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Propagation of analyticity of solutions of partial
differential equations with constant coefficients

By KARL GUSTAV ANDERSSON

1. Imtroduction

In [6] L. Hérmander discusses the following problem: Given an open set Q in R”,
two relatively closed subset X;, X, of Q and a partial differential operator P(D)
with constant coefficients, which is then the smallest set X <Q such that

s8.Uc X, ss.P(DYUc X,=»s8.UcX, UED (Q). 1.1

Here s.5.U denotes the singular support of U, i.e. the smallest, relatively closed
subset of Q such that U is an infinitely differentiable function in Q\ s.s.U.

In some cases the problem has been solved completely. Let P,(D) be the principal
part of P(D). P(D) is said to be of principal type if grad P,,(£) +0 when £ER" =R™
{0} and P(D) is called real if it has real coefficients. If P(D) is of principal type and
P, (D) is real then a line with direction grad P,(&), for some & ER™ satisfying P,(£) =0,
is called bicharacteristic. The following results are known [4, 6, 11]:

Theorem 1.1. Suppose that P(D) is of principal type and that P,(D) is real. If L is a
bicharacteristic line and I is any closed interval (finite or infinite) contained in I, then
there is a distribution F such that s.s.F=1I and P(D)F s infinitely differentiable
except at the (finite) endpoinis of 1.

Theorem 1.2. Let P(D) be as in Theorem 1.1 and let H be a closed cone in R" confaining
one half ray of every bicharacteristic line for P(D) through the origin. Then there is a
fundamental solution E of P(D) with s.s. E< H.

These two thereoms together easily give:

Theorem 1.3. If P(D) is of principal type and P,(D) is real then (1.1) is valid if and
only if
X XN X, and, for every bicharacteristice line I, the set X contains any com-
ponent I of 1N (QN\X, N X,) such that I <X,. (L.2)

The main purpose of this paper is to prove that Theorem 1.3 is valid also when
infinite differentiability is replaced by real analyticity. To do so, we will extend
Theorems 1.1 and 1.2 to the anlytic case. Theorem 1.1 extends word for word, but in
the theorem corresponding to Theorem 1.2 it seems necessary to strengthen the as-
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sumption as follows. If § is the set of all bicharacteristic half rays through the origin,
we will suppose that, for any b €.S, the set H contains a neighborhood in S of either b
or —b. The weaker result that P(D) has a fundamental solution, which is analytic
outside all of S, has been proved by Tréves and Zerner [10] (see also [1]).

Our version of Theorems 1.1 and 1.2 will be valid for & much more general class of
differential operators than the one consisting of operators of principal type with real
coefficients in their principal part. In particular, all hyperbolic operators are included.

The construction of the fundamental solution £ will be carried out roughly as

follows. We cover R® by open cones A/, [=1, ..., p, such that in each cone A’ there is
defined a bounded C® vector field &—>v(£) satisfying P(£+#/(£)) 0. Following
Hoérmander [6], we then construct a partition of unity {¢,}{-, in C*, subordinate to
the covering {A'+4iR"}{.,, such that 94,() tends very rapidly to zero as { tends to
infinity in some open cone in C" containing A’ and put

Ey)= 2 Ey),

=1

where E'(y) = (2m)™ f <UD P()1g,(8) L. (1.3)
L=E+ivi(d)
Of course, this has to be interpreted in the distribution sense.
In order to show that E'(y) is analytic at z, we shall construct a vector field
& > uwh(&), such that for some £¢>0

(i) P(&+1iswh(£))+0, when £€A! and 1<s<¢|£|
(i) P(§+i(twi(§) + (1 —£)v'(£))) +0, when £€A! and 0<¢<1
(ili) (=, wh(£€))> =¢, when EEAL

When y is close to z, we then obtain by means of Stokes’ formula

E'(y) = (2n)""f ¢ P P(E) i (E) Al + (2N)‘”f VP P() T y(C) AL
v

¢ = &+1s&]wkE)
+ (23)"‘f O P(C)ag,(C) d,
B

where y is compact and B is an (r+1)-dimensional chain in €. The first two terms
obviously define functions holomorphic in a neighborhood of z. Furthermore, mainly
because d¢,({) tends very rapidly to zero as |£| tends to infinity, this is also the case
for the third term. However, we have to choose our partition of unity {¢,} much more
carefully than in [6]. The construction we give in section 2 was suggested by Lars
Hérmander. In section 3 we analyze the possible choices of the vector fields wh.
Here we follow Atiyah, Bott, Garding [2] very closely. The extensions of Theorem
1.1 and 1.2 are proved in section 4. The distribution ¥ occurring in Theorem 1.2 will
be constructed in much the same way as E'. The main idea will be to insert a factor
e® in the integrand in (1.3). These theorems will then be applied in section 5 to
prove Theorem 1.3 with infinite differentiability replaced by real analyticity.

We should mention that at the Nice Congress Sato [12] announced that, for
operators of principal type with analytic coefficients and real principal part, results
similar to those of this paper had been obtained for hyperfunctions by Kawai,
Kashiwabara and himself.
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2. A partition of unity

Let K be a compact subset of the open set Q< R" and let  be a function in C§°(Q)
equal to 1 in a neighborhood of K. Suppose further that y is a non-negative function
in C°(R") with support in {; |£| <&} such that [y(£)dé=1. With y(&) =7"x(j§)
we form the following convolution

- k47"
Yi w*lsl;lik * X in 2.1)
where [a] denotes the integral part of the number a, f*@=fx .. xf, [a] times, and
Ihi<ica*fi=f, % .. %f,. Then 9, €C5(Q) and equals 1 on K if ¢ is small enough,

independently of k. By letting the derivatives fall on different y,:s one easily verifies
that

| D*p(&)| S M(c2k)e, || <-4, (2.2)

for some constants M and c.

Constructions similar to the one above have been used for a long time; see e.g.
Mandelbrojt [7] or Ehrenpreis [3]. The one we have chosen is tailored to ensure that
there are functions ¢ belonging to the class L{A) which we are now going to define.
The funetions in this class have the important property that their Fourier transforms

are analytic in R”.

Definition 2.1. Let A< R" be an open cone. By L(A) we denote the set of functions
$ €C®(R™) such that supp $< A and, for some constants M and ¢,

| Deg(8)] <M |&|(c2")a, if 4[| <[£].

Lemma 2.1. Let {A"}., be a covering of R* with open cones. Then there are ¢;€ L(AY)
such that 254,(&)=1 when |&| >1.

Proof. Let {g'},~, be a partition of unity in {§; 1/3<|&| <8} with ¢'€CF°(A"), i.e.
219'(£)=1 when 1/3<|£| <3. Apply the procedure described above in order to get a
sequence {gk}, k=1, 2, ..., of partitions of unity in {&; 1/2<|&| <2} with g}, €C5*(A"),
such that

| Degic(&)] < M(c2~k)'!, when 47|« <k.

Starting with a function b€CF({&; |£] <1) which equals 1 in a neighborhood of
{& |&| <1/2}, we obtain in the same way functions b, € C3°({£; |£| <1})equaltolina
neighborhood of {¢; |&| <1/2} such that

| D*by(8) | < M (c2-7k)'«, when 47| «| <k.

Put yi(€) =g(&[k) and (&) =be.s(§/k+1) —by(&/k), k>1. Then k/2<|§]| <k+1 for
any & with (&) +0 and 2,y}(£) =1 in the support of y,. We now define

(O = T 2(E)PHE).

By first summing over ! and then over it follows that T ¢,(£)=1 when |&] >1. It
remains to estimate the derivatives of ¢, If k<|f|<k+1, then 4*|a|<|§]
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if and only if 4*|«| <k. Furthermore,

(&)= i< > fo(f) 7’5(5)-

i<2k

According to Leibniz’ formula we have
DA EN = 3 D) D~ (6)all (= )L B,

where, as usual, § <« means §;<a;, V;, and «! means ][], o;!. Now (2.2) together with
the binomial theorem give that

l ‘Da(xi(é)}'}(é)) | <2'“IM(62-V)IG|.
| D?,(8)] <M1|§|(¢;12-—u)lal

Thus

with some new constants M, and c,.

