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On empirical spectral analysis of stochastic processes

By ULF GRENANDER

1. Introduction

Two main cases of empirical determination of the spectrum of a stationary
stochastic process will be treated in this paper.

To a given frequency, which all the time will be chosen as zero, there cor-
responds a discrete line in the spectrum. One wants to determine its mean
amplitude when a realization of the process has been observed. Among all
possible ways of estimating the mean amplitude there is one which gives
maximum precision. If the rest of the spectrum is known @ priori this esti-
mate can be explicitly constructed. It is shown that this construction is related
to the problem of prediction. For the construction of the asymptotically best
estimate the knowledge of the rest of the spectrum is not necessary, at least
not for purely non-deterministic processes.

The other case arises when the spectrum is absolutely continuous and one
wants to estimate the spectral intensity or, what is equivalent, the covariance
function. A class of estimates is given and studied in relation to periodogram
analysis and to an estimate proposed by BARTLETT [2]. A principle of uncer-
tainty is stated.

In passing, some simple properties of linear processes are studied.

2. Estimation and prediction

2.1. Let x(f), — oo <t <Coo, be a real valued process with finite variance.
The mean value m and the covariance function g (s, t) are defined as
“m=Ex()
{9(8, t) = Elx(s) —m][x (1) —m].
The process is supposed to be continuous in the mean. Consider z(f) in an

interval T' == (a, b). Introduce the inner product

(y,2) = Eyz
and the norm

lyll = Vi, v),

for any stochastic varjables y and z with finite variance. The Hilbert space
generated by z(f) when ¢ runs through 7 is denoted L, (T). When T is the
whole real axis we shall write L, (T) = L.
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Suppose now that m is unknown, that a realization of z(f) is observed in
T and that we want to estimate m by a linear, unbiased estimate. In other
words we want to form a linear combination

p* = 2w (t)
1

ZC{. =1, 4€T,

T

or a limit of such combinations. The ¢’s shall not depend on m. In the set
M consisting of all such unbiased linear estimates we want to choose one
with small standard deviation. In a recent publication [7] the author has
shown the existence of one and but for equivalence only one estimate sm”
for which

Im* eM

le* = inf Dy*.
EM

Further m* is the unique solution of the integral equation
Em [z(t) —m]=c, teT, (1)
where the constant ¢ is equal to the minimum variance
D*m* =c.

2.2. We shall now make a detour to the problem of prediction. Under the
same conditions as above, except that we now put m = 0, we want to find
an element in L, (7) which can be used as a prognosis to the time b + &,
h>0. The best linear prognosis z(b + h) is defined as the element in L, (T)
which makes ||z (b + ) — 2 (b + k)| a minimum. Then

z(b+ h) = Pr,mz (b + h)€ Ly (T)
satisfying the equation

Elz(b+h) —a®+h]z@)=0, te T. @)

The “prediction” (or extrapolation) backwards in time is defined in the ana-
logous way. When T is a finite interval KarHUNEN has given an explicit solu-
tion in terms of the eigen-elements of the kernel #(s, t}. When a = — o0 and
@ (f) is a stationary process WIENER [14] has constructed the solution.

Let us now return to the case when m is an unknown constant. Then it
seers advantageous to introduce one more condition on the predictor, that

Ex*(b+h)=Exdb+h)=m

irrespective of the value of m. In order to define the best of these predictors
consider the set M defined above. M is a convex set and then it can be
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shown in the same way as in [7] p. 241 that there is a unique element
" (b 4 h)€ M such that

||z* (& + k) —a@®+ h)|| = 1nf||zAx(b4- Bl

and this element satisfies the equation

Elz*(b+h)—2®+ )]z (t) =k forall t€T. (3)
The constant is
E=1z*®+n]|?*— (® + k, x* 0 + h).
" (b + h) is called the best unbiased prediction. This concept seems to have
been introduced first by Dorpa and Woopsury [5]. These authors have con-

structed z* in the case when the covariance function is a Green function of
a second order differential operator.

2.3. We shall show that for stationary processes the best unbiased estimate
of the mean value can be expressed in terms of the best unbiased prediction.
To do this we shall first study an operator P* associated with the prediction.
P is defined in the following way. For any clement 2€ L, we define P*z as
the unique element in M which satisfies

|z — P*z|| = inf ||z — 2]
2EM
For x =2 (b + k) we clearly get P*z (b + h) = z* (b + k), i.e. the best unbiased
prediction to the time b + A.
If P* were a linear bounded operator we would have
(127 o] = e ]
lP* (ax +by)=aP'x+ bPy,

but these relations do not hold in general for P*. Some similar relations can
however be easily obtained. We have

E[x— P*z]x (t) = constant for t€T (4)
and hence
x—P*x 1L x(ax)—z(B) forall «, bET.
This implies that if z and y are two arbitrary elements of L, we have
z—y =;<P*av—~P*y +x—-Pz—y+Py=Pur— Py+u ul Pz—PYy

so that
| Pra— Pyl <|lz—yll. (5)
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From this we infer that the process P*z(f) is continuous in the mean and
hence Cramér integrable (see [3]) which fact will be used below. — Suppose

n [a
that D¢, = 1 and consider the element P* [2 ¢ x,,] where x, € L,. Clearly
T T

S Pzn,€M
and 1

E{?cyP*x,ﬁP* [icvxv]}x(t) = ic,,EP*w,,-x(t)ﬁEﬁc,,xvx(t)“c.

