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An interpolation theorem between one-sided
Hardy spaces

Sheldy Ombrosi, Carlos Segovia and Ricardo Testoni

Abstract. In this paper we generalize an interpolation result due to J.-O. Stromberg and
A. Torchinsky to the case of one-sided Hardy spaces. This generalization is important in the
study of the weak type (1,1) for lateral strongly singular operators. We shall need an atomic
decomposition in which for every atom there exists another atom supported contiguously at its
right. In order to obtain this decomposition we have developed a rather simple technique to break
up an atom into a sum of others atoms.

1. Definitions and prerequisites

Let f(z) be a Lebesgue measurable function defined on R. The one-sided
Hardy-Littlewood maximal functions M* f(z) and M~ f(x) are defined as

1 z+h 1 T
M*f(x):sup—/ |f(®)]dt and M’f(x):sup—/ |£(®)] dt.
h>0 N Jy h>0 b Jo—n

As usual, a weight w is a measurable and non-negative function. If ECR is
a Lebesgue measurable set, we denote its w-measure by w(E)= [, w(t) dt. A function
f(z) belongs to L?,, 0<s<oo, if ||f||Lu:(f_OZo |f(2)]°w(x) dz)'/* is finite.

A weight w belongs to the class Af, 1<s<oo, defined by E. Sawyer in [6], if
there exists a constant C, s such that if —co<a<b<c<oo then

(/abw(t) dt) </bcw(t)1/(sl) dt)SI <Cyslc—a)*.

In the limit case of s=1 we say that w belongs to the class A} if, and only if,
M~ w(x)<C,1w(x) almost everywhere. We also consider the class A% =], AS.

In general a weight belonging to A, can be equal to zero in a set with positive
measure. For simplicity in this paper we shall assume all weights being positive
almost everywhere.
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As usual, C§°(R) denotes the set of all functions with compact support having
derivatives of all orders. We denote by D the space of all functions in C§°(R)
equipped with the usual topology and by D’ the space of distributions on R.

Given a positive integer v and x€R, we shall say that a function ¢ in C§°(R)
belongs to the class ®-(x) if there exists a bounded interval I, =[xz, b] containing
the support of ¢ such that D7) satisfies

11Dl < 1.
For f€D’ we consider the one-sided maximal function
fi A (@) =sup{[(f, V)| : ¢ € D4 (2)}.

Let we A, 0<p<oo and that v be a positive integer such that p(y+1)>s.
We say that a distribution f in D’ belongs to HY(w) if the “p-norm” ||f||Hf;(w):
(o 1 (@)Pw(z) dx)/? is finite. These spaces have been defined by L. de Rosa
and C. Segovia in [4]. They also prove in [5] that the definition does not depend
on 7.

Let N be an integer. A function a(x) defined on R is called an (oo, N)-atom
if there exists an interval I containing the support of a(x), such that

(1) flalloo<1;

(i) the identity [, a(y)y* dy=0 holds for every integer k, 0<k<N.

The following theorem gives an atomic decomposition of the HY (w) spaces.

Theorem 1. Let we A! and 0<p<oo. Then there is an integer N(p,w) with
the following property: given any f€HY(w) and N> N (p,w), we can find a sequence
{Ae}32, of positive coefficients and a sequence {ar}72, of (00, N)-atoms with sup-
port contained in intervals {1}, }72 | respectively, such that the sum Y po | Agax con-
verges unconditionally to f both in the sense of distributions and in the HY (w)-norm.
Moreover

Ch

00
Z )\kXIk
k=1

holds with C1>0 not depending on f.

Conversely, if we have a sequence {\i}72, of positive coefficients and a se-
quence {ap}72, of (co, N)-atoms with support contained in intervals {I;}7 ,, re-
spectively, such that || Y72 Aexr, |l <oo, then Y 7| Apai converges uncondi-
tionally both in the sense of distributions and in the HE(w)-norm to an element

< ||f||Hf_(w)a
LY,



An interpolation theorem between one-sided Hardy spaces 337
feHY (w) and

o0
11122z @) < Ca|| D Mxa

)

k=1 LE
holds with Cs not depending on f.
Moreover, in case f€LL _(R) then
oo
(1) Y Nixn(@)| < Coffn(a),
k=1

holds for every r>0 with C.=c"2"/(2"—1), where ¢ is an absolute constant.

For 0<p<1, this result is essentially proved in [4], and it can be generalized to
the case p>1 following the ideas of Theorem 1 of Chapter VII in [7].

Through this paper the letters ¢ and C will mean positive finite constants not
necessarily the same at each occurrence.

