct computation the existence of the following limit kernel:

. 1 Y1 Y2
(46) Koo(yl7y2)~—7}1_)120 WKn (1_W’1_W .

The limit kernel Ko (y1,y2) is then automatically the correlation kernel for the
determinantal probability measure

U B

fConf((O,oo))

4.2.1. Explicit formulae for K,,(u1,u2)

Let kéS_Qm) denote the leading coefficient of the Jacobi polynomial Pj(s_Qm)
and denote

pie=2m) / [P ()] (1—u)* =2 du,

Let

& _1—2n27 1<i<m.

Then the monic polynomial ; is given by the Christoffel formula ([16, Thm 2.5.]):

1 Dj(u)
j (U) — (n) 2 ’ (s—2m) ’
Hi:l(fi —u) kj+2m -0
where
s—2m n s—2m n s—2m n
PP ™) PEE™) L PG E™)
s—2m n s—2m n s—2m n
P @) PETEY) o P )
5(s—2m n S5(s—2m n 5(s—2m n
Dj(u)= | P2y PEE) o P @) |
5(s—2m n 5(s—2m n 5(s—2m n
BETME) BETER) o B @)
s—2m s—2m s—2m
PPy PR ) PELM ()
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(s—

and Pj(sf2m) denotes the derivative of the polynomial P; 2m); the quantity ¢; is

the coefficient of Pj(j_g:;") (u) in the expansion of the determinant D, (u) with respect
to the last row.

Lemma 4.1. For any j>0, we have

! 2 hy 541
h’j ::/ ﬂj(“) wn(u) du= k(s—Qm)k(s—27rL) ' 5]. :
J Jj+2m

—1

Proof. By orthogonality, for any £>1, we have

1
s—2m s—2m
/1 Pj(” )(u)wj(u)(l—u) 2y = 0.
Note that
Dj(u) :5j+1Pj(5_2m)( )+ linear combination of P(S 2 (), 7P3(i23@m) (u),

whence

]+2m
s—2m

= /@HP () )1 -~ du
kg+2m i

J+1 (5 2m 2 1 5—2m

——(1—u) du

L (s—2m) o /{ (sf2m)(
ka+2m kj

(s—2m)

h G g
k_(s 2m)k(s 2m) 5].

By the Christoffel-Darboux formula (cf. [16, Thm 3.2.2]), we have:

wn (u1)wn (Ug) mp (1) mn—1(Uz) = (U2)mp—1(u1)
hp—1 Ul —Ug '

Kn(’lL1, u2) ==

For simplifying the notation, we denote

MR Y
¢ 2n?

Then the change of variables (45) transforms the kernel K, (u1,us) to the kernel:

~ 1 (n) (n) (Y1y2) Lo
47 Ko(y1,92) = == Kn(uy 7, = m WS (Y1, 92),
(47) (y1,2) = 55 K (" ™) [T (v —wi) (y2 —wi) | (o-v2)



Alexander I. Bufetov and Yangi Qiu

where

(2n2)m=s Dy(uf™) Dy (u§”) = Do (us") Dy (u™

) .

48)  Sn(y1,Y2) = o
( ) n( ) hsz—lz )k7(1+22'm. ) 52 Y2—
kff:fm,) n

4.2.2. Scaling limits

We divide the calculation of Ko (y1,y2) into five steps.
(s—2m) | (s—2m)
Step 1: Asymptotic Of "7]1‘:(572‘:1;32771,

n—1

The following formulae are well-known [16, p. 63, p. 68]:

s—2m 1 I'(2j4+s—2 1 s—2m 2s—2m+l1
(49) el — (]—&—5 mt1) TS S —
J 275V T(j+s—2m+1) J 2j+s—2m+1
For all a€R, we have lim,,_, ES‘;(S)) =1. This implies that if p€Z, then
(s—2m)
(50) lim 2P —op,

n—00 k}(j_zm) o
n

Thus we get the following

Lemma 4.2. We have
(s—2m); (s—2m)
lim n- foni Fniom =95t

n—oo k.gls:fm)

Step 2: Asymptotic of &,,.
Recall that we defined in Definition 1.4 and Proposition 2.3 that

Jan(t):=Ju(tvv) and  J,(t):=tJo(t).