But E[P*z,— x,]z(t) is a constant so that the above expression is also a
constant. As Pz is uniquely determined by (4) we have

P* [Z e x,,] = >¢ Pa,. (6)
1 T
It

7=t /z(t)dt

b,
b

. ' 12 .
we can approximate I by sums of the type S, = ;1,21}(‘[:”)), and we get using
1
(5) and (6)

* 13 % n * ®
1221 — 3 Pa@)l =PI~ P Sl <180

as n tends to infinity. Thus we have as P*xz(f) is integrable

2

pr [tzlt—lftw (t)dt] = tzitlfp*m(t)dt' (M

1 tl

Let z (¢) be a stationary process. Then the limit

A
. 1
—4

exists and is an unbiased estimate of m. It is easily seen that this estimate
has minimum variance among all linear, unbiased estimates of m which can
be formed using values of the process from the entire time axis. When we
have observed a realization in the finite time interval 7' and want to obtain
the best estimate of m, the above integral cannot be calculated as z (t) is not
known for t¢ 7. It is then natural to extrapolate the realization and use this
to determine the above integral. We shall now make this argument rigorous.

S
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When 4 and B tend to infinity we have

lim
A,B—co

A B
1 1
Ezfil‘(t)dt““z—g'[x(t)dt” = 0.
—A

But then according to (7) and (5)

4 B 4 B
e |1 1 - 1
= e de— . < I = t| =0
A,I};Ifw 2Afx (&) dt 5B x (t)dt”"A,lL’i‘w A z(t)dt ~ 55 z(t)d ll
-4 B B
so that
4
: 1 [,
z—hirilo ZAfx (tyde
4

exists. Further z€ M and as (if s;, s,€ ') because of (4)
Ez[z (s;))—x(s5)] = Lim

4
A;ng [Ex*(t)[x(sl)‘*x(sg)]dt:

) [x(s1) —x(sp)]dt =

Il
§
o |
|~
\
&y
8

Ad—-0c ZA
A—s,;
1
= ] i — —1 =
im [ ydt Jinlefr(t)dt
—A 81 — A8,

we have according to (1) the wanted representation
m” = lim. — / z* (¢)dt. (8)

2.4. We shall now show that there ie a similar relation between the best
unbiased estimate m* and the best prognosis z (f), at least under some re-
gularity conditions. As the prediction operator is a projection and hence linear
and bounded, #(f) is continuous in the mean. We shall consider stationary
processes for which the integral

I= f&; t)d¢ 9)

— 00

exists. If xz(¢) is pureiy non-deterministic (see [8] and [10]) it can be re-
presented by means of a homogeneous orthogonal process & (u) as
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t

oty = [g(t—u)dE )

—-%
where

o

[1g()[?du < oo.
0
The convergence of

fwuzlg(u)lzdu<00 (10)
0

is a sufficient condition for the existence -of (9). To show this we consider
the quantity

lz® -+ k) —a®+ B)|?, 2> 0.

Introducing the prediction e () = Pr,(—,5 % (¢), which corresponds to a real-
ization observed in (— oo, b), we get

fZw®+h)—ax@®+h)||<|lz®d+h)—=z®+ k).

But we have (see [11] p. 65)

| oo (b + k) —x (b + A)||*> = fhlg(u)|2du
and thus (:L
|z@®+ k) —x®+ h)|P= flg(u) [>d u.
But ’
wx(b+h)=xzb+h)+[xb+h)—z(b+h)]
where the second term is orthogonal to the first one, from which follows

o«©

[la@)Pdu=z®+ k)]F =]

0

s+ WP+ le@+h)—z0+ B
and

2@ +mIP<[lo@Pdu
h

Because of the symmetry of the covariance function we get a similar inequality
for the extrapolation backwards in time. Now we get using (10)

[Ilz®+n)Pdh< [dh[|g@Pdu= [u|g@)]Pdu<oco
0 0 h 0

50 that according to Theorem 7 in [9] the integral (9) exists.
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We have
r(t) = jg(u) g(u-+t)du; gu)=0 for u<<0;

- —»

where ¢ (u) is absolutely integrable because of

oo

[ﬁg(u)ldu]zgfﬁr—»u f(l-l-uz”g(u VP du < oo.

Hence

’ B o

Iduflg(u+t)|dt£[f|g(u)|du]2<00
A — 00

B )
[lr@eldt=[lg)
4 —o0

so that 7 (¢) is absolutely integrable. Using this and (2) we get

1= fooEﬁc(t)[x(s)~m]dt= sz(t)[w(s).—m]dt=

Ellz(s)—
= fr(t)th constant for s€ T

{)dt==0, ie. that the spectral intensity corresponding to the

Supposing that j
0 is positive, there is a constant yp, such that

yfooﬁ;(t)dt=

Let us_apply the above to a process with the covariance function r (1) = e~#1l.
As is well known (see [14]) the best prediction has the form

frequency A =

b+ a)=ePoxd), a>0
z(t)=z(t), t€(a,b)
z(@—a)=ePex(a), «a>0

We get

’ o0 a b o

I f:l(t)dt = fe“”“‘”w(a)dt—% f:l;(t)dtJr fe‘ﬂ(‘ Yy (b)dt
— o0 a b

“) j O dt + g))

4 the estimate y I is unbiased and the best unbiased estimate

My = s6—a
has the form
' 509
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.b
z(a) + ) + p [ (t)dt
L T Y

which was proved in another way in [7]. For such processes for which the
best prediction depends only upon the last observed value of the realization
and a finite number N of its derivatives, the best unbiased estimate is the
sum of terms of the type

b
[z dt, z(a), z), @' (), ..., e ().

