Intersection properties of weak analytically
uniform classes of functions
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§ 1. Introduction

1. The notation is standard. N, Z, R, R*, C denote respectively the natural,
integral, real, real positive, and complex numbers. Re { and Im { is the real and the
imaginary part of {€C". || is the usual norm in C"

By (1), t¢R* U {+ )}, we denote the C* functions defined for |x|<t, x€R”,
and by C;°(¢) the C= functions with support in |x|<z. &(¢) is endowed with the
usual topology.

If X is a linear topological space, then X” stands for its dual. The Fourier—Borel
transform of u¢€ of’(C") is denoted & or Fu. Further, &’[B], B<t is defined by &'[B]=
={£é €E°(t); supp uc {!x}<B‘}}A Finally, 9 denotes the Cauchy—Riemann operator,
and, for a multi-index «, D* is the corresponding derivation.

2. Consider g=(g;: C">R");.y a sequence of functions, and consider the
following three properties:

® 7,0 = 4;:1(0, VjEN, vieCn

@ lg;OQ—q;ml = ADIE—nl, v, vaeC

(iii) For every jEN and every t > 0, there exist k€N and ¢; = 0 such that
7,0 = 1q. (O —c;.

The set of all sequences ¢ which satisfy (i) and (i) will be denoted M; (and
called decreasing sequences of majorant functions), and the subset in M, of those
sequences which also satisfy (iii), will be denoted M, (strongly decreasing sequences
of majorant functions).

Definition 1.1. For every g€ M, and every t€R™ U {+ <} we define a space of
C~ functions, denoted & (¢), and called the weak analytically uniform (A.U.) space
associated with ¢, in the following way:
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f€&)(¢) if and only if, for every B<t¢ and every b=0, there exist a Radon
measure y and j¢N such that:

Sl <

and

) f) = [enexpi¢x, 0y du(©)/exp(g;()+BIm | +b1In (1+]2]),
for |x| = B.

A space X &(¢) is called a weak A.U. space in £(¢), if it is the weak A.U. space
associated with some g€.M,.

Examples of weak A.U. spaces are the Gevrey classes I (in the notations
from [6]), and they appear, more generally, in the local noncharacteristic Cauchy
problem for constant coeflicient partial differential operators, as the spaces of natural
Cauchy data.

Definition 1.2. A weak A.U. space &(¢) is called nonquasianalytic, if there
exists a subspace Z,’(¢) in &’ (¢) with the following properties:

(@ 2O (8O NC (D).

(b) For every compact K in |x|<¢ and every neighborhood V of K in |x|<t,
there exists v€ %’ (¢) which is identically one in K, and which vanishes outside V.

(c) The elements from Z,*(¢) are multipliers for &(7).

The main result of this paper is the following

Theorem 1.3. Consider g€ My, and t€R™ U {+ o}, The intersection of all non-
quasianalytic weak A.U. spaces in &(t) which contain &y () is & (1)

This theorem extends a result of T. Bang, which states that the intersection
of all nonquasianalytic Denjoy—Carleman classes gives the real analytic functions.

It is convenient to separate the proof of Theorem 1.3. in two distinct parts.
In order to speak about the first, we need an order relation in M,.

Definition 1.4. Consider q, g?¢ M,. We say that g'>=gq? if for every j there
exists j* such that ¢3({)=g¢% ().

The arguments from the first step in the proof of Theorem 1.3. will then give
the following abstract intersection theorem:

Theorem 1.5. Consider q°c M, and suppose that KT M, is a subset with the
Jollowing properties:

(iv) g€k implies q=4q°,

(v) every countable subset of K has a majorant in K,

(vi) for every function I: K—~N there exists j¢N such that

sup gr,» () = q3()-
geK
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Then
2@ = 7.
gekK

Once Theorem 1.5. is proved, it remains to construct, for a given ¢°¢ M, a
subset K M, such that K has the properties (iv), (v), (vi), and such that the weak
A.U. spaces associated with elements from K are nonquasianalytic. This gives then
Theorem 1.3.

The author is deeply indebted to Mats Neymark, who pointed out several
inconsistencies in the original manuscript and made valuable remarks.

§ 2. J-cohomology for Lipschitz continuous majorant functions

1. Propesition 2.1. There are constants ¢ and 7y, such that, if p:R"—>R" satisfies
[P (ED—p(ED)|=|E1— &2, then there is a plurisubharmonic function q: C"—>R such that

pRe) =q+yIml and q) =2pRe))+y[lm{|+c.
The proof of this proposition is based on the following lemma:

Lemma 2.2. There exists a continuous function h(l, 1): C*XRT—~R*, which is
plurisubharmonic in { for every fixed t, such that for some constants C, A the following
inequalities are satisfied:

(@) h(, 1) = C(+4{Im{)),

®) A, ) =—-|+4AIm{ for /Dt =]l =1,
© hC, ) =—1t+AIm{ for =1,

(d) hGE, 1) = —A[E] for LeR"

Moreover, for each t, h({, t)=In | f({)], f€ o (C").