We are now going to extend the elements in L{A) appropriately into the complex
domain. The construction is similar to the one in [6]. Let A€ C(R) have its support
in {t; £>0} and be equal to 1 when ¢>1. Given ¢ € C°(R") we define

B(& +in) =2 (&) (in)"AM| €| — (Joc| + 1)) ex!. (2.3)

Lemma 2.2, If $ EL(A) is extended into C* by (2.3), then there are positive constants M
and ¢ such that

§¢A=¢(E+in) =0 (2.4)
M(|n| +1)<|&| = |8(£ +im)| <M |&|e 2.5)
M2¥(|n] +2)<|&| = |p(& +in)| <M [£]%ct®. (2.6)

Proof. (2.4) is obvious. Put 4,(&) ={o; || +1<|&] -1}, 4a(8) ={; |&] -1<]a| +
1<|&|} and 44(8) ={a; || +1=[|£| ~1]}. Then

(2108, + ialon,) $(& + i)
= (ofos; +aofom) {3 () (in)*/al

+ 3 60 nrad el — ol + D)t
= > EE) (in)*al

x& 45

+ (@/0g; +iolom) (3 ¢(&) (i) A(€] — (|a| +1))/ad).

Aal

According to Stirling’s formula p®/ep! is a bounded function of p. Furthermore,
ZajpP! [l =0, If we put p=[|&]| —1], Definition 2.1 thus gives
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| 2 8@ el | < H[E|Clnl? 3 1

ae€ Ax(8)
< Mi& eyl /oy (27lemp) (.a.z-p plfal)e? < M, |&| (e [nl/p)y
< M, |E|(ca| ]/ E]P.
If in addition e cy|7] <|&|, we get
[ 2 (&) (in)¥od| < M| E|e™? < M, | E|e¥.

o€ Ag(d)

The second term admits a similar estimate. This proves (2.5).
To prove (2.6) we define functions ¢, by

$ul& + 1) = 2 $=(E) (i) "M £] — 4 (] + 1))/l

xX

It follows directly from Definition 2.1 that ¢, satisfies the estimate in (2.6) in all of
C*. In fact

|08 +im)| < 8] 5 (027 [ )t = DA | ] el
We will finish the proof by showing that |@(&+in)—é,(£+in)| <constant- |£|2,
when M2*(|n| +2%)<|é&|.
$(& +1m) — (& +im) = ﬁZ $(5) (n)* (A &] — (|| + 1)) — A &| - € ([ex] + D) !,

AU

where A,(&)={w; |o| +1<]&|<4*(|a|+1)+1}. If we denote by 6=0(|x|) the
largest integer such that 4°|«| < || then Definition 2.1 gives that

|$le-+im) e +im)| < M1&]_3 (@l

As in the proof of (2.5) we get, with |4,}(£) ={|«|; x€4,(&)},
|$(& +im) —gu(E +im| <M[E] Z (@2 |nl/py

< Ml f Ezir € lAzal(E)(CI 26+2")7 m El)p'

The last inequality follows from the fact that 4°*1p > |£]. Now < |E| <L (p+1)+1
when p € | 44| (&). This together with the assumptions of (2.6) give that

| (& +inm) — (& +im)| < M| ER 1904,

3. Localizations and vector fields

We are now going to define the class of differential operators P(D) which will be
studied in the rest of the paper. In most of this section we will restrict ourselves to
the homogeneous case, but at the end we will show that the main results are valid also
for inhomogenous polynomials P weaker than their principal part P, provided that
P,, belongs to the class in question.
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Most of the results will be quite straightforward extensions of the corresponding
ones for hyperbolic polynomials in [2]. However, for the convenience of the reader,
we shall repeat the proofs of all facts that we need.

To begin with, we denote by V the topological space of all vector fields & —w(£)

from R" to R”, homogeneous of degree zero, with the topology of uniform convergenee.

Remark. Observe that we don’t require any continuity of the vector fields in V.

Definition 3.1. If P is a homogeneous polynomial and ¢ a positive number, we
define V(P, ¢) as the subspace of ¥ consisting of all vector fields » in V with the pro-

perty that to every §,ER" there is a neighborhood O of &, + iw(&,) in €™ such that
(E+10) €0, |s0] < £|&y| and Im s+0= P(£+3s0)+=0 3.1)
The union ..o V(P, ¢) is denoted by V(P).

Remark. (3.1) says that all sufficiently small zeros of the polynomials s >P(&+
80), £ +10 €0, are real. When P(&,)+0 there are no small zeros so that (3.1) is non-
empty only if P(&,) =0. Note that it is sufficient to assume (3.1) when Re s=0.

Definition 3.2. A homogeneous polynomial P is called locally hyperbolic with re-
spect to the vector field v€ V if

P(v(£)) +0 for all £ER™ (3.2)
vEV(P). (3.3)

The class of polynomials locally hyperbolic with respect to v will be denoted by
Hyploc(v)'

Examples

1. The homogeneous polynomials hyperbolic with respect to the vector N, i.e.
Hyp(N). This class is obviously contained in Hypio(N). Here the vector field £—~N
is constant and the number ¢ in Definition 3.1 may be taken as + oo.

2. The homogeneous polynomials P, with real coefficients, such that grad P(&)+0
whenever P(£) =0 and £ €R™. If, for z, ( €C", we put <z, =28 + ... +2,L,, then any v

in V, such that {grad P(£), v(£)) 0, for all £ER" with P(£) =0, belongs to V(P). In
fact

P(& +1i00) = P(8) +io{grad P,(§), 6> +0(a?)

Here the first term is real, whilhe second is imaginary and non-vanishing when
&+10 is close to &+ iv(&,) and P(&,)=0. This proves that v€ V(P). Furthermore
the set of w€V such that P(w(£))+0, for all £ER", is dense in V. Thus there are
vector fields v in V, such that P€Hyp,,(v), arbitrarily close to e.g. £—>grad P(&)/
|grad P(2)]. )

3. Homogeneous polynomials P with the following property: every &,€R" with
P(£y) =0 has a complex neighborhood O(&,) where P({) is a product F,({) ... Fi({) of
holomorphic factors F; such that F,(&,)=0, grad F,(£)=+0 and F (&) is real for real

282



ARKIV FOR MATEMATIK. Bd 8 nr 27

& in O(£,). For such P:s we have, as in example 2, that v € V(P) if (F (&), v(&)) =0,
j=1, ..., k, when £€0(&,) is real and F;(£)=0. As above we may perturb such a »
arbitrarily little to get w€ V such that P € Hypo(w).

Finally we give two examples of polynomials which are not locally hyperbolie
with respect to any v€ V as will follow directly from Lemma 3.1 below.

4. Homogeneous polynomials P such that grad Re P(&,) and grad Im P(£,) are
linearly independent at some &, €R" satisfying P(£,)=0. .

When grad Re P(£) and grad Im P(£) are linearly independent at all points £ER™
with P(£) =0 results, similar to those in this paper, have been obtained by somewhat
different methods in [1].

5. P(0) =00y, ..y Cny) + B(Cys oy £nyq), where @ and B are homogeneous poly-
nomials of degree m —1 and m respectively, and @ is not hyperbolic.

Our next step is to study the localizations of locally hyperbolic polynomials. Let P
be a homogeneous polynomial of degree m. We develop P(£ +¢{) around &

P(E4-1L) =7PP4(L) + terms of higher order in 7.

If Py() ==0 for some £, then P(() is called the localization of P at & and p =m,(P) the
multiplicity of P at £ Under these circumstances it is obvious that

TVPP(7 +{) = Pg({) + terms of positive order in 7

tends to Pg({), locally unifirmly in ¢, when 7 tends to zero.

The localizations above have been utilized by Atiyah-Bott—Gérding in [2]. Hérman-
der [6] uses a more sophisticated process of localization of non-homogeneous polyno-
mials.

Ezamples

1. When P(£) #0 then P¢({) =P(£) is a non-zero constant.

2. X P(£)=0 but grad P(£)=+0, then Pg({)=(grad P(£), {> is a first order poly-
nomial.

3. I P)=0n@lys oo Cny) + Ry, .o, Lny) s a polynomial satisfying the condi-
tions in example 5 above and e, = (0, ..., 0, 1), then P, ({) =Q((y, ..., {4_y) and m, (P) =
m—1.

Lemma 3.1. Suppose that P is a homogeneous polynomial, v € V(P) and &, €R". Then
P:€Hyp (v(&,)) when & is close to &,

Proof. Suppose that n€R"™ and s€C\R are given. Since v€ V(P) it is obvious that
the distance from (£ + ¥(n + sv(&)))) to {¢; P({) =0} is bounded from below by some
positive constant times 7 when & is close to & and 7 is small. If we denote mg(P)
by p then, according to Lemma 4.1.1 in [5],

0<c< TP P&+ 1(n+ sv(&))) = Pe(n + sv(&)) + 0(7).