2. Statement of the main results

We shall denote by €2 the strip in the complex plane {z€C:0<Re(z)<1}.
For 0<po, p1 <oco and z€$) we define p(z) as

Let w and v be weights in A% such that w(x)>0 and v(z)>0 for almost z€R.
Given 0<u<1 we define

up(u)
u)= ,
p(u) o
and, using the same notation,
(2) p(u)(x) = w(a) (@),

It will be proved in Lemma 4 that u(u)c AL .
In the same way, we define ¢(z) and fi(u), for 0<qg, g1 <oo, @ and ¥ weights in
AL

Let s be a fixed real number, 0<s<1, we shall put p=p(s), g=q(s), p=pu(s),
fi=i(s).
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With this notation we have the following result.

Theorem 2. Let T,: HY® (w)+HY (v)— HP (0)+ HE (D) be a family of linear
operators for z€Q) such that if f€ HY (w)+HY' (v) then T, fx¢¢(x) is uniformly con-
tinuous and bounded for z€$) and (z,t) in any compact subset of {(z,t):x€R and t>0}
and analytic for z in the interior of 2.

If, in addition, for some constants k,3>0,

[ Tit f || oo @) < kemﬂ”fHHf_O(w) and | Tyvifll gn ) < kem””fHHil(y),
then there exists a constant C such that
||Tsf||H3r(ﬁ) < C||f||Hf;(u)
for all feHY ().

This type of result in complex interpolation theory was introduced by A. P.
Calderén in [1]. By standard arguments, the previous theorem is a consequence of
the following result.

Theorem 3. Let ¢cCg°(R) with supp(¢)C(—o0,0] and [z ¢#0.

(a) Let f(z) be a function of the complex variable z€) which takes values
in HY (w)+HY' (v), such that F(z,t,2)=f(2)x¢i(x) is uniformly continuous and
bounded for zeQ and (x,t) in any compact subset of {(z,t):x€R and t>0} and ana-
lytic for z in the interior of Q. If f(it)€ HY (w), sup, ||f(it)||Hio(w)<oo, f(1+it)e HY (v)
and sup, ||f(1+it)||Hil(l,)<oo, then f(s)eHY(u) and

1—s s
1F@laz g <e(sup 1Dl o) (sup I FAFi0 ) )

(b) If feHY (1), there exists a function f(z) such that F(z,t,z) has the prop-
erties stated in the first part, f(s)=f and

. p(u) P
(3) ||f(u+lt)||Hi<u>(“(u)) < C”f”Hi(u)

holds for z=u+it€Q and c does not depend on f.

S. Chanillo in [2] proved that strongly singular operators associated with kernels
of the type e”‘”‘fb/|a:| for 0<b< oo satisfy a weighted weak type (1,1) inequality for
weights in Muckenhoupt’s class A;. Chanillo solves a key point of his proof with
a version of Theorem 3 for weights in the class A, due to J.-O. Stréomberg and
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A. Torchinsky ([7]). To obtain Chanillo’s result for one-sided strongly singular
operators and for weights in the class A7 that key point is solved with Theorem 3.

3. Some preliminary results
In the following lemmas we state some results we shall need to prove Theorem 3.
They correspond to Lemma 7 and Lemma 8 of Chapter XII of [7].

Lemma 4. Let weAy,

If s=p(1—9)+qd then

veA;, 0<dé<1 and n>0.

w(z)'v(z)’ € AL,

and there exists a constant C=C(n,d,w,v) such that

(ﬁ /_w(x) dx>16<ﬁ / v(x) dx>6<0<ﬁ /I+ w(x)l_‘su(x)‘sdx>

holds for every pair of intervals I~ =(a,b) and I'*=(b,c) with b—a=n(c—0).
Proof. Assume that p>1 and ¢>1. By applying Holder’s inequality with
exponents a=(s—1)/(p—1)(1—-40) and B=(s—1)/(¢g—1)J, it is easy to see that
w(z)!~%v(x)’ € A} with constant CL_°CS .
Let us prove the rest of the lemma. Since we€Ay, v€AF and by Hélder’s
inequality with exponents o and 3, we have

( / () dx>16 ( / () dx>6

(p—1)(1-9) (g—1)6--1
SC&TP‘SCiq(c—a)S [(/ w(x) V=D dx) (/ v(z)~ /@D dx) }
I I+

N
1-8 6 1-6 Se1 . (s—1)(-1)

<t (ema ([ Getay=oute)) /e o)

<ol-90s (EZ9 5/ s 5

= Cw’p Cy,q( |I+| I W(Z‘) l/(],‘) da’:

If b—a=n(c—>b) then

<|1—1| I_w(x)dx>16(ﬁ/_ V(x)dx>6<C|Il+| [ ety da

(1= s
where C=CL°C? (1+n)*/n. O
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Lemma 5. Given 0<p<oo and n>0 there exists a constant C=C(p,n) such
that if 0 is a weight on the real line then

oo oo
> Nkx, > Mixe
k=1 k=1

holds for every A >0 and for all intervals Iy, and all 6-measurable By, E CI; with
6(Ek)>nd(I).