This lemma is standard, and its proof is very easy. We consider ¢¢Cy(R"),
with f ¢ dx=1, =0 and try to find «, § such that the inequalities above are satisfied
for the function A({, f)=aln |@(BL/t)|. Then (a) is a consequence of the Paley—
Wiener theorem, and (d) follows from f ¢ dx=1 and ¢=0. It then remains to find
o, B for which we also have (b) and (c) (cf. almost every work concerning localiza-
tions in quasianalytic classes).

Proof of proposition 2.1. Consider &,€R” and define a plurisubharmonic func-
tion g, by g; (O)=p(&)+2h({ &, p(&,)), Where £ is the function from the preceding
lemma. We then have qéo(C)§2(p Re)+C(1+A[Im{[). Indeed, for [[—&|=
=p(&y)/2 we have |p(Rel)—p(&)|=p(&)/2 (in view of the Lipschitzness of p),
and for {{—&;|=p(&,)/2 we use (b) or (c).



96 Otto Liess

We now define g({)=sup, cg» qéo(C). Then ¢(Q)=2(p(Re)+C(1+4 [Im £}))
(in particular g is finite in every point). Finally it follows from (d), that p(Re {)=
=q()+4[Im{|.

2. From Proposition 2.1. we obtain the following lemma concerning the solv-
ability of the system dv=u.

Lemma 2.3. Consider p(£): R">R" a function which satisfies |p(&)—p(&d)|=
=q|E—E2|, VEL, E2€R", a=1. Then there exist constants C, y such that the following

is true: if uc C (C") satisfies
[0u(Q)] = exp (p(Re {)/2+B[Im {|+b In (1+[C]),
then there exists vEC™(C") such that dv=0u and such that
[p(@)] = Cexp(pRe )+ (B+ap)|Im{|+(bd+n+2) In (1+[L]).
Here C does not depend on p, and vy is the constant from Proposition 2.1.

Proof. We apply Proposition 2.1. for the function (1/a)p, and obtain a pluri-
subharmonic function g which satisfies the estimates p(Re {)=ag({)+ay{Im {| and
ag(Q)=2p(Re ) +ay{Im i+ ca.

From the estimate for du in the hypothesis of Lemma 2.3., we now obtain that
‘/‘lgu(C)P exp (—agq({)—(2B+ay) Im{|—(2b+2n+1) In (1 +[{]))d{ Ad{=C’ for some
C’. Since ag is plurisubharmonic, we can apply Theorem 4.4.2 in [7], and conclude
that there exists v such that dv=0u and such that

SIo@F exp (—ag(©)—(2B+ay) [Im {| = (2b+2n+3) In (1 + D) dLAdL = C7,

for some C”, which depends only on C’. This is already an estimate of the desired
type (if we use the estimate for ag from above), only that it involves L,-norms instead
of sup-norms. The passage to sup-norms for Lipschitz majorant functions is how-
ever, by now standard; one may, e.g., use the following inequality, valid for C*
functions (a proof can be found in {9]):

w()| = Cli}lspl 0w C+ 0|+ ( f g1 IW(C + B dOAD)™.

§ 3. C* functions as functionals on spaces of entire functions

1. In the proof of Theorem 1.5 we regard elements from &, (¢)-spaces essentially
as functionals on some spaces of entire functions. Special care is required, however,
to overcome the nonuniqueness in the representation (1). We start the section by
introducing a (more or less) convenient terminology.
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Consider a function p: C*—~R™* such that p({)=al{|+« for some constants a,
«’. For B=0, b=0, we define a quasinorm | |, p , on /(C") in the following way:

lp, 5,0 = sup [AOlfexp(p () + B[Im {[+b1n (1 +[{)

and denote
'dp,B,b = {hE&i(C”); lhlp,B,b =< °°}-

On <, 5, | |p, 5, i NOW a norm, and we endow 7, p , with the corresponding
norm-topology.

Definition 3.1. Let t=3a+ B and consider f¢&(¢). Then f defines a functional
Fon F(8°(t)) by f()=u(f). We say that [ is naturally defined on s,  , if the func-
tional fis continuous on (&’ [3a+Bl) N\, 4, .5 4,445 the intersection being con-

sidered with the topology induced from <, ;.\ 5 5 p1s-

The choice of the constants in this definition is justified by the following result:

Proposition 3.2. Let p be a function as the above, consider he o/ (C") such that
th|,, 8,5 oo, and suppose that there is given a sequence of positive numbers g 0.
Then there exists a sequence of distributions w,, with supports concentrated in |x| =30+ B
and such that \h—d|, 5.8 pyn+s=<Ek-

In fact, this proposition shows that the Hahn—Banach extension of f to
S,y 504 8,p1nrs 18 UNiquely defined on &, p ;.