Since 7 and s were arbitrary, this proves that P(y + sv(&,)) =0 when #€R" and Im
$=0. In particular it follows from the homogeniety of P that Ps(v(&,))+0.

Corollary 3.1. P€Hyp,o.(v), & ER™ =P, €Hyp (v(£,)) when £ is close to &,
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Remark. This corollary and the examples 2 and 3 preceding the lemma now im-
mediately show that the polynomials in the examples 4 and 5 above are not locally
hyperbolic with respect to any v€V.

Semicontinusty of the local cones. Because P; is hyperbolic with respect to v(%,)
when £ is close to &), we may define the local cone I'(P;, v(£;)) as the component of
v(&) in {CE€R"; Pg({)+0}. P; is hyperbolic with respect to any 5€L'(Pg, v(&,)) (see
Theorem 5.5.5 in [5]). The dual cone of the cone I'(P;, v(£,)) is defined by

K (P, v(&y)) = {z €R"; <z, 1> 20, Yy ET'(Py, v(§y))}-

For polynomials P € Hyp,,.(v) we shall now study the set V(P) more closely. We are
going to show that to any 5 €I'(Ps,, v(&,)) there is a neighborhood U of &, such that
the constant vector field U €£-+>% may be extended to an element of V(P). First we
need a technical lemma about the small zeros of s —P(£ +sv(&,)) when & is close to &,.

Lemma 3.2. Let vEV(P, &) and P € Hypioc(v). Then there is a neighborhood U of &,
in R" with the following property. Given £€U and 1 €R™ then the zeros of s—>P{&+in+
sv(&,)) satisfying |sv(£y)| <e|&o| can be labelled so that they are differentiable functions
(&, m 8) of &, k=1, ..., p, when t i3 small.

Proof. Let O be the neighborhood of &, + #w(&,) occurring in Definition 3.1 and chcose
U and § such that U +tn+ iw(&)<O when ¢ is real and |¢| <4. Now (3.1) implies
that si(&, n, t), k=1, ..., p, is real when ¢ is real and |t[ <4. Furthermore, because
P(v(&,)) 0, the functions ¢ —s(&, 7, t) may be developed into convergent Puiseux
series around a real ¢,

'gk(é’ n, t) = Sk(é’ 7, to) +ck(t —to)rk(l +0(1)), (3'4)

with ¢, =0 and 7, >0 rational. If now |f,| <4, then =, has to be an integer, because
8x(€, 7, t) is real when ¢ is real and close to £,. This gives the differentiability of ¢ —>s,(&,

7,1). :
We are now ready to prove the main result of this section (compare Lemma 5.1 in

[2]).

Lemma 3.3. Suppose that P € Hypoo(v), {-‘OER” and that M is a compact subset of
(P, v(&,)). Then there is a neighborhood U of &, in R™ such that

NEM, £€U and Im ¢ =0 =P(& +in) *0, (3.5)
provided that t vs sufficiently small.

Proof. Because of (3.2), we may suppose that P(v(£;))=1. If m is the degree of P
and p =mg,(P), we have

P(&y+8v(&y)) = 8° Peo(v(&o)) + ... +8™ (3.6)

Now, because of the continuity of the zeros and the fact that P (v(&,)) =0, p zeros
11(Eo+0), -vs pip(Eq+C) of P(&y+L +s9{(§,)) Will be small, while the remaining ones are
bounded away from the origin, provided that { €R" is small. (3.1) shows then that
the numbers u,(&y+0), ..., uy(§y+{) are real. We shall relate these zeros to the zeros
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W1(E)s ovr 43 (8) of the localized equation Pg,(C +sv(£,)) =0. Since

P(gy+ ool = [ 60— migo +2) @)

we get
D

¢:(8) =772 P(&) + 18 -+ t30(&p)) /H (T8 — pr(&o +10)) =]1 S_T_l,uk(fo +0)).

1

If s and { are bounded, then ¢.({) converges to Py (C +sv(Eg))/TI 51 — il &), uniformly
in s and {. By choosing p + 1 numbers s,, ..., s,, such that (1, 8y, -.., $8), ..., (1, S5 -5 53)
are linearly independent, it follows that the coefficients, and thus the zeros, of
¢:(s) converge to those of Pg,(L +sv(&0))/T1 s 1( — px(&y)), uniformly in . With a suitable
labelling we then have

T (Eo+78) >ur(l), k=1, ..., p, uniformly in ¢, when 7—>0.
Using that all g, (£, +7¢) and ug(C) are real and that, furthermore, u%({) is homogeneous
of degree one, we get
pil&e+8) = pr(0) +e: (D) [C], (3.8)

where g,({) is real, for small { €R”, and tends to zero when {—0.

If L Cz belong to a compact subset of R™ we define A2, ,(,) as the y; (Cz) such that
| pells) — Cz)] attains its minimum. Because a continuous function is uniformly
continuous on compact sets, the function ,uk(é' 1) — A%, 1(Cs) tends to zero together with
|&1—Cs|. Not exhibiting the dependence of A2,,,(,) on {; and again using its homo-
geneity of degree 1 we get, with {; = +#7, {,=fn and n€M,

pa(C i) =t2%(n) +05(C, tn), (3.9)

where the real function g,(C, ¢7) tends to zero, uniformly with respect to 7€M and ¢
small, when [ 0. Replacing { by { -+ in (3.8), this together with (3.9) finally gives

pil€o+C +im) =t(A%(m) +05(C, t)) +0a(C, t), (3.10)

where g;, 1=3, 4, are realvalued and g4({, ) =0 as ({, ) >0, uniformly when 7 € M,
while g,(C, t) —~0 as {0, uniformly when 5 € M and £ is small.
We now put s=0 in (3.7)

P(Ey+ £ tn) = (17" [Lunléo+ ¢ +tn) [T iy E+m).

According to Lemma 3.2, we may suppose that the functions £—p(&,++7),
k=1, ..., p, are differentiable for every fixed £, small enough. Because we know that
t—->P(&,+¢ —l—tn) has exactly p small zeros, it now only remains to show that, given
£>0, there is a § >0, such that to every { €R" with [{| <, every 7€M and every k
with 1<k< <p there is a real ¢ with u,(§,+C +tn) =0. This, however, follows directly
from (3.10) since, because P,(n)+0 when 7 € M, the real numbers 2%(n) are bounded
away from zero on M and since g,(C, #) —0, uniformly in ¢ when { —0. This finishes
the proof.

As in [2] it now easily follows that the local cones I'(Pg, v(&,)) contain any preas-
signed subset M of I'(P;,, v(&,)), if only £ is close enough to &,.
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Lemma 3.4. Suppose that P € Hypy,. (v), EOER" and that M is a compact subset of
(P, v(&y)). Then M <T'(P:, v(&,y)) for all & ER™ sufficiently close to &,.

Proof. We suppose that P(v(&,)) =1. Because of Corollay 3.1. P;€Hyp (v(&,)) if &
is close to &;. Thus Ps(v(£,)) +0 and

P(£+sv(£y)) = s(Pe(v(&y)) +0(s)),
where g =g(£) =mg(P).
We may suppose that M is convex and contains v(&,). Then it suffices to show that
P(§+1tn) vanishes precisely of order ¢ at t=0, when £ close to &, and n€M. In fact,
then Py(n)+0 when 4 €M so that M < T(Pg, v(&)). By (3.7), we have

P(&+tn + sv(&y)) =I:T (s — &+ tr)))pl:_':l1 (8 — pxl(& +1m))- (3.11)

By Lemma 3.3 and the convexity of I'(Pg, v(&,))
Im 50, Im ¢>0 and Im (s +£) >0 =P(£+tn +sv(£,)) +0,
provided that & is close to &, and s, ¢ small. Thus
Im ¢>0=Im u(£+in) <0, 1 <k<p.
According to (3.4) this is only possible if 7, =1 and ¢, <0. This gives
iel& 1) = (&) + b1 +0(1)), ¢, <0, 1<k <p.
Now the result follows from (3.11) with s =0 and ¢ =0 respectively.