<C

Ly

Ly

Proof. The main ideas of the proof can be found on p. 116 of [7]. For the sake
of completeness we give a proof here.

For the case 1<p<o0, let geLp/ where pp p+p We assume that ¢>0 and
that ||g||L§/:1. Since M;5(g)(y)=sup;s,(1/6(1)) [; g(t)d(t) dt then we have

/R X (0)9()(y) dy < 6(I) inf Ms(g)(y)

yEE

D) it Mo )= [ e )Mol (0

<

<

Thus,

k=1
SE g:l)\kXEk

Now, since we are working on the real line, we have that || Ms(g)
holds for every weight J, with C’Z’,’l =27+1p and therefore

A(gAkXIk(y)> y)d(y dy<C

From this inequality we obtain immediately the conclusion for p>1.
Now, let us prove the case 0<p<1. By denoting ¥=> ", \pxg, and &=
> he 1 AkX1, for a fixed t>0, we define

| Ms(g)| o
L? g

Iy <Collgly

P
6

E={reR:¥Y(xr)>t} and O:{xéR:M(;Xg(x)>g}.

Since we are working on the real line, Ms is of weak type (1,1) with constant
2 with respect to the weight 4. So, we have

(4) 5(0) < %5(5).
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If O°NI;#@ then 6(ENEL)<S(ENIL)<3nd(Ix) < £6(Ey) and consequently,
8(Ex) < 36(Er)+6(ENEy).
Therefore
(5) no(E°NIL) <6(Ex) <20(E°NEY), if O°NI; #@.
Taking r>1 and using that O°CE€ we obtain
/ ()5 (x dx</ ( S @ ) 5(x) dx.
¢ € \oenl, #o

Since (5) holds, we can apply, with the weight 0(z)xs-(x), the case r>1 we
have just proved, to estimate the last term by

S ).
0Nl £o
So, we have
" g )" (x) dr
(6) /U<I>(x) Fo)do < /G\II()é()d.
From 6({z:®(z)>t})<6(O)+06(0O°N{z:®(x)>t}) and by (4) we have

L / ()" 6(x) da.

5({w: bz )>t})<46(8) "
By (6) we obtain

C.
nt"

4 T
6({x.@(x)>t})§56(€)+ /EC U(x)"d(x) dz.

From the estimation above, we get

o0
Z AkX1I,
k=1

" /OO Pt 15({z: B(x) > 1)) dt
L§ 0

Sé/ ptp*15(5)dt+&/ pt”*l’r/ ()" 6(z) da dt.
nJo n Jo c

So, the lemma follows since for 0<p<1 the last term equals

(4C’p>
no onr—p

(]
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The next lemma is contained in Theorem 1 of [3].

Lemma 6. Let e AL .
(a) There exists 3>0 such that the following implication holds: given A>0 and
an interval (a,b) such that A<d(a,z)/(x—a) for all x€(a,b), then

[{z € (a,b):0(x) > BA}Y > 3 (b—a).

(b) There exists v>0 such that the following implication holds: given A\>0 and
an interval (a,b) such that \>0(x,b)/(b—x) for all x€(a,b), then

§({z € (a,b):8(z) <yA}) > 26(a,b).

4. An appropriate atomic decomposition

In this section we give an atomic decomposition of a distribution fe H?(w)
with additional properties that we shall need.

We shall say that an interval J follows the interval I if I=[c,d] and J=[d, €].

Our goal is to prove that given f€HY(w) there is an atomic decomposition as
stated in Theorem 1 such that for every atom aj supported in an interval I there
is another atom a; supported in an interval I; following I}.

First we shall need a couple of lemmas in order to ‘break up’ an atom.

Lemma 7. Let r>0. There exists a sequence {n;}
that

72 0f C§° functions such
(a) 0<n; <1 and 3772 1 7;(2) =X (—o0,r)(¥).
(b) supp(n;)CIj=[r—27r,r—2-372y].
(c) If we let rj=r/27 and x€l; then tr;<r—z<r;.
(d) Each x belongs to at most three intervals I;.
(e) For every mon-negative integer m there exists a positive constant ¢, such
that |D™nj(z)|<cpr; ™.