So we also define
Jow(t) = Jo(t/0).

Recall that we denote by (5¢,)22; a sequence in N, such that

lim ¢, /n=3%>0.
n—00
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Lemma 4.3. Let a=6m?>—2sm—3m. Then we have

22m(572m)

lim n®d,,, =
n—00 #n (wl...wm)1+s_2m

C(»),

where C(30) =W (Js—amwys -+ Js—2mwm > d s—2m+1,w1 5 - s—2m+1,wn, ) (). Moreover,
the above convergence is uniform as long as s is in a compact subset of (0,00).

Proof. By the multi-linearity of the determinant with respect to the columns,
the determinant J,,, equals to the following determinant:

AO<P(S_2m))%n (51”)) Al (P(s—2m))%n( g")) AQm—l(P(s—Qm))%” (€§”))
AO(P(572m))%n( 7(7?)) AI(P(5727"))%”( 7(:)) Amel(P(sfwn))%n( 7(#))
AO(P(872m)),{n(f§n)) AI(P(sfzm))%n (én)) Aszl(P(sfmn))%n(g;n))
AO(P(S—2m))%n( (n)) Al(P(s—Qm))%n( 7(1’?)) AQm—l(P(s—Qm))%n(fr(gb))

Multiplying the matrix used in the above determinant on the right by the diagonal

matrix

7s+2m’n175+2m’ n4m7175)

diag (n

ceey

and on the left by the diagonal matrix

diag( 1,..,1,n72, ...,n*Q)
—— N——

m terms m terms

and taking determinant, we obtain that n®d,,, equals to the following determinant:

nfslAO(P(s/))%n (ggn)) nlfs/Al(P(s/))%n( gn)) n2m7175/A2m71(P(5’))%n (§§n))

n—s’AO(P(s’))Xn( S:ll)) nl—s’Al(P(s’))%n(é:)) n2m—1—s’A2m—1(P(s’))%n( 5:;))

n=2 ANPEDY,, (M) nT AP, (6V) L n?m BT AL (PG, ()

n—z—s’AO(P(s/))%n (55:;)) n‘l‘s/Al(P(s/))%n(gﬁ,?)) n2m—3—s'A2m—1(P(s’))Zn (fgr?))

where s'=s—2m. Applying Propositions 2.2 and 2.3, we obtain the desired
formula. The last statement follows from the uniform convergences in Proposi-
tions 2.2, 2.3. U
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Step 3: Asymptotic of Dy (1—52).

Lemma 4.4. Let =6m?+m—2ms—s. Then we have

(2m+1)(s—2m)
8 Yy _ 2 __s5—2m
i 77D, (1_W) - (wl...wm)1+sf2my 2 AQGny),

n—oo

where

A(}{v y) = W(J872m,w17 sy J572m,wm7 J572m+1,w17 sy Jsf2m+1,wm7 J572m,y)(%)'

Moreover, the convergence is uniform as long as » is in a compact subset of (0,00).
Proof. The proof is similar to that of Lemma 4.3. O

Step 4: Asymptotic of Dn(ugn))Dn 1(ué")) Dn(ugn))Dn,l(ugn)).
The following elementary identity will be useful for us:

Dy (u$™) Dy 1 (uS”) = Dy (uS™) - Dy (u§™)

ug")  Dy(ug) =Dy (ug?)
D1 (™) Dyy(ud™) =Dy (ul™)

)
)

|

L
=

By Step 3, the asymptotics of D, (u (n)) and D, (u (n)) are already known, thus we
need to obtain the asymptotics of Dy, (ul™) = D, _1 (u{™) and D, (u§™) = Dyp_1 (u{™).

