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1. Introduction

The Schwarzschild family [69] of spacetimes (M, gar), expressed in local coordinates as
2M 2M\ !
— (1—T)dt2+ (1—r> dr? 412 (d6? +sin” 6 dp?), (1)

was discovered exactly one hundred years before this writing, and comprises the most

basic family of non-trivial solutions to the celebrated Einstein vacuum equations
Ric(g)=0 (2)

of general relativity. Though originally geometrically obscured by the coordinate form
(1), the family has now long been understood (see the textbook [76]) to yield, for param-
eter values M >0, the simplest examples of spacetimes containing a so-called black hole,
with the coordinate range r>2M corresponding to the exterior.

There is perhaps no question more fundamental to pose concerning Schwarzschild
than that of the stability of its exterior:

Fundamental question. Is the Schwarzschild exterior metric (1) stable as a solution
to (2)?
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The whole tenability of the black hole notion rests on a positive answer to the above.
The question is further complicated by the fact that the Schwarzschild family sits as a 1-
parameter subfamily of the more elaborate 2-parameter Kerr family (M, gas,) discovered
only much later [43] in 1963.

One can distinguish between three formulations of the above fundamental question,
each of increasing difficulty, beginning from the statements initially studied in the physics
literature and ending with the definitive formulation of the question as a problem of non-
linear stability in the context of the Cauchy problem for (2), in analogy with the non-
linear stability of Minkowski space, proven in the monumental work [14] of Christodoulou
and Klainerman.

(1) The formal mode analysis of the linearised equations. The equations of grav-
itational perturbations around Schwarzschild (i.e. the linearisation of (2)), “linearised
gravity” for short, can be formally decomposed into modes by associating t-derivatives
with multiplication by iw and angular derivatives with multiplication by if. The formal
study of fixed modes from the point of view of “metric perturbations” was initiated in a
seminal paper of Regge-Wheeler [61]. This study was completed by Vishveshwara [75]
and Zerilli [79]. A gauge-invariant formulation of “metric perturbations” was then given
by Moncrief [54]. An alternative approach via the Newman-Penrose formalism [58] was
conducted by Bardeen—Press [4]. This latter type of analysis was later extended to the
Kerr family by Teukolsky [74]. A highlight of this analysis was the discovery that various
curvature components in a null frame satisfy a decoupled wave equation, the celebrated
Teukolsky equation, first discovered in the Schwarzschild case in [4] and generalised to the
Kerr case in [74]. The understanding of the problem in the early 1980’s is summarised
by the magisterial monograph of Chandrasekhar [9], who introduced (see also [8]) an
important transformation theory connecting solutions of the two approaches. A highly
non-trivial result is the statement of mode stability for the Teukolsky equation on Kerr,
obtained in a seminal paper of Whiting [77].

(2) The problem of linear stability of Schwarzschild. The true problem of linear
stability concerns general solutions to the equations of linearised gravity arising from
regular initial data, not simply fixed modes. One can in fact distinguish between two
linear stability statements:

(2a) the question of whether all solutions to the linearised Einstein equations around
Schwarzschild remain bounded for all time by a suitable norm of their initial data and

(2b) the question of asymptotic linear stability—i.e. whether all solutions to the
linearised equations asymptotically decay. In view of the existence of the Kerr family
and the gauge freedom of the equations, the best result would be that they decay to a

linearised Kerr solution in some gauge.
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Note that the mode analysis corresponding to formulation 1. described above yields
necessary but not sufficient conditions for either statements (2a) and (2b) of true linear

stability.(!) In the case of the linear scalar wave equation

Ugp =0,

which can be thought of as a “poor man’s” version of linearised gravity, the analogue of

(2a) for Schwarzschild was proven by Kay-Wald [41], and the analogue of (2a) and (2b)
are shown now for the full subextremal Kerr family in [26], following a host of recent
activity [24], [73], [1], [21]. See [25], [23] for a survey. See [6], [2] for generalisations to the
Maxwell equations and [3] for a discussion of the extremal case |a|=M. Concerning the
linearised Einstein equations themselves, work on the wave equation easily generalises to
establish physical space decay on certain quantities, for instance those gauge-invariant
quantities satisfying the Regge-Wheeler equation on Schwarzschild [32], [7], [29]. For
the full system of linearised gravity however, both problems (2a) and (2b) have remained
open until today. We note explicitly that even the question of uniform boundedness,
let alone decay, for the gauge-invariant quantities satisfying the Teukolsky equation on
Schwarzschild has remained open.

(3) The full non-linear stability of Schwarzschild as a solution to the Cauchy prob-
lem for the non-linear Finstein vacuum equations (2). This is the definitive formulation
of the fundamental question. See our previous [18] for a precise statement of the con-
jecture in the language of the Cauchy problem for (2). In analogy with 2. above, one
could distinguish between questions of (3a) orbital stability and (3b) asymptotic stability.
Experience from non-linear problems, however, in particular the proof of the non-linear
stability of Minkowski space [14] referred to earlier (see also [47], [5]), indicates that (3a)
and (3b) are naturally coupled.(?) Since non-linear stability is thus necessarily a question
of asymptotic stability, the “Schwarzschild” problem is more correctly re-phrased as the
non-linear asymptotic stability of the Kerr family in a neighbourhood of Schwarzschild.
For even if one restricts to small perturbations of Schwarzschild, it is expected that
generically, spacetime dynamically asymptotes to a very slowly rotating Kerr solution
with a#£0. Since in the context of a non-linear stability proof, one effectively must “lin-

earise” around the solution one expects to approach, this suggests that to resolve the full

(1) Thus, the mode analysis can be an effective tool to show instability, but never, on its own,
stability. For instability results for related problems proven via the existence of unstable modes, see [70],
[28] and references therein. See also discussion in [78].

(?) This coupling arises from the super-criticality of the Einstein vacuum equations (2). Note
that under spherical symmetry (where the vacuum equations must be replaced, however, by a suitable
Einstein—matter system to restore a dynamical degree of freedom) this super-criticality is broken in the
presence of a black hole. Orbital stability can then be proven independently of asymptotic stability,
cf. [17] with [19]. Similar symmetric reductions can be studied for the vacuum equations in higher
dimensions [11], [35].
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non-linear formulation 3. will require a solution of the linear formulation 2. not just for
Schwarzschild, but for very slowly rotating Kerr solutions with |a|< M. Though the non-
linear stability problem is thus completely open, in [18] we have proven, via a scattering
theory construction, the existence of a class of dynamical vacuum spacetimes, without
any symmetry assumptions, asymptotically settling down to Kerr in accordance with
the expectation of non-linear stability. In view of the fast, exponential rate of approach
which we impose in [18], however, the class we construct is expected to be of infinite
codimension in the space of all solutions.

The purpose of the present paper is to completely resolve the linear stability problem
(i.e. formulation (2)) in the Schwarzschild case, in both its aspects (2a) and (2b). A first

version of our main result can be stated as follows.

THEOREM. (Linear stability of Schwarzschild) All solutions to the linearised vac-
uum Einstein equations (in double null gauge) around Schwarzschild arising from regular
asymptotically flat initial data

(a) remain uniformly bounded on the exterior and

(b) decay inverse polynomially (through a suitable foliation) to a standard linearised
Kerr solution

after adding a pure gauge solution which can itself be estimated by the size of the data.

See Theorems 3 and 4 of the detailed overview in §2 as well as the more detailed
later formulations in the bulk of the paper referred to there.

A word about gauge is already in order. We will express the equations of linearised
gravity in a double null gauge. This still allows, however, for a residual gauge free-
dom which in linear theory manifests itself in the existence of “pure gauge solutions”
corresponding to one parameter families of deformations of the ambient null foliation of
Schwarzschild. To measure geometrically the initial data of a general solution of linearised
gravity so as to formulate the boundedness statement (a), one “normalises” the solution
on initial data by adding an appropriate pure gauge solution which is computable ex-
plicitly from the original solution’s initial data. Importantly, this gauge assures that the
position of the horizon is fixed and that the “sphere at infinity” is round. We emphasise
that at the level of natural energy fluxes, we obtain a boundedness statement controlling
the full normalised solution without loss of derivatives. An interesting aspect of our work
is that to obtain the decay statement (b), we must add yet another pure gauge solution
which effectively re-normalises the gauge on the event horizon. It is fundamental that
we can quantitatively control this new pure gauge solution in terms of the geometry of
initial data as expressed in the original normalisation, i.e. the new pure gauge solution,

though not explicitly given from data, itself satisfies a uniform boundedness statement.
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In particular, our theorem is stronger than (and thus includes a fortiori) the state-
ment that the gauge invariant linearised curvature components ((olz) and &) in our notation)
satisfying the Teukolsky equation (discussed above in the context of formal mode anal-
ysis) themselves remain bounded and in fact decay inverse polynomially. We will in fact
prove the boundedness and decay of these components as a preliminary step to proving
the full theorem above. More specifically, we will first prove estimates for certain higher-
order gauge invariant quantities %) and %) (at the level of 4 derivatives of the linearised
metric and 2 derivatives of @ and (ai)), which satisfy the Regge—Wheeler equation. (This
is the same equation which originally appeared in the “metric perturbations” approach
discussed above in the context of formal mode analysis.) The significance of the Regge—
Wheeler equation is that it can in fact be understood using the methods developed for
the scalar wave equation discussed above. The quantities (1}’) and (113) will serve as the key
to unlocking the whole system, leading first to the control of @ and &), and then to the
control of the entirety of the system. Let us state explicitly the following corollary of our

proof of the main theorem:

COROLLARY. All the solutions of the Regge—Wheeler and Teukolsky equations on
Schwarzschild arising from smooth compactly supported data decay inverse-polynomially

with respect to the time function of a suitable foliation of the exterior.

See Theorems 1 and 2 in §2 and the more detailed later formulations referred to
there. o "

The expression of P as a second order differential operator applied to a can be
viewed as a physical-space version of the fixed-frequency transformations of Chandra-
sekhar [9] referred to previously. See also [65]. One of the main points of the present
paper is that the physical space understanding of the relation between & and 313) clarifies
the fact that the original @ can be recovered from (]13) and initial data quantities by
integrating transport equations along light cones. Indeed, we succeed in estimating all
quantities hierarchically, gauge invariant and gauge dependent, from initial data, by
appropriate estimates of such equations, after control of }13) and (113) via Regge-Wheeler.

We collect some additional references relevant for the problem. Recent studies of sta-
bility in the physics literature with an eye toward numerical implementation include [51],
[64], [50]. For analysis of a model problem related to the axisymmetric reduction of the
stability problem, see [40]. We also note [31], [30].

Let us note finally that the inverse polynomial decay bounds shown in our theorem
above are in principle sufficiently strong so as to treat quadratic non-linearities of the
type present in (2) purely by exploiting the dispersion embodied by our decay results.
This allows one already to try to address a restricted non-linear stability conjecture
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establishing the existence of the full finite-codimension family of solutions which indeed
asymptotically settle down to Schwarzschild. (See §2.5 for a precise statement; note that
this conjecture would include a fortiori various well-known symmetric reductions of the
stability problem which similarly impose a Schwarzschild end-state.) If in future work the
main theorem of the present paper can be extended to the Kerr case, at least in the very
slowly rotating regime |a|<< M, then it indeed opens the way for study of formulation 3.,
and thus, for a definitive resolution of the stability question.

Acknowledgements. MD acknowledges support through NSF grant DMS-1405291 and
EPSRC grant EP/K00865X/1. GH acknowledges support through an ERC Starting
Grant. IR acknowledges support through NSF grants DMS-1001500 and DMS-1065710.

2. Overview

We shall give in this section a complete overview of our paper.

We begin in §2.1 with an introduction to the basic properties of linearised gravity
around Schwarzschild in a double null gauge, corresponding to §§3-9 of the body of the
paper. We will then state rough versions of the main theorems of the paper in §2.2,
corresponding to the precise statements in §10 of the body. We make a brief aside (§2.3)
to review the theory of the scalar wave equation which is useful to have in mind before
turning to the proofs. We shall then return to outlining the present paper in §2.4, where
we shall review the proofs of the main theorems, following closely §§11-14 of the body of
the paper. We finally give in §2.5 a restricted version of the non-linear stability conjecture
which in principle can be addressed using the results of this paper.

We have included also a guide for reading the paper (§2.6) for the convenience of
those who are only interested in a subset of the results proven here.

2.1. Linearised gravity around Schwarzschild in a double null gauge

Our paper will employ a double null gauge to express the equations of linearised gravity.
This will define an associated double null frame. The setup is intimately related with
the approach to this problem via the Newman—Penrose formalism [58] studied in the
physics literature since [4]. We note that double null gauges have figured prominently
in the non-linear analysis of the Einstein vacuum equations [11], [45], [49], [44] and thus
provide a promising setting for a future full non-linear analysis of the stability problem.
We describe here how the relevant equations are obtained in physical space, as well as
their most basic properties, including their initial value formulation and the issue of pure
gauge solutions.
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The subsections of this section follow closely §§3-9 of the body of the paper: We
shall review first in §2.1.1 the form of the Einstein equations in double null gauge (cf. §3).
After reviewing the Schwarzschild manifold in §2.1.2 (cf. §4), we shall derive the equations
of linearised gravity around Schwarzschild in §2.1.3 (cf. §5). We shall then identify in
§2.1.4 two special classes of solutions, pure gauge solutions and a reference linearised Kerr
family (cf. §6). The presence of these special solutions motivate looking at a hierarchy of
gauge invariant quantities satisfying the Teukolsky and Regge—Wheeler equations; these
will be introduced in §2.1.5 (cf. §7). We shall then discuss the characteristic initial value
problem for linearised gravity in §2.1.6 (cf. §8), and the issue of gauge normalisation in
82.1.7 (cf. §9).

2.1.1. The Einstein equations in a double null gauge

We first review the general form of the Einstein vacuum equations (2) in a double null
gauge, following Christodoulou [10], [11]. This corresponds to §3 of the body of the
paper.

A double null gauge is a coordinate system u, v, 8*, 82 such that the metric takes

the form

g=—4Qdudv+g,,,(d0° —b dv)(d6" —b" dv). (3)
The hypersurfaces of constant u and v are then manifestly null hypersurfaces. Moreover,
the coordinate vector field 8,, is in the direction of the null generator of the constant-v

hypersurfaces.

Associated with a double null gauge is a natural normalised null frame
es=0"19,, e;=Q 1(8,+b"9y) (4)

which, together with the choice of a local (not necessarily orthonormal) frame {ej, ez}
with g(eq,e1)=0, g(es, e2)=0, allows one to decompose components of the second fun-

damental form and curvature. In our notation this yields Ricci coefficients

Xap=9(Vaes, ep), X, p=9(Vaes ep),
Na=—129(Ve,ea,es), mna=—1g(Ve,ea,es), (5)
0o=19(Ve,es, eq), @=19g(Ve,eq,€3),
where V4=V, as well as curvature components

aAB:R(eAve4aeBae4)v QAB:R(EA,63,QB,63),
B

(ea,es,e3,e4), PBa=R(es, es es3 ey), (6)

R
R(64,63,e4763), U:%*R(64,63,64,63).

PN Sl

A=
Q:
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The content of the Einstein vacuum equations (2) can be expressed as a system of
transport and elliptic equations for the metric (3) and Ricci coefficients (5) coupled with
Bianchi identities for the curvature (6), the latter capturing the essential hyperbolicity
of the equations (2).

Concerning the metric and Ricci coefficients, examples of transport equations are
Dg =20x =2Qx+Qtrxg, Dg=20x=2Qx+Qtrxd, (7)

Vsx+trxx—@ox=-a, ViX+trxx—-@ x=a, (8)

Va(trx)+itrx)’-@trx=—(x.X), VYaltrx)+i(trx)’-&trx=—(x.X), (9)

while an example of an elliptic equation is the Codazzi equation

d,va:%Xﬁ-(n—g)—%trxn+$?7(ﬂtrl)+@. (10)
Here X, known as the shear, denotes the trace-free part of x; the quantity tr x is known
as the expansion. The operators D and ¥ (respectively, D and Y¥,) are geometric
operators associated with g acting on tensors differentiating in the e3 (respectively, e4)
directions, while dfv is a natural operator on the constant-(u, v) spheres. Equations (9)
are the celebrated Raychaudhuri equations. The full system of “null structure” equations
satisfied by the metric and Ricci coefficients is given in §3.3.1.

Concerning the curvature components (6), examples of Bianchi identities are
Wga—l—%trxa—&—QQa:—2’15;,3—3)?9—3*520—&—(477—#()@@ (11)
ViB+2trx f—&B=divo+(n'+2¢")-a, (12)

where the operator ’D; is a suitable adjoint of div and 2¢ =n—mn denotes the torsion.
The full system is given in §3.3.2.

2.1.2. The ambient Schwarzschild metric

We note that any Lorentzian metric can locally be put in the above form (3). The
maximally extended Schwarzschild manifold and-less obviously—the globally hyperbolic
region of Kerr (see Pretorius and Israel [59]) can in fact both be globally covered by such
a coordinate system, where §' and 62 are interpreted as coordinates on the sphere S?,
modulo the usual degeneration of spherical coordinates. In the bulk of the paper, fixing
an ambient Schwarzschild manifold and double null foliation will be the content of §4.
We summarise briefly here: In the Schwarzschild case with parameter M, one easily
derives from expression (1) a double null parametrisation of the exterior region r>2M.
Defining first
r* =r+2M log(r—2M)—2M log 2M, (13)
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Figure 1.

set
u=t—r" and v=t+r". (14)

Then, u and v define null coordinates on the region r>2M, parametrising it as (—oo, 00) X
(—00,00) xS?. In the notation (3), the Schwarzschild metric takes the form
2 2M 2 A
Q :177, g=r>y, b7=0 (15)
where v denotes the standard metric of the unit sphere. Note that r(u, v) is now defined
implicitly by (13) and (14). In this context, the coordinates u and v are known as
Eddington—Finkelstein double null coordinates.

Note that we distinguish Schwarzschild metric quantities in the above differentiable
structure by presenting them in regular type, de-bolded compared with quantities asso-
ciated with a general manifold and metric (3). This notation is used in the remainder of
the paper.

Upon rescaling the null coordinate U=U (u) appropriately, one can extend the re-
gion on which the metric is defined to include the so-called event horizon H*, a null
hypersurface which then corresponds to r=2M. In the body of the paper, it is in fact
this U-coordinate which we shall use to define the Schwarzschild manifold in §4.1, with
u defined by inverting the rescaling, and ¢ and r* by (14). It is computationally useful
however to work with the irregular u coordinate, which formally still parametrises H*
as u=o00, and to compensate for this by introducing renormalised quantities that are
regular on the horizon. See Figure 1. Thus, our basic double null foliation will be that
defined by coordinates u and v.

We note that the static Killing field J; whose existence is manifest from (1) is

expressed in (u,v) coordinates as

T=1(0,+0,). (16)
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This vector field extends smoothly to a null vector on the horizon H*; in (U,v) coordi-
nates, it takes the form T=19, on H*.
From (15), in the double null foliation defined by the u, v coordinates, we compute

that, with the notation of §2.1.1, the non-vanishing Schwarzschild metric coeflicients are
a=y/1-21 V= Jdet g =r7y/dety =1%\/y (17)
r’ ’

and, with respect to the associated null frame,
es=0"10,, es=0710,,
the non-vanishing Ricci coefficients are
XaB=T"'Qf . Xyp="—1"'0f,p G=rTQ7M, G=—r"?Q7'M, (18)

while the only non-vanishing curvature component is

2.1.3. Linearised gravity around Schwarzschild

The equations of interest in this paper (the equations of gravitational perturbations
around Schwarzschild, or “linearised gravity” for short) are those that arise from lin-
earising the system in §2.1.1 around their Schwarzschild values (17)—(19). The equations
are derived and presented in §5 of the body of the paper. We give a brief outline here.

In deriving the equations of linearised gravity, we will fix the above background dif-
ferential structure (M, g) with its Schwarzschild metric, and embed (15) in a 1-parameter
family of metrics g of the form (3) satisfying the Einstein vacuum equations (2).

The system of linearised gravity concerns linearised quantities associated with the

quantites in §2.1.1, namely linearised metric coefficients(®)

(1) (1) @O @

Q? \/§7 g) b7 (20)
linearised Ricci coefficients

(1) (1) (1) (1)
(1) (1) (1) (1) e e
(Qtry), Qtrx), 7, 7, W, W, X, X (21)

(1) (1)
(3) The reader should think of the quantities ¢:+/¢ as arising from linearising the metric g and
then taking the traceless and trace parts (with respect to the round background metric on the sphere)
1) (1 N N
of this object. The quantities (w),(wj arise from linearising the rescaled quantities w=0® and w=Nw.
See §5.1.
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as well as linearised curvature components

o Doy oo @D

=

a, B, o, o, B, «a. (22)

Our notation is motivated by the formal expansions
Q:Q+a((12)+0(52), (23)
Qtrx:Qtrx—t—E(Q(tlﬁx)—FO(aQ), (24)
a=0+cd+0(2). (25)

We recall that the unbolded quantities without any superscripts denote the Schwarzschild
values given by (17)—(19), and we have substituted that «=0 in (25). See §5.1 for details.
We note that, because our frame (es,e4) is irregular(*) (cf. §2.1.2 and §4.2.3), some

quantities require 2-weights, so as to be regular on the horizon H™, e.g.

(1) (1)
07, Q7 (Qtry), %4

The linearised Einstein equations thus take the form of a linear system of equations
in the above quantities (20)—(22). They can be derived from plugging in the expansions of
type (23)—(25) into the equations of §2.1.1 and collecting the linear terms in € (see §5.1.2).
For instance, the linearised version of the first transport equation (7), decomposed into

trace and trace-free part, is

(1) (1)

p(22)-wirg. yio(Le) -k, 20

Here D is a projected Schwarzschild Lie derivative which on scalars reduces simply to 0.

Concerning linearised Ricci coefficients, the linearised versions of the equations (8) are

[

19 a1 ) _ @ SRR, o
V3(Q )+ (trx)X =07 "a,  Ya(QX)+(tr )X —20Qx =—Qa,  (27)
of (9) is
M ) o IO ) )
QY4 (Qtrx) =Q*(2div n+2 0 +40Q Q) — 5 (Qtr x) ((Qtr x) — (R tr x))

and of (10) is

SY 1 (1) @ 1—1 W
dXVXI*g(tI‘X)ﬁ*i’g‘FiQ VA(QU‘X). (28)

(%) The linearisation process is frame covariant and thus coincides with the result of linearising
with respect to a regular frame. See §5.1.4.
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Here Y5, Y, and div are covariant differentiation operators defined with respect to the

Schwarzschild metric. The linearised version of (11)—(12) is

(1) e
Vo + 5 (tr X) 1288 = —2P; B —30%, (29)
M @

W4ﬁ+2(tr X)B—&pf =diva

Again, @; is an adjoint of div defined with respect to the Schwarzschild background.
The complete system of linearised equations is given in §§5.2.2-5.2.4.

Let us make the following remark: When linearising the equations in §2.1.1 around
Minkowski space, the arising linearised Bianchi identities in fact decouple, and this allows
for them to be studied independently of the full system of linearised gravity. Boundedness
and decay results for this decoupled set of equations (the so-called spin 2 equations) were
obtained in [13] by Christodoulou and Klainerman using robust vector field methods, and
this study played an important role as a preliminary step for their later proof [14] of the
non-linear stability of Minkowski space. In contrast, in our setting here, examining (29),
we see immediately that the linearised Bianchi identities couple to the linearised null
structure equations through the appearance of the term —39%). As we shall see in §2.1.5
below, however, the quantity W itself satisfies a second order decoupled wave equation.

We shall denote solutions of the above system by

o O e W M WO g m o W @@ O o 1>
y:(g’\/gvgabv(ﬁtrX) (QtrX) XaX,n n,w,w, 76 0,0 aﬁv

K). (30

\ =

For convenience, in the above we have added an additional quantity, the linearised Gauss
curvature .(fl() (arising from linearising the Gauss equation (84)), as an unknown. We note
that a solution . is completely determined by its linearised metric coefficients (20), but
nonetheless, we prefer to adjoin all quantities as unknowns.

Let us note that one can indeed quantitatively relate solutions of this formal lin-
earisation to l-parameter families of solutions of the actual vacuum Einstein equations
(2) as expressed by the system in §2.1.1.(°) In this paper, however, we will develop a
self-contained theory of the linearised system without reference to an actual 1-parameter

family of solutions of the full non-linear theory.

2.1.4. Special solutions: pure gauge solutions and the linearised Kerr family

Let us discuss immediately two important classes of special solutions of the above system;

this corresponds to §6 of the body of the paper.

() See [55] for subtleties that arise for this in the spatially compact case.
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For the first class, note that the restriction to coordinates of double null form (3)
is not sufficient to uniquely determine them on an abstract Lorentzian manifold. There
is residual gauge freedom: Change of coordinates that preserve the form (3), upon lin-
earisation, give rise to a special class of solutions which we shall refer to as pure gauge
solutions.

An example of a pure gauge solution is one generated by a function f(v, 84):

G = {0=0710,(f02), br = —r2F 4 (0,01 1)),
(1)

NN IR Iy )

where we have shown explicitly only the metric perturbation from which all other geo-

(31)

metric quantities can be determined. See §6.1 where we shall classify all pure gauge
solutions. We will return to discuss pure gauge solutions in §2.1.7 when we discuss
gauge-normalised solutions.

Another class of explicit solutions of the linearised system in §2.1.3 arises from
linearising the Kerr family itself (in a convenient coordinate representation) around a
given Schwarzschild solution.

Lincarising the Schwarzschild (i.e. constant a=0) sub-family with mass M =M +em

(in a particular double null coordinate representation) gives rise to a solution

) 1 S0 1 2M 1) m
H =40Q=—=0m, =— m, 0 =——0mK=—rest=0p,
{ D) VI=—V4 0 3 2
while linearising the constant-M mass Kerr subfamily with rotation parameter a=0+¢ca

gives rise to three linearly independent solutions, each of form:

) 53 ) o 4AM
%—{Q—o,g—o,\/g—o, b= —2

, 5ACaCY7}L}7
with Y1 (m=-1,0,1) being the three linearly independent /=1 spherical harmonics.
See §6.2.1 and §6.2.2. We will call the resulting 4-dimensional subspace of solutions
(parameterised by real coefficients m, s_1, sq, s1) reference linearised Kerr solutions and
denote them by %5, ;,. We note that these solutions are supported entirely in angular
modes /=0 and ¢=1.

In view of the existence of the solutions of this section, the best we can expect of
general solutions of our system of linearised gravity is that they decay to a pure gauge

solution ¢ plus a reference linearised Kerr solution 7 .
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2.1.5. Hierarchy of gauge-invariant quantities

In view of the complication provided by the existence of the solutions in §2.1.4 above, it
is useful to isolate quantities which vanish for all such solutions. These are the so-called
gauge-invariant quantities. In the body of the paper, these are discussed in §7.

An example of such a quantity is the linearised curvature component W from (22):
As originally shown by Bardeen and Press [4], the component W in fact decouples from

the full system and satisfies the equation
(1) 1 ~ (1) 5 ~ (1) (1)
ViVsa+(5trx+20)Vaa+ (3trx—@)Vza—Aa

(32)
+<&)(5Qtr X —Wtr x —40+2K +tr xtr x —400) = 0.

A similar equation (with the roles of the 3 and 4 directions, and underlined and non-
underlined quantities, reversed) is satisfied by &). These equations are known as the spin
+2 Teukolsky equations.(%)

We note already that the vanishing of both & and &) identically imply that a solution
is a pure gauge solution plus a reference linearised Kerr, provided that it be asymptoti-
cally flat (cf. §2.1.6). We shall show this in Appendix B.1.

It turns out that & and & are best understood in the context of a hierarchy of
gauge-invariant quantities. We define

(1) (1)

1)

O= L0, (r2R) = PL B + Box, )
R ey Y )
and
P=rm3071,r%0) =Pl (- . 9)+ otrx(X-), (35)
B2 720717, Q) = BB} (- 8, 9)+ Jotrv(XY-). (36)

The second equalities in (33)—(36) above are non-trivial and follow from the linearised
Bianchi equations. It follows from equation (32) and the definitions (33)—(36) alone that
the quantities %’) (and similarly %) ) satisfy the so-called Regge—Wheeler equation

VT P4V AV P2 AP+ (5 x+2) VuP+ (5t +0) Y P

(37)
(1)
+P(4K —(3tr x+@)2tr x —4(tr x)2+2YV 5tr x —8&tr x) = 0.

(6) For the Schwarzschild case considered here, these equations are also known as the Bardeen—
Press equations. It was Teukolsky [74] who showed that the structure allowing decoupled wave equations
for gauge invariant quantities survives when linearising the Einstein equations around Kerr. In that case,
however, the relevant gauge invariant quantities are defined not with respect to the null frame (4), but
with respect to the so-called algebraically special frame. In Schwarzschild, the algebraically special frame
coincides with the null frame (4) associated with a double null foliation.
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The relation defining quantity %’) from @ is a physical space interpretation of the fixed-
frequency transformation theory of Chandresekhar [9].

In contrast to (32), the equation (37) admits a positive energy and can be understood
using the methods developed for studying the scalar wave equation Ogp=0 (see §2.3
below). This will allow us to view }13) and (é} as the key to unlocking the whole system
(§2.4.1).

It is remarkable that the equation (37), which originally appeared as a quantity

satisfied by metric perturbations [61], reappears in this context.

We note that there are solutions for which (113) and 113) both vanish identically and are
not pure gauge, in particular the linearised Robinson—Trautman solutions discussed in
Appendix B.2. Nonetheless, as we shall see, we can always estimate W given control of }13)
by integrating transport equations (see already §2.4.2 below), picking up also an initial
data quantity for @,

In the body of the paper, we will in fact give a self-contained theory of both the
Regge—Wheeler equation (37) and the Teukolsky equation (32), defining these in §7.1,
proving a well-posedness theorem in §7.2; and deriving (37) from (32) in §7.3. In these
sections we naturally drop the superscript W from all quantities as we consider a general
P satisfying (37) and a general « satisfying (32). Only in §7.4 do we derive that (32)
is indeed satisfied by the component @ of a solution to the full system of linearised
gravity. The first two main theorems of this paper (Theorem 1 and 2 in §10) will prove
boundedness and decay for such general solutions of the Regge—Wheeler and Teukolsky
equations. For rough versions of the statements of these theorems, the reader can turn

immediately to §2.2.1.

2.1.6. Characteristic initial data, well-posedness and asymptotic flatness

The equations of linearised gravity described in §2.1.3 above admit a well-posed initial
value problem. Though the structure which makes this possible can be viewed as inherited
from the original non-linear system (2), the well-posedness allows us to develop a self-
contained theory of solutions for the linear system without further reference to its origin.
In the body of the paper, this will be discussed in §8. We give a brief treatment here.
As is well known, initial data for the Einstein vacuum equations (2) must satisfy
constraints. This feature is of course inherited by the linearisation. As we are working in
a double null gauge, it is more convenient to discuss characteristic initial data. This has
the advantage of reducing the constraints to ordinary differential equations, which can
be solved by integrating transport equations after prescribing—freely—suitable seed data.
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Figure 2.

We will introduce thus first a notion of a seed initial data set defined on two null cones

Cy, and C,,, of the ambient Schwarzschild metric. Refer to the diagram in Figure 2. This
® o e
data set will be described by symmetric traceless tensors g. out and . in, a 1-form b. out
(1) )
and functions €, o and €2, i, each defined on C,,, and C,,, respectively, augmented by

2 - gee Definition 8.1.

certain additional geometric data on the event horizon sphere S5, ,,

We have the following foundational statement, which we summarise here as follows.

THEOREM 0. (Well-posedness of linearised gravity, rough formulation) A smooth
seed initial data set leads to a unique smooth solution . of the equations of linearised

gravity in the region uy<u<oo, Vo<V <00.

The precise statement is given in the body of the paper as Theorem 8.1.

The boundedness and decay theorems of our paper will require that data, in addition
to smooth, be asymptotically flat. (Note that in the full non-linear theory governed by
(2), this is necessary even for a local existence theorem with a u-time of existence uniform
in v, i.e. up to future null infinity Z+.) We will define asymptotic flatness in terms of
seed data in §8.3, and show that it leads to a decay hierarchy for all quantities associated
with a solution. These decay rates in fact propagate under evolution by Theorem 0; see
Theorem A.1.

2.1.7. Gauge normalisation and final linearised Kerr

Before stating theorems which quantitatively estimate solutions, we must confront the
issue of gauge. In addition, we can already identify the final linearised Kerr to which our
solution will eventually approach. In the body of the paper, this is the content of §9.
Two “choices of gauge”, realised in our linear theory by the addition of two distinct
pure gauge solutions ¢, will play an important role in this work.
(1) To formulate quantitative boundedness (cf. (a) of the main theorem in §1),
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we first need a quantitative measure of the initial data. For this, it is necessary to
normalise the solution on the initial data hypersurface C,, UC,,, by subtracting a pure
gauge solution ¢. Given a solution % asymptotically flat in the sense of §8.3, then
Theorem 9.1 (see §9.2) establishes that there indeed exists a ¢ normalising the solution
on initial data, where addition of & ensures in particular that the “location” of the
horizon is fixed, and that the sphere at infinity is “round”. The resulting solution .#" is

known as the initial-data normalised solution
S=S Jr?f . (38)

Moreover, it is shown that ¢ is itself asymptotically flat.

Eventually, our main boundedness result (Theorem 3 in §10) will uniformly bound
natural energies (on both spheres and cones) for .’ from an initial energy norm. These
integral bounds control all quantities restricted to their £>2 angular frequencies. In The-
orem 9.2 (see §9.5), we show that the projection of . to its {=0 and /=1 modes is
precisely a linearised Kerr solution 7, 5,. Thus, the energies of Theorem 3 are coercive
on ' =~ Hn,s;- As asimple corollary, we will obtain in particular pointwise uniform
bounds on all quantities associated with .# (see Corollary 10.2) in terms of an initial
energy and the Kerr parameters m, s; which can be read off explicitly (and thus in par-
ticular are bounded) from data. Rough versions of the statement of the theorem and its
corollary are given in §2.2.2 below.

(2) To prove decay (cf. (b) of the main theorem in §1) of all quantities, we need to
“choose a different gauge”, re-normalised at the event horizon H*. That is to say, we will
add yet another pure gauge solution & of the form (31), where f(v,0,¢) is determined
from the metric component (S12> of the initial data-normalised solution .’ by solving the

ordinary differential equation (ODE)
1 Xy

along H*, to obtain the horizon-renormalised solution ¥ defined by
S =I+G. (40)
The equation (39) ensures in particular that the (regular) linearised lapse associated with
. vanishes on the horizon:
[CONPN
Q7 '0L#]=0 on the horizon. (41)
See Proposition 9.3.1 in §9.3. (For convenience, we in fact alter the above definition
for the /=0 mode, so that the linearised Kerr solutions 7, s, are already correctly

normalised.)
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Eventually, our main decay result (Theorem 4 in §10) will give quantitative energy
decay estimates for 8% including the metric components (20) themselves. As with the
boundedness theorem, these estimates control the restriction of ,52 to angular frequen-
cies 22, and thus, as above, they are indeed coercive on j’:ﬁ—lfm,s” i.e. they show
decay of the solution to a reference linearised Kerr. Moreover, we shall show (using The-
orem 3!) that the pure gauge solution 4 can itself be uniformly bounded (in a weighted
sense) by the initial values of &; thus, the decay result is indeed quantitative. We expect
that this global quantitative control of the pure gauge G is potentially of fundamental
importance for non-linear applications. A rough version of the statement of Theorem 4
and its pointwise corollary is given in §2.2.3 below.

We note that both the above normalised solutions . and 8 enjoy various addi-
tional properties which will be useful later on. In particular, the so called horizon gauge
conditions (215) hold globally on the horizon, not just the initial sphere S2, , . The

roundness of the sphere at infinity and the good properties at the horizon are captured
(1) (1)
by two quantities Y and Z, respectively, the former defined by the expression

) . ) )
Y::r(r2¢2 d,fv(Qfer)—Qflrgy). (42)

It is shown (see §9.4) that (ll}[cf] is uniformly bounded along C,,. In the course of
the proof of Theorem 3, we shall show that this uniform boundedness propagates. In
Theorem 4, we shall show that this boundedness holds also for (11/)[,52 ]. (This will imply,
in particular, that the sphere at infinity remains round for the horizon-renormalised

solution.)

2.2. The main theorems

We give now our first rough statements of the main theorems of this paper. These will

correspond to the more precise statements given in the body of the paper in §10.

2.2.1. Boundedness and decay of gauge invariant quantities: the
Regge—Wheeler and Teukolsky equations

The first two main theorems correspond to boundedness and decay statements for the
gauge invariant quantities «, 1 and P in §2.1.5, and their corresponding underlined
quantities. We will state these as independent statements for general solutions of the
Regge—Wheeler and Teukolsky equations.

The first statement concerns Regge—Wheeler. The precise statement is Theorem 1
in §10.1. A rough formulation is as follows.
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THEOREM 1. (Rough version) Let P be a solution of the Regge—Wheeler equation
(37) arising from regular data described in §2.1.5, and define the rescaled quantity U=
r®P. Then, the following statements hold:

(a) The quantity P remains uniformly bounded with respect to an r-weighted energy
norm in terms of its initial flux

F[¥] SFo[¥]. (43)

(b) The quantity P decays to zero in the following quantitative senses: An r-

weighted integrated decay statement
I[W] SFol¥] (44)

holds, as well as polynomial decay of energy fluxes and pointwise polynomial decay.

The flux quantities F referred to in the above theorem are suprema over integrals
on constant u and v null cones (C,, and C,, respectively). The integral I is a spacetime
intergal over the shaded region of Figure 2. Both will be explained in §10.1.1. The
statements (a) and (b) above are in fact just special cases of an rP hierarchy of flux
bounds and integrated decay statements (cf. §2.3.3 below). Although the precise form of
the statements obtained in Theorem 1 is new, we again note previous decay-type results
for the Regge~Wheeler equation in [32], [7], [29].

Using the above theorem, we can now obtain a result for general solutions of the
Teukolsky equation. The precise statement is Theorem 2 in §10.2. A rough formulation
is as follows.