Proposition 3.2 results from Theorem 3.1 in [8]. Since we shall use similar
arguments later, we shall indicate the proof briefly, for the convenience of the reader.

We first need an elementary lemma.

Lemma 3.3. Let 5,—~0 be a sequence of strictly positive numbers. Then there
exist functions @€ C=(C") such that the following inequalities hold uniformly for
o, 0=a=1:

@ e = &l +ID exp (- 1D,
3 00x(0)] = a1+ [ exp (—af] + 3a|m I,
) 1= @) = a1 +[Z).

Proof. We denote for §=0:

05(0) = exp(—3( 1)) = exp (—3(I(Re (P~ SAm{)*+2i3 Rel, Im{)).

Uy = {CeC”; [tm{P = (1/2)[Re*+1/6).

Us,, = {{€C"; distance from { to U; is less then 1}.

w;: a function in C*(C") such that w;({)=1 for (€U, w;({{)=0 for {¢ U;, and
such that |w;(0)]+|0w;({)|=C, for some constant C.
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It is then easy to verify that, for a convenient sequence J,, we may set ¢, ({)=
=5, Q)05 ©).

Proof of proposition 3.2. Consider first the functions s, =¢. 4, where the ¢,
are the functions constructed in Lemma 3.3. From (2) it follows that |4 ()| =
=h|,. 5,5 &(1 t[(])”+1 exp (p({) + B|Im (| — [{)=Ce(1+ ()’ exp B[Im (|, and
from (3) that |hy(0) = A, 5,p &1 +I{DP* exp (p(O) +BIIm | —al¢] +3e|Im {]) =
=Ce,(1+[{)**" exp ((B+3w) [Im{[). Then solve dg, =0k, with some g, which sat-
isfies the estimate |g,({)|=C"g (1 +|{)** " 2 exp Bu+B)|Im{| (the existence of
such a g, follows, e.g., from Lemma 2.3.). It follows that 4, — g, is the Fourier—Borel
transform of some distribution with compact support, u,, and we have, in view of
(4) and the inequality on g,, that

|h—t] = |1 — ol bl + gl =
= Ce (1 +10DP* exp (p(Q)+ BlIm {)+ C" (A + [P *+* exp (B + B) [Im {])) =

= Cg (1 + 10D 2 exp (p(O) + Ga+ B)[Im {]).

The proposition now follows by passing to a convenient subsequence.

2. The main result of this section is, that in sufficiently general situations, a
function which is naturally defined on a family of spaces, is also defined on their
“union” (precise statements are given below).

Let p,: C*—>R*, 1€ be a family of majorant functions (the index set I may,
or may not, be countable), which satisfy for the same o, 0=«=1, the conditions
1P, () —p, (LN =a|{—{’"], and denote p({)=sup, p,({)-

Proposition 3.4." There exist constants ©(=27"), =3 and 6 =0 with the following
property:

Suppose that t=B+oo and that f¢é(t) is such that for all u€&’(B+oa) and
all €1, \u( I =Clil,, by oy, 545 With C independent of wand 1. Then f is naturally defined
on MW’ B,b> Le. for all ve("’w(B_l_ 3“)3 Iv(f)l = C, lﬁltp,B+3a,b+n+3‘

The first remark which simplifies the expressions we have to estimate is, that
we may suppose that the functions p, depend only on Re{. This follows from the
inequalities p(Re {)=p,({)+a|Im |, pQ)=pRe{)+a|Im ] which are obvious con-
sequences of the Lipschitzness of the p,.

To ease the notations further, we will change the index set I to Z” in the fol-
lowing way: for every A€Z" there exists 1(4) such that p()=p,,; (1) +1, and we
define p, () =p,;,(0)- In the sequel, we will work with the family p,, A¢Z". This
will not change the result, in view of the obvious inequality sup,,p,(Red)=
=sup, z» pi(Re ) +¢, for some c.
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For the moment we will also suppose that a=1.

Before embarking on the proof, we introduce some notations and make some
constructions.

Let us consider (4,); ¢z, the covering of R” with the cubes 4,={¢; |&;—4;|=1,
i=1, ..., n}. Further we denote for A,€¢Z

an = U A(}.’, An)*
Aezr-1

Suppose now that we are given a function y: R*->R™ such that [y (&%) —y(¢?)|=
=|&— &2, Starting from the function x, we define functions X1, R*-R*, associated
with ¥, in the following way:

%,(8) =0 for &= A+ 1+, 4+1),

22,8 = 2 A+ D)+ 4, +1=¢&, for A +1=¢, =4,+1+x(¢, 4+1),
23,(8) = x(%) for ¢c¢B,,

2,8 = x4 —D++1-4, for 4,—1-x(, L-D)=¢ =2-1
x1,(6) =0 for & =24,—1-x(&, 4,—D).