Definition 4.5. Set 9;")(u) to be the column vector:

(P2 (€M), e, PETH (€00, P2 (), oy P2 (660, P2 )

‘We have
Dy (u™) = det [0 ("), (u 5”))]’

:det[en”)(ugn) Of{fzzm 1( (")) 0 (u{™)],

(51) et 80 ()0, (a™) 800, ()=o) (o).
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Lemma 4.6. Let y=1+6m?+m—2ms—s. Then we have

9@m1)(5=2m)  aosm
1+572my’i 2 B(%7 yl)7

lim n"(D,, (u(")) -D,. (u(n))) _ (

n—oo v v W1 ... Wi )

where B(se,yi)=|n,, () m), () .. ™~ (z2) mz ™+
umn vector

(Js(x\/w_l),...,Js,gm(% wm),js,gmﬂ(%\/w_l),...,
T e oms1 (Gev/W1), Joom (ey/50))

()| and m,,(5) is the col-

Proof. The proof is similar to that of Lemma 4.3, we emphasize that in the
proof we used the elementary equality

A2m+l (P(sf2m)) _ P(5_2m)+(71)2m+lp(3_2m)

spn—1 Hn+2m sp—1
. o _ —2 —2
+ linear combination of P~2™), Pﬁi _Hm), ey P}(ti +27;?_1.
g

Step 5: Calculation of the limit kernel Koo (y1,y2).

Theorem 4.7. The limit kernel Ko (y1,y2) in (46) exists and is given by

_ A(17yl)B(layQ)fA(layQ)B(layl)
Roo ) = G o ) (g —w) IO (91 —32)

Proof. Recall that we defined in Lemmas 4.3, 4.4 and 4.6 that

a=6m?—2sm—3m, [=6m?’+m—2ms—s and ~y=14+6m?>+m—2ms—s.

Note that
B+v—2a—1=8m—2s,
whence
, n D1 (uS™) 07 (Do (ud™) =Dy 1 (uS™)]
2 m—s ﬁDn_ ) v Dy, {m —Dy— )
S0 (y1,12) = S — n 1(uy’) n[Dy(uy”’) 1(uy™)] _
hy 1 kniom a 2 Y2—U1
ey [ 6]

n—1

By Lemmas 4.2-4.4 and 4.6, we obtain that

_s—2m _s—2m
v, 2 A(Ly2) v, 2 B(ly2)
_s—2m _s5—2m

1 v, 2 ALy) y, 2 B(lLw)

nlg{)lo Sn(ylva): 2[0(1)]2 Y2—U1
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_ ()" A(Ly)B(1,y2) — A(L,y2) B(L, 1)
2[C(1))2 Y1—y2 '

Substituting the above formula into (47), we get the desired result. O

4.3. Case II

Recall that in Case II, we have fixed seR, meN such that s+m>—1 and have
fixed an m-tuple of distinct positive numbers (vy, ..., Up,).

Similar to Case I, we shall consider, in this case, the determinantal probability
measure

Vo Jlsn)

52 .
(52 e, I

fConf((O,4n2))
The measure (52) is given by the orthogonal polynomial ensemble

s+m

(1—uy;)
trs )? ' du;.
(53) const, , H —u;) HHk T+ u

1<i<j<n 3n7 i)

The ensemble (53) is an Uvarov deformation of the following Jacobi polynomial

ensemble:
n

consty, H (ui—uj)QH(l—ui)s+mdui.

1<i<j<n i=1
Let Q,:(—1,1)—=R be the weight given by the formula

(17u)s+m
H?:l(l"‘zvﬁ_“)'

Let (p;);>0 denote a system of orthogonal polynomials (not necessarily monic, the
choice of the system will be specified later) associated with the weight ,,. Note that
as in Case I, here we omit in the notation the dependence of p; on n, s and vy, ..., Up,.
The correlation kernel for (52) and for (53) is the n-th Christoffel-Darboux kernel
of the weight €,,, given by the formula:

Qp(u):=

n—1

ij u) p] UQ)
<%/n Ul,UQ \/ n ul u2

1
(54) € :/ pj(u)QQn(u) du.