THEOREM 2. (Rough version) Let a be a solution of the spin +2 Teukolsky equation
(32) arising from regular data described in §2.1.5, and let v and W=r°P be the derived
quantities defined by (33) and (35). Then the following statements hold:

(a) The triple (¥, a) remains uniformly bounded with respect to an r-weighted

energy norm in terms of its initial flux
F[\IJ; ¢a Oé] S]FO[\I’v wa Oé}-

(b) The triple (V,v, ) decays to zero in the following quantitative senses: An -

weighted integrated decay statement
H[\IJ7 1/}7 a] 5 IE‘0 [\117 1% Oé]

holds, as well as polynomial decay of suitable fluxes and pointwise polynomial decay.
A similar statement holds for solutions « of the spin —2 Teukolsky equation and its

derived quantities v and P.
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Again, the precise versions of the quantities F and I referred to in the above theorem
will be explained in §10.2.1. As noted above, even a boundedness statement for the
Teukolsky equation on Schwarzschild was not previously known.

Applied to the full system of linearised gravity, the above yields the following state-

ment.

COROLLARY. Let .7 be a solution of the full system of linearised gravity arising from
reqular, asymptotically flat initial data described in §2.1.6. Then, Theorem 2 applies to
1) (1) (1) (1)
yield boundedness and decay for the gauge invariant hierarchy (V,, (clu)) and (¥, 9, &))
See Corollary 10.1 for the precise statement.
We next turn to the problem of boundedness for all quantities (30) associated

with .%, not just the gauge-invariant ones.

2.2.2. Boundedness of the full system of linearised gravity

The third main theorem is a (quantitative) boundedness statement for the full system of
linearised gravity, embodying (a) of the main theorem of the introduction.

The most fundamental statement is again at the level of an energy flux, now aug-
mented by L? estimates on spheres, and must be expressed with the help of the initial-
data normalised solution . discussed already in §2.1.7. The precise statement is formu-

lated as Theorem 3 in §10.3. A rough statement is as follows.

THEOREM 3. (Rough version) Let . be a solution of the full system of linearised
gravity arising from regular, asymptotically flat initial data described in §2.1.6, and let

¢ be the pure gauge solution such that
y=7+9

defined by (38) is normalised to initial data. Then, the solution . remains uniformly
bounded with respect to a weighted energy norm F, augmented by the supremum of a

weighted L?-norm on spheres (denoted D), in terms of its initial norm:
D[L1+F[.S] S Dol ]+ Fol.S]- (45)

All quantities (30) of . are controlled in L? on suitable null cones or spheres by the
above norms up to their projections to the {=0 and {=1 modes.

Moreover, there is a unique linearised Kerr solution J, s,, computable explicitly
from initial data, such that /' =. — K s, has vanishing (=0 and (=1 modes, and thus

the above L? control is coercive for all quantities (30) associated with .&".



THE LINEAR STABILITY OF THE SCHWARZSCHILD SOLUTION 23

Again, the precise form of the flux F and the L°°(L?) norm D is contained in §10.3.1.
We emphasise that the bound (45) and resultant control of the restriction of the solution
to angular frequencies £>2 is obtained independently of identifying the correct linearised
Kerr solution J# s, .

From the above flux bounds we immediately obtain, by standard Sobolev inequali-

ties, pointwise bounds on all quantities (30) associated with .7

COROLLARY. For sufficiently reqular, asymptotically flat initial data for .7 as above,
all quantities (30) associated with & are uniformly bounded pointwise in terms of an
initial energy as on the right-hand side of (45), and the parameters m and s; of s,

(explicitly computable from—and thus also bounded by—initial data).

See Corollary 10.2 for a precise statement. Note that these pointwise bounds are

again r-weighted bounds.

2.2.3. Decay of the full system of linearised gravity in the future-normalised

gauge

The final part of our results is the statement of decay for the full system, embodying (b)
of the main theorem of the introduction. For this, we have already discussed in §2.1.7
the necessity of adding a pure gauge solution é normalised to the event horizon.

The precise decay theorem is formulated as Theorem 4 in §10.4. A rough statement

takes the following form.

THEOREM 4. (Rough version) Let .7 be a solution of the full system of linearised
gravity arising from regular, asymptotically flat initial data described in §2.1.6, let .7 be

as in Theorem 3, and let

S =S+,
defined by (40), be the solution normalised to the event horizon. Then, the pure gauge
solution 4, and thus, in view of (45), also 7, satisfy boundedness statements

A A A A

D@]+F[¥] SDo[L]+Fol] and D[S|+F[S] SDo[L]+Fo[.], (46)

from which, as in Theorem 3, it follows that all quantities (30) of 4 (and thus 52) are
controlled in L? on suitable null cones or spheres, while . moreover satisfies “integrated

local energy decay”, schematically

I[] SDo[#]+Fo[7]. (47)
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From (47), a hierarchy of inverse-polynomial decay estimates follows for all quan-
tities (30) associated with .. As in Theorem 3, these estimates control the quantities
(30) of % up to their projections to the £=0 and ¢=1 modes.

If Jtn.s, is the linearised Kerr solution of Theorem 3, then ﬁ’zﬁ—%fm,si has
vanishing £=0 and =1 modes and the above control is indeed coercive for all quantities

A
associated with .#'.

Again, for the precise form of the estimates, see the propositions referred to in the
full statement of the theorem in §10.4. In analogy with the corollary of Theorem 3,
from the above L? bounds we immediately obtain pointwise decay estimates by standard

Sobolev inequalities.

COROLLARY. For sufficiently reqular asymptotically flat data for . as above, we

A
have pointwise inverse polynomial decay of all quantities of # given in (30) to those of
Hm,ss, 0 particular quantitative inverse polynomial decay rates for the linearised metric

quantities (20) themselves.

See Corollary 10.3 for the precise statement.

2.3. Aside: Review of the case of the scalar wave equation

The proofs of our main theorems build on recent advances in understanding the much
simpler problem of the linear scalar wave equation

Lyp=0 (48)

on a fixed Schwarzschild background (M, g), discussed already in the introduction. We
interrupt the outline of the present paper to review the definitive results for the scalar
wave equation (48) on Schwarzschild, following [20], [25] and [22]. The reader very
familiar with this material can skip this section altogether. We will resume our outline
of the body of the paper in §2.4 below.

Let us note at the outset that the results reviewed in the present section can be
viewed firstly as precise scalar wave equation prototypes for the statements in Theorem 1
in §2.2 concerning the Regge—Wheeler equation. In fact, we will see in §2.4.1 below that
the proof of Theorem 1 indeed follows closely from the results on the wave equation to be
described below. Some of the phenomena, however, that enter will also explicitly appear
again in the proofs of the remaining Theorems 2-4, in particular, the red-shift effect (see
§2.3.1 below), the notion of an integrated local energy estimate (see §2.3.2 below) and
the rP hierarchy (see §2.3.3 below).
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Figure 3.

2.3.1. Boundedness: Conservation laws and the red-shift

The scalar wave equation prototype for statement (43) of Theorem 1 is again a statement
that the flux of a non-degenerate, r-weighted energy associated with ¢ is uniformly
bounded from initial energy. As we shall see, this statement naturally arises in stages.

We first consider unweighted, non-degenerate energy boundedness. Explicitly, let us
define

Flol=sup [ (0700 +I¥oP )0 dudy

v (49)

+sup/ (271 8up)? +1Q 7' Vol ?)r?Q® dv dy
u Cu

and Fj to be the same quantity where sup,, f . is replaced by f Cuy? and similarly for u. In
regular coordinates, the integrands above represent all tangential derivatives to the cones
Co={u>ug}x{v}xS? and C,={u}x{v=vo}xS?, without degeneration (¥ denoting
the covariant derivative induced by the round metric on the spheres of symmetry), and
correspond to the energy flux with respect to the vector field N to be defined below. See
Figure 3. The boundedness theorem for the unweighted energy (49) for the scalar wave

equation (48) then states as follows.

THEOREM. ([20], [25]) For solutions ¢ of the wave equation (48) on Schwarzschild,
we have
Flo] < Folel- (50)

A similar non-degenerate higher-order statement holds as well. (This implies uniform

pointwise estimates for 1 and for all of its derivatives up to any order.)

The full statement of (50) can only be proven in conjunction with the integrated
decay to be shown in §2.3.2 which follows. We may already now prove, however, a
slightly weaker statement, where we remove the Q~! weight from the Y¢ term in the
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second integral of (49). This estimate is still non-degenerate on the cones C,, and is thus
sufficient to obtain pointwise estimates. We sketch the proof of this (slightly weaker)
version of (50) below as it is quite elementary and already illustrates two important
features: conservation laws and the red-shift.

Recall the energy-momentum tensor associated with ¢ defined by

Q;w [‘P] :6u%pau<)0_%guugaﬁaa@8690v (51)

which, for solutions of (48), satisfies

VEQuwle] =0. (52)

Contracting (52) with the Schwarzschild Killing field T defined in (16), one obtains the

conservation law

VAT [e] =0, (53)

where we use the notation .J} [¢]=Q,.,[¢]V" for an arbitrary vector field V. Integrating
(53) in a characteristic rectangle bounded by the initial cones C,, and C,, and two
later cones C, and C,, one obtains a conservation law relating flux terms. Using the

fundamental positivity property of the tensor (51), namely
g(‘/v V) <07 g(V, W) <07 g(W7 W) <0 = Q/»W[QD]VHWV 207

it follows that these flux terms arising are non-negative, but degenerate at the horizon
H*, where T becomes null. Thus, this conservation law yields a version of the energy
boundedness (50), but where F' and Fy are replaced by fluxes FT and F{, respectively,
that degenerate at the event horizon H*, i.e. a fluz without the Q= factor on both the
Oy and Y terms in the definition (49).

This weaker, degenerate analogue of (50) can be thought of already as a statement
of stability, but it does not allow one easily to infer uniform pointwise estimates up to the
horizon H*.(") It turns out, however, that given the above uniform degenerate energy
bound, one can than apply the so-called red-shift energy identity, first introduced in [20],

satisfied by a well-chosen timelike vector field N, for which the coercive property

T [IN* S VT ) (54)

(") Here one should mention that the original Kay-Wald [41] approach to boundedness on
Schwarzschild obtained pointwise estimates for ¢ directly from this degenerate energy, applied to an
auxilliary solution ¢ such that d;g=¢. The method of [41] is fragile, however, and cannot, for instance,
obtain boundedness for transversal derivatives. See the discussion in [25].
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holds near H*, and upgrade the degenerate boundedness just obtained to a version of
(50), where the Q1 factor is now indeed obtained in the 8, term of the first integral
in the definition (49) but must still be removed from the second integral. (To obtain
the Q! factor in the YV term of the second integral over the C,, cones, we must await
for §2.3.2. We note that the flux terms of (49) are precisely the boundary terms that
arise from integration of the divergence identity of J, /iv .) The inequality (54) exploits the
celebrated red-shift feature of the horizon (see the discussion in [25]).

To obtain a higher-order analogue of (50), one can of course first commute the wave
equation (48) by the Killing vector field T' and obtain estimates for Tp. For a non-
degenerate statement, however, we would like to obtain estimates for a strictly timelike
vector applied to ¢. For this, it turns out that one can additionally commute the wave
equation (48) by the ingoing null vector field ez, and observe that the most dangerous
new error term in the red-shift identity has a favourable sign (an enhanced red-shift); in
fact, for all k>0,

k+1)JN ek o] N* < VHIN ek o] —{controllable terms}. 55
pn L=3 pno =3

From (55) and the fact that T'+es is timelike, a higher-order analogue of (50) follows,
non-degenerate on the C, cones. Pointwise bounds on ¢ and all-order derivatives now
follow from standard Sobolev-type inequalities.

We note already that inequality (55) in fact “strengthens” the red-shift of (54) by

an extra k factor. This strengthening will in fact play an important role in the present

paper.

2.3.2. Trapped null geodesics and integrated local energy decay

The scalar wave equation prototype for the statement (44) of Theorem 1 is again a state-
ment of weighted integrated local energy decay. We discuss in this section an unweighted
version of (44) for equation (48), deferring the question of proper r-weights to §2.3.3
below. It is here already that we shall first encounter one of the fundamental aspects
affecting quantitative control of decay: the existence of trapped null geodesics associated
with the photon sphere at r=3M.

Let us define explicitly

fel= [ [0 =M T+ NG + T o)+ (0= 00+ o)

x 1202 du dv dry.

(56)

The degeneration of the first term in the integrand in (56) at r=3M is related precisely
to trapping at the photon sphere. We have the following result.
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THEOREM. ([20]) For solutions ¢ of the wave equation (48) on Schwarzschild, we
have the (unweighted, degenerate at r=3M) integrated local energy decay:

1ol < Fole)- (57)

To prove integrated local energy decay (57), one applies the energy identity arising
from contracting (52) with a well-chosen vector field X orthogonal to the constant-r
hypersurfaces: The vector field X is chosen so that the bulk term V“Jj( of the iden-
tity has coercivity properties allowing for the control of the integrand of I, but with
additional degeneration at the horizon. The trapping constraint implies that to obtain
non-negativity of the bulk term, the vector field X must necessarily vanish at r=3M,
hence the degeneration of (56) at r=3M. The boundary term fluxes of the energy iden-
tity, on the other hand, are bounded by the fluxes of J”. Thus, in view of the trivial
energy estimate for the fluxes of J7, discussed already in §2.3.1, one obtains a version
of (57), where one has additional degeneration of the integrand at the horizon and a
correspondingly degenerate initial energy F{ on the right-hand side.

Let us note that a general result of Sbierski [66] shows that the estimate (57) could
not hold if some degeneration at r=3M was not included in the definition (56).

In fact, the existence of the estimate (57) implicitly exploits the fact that trapping
itself is “unstable” in the sense that geodesic flow is hyperbolic.(®) Let us note finally that
the actual current applied is in fact more complicated than a pure vector field current
JX, involving in fact order-zero terms. See [20] for details. The analogous construction
for P in the proof of Theorem 1 will in fact be simpler.

While the degeneration at r=3M is necessary, the degeneration at the event horizon
is not. One finally obtains the full (57) by adding the divergence identity associated with
the red-shift vector field N of §2.3.1, in view again of (54).(°) It is at this point that
we obtain also the full (50), obtaining also the Q=1 factor on the ¥ term of the second
integral in the definition (49).

Let us note that, by commuting the wave equation (48) with T, we may remove
the degeneration at r=3M in the definition of I in (57) at the cost of requiring loss of
differentiability in the estimate, i.e. replacing Fy[e] on the right-hand side of (57) with
Folol+Fo[T¢]. In view also of (55), we can further control an analogue of I with all

higher derivatives from a suitable higher-order energy of initial data.

(®) If trapping is stable, then such an estimate cannot hold and the rate of decay is only logarithmic.
See [42], [56], [38], [39]. It turns out that the good “unstable” Schwarzschild structure of trapping is
preserved in the Kerr case for the full sub-extremal range. The analogous construction cannot, however,
be done by a traditional vector field current; see [25], [1], [73] for the |a|< M case and [26] for the full
la|< M case, where in addition to the hyperbolicity of trapping, the fact that trapped frequencies are
not superradiant also plays an important role.

(9) Note, however, that for scattering results, it is useful to have the original degenerate version
of the estimate because it is time-reversible; see [27].
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2.3.3. The rP hierarchy, weighted estimates and inverse-polynomial decay

bounds

To obtain the scalar wave equation prototype for the full weighted boundedness (43) and
weighted integrated local energy decay (44) of Theorem 1, we must improve the quantities
(49) and (56) with growing weights in r. This is similar to—but more elaborate than—the
improvement already discussed which arises by adding the red-shift identity associated
with the vector field N and exploiting (54).

The fundamental element is the following rP hierarchy of estimates.

THEOREM. ([22]) For 0<p<2, the following hierarchy of estimates holds for solu-

tions of the wave equation (48) on Schwarzschild:

/ louel+ [ N 0l0,g P+ =) V)
{r>R}n{u=usz} {r>R}N{ui<u<uz}

s/ louel+ [ 1Bupl2+ 10,0 2+ T 0l
{r>R}N{u=u1} {R—-1<r<R}IN{ur<u<us}

We note that an analogue of the above identity holds for general asymptotically flat

(58)

spacetimes. See [57].

In particular, defining now

Fli] = Flig] +sup / 20,6 and Tig]=I[g]+ / owel,  (59)
Cun{r>R}

u r>R

applying the above theorem in conjunction with the theorems in §2.3.1 and §2.3.2, one
infers immediately the following weighted boundedness and integrated local decay esti-

mates

COROLLARY. Let ¢ be a solution of the scalar wave equation (48). Then, ¢ satisfies

the r-weighted uniform boundedness estimate

Fle] SFoly] (60)

and the r-weighted integrated local energy estimate

I[¢] SFoly)- (61)

In (60) and (61), we have indeed now obtained the scalar wave-equation prototypes
of the estimates (43) and (44) of Theorem 1.

The above estimates only represent the special p=2 case of a hierarchy of estimates
where the integrands in the second terms of the right-hand side of definitions (59) are
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replaced by the analogous integrands in (58) arising from a general 0<p<2. It turns
out that, from repeated use of the above, exploiting the identity also for p=0,1 and
the pigeonhole principle, one can obtain the following uniform wv-decay for the flux of

non-degenerate energy
/C L (@70 o) ST Rl RITT), (62)
wN{v=>0

as well as similar bounds for fluxes on C, and for higher-order energies. Pointwise

estimates such as
el Svh, relSum? and Ve Suh (63)

the latter two for r >ry>2M, then follow from easy Hardy and Sobolev inequalities, where
the implicit constants depend on weighted L? norms of initial data. The polynomial
decay statements (62)—(63) represent the precise scalar-wave equation prototype for the
polynomial decay of Theorem 1.

By commuting the wave equation by the vector field e4, as well as the generators of
spherical symmetry, one can apply an analogue of the above theorem for higher values

p>=2. With this, one can further improve (63) to decay rates of the form
el St7% and (9| St (64)

for fixed r, where the implicit constants depend on even higher-order weighted norms.
See [67] and the recent [57] for a definitive treatment. We will not obtain the analogue
of such improvements here, though the methods of [67], [57] easily generalise.

Recall that, in Minkowski space, by the strong Huygens’ principle, solutions arising
from compactly supported initial data are in fact compactly supported in « and compactly
supported in ¢ for fixed r. In the case of Schwarzschild, on the other hand, even for
solutions arising from compactly supported initial data, though the decay rate (64) for ¢
can be indeed improved to ¢t =3 [19], [29], [53], it cannot, for generic initial data, be further
improved [48]. This is just one of a tower of /-dependent linear obstructions which were
first obtained heuristically by Price [60], and there is by now a large literature attached
to them. As opposed to estimates of the form (64), which indeed survive for quasilinear
problems without symmetry (appearing in particular in the proof of the stability of
Minkowski space), the relevance of sharper “Price-law”-type decay estimates for non-

linear problems remains unclear.
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2.4. Outline of the proofs

Having recalled the theory of the scalar wave equation (48) on Schwarzschild, we now
return to the overview of our paper and give an outline of the proof of the main theorems
in §2.2, following §§11-14 of the body of the paper. The reader may wish to revisit this
section upon reading the actual proofs.

2.4.1. Proof of Theorem 1: Boundedness and decay for Regge—Wheeler

This will be the content of §11 of the body of the paper.

The solution P of the Regge-Wheeler equation can be estimated in direct analogy
with our results for the wave equation (48) described in §2.3 above. It is in fact natural
to introduce from the beginning rescaled quantities ¥=r>P. The equation satisfied by
U admits a conserved energy in analogy with the J” energy discussed in §2.3.1. We
immediately obtain in §11.1 the global boundedness of a degenerate flux F7 (Proposi-
tion 11.1.1).

In §11.2 we obtain our initial “unweighted” integrated local energy decay, which
moreover degenerates at the horizon. This is in close analogy with the estimate for the
wave equation (48) via the current associated with a vector field X discussed in §2.3.2.
In fact, the construction is easier than in the case of the wave equation, in particular
since P, as a symmetric traceless S?w 2-tensor, is necessarily supported only in angular
frequencies £>2 (cf. §4.4.3). The initial statement obtained is the integrated local energy
decay statement (268), with the degenerate fluxes on the right-hand side.('?) This is
immediately improved in §11.3 by the analogue of the red-shift estimate (55) to obtain
non-degenerate boundedness (with an integrated decay which does not degenerate on the
horizon), and in §11.4 by (270), which is the analogue of the rP-weighted estimate for
the wave equation following from (58) with p=2.

Polynomial decay statements follow by adapting the arguments discussed in §2.3.3

for the wave equation (48). This is accomplished in §11.5. See Proposition 11.5.1.

2.4.2. Proof of Theorem 2: Boundedness and decay for Teukolsky

This will be the content of §12. We outline below.
Let « satisfy the spin +2 Teukolsky equation (32), and let 1) and P be defined by
(33) and (35), respectively. It follows that P satisfies the Regge—Wheeler equation, and

thus, Theorem 1 applies to P. The goal is to ascend the hierarchy, obtaining estimates

(10) In particular, it is here—and only here—that the structure of trapping at the photon sphere
appears directly in this paper.
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for ¢ and then « from estimates for P by integrating transport equations. (The results
for a solution « of the spin —2 Teukolsky equation are entirely analogous.)
Multiplying (35) by 727¢-% we obtain

8u(|w|27'69'7“2_5)+|1M27'6Q47“1_E §T7+2_6|P|292. (65)

We note that the right-hand side of (65) is indeed bounded when integrated over space-
time by the weighted integrated decay estimate for P discussed above in §2.4.1. Thus,
the first term on the left-hand side of (65) gives an estimate for a flux on constant u
hypersurfaces, while the second term gives a weighted integrated decay estimate. See
(282) and (284) in Proposition 12.1.1. Let us note that both the non-degeneracy at the
horizon and the extra r? weights in our original estimate for P were fundamental for the
numerology of (65) to work out. We thus indeed need the full strength of the weights in
Theorem 1 to successfully estimate 1.
Given now estimates for ¢, we similarly multiply (33) by a weighted r-factor times
a to obtain
Du (r* =2 2% ) +1375r2Q0a)? Srm ey 2. (66)

Again, the numerology is such that the right-hand side can be estimated by the inte-
grated energy just controlled by Proposition 12.1.1, again, using in an essential way the
non-degeneracy at the horizon and the r? weights. Thus, upon integration over space-
time, (66) yields both an energy flux and integrated energy decay statement for «. See
Proposition 12.1.2.

Revisiting the equations, one can now also estimate higher derivatives of 9, ¥, o, a
from control of P and P (§12.2). With this, one has all the elements necessary to obtain
polynomial decay estimates, following the method of [22] for the scalar wave equation
discussed above in §2.3.3. This is achieved in §12.3.

2.4.3. Proof of Theorem 3: boundedness for linearised gravity
This will be the content of §13 of the bulk of the paper. We outline the main points here.

Gauge invariant statements. Let .’ be as in the statement of Theorem 3. By the
considerations in §2.1.5, we have that & and (ai) satisfy the spin +2 Teukolsky equations,
and thus, Theorem 2 applies, yielding boundedness and decay estimates on the hierarchy
of gauge invariant quantities (see §13.1). The goal is to promote this to boundedness

estimates on all quantities.

Fluxes on the horizon. The first task (§13.2) is to estimate certain fluxes on the

horizon H* which contain in their integrands non-gauge invariant quantities. For in-
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(1)
stance, from the boundedness of the ¢ flux on H* and the second identity in (33), we
1) (1)
can immediately obtain a flux controlling 5 and ¥, in particular

W,
/ %P (67)
’}-[+

This is the content of Proposition 13.2.1. Using also the flux of P, we may obtain

(1)
higher-order fluxes associated with the transversal derivative Q~1Y¥5(Q¥), namely

(1)
| 1oty @or (68)
H+
(see Proposition 13.2.2), as well as the angular derivatives P, I((é), (clr)) and ]D;(;)) At
this point, one can already obtain polynomial v-decay of various fluxes (see Proposi-
tion 13.2.4).(11)
We remark that the above estimates control only the projection of the above quan-

(1)

tities to angular frequencies £>2. (Note that symmetric traceless 52 2-tensors like X

are necessarily supported only on £>2; see §4.4.3.) This will be a common feature of all

estimates obtained in the proof.

Decay estimates for the outgoing shear X. In analogy to how we estimated 1 from

P and « from 9 in §2.4.2, one wishes to integrate the transport equation (27) for ()'IE). The
problem is that the third term on the left-hand side of (27) has a bad (i.e. blue-shift) sign
at the horizon. It turns out that, in analogy with the improved & factor in (55) for higher
transversal derivatives of the scalar wave equation (48) discussed in §2.3.1, the bad term

in (27) can be killed by applying suitable commutation. We see that the quantity

Va(2 V5 (250) (69)

is in fact “red-shifted”. (This is apparent from equation (342) in §13.3.1.) We may now
(1)
control X in the darker shaded region r<r; as indicated in Figure 4.

We couple red-shift estimates for (69) obtamed by integrating along outgoing cones
C\ in the manner of §2.4.2 to estimates for Y X and Q~ 1Y73(QX)) obtained by integrating
(applying the fundamental theorem of calculus, twice) (69) along the cone C, from the
horizon, using our “initial” control of the horizon fluxes (67) and (68). This yields finally

(1) It is worth noting here that, although the integrands of the above fluxes (67) and (68) are
gauge-dependent, the total fluzes are gauge-invariant, given the horizon gauge conditions (215). The
1

X flux (67) can in fact be directly related to an energy which arises from the Lagrangian structure of
the Einstein equations. See Hollands and Wald [34] for a general discussion of such fluxes and the
upcoming [37] for the relation to our setting.
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Figure 4.

an integrated decay statement for X restricted to the darker shaded region (Proposi-
(1)

tion 13.3.2). Finally, we may extend our estimates of X to the lighter shaded region

above by integrating directly (27) along C,, in the manner of §2.4.2; restricted to the

lighter shaded region, using our “initial” control along r=r1 just obtained. This gives a

global integrated local energy decay statement for x (as well as higher-order derivatives).
The estimate is stated as Proposition 13.3.1.

Boundedness estimates on the ingoing shear Y. Having shown decay for the

(1) (1)
outgoing shear X, we now turn to estimate the ingoing shear Y. Here, we will only be
able to show boundedness, not decay First, we note that we are not able to estimate
€Y (1)
the evolution equation (27) for x X directly. Instead, we estimate X via the quantity Y,

defined by (42).

(1)
We have already noted that Y is initially bounded on the outgoing cone C,,,, captur-
ing the roundness of the sphere at infinity which is ensured by our gauge normalisation.
(1)
It turns out that Y satisfies an evolution equation in the ingoing direction with gauge-

invariant right-hand side which is moreover integrable (see (357)). This allows us to
(1)
obtain the uniform boundedness of Y’ (Proposition 13.4.1). From this, one obtains the
@
boundedness of angular derlvatlves of X (Corollary 13.3), as well as the boundedness of

a flux of angular derivatives X X on null cones (Corollary 13.4).

The r-weights above unfortunately do not allow us to obtain integrated local energy
decay for %} We can obtain, however, at this point such decay for the derivative ¥ 4(9*1(751{))
(Proposition 13.4.2) and upgrade it to a polynomial decay statement on the event horizon

(Proposition 13.4.3).

Boundedness for the remaining quantities. Finally, we briefly discuss the remaining
quantities (see §13.5), focussing on the order of the hierarchy and not the precise nature
of the estimates.
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(1)
We first note that the second identity of (35) relating P with the pair (g, ) and
@ @
the shears X and X allows us to obtain estimates for g and 7. Slmllarly, from the second

identities of (34) and (33), we may now obtain estimates for ﬁ and 6 (see §13.5.1).
PR ¢ ey . B . .
The quantities 77 and 7 can also be controlled, using however propagation equations

which we have not introduced in this overview.(?) We then estimate (see §13.5.4) the

e
quantity (Qtry) via the Codazzi equation (28). Finally, we may estimate the metric

components (20) themselves by integrating their respective transport equations. For
(1)
instance, to estimate \/ﬁ, we integrate (26) using the bounds we have just obtained on

the right-hand side (see Proposition 13.5.12).
(1)
At this point, we have estimated all quantities with the exception of (2 tr x). While

e o)
this could easily be estimated via the analogue of (28) relating (Qtry) and X, that
method would not give us the quantitative boundedness as stated in Theorem 3, as our

®
previous estimates on Y lose regularity. An alternative approach is thus given and it is

here where the quantity Z mentioned already in §2.1.7 is in fact used. We defer further
discussion of this to §13.5.5 and §13.5.6.

By the above procedure, we obtain finally L? estimates on all quantities (30) associ-
ated with ., either on spheres or cones. As noted in the statement of Theorem 3, these
control only the restriction of all quantities to angular frequencies £>2. We can now,
however, apply Theorem 9.2 to obtain that the projection of .’ to the /=0 and (=1
modes is given precisely by a unique %, ;,, and thus we have truly coercive estimates
on .& ! =.%—Hm,s,;- The pointwise estimates of the corollary then follow by standard
Sobolev 1nequahtles applied to .7 (see §13.5.8).

2.4.4. Proof of Theorem 4: Decay for linearised gravity
This will be the content of §14. Again, we outline below.

Boundedness of the pure gauge solution. Let 5’?:<V7+gﬁ be as in the statement
of Theorem 4. The new normalisation (41) allows us to derive the following evolution

equation for the ingoing linearised shear on the horizon:

V40 XA+ 570 WA = 5 w71+ 7]

(1)
See (408). It follows that the regular quantity Q'Y is “red-shifted”, in the sense that

(1)
the sign of the factor multiplying X in the second term on the the left-hand side of the

(12) Specifically, equations (140) and (141). See Proposition 13.5.3.
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above identity is positive, and moreover the right-hand side is suitably decaying. This
immediately allows for estimating suitably normalised %) and (Q (tl; X) on the event horizon
(see Proposition 14.1.1 and its corollaries). We can then translate this into bounds for
derivatives of the gauge function f (see Proposition 14.1.2), and thus, for G itself (see
Proposition 14.1.3). This gives the boundedness statement for é , and thus, in view of

A
Theorem 3, also for .7, i.e. the statements schematically represented as (46).

We note that the reader may have expected that one must renormalise the gauge
also “at null infinity” in addition to the renormalisation carried out at the horizon. It is
indeed remarkable that the horizon-renormalisation is on its own sufficient, at least for
the decay to be stated in the present paper. This appears again to be fundamentally

connected to the red-shift at the horizon.

Integrated local energy decay. Recall from our discussion in §2.4.3 that it was
1

precisely the quantity X which provided the first obstruction to showing decay for .

Having obtained now decay for %)[,52 ] on the horizon, we can now upgrade this to a global
integrated decay bound (Proposition 14.2.1), and from this, repeating steps similar to
those described in our discussion of the proof of Theorem 3 in §2.4.3, we move up the
hierarchy, to obtain now integrated decay at each step for all other quantities (cf. also
the proof of Theorem 2). This corresponds to the statement schematically represented
as (47). We defer further discussion to §14.2.

Polynomial decay. As in Theorems 1 and 2, polynomial decay can be obtained for
all quantities by an adaptation of the method of [22] described in §2.3.3 in the context
of the scalar wave equation (48). Refer to §14.3. (We only remark here that for rea-
sons of length, since we have not derived integrated local energy decay for the metric
components themselves, we obtain polynomial decay for these by directly integrating
transport equations like (26), using the decay already obtained for the Ricci coefficients
(see §14.3.2).)

As in the proof of Theorem 3, the above bounds in fact only estimate the restriction
of the solution to angular frequencies ¢>2. In view of Theorem 9.2, however, we again
infer that we have indeed true decay to zero for S = —Km,s; (without restriction in
angular frequency). In other words, all quantities (30) of .% decay (in a suitable L? sense)
inverse polynomially to their J7; o, values. The pointwise polynomial decay estimates of
the corollary then follow immediately by standard Sobolev inequalities.



THE LINEAR STABILITY OF THE SCHWARZSCHILD SOLUTION 37

2.5. A restricted non-linear stability conjecture

For background on the full non-linear problem, see the discussion in our previous pa-
per [18], where we have in particular given a precise formulation of the non-linear stabil-
ity conjecture for Kerr. We end this overview section by noting that the linear stability
around Schwarzschild proven in the present paper is in principle sufficient to try to ad-
dress the following restricted version of the full non-linear stability conjecture:

Congecture. (Full finite-codimension non-linear stability of Schwarzschild) Denote
by (X1, gar, Kar) the induced data on a spacelike asymptotically flat slice of the Schwarz-
schild solution of mass M crossing the future horizon and bounded by a trapped surface.
Then, in the space of all nearby vacuum data (X, g, K), in a suitable norm, there exists
a codimension-3 subfamily for which the corresponding maximal vacuum Cauchy devel-
opment (M, g) contains a black-hole exterior region (characterized as the past J~(Z1)
of a complete future null infinity Z*), bounded by a non-empty future affine-complete
event horizon H*, such that in J~(Z") (a) the metric remains close to gy and moreover
(b) asymptotically settles down to a nearby Schwarzschild metric g5; at suitable inverse

polynomial rates.

We emphasise that by dimensionality considerations, the above conjecture would
construct all spacetimes arising from data sufficiently near Schwarzschild whose final
state is again Schwarzschild.(1?) In particular, we note that the above class of solutions
would a fortiori include the evolution of axisymmetric initial data near Schwarzschild
whose total angular momentum vanishes, as these necessarily have a final Schwarzschild
endstate (in view of the fact that for the vacuum equations under axisymmetry, angular

momentum does not radiate to null infinity).

2.6. Guide to reading the paper

Though the paper has been written to be read linearly, the reader interested only in
certain results can skip various sections. We give here a guide to various self-contained,

more limited trajectories through the paper.

(13) The reader should compare this with the result of [18] which gives a scattering construction
of a family of solutions asymptoting to any given particular subextremal Kerr |a|<M. The solutions
of [18] are constructed by prescribing exponentially decaying “scattering” data on the event horizon
and on null infinity and solving the vacuum Einstein equations (2) backwards in time. In view of the
strong, exponential rate of approach imposed, however, this family is presumably very exceptional and
in particular of infinite codimension in the space of all solutions of the Einstein vacuum equations. Thus,
when specialised to a=0, the result of [18] is far from obtaining the above conjecture. See the comments
in [18] for futher discussion.



38 M. DAFERMOS, G. HOLZEGEL, AND I. RODNIANSKI

The reader only interested in results concerning the Regge-Wheeler and Teukolsky
equations need only read §4 for notation and basic differential operators defined on
Schwarzschild, then §7, up to §7.3, for background on these equations, then §10.1 and
§10.2 for the statement of Theorems 1 and 2, and finally §11 and §12 for their proofs.

The boundedness theorem (Theorem 3) is independent of the decay theorem (The-
orem 4), and thus the reader interested only in the former can skip §9.3 concerning the
horizon-normalised gauge, as well as §10.4 and §14 giving the statement and proof of
Theorem 4.

We note that the reader who does not want to concern themselves with some of the
intricacies of exploiting pure gauge solutions can skip §9.2, and still understand the proof
of Theorem 3.

Finally, the reader interested in the full results but who is willing to take on faith
the system of linearised gravity can skip §3 and §5.1, though we note that the pure gauge
solutions and reference linearised Kerr solutions in §6 are more easily verified by applying

the linearisation in §5.1, than by direct computation.

3. The vacuum Einstein equations in a double null gauge

In this section, we review the form of the vacuum Einstein equations (2) written with
respect to a natural null frame attached to a local double null foliation of a Lorentzian
manifold. See Christodoulou [11] for a detailed exposition. It is these equations which we
shall formally linearise in §5.1 to obtain the equations of linearised gravity. The reader
not interested in the derivation of the linearised system can skip immediately to §4.

An outline of the current section is as follows: We begin in §3.1 with preliminaries,
defining the notion of double null gauge and associated notation. Ricci coefficients and
curvature components are then defined in §3.2. Finally, the vacuum Einstein equations

are presented in §3.3.

3.1. Preliminaries

Let (M, g) be a (3+1)-dimensional Lorentzian manifold.

3.1.1. Local double null gauge

In a neighbourhood of any point pe M, we can introduce local coordinates u, v, 8* and

6? such that the metric is expressed in “canonical double-null form”:

g=—49% dudv+g,_  (d0° —b dv)(d6” —b” dv) (70)
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for a spacetime function 2: M —R, an S, ,-tangent vector b and a symmetric S -
tangent covariant symmetric 2-tensor ¢ , .. Here, Su,» denotes the 2-dimensional (Rie-
mannian with metric ¢ A B) manifold arising as the intersection of the hypersurfaces of

constant u and v.

3.1.2. Normalised frames

We can define a normalised null frame associated with the above coordinates as follows.
We define

es=0"10,, es=Q 1 (8,+b"gs), es=8ga for A=1,2, (71)
for which we note the relations

gles, ey)=-2, g(es,ea)=0, g(es,ea)=0, g(ea,ep)=4gan.

In particular, {ej,es} constitutes a (local) coordinate frame field (not necessarily or-
thonormal) of the orthogonal complement of the span of e; and e4 (i.e. in the tangent
space of the submanifold S, ,). In view of the above relations, we shall refer to the null

frame N ={e3, e4, €1, e2} as being normalised.

3.1.3. S, »-tensor algebra

In §3.2, we will express the Ricci coefficients and curvature components of the metric
(70) with respect to the null frame (71). These objects will then become S, »,-tangent
tensors, or S, ,-tensors for short (see [11]). Two types of such S, ,-tensors will play
a particularly important role: 1-forms & and symmetric 2-tensors 6, the latter being
defined as satisfying @ ap=0p4 in any coordinate patch. A traceless symmetric Sy, .
2-tensor 6@ satisfies in addition gABBAgzO.

Let & and é be arbitrary S, . 1-forms, and 8 and 0 be arbitrary symmetric Sy, .
2-tensors.

We denote by *¢ and *0 the Hodge-dual (on (Swu,v,d)) of & and 8, respectively, [11],
and denote by 6* the tensor obtained from 6 by raising an index with g.

We define the contractions
(&) 1:¢AB€A£~B and (6,0) ¢:¢AB¢CD9A09~BD7

and [€]2=(¢&,€) and |0]2=(8, 0). We denote by 6*-¢ the 1-form 6 ,%¢ 5 arising from the
contraction with g.
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We finally define the 2-tensors 0x6 and £<§>é, and the scalar A0 via
(0x0)pc:=g*P0.450pc,

(€R€)ap=EAEp +€BEA—gCD€céDgABv
ONO = ¢ABgCD0AcéBD,

where ¢ , 5 denotes the components of the volume form associated with g on Sy, .. Note

that €®£~ is a symmetric traceless 2-tensor.