Here we have used the notation &'=(&,, ..., &,_y) if E=(&;, ..., &1s &)

The obtained functions are obviously Lipschitz continuous, with Lipschitz con-
stant 1. Their main property is that, on a slab they are as great as y, but outside
that slab they decrease so rapidly that every Lipschitz continuous function, with
Lipschitz constant 1, which is greater then zero, and which coincides with y on B; ,
is greater then y; .

The construction above can be effectuated in any other variable, and in doing
this in the variable &,_.,, starting from the functions X2, We obtain functions
i), _,- Continuing this procedure, we obtain inductively systems of functions
("'(Xl,.)/‘n-l"')lm’ such that the following properties are satisfied:

If g isin a system, then |g(&Y)— g(&9)] = &1 —&2.
SUP (- Uty - Drerdte = (oo Uiy aunr-
MEZ

If u:R"—~R* is a function such that |p(&Y)—pu(é?)] = |1 —¢&?, and if
n= ("'(xln)ln-l "')li

on

Bli; Aialyees dm U)' A(ll,---.li-‘l, Ay ey An) 2 then (“'(Xln)ln-l“')li = I‘+C on R~

Apsererdyy

The proof of Proposition 3.4 now follows in a finite number of steps, from the
following proposition, for convenient choices of B’ and b’ (and y=p).
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Proposition 3.5. Suppose 1=i=n, A;,,€Z, ..., L, Z and consider constants B’,
b, t=2""Y 3+ y)+ B’ (y is the constant from Lemma 2.3). Suppose further that for
all 2,€Z and all uc &' (B +[3-+7127"") we have

(Nl = Clﬁlz‘"“'l(...(un(kcg)),ln_l...),li, B +2 " (3 49), b +2n 47

where C does not depend on u and ;, X;pq,y s Ay-
Then we have for all v€&'[B']:

U = CPola-rsi( ra ®enn_ydag, B
Jor some constant C’, which does not depend on v and ;i1 ooy Ay

It is enough to prove Proposition 3.5 for i=n, since the argument is similar
in the general case. For i=n we obtain it from the following technical lemma.

Lemma 3.6. a) There exists a constant C such that if he o/ (C") satisfies the
inequality

) Ih(Ol = exp (x(Re )/2+ B’ Im {[+b"In (1 +{L]),
then there exist functions h; € #(C") such that h = 2 1.z M, and such that
©) A+1A4D*, (O] = Cexp (x2,(Re )+ (y+ BYIm [+ (2" +n+4) In (1 +[L)).

b) Suppose that we are given entire functions hln which satisfy the inequalities
(6), that >h 2, =0 and suppose that ¢~ 0. Then there exists a sequence of systems of
distributions u, €6 [B’+3+v] such that

™ 25, Uk = 0,
® s, =t 0] =

= (144D 2exp (3, Re )+ B+ y+ BH)Im | + B’ +2n+ Ty In 1+ L)),
® 2 gmr Wik TEN,

is a bounded set in & for every k.

We will admit the lemma for a moment and prove Proposition 3.5 (for i=n).
To do so, it is sufficient to take v€&’[B’] of order not greater than 5 which
satisfies [9({)| =exp(1/2x(Re {)+B’ [Im¢|+54" In(1+[(]) and to prove that [v(f)|=C"
(in fact, we can regularize a general v). In view of Lemma 3.6 we may write § in
the form
6(0 = Z tétha

where
Q)] = CA+ )~ 2exp (:Re )+ (7 + B) [Im {[+ (B + n+4) In (1 + [{]))
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with £, entire functions. In view of the assumption on f, the expression f(/,) has,
for every t¢Z, a welldefined meaning, and we have | f(%,)|=C(1+t)~2. It follows
that | 3, f(h,)|=C’, and the proposition is proved, if we can show that v(f)= 3, f(k,).
This assertion now follows from Lemma 3.6.b): v satisfies for some constant D
the estimate |8())|=D(1+ (¥ exp B’ [Im{|. Let us then apply Lemma 3.6. b), in
which we take as /i, those from before, with the exception of A,, which we change
to h,—#. We can then approximate these fanctions, in the indicated way, with
Fourier—Borel transforms of distributions with compact support, u, ,. For every
fixed k we now have >, u, ,(f)=0. Indeed, we may change the order of summation
in (2, u, . )(f) in view of (9), and we obtain 0 in view of .

Proof of Lemma 3.6. a) Let us denote by ¥, a family of C*(C") functions with
the following properties

supp ¥/ < By X {iR"},

+ Yg=1 for |Re{,—s| =1/3,
s ()] + 0¥ (0] = ¢, for a constant ¢ > 0,
2 =1.

It is then clear that the functions [, =¥, h could play the role of functions i
if only they were entire. We will obtain from them suitable entire functions, by adding
small corrections, with the aid of some d-argument.