2.5. Tt deserves mentioning that it is not essential to the above that T' is
an interval. T may be any bounded measurable set on the real axis and the
results still hold. Consider e.g. the following problem. The process has again
the covariance function e—#!tl and the mean value m shall be estimated. It is
possible to observe the process in a given interval (4, B) but it is required
that the set of all time points of observation shall consist of at most n
disjoint interval situated in (4, B) and of total given length L << B— 4. How
are these intervals to be chosen in order to get maximum information about m ?

Suppose that the intervals are fixed. We can then construct the best unbiased
estimate of m in the manner described above, because for the given covariance
function the problem of extrapolation and interpolation is solved. The variance
of this best estimate is a function of the location of the intervals of observa-
tion. One of the solutions (there are several) realizing the minimum of this
function locates the intervals symmetrically in (4, B).

3. Asymptotic properties of the equidistributed estimate

3.1. In 24. we showed how m could be expressed in terms of the best
prediction '

a b 0
m* =y| [a@Wdt+ [a@dt+ [z@)dt]. (11)

b

The second integral can be used as an estimate of m because of its simple
iorm and especially because it does not depend upon the covariance function.
Let us form the equidistributed estimate (putting T = (— T, T))

T
my = 2—1T fx(t)dt. ' o 12)
i

If the process is purely non-deterministic the first and third terms in (11) will
be small compared to the second one. More precisely, we have shown in [7]
that if x(¢) is purely non-deterministic, so that there is at least one ¢ (1) whose
Fourier transform vanishes for negative arguments and such that F’ (1) = | ¢ (4) %,
and if there is one ¢ (A) satisfying this condition and
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) =g+ @ A(L+o0(1), 410, @0, (13)
then
. D(m*) _ "
i gy~ b (14)

Le. the equidistributed estimate is asymptotically efficient (in this linear sense).
Can it happen! that the equidistributed estimate is not only asymptotically
efficient but that already for some finite T

Dmk = Dm*?

As the best unbiased estimate is unique we must have mE = m® and be-
cause of (1)

Emglz(®) —m]l=c, —T=t=<T.
If the spectral distribution function of the process is denoted by F (1) we get

T o0
/r(s—t)ds=2f ‘”‘smlTldF(l)—cl, —TI=t=T.

-7 —o0
Derivation of this equation with respect to ¢ may be performed under the sign
of integration (see e.g. [4] p. 68) and gives

[eittsin TAdF () =0, —T=t=<T.

Putting t = — T and ¢t = T and subtracting the two resulting equations we
obtain

[sin? TAdF () =

Hence the spectrum must be empty except perhaps for the frequencies

z:"T”,n=o, +1,+92,....

To show that this condition is also sufficient we have only to consider the
expression

Emz[z(t) — LTf (s—t)d

! This question was raised by Prof. CRAMER at a seminar on stochastic processes in
March 1950.
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But
* %2
r(t)= X AFne T
where A F, are the saltuses of F (1) in the points 1 = n]{z. Hence

Emi[z(t) —m]l=4F,, —T<t=T,

which implies m% = m*. One has to observe however that if m% is efficient
for some value of T it does not follow that it is efficient for all larger val-
ues of T.

3.2. The condition (13) can be replaced by another which is given directly
in terms of the spectral intensity F’ (1) = f(A). Although it is presumably far
from necessary it is sufficient for our purpose.

Suppose that we consider a purely non-deterministic process with an integral
valued time parameter; further let f(4) be positive and have continuous de-
rivatives of the first and second order. Then (13) is satisfied. To show this
we use Wiener’s construction (see [14]) of ¢(1). The function Jog f(4) is con-
tinuous together with its derivatives of the first and second order. We can

develop in (— =, )

log /(A) = 2y ei*?

—

and we have

o0
20ty P <oo.

Putting
BB =T+ e
2 1
we have :
Reh(A) = 1 log f(A).
If we put

¢ (4) = ¥
which can be developed in non-negative powers of ¢* we have

| (A) ] = es’® = f(4).
As

0 BN 4
Sobnl =]/ SESwinp <o
1 171
the functions % (A) and ¢ (1) have a continuous first derivative as stated.

4. The linear processes

4.1. Any wide sense stationary process, which is continuous in the mean,
can be written as the sum of two wide sense stationary processes
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z(t) =z (8) + 22 (2)
where

t
[xl 0 = [o@—ud ()

(15)
2o (t) L 2y (s) for all £ and s.

& (u) is orthogonal and |[d & (u)|? = du, flg(u) [>dw << oo, z; (¢) is purely non-

0

deterministic and 2, (¢) deterministic (see [8] and [10]). In applications x, (f)
either vanishes or is of some simple form, e.g. a finite trigonometrical sum
with random amplitudes.

It is possible to give (15) a simple physical interpretation. Let us consider
AE(u) as a series of random shocks entering a linear filter characterized by
the transient function ¢ (¢). x;(¢) is then the output of the filter. In many
cases it is natural to assume that the increments of &(u) over disjoint inter-
vals are not only uncorrelated but also independent. Using the terminology of
Bartlett x; (¢) is then called a linear process.

In this paper we shall from now on deal with the case of an integral valued
parameter. With some obvious modifications the results of 2.1.—3.1. hold in
this case also. The processes shall be linear

Tn = zayé:n‘y, — 00 < p << 00, (16)
r=0 ,

where the &s are independent and identically distributed with finite var-
iance. Let

2 |an| < oo

=0
According to a theorem of Kolmogoroff the sum in (16) converges then almost
certainly. We shall have to introduce a more stringent condition later on.