3.1.4. S, »-projected Lie and covariant derivates

We define the derivative operators D and D to act on an S, ,-tensor ¢ as the projec-
tion onto S, , of the Lie-derivative of ¢ in the direction of £2e; and 2e4, respectively.
We hence have the following relations between the projected Lie-derivatives D and D,
and the 8, ,-projected spacetime covariant derivatives W3:Y763 and W4:Y7€4 in the

direction e3 and ey, respectively:

Df=QvV,f on functions f,
DE=QY £+ QX" -¢ on 1-forms &, (72)
DO=QY,0+Qx x0+Q20xx on symmetric 2-tensors 6,

and similarly for V3, replacing x by x and D by D. See [11] for details.

3.1.5. Angular operators on S, ,

We employ the following notation (adapted from [14]) for operators on the manifolds
Su,v-

Let € be an arbitrary 1-form and € be an arbitrary symmetric traceless 2-tensor on
Su,v-
e Y denotes the covariant derivative associated with the metric 9,500 Suw-

e P, takes £ into the pair of functions (div &, curl€), where div fngB Y 1€ and
crlé=¢*P Y 1€

) ’DI, the formal(*) L2-adjoint of P;, takes any pair of scalars @ and o into the
Sy,v-1-form —VAg—l-?fABVBa.

e D, takes 6 into the Sy, ,-1-form (div B)C:gABVAHBC.

) ’D; the formal L? adjoint of P, takes € into the symmetric traceless 2-tensor

(’D;ﬁ)ABZ—%(VBEA-FVA&B —(div €)gAB)~

(14) In our application, the surfaces Sy » will be compact topological spheres and this will indeed
define an adjoint on appropriate spaces.
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3.2. Ricci coefficients and curvature components

We now define the Ricci coefficients and curvature components associated with the metric
(70) with respect to the normalised null frame N'={es, e4, €1, €3}.

For the Ricci coefficients, using the shorthand V 4=V, we define

Xap=9(V.aes, ep), X, 5=9(Vaes ep),

Na= —%Q(VeaeA, e1), Ma _%Q(V&@A’ es),

~

w

1€

g(Ve4637e4)7 :%Q(V63e4783)7

1
-2
Ca=39(Vaes e3).

Note that, in view of Q2 'es and Q@ ‘e, being geodesic vectorfields, all other connection
coeficients automatically vanish. It is natural to decompose x into its trace-free part X,
a symmetric traceless Sy, ,, 2-tensor and its trace trx, and similarly x.(**)

With R denoting the Riemann curvature tensor of (70), the null-decomposed cur-

vature components are defined as follows:

aAB:R(EA,64,EB,64), QAB:R(eAaeSaeBae3)7

B

R(ea,eq,e3,e4), [Ba=R(ea es e3 ey), (74)
R

PN ST

A:
o= (64763764763)7 U:i*R(e4veSae4ae3)a

with *R denoting the Hodge dual on (M, g) of R. The above objects are S,, ,-tensors

(functions, vectors, symmetric 2-tensors) on (M, g); cf. [14]. Note also the relations

2739 Q:V4Q
Q' Q’

1€

Na ZCA+Y7A log €2, na= —CA+Y7A log €2.

3.3. The Einstein equations

If (M, g) satisfies the vacuum Einstein equations
R,.[g] =0, (75)

the Ricci coefficients defined in (73) and curvature components (74) satisfy a system of

equations, which is presented in this section.

(15) This is of course unrelated to the ~ in the case of the scalar quantity @, which distinguishes it
from other normalisations; we retain the notation @ to facilitate comparison with [11].
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3.3.1. The null structure equations
First, we have the important first variational formulas:(*®)
Dg=2Qx =20x+Qtrxg and Dg=2Qx=2Qx+Qtrxg. (76)
Second,
ViX+trxXx—-@ Xx=-a, ViX+trxx—-ox=a, (77)
Va(trx)+5(trx)*~@trx=—(X,X), Valtrx)+3(trx)’-@trx=—-(x,x). (78)

Note that the last two equations are the celebrated Raychaudhuri equations. We also

have
Vix+1trx x+@x = —2P5m— 1 tr x X +(n&n), (79)
Vix+1trx x+ox =—2P5m—1 tr x X +(n&n), (80)
Vs (trx)+3 (tr x) (tr x)+@ tr x = — (X, X) +2(n, n)+20+2divn, (81)
Va(tr x)+3 (tr x)(tr x)+@ tr x = —(X, X)+2(n, n)+20+2div n, (82)

Vin=x"(m-n)+B, Yin=-x'(n-n)-8,
D(Q@)=°[2(n.n)—[n*—o], D(Q@)=9%22(n,n)—|n]*—e,
Po=DQ, =D, n,u+ns1=2Y¥alogQ,

d.,b* =20 (" —n?). (83)
Finally, we have
cdrln:—%x/\&—l—a and cdrlg:%x/\x—

the Codazzi equations

1 1 1
divx=—5X" (n-n)+ trx(n-m)+5 ¥ trx—p
1 1 1
=5k = —YV(Q —
5X (=) 2trxn+mY7( trx)—03,
~ 1,\ﬁ 1 1
d,i(vxz2 (n—m)—7 trx(n— n)+2Y7trx+5
1 1 1
_ Lo 1
=5X"(n-mn) trxn+mY7(Qtrx)+§,

and the Gauss equation (K denoting the Gauss curvature of the metric g)

K=—1ltrxtrx+:(x%.X)—e (84)

(16) Note that these formulas are equivalent to the statement that Vgg:O:V4g.
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3.3.2. The Bianchi equations

We finally turn to the equations satisfied by the curvature components of (M, g), which

are the well-known Bianchi equations:

Via+itrx at+20a=—2P,8-3x0—3"Xo+(4n+¢)88,
Y.B+2trx B—wB=div a+(g”+2cﬁ)~a,
VsB+trx B+@8="DP)(—e,0)+3n0+3no+2xX" B,
YVio+3trxo=divB+(2n+¢,8)-L(x, ),

Vio+35trxe=—divB—(2n-¢,08)—3(X, ),
Vga—&—% trxo=— cdrl@—(Zn—C)/\@—%)A(/\g,
V4§+trx@+@@z$f(g, o-)—3gg+3*gcr+2X”-ﬁ,
VsB+2trx B-wB=—diva-(n'-2(")-a,
Yia+:trx a+2oa= 2’1);@—3294-3*20'—(41]—@’)@@.

We note that the vacuum equations (75) further imply that the symmetric tensors o and
« are in addition traceless. The above equations encode the essential hyperbolicity of
(75). See [14].

4. The Schwarzschild exterior background

In this section, we shall introduce the Schwarzschild exterior metric as well as relevant
background structure which will be useful in the paper.

We first fix in §4.1 an ambient manifold-with-boundary M on which we define the
Schwarzschild exterior metric g with parameter M. We shall then pass to the compu-
tationally more convenient Eddington—Finkelstein double null coordinates v and v, and
associated null frames in §4.2, computing the Ricci coefficients and curvature compo-
nents, commenting on issues associated with lack of regularity at the horizon. In §4.3,
we shall introduce various natural differential operators associated with Schwarzschild,
specialising the definitions in §3, and give some useful commutation formulas. Finally,
in §4.4, we recall some elementary properties of the classical /=0, 1 spherical harmonics,

and derive various important elliptic estimates on spheres.
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4.1. Differential structure and metric

We define in this section the underlying differential structure and metric in terms of a

Kruskal coordinate system.

4.1.1. An underlying Kruskal coordinate system

Define the manifold with boundary
M :=(—00,0] % (0, 00) x S* (85)

with coordinates (U, V, 01, 0?). We will refer to these coordinates as Kruskal coordinates.
The boundary
H:={0}x(0,00) x 52

will be referred to as the horizon. We denote by S?]’V the 2-sphere {U, V} x 5% in M.

4.1.2. The Schwarzschild metric

We define the Schwarzschild metric on M as follows.
Fix a parameter M >0. Let the function r: M—[2M,o0) be given implicitly as a
function of the coordinates U and V by

1-2M/r

UV =—rr—— 86
(QM/T’)B_T/zM ( )
and define also
2 8M* —r(U,V)/2M : 2
Q% (U, V)= We : , ~y=standard metric on S-. (87)
r )

Then, the Schwarzschild metric g with parameter M is defined to be the metric:

g=—4Q%(U,V)dU dV +r*(U,V)yap d9* d®. (88)

Note that the horizon HT=90M is a null hypersurface with respect to g. We will some-

times use the standard spherical coordinates (01, 0%)=(6, #), in which case the metric y
takes the explicit form

v = df*+sin? 0 dp>. (89)

The above metric (88) can in fact be extended to define the so-called maximally

extended Schwarzschild solution (see [72], [46] and the textbook [76]) on the ambient

manifold given by (—o0,00) x (00, 00) x S2. In this paper, however, we only need consider
the manifold-with-boundary M as defined in (85).



THE LINEAR STABILITY OF THE SCHWARZSCHILD SOLUTION 45

4.2. Eddington—Finkelstein double null coordinates u and v, and frames

We have defined our manifold and metric as above so that its smoothness is manifest.
For computations, however, it is much more convenient to rescale the null coordinates
in such a way that quantities are more symmetric. The new coordinates are known as
Eddington—Finkelstein double null coordinates. Care must be taken at the horizon H*,

however, where these coordinates break down. We explain below.

4.2.1. Eddington—Finkelstein double null coordinates

In this section we will define another double null coordinate system that covers M,
the interior of M, modulo the degeneration of the angular coordinates. This coordinate
system, (u,v,0,60?), will be referred to as Eddington-Finkelstein double null coordinates

and are defined via the relations
U=—e %M and vV =e/?M, (90)

Using (90), we obtain the Schwarzschild metric on M° in (u,v, %, #2)-coordinates:

g=—40%(u,v) du dv+r*(u,v)yap d0* d6P, (91)
with
2M
0?=1-"— (92)
r

and the function r: (—o0, 00) X (—00, 00)— (2M, 00) defined implicitly via the relation
(w—uyem _ (" r/2M
e ( Wi 1) e . (93)

Note that setting t=u-+v, we may rewrite the above metric in coordinates (¢, r, 6, ¢)
in the usual form (1).

In (u,v,0%,0?)-coordinates, the horizon H* can still be formally parameterised by
(00,v,60%, 0%) with veR, (01,6?)€S?. This will allow us to use these coordinates at H*,
provided that we appropriately rescale all quantities so as to be regular. We shall see
this principle used already in the section below.

Let us also introduce the notation S;. , to denote the sphere S ., where U and V
are defined by (90). In the spirit of the remark of the previous paragraph, we shall write
in addition SZ, ,, for the spheres of the horizon H* (where we are to understand U=0).

Finally, we will often refer informally to the limit v— o0 as null infinity Z*, which
can be parameterised as T+ ={(u, 00,0, ¢)}.
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4.2.2. Killing fields of the Schwarzschild metric

It is natural at this point to already discuss the Killing fields associated with g.
We define the vectorfield T' to be the timelike Killing field 9, of the (r,t) coordinates
(1), which in Eddington—Finkelstein double null coordinates is given by

T=1(0,+0,). (04)

The vector field extends to a smooth Killing field on the horizon H™*, which is moreover
null and tangential to the null generator of H*. See §4.2.3 below.

We can also define a basis of “angular momentum operators” (2;, i=1, 2,3, for in-
stance, fixing standard spherical coordinates (0, ¢) on S?, where v takes the form (88),
by

=04, {2=—sin¢p0dy—cotlcosddy, §23=cospdy—-cotlsinpdy.

The Lie algebra of Killing fields of g is then precisely that generated by T and f2;,
1=1,2,3.

4.2.3. The null frames Ngr and Ngp«

We define in this section two normalised null frames associated with Schwarzschild.
The most important one is the Eddington—Finkelstein frame Ngp, which we define
first. The vectorfields

1

1
63:§6u and ey =

defined with respect to (u,v, 6%, #%)-Eddington-Finkelstein coordinates, together with a

local frame field (ey, ez) on ng provide a normalised frame on M®°:
NEgr =normalised null frame{es, e4, €1, €2}

The above frame does not extend regularly to the horizon H* (cf. the comments at

the end of §4.2.1). However, it is easy to see that the rescaled null frame
NEp+ =normalised null frame{Q 'es, Qey, e, e}

does extend regularly to a non-vanishing null frame on H*. Though we shall always
compute with respect to Ngp, passing to Ngp+ will be useful to understand which
quantities are regular on the horizon.

Note finally that 2T =Qe3+Qes=0%(Q " Les) +ey, from which it follows that, on the
horizon, T corresponds up to a factor with the null vector of the EF* frame T :%964.
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4.2.4. Connection coefficients and curvature components

We compute here the connection coefficients and curvature components with respect to
the two null frames of §4.2.3.
With respect to the Eddington—Finkelstein null frame Ngp=(Q719,,2719,, €1, ¢€2),

we compute the following non-vanishing Ricci coefficients (cf. §3.2) on (M°, g):

Q Q
XAB ::g(*€4,VA€B):?T2’YAB, Xap 5:9(*63,VA63):*?7"2’7AB (96)
~ 1 M =R 1 M
w:i= §Q(Ve4€37€4)=@7 W= ig(vegezhefs):—%- (97)

Remark 4.1. Recall from the comments in §4.2.3 that the frame Ngp is not regular
near the horizon H* as is manifest from some of these quantities diverging at the horizon!
Converting to the rescaled regular null frame Ngp+ one easily finds x=(Q/r)r?y, x=—r7,

W=2M /r? and @=0, which makes all components manifestly regular at H*.

Turning to curvature, the only non-vanishing null curvature component on (M, g)
is
2M

1
::—R. , €3, ,63) = ——
0 1 iem(ey, €3, €4, €3) 3

; (98)

an identity which holds with respect to both null frames Nz and Ngp~, as these only

differ by a scaling of the two null-directions. We also introduce the notation

1
K= (99)

for the Gauss curvature of the round Siv—spheres.

4.3. Schwarzschild background operators and commutation identities

In this section, we introduce a number of natural differential operators associated with
Schwarzschild. In §4.3.1, we specialise the operators discussed in §3.1 to Schwarzschild.
We then give in §4.3.2 some important commutation identities and define the additional

useful angular operators Al

4.3.1. The S, ,-tensor analysis and natural differential operators on
Schwarzschild

In this section we simply specialise some of the constructions of §3.1 to Schwarzschild. We
explicitly repeat all definitions, however, so that this section can be read independently.



48 M. DAFERMOS, G. HOLZEGEL, AND I. RODNIANSKI

We recall the notion of an S, ,, tensor from [11]. Specialised to Schwarzschild, these
are simply tensors which when expressed in the frame Ngp only have components in the
angular directions e; and es.

Particularly important for our purpose will be 1-forms £ and symmetric 2-tensors 6.
An S, ,-2-tensor 64 is symmetric if 0 4p=0p4 and traceless if gABGAB:O.

We quickly repeat the definitions from §3.1.3 for 1-forms ¢ and € and symmetric
2-tensors 6 and 6.

We denote by *§ and *0 the Hodge duals (with respect to (Su..,d)), and by 6% the
tensor obtained from 6 by raising an index with ¢.

We define the contractions

(&,€):=g"Peulp, (0,0):=¢"P¢P0acOpp, 60"-£=0,"¢p.
We finally define the 2-tensors 6 x 0, £&¢ and the scalar 0A6 via

(0x0)pc = ¢*P0ap0pc,
(£@€) ap =Ealp+Epa—g*PEnls,
ONG := ¢ABgCD6Ac§BD,

where ¢ , , denotes the components of the volume form associated with ¢ on S, ,, and
where we note again that 5@5 is a symmetric traceless wa 2-tensor.

We now specialise the general definitions of the projected Lie and covariant dif-
ferential operators in §3.1.4 to the case of the Schwarzschild manifold (M, g), with its
Eddington-Finkelstein double null coordinates (u,v,8',6?) and normalised null direc-
tions e3=0"19, and e,=Q"19,.

e The projections to the spheres Sﬁm of the Lie-derivative in the directions 9, and
0, are denoted by D and D, respectively.

Hence, if £ is an S, tensor of rank n on (M, g), we have in components(*”)

(D&)a,...a, =0u(€a,..a,) and (D&)a,..a, =0,(6a,. 4,). (100)

Similarly,

e The projection to the spheres S?w of the covariant derivative in the es-direction
is denoted by Y3, and that in the e4-direction by V.

The relations (72) now hold true “un-bolding” all quantities. Since x and x only

have a trace-component in (M, g), one can deduce simplified formulas such as

Q(V38)a=0u(6a)—2Qtrx&a  for an Sz ,-1-form & (101)

(17) Observe that non-trivial terms would appear in the second formula if the background was not
spherically symmetric.
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and
UV 40)aB =0,(048)—Qtrxfap for a symmetric traceless Sz ,-2-tensor 6,  (102)

which will be used below.

Finally, we specialise the definitions of §3.1.5, i.e. we introduce the following notation:

e Y denotes the covariant derivative associated with the metric gon Sk

e D, takes any S, ,-tangent 1-form ¢ into the pair of functions (div &, cyrl €);

° @I, the L2-adjoint (with respect to g) of P, takes any pair of scalars o and o
into the Sg)v—tangent 1-form —WAg—i-;z‘ABWBa, with ¢ ,, denoting the components of
the volume form associated with ¢ on Siv;

e P, takes any 2-covariant symmetric traceless Siv—tensor £ into the Sﬁyv—tangent
1-form div §;

) ZD;, the L? adjoint (with respect to g) of P, takes any Siv—tangent 1-form ¢ into
the 2-form — (Y péa+Vals—(div)gd, ,);

e A denotes the covariant Laplacian associated with the metric ¢ on Siv.

Recall that the spheres Siv on the Schwarzschild manifold are equipped with the
round metric gAB:’I’Q’yAB, with « being the metric on the unit sphere. We will use the

notation esp=r"2¢ ap for the components of the volume form on the unit sphere.

4.3.2. Commutation formulas and the operators Al

We have the following commutation formulas for projected covariant derivatives in the
Schwarzschild spacetime. If £=€4,. .4
manifold (M, g), then

is an n-covariant S2  -tensor on the Schwarzschild

n

ViVséa,..a,—VeVséa,..a, =—3tr xVpéa,.. A,
ViVeéa,..a,—VeVilay..a, =—5tr xVBa,.. A,
V3Vala, a,—VaVsla, a, =0V3éa,..a, —OV4a,. 4,

In particular, we have
[W47TWA]£:O’ [WSJ"WA]g:O’ [QW&QWAE:O

Finally, we introduce a shorthand notation for i angular derivatives acting on a
symmetric traceless S, -tensor (i>1). The crucial feature of these Al is that they

commute trivially with Y5 and YV,. We define

A% =1 and then, inductively, APFU=7P, ART and AP+ =p2p P, AR (103)
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4.4. The £=0, 1 spherical harmonics and elliptic estimates on spheres

We collect in this final subsection some useful properties which require isolating the /=0, 1
angular frequencies of a tensor. More specifically, after defining notation in §4.4.1, we
shall recall in §4.4.2 the classical £=0,1 spherical harmonics and define what it means
for wa tensors of various types to be supported on angular frequencies £>2. This will

then allow us to infer in §4.4.3 some useful elliptic estimates on spheres for such tensors.

4.4.1. Norms on spheres

Let (0, ¢) denote standard spherical coordinates as in §4.1.2 where the spherical metric
takes the form (89).

We define the following pointwise norm for Sﬁ,v—tensors €a,..a, of rank n:
R Y I TR (104)

We also define the L?(SZ ,)-norm

61, = [ r*wopsinod s ¢ (105)

u,v

and note that(1®)

It eliy, = [ smodvaseP (106)

u,

4.4.2. The £=0, 1 spherical harmonics and tensors supported on £>2

Recall the well-known spherical harmonics ;% (where €N° and me{—, ..., £} admissible
for fixed ¢) on the unit sphere. The £=0, 1 spherical harmonics are given explicitly by

) i 107
m=0 \/E ( )

- 3 - 3 _ 3
YiZh =/ o ¢ 0, Yzl =4 y sinfcosp, YiZi=1/ o sin 6 sin ¢. (108)

We have that the above family is orthogonal with respect to the standard inner product

and

on the sphere, and any arbitrary function f€L?(S?) can be expanded uniquely with

respect to such a basis.

(*®) We will often write quantities in this form, as it is easier to read off the decay.
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Definition 4.1. We say that a function f on M is supported on £>2 if the projections
/sinadeda;f-ng =0

vanish for (107) and (108). Any function f can be uniquely decomposed orthogonally as

f=c(u, )Y+ Z ci(u,v)Y,52L(0, )+ frsa,
i=—1

where fy>o is supported on £>2. The functions c(u,v) and ¢;(u,v) inherit regularity
from f.

Recall that an arbitrary 1-form & on S? has a unique representation §:r$; (f,g) in
terms of two unique functions f and g on the unit sphere, both with vanishing mean.
We can use this to define an analogous decomposition for S7 , 1-forms on M. We then

have the following definition.
Definition 4.2. We say that a smooth S?M 1-form £ on M is supported on £>2 if

the functions f and g in the unique representation

527“@;(,]079)

are supported on £>2. Any smooth S;j',,, 1-form £ on M can be uniquely decomposed
orthogonally as

E=&=1+&>0,

where the two scalar functions

(rdiv &=1, 7 crl £—1)

are in the span of (108) and {;>2 is supported on ¢>2.
For symmetric traceless S, 2-tensors, we have the following result.

PROPOSITION 4.4.1. Let & be a smooth symmetric traceless S?

u,v

2-tensor. Then, &

can be uniquely represented as
* *
g = 7’2¢2¢1(f, g)a

where f and g are supported on £>=2. In this sense, any symmetric traceless 2-tensor on

52 is supported on £>2.
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Proposition 4.4.1 follows immediately by duality considerations from the following

lemma concerning the angular operator
T=r’PyPy, (109)

which, for fixed u and v can be considered as an operator on the unit sphere('?) which
maps a pair of functions (f1(0,®), f2(0, ¢)) to a symmetric traceless tensor on S?. Note
that its adjoint, 72, P, has trivial kernel in L2.

For the computations in the following lemma we regard 7 as an operator defined on

pairs of smooth functions, which are dense in L?(S?).

LEMMA 4.4.1. The kernel of T is finite-dimensional. More precisely, if the pair of
functions (f1, f2) is in the kernel, then

1
fi=cVi 20+ Z aYhZh(0,¢) and =&Y 20+ ) &Y,2(0,0)

i=—1 i=—1

for constants ¢, ¢;, ¢, ¢; and i=—1,0,1, where Yn‘; are the spherical harmonics defined
by (107) and (108).

Proof. If (f1, f2) is in the kernel, then clearly
[ sin0a8 40 [BLBL (1 ) BiPi ()] =

Integrating by parts and using that PyPy=—1A— 1K (K=1/r? is the Gauss curvature
and A the covariant Laplacian), as well as PP, =—A+K and P, P;=—A, we find

| sinodoas Bfl-mﬁfﬁr12f14&f1+1f2~4&4&f2+12f24&f2} )
g2 r 2 T
and hence
/ in0d0dd | LI ARE— LIV AP AR SV | =
525 gl ANl =5V h ALl =S IV 2T =

which can be written

/ sin 0 df do [ ‘Af1+2f1
SZ

= ‘Afz+2f2

2
s wak-22F )~

Clearly, the constant solutions fi=c and fy=¢ satisfy this (and are obviously in the

kernel). If we assume both f; and fs to have mean value zero, we see using the Poincaré

(19) More precisely, it acts on the round spheres Sﬁyv which have been rescaled (this is the reason
for the factor 72) to have unit radius.
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inequality on the sphere that the only functions satisfying the above condition are the
£=1 modes. Finally, one checks directly that the /=1 modes are indeed in the kernel: In

components, the equation for fi,
YVaVpY ' +VsVaYe ' =—24, Yo
reads (using F9¢¢ =—sinfcosf and F¢9¢ =cosf/sinf in standard coordinates)

(20;+2)Y, = =0
cos 0
sin 6

Qiynl;:l +sin 6 cos 6 agYZ:l —|—Sin2 0YT€L:1 -0

m

Dp0sY,i= - ——20,Y,\=1 =0

and these identities are easily verified. The computation for fo is similar or can be

inferred by duality. O
In particular, we have the following corollary.

COROLLARY 4.1. Let & be a smooth symmetric traceless S% , 2-tensor on M. Then,

u,v
/S SIn0d0 A6 P Pa (e eV BV =0,
for any choice of constants ¢, ¢;, ¢ and ¢;.

Note that this, in particular, means that, if £ is a symmetric traceless S?w 2-tensor,
then the scalars div dfvf and cyrl d,ivﬁ are supported on £>2.

4.4.3. Elliptic estimates and positivity for angular operators on Siv-tensors

We end with a discussion of elliptic estimates giving positivity for various angular oper-
ators acting on Sg’v tensors supported on £>2.
We first give an estimate associated with the operator 7 from (109) acting on pairs

of scalar functions supported on £>2.

PROPOSITION 4.4.2. Let (f1, f2) be a pair of functions on S? , supported on £>2.

uU,v

Then, we have the elliptic estimate
2 o o
2/2 sinadedgb(|r1Y72f1|2+|rlY71f2\2)§/2 sin0dl do |r> DDy (f1, f2) .
i=0 /5% 53

Proof. This follows immediately revisiting the computation of Lemma 4.4.1. O
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We next give identities (in the formulas below, recall that K=1/r?) associated with

operators acting on symmetric traceless 2-tensors and 1-forms.

PROPOSITION 4.4.3. Let & be a smooth symmetric traceless SZ,U 2-tensor on M.
Then,

/ sin9d0d¢(|y7§\2+2f(\g|2):2/ sin @ d6 de |diiv €|, (110)
SQ 2

U,V Su,’u

/ sin9d9d¢m;dzvg|2=/ sin0do dé (L AL+ KIYE?+K2¢?).  (111)
s2 . 2

u, u,v

Now, let 0 be a smooth SZ , 1-form on M. Then, we have
IDsD Pl = 2P div Pynl%s +I12KPoml%s  +8K | divPimlZs . (112)

Proof. See [14] for the first and note P, divé=(—1A+K)¢ for the second. For

(112) observe that D, P P1n=Ds(—A+K)n=2D, div Psn+2KP,n and integrate the
cross-term by parts. O

Remark 4.2. The identities (110) and (111) can be paraphrased as saying that the
operator A" defined in (103) acting on symmetric traceless Sz, 2-tensors is uniformly

elliptic and positive definite.

The identity (112), on the other hand, when combined with Proposition 4.4.2 and
the identity (111) leads to the following corollary, which can be thought of as an elliptic

estimate associated with the operator @; acting on Siv 1-forms 7 supported on £>2.

COROLLARY 4.2. Let 1 be a smooth S?w 1-form supported on £>2. Then, we have
3 o
Z/ sin9d9d¢|r2Y7ln\2§/ sin 0 df do | AP Pon|2.
i=0 /5% 52

The statement remains true replacing 3 by 1 in the sum on the left and removing Al

on the right-hand side.
We also remark, at this point already, the following result.

PROPOSITION 4.4.4. Let & be a smooth symmetric traceless S, ,, 2-tensor. Then, we
have the estimate

—/ sin9d€d¢(<4&—42)§> 5A3>%/ sin @ df do |€)°. (113)
S2 r AB T 52
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Proof. We only outline the proof. The desired estimate follows from
2
—/ sin@d@dgﬂ&{f:/ sin@df do |VE? > —2/ sin 6 df do |€)?, (114)
S2 92 r g2

which holds for any symmetric traceless SZ , 2-tensor £&. The latter can in turn be shown

by representing the tensor ¢ as =Py P} (f, g) for unique functions f and g supported on
£>2 as in Proposition 4.4.1, so in particular

—/ sin9d0d¢4&f-f>6r_2/ sin 0 df do|f|?,
52 52

and the same estimate for g) and diligently integrating by parts using the properties of

spherical harmonics (in particular, their orthogonality). O

5. The equations of linearised gravity around Schwarzschild

In this section, we will present the equations of linearised gravity around Schwarzschild.
We begin in §5.1 with a guide to the formal derivation of this system from the equations

of §3. The complete system of linearised gravity is then presented in §5.2.

5.1. A guide to the formal derivation from the equations of §3.3

We give in this section a formal derivation of the system from the equations of §3. The

reader willing to take the system of linear gravity on faith can skip to §5.2.

5.1.1. Preliminaries

We first identify the general manifold M and its coordinates (u,v,8",68%) of §3.1 with
the interior of the Schwarzschild manifold M° and its underlying Eddington—Finkelstein
double null coordinates (u,v, 61, 62).

On M°, we consider a l-parameter family of Lorentzian metrics g(e)
g(e) = —4Q%(e) dudv+g,, ,(€)(d —b () dv)(d6” —b" (¢) dv), (115)
such that g(0)=gs expressed in the Eddington—Finkelstein double null form, i.e.
Q*(0)==1-—, b(0)=0, dg.,=r*vcD-

We assume moreover that the family is smooth in the extended sense; by this, we

mean it defines a smooth family of smooth metrics on the manifold M of §4.1.1.
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This can be characterized explicitly in Eddington—Finkelstein double null coordi-
nates as follows: We require that the function Q2(¢), the symmetric Sz , 2-tensor g op(€)
and the S7. , 1-form b° (¢) are smooth functions of the double null Eddington-Finkelstein
coordinates on the interior M?°, and that for any n,,n9,n3 €Ny and in any spherical co-

ordinate chart the functions

(eu/2Mau)n1 (8,)™2(0p, )™ (Q2(€)eu/2M)’ (116)
(eu/2Mau)n1 (3v)"2(36A)"3¢CD(5)7 (117)
(€"/2M3,)™ (,)"2 (Do, )" b (¢) (118)

extend continuously to the boundary H* (in particular, the limit u—oo of the above
quantities exists for any fixed v, 61, 62).

We similarly say a function f of the Eddington-Finkelstein coordinates (u, v, 81, 6?)
to be smooth in the extended sense if f defines a smooth function on M. Again, we can
characterize this directly by requiring that f is a smooth function of its coordinates on

M?, and moreover

(e"/2M0,)™ (8,)" (0o, )" f

extend continuously to the boundary H*. Symmetric tensorfields and 1-forms which are
smooth in the extended sense are defined completely analogously. We sometimes use
the phrase that a function (or S7, 1-form or symmetric traceless S; , tensor) extends
reqularly to H* to mean that it is smooth in the extended sense.

In view of the general discussion in §3.1 associated with (115) is a family of null

frames
Ngr= (Q_l(s)au, 9_1(5)(8v+bA(€)89A), e1,e). (119)

We can hence define the Ricci coefficients and curvature components for the family of
metrics with respect to these frames as in §3.2, and formally expand them in powers of
€.

Note that the frame (119) does not itself extend smoothly to the event horizon H™,
in the sense that given a smooth (in the extended sense) function f of the Eddington—
Finkelstein coordinates, the expression Q_l(s)au f does not extend continuously to H™.

It is easily seen on the other hand that the rescaled frame
Nppe = (Q72(e)8y, 8, 4+b" ()Dpa, €1, €2) (120)

is smooth, in the extended sense in that any element of the frame applied to a smooth
(in the extended sense) function produces a smooth (in the extended sense) function.
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5.1.2. Outline of the linearisation procedure

We will now linearise the smooth 1-parameter family of metrics (115), i.e. in particular we
shall expand the equations of §3.3.1 and §3.3.2 (with the Ricci and curvature components
defined with respect to the family of frames (119)) to first order in .

We begin by recalling the derivative operators D and D associated with (115), which

(when acting on functions) read in coordinates:

0

p— —_— A e ——
D=0,,D=0,+b (5)614,6,4*8614.

(121)

To formally linearise the full system of equations of §3.3, we invoke the following
general notation: Geometric quantities defined with respect to the full metric (115)
are written in bold (e.g. x). Their Schwarzschild value (i.e. the quantity defined with
respect to the Schwarzschild metric) is written without any subscript and their linear

perturbation with a superscript “(1)”. For instance, we write (recall Q>=1—2M /r)

o
Q=0+4¢-Q,
&
gap=4g,pte Jan,

) 2 oM M
Qtrx=(Qtrx)+e-(Qtry) = r(l_r) +e-(Qtry),

&8 2 oM &)
Qtrx=(Qtry)+e- (Qtry) =—- <1> +e-(Qtry), (122)
X X X , r X

~ ~ (1)
w:=QW=00+e w,

W
w =00 =00+e W,

2M e
QE—F‘F@ 0,

which covers all metric, Ricci and curvature coefficients which have non-trivial Schwarz-
schild values, cf. (96), and

o SUNEN Y ) )
b=0+e-b, x=0+e), X=0+e'X, n=0+en, n=0+e-7, (123)
as well as
o) (e Q @ 6)
a=0+e-a, a=0+ea, B=0+e-8, B=0+e 3, o=0+c-0, (124)

for the coefficients which have vanishing Schwarzschild values. In the above, = means to
first order in €.

The linearised equations are now obtained simply by expanding the equations of
83.3 to order ¢ leading to the equations presented in §5.2.
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To give a non-trivial example, we consider the second equation of (76), which, in

view of formula for the projected Lie-derivative,
(Dg)ap =0s(gap)+(Vabp+Vpba), (125)

with 9, acting on the components of ¢ on the right, can be written as
Ou(gap) =29 sp+Gastr x+2(P3b)ap—gap divh.

Note that the operator 0, on the left-hand side coincides with the Schwarzschild differ-
ential operator D introduced in §4.3.1. Expanding in terms of powers of € as above, we
find
(1) (1) e (1) (1) (1)
0u(§48) = 20% a5 +2(D3b)an+g  ,(Qrx)—dlv )+ Qtrx gap,  (126)
where the unbolded operators are the Schwarzschild differential operators of §4.3.1. We

now decompose

ey W
gAB_gAB+2gAB trﬂg (127)
o
where ¢ is traceless with respect to the round metric g:r27. Note that this implies, to

linear order,

(1) (1)
detg =det ¢(1+¢c-trg Q) and we therefore define /¢ :=%./¢-try g (128)

using the notation \/5}::. /det ¢. Finally, upon contracting (126) with the inverse gAB7
we find

Dyltry §) =2(Qr ) —2divh and /g0, (gAB(\/ﬁ)_l) = 20 +2(P5b ) s,
leading directly to (131) and (132). The linearisation of the first equation of (76) is
completely analogous.

The remaining equations for the metric components and Ricci coefficients are much
simpler to linearise, since they are either scalar equations with spherically symmetric
background values, or tensorial equations where the background quantity vanishes, in
which case one can simply replace all operators and coefficients in the equation by their
Schwarzschild ones (see §4.3).

We give two more examples: The non-linear Bianchi equation for g in the 4-direction,
which linearises via

w,, W

9 3 (€] W
do(oted)teb 5o (g+e%>)+5((mrX)+e(mrx))(g+a<5>> —cdiv B+0(?)
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to produce the linearised equation (151) in §5.2.4 below, and the Bianchi equation for

in the 3-direction, which using the linearisation formula

* 5 1 3 1 * 1 1
[Pi(—0.0)la=—g5 (ote 0)+¢," 505 (0+<0) =<[Pi(~ 2, I)la.

leads to (150).

Remark 5.1. We emphasise that, for the connection coefficients x and x, we linearise
the equations for their trace-free and (weighted) trace parts X, Qtrx and X, Qtrx
(taken with respect to the metric g); cf. (77)—(82). This is different from linearising the
connection coefficients x, and then splitting the resulting tensor into traceless and trace

part with respect to the background spherical metric ¢, although the two are of course

(1)
easily related. Consequently, when writing expressions like (2 tr x), it is understood that

this is a weighted linearised trace, not taking an actual trace of a tensor ()1<).

5.1.3. Regular quantities at the horizon

While it is indeed convenient to perform the linearisation computation in Eddington—
Finkelstein coordinates and with respect to the associated frame (119) as indicated above,
one should keep in mind that one will eventually need to consider regular quantities.
This will require rescaling appropriately some of the linearised quantities near the event
horizon.

To understand the correct rescalings, as an example, consider the connection coef-
ficient x. Since the metric (115) is smooth in the extended sense with respect to our

EddingtonFinkelstein differential structure, it is e~%/4M

X which extends smoothly to
the event horizon, and hence it is the linearisation of this quantitity that one should
consider. Equivalently, since ©(¢)e®/*M is a function which is smooth in the extended
sense, we should consider the linearisation of €2x near the horizon. Decomposing into

the traceless part 2x and the trace Q trx, we have

N ) 2 2M W
Qx=0+Qx and (Qtrx)=- (1—) +(Qtry),
r r
Y )
and hence the weighted linearised quantities Qy, as well as (Qtry), are the regular
linearised quantities that we eventually have to estimate uniformly up to the horizon.

u/4AM

Similarly for the metric component €2, since it is Qe , which extends smoothly to

H*, we need to consider the linearisation of

(1) (1) [2M y y (1)
Qeu/4M = (Q+Q)€u/4]\/j _ (1+Qflg)ﬂeu/4M _ 67‘/4]\/16711/4]V[(1+Qflg)'
r
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(1)
and hence the quantity Q7'€). To give a final example, we have

1)

Qtrx (Qtry)

QQ QQ

(Qtry)

(1)
(Qtrx) 4 o

W
00

- 2010
02 +7" ’

(1)
which extends regularly to 7", so we need to consider Q?(Q tr x) near the horizon.

The full list of rescaled quantities is given by (130) in §5.2.1 below.

5.1.4. Aside: The relation between linearisation in the frames N gr

and N gp=«

The reader might wonder about the relation between the evolution equations of §5.2

(which we recall arose from linearising metric, Ricci and curvature components in the

Eddington—Finkelstein frame N gp (119), as indicated in the previous section) and the

equations one would obtain if one defined these components using the regular frame

NEgp- (cf. (120)), and then linearised the Einstein equations expressed with respect to

that frame.

We collect in this section the formulas allowing oneself to transform the equations

from one to another leading to the notion of linearisation covariance. To distinguish the

components defined with respect to the two frames, we will use the subscripts “EF” and

“EF*” below, which should not be confused with coordinate indices.

For the curvature components we easily see

o) o) a
adpr-=Q""agr,

(1) (1)
QEF*~ = OEF,

For the Ricci coefficients, we note that
Xer =QXEpr,
_Oo-1
Xpps = 0 Xpp

and hence
(1) (1)

5(\EF* = Q;(\EFa

and
(1) (1)

(trX) g = (QtrX) pps

Also, since ngp.=ngp and 1.,

(1) ¢y (1 n
NErp~="MNEF, MNEF*=1EF,

=Ngp

)
-1
BEr=Q"" BEF,

SZEF* = QXEFv

~ _O0o-1lz
XEF*_Q Xpr

w

XE‘F*

. 4.
(trX) e =9 Q(Qtrx)EF—I—;Q Q.