To do so, consider the functions

Y, for Rel,=s
O = {1 for Re(,<s
and g; = g, A
The functions ggi then have their support in A,+1/3=Re{,=41,+1, and
therefore we have "

108,01 = (1+ [2)) "2 exp (1, (Re /2 + B/ [Im {| + (5 +2) In (1 + [£])).
It is therefore possible to find w, with dw, =dg, , such that
w,, Ol = CA+1LD"2exp (x,, (Re O+ (y+B)Im {|+ (B +nr+4) In (1+[L]).

We now denote &, =f;, +w, —w, ,and itis easy to see that these functions 4,
satisfy all the requirements in Lemma 3.6 a).

b) The second part of the lemma is proved by repeating the arguments from the
proof of Proposition 3.2, in which we now perform the arguments simultaneously
for all the functions 4.
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In fact we denote h; ,=@.h, , ¢; those from Lemma 3.3, solve, with Paley—
Wiener estimates, the systems ﬁwlmk-——g(pkh 4, for 4,70, and set, in order to maintain
2 U =0, wo=—2; «oW, i Finally we define 4, ,=h; ,—w, ..

We have now proved Proposition 3.4 for the case a=1, and it remains to see,
what changes must be performed, in order to obtain it in the general case. Apart
from the “loss” of a term exp (2« |[Im {|) in estimates which occurs when we change
from the functions p,({) to the functions p,(Re (), we see that we only have a loss
of terms exp |[Im {| when we apply Lemma 2.3. The amount of terms [Im (| which
we loose in the exponent hereby depends linearly on the constant of Lipschitzness
of the respective majorant functions. It is therefore sufficient to construct a system
(---(P3)a,_, ), consisting of functions which are Lipschitz with Lipschitz con-
stant «. This is possible by an obvious modification of the construction preceding
Proposition 3.5.

§ 4. Proof of Theorem 1.5

1. Lemma 4.1. Suppose g M, and fc &(t). The following two assertions are then
equivalent:
M feay @, |
(D) for all B, 0<B<t, and all b=0, there exists j, B+3/j<t, such that f is
naturally defined on B, b

Proof. a) Suppose first f€&,"(¢) and choose B, B’, B”, 0<B<B'<B"<t, b>0,
b’=b+n+3, b”=b+1. By definition there exist a Radon measure y and a jj,
fdlu|<< such that

@) = [cnexpi{x, ) duQ)fexp (g;,(O+ B Im{|+5" In A+ ), for |x| =B,
and from this it follows that
v(f) = f 8(0) du(©)/exp (9;,(0) + B"[Im {[ + 5" In (1 + [])
vES (B By, By <o
(Choose g,€ Cs°(B"—B’) such that |1—g,(0)| = e(1+[{]) exp (B"—B)[Im{|. Then
@*0)(f) = [ &0 dufexp (g;,() + B [Im | +b” In (1 + [£])
|/ (1= £.0)0() dufexp (4, )+ B [Im ¢ +&" ln (1 + |§)| =

(1+ [¢]) exp (B"—B")[Im ]) exp (¢;,() + B’ |Im {|+ b’ In (1 +]2))
exp (¢;,(0+ B Im [+ 5" In (1+)))

for

an

=Ce

du—~0

when & —~ 0.)
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We now choose j such that
(10) J=Jjo, B+3[j<DPB,
and prove that f is naturally defined on .7, WAL
Since |g;(¢H)—q;(C3| = (1/)|*—{?, this amounts to
[0 = Cloly, Besibantss D€y, pisipinsaO F(E[B+3]j]).
To prove this we have only to observe that
0 = Ble aar / exp (¢;(0+ (B+3()) [Im {] + b In (1 + |£]))
= qjsB+3/j,b+n+3 exp (q,o(C)"l-B”[Im (:l +b// In (1 i ICI))
= Iﬁlqj,B+3/j,b+n+3fd[“(C)L

in view of the inequalities ¢;({)=g; ({) and (B+3/j)[Im{|=B’[Im{| which are con-
sequences of (10).

b) Let us, conversely, suppose that for all B, b, there is some j, B+3/j<t such
that 1 is naturally defined on ,pqu,B, »- In view of the Hahn—Banach theorem, there
exists a Radon measure v such that f d[v({)] << and such that

v(f) = fﬁ(C) dv()fexp (q;(0) + (B +3[) Im |+ (b +n+3) In (1 +{{]),
ve &' [B+3/1, lﬁlqj,B+3/j,b+n+3 = .

S =0.(f) =
= (2ﬂ)”"/exp ix, £y dv(O)/exp (g;(0) + (B+3/)[Im {|+ (& +n+3) In (1 + ),
[x| = B+3/j,
and this gives immediately, f¢ &y ().

du@l =

for

In particular

2. The proof of the theorem is now very short, since we have put enough con-
ditions on K in order to assure an easy reduction to Proposition 3.4.