4.2.1. Let z, be a stationary (strict sense) process whose realizations we

denote by w = (... x_1, g, #; ...). The sample space consisting of all w will
be denoted by . If F(w) is a function which is measurable and quadratically
integrable with respect to the probability measure defined on £ and if the
usual operator of translation is 7, then

Yo = F[Trw]

is evidently a stationary (strict sense) process.

4.2.2. Let z, be ergodic, i.e. for every f(w)€ L, (£2) the limit
n .y 1 X A
— R n
o~ im ke 3 1271
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which exists almost certainly according to the ergedic theorem, reduces to a
constant '

@) = Ef ().
Then it is self-evident that also y, is ergodic.

4.2.3. Suppose now that F (w) depends only upon the values of ... z_a,
4/1;»-1, mo.

Flow)=F(...z_2, x_1, x).

Further let z, be a linear process. It is then automatically purely non-deter-
ministic. The process

yn=F[T"w]—EF [T "w]

is also purely non-deterministic. To show this let us assume the contrary.
The Hilbert space spanned by y, for v <n will be called L,(Y; n) and
lim L,(Y;n)=L;(Y; —oo). Under our assumption there exists a non-vau-

B> —

ishing element z(w)€ Ly (Y ; —o0)= Ly (Y; n). The last relation holds by detini-
tion for all n. Now it is known (see [6]) that

lim E[z(w)]|én, i1, .- .] = 2 (o)

N> - 00

almost certainly. But as z(w)€Ly(Y;n—1), it is the limit of functions not
depending upon &, &,+1, &ns2, .... Then

z(w)=Ez(w)=0

contrary to our hypothesis.

4.2.4. Starting from a purely random process & and defining the func-
tion F as

F o] :zo“” &y, ZOI a, | < oo

y=

we get a linear process

xp=F[T "w]= Y aéns.
r=0

As a simple application of 4.2.1.—4.2.3. this process is strictly stasionary, er-
godic and purely non-deterministic.

4.2.5. Now we shall consider a special functional of the realization, viz. the
equidistributed estimate

S|~

n
mE = =Dz
1
which has been considered above.
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This estimate is asymptotically normally distributed according to a the(_)rem
of Moran, who has shown [13] that the central limit law applies to the linear
processes 1f

|§a,|2 = 2 f(0) = 0.

Moran gives an example of a linear process for which 7(0) = 0 and for which
the central limit law is not valid.

5. Introductory remarks on the estimation of the covariance sequence and
the spectral intensity

Suppose that we have observed the process z, in a finite number of points
and have got a sample (x—y, 2_n:1, ... Ty_1, zy). To simplify the problem
let Ex,=0. It is required to form a function of the sample and of # in such
a way that this function can be used as an estimate of the covariance se-
quence r,. Because of the Fourier representation of r, this is equivalent to esti-
mating the spectral intensity f(4). Some special cases, e.g. when x, is an
autoregressive process and the problem is reduced to estimating the parameters
in the characteristic equation, have been studied a great deal. It seems im-
portant, however, to consider this problem of estimation more generally without
restricting the type of process too much. This has been pointed out especially
by BartrETT [2].

As = Ex,o,1n 1t seems natural to consider some quadratic form of the
sample values

n = gn(T-n, ... ZN) (17)

as an estimate of the covariance sequence. In the same way we can choose
another quadratic form

') =Qz_x, ...ax; ) (18)

as an estimate of the spectral intensity. As

l Tn = fei“f(l)dl

(19)
lf(/l)z o 3 e

where the second formula holds in the cases we are going to consider, it seems
natural to connect the estimates in the corresponding way. Further the estimate
f*(4) of the spectral intensity shall be non-negative; r; is then an admissible
covariance sequence because of (19).

In addition to these conditions we want some criterion in order to be able
to choose between all existing estimates of the above type. To do this we
shall study the mean value, and, though in general no unbiased estimate of
f(2) exists, we can study the deviation E f*(1)—f(4) and try to make it small
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in some sense. As the estimates introduced above are quadratic forms in the
sample values, the knowledge of the covariances of the process is enough for
the determination of Ef"(1). To study the sampling fluctuations of the esti-
mates we consider their variances. But to be able to determine these we must
in general know the moments of the process up to the 4th order. In order to
avoid complications we shall now introduce the assumption that the process is
normal, so that its distribution is completely specified by the mean value and
the covariance function. It must be admitted that this condition is of a rather
Testrictive character, but we hope that, if these processes can be treated satis-
factorily, the general case will be considerably clarified.

In addition we shall from now on suppose that f(A) is 1) positive, 2) con-
tinuous together with its two first derivatives. This regularity condition which
is presumably far from necessary will be denoted by (R).

6. Estimation of the correlation sequence

Having observed the sample (z—y, . .., zy) we want to estimate 7, = Ea, @ 1 5.
We possess the following 2N + 1 —|n| unbiased estimates of 7,

T-NT-N+|n|, T—N+1L—N+1+]n|, - - -» EN—|n| TN - (20)

If [n|>2N it is evidently impossible to give an unbiased estimate of ry.
Combining the estimates (20) linearly we get

N—|nl
= Zch Ty Ty + |n) (21)

y=—

and to make this estimate unbiased we have to put

The estimates are then of the following type

N-—-n
® .
m= 2 Mz n=0

y=—

i =1y DM =1 (23)
m=0; |n|=2N+1..