Wpr =2wpr =2QWEr = —5 +2WEF,
T

(1) (6N 6N

&
BEr=QBEF,

2
agpr =" agr,

(1) (1)
OFEF* = O0EF-

trxXpps = QU Xpp,
trXEF* =0! trXEF,

(1)

_ -1
=0 Xgp

(1) (1)

we have

2M (1) ~
QEF* = O
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Note that the quantity (wi) gr+ is hence automatically zero.

Observe also that the linearised components in the frame EF™* are automatically
regular at the horizon. This is of course consistent with our notion of regular quantities
introduced in (130); cf. §5.1.3. Using the formulas above, one may easily reformulate the
system of gravitational perturbations of §5.2 as equations for linearised components in
the frame EF™*. This yields the same equations as linearising directly the full non-linear

equations expressed in the frame N gp« (linearisation covariance).

5.2. The full set of linearised equations

In the following subsections we present the equations arising from the formal linearisation
(outlined in §5.1) of the equations of §3.3. These equations are physical space analogues
of the equations appearing in Chandrasekhar’s [9]. We stress that the system can be
studied without reference to the full non-linear Einstein equations. In particular, the

discussion below can be read independently of the formal derivation in §5.1.

5.2.1. The complete list of unknowns
The equations will concern a set of quantities

0L ww W W ODG oo o ®a )
S =4,/ 2,0, (Qtrx), (Qtrx), X, X, 1,7, W, w, &, B, 0,0, B, a,K) (129)

of smooth (to be defined precisely below) functions, S2 -vectors and tensors defined on

domains of the Schwarzschild manifold (M, g). Specifically, the quantities
SUNCVNCY
* 4, X, X, (clx) and (ai) are symmetric trace-free Sﬁ)v 2-tensors;

W@ W 2
e b, 7,1, 3 and § are S3 , 1-forms;

W @ @ Womom (1) .
o () \/ﬁ, (Qtry), (Qtrx), w, W, ¢, 0 and K are scalar functions. (?°)

We will sometimes bundle some of these quantities and refer to
SONNCO IR CY 6
° 4, \/g, Q) and b as the linearised metric components;
w W DWWy @ (1) o o .
o (Qtrx), (Qtrx), X, X, 7, 0, w and w as the linearised Ricci coefficients;

o Do o @ e . ‘
e o, 3, 0, 0, 8 and « as the linearised curvature components.

We also recall from (127) and (128) the notation

" N M)

gap=gantg,,(VI V9.

1
(2%) The quantity D is actually a 2-form on Siv which we will identify with its (pseudo)scalar
representative.
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When we say that . is smooth on a set DC .M, we mean, following the consider-
ations of §5.1.3 and our previous definition of smooth in the extended sense, that the
above quantities (129) are smooth functions of the Eddington—Finkelstein coordinates on
M°ND, and that the following weighted linearised quantities in . extend regularly to
HrOD: O @® @ @ (1) (1) (1) (1)

§, /9 b, Q (Qtry), Q73 (Qtry), Ox, Q7' ¥, W, W,

(D) o D oo B s D
0 %w, Q%a, OB, o, o, Q 1§, 0 %a, K.

We recall that the latter means, for any quantity ¢ from (130) and any nq, ne, ng €Ny,

(130)

that, in any spherical coordinate patch,
(e"/2M9,)"(8,)"2 (04)"q..

extends continuously to H*. Here q.. stands for the components of the quantity ¢, so it
should be replaced by gpc for the symmetric traceless Sﬁyv—tensors in (130), by gp for
the S?w 1-forms and by ¢ for the scalars.

We say that a smooth . defined on DC.M satisfies the equations of gravitational
perturbations around Schwarzschild (or linearised gravity) if (131)—(157) to be given in
the subsections below hold on M°ND.

Note that given a solution of (131)—(157), all quantities of . can in fact be recon-
structed from knowing just the “metric perturbation” ((SI)), (11)), (gj)). Nonetheless, we shall

view all quantities of S as unknowns.

5.2.2. Equations for the linearised metric components

The equations for the metric components read
1) 1)

D(%) —(@Qtry), D(%) Q) —div b, (131)

(1) 1)

ﬁp(%):m{%w ﬁD(g};):m%Bw(zbfi))w, (132)

(1)
Db =202( A =54, (133)
(1) (1)
'=D(Q7'Q), Hatha=2VA(Q'Q). (134)

o
Note that the derivatives D and D act on the components of 5} in (132); cf. formula

(100).

I
S
=
e
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5.2.3. Equations for the linearised Ricci coefficients

We start with the equations for the weighted linearised traces of the second fundamental

forms:

W ) o N W W

D(Qtrx) =Q%*(2div 420 +40Q Q) — 1 Q tr x ((Q tr x) — (L tr X)), (135)
e ) N N (1) )

D(Qtrx)=Q*(2dlv n+20+4007 Q) — 3 tr x (L tr x)— (2 trx)), (136)
(1 1) (1)

D(Qtrx)=—(Qtrx)(Qtrx)+2w(Qtrx)+2(Qtr X)(wl) (137)
(1)

D(Qtry) = (Qtrx)(QtrX)+2w(Qtrx)+2(mrx)ﬁ. (138)

For the traceless parts, we have(?!)

(1)
Vi X))+ (trx)x——ﬂ 19,

) o (139)
Ya(Q 1) +Q7 (trX) =-0""a,
SN % *(n
V3(Qx)+1(Qtr ) v+ 5 (Qtr X) =-2QD5n (140)
(1) (1) (1)
Y4(QX)+ 3 (Qtr )X+ (Qtr )X = —20P5 7. (141)
For %> and <117) the equations read
o OO ey o o @
Vol =1t )(-+8 and ¥, =—1(tr0)(F—%)— 5. (142)
The equations for the linearised lapse and its derivatives are given by
(1)
DW =—0%(0+2007'Q), (143)
(1) 2, ) 1@
Dw=-0% 0+2007°Q), (144)
Finally, we have the linearised Codazzi equations
;N m W
dva:—E(trx) ﬂ-i— W(Qtrx)
o o (145)
divx=—%(trx)z7—ﬁ+ W(Qtrx)
and
cylrl ﬁ =% and cufrl%): —%)7 (146)
as well as the linearised Gauss equation
W 1t e &
K:—%)—Z%((Qtrz) (Qtrx)+3 Lo 10 x tr ). (147)

(?!) We use the projected covariant derivatives Y5 and Y, for equations involving tensorial quan-
tities. This is because later, when we derive estimates, there will be contractions involving ¢: Since
ng:W4g:O, such contractions are easier to handle.
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5.2.4. Equations for linearised curvature components
We complete the system of linearised gravity with the linearised Bianchi equations:

» w
W3a+ tr Xa V200 = —2D5 B —30%,

(148)

W4,8+2(trx)ﬁ _of =div &, (149)
W3B+(tr><)ﬂ+@6:¢f(* 7, '0)+301), (150)
V.84 S ¥ =aiv B2 L @ury), (151)
7,8+ (trx#?:—d,fviif—gg(a?%x), (152)
a5+ (0% = — el 5, (153)
VP43 (6 )9 = — cfrl §, (154)
a8+ (tr ) B+08 = i(8, %) 304, (155)
Va5 +2(trx) -0 — - div ), (156)
Yo +1(tr)a+2m0 =2 ;%)—3‘9%. (157)

Note the coupling of the linearised Bianchi system with the linearised Ricci coefficients
(1) @

X, %) <717) and X, remarked already in §2.1.3. (For comparison, recall that these terms do
not arise in the Minkowski case since the background curvature components vanish, in

particular 0=0.)

6. Special solutions: pure gauge and linearised Kerr

In this section, we shall look at two classes of special solutions of the system of linearised
gravity given in §5.2. We begin in §6.1 with a discussion of pure gauge solutions followed

by a presentation of a 4-dimensional family of reference linearised Kerr solutions in §6.2.

6.1. Pure gauge solutions ¥

As described already in §2.1.4, pure gauge solutions are those derived from linearising the
families of metrics that arise from applying to Schwarzschild smooth 1-parameter families
of coordinate transformations which preserve the double null form (70) of the metric. We
will classify such solutions here, deriving them from the formal linearisation of §5.1 in
order to best illustrate their geometric significance. (The reader can alternatively simply
directly verify that these solutions satisfy the system of linearised gravity of §5.2.)
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6.1.1. General computations and formal developments

Let us fix functions Q2(u,v)- f1(u, 0, ), f2(v,0,9), j3(v,0,¢) and js(v,0,¢) on M° ex-
tending smoothly to M.

Consider a smooth 1-parameter family of coordinates on M° defined by

I~
Il
=4

e = ’U,+€f1 (ua 0; ¢)7

V=10, Z:U+8f2(1}, 97 (b)?
B=0.=0-+<fs(u,0,0,0) :9+sﬁ<f2>e<v,9,¢)+ej3<v,e,¢>, (158)
&:(}E::¢+€f4(u’y,97¢):¢—|—g 2 L(f?)dﬂvv9a¢)+€j4(va9a¢)'

r(u,v) sin? 0
If we express the Schwarzschild metric in the form (91)
95 = —402 (@, v)dudd+r* (@, 0)(d6* +sin® 6 dg?), (159)

where Q2 72 and v are defined by the expressions (92), (93) and (89), where however u,
v, 8 and ¢ are replaced by the new coordinates u, v, 6 and (2), then, in view of (158), this
defines with respect to the original fixed coordinates u, v, 8 and ¢ of §4.2.1 a 1-parameter

family of metrics, whose first-order e-dependence can be expressed as

g5(6) =dudo | <460+~ 11021, ~492(1), )|

+dv df (—40%(f1)o+2r%e(f3)0) +dv dé (—4Q2E(f1)¢+2r2 sin? 02(f4)y)
+dB dO (r* +2rQ%e[fa— f1]+2r%e(f3)g) +dO do (267"2(f3)¢—|—25r2 sin? 6(f1)g)

0
+sin2 0 do do [r2+27"926[f2—f1]+2r2s(f4)¢+27"2 Z?Sesfg]. (160)
Here, as before, “=" indicates that we are ignoring terms of order £2 or higher and

the subscripts v, #, etc. indicate a partial derivative with respect to this variable. The
smoothness assumptions on fi1, f2, j3 and j4 ensure that this defines in fact a smooth
1-parameter family of metrics on M, i.e. including the boundary H*.

Note that the right-hand side of (160) is of the double-null form (115) with ©2(0)=
Q?, b(0)=0 and ¢(0)=g. Since the right-hand side of (160) thus defines a family dif-
feomorphic to Schwarzschild to first order in e, it in particular satisfies the Einstein
equations (75) to first order, and thus, still gives rise to a solution of linearised gravity,
which can be read off as in §5.1.2 from (160) by collecting the terms at O(e).
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Specifically, from (160) we can read off

sin’ 0

W= et = 5 (20002 2z, e
QQ_l(Ql):(f2)'u+2riﬂ2lf2+(f1)u_2(ri]\jfla (162)

o)

2
% e (fz*f1)+739(51n‘9f3) (fa)g, (163)
)
;}99:27’2(f3)0*S:Wae(smefa‘)*rz(ﬁ)@
(‘;ed) _ r2(f3)¢>+'r2 Sin2 9(f4)0; (164)
(1) 2

in~? 0 o =2r (f4)¢+2r2cosef3—7 By (sin 0 f3)—1°(fa)g-

Note that, since Q%(u,v)-f1(u,0,¢), fa2(v,0,9), j3(v,0,¢), ja(v,0,¢) are functions
(1) (1) (1)
smooth in the extended sense on M, the perturbation (27, b, ¢) is smooth on M.
All geometric quantities can now be computed from the above using the system of

gravitational perturbations. For future reference we collect here the formulas for

(1)

<1; B ﬂ V<1>: 202 B E ]

(Qt X)—&;(\/g)‘f‘di b 811( (f2 f1>>+ 2 Ag2 fr
2

=2 g pat 2490 (1) 4205 ) (165)

where Ag2=72 denotes the Laplacian on the unit sphere and

(1)

(lr) B ﬂ _ 20)2 - 2792 2
(@t X)_(a“(\/g) ( (f2 f1)>+ 5 N
=2 o)~ S 197 (o 1) -220: ). (166)

which are easily determined from (131). We conclude the following.

PROPOSITION 6.1.1. Let Q2 f1(u,0,¢), f2(v,0,9), j3(v,0,¢), ji(v,0,6) be smooth
functions on M and f3(u v 0,), falu,v,0,0) be defined through (158). Then the met-

ric perturbation with 2~ 1Q defined as in (162), (bA defined as in (161) and g defined as
in (163) and (164) determines a smooth solution of the system of gravitational perturba-
tions on M.

We call such a solution a pure gauge solution and denote it by 4 or, to indicate

how it is generated, by G (f1, f2, j3,j4)-
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Note that non-trivial (f1, f2,Js,j4) can generate the trivial solution ¥=0. For in-
stance, choosing fi=1, fo=1 and j3=74,=0 generate the zero solution.

The validity of the above proposition is clear by the above formal computations. One
can also check explicitly that all equations of the system of gravitational perturbations
(131)—(157) are satisfied.

In the next three subsections we will look at the basic building blocks of pure gauge
solutions arising from Proposition 6.1.1. Specifically, we compute explicitly all Ricci
coefficients and curvature quantities of three special pure gauge solutions produced by
Proposition 6.1.1:

e setting (f1=0, fo=f(v,0, ), j3=0,j4=0): Lemma 6.1.1;

e setting (f1=f(u,0,¢), f2=0,j3=0,54=0): Lemma 6.1.2;

e setting (f1=0, fo=0, j3(v, 0, ¢), ja(v,0,$)): Lemma 6.1.3.

In view of linearity, the general pure gauge solution can be obtained from summing
the three special ones.

We will also include the computation that all equations of (131)—(157) are indeed
satisfied for Lemma 6.1.1, since we have omitted the lengthy but straightforward proof

of Proposition 6.1.1.

6.1.2. Pure gauge solutions of the form (f1=0, fo=f(v,0,®),j3=0, j4=0)

The following solution is the explicit form of the pure gauge solution (f1=0, fo=f(v,0, ¢),
j3=0, j4=0) arising from Proposition 6.1.1.
LEMMA 6.1.1. For any smooth function f=f(v,0,¢), the following is a pure gauge

solution of the system of gravitational perturbations:

(1)
1 (1) 2
20710= a9, 9= BIPI(10), % =2 2y,

v=2791(0,(£).0). L TN B, (8(mf>0)
I

r

2

R=2newiirn0. @ing=20,(L0). @i =218 - sa-20)]

@ 6MO? (1) 6MQ .,
1_5: T4 f7 @ :_Trﬁl(f’ 0)7 K:_F(A52f+2f)7

W and @ determined by (134) and

(1) 1)
< 1) () (1)
X=a=a=0, =0, oc=0.

We will call f a gauge function.
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(1)
Remark 6.1. Note that (717), 0 and (Qtrx) vanish on the horizon H*.

Remark 6.2. In §8.3, we will introduce the notion of asymptotically flat seed data
(Definition 8.2). In this language, note that the above pure gauge solution induces
asymptotically flat seed data with weight s to order zero on C,,NC,,, provided the
gauge function f satisfies |(rV)" f|Sv for n<2, |(rV)"r20,(f/r)|<1 for n<1, and

i+, (ﬁav (f)> ’ <1
r

In particular, f does not have to be bounded. It is also easy to see what higher-order

assumptions on f need to be imposed to guarantee that the seed data are asymptotically

flat to higher order.

Proof of Lemma 6.1.1. We verify some of the null stucture and all of the Bianchi
equations below leaving the remaining equations to the reader. The left-hand side of the
(renormalised) (135) is

DOt )] =2A (av (Tf)) 20, (m“_mf) ,

r

while the right-hand side is
1 02 6M 2M 02 Q2
2 o s henite Y2 2 2 - 7
2Q T(QQTASQ (8v< . f>)+ " Q°f QQT?)&J(fQ )>+r " 280( " )
The term involving the angular Laplacian cancels and since
02(1-202 02 M
—20, (()f> =20, (f) -9, <8292f)
r r r
02 4M 02 M
= 29281) (f) +—20, <f) =0, (8292f>
r r r r

0? AM 12M
—20%0, (1)~ 20, (£02) + i,
r 72 73

we have established that (135) holds. Let us check the two Codazzi equations. The one

involving 8 can be read off directly, while the one involving 3 reads

2
Y 452 VAs f-F1-297)]. (167)

2
20PPIB(1,0) =+ 51T+

r

Now, use the fact that

(168)
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to validate (167). To validate (138), note that
W M 2M
au[(QtrX)TZQ*]:fg—QfQ =—dr fa < )4 w.
= r

The Bianchi equations (148) and (149) are trivially satisfied, (150) is easily checked by
inspection. For (151) note that

3, 36M 3M fQ2 3M )
Op(r° 0 ) =0, (r TTQ f) —28 —=as" 3(Qtry).
For (152) note similarly that

3M _Q?

6.M T 2 [Asef—f(1-207),

D) — f@u<r Q2>_—6MQ(AS2f)+

which is readily verified through the identity 8, (6 MQ?/r)=6MQ*(Q?/r>—2M /r3). The
Bianchi equations (153) and (154) hold trivially and so does (157). The equation (156)
is also easily verified using that f does not depend on w. It remains to verify (155). We

renormalise it to
1) 6 M
W4(T2Q§)A:_T2QWA(1) 79 A

The left-hand side is
(1 6MQ 6 Mr
Va0 =9 (Svar) = 2y, (£),
while the right-hand side is

QY 4 ‘”+—Q“) :—67”]‘249(1—254\0%}” Giw . rWA( (?ff))

Equation (155) is now immediate. O

6.1.3. Pure gauge solutions of the form (f;1=f(u,0,¢), f2=0,j3=0,3j4=0)

Completely analogously, one proves the following lemma, which provides the explicit
form of the pure gauge solution (f1=f(u,8,¢), fo=0,j3=0, j,=0) arising from Proposi-
tion 6.1.1.

LEMMA 6.1.2. For any function f=f(u,0,$) such that Q2 f(u,0,$) is smooth in

the extended sense on M, the following is a (pure gauge) solution of the system of
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gravitational perturbations:
(1)
TR | g 20%f O
202 1Q:§au(f92)a %Z_ r b:292¢;(_f’0)7

1 9] . 1) Q2 1 QQ *
(>2):2T—2r27p2¢1(f,0)7 W= Lo W(—=D,0), 0= —5P(£,0),
(1) 02 Q
(Qt@:—wu(%), (@try) =25 (A f—f(1-20%)]
1 1 2 1 2
(LA TN B S areysy)

W and & determined by (134) and

@O @ O a (1) (1)

O=g=x=a=a=0, f=0, =0

We will call f a gauge function.

Remark 6.3. Recall that, as long as Q2 f(u, 0, $) is smooth in the extended sense
and uniformly bounded, the corresponding pure gauge solution is smooth in the extended
sense all the way to the horizon. In addition, the linearised curvature components and
Ricci coefficients of the above gauge solution satisfy the decay rates (439) towards null
infinity; cf. Remark 6.2.

6.1.4. Pure gauge solutions of the form (f; =0, fo=0, j3,j4)

We finally consider pure gauge solutions of the form (f; =0, fo=0, js, j4). As we will see,
n M (1)
they will only generate non-trivial values for the metric components \f g and b, while

all other quantities of the solution vanish. To discuss these solutions, it will be desirable
to bring the formulas (161)—(164) into a more geometric form. For this, it is useful to

think about the associated underlying coordinate transformation (158) on the sphere as
04 =02 +cj4(v,0,4), with 8' =80, 0> =¢, 6 =0 and 6% = ¢,

for a v-dependent vectorfield j4 (v, 6, ¢) on S2

w0 With components j3 and j;. We can then

solve for each u and v the equation
j= 7“2@1( q1,—@2) or, in components, G =72B0pq1 —4C e qo,

for a pair of functions (¢1(v, 8, @), ¢2(v, 0, ¢)). Note that ¢; and g2 do not depend on w,
as there is no u-dependence, if the equation is written with indices upstairs. Note that
q1 and g2 are unique, up to their spherical mean. The following lemma parametrises the
pure gauge solutions of the title in terms of smooth functions ¢ (v, 8, ¢) and ¢x(v, 8, @),
which, by the above considerations, exploit the full freedom given by js and jj.
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LEMMA 6.1.3. For any smooth functions q1(v,0,¢) and g2(v,0, ), the following is

a pure gauge solution of the system of gravitational perturbations:

(1)

\/g o)

(1)
§=2r"D, D1 (0. q2), ~==r*Aq, b=r"D(0sq1,00q2),

Vi

(1)
while the linearised metric coefficient €, as well as all linearised connection coefficients

and curvature components vanish.

(1)
Proof. Note that, since b with indices upstairs does not depend on the variable wu,
(133) indeed holds. The equations (131) and (132) are also readily checked, and the

remaining equations hold trivially. O

6.2. A 4-dimensional reference linearised Kerr family .7

The other class of interesting special solutions which we shall identify corresponds to
the 4-dimensional family that arises by linearising 1-parameter representations of Kerr
(which of course solves the non-linear equations (75)) around Schwarzschild in an ap-
propriate coordinate system. We will present such a family here, giving first in §6.2.1 a
1-dimensional linearised Schwarzschild family, and then in §6.2.2 a 3-dimensional family

corresponding to Kerr with fixed mass M.

6.2.1. Linearised Schwarzschild solutions

We begin by reminding the reader that, in view of the pure gauge solutions identified in
86.1, there is no unique way of identifying a 1-parameter family of linearised Schwarzschild
solutions. This uniqueness up to pure gauge solutions is reflected in the choice of double
null coordinates in which one linearises the 1-parameter Schwarzschild family. A par-
ticularly simple such choice is given by writing the 1-parameter Schwarzschild family in

rescaled null coordinates
1
gMzélJ\J2 (—4(1—) dﬁdﬁ+m2d02>, (169)
T

with x defined via the relation (z—1)e®=e?~%. Note that, setting r=2Mz, u=2M1
and v=2M7? produces the metric in standard Eddington— Finkelstein coordinates v and
v. Since the z in (169) does not depend on M at all, the linearisation of (169) in the
parameter M is immediate.

One obtains thus a proof of the following proposition (which can alternatively be
proven by directly verifying that the system of linearised gravity is satisfied).
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PROPOSITION 6.2.1. For every meR, the following is a (spherically symmetric)
solution of the system of gravitational perturbations (131)—(157) in M:

and
(1) (1) (1) 2M (1) m

-1
2070 = —m, trgg:—2m, g:—r—-m, K:T—Q.

We refer to the above 1-parameter family as the reference linearised Schwarzschild solu-

tions.

As mentioned, the above proposition exhibits the family of linearised Schwarzschild

solutions in a particular gauge.

Remark 6.4. With respect to standard Eddington—Finkelstein coordinates (u, v), the
Schwarzschild family is given by

2M
9M4<1r> du dv+(rar)? doa, (170)
M

with rys defined via (rpr/2M —1)erm/2M =e(v=w)/2M " 1f one linearises (170) with re-
spect to the parameter M fixing the (u, v)-differential structure, one obtains the sum of
the family of Lemma 6.2.1 and the pure-gauge transformation generated by f1=u/2M
and fo=v/2M (and f3=fy=43=7j4=0) in (158), the reason being that the coordinate

transformation relating (u,v) and (@, 9) mentioned above depends on M itself.

6.2.2. Linearised Kerr solutions leaving the mass unchanged

Recall from the discussion in §2.1.2 that the Kerr family can globally be brought into
the double null form (115) in its exterior. This was achieved in [59] (see also [18]). One
can linearise a 1-parameter representation of the metric in this form with respect to
the angular momentum parameter a=ea, to obtain what we shall call the (reference)
linearised Kerr solution below. Alternatively one can take a shortcut and start from
the Kerr metric expressed in standard Boyer—Lindquist coordinates ignoring all terms

quadratic or higher in a:

% sin2 0 dep dt+O(a?).

2M dr? 4M
o =—[1— 2 20,902 1 oin2 2\
JK ( " )dt +1—2M/7°+T (dB* +sin“ 0 d¢p*) .
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One can now introduce the standard Eddington-Finkelstein coordinates (u,v) for the
Schwarzschild part and do a coordinate transformation ¢+~ ¢+ f (v—u) for an appropriate
function f to bring the metric into the form (115) to first order in € and still read off the
metric perturbation. Either of these procedures leads to the (m=0 case of the) following

proposition.

PROPOSITION 6.2.2. Let Y,)='. for m=-1,0,1, denote the spherical harmonics
(108). For any a€R, the following is a smooth solution of the system of gravitational

perturbations (131)—(157) on M. The non-vanishing metric coefficients are

) aM _
bA _ (bKerr,m)A _ a?‘ABaBYnZ@_l- (171)
r
The non-vanishing Ricci coefficients are
3Ma -
%)A _ (nKermm)A _ . ABaByrf;l and %):yKerr,m _ _nKerr,m. (172)

The non-vanishing curvature components are

(1) Q ™ m

B — BKerr,m — 7,,7Kerr,m b= BKerrmL — _BKerr,m, O=0 6
r =

Kerr,m __ (=1
, = MY

We will refer to this 3-parameter family spanned by the above solutions (m=-1,0,1) as

the reference =1 linearised Kerr solutions.

Note that the above family may be parameterised by the /=1-modes of the curvature

component 7. (?2)

Proof. To ease notation, we suppress the superscript m for the proof. We first note
that div b¥er=0 and @;bKe”zo, as well as

4Ma

2
au(bKerr)A:8u< - ,YAC Ba YZ 1> _ 12M a2 ¢ABaByé:1:2Q2(nKerr_nKerr)A’

2 U
where we recall that g=r2v and that ¢ ,© :¢AB does not depend on r. Hence, (131)—(133)
all hold.
Since also div n¥err =djv nKe"zo and w*nKe"zzb*nKe”:Q all null structure equa-
tions (135)—(147) hold tr1V1ally except (142) and (146) Note that the Codazzi equations
(1)

(145) hold by definition of ﬁ and 3 in terms of 77 and 77 To verify (146), we compute

3Ma _
C'I;{I'l nKerr — ¢BAaBn§err — = ¢BA8B¢ACaCYn€L_1

:73MQA Y@ 1_ GCLM Y@ 1_ Kerr

)
7«4

(?2) The scalar (117) has no ¢=0 mode, as it satisfies the equation (clr)zcu'r"l%).
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and similarly for gKe”. To verify (142), we compute

QQ

(QW 7"2 Kerr)A a ( 2 Kerr) 7(7‘277‘%6”):—9658”7
T
QQ

(QW 7“2 Kerr)A:a (r2n§err)+7(r2 Kerr) QIBKerr-

We finally turn to verifying the Bianchi equations (148)—(157). We first note that the
ones for @ and &), as well as those for (é>, are trivially satisfied. Also,

(QY 4 (401 BKET)) 4 = (QF, (1P K)) 4 =0,

(V5 (071 BE)) 4 = (W5 () 4 = 0,
verifying (149) and (156). It remains to check that (150) and (153)—(155) are satisfied.

(1) .
For the ¢ equations, we note

QV4(T‘30K6H) — 7%(1MQ2Y7£’:1 _ 7T20Keer2 _ 797"3 cu(rl BKerr’
r

and similarly for equation (154). We finally verify (150), noting that (155) is verified
analogously:

QVB (7‘2Q§Kerr),4 _ QVS (TQ2ﬂKerr)A

M 0% (3M
_a, (3 aQQEABaBYn€=1> L (3 aQQEABaBYfl:l)
r r r

6M 2M 1 3M _
a92(1—)5ABaBY,§1 o002 Bopy !
7’ T
M
_ T2QQEABaBO'Kcrr 6r QZ Kcrr 0

The reader might wonder why the family in Proposition 6.2.2 is a 3-parameter family
of solutions, while the full Kerr metric with fixed mass is a 1-parameter family. This
can be explained as follows. When writing down the Kerr metric one fixes an axis of
symmetry. Rotations of this axis in space correspond to the same Kerr metric expressed
in different coordinates. At the linear level, if we linearised the metric at a non-trivial
(a#0) member of the Kerr family, this would manifest itself in the existence of non-
trivial pure gauge solutions corresponding to a rotation of the axis. In contrast, here
we are linearising with respect to the spherically symmetric Schwarzschild metric. The
associated pure gauge solutions of rotating the axis are then trivial in view of the isometry
group of the round sphere. Hence, we must see three “basis” Kerr metrics which cannot
be connected by a pure gauge transformation. Note the aforementioned trivial pure gauge
solutions are seen as (¢1=0,¢2=Y,}) generating the trivial solution in Lemma 6.1.3.

Finally, let us combine the 1-dimensional space of reference linearised Schwarzschild
solutions and the 3-dimensional space of reference =1 linearised Kerrs in the following
definition.
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Definition 6.1. Let m, s_1, sg and s; be four real parameters. We call the sum of
the solution of Proposition 6.2.1 with parameter m and the solution of Proposition 6.2.2
satisfying aKerr:Zm smY =1 the reference linearised Kerr solution with parameters

m

(m,s_1, S0, 81), and denote it by 4, s,, or simply ¢

7. The Teukolsky and Regge—Wheeler equations and the gauge invariant
hierarchy

In this section, we will introduce the celebrated spin £2 Teukolsky equations and the
Regge—Wheeler equation and explain the connection between the two and their relation
to the full system of linearised gravity.

We begin in §7.1 by defining the above three equations, considering them as second
order hyperbolic partial differential equations (PDEs) for independent unknowns «, a
and P, independently that is of the system of gravitational perturbations. In §7.2, we
shall state a well-posedness theorem for the characteristic initial value problem for these
equations. We then introduce in §7.3 a fundamental transformation mapping solutions «,
« of the spin +2 Teukolsky equations to solutions P, P of the Regge—Wheeler equation.
This transformation will play a key role in understanding solutions to the Teukolsky
equation itself. As was remarked in §2.1.5, this transformation is a physical space version
of transformations appearing in Chandrasekhar [9] for fixed frequencies. Note that §§7.1—
7.3 are independent of §5 and §6.

The relation of the above PDEs with the full system of linearised gravity is finally
explained in §7.4, where we will see that, given a smooth solution of the system of
gravitational perturbations, the curvature components @ and &) satisfy the Teukolsky
equation. By the above transformations, this gives rise to }13) and (113) satisfying the Regge—
Wheeler equation. We shall see also (Proposition 7.4.1) how the latter can be re-expressed

in various ways using the Bianchi identities.

7.1. The spin 2 Teukolsky equations and the Regge—Wheeler equation

The spin £2 Teukolsky equations concern symmetric traceless .Sy, , 2-tensors, which we
shall denote by a and ¢, in anticipation of §7.4. For now, let these be defined on a subset
DCM. Note that, with our normalisations, it is natural to assume that the rescaled

quantities 9%« and Q2 are smooth on D, up to and including the horizon DNH*.

Definition 7.1. Let o be a symmetric traceless S, , 2-tensor defined on a subset
DC M such that Q2« is smooth on D. We say that « satisfies the (tensorial form of the)
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Teukolsky equation of spin +2, if « satisfies the following PDE:

ViYsa+ (5 tr x+20)Via+ (3 tr x—0) YVza—Aa

(173)
+a(5@ tr x =@ tr x —4o+2K +tr x tr x —40w) = 0.

Let o be a symmetric traceless Sgw—tensor on D such that Q2 2a is smooth on D. We say
that « satisfies the (tensorial form of the) Teukolsky equation of spin —2, if « satisfies
the following PDE:

V3V o+ (5 tr x+20)Via+ (3 tr x—0) Via—Aa

(174)
+a (50 tr x —@ tr x —4o+2K +tr x tr x —400) =0.

We note that the Teukolsky equation of spin —2 is obtained from that of spin +2 by
interchanging V5 with ¥, and underlined Schwarzschild quantities with non-underlined
ones.

Let us repeat the explicit characterization of smoothness up to the horizon from §5
in terms of Eddington-Finkelstein double null coordinates u and v: An S?  -tensor ©
extends smoothly to the horizon if, in the spherical coordinate chart, the components
O¢p are smooth functions of the double null Eddington—Finkelstein coordinates on the

interior M°, and if, for any ny,ns,n3€Ng and Ae{1,2}, the functions
(/2 9,)™ (90)" (D0,)"*Ocp

extend continuously to the boundary H*.

According to Proposition 7.4.1, it will follow that, given a solution .# of linearised
gravity, then the quantities @ and &) satisfy the spin £2 Teukolsky equations, respec-
tively. For now, however, we will study the Teukolsky equation in its own right, inde-
pendently of the full system.

The other equation to be defined in this section is the Regge—Wheeler equation, to

be satisfied again by a symmetric traceless Sg,v—tensor P.

Definition 7.2. Let P be a smooth, symmetric traceless S, -tensor on D. We say
that P satisfies the (tensorial form of the) Regge-Wheeler equation, if P satisfies the

following PDE:
V3VaP+V, V3P —2AP+(5tr x+2)-V,P+(5tr x+©) V3 P (175)
+P(4K — (3 tr x+0)2 tr x —4(tr x)*+2¥ 5 tr x—8W tr ) =0.

In §7.3, we shall show that, given solutions « and « of the spin +2 Teukolsky
equations, respectively, we can derive two solutions P and P, respectively, of the Regge—
Wheeler equation. In view of the above remarks, it follows that we can associate such
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solutions to a solution .7 of the full system of linearised gravity. As with (173) and (174),
however, for now we shall consider the equation (175) in its own right. We again note
that the Regge-Wheeler equation was first derived in [61] in the context of the theory of
“metric perturbations”.

To bring (175) in a more familiar form, we define the weighted symmetric traceless

S ,-tensors
U=7P and ¥=r°P, (176)

and conclude

COROLLARY 7.1. If P satisfies the Reqge—Wheeler equation, then the weighted sym-

metric traceless S’fw -tensor W=r°>P satisfies the equation

OV5(QY, ) — (1—2‘;\/‘[>4&\IJ+V\I/:O with V = (;—%> (1—2M>. (177)

r

Proof. Direct computation using the Schwarzschild background values of §4.2.4. [

In the context of the proof of Theorem 1, we will do estimates directly at the level

of the tensorial equation (177).

Remark 7.1. In the literature, the Regge—Wheeler equation is typically stated for a

scalar function f as

a7 et A= 0.
It is not hard to see that, if two smooth functions f and g satisfy the scalar Regge—
Wheeler equation, then the symmetric traceless tensor QS:TQP;@I( f,g) satisfies (177),
the additional factor of 4/r? appearing from the commutation of the angular operators
with A. Note also that one can reconstruct f and g uniquely from ¢, up to the £=0, 1

modes.

7.2. The characteristic initial value problem

For completeness, we state here a standard well-posedness theorem for both the Teukolsky
and the Regge-Wheeler equation. In view of future applications, we formulate it in

the context of a characteristic problem: We fix a sphere SZ , in M and consider the

outgoing Schwarzschild light cone C,,={ug}x{v=>v9}x5? and the ingoing light cone

Cuy={u=up} x{vo} x S? on which the data are being prescribed. In our convention, C,,

2

includes the horizon sphere SZ_ .

We begin with the spin £2 Teukolsky equations.
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THEOREM 7.1. (Well-posedness for Teukolsky of spin +2) Given a sphere S
with corresponding null cones Cy, and C,,, prescribe
o along Cy, a symmetric traceless Siv—tensor O in, Such that QQQOJH is smooth;
o along Cy, a smooth symmetric traceless Sivv—tensor Qo out SAEISYING o out = s in

2
on Suo,vo'

Then, there exists a unique smooth symmetric traceless Sﬁﬁv 2-tensor Q%a defined
on MN{uzugyN{v=ve} such that
o « satisfies the Teukolsky equation of spin +2 (173) in MN{u>=uo}N{v=vp};

2 2
o O =0%a,in and a =0 out -
|Cu0 ,in |C1/0 ,out

We emphasise that, in our convention, the set MN{u>ug}N{v=vp} includes the

intersection H*N{v>vp}.

THEOREM 7.2. (Well-posedness for Teukolsky of spin —2) Theorem 7.1 holds re-
placing all « by o, all O by Q=2 and (173) by (174) in the above statement.

The well-posedness statement for the Regge—Wheeler equation (175) is entirely anal-
ogous.

THEOREM 7.3. (Well-posedness for Regge-Wheeler) Given a sphere Sy ., with cor-
responding null cones C,,, and C,,, prescribe

o along Cy, a smooth symmetric traceless Szyv-tensor P, in;

o along Cy, a smooth symmetric traceless SZ,U-tensor P, out satisfying P out =P in

2
on S v

Then, there exists a unique smooth symmetric traceless S, , 2-tensor P defined on
Mn{uzuotnN{v=ve} such that

e P satisfies the Regge—Wheeler equation (175) in MN{uZug}N{v=uvg};

o P’CuOZP"’i“ and P‘CUO =P, out-

The proof of all theorems above are easily obtained following [12] and [33]. See
also [62].

7.3. The transformation theory: Definitions of v, ¢, P and P

We now describe a transformation theory relating solutions of the Teukolsky equations

to solutions of the Regge—Wheeler equation.

Given a solution « of the Teukolsky equation of spin +2, we can define the following
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derived quantities:

Y= —ﬁvg,(r(}za), (178)
= %%(wm). (179)

Similarly, given a solution « of the Teukolsky equation of spin —2, we can define the

following derived quantities:

b= 5 g Valr%a), (150)
P

= —r—%(@«?’Q). (181)

These quantities are again symmetric traceless S?w 2-tensors.

The following proposition can be proven by a straightforward computation.

PROPOSITION 7.3.1. Let « be a solution of the Teukolsky equation of spin +2 on
Mn{uzugtn{v=uv}, as arising from Theorem 7.1. Then, the symmetric traceless ten-
sor P as defined through (178) and (179) satisfies the Regge—Wheeler equation on the
intersection MN{u=uo}N{v=vo}.

Now, let o be a solution of the Teukolsky equation of spin —2 on the intersection
Mn{uzugtn{v=uve} as arising from Theorem 7.2. Then, the symmetric traceless ten-
sor P as defined through (180) and (181) satisfies the Regge—Wheeler equation on the
intersection MN{u=up}N{v=vo}.