Since the inclusion &}’(r) D &3(?) is clear, we have only to prove that
N &7 OEHQ).
geéxK

Let us then suppose f€ (,ex €y (f) and fix B <t and b. We choose j, such
that, for B’ = B+o0/j,, B'+3/j,<t and set b’=bh+6,0,5 the constants from
Proposition 3.4. From the assumption f€(\,cx&Y(f) we obtain (in view of
Lemma 4.1.) a function I: K -~ N such that f is naturally defined on the spaces
A1, p, - We may of course suppose that for all g, I(g) = j,. In particular

(NI = CI@) Blrg, 5,»r for vEE[BY, B, 5,5 < -

If we could prove !;hat, for a convenient choice of I, the preceding inequalities
are satisfied for some C which does not depend on g, then the theorem would follow.
Indeed, we could apply Proposition 3.4 and obtain that f were naturally defined on
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& 2. 8,5> With T from Proposition 3.4. and G({)=sup,cx ¢, ()- Since §()=gq; ()
for some r, in view of condition (vi) on K, and since t¢’=q%—c, in view of (iii),
were then naturally defined on 7, 5, and it remains to apply Lemma 4.1 again.

The last thing to do is therefore to prove the existence of a function 7I: K—~N
such that [v(f)|=C if |Bl;¢y 5,5 =1 for some g€k, ve&’[B’]. If there is no such
function 7 then the following is true: :

for every k€N, there exists g°¢ K such that the norms of f as functionals on
A p, N F (6'[B']), jEN are all greater then k (for a finite number of j it may
happen that f¢ (o p,y» 0 F(E'[B'])Y). We now apply (v) for the sequence ¢*
and denote by ¢ the element associated with ¢* by this condition. It follows that
the norm of fin any space (- A Ratd (6’[B’])) is greater then any k. This con-
tradicts the assumption f€&,’(f) and this contradiction proves the theorem.

§ S. Nonquasianalytic Denjoy—Carleman classes

1. The nonquasianalytic weak A.U. spaces which we construct in order to
prove Theorem 1.3 are associated with nonquasianalytic Denjoy—Carleman classes
of functions. We first introduce and study the sequences of integers for which we
will consider the corresponding Denjoy—Carleman class.

Definition 5.1. We denote by A., ¢=>3, the set of sequences d={d;} of numbers,
which satisfy the following conditions:.

) d; =],
(12) dyor = d;
(13) ;4 = cdj,
(14) S 1/d; < .

In A, we have a natural order relation: we say that d'<d?, if there exists a
constant C such that 4} =Cd?, V. '

For dc., we consider the following two, essentially equivalent, “associated”
functions:

k() =In 2, (v/dyy’, k() =supln(z/d)¥, T€R*.
k
Note that these expressions make sense, due to (i).
Lemma 5.2, £'(7) = £(7) = £'(27).
Indeed
sup @e/d) = 3 (1/2%) sup Qejd) = 5 (1/2)Qt/dy = 3 (t/d;).

i J J
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In view of this lemma, the functions £ and &’ play the same role in most of
the problems concerning Denjoy—Carleman classes. In the sequel, we will prefer
to work with £. ’

Proposition 5.3. £(7) : RT — R* satisfies |k(r) — ()| = |t — 1’| and is increasing.
Proof. For 1=0 we may differentiate and obtain
de(fde = (Z; 70 dp)] Z (3)dy =1,
STNEY = 2 aldy Tt = 2 ()d;-) T = 2 /),
in view of (11) and (12).

2. The following two propositions essentially correspond to properties (v)
and (vi).

since

Proposition 5.4. Suppose r—d(r) is a sequence of elements in N,. Then there
exists de N, such that d<d(r), Vr. :

Proof. By hypothesis 2/, 1/d;(r)=c, for some constants ¢,, which we may
suppose =1. Define d;=inf, r2c,d;(r). It is then easy to see that d; satisfies (11),
(12), (13) and

Z l/dj = 2, (I/Crr2) ije,]r (l/dj(r)) =1,

J, = {j; d; = rie,d;(n)},
e (Ud) = 3,(1d;0) = c,.

The order relations d<d(r) are trivial.

where

since

Proposition 5.5. Suppose g€ M, and let I: N,~N be a function. Then there exists
reN and a constant C such that

(15) dseu}f) In 3 (qra@/d;Y +C = q,).

Proof. We will reason by contradiction. The first thing to note is, that if the
proposition is not true, then there exists a sequence of points {; such that
(16) sup In 3 (g1 C/d;) +k = 1k q, (G-

Indeed, if (15) were false for any choice of C and r, then we first obtain a sequence
of points {, such that

sup In 3 (91 /i) + etk = 500 (o)

where j(k) and ¢, are chosen such that g;q,=(1/k*)q,+c;, and (16) then follows
immediately.
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(16) implies in particular that g, ({;) =&3.
We want to show that this remark, together with (16) leads to a contradiction.
In fact we will construct d€.4; such that, at least for & in a subsequence {k.},

amn In > (qk(Ck)/dj)j = q:(§/k Vz,

k in the subsequence, and this is a contradiction, since then also (in view of the fact
that the sequence g, is decreasing and that the function £ associated with d is
increasing)

In 3 (g1 G/ = gk Vi

for large values of k£ in the subsequence.
Therefore the proposition follows, if we can prove the following assertion:

Suppose 1, is a sequence of points in R™ such that t,=k®. Then there exists de.¥,
and a subsequence {k} for which

18) In 3, (n/d)y = u/k Vk for ke {ks.
Now (18) is equivalent with
3, @ldy = exp(a/kVk),

and to have this, it is sufficient to have d; = 1;/e for some j= 17,/kVk. (In this case
(/) = (1/d;)*™V% = exp 7,/k V).