For a fixed n we want to choose the ¢’s to minimize the variance D?7;.
Introducing the process ¢, = @, z,+» which has mean value 7,, the problem is
formally reduced to that studied in 2.1.—3.2. and there is a unique solution.
One has to observe, however, that in the present case the unknown parameters
ro enter also into the expression for the covariance sequence of the y-process.
The asymptotically best estimate can, however, he explicitely constructed. We
shgxll use the identity
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Ex1$2x3x4 = Ewl xgEx3x4 + Em]_$3E$2x4 -+ E$1W4E$2x3 (24)

valid for normally distributed variables with mean zero. The y-process has
then the covariance sequence

1Y) =15 F TosnToen. (25)

The corresponding spectral intensity is then

ff fO—u)[l+ cosn(d—2u)]dpu. (26)

From (26) follows that 1) f,(4)>0 and 2) f,(4) is continuous together with
its two first derivatives, so that f, (1) satisfies (R). Then the equidistributed

estimate
1 N—n

" —- n 27
Ry o l_m_E_vawH (27)

18 an asymptotically efficient estimate of r, as N tends to infinity. Its variance
is asymptotically

D2 {ryy ~ 2Wn [fz (@)1 + cos 2nuldp. (28)

When N tends to infinity the estimate

on = 5 Z\' 1 Z_Nx» Ty—n (29)

is asymptotically equivalent to 7.

7. Some properties of the periodogram

When we turn to the problem of estimating the spectral intensity a rather
natural way to proceed would be the following. In 6 we have shown that
on is in an asymptotlc sense the best estimate of 7,. To estimate f(1) we
could then put g instead of 7, in (19) and obtain

1 N
z %, Ty e to—mA —

hd _ = *—ivd
ra 29 2a@2N + 1), Sy

1
T2x@2N +1)

—w}.

This is nothing else than the periodogram which was originally devised to
detect hidden periodicities. It is usually used in practice also as an estimate
of the spectral intensity.
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Let us introduce the notation
2

zxelvl.

y=—N

1

Iv0) = 5N o)

If we have the spectral representation

E14

Ty = fei“dZ(l)

—n

we get

N .
z x, e—'LvA —

v=—N

/" sin (N + 1) (0—2) 4,0 (30)

. sinl_l
S 3

Hence

Tt

I—2
(% 1 2
- sin 5

which tends, according to a property of the Féjer kernel and because of (R),
to f(A) as N tends to infinity. This fact that Iy (1) is an asymptotically un-
biased estimate of f(1) has been made an argument in favour of using Iy (4)
as an estimate of f(4).

To compute the variance we note that (24) can be extended (e.g. by analytic
continuation of a polynomial from the real axis to the point z = ¢) to the case
when the variables can take complex values. We have using (24)

EIy() =2[E|ZPP+ |EXZ2),

where

— zv}.
2- 27t(2N+ ,_ZNW

and hence

D {Ix (W) = [E|E|2]2 +|Ex2p =

1. r sin® (N + 3I—2) 2
- [2n(2N+ 1)f 1= f(l)‘”] *

s

S 9

1 Fsin (N + 3) (@ +4) sin (N +3) (01— A) J
+[2n(2N+1)f Ny =7 f(l)dl] (31)

sin
—n

As f(4) is a symmetric function D?*{Ix (1)} tends to 2/*(Z) >0 resp. /*(1) a
N tends to infinity when A2 =0 resp. 4 =+ 0. Hencg the periodogram is not
even a consistent estimate of the spectral intensity.
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To see whether Iy (4) converges in the mean to some stochastic variable I,
which then would have positive variance, we consider the expression

Elnly=EIyNEIy + |E2N§Ml2 + IEENZMP-
But

EZy2y =

1 C[sin (N4 32 sin(M+HA+A
f 1= Y A
Sin 2 Sin 2

T 2aVENT ) EM 1)

-7

Fixing N and letting M tend to infinity we obtain using a property of the
Dirichlet kernel
lim EZy Xy =0,

M-—>c0
and analogously B
hm EZN ZM = 0.
M—o0
Hence
lim lim ElyIy = f*(A). (32)

N—>o0 M->o0

But we should have

lim lim ElxIy — lim EIyI — EI? = lim EI% = 2 2(2) > 2 (4).

N—oo M-—»on N—xo N—oo

Hence the suite Iy(A) does not converge. That Iy (2) shows no regular be-
haviour when N increases has also been observed in practice (see e.g. [2]).

If A is considered as a parameter we get a new stochastic process by forming
Iy (4). We shall introduce its covariance function

Ry (4, p) = cov [Ix (), In (p)]

and get
B 1 [sn @+ D@ Dsn N+ H0—p),, ]
RN(Z"”)"[zn(2N+1)] 1= l—u f(l)dl] *
_% sin —— sin 5=
1 Fsin (N + 1) (1—A) sin (N + 3) (0 + p) 2
+ [gn(aN +1) ] i LA NS f(l)dz] . (33)
J 5 s

DanIELL has shown that the correlation tends to zero when N tends to infinity
(1] p. 90).