We note that Fourier space analogues of the above transformations were first dis-
covered by Chandrasekhar [9], who also discussed differential transformations mapping
solutions of Regge—Wheeler to solutions of Teukolsky. In this paper, however, it is the
physical space structure of the above transformations which we shall exploit, in particular,
the fact that they can be interpreted as transport equations, which allow « (respectively

a) to be recovered from P (respectively P) and initial data.

7.4. The connection with the system of gravitational perturbations

We will now finally relate the equations presented above to the full system of linearised
gravity.

Let . be a smooth solution of the system of gravitational perturbations, and recall
the quantities @ and @ of §5.2.1. Note that both these symmetric traceless S, ,, 2-tensors
are gauge invariant in the sense that any of the pure gauge solutions discussed in §6.1

1)

satisfies @=a =0. The latter fact can be checked directly from (161)-(164). We note



80 M. DAFERMOS, G. HOLZEGEL, AND I. RODNIANSKI

also that o and ﬁ’ vanish for the 4-dimensional reference linearised Kerr family of §6.2.
We will in fact show in Appendix B.1 that, provided that . is asymptotically flat (see
£8.3), then the vanishing identically of @ and (ai) implies that . is a sum of a pure gauge
solution and a reference linearised Kerr.

Remarkably, as was first shown by Bardeen—Press [4], & and &) satisfy the Teukolsky
equation of spin 4+2 and spin —2 respectively. Combining this fact with results of the

previous section yields the following.

PROPOSITION 7.4.1. Let . be a smooth solution of the system of gravitational per-
turbations on a domain DCM, and consider the curvature components W and &) which
are part of the solution .. Then, o satisfies the Teukolsky equation of spin 2, and
(043 satisfies the Teukolsky equation of spin —2. Moreover, the derived quantities (178)—
(181) that are defined for any solution of the Teukolsky equation, now denoted ;Z), }17) and
;Zi ?, can also be re-expressed in terms of derivatives of curvature components and Ricci
coefficients, using the Bianchi and null structure equations. We have

(CO RN (1) W o, M

—ZDQB+2@>< and =D, 30X, (182)
as well as

3:@2%( (g (0))+49trx((>1< D, (183)

B=p3pi(- 8, -+ Lotr (- D). (184)

Proof. The equation for @ is easily derived from taking a 4-derivative of (148) and
using (149), (139) and (103). The equation for « o

M (T
(157) and using (156). The identities for ¢ and 1 are immediate from (148) and (157).

(1)
To see the identity for P, one uses the Bianchi equation (155) and the null structure

follows from taking a 3-derivative of

equation (141)7 as well as the formulas of §4.3.2, to obtain

(1) (1) (1) (1) (1) (1)
774 =D5(Pi(0,0)-3n0—trx -0f)—Strx D,
_m cY 6]
90t - do(— wx"trxx Lirx x—2P57) (185)

[EONGN) D 3 @ g A
— BP9, )~ 3oty (-~ L trx (Bhf—So%) —~B(B} 5 - Lo%).

(1)
The computation for P is completely analogous. O

Remark 7.2. In view of the gauge invariance of @ and (é) in the sense above, it follows
1 (@) (@ (1)
from the definitions (178)(181) that the quantities P, P, ¢ and 1) are also manifestly

gauge invariant. We note however (see Appendix B.2) that there exist asymptotically
@
flat solutions . which are not pure gauge such that P and P identically vanish.
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€]
The fact that P and P above satisfy the Regge-Wheeler equation (175), together

with the relations (178)—(181), but also (182)—(184), will be the key to estimating the
Teukolsky equations and unlocking the system of linearised gravity.

8. Initial data and well-posedness of linearised gravity

We turn in this section to the well-posedness of the system of linearised gravity of §5.2.
We first describe how to prescribe initial data in §8.1 below. Then, we shall formulate
the well-posedness theorem in §8.2. Finally, in §8.3, we define what it means for data to

be asymptotically flat.

8.1. Seed data on an initial double null cone

In this section, we describe how to prescribe initial data for the system of gravitational
perturbations derived in §5.

The setting will be that of a characteristic initial value problem: We fix a sphere
52, 5 in M, and consider the outgoing Schwarzschild light cone Cy,={uo} x {v>v0} x
Sy and the ingoing light cone C,,={u>up}x{vo}xS? on which the data are being
prescribed. Initial data are determined by so-called “seed data” that can be prescribed
freely. Recall that, in our convention, C,, includes the horizon sphere S2 v+ The

definition of seed data is given below. We remark that this is essentially a linearised

version of the prescription given in [11].

Definition 8.1. Given a sphere S, with corresponding null cones C,, and C,,, a

smooth seed initial data set consists of prescribing )
e along C,, a smooth symmetric traceless Sﬁyv 2-tensor (j)o,in(u, 0,);
e along C,,, a smooth symmetric traceless S?NJ 2-tensor (;o,out(v, 0, p);
e along C,, a smooth function 97180&“(% 0,);
e along C,, a smooth function (lQ)o,out (v,0,0);
e along Cy, a smooth S2 -1-form (ll)l(v, 0, d);
e on the sphere S2, , a smooth function Q’z(Q <tll>r X)_(0,9);

e on the sphere S2 , a smooth function trg g 0, 0);

00,v0

(1)
a smooth function (Q trx).(0,6);
e on the sphere 52, a smooth 1-form 770(9, ®).

e on the sphere 52

00,v0
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We emphasise that since by our convention that C,, includes S% ,» Smoothness is

to be understood above geometrically, up to and including the horizon.

8.2. The well-posedness theorem

We can now state the fundamental well-posedness theorem for linearised gravity on
Schwarzschild:

2

bt and consider a smooth seed
0,V0

THEOREM 8.1. (Well-posedness) Fix a sphere S

initial data set as in Definition 8.1. Then, there exists a unique smooth solution

SO VNV RSN O O OO oo on®aon®a d
S =(4:/9,92,0,(Qtrx), (Qtrx), X, X, 1, 1, W, w, @, B, 0,0, 3, a,K)

of linearised gravity defined in MN{u>ug}N{v>=ve} which agrees with the seed data on
Cu, and Cy,.

Remark 8.1. Recall that from §5.2.1 that our notion of smoothness includes the

statement that the weighted quantities (130) of . extend smoothly to HtN{v>vg}.
1

Note that our initial smoothness assumptions on the weighted quantities Q7€ ;,, etc.,

is indeed consistent with this.

Proof. We give a brief outline, exploiting Theorem 7.1, leaving the details to the
reader.

First, we show that the equations uniquely determine from seed data all dynamical
quantities on Cy,UC,, such that all tangential equations are satisfied. (This is in fact
implicitly carried out in Appendix A.)

Now, since by Proposition 7.4.1, given a solution ., the quantities & and &) satisfy
the spin +2 Teukolsky equations, we can determine these globally from their initial values
on C,,UC,, by applying Theorem 7.1. Once these are determined we may order a subset
of the remaining equations hierarchically so all remaining quantities are determined by
the previous by integrating transport equations or by taking derivatives. For instance,
given & and &’, then (139) can be integrated as a linear o.d.e. to determine ()’15) and %) from
seed data. (Note that the projection to the /=0, 1 modes behaves differently to the rest;
cf. §9.5.) Finally, the fact that the tangential equations hold initially on C,,,UC,, can be
used to show that the complete system of equations, i.e. not just those used to construct

the solution, is satisfied (“propagation of constraints”). O
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8.3. Pointwise asymptotic flatness

As we shall see, our main boundedness theorem (Theorem 3) is most naturally formu-
lated in terms of a solution . arising from Theorem 8.1, where the seed data satisfy
certain “gauge normalisation conditions” (see §9.1) and such that certain weighted en-
ergy quantities are bounded (see the norms in §10.1.1 and §10.3.1). A sufficient condition
which ensures that given a general solution . arising from non-normalised seed data as
in Theorem 8.1, a solution .’ can be associated with % (by addition of a pure gauge
solution) satisfying the assumptions of Theorem 3 is to assume pointwise asymptotic
flatness on the seed data. (See the statement of Theorem 9.1.) We give the relevant
definition of this notion in this section.

To keep the notation concise, we first define the following derived quantities along

C\, from a smooth seed initial data set as in Definition 8.1:

1) 53 LoexD
2X0,out = W4 gO,out —20° ,DQ b<>7

which is a symmetric traceless S , 2-tensor,

(1) (1)
&) -2 20—1 o —2. 274%
2@070111; =T QV4(T Q W4go70ut_29 T @2 bo),
which is a symmetric traceless S2, 2-tensor,

(1) _ (1)
Wo=0y(Q7' out),

which is a scalar function. Note that these quantities are uniquely determined in terms
of the seed data.
Let us also agree on a shorthand notation to handle higher derivatives. For an

Sﬁ,v-tensor & of rank n on M, we define, for any n; >0 and ny >0,

in,nzf - (Tv)nl (TQV4)n2£a

producing an S} -tensor of rank n+n; on M.

We may now state our pointwise notion of asymptotic flatness.

Definition 8.2. We call a seed initial data set asymptotically flat with weight s to
order n provided the seed data satisfies the following estimates along C,,, for some 0<s<1

and any nq >0 and ne >0 with ny4+ns<n:

(6]
(071 ot |+ Doy s (P W) < oy g (186)
e
D1 n (100)| < Co g sy (187)
@ o 345
gO,OutH_ ‘gnlynz (T Xo,out)|+|©n1,n2 (T a°70Ut)| < Co’nl,nzv (188)

for some constant C. ., ,, depending on n; and ny. We say that the seed data are
asymptotically flat to all orders if the above bounds hold for any n.
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Observe that a trivial choice to construct (physically interesting) asymptotically flat
(1)

seed data is to choose §o0ut of compact support on C,, , and

IR
W )
Q" Qo =0 and b,=0

along C,,-
We will show in Theorem A.1 of Appendix A that asymptotically flat seed data lead
in particular to a hierarchy of decay for all quantities that moreover propagates under

evolution by Theorem 8.1.

9. Gauge-normalised solutions and identification of the Kerr parameters

In this section, we define the two gauge-normalisations which will play a fundamental
role in this paper and we identify the correct linearised Kerr parameters of a general
asymptotically flat solution . to our system.

We first define in §9.1 what it means for a solution .# to be initial-data normalised.
(This condition can be read explicitly from the seed data.) Our main boundedness
theorem (Theorem 3 of §10.3) will then concern such normalised solutions.

We then show, in §9.2, that given a solution . arising from asymptotically flat
seed data in the sense of Definition 8.2 above, we can indeed associate with it an initial
data-normalised solution .%, which is realised by adding to .¥ a pure gauge solution &.
Importantly, ¢ can be explicitly determined by the seed data of .’ and is itself asymp-
totically flat in the sense of Definition 8.2. This result is stated as Theorem 9.1.

We next define in §9.3 a renormalised solution & realised by the addition of an
additional pure gauge solution % determined by the behaviour of . along the event
horizon. We will call .# the horizon-renormalised solution, and it will be the object of
our main decay theorem (Theorem 4 of §10.4). As opposed to the pure gauge solution
defining ., the pure gauge solution defining & is not explicitly computable from the
seed data of .. Only in the final proof of the decay theorem will we show that the
pure gauge solution defining 52 is itself bounded (with the appropriate weights near null
infinity) by the seed data of ..

In §9.4, we prove several global properties satisfied by the solutions .#” and . that
will be exploited later.

Finally, in §9.5, we show that the projection of . to the £=0,1 modes defines
a unique linearised Kerr solution J ;. This is the statement of Theorem 9.2. In
particular, the final Kerr parameters can indeed be read off from initial data.
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9.1. Initial-data normalised solutions céﬂ

In this section we define the notion of an initial-data normalised solution. As we will
show in Theorem 9.1 below, given a seed initial data set and its associated solution .,
we can find a pure gauge solution ¢ such that the initial data for the sum . +¥ satisfies

all of these conditions.

Definition 9.1. Consider a seed data set as in Definition 8.1 and let . be the
resulting solution given by Theorem 8.1. We say that the initial data satisfies

e the lapse and shift condition if

(1)
0, (271 = W=0 along the null hypersurface C,,, (189)
(1)
0,(Q71Q) = W=0 along the null hypersurface C,,,
(1)
A = %r3¢A383%)g:1 along the null hypersurface C,,. (190)
e the round sphere condition at infinity provided
(1)
le 12 Ky>2(ug,v,0,¢) =0 along the null hypersurface C,,,, (191)
LW
lim 7“2@21D2g(u0, v,0,¢9)=0 along the null hypersurface C,,,. (192)
V00
e the horizon gauge conditions if the following hold on SH:ZSzzo,u(f
(1)
(Qtry)=0, (193)
R )
e the auxiliary gauge conditions if the following holds on SH::SgO,UO:
(1)
2071Q g =4M2 9y, (195)
(1)
20710 = =0, (196)
1
ﬁ(Qtrx)kO?l =0, (197)

(1)
V9 1= =0 (198)
Finally, we call the solution . initial-data normalised if it satisfies all gauge condi-
tions (189)—(198) above. We typically will denote such solutions by .&.

We note that the above conditions can all be written explicitly in terms of the seed
data. The auxilliary gauge conditions are related to chosing a centre of mass frame.

We also immediately note, by straightforward computation, the following result.

PRrROPOSITION 9.1.1. The reference Kerr solutions £ of Definition 6.1 are initial

data normalised.
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9.2. Achieving the initial-data normalisation for a general .

In this section, we prove the existence of a pure gauge solution ¢ such that, upon
adding these to a given solution .# arising from regular asymptotically flat seed data,
the resulting solution . is generated by data satisfying all conditions of §9.1. This will

define the initial-data normalised solution.

THEOREM 9.1. Consider a seed data set as in Definition 8.1 and let . be the
resulting solution given by Theorem 8.1. Assume that the seed data are asymptotically
flat with weight s to order n>10, as in Definition 8.2.

Then there exists a pure gauge solution ¢, explicitly computable from the seed data
of &, such that the sum

gy

is initial-data normalised, i.e. all gauge conditions (189)—(198) of Definition 9.1 hold
for .&. The pure gauge solution & is unique and arises itself from seed data which are

asymptotically flat to order n—2.

9.2.1. Overview of the proof of Theorem 9.1

The proof of Theorem 9.1 requires a few preparatory propositions, collected in the four
§69.2.2-9.2.5. The proof proper will then be carried out in §9.2.6. For the propositions,
we make frequent use of Lemmas 6.1.1-6.1.3. Let us describe briefly what is achieved in
each individual section:

(1) In §9.2.2 we prove that the families of Lemmas 6.1.1 and 6.1.2 can generate pure

(1)
gauge solutions with arbitrary prescribed linearised lapse 2~ along a double null-cone

2

wo.vo- Such a solution will clearly be useful to

Cu,UC,, emanating from a fixed sphere S
achieve (189), (195) and (196).

(2) The question of uniqueness of such pure gauge solutions is then addressed in
§9.2.3. In view of the linearity of the theory, this is equivalent to understanding all
gauge solutions generated by Lemmas 6.1.1 and 6.1.2, which do not change Q*1(1§2) on
CuoUCy,. It turns out that uniqueness holds within the class of pure gauge solutions
of Lemmas 6.1.1 and 6.1.2 up to specifying three free functions on a fized sphere. The
reason for this freedom essentially arises from integration “constants” when imposing
the vanishing of (162) along C,,,UC,,. These free functions can essentially (up to ¢=0,1
modes) be used to prescribe the horizon gauge conditions (193) and (194), and the round
sphere condition (191). We remark that the /=0 modes require a special treatment, as
one needs to address the existence of the reference linearised Schwarzschild solutions,
which requires special care in achieving (195) and (197).
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(3) Having fully exploited the special gauge solutions of Lemmas 6.1.1 and 6.1.2 in

the first two steps above, we turn to Lemma 6. 1 3 Note that such pure gauge solutions
(1> (1)
only generate non-trivial values for g \/g and b hence they do not interfere with the

gauge conditions in the first two steps above. In §9.2.4 we construct a pure gauge solution

which will allow us to achieve (190), the gauge solution being unique up to a pure gauge
(63 (1)
solution changing only g and \f

(4) In §9.2.5 we finally exploit the “residual freedom” mentioned at the end of (3)

to construct a pure gauge solutions allowing us to achieve (198) and (192).

9.2.2. Pure gauge solutions with prescribed initial lapse

We show that we can use Lemmas 6.1.1 and 6.1.2 to obtain a pure gauge solution ¢ with

(1)
prescribed linearised lapse Q71Q on C,,,UC,,.

ProPOSITION 9.2.1. Fiz a sphere SZD v I M with corresponding outgoing cone
Cy, and ingoing cone C,,. Let Qout(v,0,0) be a bounded smooth function on C,,
and Qin(u,0,0) be a bounded function, smooth in the extended sense on C,,, such that
Qin(u0, 0, ¢)=0ut (vo, 0, ¢) holds on the sphere S2 Then, there exists a pure gauge

uo,vo °

solution &4 of the system of gravitational perturbations such that
(1) (1)
2071, v, 0, ¢) = Qout (v,0,0)  and 297 Q(u, o, 0, ¢) = Un(u, 6, ¢).

Proof. Let fout be a function along C,,, determined as the solution to the ODE (for
each 0 and ¢)

1
8 fout"’ fout out_gﬂin(anaad)) fout(U0707¢):O~ (199)

( 0)

Let fin be a function along C,, determined as the solution to the ODE
2M

r2(u, vg)

1
fin :Qin_iQout(vm 9, (b) fin(u0797 ¢) =0

6ufin_
We claim that the pure gauge solution generated by applying Lemma 6.1.1 with fu,¢
added to the pure gauge solution generated by applying Lemma 6.1.2 with fi,, yields the
desired solution. To see this, we compute

2M

1 . — .
QQ Q 8 fout+ ( )fout aufm TQ(U,U) fm
2M 1
_mfout"’_ﬂout 2 m(u07 0 (Z)) ( ) fout
2M

1
fin+Qin QQout(UmH ¢) fm,

2w v0) < V)
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and hence
(1) (1)
20710 (ug, v, 0, ¢) = Qoue (v,6,0)  and  2Q71Q(u, vo, 0, ¢) = Yn(vo, 6, ). O
Writing out the explicit solution of the ordinary differential equation (199), one also
deduces from Lemma 6.1.1 the following corollary (cf. Remark 6.2).

COROLLARY 9.1. If the function Qouy on the outgoing cone C.,, arises as the quan-

(1)
tity Q71 out of a seed data set which is asymptotically flat to order n>2, i.e. in partic-
ular (186) holds, then the pure gauge solution &4 constructed in Proposition 9.2.1 arises

itself from seed data which are asymptotically flat to order n—2.

Proof. For fou one easily checks the required estimates (186)-(188) on C,, from
Lemma 6.1.1, in particular that |fou/r| and [r20, fous/7| are uniformly bounded. For
fin one uses Lemma 6.1.2 and the fact that f;, is uniformly bounded with fi,=0 for

U=1ugp. O
For later purposes, we also note the following special case of Proposition 9.2.1.

COROLLARY 9.2. Let meR. The functions

mQ ™2 (ug, v)[r(uo, v) =7 (ug, vo)],

fout ('U) -
Jin (u) =

N= N

mQ 2 (u, vo)[—r(u, vo) +7(uo, vo)]

(1)
generate a (spherically symmetric) pure gauge solution satisfying 2Q~1Q=m along both
Cu, and Cy,. It furthermore satisfies

1) 3 m
é(ooa%a@»@s):_mi(T(uo,vo)—ZM),
(1) 1
(Q tr X)(OO, o, 07 ¢) = _mm(T(U,O, ’UO)_QM)v (200)
_a,a 1 r(ug, vo)
2 — = g M0 Y0)
Q7= (Qtr x)(00, 00,0, ¢) = si™ " oar

Proof. Direct computation using Lemmas 6.1.1 and 6.1.2. For (200) recall that
fout(vO):O- D

9.2.3. Pure gauge solutions with vanishing initial lapse

In this section we explicitly parametrise the space of (the sum of) all special gauge

transformations arising from Lemmas 6.1.1 and 6.1.2, which satisfy the condition

)
Q' =0 along both C,, and C,,. (201)
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LEMMA 9.2.1. Let hy, hy and hs be smooth functions on the unit sphere and let
R:=r(ug,vg). Then,

F1(06.6) = gz (ma6. 0 vo>+h3<e,¢>—T(i%0)h1<a,¢>),

0000 = g 109 (1000 (1= )~ o)
#11(0,0) (S )+ i1 - 5L
+a(6.0) (- S r(un,)- (i—Mﬁ 2]

and js=74=0 generates a pure gauge solution satisfying (201). Moreover, any pure gauge
solution in Proposition 6.1.1 satisfying js=74=0 as well as (201) is of the form above.

Before we embark on the proof, note that the function fi(u, 8, ¢)-Q?(u,v) is indeed

smooth in the extended sense on M, since

Q2 (u,v)-Q 2 (u,vo) = 7“((% %) e(Tr(wv)+r(u,v0))/2M o(v—vo)/2M
r(u,v

is smooth in the extended sense.

Proof. We note that fa(vo, 8, ¢)=h1(0,¢), 0u(f2)(vo,0,)=h2(0,$) and

(H192(u, ). =—(h2<6,¢>+h1<07¢)w)),

72 (u, vy

1
Q2 (u,v)

which verifies (162)=0 along C,,,. Along C,,,, we compute

V=v0

(f292 (ua U))v

= Q2 (ug, vo) {h2(9’ ¢) (1 41{\%4+(2MU) )

2M 4M? 2M 2M
hi(6 ——————— | +h3(0 ——
+ 1( ’¢)<R2 RT2<UQ,U)>+ 3( ’¢)< R2 +’I"2(U0,U)>:|7
which verifies (162)=0 along C,,, after observing that
2M

r2(ug, v)
1 2M 2M

~ ooy () (1090 410.00- T 00
- <h2(0, ¢)+%h1(97 ¢>)> (1—224”.

(fl)u(u()aaagb)* fl(u0a0a¢)
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For the uniqueness assertion note that an arbitrary pure gauge solution fy, f2, j3=0,
ja=0 satisfying (201) is uniquely determined by specifying fo(vo, 8, @), O, fa(vo, 0, ) and
f1(uo, 0, ¢) via elementary ODE theory applied to (162)=0 along C,, and C,,. On the
other hand, the aforementioned values are seen to be in one-to-one correspondence with
the functions hi, he and hs. O

COROLLARY 9.3. The pure gauge solution of Lemma 9.2.1 induces seed initial data
on Cy,UC,, which is asymptotically flat to any order.

Proof. This follows from carefully going through Lemmas 6.1.1 and 6.1.2. The key
is to note that f; is uniformly bounded and that fo satisfies the estimates |fo/7|<1,
720, (f2/r)| <1 and |20, (r20,(f2/7))| <1, the latter allowing one to obtain the estimates
(186). The statements about higher derivatives in (186)—(188) are then straightforward.

O
The gauge transformations of Lemma 9.2.1 can be used to prescribe additional geo-
metric quantities on the horizon sphere Sgoyvo. We first state the three fundamental

propositions before proving them.

PROPOSITION 9.2.2. Let X' and X? be smooth functions on S3, ,  with vanishing

projection to £=0 and {=1. There exists a pure gauge solution ¥4(f1, f2,j3=0,74=0)
satisfying (201), the round sphere condition (191) and

(1)
(QtI'X)(OO, '1)0,0, ¢) :Xla

(1) (1) (202)
diV T]"V‘ Q(OO5U0767¢):X2'

Moreover, the functions fi and fo of the pure gauge solution (fi1, f2,73=0,j1=0) are
uniquely determined with their projection to £=0 and (=1 vanishing. Finally, the pure

gauge solution induces asymptotically flat (to any order) seed data on CyyUC,, .

For the /=1 modes we have an additional degree of freedom which stems from the
fact the round sphere condition is always satisfied as the pure gauge solutions below

(1)
cannot alter the linearised Gaussian curvature K.

PROPOSITION 9.2.3. Let X!, X? and X3 be smooth functions on S> all supported

o0,V0

on £=1 only. There exists a pure gauge solution 4 (f1, f2,j3=0,74=0) satisfying (201),
which in addition satisfies
(1)
(Qtrx) (00, v0,0,0) = X1,
d’{V %>+ %)(OO,Ungvd)) :X2, (203)
(1)
Q*Q(Q tr x) (00, vo, 0, ¢) = X3,
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Moreover, the functions fi and fo of the pure gauge solution (f1, fa,73=0,j1=0) are
uniquely determined and supported on £=1 only. Finally, the pure gauge solution induces

asymptotically flat (to any order) seed data on CyyUC,,.

For the ¢=0 modes we cannot fix all three geometric quantities on the horizon
independently because of a spherically symmetric degree of freedom that is not pure gauge
and corresponding to a linearised Schwarzschild solution, discussed in §6.2.1. However,

we can combine Lemma 9.2.1 with Corollary 9.2 to prove the following.

PROPOSITION 9.2.4. Let m, X! and X3 be constants on Sgo,vo' There exists a
pure gauge solution & generated by (f1, f2,j3=0,74=0), with f1 and fy being spherically

symmetric, which satisfies (189) and in addition

(1)
20710 (00, vg, 0, ¢) =m, (204)
(1)
(Qtrx)(00,v0,6, ) = X", (205)
(1)
Q72(Qtr x) (00, v0, 0, ) = X°. (206)

Moreover, fi1 and fo are unique up to a constant f1=fo=\, and hence the pure gauge so-
lution is unique (as (A, X\, 0,0) generates the zero solution). The solution also necessarily
satisfies

6V 3

Q(OO7U0597¢>:WX1'

Finally, the pure gauge solution induces asymptotically flat (to any order) seed data on

Cluy UC, .

Proof. We will prove Propositions 9.2.2-9.2.4 all at the same time. We first com-

pute from the general solution of Lemma 9.2.1 the following geometric quantities on the

horizon:
(1) (00, 20,0,6) = 75 [(Asa DM Do (6,6) +hi (0, 6)~n (6, ).
(div P+ 3 (00, v0, 6, &) = (2]\14)3 (A (hs (0, 6)—2h1 (0, 6))
_3(2Mh2(97 ¢)+hd(97 ¢) _hl (97 (b))]v
) 1

Q72 (Qtr x)(00, v0, 0, ¢) (As2h1(0,9)+h1(6, ¢)—hs(8, 0)).

T 2M?2

To prove Proposition 9.2.2, we choose

R? AM
hg—hl—hgm(l—R) (207)
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One checks that, with this choice, both f; and fy (as well as angular derivatives thereof)

are uniformly bounded, hence r3~}1{) is uniformly bounded and in particular the round
sphere condition (191) holds for any hy, he and hg satisfying (207). Plugging this relation
into the first equation above and recalling that R>2M, we see that the first equation
uniquely determines hy to satisfy the condition in the proposition. Plugging (207) into
the second equation to isolate hy, we see that we can uniquely solve for hy to determine
the second condition in the proposition. Of course hg is determined by (207).

To prove Proposition 9.2.3, we can restrict to /=1. The three equations above then
turn into a simple algebraic system with non-zero determinant which admits a unique
solution for any X7, X5, X3 prescribed.

To prove Proposition 9.2.4, we project to /=0 to see the resulting algebraic system
has 1-dimensional kernel ha=0, h;=hs. It is easy to see that such gauge solutions are
trivial. We now add the pure gauge solution from Corollary 9.2 to the aforementioned

projection to obtain (setting hy=hy—hs)

&) 1 1
(Q2trx)(c0,v0,0,9) = —W(QM'M—M)—mm(R—?M%
1) 1 1 R
2 _ I L
Q (Qtrx)(oo700707¢)*2M2h’4 2Mm2M7
(1) 3 3 m
0(00,vp,0,¢) = *W(QM'M*M)*Wg(R*QM)-

Note that the right-hand side of the third is a multiple of the first. It is immediate that
we can solve the first two equations uniquely for hy and hy, given any left-hand side and
given any m. This provides the statement in the proposition recalling that ho and hy

(1)
do not alter 271Q on C,,UC,,. The uniqueness follows since (189) and (204) at the
(1)
horizon fix Q71Q on C,,UC,,, so the remaining gauge solution must be of the type of
Lemma 9.2.1 projected to £=0. This solution is trivial if

(1) (1)
(Q tI‘X)(OO, Vo, 0, ¢) = 972(9 tI‘X)(OO, Vo, 97 ¢) =0.

Finally, the assertion about asymptotic flatness is a consequence of Corollary 9.3. O

9.2.4. Pure gauge solutions with prescribed shift

In this section we exploit pure gauge solutions arising from Lemma 6.1.3, which we recall
SUNNCS) N
only generate non-trivial metric components ¢, \/ﬁ and b, while all Ricci and curvature

coeflicients vanish. In particular, any such pure gauge solution will automatically satisfy
all gauge conditions of Definition 9.1, except (190) and (198).
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PROPOSITION 9.2.5. Let b be a smooth S2. -valued 1-form prescribed along C,,.

u,v

There exists a pure gauge solution of the type of Lemma 6.1.3, which satisfies

(CO 2
b=b along Cy,.

@ (1)
Moreover, except for ¢ and \/ﬁ/ \/ﬁ which are potentially non-vanishing, all linearised
Ricci and curvature components of this pure gauge solution vanish. The solution is
unique up to a pure gauge solution generated by functions q1 and qo depending only on

the angular variables (Proposition 9.2.6).

Proof. By Lemma 6.1.3 we need to determine ¢; and g2 solving
Ds(Ag2q1)=—divb and 0,(Ag2qa) =—cyfrld  along C,,, (208)

where Agz=r?/A is defined with respect to the round unit sphere. We can solve these
ODEs uniquely prescribing Agzq; and Agz2qo freely (as functions with vanishing mean)
initially at v=wvy accounting for the non-uniqueness asserted in the proposition. The
conclusions now follow from Lemma 6.1.3. O]
COROLLARY 9.4. If b in Proposition 9.2.5 satisfies |(r¥)™ (r¥4)"2b|<v~" along

1)

~ (
Cuo for ni+no<n (as is the case when b arises as the quantity b, of a seed data set

which is asymptotically flat to order n; cf. (187)), then the pure gauge solution induces
data on C,,UC,, which are asymptotically flat to order n.

9.2.5. Residual pure gauge solutions

We finally give an explicit parametrisation of the kernel in Proposition 9.2.5, which we
recall is generated by ¢; and ¢ being smooth functions of the unit sphere the proof of

which is immediate from Lemma 6.1.3.

PRrROPOSITION 9.2.6. Let q; and g2 be smooth functions on the unit sphere. Then,
there exists a pure gauge solution satisfying

(1)

) o NZ]
u,v,0,¢)=2r? oPi(q1,q2) and Y2 =2 Aq, 209
g( 9) D3P (a1, 42) Vi Aq (209)

and with all other metric and Ricci coefficients and curvature components globally van-

ishing. In particular, the pure gauge solution is asymptotically flat to any order.

Note the above solutions in particular do not change the linearised Gaussian curva-
1)
ture K. We will use them below to bring the metric into “standard form” on the sphere
at infinity, i.e. to achieve (192), once we have (191).
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9.2.6. Proof of Theorem 9.1

We can now prove Theorem 9.1. Let . be as in the proposition.
(1) (1)
Applying Proposition 9.2.1 with Qout:—Q_lQo,out and Qinz—Q_lQo’im we achieve
that the sum of the original solution .% and the pure gauge solution generated by Propo-

(1)
sition 9.2.1 satisfies Q71Q=0 along C,,UC,,. We denote this solution by .#;.

(1)
The weighted geometric quantity 72 Ky>» of the solution .#} converges pointwise with
at least n—4 angular derivatives 7Y to a smooth function X4(6,¢) on the unit sphere

along the cone C,, as v—o00. This follows from (the first part of) Theorem A.1 in the

appendix and the fact that 7"2}1() has such a limit for the pure gauge solution applied in
the previous step. Let f be the unique solution of the equation Ag: f+2f=X, on the
unit sphere which has vanishing projection to /=1.

We now apply Proposition 9.2.1 again, this time with Q¢ =f and Q;,=f and add
the resulting pure gauge solution to .#4. The solution thus obtained will be denoted ..
The solution . clearly satisfies (189) and also (191), in fact it satisfies

lim ((rV)*r? Ko #2) (uo, v,6, ¢)) = (210)

vV—00

for k<n—4. To see the last claim, note that the f,,; associated with Proposition 9.2.1
precisely cancels the weighted Gaussian curvature 7’2.(?? at infinity of the solution .77, as
can be seen directly from Lemma 6.1.1. On the other hand, the contribution from fi,
through Lemma 6.1.2 does not affect 7“2}1() at infinity since fi, is uniformly bounded.

Let now

(1) (1)

) W
(Qerx)lsz ,, = X1 (v +0)lsz =Xz, 2 (Qtr sz =Xa,

for X1, X, and X3 smooth functions on the sphere 52 denote the geometric quantities

00,v0 ?

on the horizon for .%,. We apply Proposition 9 2 2 to generate a pure gauge solution ¥4
satisfying (189) and (191), and in addition (0 tr Xlsz, —Xl—(Xl)gz(),l and

(1) (1)

(divin+o sz, —Xz—(X2)£:0,1,

where the notation indicates that the projection to £=0 and /=1 has been removed. We

apply Proposition 9.2.3 to generate a pure gauge solution % satisfying (189) and (191)

(1)
and in addition (Qtrx)[sz , =(X1)e=1, (div 7+ 0[5z, =(X2)e=s and

W
Q2 (Qtrx)lsz |, = (Xa)e=t
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We apply Proposition 9.2.4 to generate a pure gauge solution 43 which satisfies

(1) (1)
(Qtrx)lsz, = (X1)e=o, 00 trx)lsz, . = (Xs)e=0,

4 3
20 1Q|Sgw0 =4M? (—(X2)60+W(X1)40>7

the last holding on all of C,,,UC,, by (189). By Proposition 9.2.4, the solution necessarily
satisfies 0[5z, =(3/4M)(X1)e=o.

If we now define the solution .73 :=.% — ¥ —% — %5, then this solution satisfies (189),
(191) and also (195), (196) as well as the horizon gauge conditions and the auxiliary
condition (197). One also checks directly that any pure gauge solution of the form

(f1, f2,73=0, js=0) with these properties is necessarily trivial.

[CO R
The solution . satisfies b=b along C., for some smooth v-valued S -1-form
b along Cuyy- We apply Proposition 9.2.5 for BA—§T3¢ABGB%)421[Y3] and subtract (a
representative of) the pure gauge solution generated by it from 5. We denote the

resulting solution by .74.
The solution .#} satisfies all of the desired gauge conditions except (198) and (192)

and any such solution is determined up to a pure gauge solution of Proposition 9.2.6. The
(1)
geometric quantity ¢ has a smooth limit along the cone Cy, and converges to a symmetric
(1)
traceless S ,-tensor goo(6,¢) on the unit sphere. This follows from the assumptions in

Proposition A.l in conjunction with the constraint equations along C,, and the fact
that this is true for all pure gauge transformations applied so far. We solve the elliptic

equation

(1)

22D (q1, 42) = doo (0, 9)

for ¢; and g2 on the unit sphere, which can be done uniquely up to /=0 and =1 modes
of ¢; and ¢2. Noting that /=0 modes and the /=1 mode of go generate trivial pure gauge

solutions, we have determined ¢; and ¢ up to trivial pure gauge solutions and the three
(1)

£=1 modes for ¢q;. Let X5 be the value of \/gz=1 on the horizon sphere S2, ,  of the
solution .4 we determine ¢ uniquely by solving Ag2q; =X4. We now subtract the gauge
solution generated by Proposition 9.2.6 for ¢; and g2 as above from .. We denote the
resulting solution by .#5. It is easy to see that all of the desired gauge conditions are
now satisfied. The assertion about & (and hence .’) being asymptotically flat follows

from Corollaries 9.1, 9.3 and 9.4.



96 M. DAFERMOS, G. HOLZEGEL, AND I. RODNIANSKI

9.3. The horizon-renormalised solution 52

As discussed already in §2.1.7, our main decay theorem, Theorem 4, will require passing
to a new gauge normalised from the event horizon values of .. The following proposition

N
defines and proves the existence of the horizon-renormalised solution ..

PROPOSITION 9.3.1. Let . be an initial-data normalised solution as in Defini-
tion 8.1. Then, there exists a unique pure gauge solution é of the type of Lemma 6.1.1,

computable from the trace of . on the event horizon H*, such that the sum

A

IS+ (211)

has the following properties:
(1) The projection to £=2 of the linearised lapse vanishes along the event horizon

for <7?, i.€e.
(1)
Q 'Q¢>2 =0 holds along the event horizon H*. (212)

(2) The pure gauge solution 4 satisfies

(1) (1)
Q%0 trX”SEMO =0 and Q_IX‘SEO o =0 on the horizon sphere 52 (213)

00,v0 *
(3) The function f generating 4 has vanishing projection to £=0,1.

We call 52 the horizon-renormalised solution.

Proof. Let f be determined as the unique solution to the ODE

L f =20 100 [ #)(00,0,0,0)  with [(vo,6,8) =0, (214)

aner2M

where the right-hand side of the ODE denotes the projection to £>2 of the trace of the
linearised lapse of .¥” along the event horizon. Given f as above, we define % to be the
pure gauge solution associated by Lemma 6.1.1 and j =7 —Hé. It is easy to check that
S satisfies (212) and 4 satisfies (213). The uniqueness statement follows since satisfying
the ODE is a necessary condition for (212) to hold and f(vg, 8, ¢)=0 is required by the

(1)
expression for Q72(Q tr&)|sgc_v0 in Lemma 6.1.1. O

Remark 9.1. Since f is supported for £>2 only one easily sees from Lemma 6.1.1
(1)
and Theorem 9.2 below that in fact one also has Q7 1Q,_1 =0 on H* as this holds both
for a reference linearised Kerr solution and for the solution ¥.
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Note that . still satisfies the horizon gauge conditions (193), (194). Note also that
if we apply the proposition for a reference linearised Kerr solution, i.e. with ./=J¢,
then 5’?:%:%, so the reference Kerr is both in the initial data and in the horizon
normalised gauge. Another way to say this is that the pure gauge solution {é is not
supported on ¢=0, 1, the terminology being introduced in Definition 9.2 below.

In contrast to Theorem 9.1 concerning the initial-data normalised solution .’ which
states asymptotic flatness for ¢, at this point, we do not know that é enjoys this prop-
erty. Thus, a priori the 7 defined by Proposition 9.3.1 may have data which are not
asymptotically flat, even if the data corresponding to . are asymptotically flat.

While showing that ,59 is asymptotically flat in this case in the sense of Definition 8.2
would require an improvement of our polynomial decay bounds for gauge invariant quan-
tities and decay estimates at all orders of derivatives, we will prove, in the context of the

proof of Theorem 4, weighted boundedness estimates for 4. See Remarks 10.4 and 10.8.