Proof. Let
y/2
hy)= [ ple)at
y

where p is a non-negative C3°(R) function with support contained in [—2, —1] and
Jr p(t) dt=1. We define

SEE=S]

It is not hard to see that {n; satisfy the five conditions. For details see [4]. O

o0
j=—oc0
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Lemma 8. Let a(y) be an (co, N)-atom with support contained in an inter-
val I. There exists a sequence {a;(v)}32, of (00, N)-atoms with associated inter-
vals {1;}32, such that a(x)=c Z]Oil a;(x) almost everywhere, with ¢ being a positive
constant independent of a(z). In addition I=U;i1 I; and no point x€1 belongs to
more than three intervals I;.

Proof. Without lost of generality, we can assume that I=[0,r]. Since a(y) is
bounded with compact support,

Aw = [ =) at) dy

is well defined.

The vanishing moments condition of a(x) implies that supp(A)C|0,r]. More-
over, it is not hard to see that DV 1 A(z)=(—1)"*1a(z) for almost every z.

Let {n;}52_ be the functions of Lemma 7 associated to the interval (—oo, 7).
Then, by condition (a) of Lemma 7, we have

(7) Alz)= ) Al ().

If we let A;(z)=A(z)n;(x) and bj(z)=(-1)NT1DN*+14;(x), we have that
supp(b;)C[0,7]N [r 279p,r—27972p|=1;, and, since supp(4,) is bounded, it can
be shown by integration by parts that b;(x) has N vanishing moments.

We claim that ||b;]/co <c, where ¢ only depends on N. By Leibniz’s formula we
have

N+1
(8) DN+1A Z Ch, NDk DN+1 kn ({E)
For zesupp(n;) and k<N, since ||a|loc <1, we obtain

|DkA(x)| < C/T(t—x)N7k|a(t)| dtgc(r—x)NJrl*k.

Thus, from (8) and conditions (e) and (c) of Lemma 7, we get

N+1
(9) |bj(2)] = DN A ()| <en Y (r—a) VTR DN TRy ()]
k=0
N+1 N+1 k

<CNZ N+1 — <cn(N+2)=
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Furthermore, as a consequence of (7), we have,

o0

a(x)=c Z a;(z)

j=—1
for a.e. x, where a;(x)=b;(z)/c with c as in (9) are (o0, N) atoms. O
Remark 9. We observe that ;o follows I; and that |Ij o] <|I;| <4|Ij;2].

Taking into account this remark and as a consequence of Theorem 1 and the
previous lemma we have the following result.

Theorem 10. Let we Al and 0<p<oo. Then there is an integer N(p,w)
with the following property: given any f€HY (w) and N >N (p,w), we can find a se-
quence {Ap}72, of positive coefficients and a sequence {ayj(x)}7%;_; of (00, N)-
atoms with support contained in intervals {Ix;}3%;—, respectively such that the sum
Z?jzl Aray,j converges unconditionally to f both in the sense of distributions and
in the HE (w)-norm. Moreover,

Z AkXI,

k=1

11 222 (@) ~ e

and, for every j and k, I j1o follows I ;, and |Iy jyo| <|Ir ;| <4|Ix j+2|-

5. Proof of Theorem 3

The first part of the theorem can be obtained as in the proof of Theorem 3 in
Chapter XII of [7] using the maximal function M{ (f, ¢, z) defined on [5]. For the
second part it is enough to define f(z) and to prove inequality (3).

Let fe H?(u) then there exists an atomic decomposition f:Z;?jzl AkG,; as
the one given in Theorem 10. With the notation introduced in Section 2 and for
z€Q, we define

F)=3" Aej(z)any,
k,j=1

where

Iy j+2)
Ao (2 :/\p/p(Z)(w( k,j+2
ki (2) k V(I j12)

By Theorem 1 there exists a constant C' such that

)(Z—S)p/])opl

oo

Z Ak (utit) X1,

k,j=1 plu)

”f(u“_it)”H:’_(u)(M(u)) <C
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as long as the right-hand side is finite. Then we shall prove that

o0

Z |)‘k,j (“+it)|XIk,j

k.j=1

p(u)
<

p(u) —

p
C”f”Hf_(M) < oo.