Summing up we can describe the behaviour of the periodogram for large
values of N in the following way: Iy () will fluctuate about f(4) but will in
general not tend to this or some other definite value when the sample number
increases. As Ry (4, u) tends to zero, Iy(1) and Iy () will be uncorrelated
(and even independent, see [12]) in the limit. The curve will hence show a
very irregular appearance,
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There is a simple paradox here. Although we have used the estimate g3,
which in 6 was shown to be asymptotically efficient, we have got a very poor
estimate Iy (A). This can be explained in the following way. In 6 we were
mainly interested in estimating r, for = fixed, i.e. a single covariance. But
when estimating /(1) we have to estimate all the covariances at the same time
and this constitutes an entirely different problem.

8. A class of estimates of the spectral intensity

In this section we shall introduce a class of estimates of the spectral intensity.
In (19) we shall insert some estimates of the covariances instead of r.. Al-
though we know that p; is an asymptotically best estimate of r,, it is clear
that for a fixed sample number N the estimates g; will be formed by a smaller
and smaller number of the observed values when n increases. It is then natural
to introduce some weighting factors w, (1)

F@ == 3 w@erei (34)

and choose the w’s in order to get a good estimate of f(4). The w’s may depend
on A. It has to be observed that they cannot be chosen completely arbitrarily
because f*(4) should be non-negative. Hence

1 N .
* - — —ilr—pA > (.
o) = enN+ 1),,,,=Z_Nw"*‘ (#)e % =0

Separating the real and imaginary parts of w,e” * we get
wye "t = o, + 18,

and
N

N
Oy Ty Ty = 0 > Bz, =0. (35)
yu=—N v, u=-—N

(35) implies that a«, shall be a positive semidefinite sequence. Then there exists
a bounded non-decreasing function W,(l) so that -

o = [P d W, (). (36)
We thus get the following representation for the estimates under consideration

@)=

1 ¥ a . ,
TR EN T, 2 %% [ ST = [Ix@dw. (. (37)
. nH=— —x —n

Wi(l) can be chosen so that AW (l)= 4 W (—1), which is supposed in the
variance formulae.
- Especially if we choose W;(l) = ¢(l —A) we get the periodogram

17 (A) = In(4)
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which, as we have seen in 6, is not a satisfactory estimate. It seems more
promising to choose Wi(l) as an absolutely continuous function with a de-
rivative

dwWi(l)

= (). (38)

If for different values of 1 we just translate the weighting function we get

Will) = W({l—2) (39)
and

wy (D) e? = [ AW (1 —2) = e [ e dW (u) — w, €.

-

Thus
1 v A
#* — * iy 4:0
() 2n§m&e , (40)

and the weighting factors do not depend upon 1 when the different weighting
functions have been generated by translation.

In [1] p. 89 DawieLL proposed (starting from another point of view) aver-
aging the periodogram over neighbouring frequencies. That is a special case of
(37) which will be studied in 10.1. ]

For a given estimate we can calculate two coefficients £ and & measuring
the errors in the following way

[Ef*(3) — Q)P dA

& =

?-‘ll\;l

e = [ DE{f*(3)) da.

P S,

From (40) one gets

e N [w IN+1—|o] ]2+ .
7ol 2N +1 b=SW+1
2N+1
&y = Z vaz{Qf}
—2 N1

We also have

JEU @)~ tFdr= e+ o

9. Estimates with an absolutely continuous weighting function

9.1. Consider the estimate

f*(4) = f’IN(Z)wl(l)dl
A -

e

where w; (1) is a quadra;tieqlly integrable function in (—m, ). We have
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Ef()= [EIvQ)wi()dl. (42)

Using the representation of E Iy (1) in 7 and the condition (R) it is seen that
E Iy (2) is uniformly bounded, and as it tends to f(I) we get

lim ) = [ F()us @)l (43)
N—oo —n

To get a simple and meaningful estimate we let w(u) be periodic with the
period 2z and put

((w() = wi— 2
| ww =0, |h<lu|<=

w
. (44)
I fw (u)du = 1.
)
Then we get the estimate
A+h
Fay= [ In®w@)dl (45)
A—h

which is an asymptotically unbiased estimate of the spectral mass situated in
the frequency band (1-—#%, 4 + k). We can say that the resolving power of this
estimate is limited to frequencies differing at least 2 A.

To evainate the variance of estimates of the type under consideration we
use (33). We have putting w;, (1) = w ()

b4 n

Dif*(20) = [ [ BY (L mw@wimdidp

—n —n

and then

472 @N + 1 DR (ho) =

N 7T

= ‘ in(u—A)+im(u—g) +ik(@—D+il(v—p) . (A dudvdudi=

e [T ’ 1)} (v)w(2)w(p) dudvdp
N

= 2 TntmTh+lWnik Wml.  (46)
n,m,k,l=—N

Here we have denoted the first term of the right side of (33) with RY (A, u).
The second term gives also the sum in (46).
Introducing the quantity

o0

S, = 2 I n Wniy l (47)

n=—oo

we get using (R)
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ol _ 2wl

S, .<_n=_w(1 + |n[)2r,z=§w A+ [0 écn:_w(yljlnw’ (48)
and .
vziosf <ec jwl wnl* X (ﬁlﬁﬁv‘bz < oo
Hence we have absolute convergence
i |70 W49 T Wi 55 | << 0O, (49)

n,m,y=—oQ

Returning to (46) we have

272N + 1P D*f* (Ro) = X c(o, B, ) Tatp iy Warp—y

@B,y
where
0=<c(a, B,y)<2N +1
and
¢ (o, é’ y) - _)
AN+ 1 1 as N — oo,
Because of (49) we get

lim 222 (2N + 1) D f* () =

N—>oo

Hence we get the a:msymptotic

D? f* () ~

z Tn Wn iy Tm Wn+vy =

n, M, v—=-—0o0

o0

-3

y=—00

[ 3 mwn+,:|2: 8 2 fnwz(l)f?(l)dl.

relation as N tends infinity
2z [
N

-7

wt ()2 (1) dl. (50)

As this expression tends to zero for large values of N the stocha§tic variable
f* (A9) converges in probability to f(1) so that the estimate is consistent.