9.4. Global properties of the gauge-normalised solutions

In this section, we collect some global properties of the system of linearised gravity that

follow for the initial data-normalised and horizon-renormalised solutions <v7 and (59 .

9.4.1. Propagation along the event horizon
We first deduce two conservation laws along the event horizon H™.

PRrROPOSITION 9.4.1. Consider a seed data set as in Definition 8.1, let ¥ be the

resulting solution given by Theorem 8.1. If & satisfies the horizon gauge conditions
(193) and (194), then we have

(1)
(Qtrx)=0 and %)— (gl))g:o +div %): 0 pointwise along H™. (215)

The assumption, and hence the conclusion, holds in particular for the solutions . and
8% defined above.

Proof. We write the linearised Raychaudhuri equation (138) as
(1)
Au(e " PMp2(Qtrx)) =0 along H*, (216)

and use the assumption that the quantity in brackets is zero on the initial sphere. To
show the second bound, we note that, using the first, we have the following propagation

equation along H™:

V(39— 2 9 —o+1% div i) = 0, (217)
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and from (194) we conclude 73 (é)—TS (gl))gzo—&—rg div (71])20 pointwise on H*. The claim
about . is immediate as it satisfies (193) and (194) by definition. The claim about .

A 1)
follows since ¢ satisfies %):O and (Qtry)= 9'=0 on the horizon H*. O

9.4.2. The geometric quantities (}1’) and (Zl)
In this section we will define two auxiliary quantities which will play a key role later in
the analysis. Specifically, we will later assume uniform boundedness of these quantities
on the initial data and show that this is propagated in evolution.

Besides the definition, we also prove two propositions, which show that the initial
uniform boundedness of these quantities can in fact be deduced for the solution . arising
from Theorem 9.1.

The quantities are defined as follows:

17t
202
W e

2/(1) e o 4 04-1"
trx)—2r (77A+17A):@WA (QUX)—;Q Q= Q |, (219)

) Py 1 R 1,34 3% (L) Qo1 * -
Yi=r[r? Py div(Q7lrx) Q7Y = Pou - 3Mry Q7+ P,y (Qtry), (218)

(€] r3

where the non-defining equalities hold for solutions for the system of gravitational per-
turbations. o

We start with a proposition on Y.

PROPOSITION 9.4.2. Consider a seed data set as in Definition 8.1, which is asymp-
totically flat to order n>12. Let . be the resulting solution given by Theorem 8.1 and let
& be as in Theorem 9.1. Then, the geometric quantity (3;') associated with & is uniformly

bounded along C,, .

Before we prove the proposition, let us remark that we will eventually also prove
(1)
that Y is bounded for j , but this will require global boundedness estimates on the pure

gauge solution Sé . See Theorem 4.

(1)
Proof. One first derives a propagation equation for the Gaussian curvature K along

C\, which follows by taking a 9, derivative of (147). This reads schematically

(1)

av((rW)kTQK) =0,

where Q satisfies |Q|<Cr~? for k<n—5 from the seed data being asymptotically flat to
order n>12; cf. Theorem A.1. Using the round sphere condition at infinity, (191), we ob-

e)
tain that r3K is uniformly bounded along C,,. Commuting with angular derivatives and
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N !
using that the proof of Theorem 9.1 actually gave (210), one obtains that 2P,V 473 K

is similarly uniformly bounded along C,,; cf. (210). One finally looks at the commuted

linearised Gauss equation (147),

*(1)

* (1) * (1) (1) M) % (1)
2PV Ao K =15,V 4 0 — Y —3MrQx+3r'r? DV a(Qtr x) — Q2 Py,

(1)
which when combined with the decay rates (439) yields boundedness of Y. O

(1)
Remarkably, as we will see, the global uniform boundedness of Y is actually propa-
gated by the equations; cf. Proposition 13.4.1.
(1)
We now turn to the quantity Z above.
ProroSsITION 9.4.3. Consider a seed data set as in Definition 8.1, let & be the

resulting solution given by Theorem 8.1 and let . be as in Theorem 9.1. Then, the
(1)
geometric quantity Z1~2 associated with & 1s uniformly bounded along C,,. Moreover,

1)
since Za=—2r2Y of near the horizon for pure gauge solutions of Lemma 6.1.1, the

(1) A
boundedness statement holds equivalently for ZQ~2 associated with . .

Proof. Note that, along C,,, we have

(1) 4 9 71(1) 1 71(1) 1 71(1) 4 4
Oy <(Qtrx)—TQ Q Q> = _WQ Q+WQ Q+0(2%) =0(Q%),
where we have used the horizon gauge conditions and the lapse gauge condition. The
same statement holds for arbitrary angular commutations. Since the quantity in brackets
vanishes initially on the horizon H™, it actually vanishes to order Q* by the estimate.
The fact that (Zl)A:—QrQQW af for pure gauge solution of Lemma 6.1.1 is read off directly
from this lemma, so that the last statement follows from recalling that G= —. arises
from Lemma 6.1.1. O

(1)
Remarkably, as we will see, the uniform boundedness of ZQ~2 near the horizon is

again actually propagated by the equations; cf. Proposition 13.5.6.

9.5. The projection to the £=0,1 modes and the Kerr parameters

The initial-data normalisation, as we have defined it, will allow to completely understand
the projection of solutions .# to their /=0,1 modes. The main result of this section is
the following.
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THEOREM 9.2. Let . and . be as in Theorem 9.1. Then the projection of & to
its £=0,1 modes (see Definition 9.3) is a reference linearised Kerr solution Jy, s,, where

the parameters m and s; are given by

2 (1) (1)
m=—4M"0y—olsz, , » $-1=0r=1,m=-1ls2

00‘7)07
1) 1)
S0 = UE:l,m:O|S§oYU07 S1= 05:1,m:1|52

oo,uo'

Here, %')g:L)m:s denotes the projection of & to the spherical harmonic Yéz. (Thus, in
particular, solutions . supported only on £=0,1 are a linearised Kerr plus a pure gauge

solution.)

9.5.1. The projection to £=0,1
We begin with the following definition.

Definition 9.2. We say that a solution . of the system of gravitational perturbations
is supported only on £=0,1 if

e all scalars s in % are supported on £=0,1 only (cf. Definition 4.1);

e all 1-forms ¢ in . are supported on /=1 only (cf. Definition 4.2);

e all symmetric traceless tensors 6 in . vanish (cf. Proposition 4.4.1).

Conversely, we define a solution . to have support outside £=0,1 if

e all scalars s in . are supported on £>2 only (cf. Definition 4.1);

e all 1-forms ¢ in .¥ are supported on ¢>2 only (cf. Proposition 4.4.1).

Observe that the reference linearised Kerr solutions J# are supported only on /=0, 1.
Note also that, by Lemma 4.4.1, a solution that is supported only on /=0, 1 satisfies

TQZD;VAS =0 for all scalars s in . and rngf =0 for all 1-forms ¢ in .¥.

In general, it is easy to see that one has the following result.
LEMMA 9.5.1. Let . be a smooth solution of the system of gravitational perturba-
tions on MN{u=uptN{v=ve}. We have the unique decomposition
S =S —01+T0>2,
where Sp—o,1 and Sp>o are both solutions to the system of gravitational perturbations
with Sp—o1 supported only on £=0,1 and S;>2 supported outside £=0,1.

Definition 9.3. We call the map .+ .%—¢,1 in Lemma 9.5.1 the projection of . to
its £=0,1 modes.
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9.5.2. Proof of Theorem 9.2

Let éﬂ be as in Theorem 9.1. The solution <V7 satisfies

1
) _ 1 1) =1
Qz:o[«é’]——4M2m and 0 =1[L]= _E_lsiyi

on the sphere 52 for some real numbers m, s_1, sg and s;. We can hence subtract

o0,v0
from . a reference linearised Kerr solution %y 5, such that the projection to £=0,1 of
the solution .& —XR,s, satisfies in particular the following conditions:

(1) (1)
e 0¢—0=0and 0,—1=0 on S% w0

(1)
° Q_ng —0,1=0 on Cy, and Coo;
(d/fv b)g 1=0 and (cyfrl b)g 1=0 along C,;

(Qtrx)l 0,=0 and (Q—i—d,fv n)g 1=0o0n 52 ,;
1)
o O~ (Qtrx)g 0= 0 and V4,_,=0on SZ0 w03
where we recall Proposition 9.1.1. Note that the parameters m and s; are precisely the
ones claimed in the theorem. We will now show that this implies the following identities
for .7 — s, globally on MN{u>uo}N{v=>wvo}:

Y ) W m (O]
Q Q|e=o,1=\/§é:01—ae 0,1 =(Qtrx),_g; =" (QUX)@ 01—@2 0,1=0,

1)
(div b) =01 = Q(div %))5:0,1 =Q Ndiv 117)5:0,1 =Q(div 5)Z:0,1 =Q Hdiv @)5:0,1 =0,
(1) (1) (1)
(el b)s—o.1 = Qcvirl ) mo.1 = 2 (eurl ) =01 = Qcrlrl 8) o1 = 2 (cifr] B)s—0.1 =0.

which in turn implies that . — % s, is supported outside £=0, 1 providing the conclusion
of the theorem. It is also easy to see that J#, s, is unique, as any other choice of
parameters would make the solution non-trivial on the horizon sphere.

We first obtain the above identities on the initial null hypersurfaces, and then show

how the identities can be propagated globally.

The £=0,1 modes vanish on C,, and C,,

(1) We first obtain additional identities on the sphere S ., via elliptic equations.
The linearised Gauss equation simplifies on the horizon H* to

K=-Y (220)

1)
Computing the linearised Gauss curvature in terms of ¢, we find

(1) (1)

2K = —A(try g)+d,{vd,ivg trg g = —fA(trg g)—f—d,i'vd,i'vg—— trg g. (221)
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(1)
Projecting on the ¢=1 modes, we see that K,—1=0; cf. Corollary 4.1. By (220), also
(1)
%)gzl =0. From ((é)—&—d,i'v (7]7))4:1 =0 and the fact that Q7 ',—; =0 implies d,fv(%)—l—(ﬁ))g:lzo,

we conclude (divn),—; = (div %))gzle. Also, ((17)4:120 implies
(el ) my = —(curl ) p—y =

Taking a divergence (and curl respectively) of the Codazzi equations (145), we find

(1) (1) (1) (1)
(Qdiv B)e=1=(Q _1dfv,6’ )e=1=0, as well as (chrlﬁ)g_lz(Q_lcl,{rlB)g_l—O on Sy.
1) (1)
Recall also that \[e 0. =0 on Seu, by (198), and the fact that Q@ —o implies \[[ 0=
on Sy by combining (220) and (221).

(2) Commuting the Bianchi equation (156) with div (and cyrl), we conclude that

(1) (1)
(div B)e=1=0and (cyfrl B)e=1=0 hold along v=vy. We then conclude that (div (117))4:1 =0
and (cyfrl (zl]))g:l:*(ol')gzlio hold along v=vg from commuting (142).

(3) Propagating from the horizon outwards in the 3-direction, we see from (138)

(1)
using Q*194:0,1:0 that
(1)

Au[(Qtryx),_, 2% =0, (222)

and hence, taking into account the projection of (193),

(1)
Q7 (Qtr Xy, =0 along Cy,. (223)

(4) From (152) and (142) we derive, using that djV(%>+(i]>)g:1:Cl/{rl(ﬁ)+(’ll7))g 1=0

along the cone,
1 e /(o)
G Vs g r div(r? )l —0.1 =0, (224)

where the right-hand side vanishes along C,,, by the previous step. Moreover, the quan-
tity in brackets on the left is also zero initially on Sy when projected to =0 and ¢=1.
We conclude that

(1) (1)
0¢—0=0 and Qz 1+(d1v17)g:1:0 along C,,. (225)

By item (2) above, this means that Qg 1= (d/fv 77)4 1=(div 77) =0 individually on C,,.
(1)
We can also conclude that /g 4o =0 along C'y, from the projection to /=0 of (131) along

CIUO. (1)
1
(5) The previous step allows us to conclude that the condition (Qtrx),_,,=0 is

propagated along v=vy. This follows by writing (136) as

1 ) 6
@au(r(Qtrx)) =2rdiv 77—}—27“(@1))—7 52 Qtrx(Qtr x)
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and noting that the right-hand side vanishes on C,, when projected on ¢=0, 1.

(6) The commuted (with div and cyrl) Codazzi equation now gives (div ﬁ) =1=0
and (cdrl B) ¢=1=0 along v=vy. With this, all required identities have been established
on C,,.

(7) We finally need to propagate the identities along the outgoing hypersurface C,,,

from the sphere of intersection S?

wo.wo» Where all the desired identities have already been

established. This follows analogously to what we have done before and will only be
(1)
sketched. For (Qtrx),_q, this follows from the Raychaudhuri equation (137). For
(1) (1)
(div B)e=1 and (cyrl B)s—1, this follows from commuting (with div and ciyrl) the Bianchi
equation (149). Equation (142) shows that (div %))52120 and (curl (71)>)g:1:() (and, by
the lapse gauge condition, the <7jf—analogues). Finally, %)521:0 and %)521:0 from their

(1)
Bianchi equations in the 4-direction and (Qtr x) =0 from integrating the projection

0=0,1

(1)
of (135). Note that, once we have that (&)421 vanishes along C',,, we can conclude by—; =0.

The £=0,1 modes vanish globally

To obtain the identities of Theorem 9.2 globally we first observe that from the ¢=1-
projection of the Bianchi equation (149) and (156) one concludes that

(1)

Q(d,{v5)14:071:9*1(&{5)@:071:0 and  Q(curl %))g:(m:971(61/{1"1(3)@:071:0.

Because these identities hold globally, the commuted Bianchi equations (150) and (155)
yield the equations

0(6+1) Q1 +30(div M)e—1 =0 and  —£(+1) 0y —3o(dlv 7)1 =0,

from which we conclude that d;(v (7?) r—1= d,i'v <717)) ¢—1 globally. Note also that the Bianchi
equations for O')g 1 ensure that O'g 1=0, and hence (cu(rln)g 1= (cu(rln)g 1 globally.
We obtain (div 17))521: :(div g) ¢=1 individually (and similarly for the cirl) from the

(1)
commuted (142). We conclude from (134) that Q71Q|,—;=0. This allows to use Ray-
(1) (1)
chaudhuri (137), (138) to conclude that (Qtrx),_,=0=0"2(Q trx),_, globally.

It remains to show that the /=0 modes vanish globally. For this, note first that the
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(=0 projected linearised Raychaudhuri equations(??) can be written as
¥ @

Ot eV
D ( rX)z:OT—49719‘g:0+\/ge:O =0
a2 Vi
(1) (1)
Qtr 6]
o V0, |y, VI
2 i
Hence, the quantities in brackets vanish identically, and in particular

(1) (1)
(Q tr X)K:O + (Q trx)e:o =0

globally. With this, we can combine (135) and (143), as well as (136) and (144), as

2,40 (1) 2,4 )
D(r*(Qtrx),_,—2We=0) =0, D(r*(Qtr x),_g—2we=0) = 0.

The quantities in brackets vanish, so in particular
(1)
(D+D)Y Q= =0

(1)
and, since Q71Q|,—¢ is zero on both C,, and C,,, we can conclude global vanishing of

(1) 1 (1)
Q71Qy—0, and hence of (wi)gzo and (wl)g:o, hence of (2trx),_, and (2 tr X)ezo individually.
1)
Global vanishing of /g 4, follows from (131).

10. Precise statements of the main theorems

In this section, we present the precise statements of the main theorems of this paper.
These will correspond to the rough statements already given in the overview §2.2.

§10.1 will concern boundedness and decay statements for general solutions P of the
Regge-Wheeler equation. The main result is Theorem 1.

§10.2 will concern boundedness and decay statements for general solutions a and « of
the spin £+2 Teukolsky equations. The main result is Theorem 2, while in Corollary 10.1
we will apply this to linearised gravity, and infer boundedness and decay for the gauge
invariant quantities (<olz), ;/1)), (\il)) and ((041)7 (z}i (\i/)) characterizing a solution . of the full system.

§10.3 will concern the boundedness of all quantities (130) associated with an initial-
data normalised solution .# of linearised gravity, not just the gauge invariant quantities.
The main result is Theorem 3 and its pointwise Corollary 10.2.

Finally, §10.4 will concern the decay theorem for the future-renormalised solution <76 .
The main result is Theorem 4 and its pointwise Corollary 10.3.

The remainder of the paper will then concern the proofs of these theorems.

(23) We remark that the second holds without projection on £=0, while the first has a div b-term
in general.
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10.1. Theorem 1: Boundedness and decay for solutions to Regge—Wheeler

Our first theorem (Theorem 1) is concerned purely with solutions of the Regge—Wheeler
equation. We will state the theorem in §10.1.2 below, after first defining in §10.1.1 the

norms and energies appearing in its formulation.

10.1.1. Energies and norms

We begin with the definition of various norms which will appear in Theorem 1. Let P
below denote a solution of the Regge—Wheeler equation, as arising from Theorem 7.3.

We define the following energies for the rescaled solution W=r°P defined in (176).
The energy fluxes

va
R (orv)= [ do(r QY%+t Vg 4 e)E ), (226)

vy

u2

Fv[‘l’](UhW):/ di P (|r=" Q7S+l VS e S ), (227)
ul : : :

as well as the weighted (near infinity) fluxes

V2
Ff[‘l’](vlavz)=/ v (r?r QY OE +HIrTTV S e ), (228)

V1

Uz
FE[W](U17U2)=/ duP(|lr QW& 4 r Tt YOG T ), (229)

U1

where we recall the norms on the spheres S’iﬁv defined in (105). From these, we define
F[¥] = sup FZ[¥](vo, 00)+sup FZ[¥](ug, o), (230)
with corresponding initial energies

Fo[¥] = FiL [W](vo, 00) 4+ F [W] (ug, 00). (231)

uo

To estimate higher-order energies, we also introduce the following notation, tailored
to the fact that the Regge—Wheeler equation (255) commutes with 7' and the angular

momentum operators (2; (cf. §4.2.2):

FrT 0] := " sup FE[T"¥](vo, 00)+sup » _ FF [T'W](ug, 0), (232)
i=0 v =0
FrTY 0] = 3 sup FETH(rY 1) (v, 00) +sup > FET' (Y 4)7 9] (uo, ),
itj<n @ YV oitign

(233)
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which initially become

FoT W) ZFZ [T"W] (v, 00 ZFI [T°W](ug, 00), (234)
Fo V(W)= Y FZ[T(r¥ 4)7®)(vo, 00 ZFIO [T (rY 4) ) (ug,00).  (235)
i+j<n i=0

We also define spacetime energies, which will be used in the integrated local energy
decay estimate. These will be denoted by the letter I. We define (denoting dvolgz =
sin 0 df do)

]Ideg[\ll]:Z/ // dudvdvolszQQ[2|Qy74\p_Qy73\I,|2_|_3|\I,|2

R ' ' (236)
r—3M 1

_|_(T)(|W\I/|2 2|QW4\II|2+7,.2|Q_1W3\IJ|2>:|a

which degenerates near the trapped set r=3M and a weighted energy localised to r>4M
o0 (o)
Iz .[9]: :/ / / dudv dvolgz t,>apn [F|QV U2 +r 17| QY T |2
uo Jvo V52 5

+T176|W\I/‘2+7”7175‘\I"2L

for some O<€<é now fixed once and for all, and ¢,»r being the indicator function which
equals 1 for 7> R and is zero otherwise. The higher-order analogues are defined in the

obvious way:

1! [w) Z Iz [T (rY 4)7 ], (237)

i+j<n

mTY 1),

and similarly for ]Ideg

10.1.2. Statement of the theorem

We are now ready to state the boundedness and decay theorem for solutions P of the

Regge—Wheeler equation.

THEOREM 1. Let P be a solution of the Regge—Wheeler equation as arising from
Theorem 7.3. Then, the weighted symmetric traceless Sﬁ,v-tensor U=r°P satisfies equa-
tion (177) and the following estimates hold, provided the initial energies on the right-hand
sides are finite:

(1) the basic boundedness and integrated decay estimates of Proposition 11.3.1, as

well as the weighted boundedness estimate

FW] SFo[W); (238)
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(2) the higher-order estimates (for any integer n>0)
P9 SF Y[, (239)
(3) the weighted integrated decay estimate (for any integer n>=0)

Iy Y )+ 150 w) < Fp Y [w). (240)

(4) Finally, the polynomial decay estimates of Proposition 11.5.1 hold.

The proof of the above theorem will be the content of §11.

10.2. Theorem 2: Boundedness and decay for solutions to Teukolsky

Our second theorem is concerned purely with solutions to the spin £2 Teukolsky equa-
tions. We define relevant energies and norms in §10.2.1 below. We state the theorem in
§10.2.2. We shall then infer an immediate application of the result to the full system of
linearised gravity in §10.2.3.

10.2.1. Energies and norms

Let a be a solution to the Teukolsky equation of spin +2 as arising from Theorem 7.1 and
a be a smooth solution to the Teukolsky equation of spin —2 as arising from Theorem 7.2.
Recall that associated with a solution to the Teukolsky equation of spin 42 are the
derived quantities ¢ and P defined in (178) and (179) of §7.3, and associated with a
solution to the Teukolsky equation of spin —2 are the quantities ¢ and P defined in
(180) and (181).
We define the following energies for the solution « and its derived quantities 1) and

P, and the solution o and its derived quantities ¢ and P:

F[¥, /] = F[¥] +sup / do [ p)2e P50 B, ]

vo

:F[\lf]+sup/ dullr=t -l
v uQ "

with the obvious definition for Fo[¥, ] and Fo[¥,]. Also,
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again with the obvious definition for Fo[U, ¢, ] and Fo[ ¥, v, «]. Finally, the higher-

order norms

[0, D, 0] =F(¥,valsup [ dolr DR

Vo

B[, Dua) =F ¥ o) swp [ dulr Do 94
v uo v

F[¥, Dy, Da] = F[T, Db, a]+sup/ dvlr=D(a0?)[5z 7,

Vo

F( ¥, D¢, Da]=F[ ¥, @y,g}Jrsup/ dullr™"-D(aQ 7?5 Q2

uo

where we have employed the shorthand notation
T T Y o N LR s 23 [ N ete) 23

for an S2 ,-tensor £.(**)

We also define a basic spacetime energy measuring some form of integrated decay:

Lot [, D, D] =g 0] + 2]+ [ Oo/ "o 0 D (@)
m ,
+r57 1D (%) |2, ],
Lot 2,00 00| = Lieg W+ 9]+ [ Oo/ T dnds 2 D@ ),
o svo +r! Q%) [F: )
The following higher-order energies are then defined in the obvious way

FIY 0,0y, D], Fy"Y[U,09,Da] and ILLY[, D¢, Dal,

master

as are their non-underlined counterparts.

10.2.2. Statement of the theorem

We are now ready to state the boundedness and decay theorem for solutions of the spin
+2 Teukolsky equations.

(?4) Note that, whenever the argument of F involves underlined quantities, it is generally a different
flux compared to the non-underlined quantities. The only exception is F[¥], which is obtained by
inserting ¥ instead of ¥ in F[W¥].
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THEOREM 2. Let « be a solution of the spin +2 Teukolsky equation as arising from
Theorem 7.1. Then, the derived quantity V=r5P, with P defined through (178) and
(179), satisfies the conclusions of Theorem 1. Moreover, provided the initial energies on
the right-hand side of (241)—(242) are finite, we have the following estimates:

(1) the weighted boundedness estimate

F[0, 9, a] SFo[P, ¢, al; (241)
(2) the higher-order statements (for any integer n>0)
FHTY [0, 9y, Da] SFy Y [0, D¢, Dal; (242)
(3) the weighted integrated decay estimate (for any integer n>0)

Ll (2,09, Da] SFy Y [0, 99, Dal. (243)

master

(4) Finally, the polynomial decay estimates of Propositions 12.3.4— 12.3.7 and the
L'-estimate of Corollary 12.6 hold.

Now, let o be a smooth solution of the spin —2 Teukolsky equation as arising from
Theorem 7.2. Then, ¥=r5P, with P defined through (178), (179), satisfies the conclu-
sions of Theorem 1. Moreover, the estimates (1)—(4) above hold replacing the quantities
a, P and ¥ by a, ¢ and VU, respectively, provided the energies on the right-hand side are
finite.

Note that the second sentence of Theorem 2, that W satisfies the conclusions of The-
orem 1, is already immediate from Proposition 7.3.1. The same proposition immediately
yields the analogous statement for ¥ claimed in the second part of the theorem.

The proof of Theorem 2 will be carried out in §12. Key to the proof is to exploit

the transformation formulas of §7.3.

10.2.3. Application to the full system of linearised gravity: Boundedness

and decay for the gauge invariant hierarchy

In view of Proposition 7.4.1, we infer the following application to the full system of

linearised gravity.

COROLLARY 10.1. Let ¥ be a smooth solution of the system of gravitational per-
turbations arising from a smooth seed initial data set on C,,UC,, through Theorem 8.1.
Then, the following statements hold:

e the gauge invariant curvature component @ of the solution . satisfies the Teukol-
sky equation of spin +2, and hence the first part of Theorem 2 applies yielding bounded-

W @
ness and decay for (V,v, o).
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e the gauge invariant curvature component (oai) of the solution . satisfies the Teukol-
sky equation of spin —2, and hence the second part of Theorem 2 applies yielding bound-

(1) (1) (1)
edness and decay for (V,v, a).

Let us note that we know more information about gz) and &) than the statement that
they satisfy the spin +2 Teukolsky equations. The solutions @ and &) are in fact non-
trivially related to each other through the system of linearised Bianchi and null structure
equations. (For fixed frequency solutions, these relations are well known; see [71].) We
stress that the estimates inferred in Corollary 10.1 for . are derived without exploiting
this relation. The above corollary will be the starting point (see §13.1) for the proof of

Theorem 3 to which we now turn.

10.3. Theorem 3: Boundedness for solutions to the full system

We now consider the full system of linearised gravity. Our next theorem (Theorem 3)
asserts boundedness of initial-data normalised solutions .%" as in Definition 9.1. In view
of Theorem 9.1, we will be able to apply Theorem 3 to solutions . arising from general,
smooth asymptotically flat seed data. We first define some additional energies and norms

in §10.3.1 before stating the precise formulation of the theorem in §10.3.2.

10.3.1. Energies and norms

Let . be a solution of the system of gravitational perturbations as arising from Theo-
rem 8.1.
Recall that, by Proposition 7.4.1, the components @ and &) of the solution satisfy

(1)
the spin +2 Teukolsky equations and thus, by Proposition 7.3.1, the quantities P and

1)
P derived from W and (ai), respectively, satisfy the Regge—Wheeler equation. Thus, we
may use the notation of §10.1.1 and §10.2.1 to denote energies associated with these

gauge-invariant quantities. We will augment these with the following combined notation

1) (1) (1) (1) (1) (1) (1) (1)
IF[\Ija \lj, 7/}75/}7 (Oll)a g] = IF[\Ija 1/% (01‘>]+F[\117£Z)7 (é)]

We proceed to define additional (gauge-dependent) energies.

We define the flux
2

(1) o
75X ey = sup [ da [ smodedw{
uo =

v2vg

575 (Va7

a,v

1 W 1?1, W
HgPar?x| + L.
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(1) (1)
Recall now the two auxiliary quantities Y and Z defined in (218) and (219). We define
the following energy for the Ricci coefficients on spheres (the superscript (5) stands for
the fact that this energy is at the level of 5 derivatives of the Ricci coefficients):
ERONEH 1 g NI 1 N W,
DFY, 2] = sup "D} div D3Y |25 +sup [~ r2 div PV, V|2

u,v

N o)
Fsup et Lt iy d/{ngzn?giv (244)

u,v

S2

u,v

N N RO
Hsup [[r 7 V(' Py div PRV (r2 72 (Q tr ) |12
which, at the level of data, is
5115 ) —1_ 3% <o 1.2 * Do
Dy Y, Z] =sup [|[r~" %D, diV}DQYHng,v‘*‘SUP”T T d/{V7D2TQV4Y||SgO,U
N e
sup 2L div B div B2 (245)
w
sup [V (D5 dlv 3T (r2 > (e ) s

(1) (1)
Recall Propositions 9.4.3 and 9.4.2, which guarantee that the norm ]D)g)] [Y, Z] is

indeed finite for the initial data of the solution (gﬂ defined in Theorem 9.1.

(1)
Remark 10.1. One should think of the last term in (244) as the V5 derivative of Z,
but without the (%)—l—(f]))—part. There is a small technical advantage in that the quantity

€)
in the energy satisfies a “more decoupled” equation. Note also that, for both Z and the
last term, we do not put the optimal weight near the horizon (which would allow another
factor of Q71 in both terms of the second line; cf. Proposition 9.4.3).

Let us note finally that, if . is supported on £=0, 1 only, then all the above energies
manifestly vanish. In particular, the above energies vanish for the reference linearised

Kerr solutions g, s, .

10.3.2. Statement of the theorem

We are now ready to state our boundedness theorem for the initial-data normalised

solution .¢" of the full system of linearised gravity.

THEOREM 3. Let . be a smooth solution of the system of gravitational perturbations
arising from a smooth seed initial data set on Cy,UC,, through Theorem 8.1, which is

moreover initial-data normalised according to Definition 9.1.
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(In particular, given a general smooth seed initial data set which is asymptotically
flat with weight s to order n>=10 according to Definition 8.2, then defining

7=+

by applying Theorem 9.1, it follows that . satisfies the above assumption.)

Then, the curvature quantities o and a associated with . satisfy the conclusions
of Theorem 2.

We assume finiteness of the following initial energy, which is at the level of five

derivatives of curvature and five derivatives of the Ricci coefficients
(1) (1)

Eowwgwﬁ%amﬂwcﬁﬂw Y]

(246)
LY (W, D9, 9 R+ F2 Y (W, Do, D] < oo,
Then, we have the estimates
F27Y [0, Dy 98] +F27Y [0, 04, 9&] <Eo (247)
and
I930r% diy B3 iy D3 12, + DI 2. V] < o, (248)

the first one being already immediate from Theorem 2.
Moreover, the initial data energy (246) controls in addition:

(1) Weighted LS L2(S2 )-norms for up to five angular derivatives of the metric
1 (@
coefficients (4, NZIRVLE b - IQ) as in Proposition 13.5.12.

(2) Weighted L2, L*(S7 ,)-norms and weighted L*-fluzes on null cones for

(1)
e up to five angular derivatives of X as in Corollaries 13.3 and 13.4;
(1)
e up to five angular derivatives of X as in Propositions 13.3.1, 13.3.3, 13.3.4

and 13.5.7;
e up to five angular derivatives of (117) as in Propositions 13.5.3 and 13.5.10;
e up to five angular derivatives of %) as in Propositions 13.5.3 and 13.5.11;
e up to five angular derivatives for (Q(EL:I)' X) as in Corollaries 13.3 and 13.10;

e up to five angular derivatives of (Q2trx) as in Proposition 13.5.5;
e up to five angular derivatives of & and &) as in Proposition13.5.4.

(3) Weighted LS L2(S2 )-norms for four angular derivatives and weighted fluz es-

(OIS R CDINCO RN e
timates for five angular derivatives of the curvature components ( ,B,0,0,8,a) pro-

(1)
vided the non-degenerate initial energies FO[ ] and F3[¥ [7} are finite and added (to (248))
on the right-hand side. See Propositions 13.5.1, 13.5.8 and 12.3.1 for the flux estimates
and Propositions 13.5.2 and 12.3.3 for the L, L*(S} ) estimates.
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Finally, let Jy s, be the initial data normalised Kerr solution as in Theorem 9.2 such
that "= — K s, has support outside £=0,1. Then, the initial norm (246) coincides
for cgﬂ’, and the above statements of the theorem all hold applied to {vy’ in place of .,

where now the derived energy bounds are coercive on all quantities (130) of 7.

10.3.3. Remarks and uniform pointwise boundedness
We give a number of remarks concerning the statement of Theorem 3.

Remark 10.2. If . in Theorem 3 indeed arises through Theorem 9.1 from smooth
asymptotically flat seed initial data of order %gsgl and with n>15, the finiteness of
the initial energy (246) is seen to be a direct consequence of the estimates (439) and
Propositions 9.4.3 and 9.4.2.

Remark 10.3. As we shall see, the boundedness and decay estimates proven in The-
orem 3 can be proven also if the conditions (189) and (190) did not hold for .. The only
difference are additional boundary terms appearing on the right-hand side in the esti-
mates; cf. Proposition 13.5.4. The horizon gauge conditions (198) and (197), the round
sphere condition (191) for .# and the finiteness of (246) are fundamental, however.

Remark 10.4. The propagation of the weighted norm (246) in (247) and (248) and,
intimately related with it, the propagation of the round sphere condition at infinity, can
be viewed as a version of propagation of asymptotic flatness for the solution .#, which

does not lose derivatives.

Remark 10.5. In the course of the proof of Theorem 3, we shall obtain several
other estimates on various derivatives of the Ricci coefficients. We have not stated
these estimates explicitly above but direct the reader to the body of §13. Some of
these estimates are needed to prove Corollary 10.2 below. We also emphasise that the
quantities ff;’) and (>1A() can already be shown to decay to zero in time for . ’. This is not
true for the other Ricci coefficients and curvature components (except, of course, for the

gauge invariant quantities @ and (é) for which the conclusions of Theorem 2 hold).

Remark 10.6. The above statements focus on angular derivatives. A version of the
above theorem can be obtained for all derivatives of curvature and Ricci coefficients up
to order five, provided appropriate quantities are assumed to be finite initially. As this

is standard (but lengthy) we leave it to the reader.

Simple Sobolev embedding on the spheres wa and using the fact that .7 of Theo-
rem 3 is supported outside of /=0, 1, together with the boundedness of J, ,,, we obtain
in particular the following result (see §13.5.8).
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COROLLARY 10.2. Let . and Sy s, be as in the statement of Theorem 3. Then,
all quantities (130) of .&'=.7"— s, are uniformly pointwise bounded in that

(1) (1)
[P  HQrTE B I O+ |+ B+ Ir ] S Ve,
(1) Y ) eN
[P2QX|+rQ ™ X+ ]+ |
(1) (1)
—|—|r2(2*2(Qtrx)|—|—|7‘Q*2(Qtrx)|+|r(57€)/22u1>|+\9728| <+VEq

1)
(1)

N (1) (1)
g+‘%’+rl/2_s|b|+|ﬂ_19| < VEo.
The same bounds hold for .& in place of féﬂ’ if a constant depending on

[m|+[s—1]+]so|+]s1]
s added to the right-hand side.

(1)
Remark 10.7. We indeed control [r2Q~2(Q tr )| above, because the regular quantity
(1)
(Qtr x) vanishes linearly on the event horizon for the gauge ..

10.4. Theorem 4: Decay for solutions to the full system in the

future-normalised gauge

We may now state our final Theorem 4 giving quantitative decay, measured in appropriate
L? norms, for all quantities associated with the horizon-renormalised solution & defined
in Proposition 9.3.1. As a corollary, we shall deduce in particular pointwise polynomial
decay of the metric components of & to their linearised Kerr values given by J, s, of
Theorem 9.2. The norms appearing below have already been defined in §10.1.1, §10.2.1
and §10.3.1.

THEOREM 4. Let . be as in Theorem 3, in particular (246) holds initially. Let
S =S+

be the horizon-renormalised solution defined in Proposition 9.3.1. Then, the following
statements holds.
(1) The pure gauge solution {é is uniformly bounded and controlled solely by the ini-
tial data energy (246) and the ingoing shear of the solution & on the initial sphere Sgwg.
In particular, the geometric quantities of 4 satisfy the weighted boundedness esti-
mates of Proposition 14.1.3, which are identical to the weighted boundedness estimates

proven for & up to four angular derivatives of all geometric quantities.
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In fact, except for a small loss(*®) of decay towards null infinity for the highest
angular derivatives of some of the %A quantities, any weighted quantity bounded in & by
Theorem 3 is also bounded for ?é, and hence, by linearity, for 7.

(2) The geometric quantities of 7 satisfy the integrated decay estimates of Propo-
sitions 14.2.1, 13.3.3, 14.2.3, 14.2.4, 14.2.5, 14.2.7 and 14.2.8. In particular, we obtain
a degenerate (near r=3M) integrated decay estimate for five angular derivatives of the
linearised curvature components ((1) (B> (g}) %) <B),(i)) and a non-degenerate estimate for
four (or less) derivatives.

(3) The geometric quantities of 8% satisfy the polynomial decay proven in §14.3. In
particular, the metric coefficients satisfy the polynomial decay estimates (with By defined

n (246))

(1) 1
It 2 PY e 0llss S < VEs, (249)
_ ey 1
|| 1'7’¢2b“53,v S’m\/EO (250)

(1) 1
H ‘¢||Su v Y 1/2 v EO’ (251)

(1)

Cep VR, (252)

to be proven in §14.3.2.

Fz'nally, let Hm,s; be the reference linearised Kerr solution defined in Theorem 3.
Then, 5”’ 5” Hm,s; 15 supported away from £=0,1 and the above statements of the
theorem hold as stated for ,52'. As in the final statement of Theorem 3, the energies are

now coercive on all quantities (130) of S
We append a remark analogous to Remark 10.4 in Theorem 3.

Remark 10.8. As one readily checks, statement (1) in Theorem 4 implies in partic-

A
ular estimate (248) for the geometric quantities of . on the left-hand side. Therefore,
analogous to Remark 10.4, we can interpret the result as a propagation of asymptotic

A
flatness for the solution .¥.

A simple application of the Sobolev embedding theorem on the round sphere to
(249)—(252) provides the following result.

COROLLARY 10.3. Wzthj” Hnsi and f’ 5” H,s, as in Theorem 4, the metric
(1)

components Q[&Q] [,59’] \/53[5”’] and g[ﬁ”’] of 8 satisfy the following uniform bounds

(?%) This loss can potentially be avoided with further work. See Remark 14.1.
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on MN{uzug}tN{v=ve}:

(1) 1
10710 < 5\/1E0 (253)

and

a CONCY
|

Bl +1V/F1+191 S 175 Vo (254)

Thus, the metric components of ¥ converge pointwise to the linearised Kerr values

of Hm,s;-

Let us remark that one can also obtain pointwise bounds for all Ricci coefficients
and curvature components from the bounds proven in this paper, but we will not state

these bounds explicitly.