First we claim that there exist By ; €1k j+2 and a constant c such that, for every
J?EIkJUIk,j_i_Q,

p(w) (@, Br,;)

Brj—z

() (g j+2)

10
(10) [k j+2]

<A4ec

In fact, since M~ is of weak type (1, 1) with constant 2 with respect to the Lebesgue
measure, we have, for every k and j, that

Iy j Ul 5 Iy,
er]k,jJrg:M(M(U)XIMUIMH)(%)>4M(U)( k.j k,J+2)}‘ < | k,J+2|.

[k, j+2] 2
So, there exists By, ; €Ik j+2 such that
- () (g, j+2)
M (M(U)XIk:jUIk,J+2)(/8k7j) §4CI7-Q7
Ik j+2|

where c is the left doubling constant of p(w). This implies (10).
We denote by oy ; the left end point of I ; and

w) (k.
Ey ;= {x € (ag,j, Br;): p(u)(z) < 4vcw},
Ik j+2|
where «y is the constant given in Lemma 6(b). By (10) we can apply Lemma 6(b)
with A=4e(u(u) Ik, j4+2))/ |1k, j+2| to obtain
1(u) (o, Br.i)

(11) ) (B ) 2 BERA Ot

Since I, j C (ag,j, Br,j), we have

o0 o0
> ks (utit)x, -~ D P (wtit) X 60
L u

k,j=1 ) k,j=1

7
From (11) we can apply Lemma 5, and estimate the last term by

O 2 PMesluri)lxme, | | =0|| 3 Pegutinllu(u)(-) ",

k,j=1 Lty k,j=1

Lp(u)
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By the definition of Ai ;(u+it), taking into account that if z€ Ej, ; then

(u)(z) < 4re p(u)(Ix j12)

a [T g2
and from (2), the last term is bounded by
c i AP/P(w) {w(fk,jﬁ)](us)p/popl
il V(Ik.jv2)
] /()
X [17 w(a) Ry (g)rW) dx] XEy .
| k7.7+2| I)cyj_'_g Lp(u)

Since (u—$)p/pop1=(p(uw)—p)/p(u) and using Holder’s inequality the last ex-
pression is bounded by

— _ 1
p/o(u) [ Wk,j+2) (=P [ (L 542) POy (L )0 TP
g Ak XEg,;
v(Ikj+2) k542 ’

k,j=1 Lr(w)

AB/2() WL, ji2)' T v g2) NP
Z Tejz2l XTg jUTk j42UTk j+aUIk jv6
k,j=1 ’

Lr(u)

Therefore, by Lemma 4 and Lemma 5, we get

o 1/p(u)
Lk j+4)
Z )\i/p(u) < 4] ) Xl o

|Ik,J+4|

1 Cutit) ooy < C’

k=1 Lp(u)

% PRI )
SC Z )\i/p(u) <—M( k7]+2)> ka,J+4 .
oyt Ik j+2] Lo

. +h .
Now we shall consider M g(z)=sup;,~o(1/u(x,z+h)) [ g(t)u(t) dt. Since My
is of weak type (1,1) with constant 2 with respect to the weight p we have
Ik r2 Tk jral }) < Plkj+2)
1Tk j+2) -2

N({x S Ik,j-‘rQ : M:(/’Lilxlk,j+2U1k,j+4)(‘x> >4
so we can choose ¢y, j €Iy j1o such that

(12) M/j,—(/’L_lxlk,j+2U1k,j+4)(CkJ) SS%
Since, for every x€1j j12Uly j1a, T>Ck 5,
T—Ck,j
plck. g, @)
we have from (12) that

< M;j (/‘j’_lxlk,j+2U1k,j+4)(ckJ)’

Pl jv2) _ (s )
8|1k j+2| = T—cky
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Then if we denote by dj ; the right end point of Iy j+4 and

I, :
B j= {x € (chy,drj): p(x) > M},
4|Ilw+2|
we can apply Lemma 6(a) to obtain
di i —c s
|Fj| > %
So, by Lemma 5 and the definition of Fj ;,
1
Z )\p/p(u) Ik,j+2) /p(
Tigial ) Mo
Pt J+2 Lo
o 1/p(u)
/p(w) [ Pk, j+2)
<C Z )\zpu (ﬁ XFy ;
k j:1 k.j+2 Lp(w)
Z )\p/p(u) 1/p(U)XFk,J <C Z )‘z/p(u)xfk,j+4 )
k,j=1 Lo k,j=1 A
Therefore,

Z )\p/p(u

k,j=1

||f(u+1t)||HP(u)( (

By a density argument such as the one given on p. 187 of [7], we can assume that
f€LL (R). Thus, using (1) in the last inequality, we have

It ) S CUNP I, = CI I

as we wanted to prove.
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