9.2. If we consider only the asymptotic behaviour of f*(1) its variance can
be minimized sukject to a condition of unbiasedness

and we then get

Wi

- and

doth

[ w,(di=1
Y=h
1 1
(l) = fz (l) Ttk
Ry
()

A—h
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Fi4

Min [ b PO~ g

et S
f i’
1h

If the spectral intensity does not vary too much in (g — A, Ay + k) so that
f() can be considered as approximately a constant we can take a constant
weighting function as the best estimate in the class considered.

Usually we do not know anything about the form of f(1) so that the best
welghting function cannot be determined. Then it seems still natural to choose
a constent w(l), at least from the point of view of getting simple computations.

9.3. The greater 2 is chosen the smaller resolvibility do we get. Let us
call this uncertainty A; and give it a gquantitative meaning by putting 4, = &.

The sampling variability gives rise to another uncertainty, say 4,, and we
shall take 4, as proportional (at least asymptotically) to the variance of the
estimate:

Ay = f wr () 12 () dl.
Consider the product of the two uncertainties
A= A,4,=h fwz(é)fz(i)dl’
Irrespective of the choice of w(l) we have because of (51)

1

Toth

4=

The right side is a positive continuous function of % so that there is a positive
number A4 (f) depending only upon f satisfying

4= Ay (h). (52)

From this ‘“‘uncertainty principle”” follows that if we want high resolvability
we have to sacrifice some precision of the estimate and wvice versa. As an ex-
treme case we can consider the periodogram which is asymptotically unbiased
but not even consistent.

It is possible to extend (52) to estimates whose weighting functions do not
necessarily vanish outside some interval (A, —k, 4y + h) < (— =, ©). In order
that the estimate shall still possess a sort of asymptotic unbiasedness we shall

demand that f w(l)dl =1 (see (37)). To measure the résolvability we introduce

the quantities
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[ i= j!lw(l)dl

lAi =+ l/ fn(l—Z)zw(l)dl

We can consider w(l) as a frequency function for a stochastic variable / taking
values in (— &, #). The above quantities are then the mean and the standard
deviation of this variable. Using the inequalities of Schwarz and Tchebycheff
we get

n a+2 47 T ,
! L P[ll—2] <2 4] 9

2 > 2 ol § AL Bt 2 A

_[’w (l)dl_I_zfA'w(l)dt_ i 6 A

Hence
’ ’ ’ r 9
A= M AzZlel_{wz(l)dlzaiF>O,

so that (52) is replaced by
A" = Ao (f). (52 a)

10. Some special estimates with absolutely continuous weighting functions

10.1. A simple form of the estimate is obtained when w (1) is chosen as a
constant in (1 —#%, A + 4). We then get (supposing 0 <A1—h <A+ h<m)

Fw= s [ v (53)
with ﬁ:[; o
lm B () - 55 [ 101
:’; (4)
2 [ T 2
D*/ (/1)~zh72\£_[f W dl.

The corresponding weighting factors are according to (39) and (40)

h

_ 1 i1 gy 1sinvh
W, = 2 h € (ll = k »
~n
8o that
1 2N+1 1 . .
ffA)=5= X —sinvho e A

275—21\7—-1 }I,’V
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10.2. Bartlett has proposed an estimate which we shall denote f&(1). For
the motivation we refer to [2], where this estimatée has been applied to Ken-
dalls artificial series. Let 2N + 1 = nm where n and m are positive integers.

Then

pw-L S (1= oo (55)
2nv=—n+l n '
so that |
v|
Bay=-1 S T e (56)
B(~) 27!7——n+11 ‘lev
nm

To study f& (1) we introduce a modified form of this estimate

1 n—1 lp} X
m . 1— 20y o giva, 57
pw - S (1=2)ae @)
The weighting factors are
1— 2] s lv|<a
wm = " (58)
0 , |vl>n
and the weighting function
sin? 27
) = 1 24.
Wl gam 1 (59)
sin® 5

As EIy(A) tends uniformly to f(1) we get from (37) after a simple reasoning

lim Efu(d) = /(). (60)

m, >0

To get an asymptotic expression for the variance we have to modify the
deduction in 9.1. if » and m are tending to infinity in some arbitrary manner,
because in the present case wy (1) depends upon n and varies as » and m tend
to infinity.

Consider the sum

S | =t
i M.e

B )
>3 S [, ) |. (61)
B=58 y=v:

As |w(:‘)| =<1 and as at most 2n + 1 weighting factors appearing in the sum are
different from zero we get immediately

S<3Z|fa| Zlfﬁl

a=ay
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Hence the sum (49) divided with » converges uniformly in n. But then

9 mD () = 5 €% By Y) rarswy Wayp—y _
2 m D fm (4) a,gy 2N +1 n
_1 ol B, 7),) TaTp Wy Watp—y
= ha%ymﬂ Wy Wakp—y 52? (1 AN + 1 "

and because of the uniform convergence, which has just been shown, the sec-
ond term tends to zero. Hence, after some calculations of Fourier type,

{%fz (0), 4=0.