-1
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We will give explicit formula for the following limit kernel:

1 Y1 Y2
(55) Hoo (Y1, y2) := lim 2712% (12712’12712)'

The limit kernel 5 (y1,y2) is then automatically the correlation kernel for the

determinantal probability measure

;B
\Ilg d]f%(s) '

fConf((O,oo))

4.3.1. Explicit formulae for 7, (u1, uz2)

Set
(n)

2n2’ 1=1,...m.

Recall that we set ugn):zl—gyng,i—l 2. Recall also that the sequence of Jacobi

functions of second kind Q(5+™) = (Q(SHT” O)) 2 o is given by the formula (20).
The Christoffel-Uvarov formula (cf., e.g., [2, Lemma 2.5]) implies that we may
take p; for j>m to be the following polynomial:

Q™) Q)
p(u):: s m. n S m. n :
! Q) QET )

P w) L PP ()

If 0<j<m, we may take p; to be the j-th monic orthogonal polynomial with respect
to the weight €2,, (the explicit form of p; for 0<j<m is not necessary for us).

Let d; denote the coefficient of P;S+m)(u) in the determinant form of the
polynomial pj, i.e.,

Q) e QI ™)
QS-S:;,T)(T?(]:)) Qgsﬁm)( Sn))
Denote by [; the leading coefficient of p;. In particular, if j>m, then

lj= d]k(5+m), (recall that k§s+m) is the leading coefficient of PJ.(s+m)).



Alexander I. Bufetov and Yangi Qiu

Lemma 4.8. For any j>m, we have

1 did k(s+m)h(s+m)
2 JGi+1, j—m
e; = pi(u)*Qp(u) du= .

Proof. The proof is similar to the proof of Lemma 4.1. O

By the Christoffel-Darboux formula (cf. [16, Thm 3.2.2]), we have:

(i, 12) = Qn(glj?n(u2) .pn(u1)pn_1(ujz :Zz(w)pn_l(ul)

The change of variables (45) transforms the kernel J7, (uy, us) to the kernel:

s+m

v L n)  (n (11y2) =2
(56) A n(y1,y2) = — A (ul™ ulV) = —
2n? (") [T (vk+y1) % (ve+yo) 2

Zn(ylay2)7

where

(2n2)=* Dn (u(ln) )Dn—1 (ué")) —Pn (uén) )Dr—1 (ugn))
n ) T (s+m) (s+m) — ’
hnizi(ifsfﬂi; d, v

n—1—m

4.3.2. Scaling limits

Now we investigate the scaling limits.
h(s+m> kﬁls#»'m.)

n—1l—m

Step 1: Asymptotic o —=

By changing s—2m to s+m in the formulae (49) and (50), we immediately get
the following

Lemma 4.9. We have

h(s+m) k7(ls+m)

lim n- n—1l-m :2s+2m+1
n—00 (s+m) ’
n—l—-m

Step 2: Asymptotic of d.,.

Recall that in Definition 1.4, we define K, ,(t)=K,(tv/v) and J, ,(t)=
Jo(tyv/v).  Recall also by (56,)52;, we denote a sequence in N, such that
limy, 00 265, /n=3>0.
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Lemma 4.10. Let a’:—mzjm —ms. Then we have

lim n®'d,, =2m+m (V1) ™ T E (),

where
C () =W (Ksimuvys - Kstmw,, ) (5).

Proof. For £>1, we have

(58)
A’ (Q(S‘*‘m))n = ngjzm) (—1)€Q$f+m) +linear combination of lesilm), - QS:;Z)I
Hence for k, >m, by linearity of determinant with respect to columns, we get
A(QEF™) e (riV) e AMTHQUHM), ()
d;{n -
AQEH™M), (K)o ATTHQERM), ()

Lemma 4.10 is completely proved by applying the same arguments as in the proof
of Lemma 4.3 and by applying Propositions 2.4 and 2.5. O
Step 3: Asymptotic of p,,, (ugn))

Lemma 4.11. Let f'=—(m+1)(s+%). Then we have

B

lim n /p,{n (ugn)) :2(m+1)(5+m)(v1...vm)7 Y

n—0o0

where
M(%, yz) = W(Ks+m,v17 ceey Ks+m,vm y Js+m,yi)(%)-

Proof. Similar to (58), for £>1, we have

(59)

AL(PLTm)) = Pi‘:;m) +(=1)*P**™ Llinear combination of P,(Lflm)7 s Péi;ili,

where the coefficients in the linear combination of (58) and (59) coincide. Hence
for sz, >m, we have

AUQET™), (™) AP(QET™), ()
() : :
p/n(u’b )_ AO(Q(S+m));¢n—m(7’7(g)) Am(Q(s—&-m))Kn_m(n(g)) .