We would therefore like to find {d;} such that, at least on some subsequence,
dp, ya="ule (I4] is the integral part of 4). Denoting [7,/k}Vk]=a it is therefore
sufficient to have dakékak, and we can apply the following

Lemma 5.6. Given an increasing sequence ay there exists d€AN such that d,,=
=s52q,.
Proof. Define d,, = s*ae for s natural and

dasz+i = min (d, dasz+i—1) for 1=1i<arp—ae.

(s+12%° €

It is then clear that d satisfies (11) and (12). To see that (13) is satisfied, we have
only to observe that .
(1) pe = NPy,

for s=2 in view of the fact that the function e*/A2 is increasing for A=2. It remains
to check (14). This follows from

2

whence 3 1/d; = C D 1/s* < .

TiA

1 A(s+1)2 — G2 1 i c
—,

. + T et
°§’<”(s+1)2“as2 dasz-l-i da(s+1)2 dasz 2,_0 s



Intersection properties of weak analytically uniform classes of functions 107

3. For every dé, we now consider the associated Denjoy—Carleman class,
which is defined in the following way: we first introduce quasinorms on C%(¢),
setting, for d€.4;, h=0 and B<t

B g P
[ f1%H ——Ifllgl)? A(d )

and then we define
gr(t) = {fcC=(@); VB <1, 3h > 0 such that |f]|*"3 < o}.

The properties of the elements from .4, then correspond to the following properties
of ) (1):

(11) implies: %;°(¢) contains the real analytic functions from C*(f).

(12) implies that %;"(¢) is stable under multiplication.

(13) implies that ¥;"(¢) is stable under derivation.

According to the famous Denjoy—Carleman theorem (cf. e.g. [12]) (14) implies
(and is in fact equivalent to) the fact that %,’(¢) is nonquasianalytic.

The relevance of the function £ associated with d to the corresponding Denjoy—
Carleman class %,"(¢) stems from the following trivial

Proposition 5.7. Consider ¢ € Cy (t). Then the following two assertions are equiv-
alent:

@ e (),

(b) there exist B<t and =0 such that for every b

exp k(@[{D1P Q)| = Cyexp (BIm{|—b1n (1+[C])).

(Since we do not allow the d; to be+ oo, the term —& In (1+[{|) in the exponent is
not relevant; £ dominates b In (1+|{]) at infinity for any b. We have inserted it here
for later convenience.)

Let us note in conclusion of the section that we also have the following result:

Proposition 5.8. Consider dc A, and denote by L the associated function. Then
{k;}, k;(O)=k([L|[j) defines an element in M, and 9} (t) is the weak A.U. space asso-
ciated with this element.

The first assertion is an easy consequence of Proposition 5.3. In view of Proposi-
tion 5.7, the Fourier inversion formula gives for elements in %,"(#) n C;°(¢) a rep-
resentation of type (1). This is already enough, in view of the fact that &;(z) is
nonquasianalytic.
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§ 6. Proof of Theorem 1.3.

1. Consider g€ M, and deA;. We define (¢(d));=In 3, (q;()/d)=k(g). It
is immediately seen from Proposition 5.3 that g(d)¢ M,. This gives sense to the
following proposition:

Proposition 6.1. Suppose g€ M, and de A;. Then &, (¢) is quasianalytic.

In some way &, (?) is as close to &,"(¢) as is the corresponding Denjoy—Carle-
man class to the real analytic functions.

Proof of Proposition 6.1 (standard). It is clear that &, (t) D% (t)nC5 (1),
which gives the first two properties in Definition 1.2. It is therefore enough to prove
that the elements from %;"(t)nCy () are multipliers for &, (¢). Suppose then
that €9," (1) Cy (¢), and f€6,(¢). We want to prove that @fc &y, (1).

From @€ (#)nC;y(¢) it follows, for some small §, which we may suppose
smaller than 1/2, that for all b

(19) o)l expk(2on)) = Cexp(B|Imy|—bIn(1+|n)) for some B <1,

and from f€ &7, (¢) it results that f can be written in the form f{(x)= f exp i{x, {)dv(0),

q!
|x|= B, for some Radon measure v such that

v = pfexp (k(g.()+BIm+bln (1 +2)), [dlf < e,

for some (great) r.
We now define (\)=0Qn)™" f ¢(n)dv({—n) and we want to prove that

(A) W ()] = Cexp (—£(5g,(O) —bIn (1 +2)),
®) ¢ (&) = (©®).