Lim m D*{fn (1)} =

#, Moo $12(2), A=0.
Putting
1—7
— " vl=n
uP =1y _ ¥
nm
0 , |vl>n
and

= ) — g
v, = u™ — w,

we see that to f3(4) — fm (1) correspond the weighting factors v,. But if [v|<m

Ly

1w n 2 .

o= e =] = L2 2
nm

otherwise v, = 0. (We have supposed m =2.) From this follows that

B0 = /@1l < X

and using (60) we get
' im Ef5(2) = f ().
We have
vons_ N = 5[ Sl
N g, 8,y=—-cc @ty ¥ m2 -
so that

lim m3 D2 {f% (4) — fa (1)} < co.

From the triangular inequality we get
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s —Efll—Nm—Efml| <IfE—fn—E¢E—f) = Ds—f2)

which is at most of the order m™*. But ||fo— Efill = D(f3) is of the order
m™*. Hence

. . (4P, 2
lim m D*{f% (1)} = lim m D?{fn(A) (62)
00 1, M—o0 22, A0

Bartlett’s estimate is asymptotically unbiased contrary to those of the form
(63). It would be possible to make these unbiased in the limit too by letting
h tend to zero as N tends to infinity. Because of the uncertainty principle
we must be ready, however, to sacrifice some precision of the estimates if we
want higher resolvability. The variance of f%(1) e.g., has a variance propor-
tional to m~! = n- N~1 which is infinitely large compared to the variance in
(64) when % tends to infinity. — One could define the asymptotic efficiency
of an estimate /5 e.g. by putting

min 4(/°, /)
A0

e(fs, f) =

>

or one could use A’ insteated of A.

11. Some remarks on the case of a continuous time-parameter

11.1. In sections 5—10 we have only dealt with processes whose parameter
takes integral values. There seems to be no essential difficulty to extend the
methods used to the case of a continuous parameter. In this section we shall,
however, only point out some possible ways of approximating a continuous
parameter process with a discrete one and show what the consequences are for
the problem of estimating the spectral intensity.

11.2. Let z(t) be a real-valued stationary process with medan value zero and
covariance function r(f) with corresponding spectral intensity f(4)

r(t) = fei“f(z)dz

The process is only observed in the equidistant time points %, where 4> 0
and » runs through the integers. Call the observed process x,. Its covariance
function is then

r, = fwe““f(l)d}. = fne""f;(l)d}., - (63)

z,(l+2nn) | (64)

The sum converges for almost all . As is easily seen it is no use trying to
find a consistent estimate of f(A). Because even if we knew the probability

where we have put
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distribution of {z,} completely we could only calculate fx(4) which does not
determine f(A) uniquely. But if A is so small that the spectral mass outside

the frequency band { — can be neglected, then we need only consider the

Tz
)
term corresponding to » = 0 in (64) and f(A) can be calculated (approximately).

11.3. Sometimes it may be more realistic to suppese that what we observe
is not z, = z (v k) but

(See [11] p. 387.)
The eovariance sequence of y, is found to be

L b

sin® —
4 . 2
oY) = 35 fe”“ *—ﬁ—f(ﬂ)‘”-

- 00

o0

Hence its spectral intensity is (see (64))

() =5 sin® g At onmp (65)

If we use a y-sample to estimate f,(1) we make a systematic error because for
—n <A<z we have

.9 A . g A

sin® sin® =

2 2

Gronmp bt 2

which is less than one if 1 is differemt from zero. Hence we underestimate
fz(4) especially at the extreme ends of the spectral interval. Let us again
suppose that % is sufficiently small. Then

4 sin 3 /2 4 sin? %
=g —1(})= 5 kw

2

.and

2
=2 1.

4 sin? 7
sm2

-except perhaps in the neighbourhood of the points t+ .
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11.4. Suppose that we observe the z-process defined in the following way.
Introduce a stochastic variable A whose characteristic function is ¢ (1) = E et 4%,
On this variable we make independent observations 4,, v =0, £ 1, + 2, ... Put

z=xz@+ A4,)

We get the covariance sequence

Fou(2) = E f GO -WRA+IA, =00 | () d ] =

- 00

‘ Jee-mlpmnPiar v+

— e

] [t@yda if v = u
The corresponding spectral intensity is »
1& A+ 2
B =3 e+ 2am k(A2 4 (66)
where
c= [IM—lpmP1da
As

[Ldi= [1wdi- [f@da

the total spectral mass (the variance) is the same for the z- and z-processes,
only the distributions of the mass differ. If we again suppose that A is suffi-
ciently small one finds

EA=e) Pl@) +

Hence by using the z-sample to estimate the spectrum of the z-process one
overestimates the spectral intensity for frequencies where | (1)| is near 1 and
underestimates it where |g ()| is small.

If we take A4 to be rectangularly distributed we get

12. We shall point out some questions in connection with empirical spectral
analysis which have not been studied in this paper:

1. We have all the time supposed that the mean value of the process was
zero. In practice this is not known. Is it then approprlate to base the cal-
culatlons upon the values z, = z, — % ?
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2. Asymptotic expressions for the mean value and standard deviation of
f*(A) have been given. Omne should like to know also the asymptotic distribu-
tion of the estimate.

3. Is it possible to extend the results to non-normal linear processes, e.g.
using 4.2.5?

4. In order to study f*(4) for small and moderate values of N one could
try to determine K f* (1) and Df* (1) exactly for some process of simple type.
The result should be compared with the corresponding asymptotic expressions.

It would also be interesting to study various forms of estimates by calcu-
lating them from artificial time-series with known spectra.
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