AVPEHmY (™M) AP (™)
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Lemma 4.11 is completely proved by applying the same arguments as in the proof
of Lemma 4.3 and by applying Propositions 2.2, 2.3, 2.4 and 2.5. O
Step 4: Asymptotic ofpn(u(1 ))pn 1(uén)) pn(ugn))pn_l(ugn)).

By similar argument as in studying D,, (u g ))Dn,l(u;n)) -D, (ugn))Dn 1(u§")),
here we shall consider the asymptotic of pn(ugn))— pn_l(ugn)). More generally, we
may consider p,, (ugn)) — D, -1 (ugn))

Lemma 4.12. Let v'=—(m+1)(s+%5)+1. Then we have

tim 1 [pu, (u™) = pue, -1 (u)] = 20D (0, )=y B e, ),

n—oo

where

B2, yi) = |y, (52), @), (50), ooy 971 (32), @4V (52),

and ¢, () is the column vector (Kgim v, (5), - Ksirmv, (%), Jogm,y, (3)) 7.

Remark 4.13. Note that B(s,y;)= %(}f Yi)-

Proof of Lemma 4.12. To simplify notation, we prove Lemma 4.12 in the case
#,=n, the proof in the general case is similar. Denote s” =s+m. Set 6§") (u) to be
the column vector

Bj(n) (u) _ (Q;SH) (Tgn))7 . QE-S”) (7‘7(,?)) ) Pj(s") (u))T

Then for i=1, 2,

pa(u™) =80 @™y B @™y B (™) |
Pt () = [,y B A (™) |

= (1A, 07 B ) B )

Hence

pn( (n)) D 1( (n))

B ™y o B ™) B (™) (— 1) (wl™)
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AYQE ) (1) o AMHQEM), (1) AMFH(QE), i ()

"

T AYQE ) (1)) e ATTHQE ) (i) ATFHQE ) () |
AP (uf™) oo ATTHPED) () A PE) ()
We can finish the proof of Lemma 4.12 by using Propositions 2.2, 2.3, 2.4 and 2.5. 0O

Step 5: Calculation of the limit kernel oo (Y1, y2).

Theorem 4.14. The limit kernel #o(y1,y2) in (55) exists and is given by

o (0, 1) = A (1,91)B(1,y2)— (1,y2)B(1,y1) |
o 21T v (vityn) (vitye) [€ (1)) (y1—y2)

Proof. For the numbers o, 8’,7' defined in Lemmas 4.10, 4.11 and 4.12, we
have

B+ —2a —1=—2s,

whence
’ !
77 pn (@) 0 [ (uS™) ~pn 1 (u§™)]
J— ! !’
> — 27" n® p (™) 1 [ (u$) —pr—1 (u{™)]
n(Y1,y2) = Rt p(sm) ’ Ya—y :
n—1-mBn '[na/dn]Q 2 1

e

n—1l—-m

By Lemmas 4.9, 4.10, 4.11 and 4.12, we obtain that

. ) A1) 20— (1) 2 ()
JLI&Zn(ylayQ)_ 2[¢(1))2 . Y1—Y2 .

Combining this with (56), we get the desired result. O
Proof of Theorem 1.5. By the diagram in Section 3.1, we know that the corre-

lation kernel II9 is obtained by the change of variables y;=4/x,yos=4/z’ from the
kernel o (y1,y2), i-e.,

I (z,2") = %J{fm (4/z,4/").

Direct computation shows that this is the kernel announced in Theorem 1.5. [
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