11. Proof of Theorem 1

The present section contains the proof of Theorem 1. As explained in §2.3, this proof
follows closely previous work for the scalar wave equation (48). The reader may wish to
refer to §2.3 for comparison while reading the present section.

We begin in §11.1 with the natural energy identity associated with the Regge—
Wheeler equation. We then show in §11.2 a version of integrated decay which degener-
ates at r=3M, at the horizon H* and at null infinity Z*. The degeneration at H* is
completely removed in §11.3 using the red-shift, whereas the degeneration at Z" is refined
in §11.4 using an r? hierarchy. Higher-order estimates and polynomial decay estimates

for the energy will be the content of §11.5.

11.1. Energy conservation for Regge—Wheeler

Let ¥ be as in the statement of Theorem 1.

From
QV3(QY,¥)— 2™ AV+VE =0 with V= 4 _6M (M . (255)
r r2 s r
we easily derive the following identity:
: 2 2, o 1=2M/r 2 2
[QV3+QV.] [ sinfdfde ( [QV4 82 +]QV 59" +2— = [rV¥[*+2V Y|

(256)
+QV5-F4) [ sin0ds do (07,9 - [0F %) =0,



THE LINEAR STABILITY OF THE SCHWARZSCHILD SOLUTION 117

Using the notation 1—p=1—2M /r, we define the null fluxes
va
FI U] (v,v0)= [ dvsin@dfde (|QV U2+ (1—p)| Y2 +V|T?),
u2

FI() () = [ du sin0 8 do (0950 +(1- ) [V WP+ V]9 P)

U1

vo (12 (A6 L 2M
r r2 3 72 r

and hence that these fluxes are manifestly coercive.

Note that

Integrating (256) with respect to dudv yields a conservation law.
PROPOSITION 11.1.1. For any u>ug and v=vg, the ¥ of Theorem 1 satisfies
Fy [9)(vo, )+ F 9] (o, u) = Fo [9] (ug, u) +Fy [¥] (vo, v). (257)

The above is the precise analogue of the T-energy identity for solutions ¢ of (48).(9)

11.2. Integrated decay estimate

Let us define the operators
T:.= %[QV3+QW4] and R* = %[_QW3+QW4]

(We note that T above coincides with Lie-differentiation £ with respect to the Killing
field T of §4.2.2, but the above form will be convenient here.)

Let now f be a function on M° of r*:=(v—u) only, i.e. T(f)=0 and f":=R*(f). We
have the identity

[QV5+QV ) (HIQV 40 |* - QY3 0[*})
+107, -] ({107, 07+ 07,02 -2 e -2V ep L) g

r2

+2f (|QV 4 V|2 +|QV 3 ¥ |?) —4R* (ffj‘) [rY |2 —4R*(fV)|¥|? =0,

where = means that the above becomes an equality after integration over [ sindf de,
and the identity
QY3 +QV (U [QV 3 +QV,] )
—[QV 3 - QY] (F ¥ [QV 5 — QU+ [?) (259)

1—
_2f//l|\Ij|2_4f/QW3\Il.QW4\I/+4f/ <T2ILL|TV\I/2—|—V|\I/|2> EO~

(26) Let us note that one can indeed easily adapt the energy-momentum tensor formalism of §2.3.1
to Regge—Wheeler, but we here prefer to explicitly integrate by parts.
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Adding (258) and (259), yields the identity

0=[QV3+QV,(F{|QV ¥ [> = QY3 U >} +§ T [QV 3+ QY ] ¥)

LY, —0v,) (f{IQV4\PI2+IQY73\I/|2—21_2“|rW\P|2—2V|\P|2}

r

f’\If~[Qy739Y74]‘Iff”I‘I’2> 200

20T 0T+ | a1 )| 4wy

Note that, after integration with respect to the measure [ dudv sinfdf d¢, the term in

the last line is a spacetime term, while all others are boundary terms.

11.2.1. The choice of §

The next lemma shows that we can choose a function § in the identity (260) such that
the last line of the latter is a manifestly non-negative expression. The choice below has
appeared before in [36].

LEMMA 11.2.1. If we define

f= (1—31\4) <1+Af>, (261)

then there exists a constant ¢ such that the ¥ in Theorem 1 satisfies

. 1§ (1—pY LA
6 d |1-51 i i et
/sm d d¢{|7"V‘I’| [ 21—M< -2 >}+|\II| [ 21—,uf 41—#}} (262)

> %/sin9d0d¢|\ll|2
T

for all (u,v) with re(2M, c0).

Remark 11.1. With the above choice of f, the square bracket multiplying the term
|rY¥|? is non-negative. Since (261) implies that §'/(1—pu)>2M /r2, the last line of (260)

is indeed non-negative.

Proof. Since the term |rY ¥|? is non-negative, applying Proposition 4.4.4 shows that

it suffices to establish

1 2 2 1— / 1 ¢
5(V+( /11;) 1)) _Eli 2%. (263)
7 poor
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3M (. M 3M\ [ M\ 2M  6M?
=\ )t - )2 ) == T
r r r r r r

We compute

_AM 18M?2
frr _7‘73_ ’1“4 9
12M  72M?
f’l"”’l"_ 4 7‘5 b
and hence
2M  6M?
=t = (2 + 2,
2M
R ] (261)

f///:frrr(l_ﬂ)g"'frrﬁriﬂj( ) —2Mj¥, 23 (1_37{\4>(1_U>7

and therefore

1 2 1
expr:= - (V‘f‘rg(l —M)>f+ me

3M  18M°2 3M AM 18M?
[T4 5 ](1—M)3 (1- M)z(r3+ )

272 r
M (2M 6M? 3M
el el sl IS P 122
r3<7'2+r3 )( M)( 7")

+;<1—3£4> (1+J\f) [TQ <1—3i\4)(1—u) (6—6'?4>+6;M(1 1) }

We claim that this expression is negative for re(2M, o).
expression as follows

2 2
o ope [ 22 18 ](wM ur)

3M 2M 4M 1802 M (2M 6M? 3M
toa\l—— i )T\ et )\
272 r r r r r r
r r r r
which is computed to be

. 3M  6M* 60M° T2M*
—(1—p) " expr=— + +

To see this, we write the

T4 rd r6 r7

3M<4]\4+10M236M3> M<2M 18M3>

272\ 3 rd rd 3\ r2 r

L L (oM 3ME 9M® 6M
- —+—+— | [6——
7“ r r r r
C3M (. AM  M?* 6MP
l-—+—+— ),
,,«4 r 2

r r3



120 M. DAFERMOS, G. HOLZEGEL, AND I. RODNIANSKI

and simplifies further to
- 6 1
—(1—p) expr> r—3+r—4(—3M—30M—6M—3M)
1
+ = (—6M?+6M>+2M*+18M?*+30M*+12M?)
r

1

+— (60M>+15M> +54M> —18 M3 —3M?)

+— (=T2M* —54M* —18M* —54M* — 18 M*).

g
1
7
It thus suffices to establish positivity of the polynomial

6rt —42M 73 +62M*r* +108 M3r —216 M*, (265)
or equivalently, upon setting r=2Mx, positivity of

p(r) = 120" — 4223 43122 +272—27 for z € [1, 00). (266)

Using elementary calculus, one easily shows p(z)>1. O

11.2.2. The basic estimate
Upon integrating (260) with respect to du dv sin 6 df d¢ over any spacetime region
[an U} X [’U()7 U] X S’?L,’T)

with § as chosen in Lemma 11.2.1, we see (f is uniformly bounded and (264) holds) that we
can estimate all boundary terms (null-fluxes) by the fluxes FL[W¥](vg,v), F.I [¥](uo,u),
FLW](ug,u) and F} [¥](vo,v), which, by the conservation law (257), means that all
boundary terms are controlled by a constant times F [¥](vo,v)+FL [¥](vo,v) alone.
Exploiting now the statement of Lemma 11.2.1 for the term in the last line of (260), we

obtain the basic Morawetz estimate
u v 1 1
ug Jvo /52 5

< CIFL W] (vo, v)+ Fof [¥] (uo, w)]-

(267)

The above estimate (267) can be improved immediately. First, integrating (260)
again with respect to dudv sinfdfd¢ and f as in (261) we (instead of applying the
Poincaré inequality to the angular term) observe that all first-order terms are actually

non-negative and that the order-zero term of W is controlled by (267). This gives

u v _ 2
/ / / du dvsin 0 d dpQ? %|QY74\I/—QY73\IJ|2+w\W\If|2+i3|\lf|2
uo Vo 2 r r r

w,v

< CIFE [W](v9, v)+ FL [W) (uo, ).
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A standard argument allows us to recover the missing derivative: For instance, integrating
the identity (258) with a bounded, monotonically increasing f which vanishes to third

order near r=3M, we obtain
u v o ) 1 , 1 ,
dudvsingdf de Q r—2|QY74\IJ—QY73\I/| _|_73|\11|
ug Jvg JSZ 5

S (Lgur+ Siovavr )] (208)

r2 r

< CLFy [)(vo, v) +Fy [¥](uo, )]

Uuo

The degeneration near r=3M is the familiar trapping phenomenon and cannot be
removed (although it can be improved to logarithmic loss; cf. [52]). The degeneration at
the horizon however can be removed by exploiting the redshift. The weights near infinity

can also be improved. We turn to these two refinements in §11.3 and §11.4 below.

11.3. Improving the weights near the horizon H': The redshift

Given Proposition 11.1.1 and estimate (268), the argument exploiting the redshift iden-
tity, as described in §2.3.1 and §2.3.2 for the scalar wave equation (48) (cf. [25]), can be
immediately adapted to W.

In particular, one upgrades Proposition 11.1.1 to the non-degenerate boundedness

statement
Fu[¥](vo, v) +Fy [¥](uo, u) S Fuo [¥](uo, w)+ Fuo [Y](vo, v), (269)

where these are now non-degenerate null-fluxes defined in (226) and (227), and the esti-

mate (268) itself to the improved(?”) integrated decay estimate

/// dﬂdz‘;sin@d@dd)()?{12|QY74\II—QY73‘I/|2+13|‘I’|2
uo vo ng r r

| —3M)? /1 1 1, 270
SR (Lpwpe Slavaep+ poveer)] O
T T T T
 Fug )00, 0)+ Foy [¥] (0,0,

Note that, taking the limit u, v—o00, the left-hand side is precisely Leq[¥]. Hence, (269)
and (270) prove the following result.

(?7) In the sense that the regular transversal derivative (1/Q)Y3¥ is also controlled near the
horizon-the degeneracy near r=3M remains.
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ProrosiTION 11.3.1. The ¥ in Theorem 1 satisfies the boundedness estimate

Slip Fu[\:[/](’l]m OO)-I—Slip Fﬂ[\IJ](U‘O? OO) S Fvo [\If}('LLO, OO)+FUO [\I/](U(b OO), (271)

and the integrated decay estimate
Laeg [W] S Fup [¥] (w0, 00) 4 Fug [¥](v0, 00), (272)

provided the initial energies on the right-hand side are finite.

Note that higher-order versions of the above proposition are immediate from Lie
differentation with the Killing fields of §4.2.2, i.e. L7 as well as Lg,. We note also the

following result.

COROLLARY 11.1. The W in Theorem 1 satisfies

1 1
Hndeg [\Il} S Z Fvo [T’L\I/](u()a OO)"_Z Fuo [Ti\ll}(vm 00)7 (273)
i=0 i=0
provided the initial energies on the right-hand side are finite. Here, the left-hand side

denotes the non-degenerate (near 3M) integrated decay energy

[ = I~ 2 1 2 1 2 1 2 1 -1 2
]Indeg[\l’] = 2 dud?)dVOngQ 7‘73|\I}| +;|V\I/| +ﬁ|QV4\P| +ﬁ‘ﬂ W3\If| .
uo Vo a0,

Proof. By the remark following Proposition 11.3.1, the right-hand side of (273) con-
tr0ls Laeg [¥]+Laeg [TP]. In particular, both |TW|? and |[R*¥|? (and of course |¥|?) are now
controlled without degeneration at 3M. To control also the term |¥ ¥|? non-degenerately
near 3M integrate the multiplier identity (259) with f=1/r and use Proposition 11.3.1

to estimate the boundary terms that appear. O

11.4. Improving the weights near null infinity Z*: The P hierarchy

The r? hierarchy of [22] recalled in §2.3.3 in the context of the scalar wave equation (48)
can also now be adapted to W.

From the Regge—Wheeler equation for U we derive the identity (for 1<p<2 and

k1)
ey vt oo v ue o o]
R e [ AR TR (A R (214)
(( N)) (( 1)

+ [(2—;))7“17_1(1—u)l_k—i—r”(kz—l)(l—u)_k27,]\247“1,} V¥|*>=0,
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where we have used

=2V - AU =V |V —2[V,, VIOV = V4| VI +tr x| VO,

and = indicates that (274) becomes an identity after integration against sin 6 df d¢.
For our current purposes, it will be sufficient to integrate (274) for 1<p<2 with

respect to the measure du dv sin 6 df d¢ in a region
R= {(’U,, U) eM Z’I‘(u, U) P R7 Uo S U K Ufipal and Vo <UL Uﬁnal}a

for sufficiently large R, and ugna and vgna arbitrarily large. Precisely, we choose R

sufficiently large (depending only on M) such that

rP 1 -
—8u((1_'u)k)>27’p ! for alll§p§2 and k<5

Note also that
VrP
o (o)
(I—p)k

-5 4rP=2 M rP—3
U (ARt

= iL)k {(4(2—17)7‘173 —6M(3—p)rPH(1—p)+(k—1) 2767]\24(47"1972 —6MrP?)
= uiivu)/f[4(2 —p)rP T3 MrP A (8k+14p—42) + 12M 2P ~% (4—p—k))

holds, which means that, given any 1<p<2, the choice k=4 ensures that also the estimate

D
-0, (Vrk> > OM P4
(1—p)

holds in R, for sufficiently large R (depending only on M). Therefore, integrating (274)

for p=2 with respect to the measure du dv sin 6 df d¢, we first obtain the estimate
/ dudv sin 0 df dp (r|QV 4V > +r1 |V 2 +r~ 15| T )?)
R
< c/ dv/ Sin0.d0 d (2|8 20 ) (g, 0)+ C(Foy [¥] (0, )+ oy [¥) (10, ),
Vo SQ
(275)

for e=1, where the last two terms on the right-hand side account for the terms arising
on the timelike hypersurface at r=R, which can be controlled by the Morawetz estimate
(270), after averaging in R. To show that the estimate (275) holds for our fixed 0<e<3,
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we integrate (274) for p=2—¢ with respect to the measure du dv sin 0 df d¢ and add it to
the p=2 estimate. Note that the constant in (275) is independent of both g, and vgpa,
and that the estimate hence holds for R replaced by MN{u>uo}N{v=ve}N{r=R}.

At the same time, the integration of (274) over R produces good boundary terms
(fluxes) on u=ugina and v=vgn, from the terms in the first line of (274). Taking suprema,
we deduce both (238) and the n=0 part of (240), after recalling the shorthand notation
(230), (231) for the energies.

With these bounds established, we deduce the following result.

COROLLARY 11.2. Under the assumptions of Theorem 1, we also have the estimate

sup 1= W%, | S P[] (v0,00) + 1 [¥] (o, 00). (276)
U;U([))

Proof. The fundamental theorem of calculus in the V,-direction and the Cauchy—
Schwarz inequality using the flux (228) gives this bound with an additional (initial) term
sup,, ||7'*1~\I!H§2 on the right-hand side. Applying 1-dimensional Sobolev embedding

u,vq

on v=uvy, shows that this initial term is controlled by F.f [¥](uq, oc). O

We finally note that integrating (274) with p=1 and k=4 (instead of p=2 and k=4,
as done to derive (275)) leads to additional estimates which together with the choice
p=0 and k=0 (for which the identity (274) also holds) constitute the Regge—Wheeler

analogue of the rP-hierarchy for the wave equation in [22].

11.5. Higher-order estimates and polynomial decay

In this section we will extend the above weighted estimates to higher order and then infer
polynomial decay.

We note the trivial fact that the Regge—Wheeler equation (255) commutes with Lie
differentation with the Killing fields of §4.2.2, i.e. Lr as well as Lg,.(*®) Recalling the
commuted energies (233), we hence immediately conclude the following corollary, which
provides the estimate (239) and the n>0 part of the estimate (240) in Theorem 1.

COROLLARY 11.3. If the ¥ in Theorem 1 satisfies Fg’T’W[\I/]<oo for some integer

n>=0, then we have the estimate

LY 1]+ 1Y (0] + F T (0] S F Y (0. (277)

(?®) Asin [18], we could alternatively commute “tensorially” with r¥ 4 and estimate the lower-order
terms inductively.
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As an immediate consequence of Corollary 11.2, we also have

sup |[r=t- AP w2, <FRTY (@)
u}uo u,v
V=200

We can in fact show an analogue of the above for an nth-order non-degenerate energy,
where higher derivatives have moreover additional weights in v. This is a straightforward
adaptation of the procedure appearing in [68] and [57] to ¥, and follows by commuting
the equation with the redshift operator Q~'Y; near the horizon and with the weighted
operator ¥, near null infinity, and observing that the terms non-controllable by (277)

occur with favourable signs. We will simply state the estimate arising. Define the energy

Fr@]:= Y sup FL[(Q'V3) (rQV ) (r¥ 4)*¥] (v, 0)
ks . (278)
+ ) sup FI(QTYS) (rQY ) (Y ) W] (ug, 00),
itjitk<n ¥
with initial energy
Fo(W]:= Y FL(Q7'V3) (rQV.) (1Y 4)* ¥](vo, 0)
i+j+k<n
) ) (279)
+ Z Fzﬁ[(9_1773)1(7"9?74)3(TWA)k‘I’](UO,OO)-
i+ji+k<n

We have the following result.

COROLLARY 11.4. If the U in Theorem 1 satisfies Fy[V]<oo, then we have, for any

n>=0 and non-negative integers i, j and k with i+j+k<n, the estimate

We will in fact only use Corollary 11.4 later to optimise decay statements already
obtained.

Exploiting the rP-hierarchy for the Regge—Wheeler equation discussed in §11.4, poly-
nomial decay estimates can be obtained for ¥ exactly as in [22] for the case of the scalar
wave equation (cf. the discussion in §2.3.3). We only give the most elementary statement
here.

Let us fix ro:=r(ug, vo) >2M and denote by u(v, ) the u-value corresponding to the
sphere of intersection between the r=ry hypersurface and the constant v hypersurface.
Note that v~u(v,rg), for large v. Applying step by step the method of [22] (for details
on the method of [22] in more general settings see [68], [57]), we obtain the following

result.
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PROPOSITION 11.5.1. Fiz ro=r(ug,vp) and v=vg and suppose the U in Theorem 1
satisfies Fg’T[\IJ]<oo initially. Then, for any V=v and any U>u(v,rg), we have

Fur[2](0,00)+ Fy[W)(u(v, 70), 0) £ — B3]

The constant implicit in < depends on 1o, and we recall the non-degenerate energy fluzes
(226) and (227).

Proof. Since the proof is entirely analogous to that in [22], we only provide a sketch
from which the reader can easily fill in the details. Adding to (275) the estimate of

Corollary 11.1 (and their T-commuted analogues), we find

0o oo d
1 1
/// udvdvolSQQ2Lﬂ2\I/|2+|Y7\II|Q+T|QY74\II|2+2|Q_1Y73\I/|2]
ug Vo S2 5 r

+/ / / di dv dvol g2 Q2 [2|T\I/|2+|Y7T\Il2+r|QY74T\II2+2|Q_1Y73T\IJ2}
) Vo Sg r r

U,

SFT).

From this, we extract a dyadic sequence (v;); with associated ingoing cone

C, = [u(vi,10),00) x {v;} x §?

i

and outgoing cone éu(vi,ro):{u(vi, 70)} X [v3,00) x S? such that for each v; we have

o
1
/ dii dvol g2 QQ(|Q_1Y73\B2+|Y7\II|2+2‘I’|2
u T

(vi,ro)

1
+|Q_1Y73T\I/|2+|Y7T\Il|2+r2|T\P|2>(u,vi)

00 1
+/ dv dvolg2 <T|QV4‘I’|2+|V\II|2+72|\P|2

2T
Fy” 9]

U;

1
+r|QY74T\I/|2+|Y7T\I/|2+r2|T\If|2> (u(vi,m0),0) <

Note that, in particular, the ingoing non-degenerate energy (of both ¥ and T¥) on QN'W
and the outgoing energy (of both ¥ and TW¥) on éu(ui,ro) are decaying. Hence, applying
Proposition 11.3.1, now from each dyadic pair of cones Qviuéu(w(]) (instead of from
évo UCN’UO) yields, using the previous estimate for the right-hand side in Proposition 11.3.1
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for any v>vg, the estimate

/ dii dvol gz Q2<91W3\IIIQ+IY7‘I/2
u(v,ro) ,
N, 1
+|T2|+|Q‘1Y73TWI2+IY7T‘I’I2+73|T‘I’|2) (@,v)
|w?

oo
1
+/ dv dvolg2 (QW4\112+|Y7\IJ|2+T2
v

F2 7]
(280)

1
+[7] |QY74T\I/|2+|Y7T\112+T2|T\I/|2> (u(v,70),7) <

without the boxed r-weight. In addition, we obtain (cf. (270))

[e’e) [e%e) FQ,T ]
/ d@/ di dvolg> Q?[e[U]+e[TP]] < 2 [ ],
v u(v,ro) S5

v

for all v>vq, where

2
R N H S T AT TR ST
We now integrate (274) (and its T-commuted version) with p=1 and k=4 in R from each
Cu(vi,ro) to improve (280) to include the boxed r-weight. In addition, we obtain a good
spacetime term in the region R which can be combined with the estimate of Corollary 11.1
(exchange the initial cones éUOUC’uO by the dyadic pair of cones Qiu@(vm), and use
(280) without the boxed r for the right-hand side in Corollary 11.1) to obtain

0o oo 1 1 F2’T[\I/]
/ d@/ da/ dvolgs Q2 {2\11|2+y7\1/|2+|m74\11|2+291y73\1/|2 <0 -
v u(v,ro) SZ 5 r r v

(281)
for all v>vy. From this, we find a (potentially different) dyadic sequence (v;); along
which

e} U 2
/ di dvolgz QQ(|Q_1Y73\II|2+|Y7‘II|2—|—|T—2|)(@,vi)

u(vi,ro)

oo \If 2 IFQ,T \I/
+/ dv dVOlsz (|QV4\I/|2+|W\I/‘2+%)(U(U“7‘0),1_}) ?’[}‘)[2 ]

A

Finally, applying Proposition 11.3.1 from each of these dyadic pair of cones Qvi Uéu(%m)
towards the future yields the statement of the proposition. O
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COROLLARY 11.5. Under the assumptions of the previous proposition, we have the

integrated decay estimate

/ d@/ da/ dvolg: Q? {29%\1/—9%\14%3%2
v u(v,ro) 5%, " "

r—3M)? (1 1 1, Fo' [
SR (Lywps Sovaeps Sortvgee )| s B
r r r r v
Proof. Apply Proposition 11.5.1 to (270) replacing vy by the fixed v and ugy by the
fixed u(v,rp) in (270). O

12. Proof of Theorem 2

In this section we exploit the transformation formulas of §7.3 together with Theorem 1
to prove Theorem 2. The reader can refer to the overview of §2.4.2.

We begin in §12.1 with the most basic estimates for 1, 1, a and « that follow straight
from the transport structure of equations (178)— (181), in conjunction with Theorem 1.

In §12.2 we obtain higher-derivative estimates for 1, 1, a and « that follow from
commuting the aforementioned transport equations. Sometimes pointwise algebraic iden-
tities (§12.2.1) can be used to avoid the loss of derivatives that is encountered in using
the transport equations. Combining these results, we finally complete the proof of the
first three statements of Theorem 2 in §12.2.6. The final subsection (§12.3) presents some
refinements of the previous results, including higher-order estimates and polynomial de-
cay statements for solutions of the Teukolsky equation, in particular the last statement

in Theorem 2.

12.1. Ascending the hierarchy: basic transport estimates

We will prove the statements of Theorem 2 regarding spin +2 and —2 Teukolsky equations
in parallel. Let o and «a be as in the two parts of Theorem 2.

We first define the derived quantities ¢ and P from «, and ¢ and P from a, from for-
mulas (178)—(179) and (180)—(181), respectively, of §7.3. By Proposition 7.3.1, it follows
that both P and P satisfy the Regge—Wheeler equation. We may thus apply Theorem 1
to both P and P, noting that, by the assumptions of Theorem 2, the corresponding
initial energies appearing in Theorem 1 are finite.

In the subsections that follow, we will show how from control of P and P we can
control ¥ and v, and then « and a, by estimating transport equations.
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12.1.1. Estimates for ¥ and v
We begin by estimating ¢ and 1.

ProprosITION 12.1.1. The derived quantity 1 associated with the solution « of The-
orem 2 satisfies the following estimates. Along any null-hypersurface of constant u>ug,

including the event horizon,
| ol ol 10 o) SFol, vl (252)
vo
In addition, we have the integrated decay estimate
/00/00 du dv ||r_1z/JH%3 Ur7_EQ4 SFo[V, 4, (283)
wo Jvo :

where the constant in < depends on €.
The derived quantity v associated with the solution o of Theorem 2 satisfies the
following estimates. Along any null hypersurface of constant v=wvg, including in the

limit on null infinity,
/OO du |\T*1£[,||253wr6(u,u) SFo[ P, 9]
ug
In addition, we have the integrated decay estimate
/‘”/” dudvlr~dlss ,r°7° SFo[¥, Y], (284)
uo Joo

where the constant in < depends on €.
Proof. From (179) we derive
B[ |9 [Pro0®) =2r°0° (P, ), (285)
or, multiplying by " and using r, =—2,

(9u(|’(/J|2T‘GQZ~’I“n)+|’L/J|27"GQ4717"”_1 :2T6+"Q3P'(/}
1 2 (286)
< 5|1/}|27,694n7,nfl_’_7?n7+n|13|2927
n

which simplifies to

1 2
Ou([9|?r802 -r”)+§|¢|2r694mﬂn_1 < e PPO2. (287)
n
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The analogue of (285) is
D[V Pro0?) = —2r°Q% (P, y). (288)
We can multiply this by 1/9Q2, which satisfies 9,Q72=—(1/Q2)2M /r%:
1
Dy {mwﬁrﬁm} +2M7rHy|? = —2r5Q(P, ¢), (289)
and hence
1 2,602 49,012 L sipi202
Oy [m|w| r°Q :|+M7" |@| gﬂr |P|*Q=. (290)
Multiplying instead by 1/7¢, we find similarly
1
28 [TEW#”Q?] +er T OO Y < Coor T | PP (291)

For the right-hand sides in (287) (applied with n=2—¢ for £>0), as well as (290)
and (291), we already have an integrated decay estimate, i.e. the right-hand side remains
controlled from initial data when integrated over the spacetime region [ug, u] x [vg, v] x 52
(for any u>wug and v=vp), with respect to the measure du dv sin 6 df d¢; see (240). Upon
this integration, the left-hand sides of (287), (290) and (291) will provide estimates for
fluxes of ¥ and v, as well as integrated decay as stated in Proposition 12.1.1. O

COROLLARY 12.1. In addition to the bounds of Proposition 12.1.1, we have, for fixed

u>ug (including the horizon u=00) and any v>wvy,
v 1
||r—1,£pQ—17~3||§3m+/ dv 72”7“_1@(2_17“3”?93,5 < ||7~—1.£/,Q—17~3H2§;ﬁyv0 +Fo[¥].
Vg

Proof. Write (289) as 0,[|1[*Q2r%]+(4M /r?)rS|¢2PQ 2 =—2r°Q~1 (P, 1), then in-

tegrate using Cauchy’s inequality and control on the P-flux from Theorem 1. O

COROLLARY 12.2. In addition to the bounds of Proposition 12.1.1, we have, for

n=1,2,3 and any fixzed v=vg and any u>ug (including the horizon u=00),

u
7| 2 +/ da Q2" Hr Qe |2, St lr Tt Qrd|R. T Y.
u,v u,v uQ,v

uo

Proof. Fix arbitrary v and integrate (286) for n=1,2,3 from u=wuyg to arbitrary u,
the P-flux being controlled from Theorem 1. 0
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12.1.2. Estimates for o« and «

Now let us obtain decay estimates for « and a.. The following proposition (in conjunction

with Proposition 12.1.1) proves the estimate (241) of Theorem 2.

PROPOSITION 12.1.2. The solution o of Theorem 2 satisfies the following estimates:

Along any null hypersurface of constant u>uq, including the event horizon, we have

o0
/ dv||r_1a||%2 T6_EQ4(U7U)SF0[\I/,¢,OZ]. (292)

Vo

The solution « of Theorem 2 satisfies the following estimates: Along any null hypersur-

face of constant v=wvg, including in the limit on null infinity, we have
o0
| aulral 20 w0 SFoE,v.a) (293)
uo v -
Finally, we have the integrated decay estimates

// dudvrleQ*QHr*lQH?;z SFo[¥, 9, a,
uo vo " N

/ / dudvr® Q% |lralf. SFo[U, 1, al.
uo Vo v
Proof. Observe that we can write
Vs (rQ%a) = —2¢-rQ2. (294)

It follows that
a7,L(T2S)4|0l|2) = 747”295(1/}’ Oé),

which, upon multiplication by ", becomes

Du(r™-r2Q*a)?) +nr" 1205 a)? = —4r3 QP (¢, a)r" !

4
< Ern—1r296|a‘2_~_77,7L—1T4Q4‘¢|2_
2 n
From the resulting
4
Ou(r™ 12 af?)+ Zr" 1200 af? <~y (295)
n

we see from (240) that, choosing n=4—¢, after integration with respect to du dv sin 6 df d¢
over the region [ug, u] X [vg, v] x S? , the right-hand side is controlled by Proposition 12.1.1
for arbitrary u>wug and v>vg. Therefore, we obtain the analogue of Proposition 12.1.1

for a. The argument for « is similar. From

Vi(rQ%a) =2¢-rQ?, (296)
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we derive (9,=QY,)

0 2M
T +3T2(1+7"‘6)} QO 2al? = 4rQ (v, @) (1477°).

O (14179 5 r0%a|?) + [5
(297)

Applying Cauchy’s inequality on the right yields

02 2M

1
—evO—=61,.2 |2 —e\O=61..02 .12 312
O ((14+7r75)Q27°|rQ%q| )+[ETH_E+TQ(1+T )}Q [rQ2%al §ﬁ|1pr |, (298)

and integrating as above yields the result for a. O

12.2. Higher-derivative estimates

In the following subsections we estimate higher derivatives of the quantities v, 1, o and o

from our control on P and P.

12.2.1. Some useful identities

We begin by computing some useful identities, which we shall write in regular form so

that the behaviour at the horizon can be assessed directly.
LEMMA 12.2.1. Consider the solution o of Theorem 2 and the derived quantities
and P defined via (178) and (179). The following identities hold true:
~ * 3M
V. (rpQ)+ (2 tr x —20) (r¢Q) = rQP; div a—&—?Qa, (299)
QY 4 (r°P) = —2r° P, div (4 Q) + 6 Mr2pQ— 213 Q+3r M2,  (300)

QY ,(12QY 4 (r° P)) = rQY 4 (rQY 4 (r° P)) + Q% -rQY , (r° P)
= —2r4¢; div @; d/ilv(r?’aQ2) —4M7’2$; d,fv(r?’wQ)
—6M 2P, div(rla?)+ (—2+ 65}4) QY 4 (r°9Q)

—18MQPryQ+3MQY 4 (r*Q%a). (301)

Consider the solution o of Theorem 2 and the derived quantities ¢ and P defined
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via (180) and (181). Then, the following identities hold true:

* 3M
Wg, (r}i) +2 trx(ré) = —TQ_1¢2 divg—r—zg,

QY (r°P) = 20D, div(y Q) —6Mr2pQ 20 Q4 3r Ma,  (303)

(302)

Q7V5(Q7 Y57 P)) = 20 P div P de( a)* TP, div<¢s; )

~oarp;av(2) (-2 12)e W(Q) (304)
6M Pyr
2(Q

r

>+3MQ Vs (ra),

where the last identity could be simplified further by reinserting (303).

Proof. Note that (299) and (302) are just rewritings of the Teukolsky equation of
spin +2 and spin —2 respectively. The identities (300) and (303) follow from inserting
the definitions of P and P, commuting derivatives and inserting the relevant Teukolsky
equation. The identities (301) and (304) follow by combining the estimates already
obtained. O

12.2.2. Angular derivatives of 1 and )

From (300) and (303) we directly conclude using the bounds of Proposition 12.1.1 and

Theorem 1 the following result.

PROPOSITION 12.2.1. The quantity v associated with the solution o of Theorem 2
through (178) satisfies the estimate

v

sup [ dorSE||r 2D div(yQ)||g: | SFo[¥, 9,0, (305)

uZug Vo

and the degenerate integrated decay estimate

o 2
/ d“/ d”Q(l‘W> =2 D5 div (i) |32 | SFo[P, 4, al.

The quantity 1 associated with the solution a of Theorem 2 through (180) satisfies

the estimate

sup / da ||r= Py div(r®y Q) |5 9 (a,v) SFol¥, ¥, al, (306)

v2vo Jug B

and the degenerate integrated decay estimate

[T dv“(l) I r B Al (o p Q2 | SFolE, bual.
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Remark 12.1. Note that, in view of (111), we control in particular the flux of first
angular derivatives of 1) on null infinity Z*, a fact that will be exploited in the next

proposition.

We now look at the commuted equation
Vi (rdivyriQ) = —r3Q-r div P. (307)

From this, we derive

Q%((QIQ—g;

) |r d,fvwr?’mz) —|—2r—]\24|r divyr?’\Q

r=3M
1 1
=—2r30? (QQ_QQ )(rd,fvP,rd/fvw)r?’Q
r=3M

=473 (1— 31”) (rdiv P, rdivy)riQ

M 4 3M V2
<2|rdszr3|2+(1—) ¥ dfv P26,
r - M r

which yields

QV4(<$2—$2

Integrating this over the spacetime region [ug, u]x [vg,v] for arbitrary u>ug and v=vy,

4 2
)rdfv¢r3ﬂ|2>+ﬂg|rd,fv¢r32 < M(I_W) v div P20,
Y - P .

r=3M

we observe the following facts:

e the right-hand side is controlled by initial data from (240) for n=0;

e the future boundary term (flux) on the constant-v hypersurface is unsigned. How-
ever, we already control it from initial data through Proposition 12.2.1.

We conclude the following result.

PROPOSITION 12.2.2. The quantity v associated with the solution o of Theorem 2

through (178) satisfies the non-degenerate integrated decay estimate

/// di dv sin 0 df dé "= Qr div > SFo[¥, DY, al.
uo vo Sg

0,0

The quantity v associated with the solution o of Theorem 2 through (180) satisfies the

non-degenerate integrated decay estimate

// di dv sin 0 d6 de r° =5 |r div|? SFo[¥, D, a).
ug Jvg JS2 5 - N
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Proof. The second bound follows with weight 7% instead of r°~¢ directly from the

computation below (307). One easily improves the weight a posteriori replacing

()
QZ QZ r=3M

in the computation below (307) by (1+r—¢)x, with x being a cut-off function which is 1

near infinity and vanishes for r<8M.

For the first bound, one repeats this argument for the commuted equation
Vs (r divr3Q) = r*Q-r div P,

2=¢].r divyr3Q and using that the flux arising on the

now contracting with [r2=¢—(3M)

horizon is a priori controlled by Proposition 12.2.1. O

Similarly, we can directly integrate the equations

y,r,3 2 2M y,rg 2 3 . %7’3
QV4 Td/i’Vﬁ +TT Td/i/V? =-2r T(dXVP7TdiVQ>
and (for any 1>6>0)
3—0

Oy, [7"3*5 |r div (r3 Q) 2]+ TQQ[T3|7‘ div(r* Q)] = rﬁfaﬂQT(d,fv P,rdiv(yr3Q))

from initial data (integrating also over the angular variables) to obtain, after apply-
ing Cauchy—Schwarz to the right-hand side and using the P and P-fluxes the following

proposition.

PRrROPOSITION 12.2.3. In addition to the estimates of Proposition 12.2.2, we have,
for any u>ug and v=vyg,
gr?

—1rdiv =
r r/va

2

<1

). 2
Si.v 'UO

and, for any 1>§>0,

2 2

-1 @”3
r o div=e—

3
. % +Fo[ 9]

dv <||r~trdiv
S2 S2

u,v u,vg

P L div () B + / Q22 Lo iy () e du

uo

<370ty dlv(z/)Qr?’)H%ﬁO +Fo[¥].

Moreover, the first estimate remains true if we replace rd,i'vlp by A“H@ and Fo[¥] by

Fé’T’V[\E] for i=1,2. Similarly, the second estimate remains true if we replace rdiv by
Ali+Uy and Fo[0] by F5TY 0.
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We remark that the higher-order statement of Proposition 12.2.3 follows immediately

from the fact that we can repeat the above transport argument for the commuted equation
V4 (Alyr?Q) = —2Q. Al P,

COROLLARY 12.3. In addition to the estimates of Proposition 12.2.2, we also have

the estimates

sup [~ divaQ %, Ssuprrdiva@ 2%
u,v ? u ’

L U
1 . P
T r d/i/V 0

+sup +TFo[T],
u S2

20
sup 77 0|rtrdivaQ?|Z.  Ssupr” e e div aQ?|2e
CRE o

u,v

sup P r r div(UOr) [y +E[T]

Proof. For the second estimate, apply the once angular commuted (295) with n=5—¢
and use the flux in the proposition. For the first one, use (297) (with an additional (=2
weight)) and the flux of the proposition. O

12.2.3. Estimating all first derivatives of ¢ and v

Note that we already control the Y31 and Vuf derivatives directly from the transport
equation they satisfy, (179). To estimate the remaining first derivative we commute these
equations by 2V p. :=—QV3+QY, and recall that ¥ ;. ¥ satisfies a non-degenerate (near
r=3M) integrated decay estimate; cf. (270). We compute

QY (Y e r2Q) = —V 5. (P3Q2P), (308)

since QY3 and QY , commute. Since the right-hand side again satisfies a non-degenerate
integrated decay estimate (270) and (240), we can actually repeat the estimate for the
uncommuted equation (leading from (287) to (290)) to immediately obtain the ana-

logue of Proposition 12.1.1,(%?) as the same considerations hold for the ¥z« commuted
V5 (r3Q))-equation.