Dual cones and vector fields. Before proceeding further, we shall summarize some
general facts about conical algebraic hypersurfaces in C*.
Let P be a homogeneous polynomial. The lineality Ag(P) of P is defined by

Ag(P) = {n€C"; P({+in) =P(), Vi, {}

The polynomial P, obtained by localizing P at 56@", always has a non-empty
lineality. In fact, due to the homogeneity of P,

8”(1+8t)"P Py(£) +0(s"") =
=P(& +sté +50) = 8 Pyt +) +0(s”™)

where p =m4(P). Identification of the coefficients of s” gives that & EA(Py).
Now, if Z(P)={£€C"; P(£)=0}, we define the normal Ag(Ps) of Z(P) at & by

Ac(Pg) ={z€C"; (z,m> =0,V n€A¢ (Po)}-

Finally the dual Z'(P), of Z(P), is defined as the union of all A¢(P;), when E€Z(P).
The following result is proved in [2] (p. 153).

Proposition 3.1. Z'(P) is contained in a proper conical subvariety of C*.

Suppose now that P is locally hyperbolic and let X be a closed cone in R". By
C*V(P, X) we mean the set of v€V(P) such that »€C®(A) for some open cone
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containing == 2N {0}. Because of Lemma 3.1, the cone K(P;, v(&)) is well defined for
every £€ER”. Given v€C=®(P, X) we may thus define

H(P, 2: Iy) = “éU.K(Pb ’U(f))
e

Examples

1. If P is an arbitrary homogeneous locally hyperbolic polynomial, »€ V(P) and
EQGR then, because of (3.1), there is an open cone A conta,lmng &y, such that the
constant vector field A3 §—v(§o) may be extended to an element in C=V(P, A).

2. Suppose that P is as in example 2 in the beginning of this section and that &,
is a point in R* satisfying P(§,) =0. According to example 2 preceeding Lemma 3.1,
Ag(Pe,) consists of those n€C" such that {(grad P(&,), 7> =0. Thus Ag(Ps,) is the
complex line generated by grad P(&,). Let v be the vector field & —~grad P(£)/|grad

P(¢)|. Then T(Py, v(&))={n€R™ (grad P(&y), 7>>0} and K(Py, o(&) = {t grad

P(&,); 20} We observe that K(Pg,, v(&,)) is half the real line Re AC(P&) =Ae¢(Pe)NR
Finally H(P, R", v = U{—t grad P(£); t>0}, where the union is taken over those
£€R” which sa,tisfies P =

We now collect all the information about homogeneous locally hyperbolic poly-
nomails, that will be needed later on, in a theorem. As usual, we denote the sum

Ziaze| P2(L)|? by P

Theorem 3.1. Let P be a homogeneous locally hyperbolic polynomial, Z<R" a closed
cone and suppose that v€C®V (P, X). Then
H(P, X, v) is contained in a proper conical subvariety of R™. (3.12).

Furthermore, there is, to every x § H(P, X, v), an element v,EC°V(P, X) and a num-
ber §,>0, such that

(&, () 20, when E€X (3.13)
EEX, 1 <8<, [€] = [P(E+isv,(€))| 20, P(£ +isv,(&)) (3.14)
E€Z, [§] 267, 0<t<1=|PE+i(tv,(€) + (1 —t)0(8))| >0, P(E+ilt,(&)+(1 _t)?{f{)s))'

Proof. Suppose { €['(Pg, v()). Then { +1 €T(Pg, v(§)) for all €Re Ag(Pg). In fact
Pe(¢ +tn) =PeL) =0 for all ¢, so  and ¢+ must belong to the same component of
{6 €R™; Pg(0)==0}. Thus <z, { +7) =0, when z€ K(P;, v(£)). By letting { tend to zero,
we get that {x, ) >0 and consequently, since A¢(P;) is a linear space, that {x, ) =0,
for all n€Re A¢(Pg). This gives that K(P;, v(£))<=(Re Ag(Ps)) . Since P, is a pol-
ynomial with real coefficients, modulo multiplication with a complex constant,
Py =P +1tn), for real { and ¢, if and only if Pg(() =P +7). From this it follows
that (Re Ag(Pg))’ =Re Ag(Ps). Thus K(Pg, v(£))<Ag(P:) and (3 12) follows from the
proposition above.

To prove the remaining statements of the theorem, we observe that, if &, EZ then
I'(Pg, v(&)) =T'(Pg, v(&,)) when & belongs to a conical nelghborhood of &, In fact, be-
cause of the continuity of », v(£) varies in a compact subset of I'(Py,, v(&,)) when £ is
close to £,. Therefore, because of Lemma 3.4, v(£) EI'(Py, v(£,)) when & is close to &,
From the definition of H(P, X, v) it follows that to every x ¢ H(P, X, v) and to every
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§€Z there is an 7 €I'(Py,, v(&,)) with (z, n)>>0. Again according to Lemma 3.4, 7
belongs to I'(Py, v(&,)), and thus to (P, v(£)), when £ belongs to some conical neigh-
borhood of &;. Cover now X with a finite number of such neighborhoods and glue the
corresponding 7,8 together with a partition of unity, subordinate to this covering,
homogeneous of degree zero. Because the cones I'(P;, v(§)) are convex we get in this
way a vector field v,(£) such that v,(§) €T(Py, v(£)), VE€X. Lemma 3.3 gives that, if
the 7,8 are chosen small enough, then the distance from {£+1iov,(§); §€X N 8"} to
Z(P) is bounded from below by C-¢. (3.14) now follows from Lemma 4.1.1 in [5] and
the homogeneity of P. It is obvious, from the construction of v, that (3.13) is satisfied.
(3.15) follows, exactly as (3.14), from Lemma 4.1.1 in [5], since, due to the con-
vexity of I'(Ps, v(£)), the distance from &+i(tv (&) + (1 —-£)w(&,)) to Z(P) is bounded
from below if £€3 and |&| is large enough.

Remarks about the non-homogeneous case. If P is a non-homogeneous polynomial of
degree m, we define the localization of P at £ as the first not identically vanishing
coefficient Pg({) in the expansion

T"P(t-1E +{) =17 Pg({) 4+ 0(z?+)

p=mg(P) is called the multiplicity of P at &.
In the homogeneous case, this definition obviously coincides with the one we have
given before. . B
As usual, we call the polynomial @ weaker than P and write Q<P if Q(&) <C-P(£)
for all £€ER™.

Lemma 3.5. If the polynomial P is weaker than its principal part P, then the prin-
cipal part of the localization P of P at EER™ is the localization (Py); of Pn at & and
P <(P,);.

Proof. Write P=P,,+P,,_,+..., where P, is homogeneous of degree k, and put

"P(v7 e+ 1) =kZ TR PH((Py)e(n) +0(7)
Since

TPt + 1) = ((Pr)eln) + 0())
and P<P,, it follows that p, <m —k+p, for all k. In fact
| P(r™%¢ + )| < constant - P(v7'¢ +9), V1,7

This proves that (P,), is the principal part of P;. The rest of the lemma follows by
letting = tend to zero in

TP+ ) SCT™ PP (v + )

Corollary 3.2./ If P<P,, P, € Hyp.(v) and &, €R®, then P ¢ 48 hyperbolic with respect
to v(&,), when & is close to &,.
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Proof. If @ is a polynomial of degree k such that @, €Hyp (V) and @<, then, ac-
cording to Theorem 5.5.7 in [5],  is hyperbolic with respect to N. Now the corollary
follows directly from the lemma and Corollary 3.1.

Remark. For polynomials satisfying the hypothesis of this corollary one may thus
define the local cones I'(P, v(£)) and their duals K(P;, v(£)).
We now formulate a theorem corresponding to Theorem 3.1.