This would bring the proof of the proposition to an end, in view of the fact
that £(8¢,(8))=k(q, (&) —c,)=k(g, (£))—c, for some r’ and ¢, (which come out from
(iii)). Indeed, we could write (¢f)(x)=Q2n)™" f exp i{x, HHyp (&) dé.

a) To prove (A) we first note that

(20) k(3. (& +m) = k(q,(D) +£(25[1).
Indeed
k(6g,(E+n) = £(5g,(O)+6nl) = £(26¢,(D) +£25n)) = £(q,(O) +£25]n).

Here we have used Proposition 5.3.
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We can now estimate ¥ ({).

exp (k(8¢,(©) +bln 1+ D) | f o) adv(€ —n)| =
= exp (k(0g,()+b1n (14 )
- [ 18] exp (—(k(q, (€ —n)+ BImy| + b In (1 + £ — ) dip (€ —n)| =
= sup [p ()| exp (¢, 1) S dlul,

with '/ denoting some obvious exponent. Using (19), it is sufficient to prove that
1E n—£Q26n)+BImn|—b1n (1+4]) is bounded, and this results from (20) and
~ the subadditivity of the function In.

b) It is easy to see that i is in fact an entire function. Moreover, estimates
similar to those above show also that () satisfies inequalities which are sufficient
to write () as the Fourier—Borel transform of a C;° function, concentrated in
|x{=B. To prove (B) it is therefore sufficient to show that for |x|=B, F 1y (x)=

=9 (%) f(x).

Now
Sexpi¢x, O [omydvE—mdé = [[expilx, &o(n) dv(E—n)de =
= [[ expix, E—n-+myp(E—n) dE dv(a) =
= [[expi¢x, n)(expi(x, E—n) pE—m)dE)dv = 2n)'f(X)9(x) for |x| = B,
by the definition of v.

2. It is now clear that Theorem 1.3 follows from Theorem 1.5 in view of the
following two lemmas:

Lemma 6.2. Suppose that g€ M, satisfies q;({)=2q;..1(0). Then K,={q(d); dc.A;}
satisfies (V).

Lemma 6.3. For every q€ My, there exists q’ ¢ M, which satisfies
7;0) = 2¢5..10)-

Vr, VC,3r" such that max(g;({)—C,0) = g, (0).
Er(t) = 8).

In fact, given g€ M,, we first consider ¢’ given in Lemima 6.3 and then we define
K, for this ¢’. K. then satisfies (v) in view of Lemma 6.2 and (vi) for ¢’ in view of
Proposition 5.5 and the second property of ¢’.

The first lemma is ah easy consequence of Proposition 5.4.
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Proof of Lemma 6.3. Consider g€ M, and let i(j) be an increasing sequence
of integers. Define §={q;}, §;=4,;,. It is then clear that &"(¢)=4&,"(¢). Choosing
i(j) suitably, it is easy to see that we may suppose that q;({)=2q;,,({)—c¢;, for
some c;. We now define

q; = max (3;— 2, .;jcx—J»0)-

Obviously ¢’€ M, and it is immediately seen that g’ has the stated properties.

§ 7. Comments and remarks

Remark 7.1. The results from this paper should be compared with the results
from [3] and [2, Theorem 1.5.12]. It is not possible to derive the results from [3]
as corollaries of Theorem 1.5. One reason is, that if d; is an increasing sequence
of integers which satisfy d;=j, then g,=In ({{|/kd;)’ is not necessarily in M, (take,
e.g., d;=exp j). The main difference with respect to [3] is that we obtain intersection
theorems for spaces far from Denjoy—Carleman classes.

Remark 7.2. Proposition 5.7. remains valid also for quasianalytic Denjoy—-
Carleman classes. This was pointed out to the author by Mats Neymark. In fact,
one uses arguments from the proof of Lemma 4.1 and the characterization of the
dual of %" (¢) spaces given in [10], [11].

Remark 7.3. Weak A.U. spaces are closely related to A.U. spaces (cf. [1], [4],
[S) and the two classes of spaces have many properties in common. One main
difference is that whereas weak A.U. spaces are local (this is elementary, and follows
also from Theorem 1.3.), A.U. spaces are not (nonlocal A.U. spaces appear in the
study of the Cauchy problem for P.D.O.).

Remark 7.4. Being local, weak A.U. spaces make sense also for nonconvex
domains, and we immediately obtain the analogues of Theorems 1.3 and 1.5. More-
over, these theorems remain true even for germs,

We have used here the following terminology: A function space XCd&(¢) is
called local, if all the functions which belong locally to X are in X. A function f€&(z)
is said to belong locally to X, if for every |x,|<¢, there exists a neighborhood ¥V of
xy and g€X such that f=g in V.

Remark 7.5. The arguments in this paper are essentially microlocal.
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