Theorem 3.1'. Let Z<=R" be a closed cone and suppose that P is a polynomial such that
P<P, and P, is locally hyperbolic. If v&€C®V (P, %), then there s, to every x ¢ H(P,,
2, v), an element w, €CPV(P,, X and numbers r, §,>0 such that

(@, W(£)) >, | w,(€)| when §€2 (3.13)
£E€X, 1<8<4,[&]| = | P& +isw, (&) =0, (3.14)
E€Z, |£] 267%, 0<t<1=|P(E+i(twy(€) +(1 —t)rv(£)))]| =6, (8.15')

Proof. From Taylor’s formula, it follows that, for any polynomial @ of degree k,

QE+m) <A +C|n| Q&) & neC™. (3.16)

Let v,(&) be the vector field corresponding to P,, in Theorem 3.1. According to
(3.14), with s =1, we have

8. P (€ +10,(8) < | Pl +1,(8)) |, §€Z and 1<6,|&]. (3.17)
Because of Lemma 5.5.2 in [5] P,<P,, 0<k<m. Thus (3.16) and (3.17) imply that
| P(& +10,(8)) | SC,|Pul+1v,(8))|, £€X and 1 <4,]£]|.
Finally, if we replace £ by &/s and utilize the homogeneity of P, P, and v,, we get

- | P& +isv,(E))| SC.8 ™| P& +isv,(£))|, £€X and 5<6,|&].
us
| P& +isrv,(£) | SCor* ™| Pp(& +isrv (€)|, when £€X and 1<s<d,r|&]|.

If we choose rlarge enough, denoted,r— by d, and put w,(&) =rv,(£), (3,14") is proved.
(3.13") is obvious and (3.15') follows from (3.15) in exactly the same way as (3.14')
follows from (3.14).

Examples

1. If P is a polynomial hyperbolic with respect &, then P, €Hyp (N) and P<P,.
This was proved by Leif Svensson in [7].

2. If P is an polynomial such that P, (£) is real, when £€ER", and grad P,(&) 0,
when P, (§) =0 and § €R", then we know, from example 2 in the beginning of this sec-
tion, that P,EHypy.(v) for vectorfields v€V, arbitrary close to the vectorfield
&-grad P,(&)/|grad P,(£)|. Furthermore, it is obvious that P < P,,.
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4. Fundamental solutions and solutions with singularities concentrated
on a local cone +K(Py, v(E))

Let P be a polynomial such that P<P, and P, is locally hyperbolic. Suppose we
are given a covering D ={A"}{., of R* with open cones and suppose that we also have
a set of vector fields Y= {v'}{-,, such that v'€C®V(P,, A’). We then put #(D, V)=
UscicpH (P, Al, vY). In this section we are going to construct a fundamental solution
E of P(D) which is analytc outside H(D, %) by, roughly speaking, putting

P

Ey)= > (2n)‘”f VPP () dE, |82 67,
L= +irvi(d)

i=1

where {¢;}7_, is a partition of unity with ¢,E€L(A’), subordinate to the covering D
and extended to C* by (2.3). =+ is the number occurring in Theorem 3.1’. In fact, we
will show that the distributions

E'y)= (2n)'"J PPy (0)de, [£] =67

L=2+irvk(E)

are analytic outside H(P,, A}, v") by modifying the chain of integration. The presence
of the non-holomorphic function ¢, will not cause any problem, because of the pro-
perties of ¢, listed in Lemma 2.2 In particular (2.5) shows that 3¢,() tends very
rapidly to zero, when { tends to infinity in a complex cone around A’.

We are also going to construct a distribution ¥ with singularities on a single local
cone K (P, v(£)), such that P(D)F is analytic outside the origin. As mentioned in the
introduction, this will be done by simple inserting a suitable factor ¢~® in the inte-
grand defining E'(y).

To sum up, we will study integrals, interpreted in the distribution sense, of the
form

~

J TOP() e 9P B(2)dE, || = 67
Lm&+irv(d)

where » €C®(P,,, A), for some open cone A< R", $€L(A) and ¢ belongs to any of the
classes M{p, A), which we are now going to define.

Defintion 4.1. Let A<R" be an open cone and g a non-negative function, positively
homogeneous of degree one and continuous on a neighborhood of AN {0}. Then
M(A,p) is defined as the set of functions g, such that, for some constant c,

When || >¢, then {->g({) is holomorphic in some open cone A’ in C* containing A

and | D%g(¢)] e+ 2|11, Ve (4.1)
Re g(£) >p(&Y|£|1* —c, for some k>0, when §EA'NR" 4.2)
Re g(&+in) = —c|n|(ln]| +e(€))|§]|* —¢, when E+in€A’, (4.3)

Remark. If g(£) is real when £€A, then g automatically satisfies (4.3) if it satisfies
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the rest of the definition. In fact, Taylor expansion gives

g(& +1n) = g(&) +ilgrad g(8), n> + |5 |*r(&, 1),

where, because of (4.1), |r(£, )| <c|&|-L, if |#| is less than some constant times |&].

Examples
1. 0€ M(A, 0), for any open cone A< R".
2. Let A be an open cone such that A\ {0} is contained in the _open half-space

defined by & >0. Put Z=(0, 8 ., Ca) and o(§) = |§] Then g(¢) =<Z, £>-&1 is holo-
morphic in an open cone A’ in C* containing AN {0}. (4.2) is satisfied with k=2 so,
according to the remark above, g€ M(A, o).

3. Let g, o, A and A’ be as in Example 2 and suppose that y is a positively homo-
geneous function of degree one, holomorphic in A’. If, in addition, v is realvalued in

A and grad p(£) =0, when & =0, then (g+ip) € M(A, g). Obviously, we only have to
verify that 4y satisfies (4.3). This follows from the Taylor expansion of  around a
point £EA:

(& +1m) = ip(&) — {grad w(&), n) + || (& 7

Since y is positively homogeneous of degree one and grad y(£)=0, when £=0, it
follows that |gra.d1p &)| <c|§| |£]~*in A and that |r(£, 5)| <¢|&|~, when & +in€A.
Because y(£) is real in A, this proves (4.3).

Suppose we are given a polynomial P, an open cone A< R" and two functions ¢, g,
such that ¢ EL(A) and g€ M(A, g), for some p. If v: A —>R" is a C= vector field, homo-
geneous of degree zero, such tht for some >0

EEA, |§| =071 = |P(&+iv(§)| =0 (4.4)

then we may define the following distribution
E(P,A,v,$,9) (v) = f i, WO PO OB, [ €] 2077 (45)
=£+iv(8)

Here u€CF(R™), () =(2n)™" frr P u(e)dz and di=dl; A .. AdL,.

Lemma 4.1. Let v: [0, 1] x A3 (¢, &) —>u(t, £) ER™ be a O veclor field, homogeneous of
degree zero with respect to &, such that for some d >0

EEA, |E] 2d-1, 0<t<1=P(£+avlt, £)>d

and put E,=E(P, A, v(k,-), ¢, 9), k=0, 1. Then E,— E, is an analytic function in all
of R™

Proof. Define, for large R, the following chains

%(R): & =& +iv(k, §), d1<|£| <R, £€A, k=0, 1.
B(R):{ = £+iv(t, £), 0<t<1, d-1<|¢| <R, £€A.
B(R): £ = E+iv(t, &), 0<t<1, |£] = R, £€A.

We put w(0) =) P({) e~ “$()d¢
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Then, if the chains are suitably oriented, we have, according to (3.15’) and Stokes’

formula,
f w(0) - f w(c>=fw(c>+ f Beo(l) + f (), (4.6)
ao(R) a(R) ¥y B(R) B(R)

where y is a compact chain, in C*, independent of R. Now %({) tends to zero faster
than any power of [{|~1, when |{| tends to infinity and |Im | remains bounded.
Furthermore, it follows from (4.1) and (4.2), by means of Taylor’s formula, that Re g({)
is bounded from below when |Im {| is bounded. These remarks, together with (2.5),
give that we may let R tend to infinity in (4.6). We get

Eo(u) — By(u)= f W(C) P(L) e " Op(L) dE + L( )ﬁ(C)P(c)‘le‘”‘%(C)Adc.

Because of (2.5) and the compactness of y, we may change the order of integration in
the two integrals on the right-hand side, thus getting

B~ B~ [ ferut

where

f(z) = (2m)~™ f e OP(L) e~ OH() dL + (2mm) " f <= OP(L) "D Bg(C) A dL.
Y B(x)

It now follows, again from (2.5) and the compactness of y, that f(z) is holomorphic
when |Im z| <1.

We are now going to state the main theorem of this paper. Because it is fairly
technical, we will deduce some corollaries from it before we give the proof and also
give some examples, hoping that this will facilate the reading. First of all we must,
unfortunatey, introduce some more notation.

Let P be a polynomial, such that P<P,, and P, is locally hyperbolic, and let A< R"
be an open cone. Suppose further that we are given vEC*V(P,, A), $€L(A) and
gEM(A, p), for some g. Because of (3.15"), the distribution E(P, A, rv, qS g)is deﬁned
if r is large enough. We put

H(P,, A 0,0)= — &l&{m K(Pg,v(&)), where A(g)={&€A\{0};0(&)=0}.

Obviously H(P,, A, v, 0)=H(P,, A, v). If T is a distribution, 5.7, a.s.T and s.s.T
denote the smallest closed set outside which 7' vanishes, is analytic or is an infinitely
differentiable function, respectively. Finally, E(P;, v(£)) is the unique fundamental
solution of P,(D) with support in the half-space defined by <z, »(£)> <0 (see Theorem
5.6.1 in [5]). Note that s.E(P;, v(§))= — K(P¢, v(§)).

Theorem 4.1. a.s.E(P, A, rv, ¢, )< H(P,, A, v, g) for large r.

Corollary 4.1. Let D={A"}., be a covering of R" with open cones and let V={v'}}
be a set of vector fields, such that v' € CPV(P,,, AY). Then there is a fundamental solutwn E
of P(D) with
as. E< (D, ).
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Fig. 1. The conoid generated by all the bicharacteristic lines for P(D) = D} —¢*(D} + D3). There is a
fundamental solution E of P(D) which is analytic outside the shaded parts of the conoid.

Example. If P is hyperbolic with respect to N, then we may take D={R"} and
W={v}, where v is the constant vector field £~ — N. Then Corollary 4.1 says that
P has a fundamental solution, E, with a.s. E< W(P, N), where W(P, N) is the wave
front surface of P with respect to N (see [2] for the definition). If we cover R” by two
cones D ={A+, A~} and choose v+ to be £ — N, in A+, and v~ to be £~ in A~, then
H(D, W) becomes a subset of W(P, NYuU W(P, —N). If, for example, P{D) is the wave
operator D? —c*(D3+...+D2%), N=(1, 0, ..., 0)and J,, J,= W(P, N) are two relatively
open cones covering W(P, N)\ {0}, then we may in this way construct a fundamental
solution E of P(D), such that a.s. E<J, U {—J,) (see Fig. 1). Constructions of this
type will be used in Section 5 for general operators P(D) of principal type, i.e. grad

P,(&)+0 when P, (&)=0and & ER", with real coefficients in the principal part.

Corollary 4.2. Let A< R" be an open cone containing &, and suppose that vEC®V (P,
A). Then there is a distribution F(u(&,)) such that

a.3. P(D) F(v(&y)) ={0}, a.s. F(u(&,)) = —K(Pg,, v(&)), 8.B(Pg,, v(§o)) =58 F(v(&y))-

Furthermore, there is a function f, analytic in all of R", such that

P(D) (F(v(éo)) — F(—v(&)) —f) = 0.

Example. Suppose that P(D) is of principal type, P,(D) has real coefficients and
that v(£) =grad P,(£)/|grad P,(£)|. Then K (P, v(£)) ={0} if Pp(&) 0 and K(Pg, v(£))
is the half ray {t grad P,(£); £ >0} if P,(£) =0, £ €ER™ Such a half ray is called a bichar-
acteristic half ray and the corresponding line a bicharacteristic line. If b; is a bicharac-
teristic half ray, and we denote by 2’ coordinates on this line and by z” ecoordinates
in the hyperplane perpendicular to by, then E(P;, v(£))=ce*d(x')® §(x"), where
6(x')=0 on b, B(x')=—1 on —b; and ¢ is the Dirac measure. Thus, according to
Corollary 4.2, there is a distribution F- such that a.s. F~=s.s. F~=—b; and
a.s. P(D) F-={0}. Furthermore, for any bicharacteristic line /, there is a solution ¥ of
P(D)F=0 such that a.s. F=ss. F={. In the special case treated in this example,
the following corollary gives still more information.

Corollary 4.3. If P(D) is of principal type and P, (D) has real coefficients, then, to any
closed interval I (finite or infinite) contained in a bicharacteristic line | for P(D), thereis
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o distribution F such that a.s.F =s.s.F =1 and P(D)F is analytic except ai the (finite)
endpoints of 1.

Proof of Corollary 4.1. According to Lemma 2.1, there are functions ¢,EL(A%), such
that 37 4,(6)=1, when |£| >1. Put

b4
F=3 E' where E'=E(P,A, 1 ¢,0).
=1

Theorem 4.1 now tells us that a.s. F< D, W). We are going to show that F only
differs from a fundamental solution of P(D) by an analytic function. If the operator
P(D)is applied to E*, we get

(P(D) EY) (u) = fc i o W) () A, | €] =67

&+ irtvl(

Because {¢;}{-, is a partition of unity, when |&[>1, we obtain, by means of
Stokes’ formula,

(HMFHm=fﬁmﬁ—f am@—§¢@ﬁﬁ
R» [HES =1

+3 am@ma+§fa@%mwa,
1=1J% 1=1JBi

where y, is a compact chain in C* and B, is the chain given by { =& +ur'v'(£), when
0<t<1 and || =61

The first term equals %(0), by the Fourier inversion formula, and, exactly as in the
proof of Lemma 4.1, it follows, from (2.5) and the compactness of y;, that the remain-
ing terms correspond to a function %(z), holomorphic when |Im z| <1. In conclusion,
we have P(D)F=§-+h, where kb is holomorphic when |Im z| <1. Solve P(D)f=h,
with f holomorphic when |Im z| <1 (see e.g. Tréves [9] p. 477). Then E=F —fis a
fundamental solution of P(D) with the desired properties.

Proof of Corollary 4.2. By choosing coordinates suitably, we may suppose that
&=(1,0, ..., 0). We may also take A such that A\ {0} is contained in the half space

{&; <&, &> >0}. Define g and g as in Example 2, following Definition 4.1, i.e. o(§) = |§'|

and g(£) =<, &-Lit. Obviously H(P,, A, v, p)= —K(P;,, v(&)). According to

Lemma 2.1, there is a ¢ €L(A) which equals 1 in an open cone containing &,. Put
F('U(Eo)) = E(P: A’ 70, 963 g)'

Theorem 4.1 gives that a.s.F(v(£,))< —K(Pg, v(&,)). Furthermore, P(D) F(v(&,))
E(1, A, rv, ¢, g). Since H(L, A, », o)={0}, it also follows from Theorem 4.1 tha
a.8.P(D) F(v(&,)) < {0}. Next we define the following chains

o § =&+(—1)rv(8), |E] =67 k=1, 2.
B: { =£+(2—1)iru(§), 0<i<1, &[] =671

o+
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If the orientations are chosen properly, Stokes’ formula gives

(P(D)F(v(&))) (w) — (P(D) F(—v(&))) (u)
= f 2 eTOP(£) df ‘f ul) e CP()dL

= f WE)e O dl + fBﬁ(i) ™ C0¢(C) A dL,
?

where y is a compact chain in C". Just as before in the proofs of Lemma 4.1 and
Corollary 4.1, it follows, from (2.5) and the compactness of 4, that the right-hand side
corresponds to a function h(z), holomorphic when |[Imz|<1. As in the proof of
Corollary 4.1, we solve P(D)f="h in order to find a function f(z), holomorphic when
|Im 2| <1. It only remains to prove that s.E(P,,, v(&))<s.s.F(v(&)) and that
0€s.5.P(D) F(v(&,)). We will do this by utilizing a technique used by Hérmander
in [6].
If m is the degree of P and p =m,(P), we put

Fi(y)=7"2e " F(0(&)) (9).

After a change of variables of integration, we have

Fiu)= L - W) TP + TEg) eI + wEg) L, | £+ vhg| =07
=&+ irvE+réy)
Obviously, because g(¢) =<, - &7%,

Fo(u)-> () Pg,(l)d, when 7+ oo,
L=gtirodn

This, however, is just the definition of E(Py,, v(&,)) (see the proof of Theorem 5.6.1
in [5]). Now it only remains to observe that, if F(v(&,)) €C®(U) for some open set U,
then #,—0, in the distribution sense, in U. That 0€s.5.P(D) F(»(,)) is proved in the
same way.

Proof of Corollary 4.3. Let the bicharacteristic line / be generated by grad P,(%,),

where £, € R" and satisfies P,,(£,) =0. We choose our coordinates so that &, =(1,0, ..., 0)
and grad P,,(&,) is a positive multiple of e, =(0, ..., 0, 1). From the example preceding
Corollary 4.3 it follows that we only need to consider the case when I is a finite
interval. Obviously, we may also suppose that the endpoints are the origin and
(0, ..., 0, @), for some a>0. Put ¢’ =({y, ..., {,_;, 0) and choose a conic neighborhood
A<R" of & so small that A\ {0} is contained in the half space defined by &, >0 and
so that, for some open, complex cone A’ containing A, the equation P, (L' +9({')e,) =0
has a unique solution p, holomorphic when ¢’ €A/, with (&) =0. This is always pos-
sible because (grad P,(&,), ¢,>+0. The function ({) is homogeneous of degree
one and grad y(&,) =0. Since P,,(£) is real when £ €ER" it is clear that (&) is real when
E€EA. I, as before, we put g({) =<, {>-{i* and p(&) = |£|, it follows from Example 3
above that (g +iay)EM(A, ). Since P, (L', p(l’)) =0 and (grad P,{{’'), ¢,> +0, when
€N, we have
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P+ L) +s)e,) = gofn(C')S", (4.7)

where fo(0") =0(]£'| ™), f(L')=0(|¢'|™*) when 0<k<m, |f,({")] >¢,|{"|™ 1 —c, and
FulC) =P le,) £0. Now it follows from the connection between zeros and coefficients
of a polynomial that there are constants ¢, and ¢, such that, when |{’| >c;, there is a
unique zero s =y,({’) of (4.7) with |y,({’)| <c,. Infact, because f,({') =0(|{'|™*) and
fall') =P,(e,) *0, it is obvious that the zeros are bounded from above by ¢5|Z’| +¢,
for some constants ¢; and cg. This together with the fact that [£,((")| =¢, || —c,
gives the uniqueness of a bounded zero. Finally, the existence results from the esti-
mates f((")=0(|¢'|™") and |#(C'| =¢[¢'|™ " —c,. Since {grad P({’), e,> +0, when
¢’ is large, it follows that ,(¢’) is holomorphic. Furthermore, by differentiating
P, () +yy(L"))e,), one verifies that | Da(p+y;) (£')] Seu(l+[C'[)2'e!. Because
(g +iap)EM(A, g), we conclude that g, =g+ia(y +y,) EM(A, o).

We choose v(£) =grad P,(&)/|grad P,(£)| and take a ¢ EL(A), which equals 1 in an
open cone containing &,. Put Fy=E(P, A, v, ¢, g) and F,=E(P, A, rv, ¢, ¢;). From
Theorem 4.1 we know that a.s.F, and a.s.F, are contained in the bicharacteristic
half ray —b;,={(0, ..., 0, t); ¢<0}. Furthermore, F, is the distribution F(v(&,)) oc-
curring in Corollary 4.2 (see the proof of that corollary). Thus a.s. Fy= —bg,. We now
define F by F(y)=Fy(y —ae,)— Fy(y), i.e.

Fu)= Bﬁ(I)f(C)qS(C) a, |&|=671

Lmé+irv(
where f(E) = (e~ W@ +iatn) — g=0:®y | P(£),

From the remarks above about the analyticity of F, and F,, we conclude that F is
analytic except possibly at points of the form (0, ..., 0, #) with ¢<a. We also know
that I={(0, ..., 0,%); 0<t<a} is contained in a.s.F. It remains to show that F is
analytic on —bg\ {0}. To do this, we put Gy=E(P, A, —rv, ¢, 9), Gi=E(P, A, —rv,
é, 9,) and Q(y) =G,(y —ae,) —G4(y). Again, it follows from Theorem 4.1 that a.5.G< by,
We are now going to show that F —@ is an analytic function in all of R". This will, of
course, prove that a.s.F =I. Once more, we define the chains

o L=+ (= Diro(E), [£] >0 k=1, 2.
B: { =&+(26—1)wrv(§), 0<t<]1, |[£] =L

If § is small enough, then B A’ and f({) is holomorphic on B. In fact, if €A’ and
|¢] is large enough, then P({) vanishes if and only if £ =" +4(y({’) +:((’)) e, Thus,
when P(C) vanishes, we have g(¢)+ial,—g(¢)+ia(y() +i() =:((). Since P()
only vanishes to the first order in A’, if || is large, this proves that f({) is holomor-
phic on B. Stokes’ formula gives now

F(u) —G(u)=f‘ﬁ(5)f(C)¢(C)dC— J'Iﬁ(C)f(CM(C) a

=f W) HE) ¢(C)d5+f () (L) (0) A de,
v B
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where 9 is a compact chain. Again, (2.5) together with the compactness of ¢ implies
that this corresponds to a function A(z), holomorphic when |Im z| <1. This finishes
the proof of Corollary 4.3.

Proof of Theorem 4.1. Since v €C0®(P,, A), there is an open cone A, containing A,
such that v€C0®(P,, A,). Suppose that ¢ H(P,,, A, v, ). Then, because of the semi-
continuity of the local cones I'(P;, v(§)), proved in Lemma 3.4, there is an open cone
A, such that A(p)={£€AN{0}; o(§)=0}<A,=A, and z¢H(P,, A,, v). According
to Theorem 3.1’ there is an element w, €C®V(P,, A,) satisfying (3.13'), (3.14') and
(3.15"). Let 6, <1 be a constant corresponding to w, in Theorem 3.1’ and denote by ¢’
the constant ¢ corresponding to ¢ in Lemma 2.2. Take » so large that

B¢’ 2-r <4, (4.8)
‘When » is chosen we take another constant » <1 such that
» <min (3,/6¢", 2-*{ M) 4.9)

where ¢” is the constant ¢ corresponding to ¢ in Definition 4.1 and M is the constant
in Lemma 2.2. Let now A, and A, be open cones such that

Alpy=h<= 54\{0}‘: A= ‘53\{0} <A,
and 0(€) <x|&|, when £€A,. (4.10)

Furthermore, let p €C°(R™) be a function homogeneous of degree zero such that
0<yp(&)<1forall £, p(&) =1 when £€A, and w(£) vanishes outside A,. When £€A and
0<t<1, we define the vector field v, &) by

Vy(t, &) = (L —8p(8)) rv(&) + (&) wy(§).
From (3.15") it follows that
| P(&+1v,(t, £))| >constant >0, when £€A, |&| >4, and 0<¢<L. (4.11)

Finally, we define the distribution ¥, by
Fy(u) =J UE) P e @ (L) de, |£]> 65
C=&+iva(l, &)

Because of (4.11), it follows from Lemma 4.1 that B — F,_ is analytic in all of R". It
only remains to prove that F, is analytic in a neighborhood of x. Define the vector-
field w,(s, &) by

wy(s, §) = (1 —p(&))rv(€) +sy(£) wy(é)
and form the following chains
B(R): { =& +iw,(s, &), 671 <|§| <R, 1 <s<m|€| - |wo(8)| 4, EEA,
B(R): { =& +iwgs, &), 6 <|£| <R, s =x|&] |w,(§)]| 7, EEA,
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Y(B): & =& +iwys, &), |£] = R, 1<s<uR|w,{&)]-L, £€A,
a(R): § =&+iw,(1, &), 67 <|£| <R, £EA,.
Since w,(s, &) =rv(&) near the boundary of Ay, when |£| >67", we define the chains

also when £ ¢ A, by simply replacing w,(s, £) by rv(£).
If we put {()=&({)P(L)1e 7Y, then Stokes’ formula gives

f #2) ¢(C)dC=f HE) () dl + f(C)¢(C)dC+f f(Q)o4(2) A dL
a(R) Y B(R)

»(R)
+ fm)f@) (0)dL = I, + Iy(R) + I,(R) + I(B)

provided that the orientations are suitably chosen. Here y is a compact chain,
independent of R. Since F (%)= fyo0)f({)$(()dE, we are going to study the four
integrals on the right-hand side, as R tends to infinity.

Study of 1,. I, is independent of R, and, since y is compact, we may change the
order of integration. We get I, = fg» h,(z)u(z)dz, where

hy(2) = (2m)™" f e“=OP(() e OY () g

Y

Obviously, %, is an entire function.
Before studying the other integrals, we notice that, if «€C§ (R™), then

[#(0)| Sep(1+|L])Pe =0, (4.12)

where p is any integer and k(Im {)=min (y, Im {), when y belongs to the support of
%. We denote by ® the set of points £ €C", such that { lies on any of the four chains
above. Since we are only interested in F,(xz) when the support of « is located close to
x, we may suppose that |2 —y| <4,/5 when y€Esupp ». (3.13") and the fact that Im {
is bounded when {€® and Re { ¢ A, implies then that

h(n) >4|n|6,/5 —some constant, when & +in€d. (4¢.13)
Because of (4.10), it follows from (4.3) that
Reg(&+in)= —c"|n|([n] " |&| L +x)—c", when EEA,.
Since |7| <x|&|+ some constant, when &-+in€®, we get
Re g(§+in)> —2¢"x|n| — constant, when £+in€® and £EA,. (4.14)
Now % <4,/5¢", so it follows from (4.14) that

Re g(&+n)> —26,|n| /5 — constant, when £ +in€® and £EA,. (4.15)
Because x <2-7/M, {2.6) together with (4.8) give that

|$(&+in)| S M| &P, when §+in€ed. (4.16)
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From (4.12), (4.13), (4.15), (4.16) and (3.14’) it follows that
[H(2) $()| Sep(1+]2]) e ®mme5, when 7€® and ReZ€A,. (4.17)
Here the ¢,:s are new constants. We now examine the remaining three integrals.

Study of I,(R). Since Im { is bounded on ®, when Re { ¢A,, it follows from (4.12)
and {4.17) that

| #8yp(2)] <cu(1+ R)~®, when £ lies on p(R).
Here p is arbitrary, so it follows that 7,(R)—+0, when R tends to infinity.

Study of Iy(R). Because g(& +in) =g(£) + |9 |r(&, 1), where r(&, n) is bounded, (4.2)
gives that Re g(& +7) is bounded from below, when & +17€® and £ ¢A,. In fact, | 7|
is bounded on this set. When £ +in€® and £€A,, it follows from (4.14), since
|n] <x|&| +some constant on @, that

Re g(&+1n) > —2¢"%?|£| — constant.
Because §,, % <1, it follows from (4.9) that »2 <% <1/4¢". In conclusion, we thus have
Re g(£+1n) > — |&| /2 — constant, when & +in €. (4.18)
This, together with (4.12), (4.13), (3.14") and (2.5), gives that
|#(£)84(C)| < constant-e—1*%, when {€D.

Thus I,(R) converges, when R tends to infinity. Furthermore, we may change the
order of integration and get

Iy(c0)= | hy(z)u(z)dz,
Rn
where "‘s(z) o (275)—" ei<z.¢>P(C)-1 e«g(t>§¢(c) dC.
B(o0)

Again, it follows from (4.13), (4.18), (3.14') and (2.5) that hg(z) is holomorphic in a
neighborhood of the support of .

Study of I,(R). (4.17) implies that
[#(& +in) $(& +inm) | Sconstant-e s WS when & 44y lies on B(R). (4.19)

Since g(&+1in)=g(&) + |n|r(&, n), where 7(£, ) is bounded and A(g)<A,, it follows
from (4.2) that, for some positive constant ¢,

Re g(&+in) = (o, —cyp(£))|&| — constant, when & +in€® and £¢A,.  (4.20)
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(4.19) and (4.20), together with (4.12), (4.13), (4.16) and (3.14"), give that, for some
constant ¢ >0,

|#(2)$(2) | <constant-e¥, when { lies on B(R).

This implies that I,(R) converges, when R tends to infinity. In a similar way as for
I,(R), we conclude that

Iy(e0)= an hy(2) u(z) dz,

where hy(z) = (2n)"‘f e =DPE) e O B(L) dg

f(0)

h4{z) is holomorphic in a neighborhood of the support of ». This completes the proof
of Theorem 4.1.

5. Application to the problem of propagation of analyticity

We are now going to use Corollary 4.1 and Corollary 4.3 to prove a counterpart of
Theorem 1.3 in the analytic case. Of course, by using the more general Corollary 4.2
instead of Corollary 4.3, we could obtain similar results for any differential operator
P(D), such that P<P, and P, is locally hyperbolic. However, since the results are
only complete for operators of principal type with real principal part, we restrict
ourselves to that case. Once again, we are going to use functions defined as in (2.1).
More specifically, we will use functions satisfying (2.2) for » =0 and some constants M
and c. It follows from Leibniz’ formula that these functions form an algebra. The
existence of snitable cut-off functions belonging to this algebra was proved in Section
2. For the sake of convenience, we start by formulating the following very simple
lemma.

Lemma 5.1. Let O be an open bounded set in R® and suppose that the functions f,, € Co(0)
and ¢, €C§(0) satisfy
| (@) < Mk? (5.1)
| Dagy(x) | < M(ck)', || <k. (5.2)
Then, with some new constants M and c,

| D(fro) % g1at) ()] < Me]a|)'™, |a| >1. (5.3)

Proof. | D*{(fiy % ¢1g) (2)] = | ffra(® — ) Dograa () dy | < M (c] x| )P < My | ] )™

Lemma 5.2. Let J be a closed cone in R*, such that P(D) has a fundamenial solution B
with a.s.E< —J. If UED'(Q), P(D)U is analytic in Q and x€a.8.U, then x does not
belong to a compact component of (a.8.U)N ({z}+J).

Proof. If  belongs to a compact component of (a.s.U)N ({x}+J), then there is an
open set w with z€w<Q, such that K =w N (a.8.U) N ({x} +J) is compact in . Take
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#.€C3°(w) such that ¢, =1 in an open e-neighborhood K, of K and the derivatives of
&, satisfy (5.2). If m is the degree of P(D), we denote P(D) (¢, U) by T}. Obviously

$esmlU = E% Ty (5.4)

Furthermore, T, satisfies (5.2) locally in K. U (,(a.s.U).
If R and S are two distributions, one of which has compact support, then s.(R % S)
<s.R +s.8. Thus (5.4) implies that, if ¢, €C5(R"™) is 1 on a large open set and B, =y, B

Uly) = (B> T,) (y), when y is in a fixed neighborhood of 2.

For the same reason it follows from the fact that zé¢(w\ K,) N (a.s.U)~—J that
z ¢5.(0x By, % 5. T), provided that oy, y, €C°(R") have their supports in fixed small
neighborhoods of —J and (w™\ XK,) N (a.s.U) respectively. This gives that, when y is
close to =z,

U(y) = (1 —0y) By % Ti(y) + 0 B % (1 — ) The(y)- (5.5)

Suppose now that o, and g, are 1 in fixed small neighborhoods of —.J and (w\ K
(a.s.U) respectively and that the derivatives of 4, ¢, and y; satisfy (5.2). Then also
the derivatives of (1—o,) &, and (1 —y,) T, satisfy (5.2). We may suppose that the
functions ¢, and y, vanishes outside a fixed compact set. Since, on a bounded set,
any distribution is a finite linear combination of derivatives of a continuous function,
the functions 7', =P(D) (¢+,U) and o, By, =0y, B may be written as finite sums of
distributions of the form DPh,- D?f, where h, satisfies (5.2) and f is continuous.
“Integrating by parts” one may, in (5.5), remove the derivatives from f and write
Uly) as a finite sum of terms of the form (D*h-f) % D"'j,(y), where j, is one of the
functions (1 —ay) By, (1—y) Th. If we put fr,=D%hyi1p-f and g =1y+1y, then the
assumptions of Lemma 5.1 are fulfilled. In particular p equals |’|. Thus, according
to (5.3),
| DeU(y)| <M(c|a|).

However, this means that U is analytic in a neighborhood of z.

Theorem 5.1. Let P(D) be of principal type with real principal part and let X,, X,,
be two relatively closed subsets of the open set Q. Then the set X has the following property

as.UcX,, as.P(D)U<X,»as.UcX, UED'(Q) (5.6)
if and only if

X> X, n X, and, for every bicharacteristic line I, the set X contains any component I of
1N (QN\ X n X,) such that I< X,. (65.7)

Proof. The necessity of (5.7) follows directly from Corollary 4.3. To prove the suffi-
ciency, we note that if a bicharacteristic half ray connects x€X, with & point in
O\ X,, while remaining in O\ X; N X, then this is true for all neighbouring half
rays from . Thus, if for every bicharacteristic line [ through x,  does not belong to a
component of 1N (Q\ X,;N X,) lying entirely in X,, then we may cover R* with two
open cones D ={A*, A-}, such that, if ¥={v+, v=}, where v*(£) = +grad P,(&)/|grad
P,(&)], then z belongs to a compact component of X, N ({z} — H(D, 1)). Since
a.s. U< X,, the theorem follows from Corollary 4.1 and Lemma 5.2.
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