(??) Note that this would not be possible if the right-hand side satisfied an estimate which degen-
erated near r=3M. The reason is that such a right-hand side would (just as for the angular derivatives
in the previous section) force us to multiply with a weight that changes sign near 3M which gives the
future boundary term the wrong sign. In the angular case, this flux of the wrong sign was controlled a
priori. Here this flux is not available yet.
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ProprosITION 12.2.4. Consider the quantity i associated with the solution o of The-
orem 2 through (178). Then, along any null-hypersurface of constant u>ug (including

the event horizon), we have

| @l Y e (@) ) SFo[¥, D0l (309)
vo ,U
In addition, we have the integrated decay estimate
/ dodullr Y e (Q0) |2 937~ SFo[W, D9, al. (310)
vo J ug v

Consider the quantity ¥ associated with the solution « of Theorem 2 through (180).

Then, along any null hypersurface of constant v>=vg, we have
| aulr e @ )l 1007 (0,0) SEol ¥, 0w (311)
uo v -

In addition, we have the integrated decay estimate
/ / do du 7Y 5 (Q719) |22 QP S|, D4, al. (312)
) uo v -

We now exploit the relations (179) and (181) to obtain estimates for all first deriva-
tives of ¢ and ¢. From

QF 4(2) = O3 (W) +27 . () = 02 P+3 () 427 . ()

(and similarly for 1), it is immediate that we can obtain a non-degenerate integrated
decay estimate for all first derivatives of ¢ and ¢. In particular, we can replace Y g+ by
both QV, or QY5 in the estimates of Proposition 12.2.4. The estimate for QY () will
then still be non-optimal in terms of r-weights at infinity and the estimate for QY 3(Q7'¢)
will not be optimal near the horizon. However, this is easily remedied using r-weighted
estimates and the redshift respectively. We indicate this for the r-weight before stating
the final proposition. We have

_ 4—¢ _ _
QVs[€(r)r esIQY74(7”391/J)|2]+Tﬂ2€(r)[7“4 QYL () ] = £,0% r1E1QY L (P Q)
=& QPQY, P-QY, (YrPQ)
for a radial cut-off function & which we choose to be 1 for r>8M and 0 for r<6M. Using
that one already has a non-optimal spacetime estimate for r<8M, integrating the above

over a spacetime region improves the weights.(*’) We summarise the conclusion in the

following proposition.

(30) Note again that this argument does not apply globally, because Y 4P is only controlled in a
degenerate norm near r=3M.
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ProrosiTIiON 12.2.5. Consider the quantity v associated with the solution « of
Theorem 2 through (178). We have the non-degenerate integrated decay estimate

[ ] dadosingds aor™ (10, (00) 4021 0F s (@0)) S Fol¥. D0,
uo Jvo JSE 5

as well as, for any u>ug, the flux estimate

/ dv sin 0 df dp r* = |QY 4 (Qpr3) |2 <Fo [P, D), al.

0

Consider the quantity v associated with the solution o of Theorem 2 through (180). We

have the non-degenerate integrated decay estimate
[ ][ dudosingds sl V(@ )P QT (e P SFo[ .90,
ug Jvo /52 5 N B N

as well as, for any v>=vg, the flux estimate

/ du sin0df dp Q*rb|Q V3 ()2 SFo[¥, D9, al.

0

12.2.4. Estimating second angular derivatives of o and a

Proposition 12.2.5 will directly imply control over two angular derivatives of o and a.
This follows from the identities (302) and (299). We observe that, by Propositions 12.2.5
and 12.1.1, we already control the flux (on constant v) of the left-hand side of (302)
and the flux (on constant w) of the left-hand side of (299). Moreover, by the same
propositions, we have integrated decay for the left hand sides of both (302) and (299).
As «a and « itself are already controlled from Proposition 12.1.2, we immediately conclude

the following result.

PropPOSITION 12.2.6. Consider the solution o of Theorem 2. We have the fluz

estimate
2 o ‘ '
> / dv sin 0 df dp rST2 |V (a2?)|? <Fo[W, D1, o] (313)
i=0 v V0
for any hypersurface of constant u, and the integrated decay estimate

2 oo OO .
Z/ / du dv / sin 0 df dp Q2 [Q 552 Y al?] SFo [0, D9, of.
i=0 vo uo S

u,v
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Consider the solution a of Theorem 2. We have the flux estimate
2 L 4
S [ dusing o do2e 9 2 )P SFo¥, D0
i=0 v %o B
on any constant v hypersurface, and the integrated decay estimate

2 o0 0O .
Z/ du dv / sin @ df dp Q[ 42| YV o] SFo[¥, Do, .
i—0 Y vo Juo S2 -

u,v

Remark 12.2. The estimates of Proposition 12.2.6 still “loses derivatives”, in that
the norm on the right-hand side involves three derivatives of o (one derivative of ¥ which
itself is two derivatives of a). An improved estimate which does not lose in this sense

will be provided in Proposition 12.3.1 below.

12.2.5. Estimating all first derivatives of o and «

We now establish estimates for (all) first derivatives of o and a. This is very straightfor-
ward, as we can commute V3(rQ%a)=—2¢rQ? and the corresponding ¥, (rQ2a)=2¢rQ?
equation by any derivative from rV,, Y3 and rY¥, and observe that the right-hand side
satisfies a non-degenerate integrated decay estimate just as the uncommuted equation did
(cf. Propositions 12.2.2 and 12.2.5). Repeating the proof of Proposition 12.1.2 therefore

immediately provides the analogue of that proposition.

PROPOSITION 12.2.7. Consider the solution « of Theorem 2. Along any null hyper-

surface of constant u>ug, including the event horizon, we have
(o]
/ dv lrDalZs 10 u, v) < Fo[¥, Deb, Dal. (314)
vo v
In addition, we have the integrated decay estimate

/ dudvr5_EQ6||7‘_1’Da||255  SFo[¥, 99, Dal.

Uo

Consider the solution o of Theorem 2. Along any null hypersurface of constant v>=vy,

including in the limit on null infinity, we have
| aulrDaly r0 3w v) SFol¥. v, Dal. (315)
uo v -
In addition, we have the integrated decay estimate

// dudvdudvr Q72 ||r'Dal|Z. SFo[ ¥, Dy, Dal.
Vo uo v -
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Remark 12.3. For « (and similarly for «) it should be possible to apply energy es-
timates on the (commuted) Teukolsky equation (173) itself to control all second deriva-
tives, using the fact that two angular derivatives and all first derivatives are already
under control by Propositions 12.2.7 and 12.2.6. Such estimates can alternatively be

derived directly from the Bianchi equations.

12.2.6. Completing the proof of (242) and (243)

We complete the proof of the statements (1)—(3) of Theorem 2 by proving the estimates
(242) and (243), recalling that (241) was proven already in §12.1.2.

Combining the flux and integrated decay estimates of Propositions 12.2.7 and 12.2.5,
and the estimates of Propositions 12.2.3 and 12.2.1, we have established (242) and (243)
for n=0 (in fact also integrated decay and flux estimates on second angular derivatives
of a and « in Proposition 12.2.6 and flux estimates for second angular derivatives of
¢ and 9 in Proposition 12.2.1). Since the Regge-Wheeler equation commutes trivially
with 7" and angular momentum operators (2; (cf. §4.2.2), the higher-order statements are

immediate.

12.3. Refinements and polynomial decay estimates

We now obtain the necessary refinements to obtain the final statement (4) of Theorem 2,
namely Propositions 12.3.4-12.3.7 and the estimate of Corollary 12.6 below.

The statement of the first four propositions is contained in §12.3.2 below. To prove
them, we shall first show certain higher-order statements in §12.3.1. Finally, in §12.3.3,
we shall prove Corollary 12.6, which provides an L'-estimate that will be useful in the

proof of Theorem 3.

12.3.1. Top-order statements

Using the previous bounds in conjunction with the identities (304) and (301), we can con-
clude a boundedness (of energy) statement for o and o which does not lose derivatives in
the sense that two derivatives of ¥=7°P and ¥=1r5P control four derivatives of o and a.
This statement does however require the higher-order estimates of Corollary 11.4, which
we recall include the commuted redshift near the horizon and weighted commutation near
null infinity. Recall the notation (103) and the ellipticity of these operators; cf. (111).
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ProrosiTiON 12.3.1. Consider the solution « of Theorem 2. Then, we have the
fluz bound

sup / du sin 0 do dp Q2

v2vg

2
Al (g;)‘ SFY[U4F[¥, Dy, Da].  (316)

uo

Consider the solution o of Theorem 2. Then, we have the flux bound

sup / dv sin 0 df do r0~¢| AM (a?) > SFLU]+Fo[¥, Do, Dal. (317)
uzug Jvg
Proof. Apply the flux bounds of Propositions 12.2.1, 12.2.5, 12.2.6 and Corollary 11.4
to the identities (304) and (301). O

PROPOSITION 12.3.2. Consider the solution « of Theorem 2. We have, for i>4,

the integrated decay estimate

% © Q2 sMY
/uo du/v0 dvrlﬂ(l_r)r Hir 1'“4['](7"30492)”?93&
SFG [+ F MY (2,99, Dal

Consider the solution o of Theorem 2.

o < 02 3SMY, 1 ~
[ [ (B i A et

SE 30+ Fy 4TV [0, Dy, Dal.

Moreover, for both estimates, if for any i>5 we replace AW by A=Y on the left-hand
side (while keeping the right-hand side fized), the degeneration factor (1—3M /r)? can
be dropped.

Proof. Apply the integrated decay estimates of Propositions 12.2.1, 12.2.5, 12.2.6,
12.2.2 and Corollary 11.4 to the identities (304) and (301). O

We also derive some boundedness estimates on the spheres S7 :

PRrROPOSITION 12.3.3. The solution o of Theorem 2 satisfies, for any u>ug and

v=vg, the estimates

Pl ABIS Q| g, SFW+FSTY [, Dy, Dal, (318)
rllr=t A 20022, <FAW]+F Y (W, D9, Dal. (319)

The solution o of Theorem 2 satisfies, for any u>ug and v>=vg, the estimates
It AP0 2, SFA[W)+FS Y (8, Dy, Dal, (320)
It A0 Q22 SFEW+ES Y (W, Dy, Dal (321)

Moreover, if we replace AP by A2 on the left in (318) and (320), the first term on the
right can be dropped.
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Proof. The statements for ¢ and ¢ follow from Proposition 12.2.3 and the fact
that the term on the data u=ug (v=wvg) can be controlled by F3[¥] (F3[¥]) using 1-
dimensional Sobolev embedding. By the same argument, if APl is replaced by AP, we
see that F(Q)’T’V[\P, DY, Da (Fg’T’V[\l/,QEZJ,@Q]) is sufficient.

Similarly, the bounds on « and « follow from the identities (304) and (301), Corol-
lary 11.4, 1-dimensional Sobolev embedding and the previous estimates. Observe that
the last term in (304) only requires a bound on S7 , for Tra/Q* and ra/Q?, which is
again easily derived in terms of the right-hand side from the aforementioned transport

equations. 0

12.3.2. Polynomial decay for v, 1, a and «

We finally record how the refined decay estimates for ¥ of §11.5 are inherited by the
derived quantities v, 1, a and a. We remark that we are not aiming for the optimal or

exhaustive statement here in terms of rates or regularity.

ProrosITION 12.3.4. Fix rg as in Proposition 11.5.1, let v>vo and recall the nota-
tion u(v,rg). Consider the solution a of Theorem 2 and the derived quantity v defined
via (178). Then, ¥ and « satisfy the following integrated decay estimates:

oo o)
[T [T a0 s a0t 020
v u(v,r0) “r “r
1
S vig(Fg,T[\Ij]_'_FO[\Ih 1/)7 Oé])

Consider the solution « of Theorem 2 and the derived quantity v defined via (180).

Then, 1 and « satisfy the following integrated decay estimates:

/ d@/ du (|lr=t - [Ze QP07 e a2 % 021
g (o) L

< 5 ET Y+ ol 4, a]).

Proof. We begin with the ¥-part of the first estimate. We pick a dyadic v-sequence,
vi11 =2v;, with associated u-sequence, u;=u(v;,79). The spacetime integral of Proposi-

tion 12.1.1 allows us to find in each dyadic interval [u;, u;+1] a slice @; with

o 1
/ d@’/’77892||7‘71'77[}9||25% ~ ST'FO[\P,'L/),O[L
” Uy, U,

K2

and hence in particular

'FO[‘ICW@],

S|

i

o0
T Tt A
ob
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where 0; defined implicitly by @;=u(9;,79). Fix now an arbitrary u>ug. Pick the i
such that @; <u<@;+1. Applying the inequality (287) with n=1—¢ and integrated over
the spacetime region [u;, u] x [0;, 00] x S?, we export the decay to the slice C,, and finally

obtain

) 00 o
/ dor™f|rm Q4. +/ d@/ du||r=t Q3. Q*r0F
v “e v u(v,ro) v

S (T O]+ R0, 5, )

(322)

~

for any v>=vy and u>u(v, 7). The method to establish decay for a given the decay for

1) is entirely analogous to the one seen above establishing decay for v from P. Hence,

oo o0 o0
[ el ta®y v [ o [ daletag?E ot
v wv v w(v,ro) v

(323)
S S0+ [, v, a))

for any v>wvo and u>wu(v,rg). It is clear that, repeating the iteration once more, one
obtains the first estimate claimed in the proposition. Note that, once one has generated
a dyadic sequence of slices with the weighted 1-energy decaying like v~2, one can apply
(287) with n=—e¢ between two such slices and get the desired integrated decay estimate,
despite the fact that the future boundary terms has the wrong sign.

For the underlined quantities (i.e. the second estimate of the proposition), one pro-
ceeds analogously, except that in this direction we do not have to lose powers of r.

From the spacetime estimate of Proposition 12.1.1, we find in each dyadic interval

[vi,vi+1] & U; such that

o0
. _ _ 1
/ dur® =P (lr Q7 <= Fol ¥, ¢, al.
o wo ™ 0

Fix now an arbitrary v>vg. Pick the ¢; such that ¥; <v<?;+1. Integrating (290) over
the region [ii;, 00] X [v;,v] x S2N{r<ro} (where weights in r are irrelevant) and using

Corollary 11.5 eventually yields

oo oo oo
/ da Q2 2, Lr@ﬁ/ dﬁ/ da P 2 e,
b v w(v,70) o

u(v,ro)

< —(Fy " [¥]+Fo[ ¥, ¢, a])

S| =

for any V>v>vy and u>u(v, ro) with ¢,<,, denoting the indicator function. Repeating
the dyadic argument finally improves the power on the right-hand side from 1/v to 1/v2.
To extend the estimate to the region r>rq, we use the estimate (291) in connection with
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the previous bound and again Corollary 11.5. This proves the estimate for ¢ claimed in
the proposition.

For o one repeats the above argument now using (298) in conjunction with the
fact that polynomial decay has already been established for the (spacetime integrated)
right-hand side of (298) in the previous step. O

The above proof also generates control of various fluxes, in particular.

COROLLARY 12.4. Consider the solution « of Theorem 2 and the derived quantity
¢ defined via (178). Then, on the event horizon H*, we have the flux bound
o 1
[ ooy, +190Es ) S 5 (E57 (8] Fol¥, v,al). (324)
COROLLARY 12.5. Consider the solution o« of Theorem 2 and the derived quantity
1 defined via (180). Then, for any V >v=wo, we have the flux bound

< L, - - - L or
[ duer( Ltz e i, ) S @R v a)

(vyro0)

Remark 12.4. We will refine Corollary 12.5 in §12.3.3, and in particular remove €.

Polynomial decay for 1) and 1 on spheres S’z’v
For later purposes, we also note estimates for 1) and ¢ on spheres S?mj.

ProprosITION 12.3.5. Consider the solution o of Theorem 2 and the derived quantity
Y defined via (178). The following estimate holds for any u>ug and v=vg including the
spheres Sgow:

1
It Qr® % S = (B8 (@) +sup I~ el ).
: v :
Proof. Fix v>vg>2up. From the defining equation (179) we derive the estimate
u=v/2

I ulsy, St sy, [ SR,

w,w N
Uuo

max(v,v/2)
+/ duQ2Hr_1~P7"3|Sz

:v/2 u,v.

Applying the Cauchy—Schwarz inequality on the integrals, we obtain

u=v/2 1
2|p=1.gl2, ——
sty el

0

max(v,v/2) 02
+ / du —|lr=t- W%, ,
u=v/2 r v

which yields the result after observing that the first integral is bounded and the second
controlled by Proposition 11.5.1. 0

It

1
sz Sty
20N
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ProprosSITION 12.3.6. Consider the solution a of Theorem 2 and the derived quantity
¢ defined via (180). Then, for (u,v)x Sz , in MN{u=uo}N{v=vo}N{r<ro} including

u,v

the event horizon, we have

| —

~1.0-1,3,,]12. <
st )2, <

V]

(G [L)4sup e Q7S ), (325)

while for (u,v)xS2 , in MN{u=ug}N{v=ve}N{r=ro} the above estimate holds replac-

u,v
ing 1/v? by 1/u? on the right-hand side.

Proof. For the region r>rg one integrates the estimate (290) and uses a dyadic
argument together with the fact that the flux arising on the right-hand side of (290)
satisfies a polynomial decay estimate from Proposition 11.5.1. For the region r>ry one
notes that weights of 2 can be ignored and that u~wv on r=ry. One then integrates as

above using again the polynomial decay estimate from Proposition 11.5.1. O

Polynomial decay for a and « on spheres Si’v

Completely analogously to Propositions 12.3.5 and 12.3.6, one proves the following propo-

sition, now starting from the defining equations for « and «, (178) and (180).

ProprosITION 12.3.7. Consider the solution o of Theorem 2 and the derived quantity
Y defined via (178). The following estimate holds for any u>ug and v=vg, including
the sphere S?

o0,v0 *

1
||r*1~92ar2H§5 S ) (]FS’T[‘I’]JFSUP =t Q2 ar® |5 ) (326)

uQ,v

Consider now the solution a of Theorem 2. For (u,v)x S, in MN{u>uo}N{v=vo}N
{r<ro} including the event horizon, we have

1
'Q_QTQH%‘E,U S 2

-1

Ir (FS7 (@) +sup -0 2rallfs ), (327)

while for (u,v)xS2 , in MO{uzuo}N{v=vo}N{r=ro} (327) holds replacing 1/v* by
1/u? on the right-hand side.

Let us note that from the above estimates and additional commutations by (2;, one
obtains trivially also pointwise decay estimates on «, with the corresponding commuted

initial data norm on the right-hand side of the estimate.

12.3.3. Some auxiliary decay estimates

We collect here an auxiliary decay estimate for the derived quantity ¢, which will be
useful later when we consider the full system of gravitational perturbations.
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ProprosITION 12.3.8. Consider the solution a of Theorem 2 and the derived quantity
1 defined via (180). Then, for any V =v=vg, we have the flux bound

/ du Q2(||r- A2 (7"3@9_1)”253,‘/ +r Tt Vg (PP H?ggv)

(v,r0)

< U% < (F2T[W]+Fo[ ¥, D9, ).

In view of the relation (181) and Proposition 11.5.1, the estimate remains true replacing
VR* by QVS-
Proof. We write the identity (303) as

6M
255 div(pQ ) +2r3p QL = QYL (r° P) + — 13 Q 7 —3rMa. (328)
¥ ¥ Y
Taking the ||-||sz ~norm (using an integration by parts on the left) yields after inte-
grating in v and applying the decay estimate of Propositions 11.5.1 and Corollary 12.5
for the terms on the right the desired estimate for the AP-flux of 1. To obtain the
estimate for the Y p.-flux, we repeat the proof of Proposition 12.3.4 now starting from

Proposition 12.2.4 to extract a dyadic sequence of good slices in r<ry:

e 1
| e @ Va0 YR S5 Fol 8,000 (329)
u - Wi -

The decay will then be exported to any slice as in the proof of Proposition 12.3.4, now

using the equation
1 2 30-1)2 o M 30-1Y2
30XV pe (UriQ P+ S Ve (0r°Q 7] (330)
2M _ _
92(7392(1/)1"39 Y=Y g Pr® —3r2Q*P, V¥ . (4r°Q 1)), (331)

which is the commuted version of (289)). Indeed, after applying the Cauchy—Schwarz
inequality on the right-hand side, integrating and using the decay estimates of Propo-
sitions 12.3.4 and 12.3.8, we deduce in particular the desired flux statement (first with
v~! and after another iteration with v~2, again completely analogous to the proof of

Proposition 12.3.4. O

COROLLARY 12.6. Consider the solution « of Theorem 2 and the derived quantity
1 defined via (180). We have, for any v=wvo, the estimate

[ (AR e Dl A a0 ) sz,)

< y/Fol¥, D9, a]+4/Fo T [9].
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Proof. We first show the estimate for ¢. We fix v>vg. Note that it is sufficient to
restrict the integral to r>ry as otherwise the bound follows directly from the Cauchy-
Schwarz inequality and Proposition 12.3.8. We dyadically decompose the remaining

u-interval, u; 1 =2%ug, and estimate
o0
R eV C T S
ug

:Z/Lqﬁ—l dUQQHT_l'.A[Q](TSyQ HS2
S \// e A (29071 g

u,v

Using that the integral under the square root decays like u; 2 by Proposition 12.3.8, we
deduce the result.

Obviously this argument can be repeated replacing Al by QY5 using again the
estimate Proposition 12.3.8. The L'-estimate for A2l then follows directly from the
identity (302) and the previous bounds. O

13. Proof of Theorem 3

In this section we shall prove Theorem 3. The reader can refer to the overview of §2.4.3.

The first ingredient in the proof will be the bounds on gauge invariant quantities
which follow from applying Theorem 2 to the curvature components W and (027 respec-
tively, of our solution to the system of linearised gravity. We shall collect these gauge
invariant estimates in §13.1. We shall then obtain estimates for certain fluxes on the
horizon in §13.2. These, together with a red-shift commutation argument, will be used

)
in §13.3 to obtain decay estimates for the outgoing shear Y. We then obtain bounded-

ness estimates for the ingoing shear ¥ X in §13.4, and finally boundedness for all remaining

quantities in §13.5.

13.1. Gauge-invariant estimates from Theorem 2
Let

(1) 1) (1) 1) (1) (1) CASY) (1) (1)
Hoowmomao Do
L =g/ 12,0, (Qtrx), (Qtrx), X, X, 1, 7, w, W, &, B, 0,0, B, a, K)

be as in the statement of Theorem 3.
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The linearised curvature components @ and E satisfy the spin £2 Teukolsky equa-
tions, respectively, by Proposition 7.4.1 in §7.4. Thus, Theorem 2 applies to yield Corol-
lary 10.1. Note also that the assumption (246) of Theorem 3 implies that the initial

norms of Theorem 2, applied to & and E, respectively, are indeed finite for n=2.
1 1) @)
From Proposition 7.4.1, we see also that the gauge-invariant estimates on %, ¥, P
(1)
and P arising from Theorem 2 can immediately be re-interpreted as estimates for the

right-hand sides of (182)—(184). These estimates will also be useful in what follows.

)

13.2. Fluxes on the horizon H*

In this section we exploit the horizon gauge conditions (193) and (194) to control addi-

tional (not necessarily gauge invariant) fluxes in terms of the gauge invariant quantities
(\il), ;Z) and .

In §13.2.1 we obtain bounds for the linearised outgoing shear ()1?) itself, derived from
the fact that ;L) is controlled on the horizon. In §13.2.2 we obtain similar bounds for

(1) (1)
the transversal derivative Q~1Y¥3(QX), derived from the fact that ¥ is controlled on the

horizon. Higher-derivative fluxes are obtained in §13.2.3 from the fact that the energy of
1
U (cf. Thoorem 1) controls also W\Il and W4\II on the horizon. Finally, polynomial decay
€%
bounds for ¥ X and 1ts transversal derivatives (which are inherited from polynomial decay

bounds of w and \Il) are stated in §13.2.4.

(1)
13.2.1. Obtaining the X-flux on H™*

PROPOSITION 13.2.1. The geometric quantities associated with . satisfy on any

sphere on the horizon
_ L 9 W, 6M W N )
/2 81n9d9d¢{|$2592+4gzﬂx|2+rgQﬁ|2+|$2d,fv(2x|2]
Soo,v
(CO 1)
§sup||r*1/2-wf2r3||252 +Fo[¥].
v uQ,v

We also control the horizon flux
. ey 9 W, 6M O Y W M
[ avsingdoas | 10360+ SRR+ S 150 0 div R0 | SRl
H(vp,00)

Proof. The bounds follow from Proposition 12.1.1 and Corollary 12.2 with n=1. We
compute from (182)

Iz/JI2 UDQBI 1 30%- 7D25+ 0 \AI2
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which, since the adjoint of ﬁ; is div, yields
e Lo 6M o, W@ 9 W
/sin9d€d¢ || :/sin9d0 de (|zb252—3 d,fvx-ﬁ+492lx|2). (332)
r

Multiplying by €22 (to obtain expressions regular at the horizon H*) and inserting
(1) (1)
the Codazzi equation (145) restricted to the horizon (div x2=—3; here, we use that

(1)
(Qtrx)=0 on H* for . see Proposition 9.4.1) we obtain the first bound from Corol-
lary 12.2 and the second from (282). O

(1)
Remark 13.1. Note that the above provides a bound on Qg itself. The underlying

(1)
reason is that, by Theorem 9.2, 8,—; actually vanishes on the horizon, since it vanishes

there for any reference Kerr solution % .

Remark 13.2. By an elliptic estimate (cf. (111)), one obtains Proposition 13.2.1 for
(1)
all angular derivatives up to order 2 of QY.

(1)
13.2.2. Obtaining the (1/Q)Y;(Q2x)-flux on H*

PROPOSITION 13.2.2. The geometric quantities associated with . salisfy on any

sphere on the horizon

/ sin 0 df do
S

2
oo, v

*(1) 9 *(1) 9 * *(1)9 1 a) ? * 1 (1)
x| [Py +] div Do) +|P5 div Dan]*+ §W3(QX) + wzd’{VﬁWﬂQX)

]

) W
Ssup [|[r 2 9Qr® g, +Fo[V].
! 2o

We also control the horizon flux

/ dvsin 0 df d¢
H(vg,00)

*(1) 9 *(1) 9 * *(1)9 1 ) 2 .1 ) 2
|3+ ate PG+ B3 b D+ (6| +{05 ate 90| |
1) (1)

SFolW, ).

Remark 13.3. Note that the above implies that we control %) up to its /=1 modes;
cf. Corollary 4.2.
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Proof. By our gauge conditions on .¢’, we have that d,fv n=-— (Q1)+ 0¢—o holds on the
horizon (cf. Proposition 9.4.1). This implies that

o ) * (OGN < 1B P
||7D27D1(d{" ‘/{1“177)”52 —||7D2¢1( 2, 0)”53“ ||P||sgo,v+“QX||sgoyvv (333)
.. . @, "

by Proposition 7.4.1. Note that the term proportional to Q_lx in the definition of P
vanishes on the horizon. Using Proposition 13.2.1 as well as Theorem 1 on the right-
hand side and Lemma 4.4.3 on the left, we derive the desired estimates except for the

Y 5(QX)-terms. To obtain the latter, note that equation (140), when restricted to the

horizon, yields

%W( D = 2@*“479 (334)

)
hence control on X (again Proposition 13.2.1) and the 7,752 n-fluxes implies control on the

normal derivative. O

13.2.3. Obtaining higher-order fluxes on H*

We collect some additional flux estimates on the horizon that follow directly from the
(1)
horizon fluxes of P.
PROPOSITION 13.2.3. The geometric quantities associated with & satisfy the fol-

lowing estimates on the horizon for any v=>vg:

(1) (1) "

3 4

v AN v Y
> [ alv @I+ [ oIV @RI, SFlT ),
i=0 v V0 i=0 7 Vo

Moreover,
(1)

/ do || div D3P} (8, )12 . SFolW, ], (335)

Vo

as well as
(1) (1)

| ol ASBIE, | SFold, . (336)
vo
Proof. Note that we control, for any v>vq, the horizon flux
v B (1) 9 (1) 9 (1) 9 (1)
a5 (|V Pl +IVPI%  +IPI% ) SFolY] (337)
v
from Theorem 1. Now restricted to the horizon we have
3M (1)
0%a—
M) T 2M)e

6M

O . W W
OV, P=D,D,(—divQp, —Qcyrl 3)+ Qx,
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which, in view of Propositions 13.2.1 and 12.1.2, yields the estimate for (ﬁl) after using
elliptic estimates on S? and the fact that the order-zero term of (ﬁl> is controlled from
Proposition 13.2.1. The estimate involving %) is then an immediate consequence of the
d,fv%l(\)Q:—(ﬁl)Q holding on H*. For (335), note that, restricted to the horizon,

div P = div P3P (— 5, 9) - (23M)
and use (337) and Proposition 13.2.1. Finally, for (336), recall the identity (333). Using
the identity (112) and the previous bound (335) and Proposition 13.2.2, the desired

estimate follows. O

div Qx,

13.2.4. Obtaining polynomial decay bounds on H™*

Using the decay statements for the horizon fluxes in Proposition 11.5.1 and Corollary 12.4,

we can obtain the following result.

ProrosITION 13.2.4. We have the following flux bounds along the event horizon
Ht:
< W (1)1
/ oA 5 +IAPPL G, | +1AFQ LY () sz, , ]
v
1 2,T (1) 1) @) (qy
S W)+ [, 9, &),
(1)
Proof. From Corollary 12.4, we have decay of the fluxes for ¥ and W. Therefore,
(1) (1)
the identity (332) restricted to the horizon H*t (and using div YQ=—3Q) already pro-
(1) (1)
duces the desired estimate for AZXQ instead of A4 Q. Repeating the proof of Propo-
1)
sition 13.2.2 now using the decay estimate on X just obtained and Proposition 11.5.1
produces a decay estimate for the flux of three derivatives of (ﬁ). Repeating the proof
(1)
of Proposition 13.2.3 provides the statement for A[®Y and four derivatives of %). The

remaining estimate finally follows from the A®l-commuted (334). O

PROPOSITION 13.2.5. We have the following bounds along the event horizon H*:

@ *(1)2 — o
JAPRQYZ: AP + AP Ty (@0 (335)
338
1 0 W ) o
Si(ngT[ ] [ ¢’ ]+SupHT ¢Qr4||%50v“).

02

Proof. Use Proposition 12.3.5 and the identity (332) restricted to the horizon to
obtain the estimate on A[Q](;A(). For the estimate on <717) we use the identity (333) in con-
junction with the estimate on A[Q](XB just obtained and (337) plus 1-dimensional Sobolev
embedding. The remaining estimate now follows directly from (334). O
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(1)
13.3. Decay estimates for the outgoing shear

The main result of this section is the following.

PROPOSITION 13.3.1. Consider the solution . of Theorem 3. The following esti-

mate holds for any €>0, and any u>ug and v=vq:

v - u ~ ] QQ 1 1 2(/1\)
/UO dv/u0 du/sg 7 sm@d@d(bm ('QV3<QY73(T XQ))
' W M g

(1)
VAR ]

2 2

1 @)
+ ’ EVS (TQXQ)

2(/1\) 2
+]r* x|

We also control for any v=vgy the flux

oo 1 1 (1)
/ da / sin 6 df d¢ 92< ~V, (%(r%?@)
ug sz, Q &

2 2
1 Y 1. .,W
+’QV3(7"2XQ) +7"5 ‘TQXQ

2)
CONCOIN

5%
SI(V3)*Xl72 (e, ) +Fol ¥, ¥, al. (339)

We have already discussed in §2.4.3 the main difficulty of estimating %1(\) directly: In
equation (139), there is a blue-shift factor. As explained in §2.4.3, this difficulty can
be corrected by commuting twice by the “red-shift” operator (1/Q)Y; (exploiting the
improvement discussed in §2.3.1 in the context of the scalar wave equation), coupled
with our a-priori bound on the flux of the transversal derivative, (1/ Q)Wg(QU)A()), on the
horizon—now established in Proposition 13.2.2.

We give a brief outline of this section. In §13.3.1, we will derive the commutation
formulas with the operator (1/Q)Y5. The proof of Proposition 13.3.1 will then be carried
out in §13.3.2 (which will obtain bounds near the horizon) and §13.3.3 (which will extend
the bounds globally). Some higher-order estimates which follow from commuting and

repeating the proof of Proposition 13.3.1 will be stated in §13.3.4.

(1)
13.3.1. Commuting the ¥V ,Xx-equation

1)
We write the transport equation for X, equation (139), as

(1) (1)
OV, (r2X0) — 205 (r2xQ) = —a/ Q22 (340)

(1)
Note that r2x(Q is regular both at the horizon and null infinity and that the second term
in the above is a blue-shift term, i.e. its sign is negative. We easily deduce from §4.3.2

the commutation formulas

V3, QY] =00V;3 as well as [;)W& QVJ = 2@9'$W3~
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Hence, commuting (340) with (1/Q)Y5 removes the blue-shift term in (340) and we

obtain
1 5y 1 W 1
Qm(g%wxﬂ)) — Vs (200)(r7XQ) = - & Vs (4%,

which simplifies to

(1) (1) (1)
v, (évg<r2m>) M 20y =22 s o2, (341)
T T

Let us commute again with ¥ to obtain

0. (73 (Vo250 ) ) o075 475050)) ) - i) - 2 aca)

(1)
= —Wg <£12V3((016)927"2)) = 2T2QP.

(342)
To derive the above, we have used the identities
1 )9 r M oy D) o 1M, @y 4
7@?3(0[9 r~r):75Y73(arQ )+ arf) :Z;wr Q+ar)?, (343)

and
1 Do 9 @, PN ORI PN
~V, 5W3(C¥Q r9) | =20Q%r+2r QP —2¢rQ° = 2rQP.

13.3.2. The main estimate near the horizon

(1)
We shall first prove an unconditional estimate for ¥ in a region r<ry for some r; >2M

close to the horizon, which one may think of as Proposition 13.3.1 restricted to a region

near the horizon. Refer to the diagram in §2.4.3.

PROPOSITION 13.3.2. Consider the solution .& of Theorem 3. There exists an 71,
with 5/2M >1r1>2M, such that the following estimate holds for any v>wvo:

2 2

v (oS 1 1 (1) 1 (1) (1)
/d@/ dﬁ/ sin0d0d¢92(‘v3<v3(r2fgﬂ)) +’V3(r2>m) +r2>292>
vo w(r1,0) 82 5 Q Q 9]
@ 1 [ o1 1 X 2
SF()[\I/MM-F*/ dﬂ/ sin 0 df d¢ ) 5W3(5W3(T XQ)) . (344)
u(ry,vo) S% vo

Here u(r,v) denotes the u-value of the intersection of the hypersurfaces of constant v and

those of constant r. Moreover, the same estimate holds replacing f;; dv by SUPye(yg,00) -
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Proof. We consider the region r<r; and v>vg, for some ry >2M close to 2M chosen
below. We let u(r1,v) denote the u-value where the hypersurface of constant v intersects
r=r1 and similarly for v(u,r7).

The following lemma expresses the fact that, in the region r<r;, we control the
spacetime integral of \QTQ(;(A)P in a neighborhood of the horizon (“a small region in physical
space”) by an e times the horizon flux and the spacetime integral of the transversal

Q1Y 5-derivative.

(1)
LEMMA 13.3.1. Let X be a symmetric traceless Sﬁw—tensor. The following estimate

holds in MN{r<r}:

v &0 @)
/ d@/ da/ sin @ df do Q2 |xQr?*(a, 0,0, d)
vo u(ry,v) S2

u,v

(1)
<2|r1—2M|/ d@/ sin @ df de | Xur?|* (00, 0,0, ¢) (345)
525

v oo 1
+4|7“1—2M|2/ dT)/ dﬂ/ sinf df dp Q2| =
Vg u(ry,v) S,%,l—, Q

Proof. By the fundamental theorem of calculus, for any v>vy we have

2

Va(x0?)| (0.7.6,0).

(1)
/ X2 % (u, v, 0, ¢) sin 6 df do
SZ

u,v

(1)
=/ 1XQr2)2(c0, v, 0, ¢) sin 6 df d¢
S2

oo, v

(1)
—/ da/ QY 5(1xQr?12) (@, v, 0, $) sin 6 df de.
u S?Lm
We can estimate the last term (LT) for any A>0 by

1 0 (1)
|LT|<X/ dﬂ/ Q?|XQr?2(a,v, 0, ¢) sin 6 df do

+/\/ du/52 ’W3XQT)

—2M
mz2M / R 2@, 0,0, )

A ae(u(r,v),00)

2
(a,v,0,¢)sinbdb do

+>\/ du/ ’WgXQT)
S2

2
(a,v,0,¢)sinb di do.
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Choosing A\=2|r; —2M| yields, for any u(ry,v) <u<oo,
W, 212
/ [XQr=|*(u,v,0,¢)sin 0 di do
Sv%,v

(1)
S 2/ X2 |? (00, v, 0, ¢) sin 6 d de
SQ

2

—|—4|r1—2M|/ du/ ‘ Vs( XQ’I“) (u,v,6,¢)sinb db do.
S2

Multiplying this by ©22=—r, and integrating in u from the horizon, we deduce also

o0 (1)
/ daQZ/ X2 % (@, v, 6, ) sin O df do
) S2.,

u(ry,v
(1)
<2|r1—2M|/ ‘SC\QTQ‘Q(OO,U,H,(ﬁ)SiDQded(ﬁ (346)
Sgo,’u
o) 1 (/1\) 2
+4\r172M|2/ dﬁ/ Z‘Q%(Xm?) (@, 0,0, ¢)sin b d de,
u(ry,v) %

and, after integration in v, we obtain (345). O

We now obtain the estimate (344) from the doubly commuted equation (342). Upon

(1)
contraction of (342) with [V3((1/Q)V5(r?xf2))] and integration over the region r<r1,
the terms from the first line of (342) yield

v o) 1 (1)
/ d@/ da/ sin 6 df d¢ ((ﬁrst line of (342)), Y (QWS(T25€Q)>)
vo u(ry,v) Sa,{,
1 [~ 5| 1 X6V 2
:,/ dﬂ/ sin6.df de 92| =Y, y??,(r Q)
2 w(v,r1) Sz Q

2
,v

1 [ 1 1 W
ﬁ/ dﬁ/ sin@df dp | =V =Y3(r’xQ)
2 w(vo,r1) o Q2 Q

1 (1)
/dv/ u/ sin@d@dngQQQ‘QWS( Wg(r%m))
(r1,0) 53‘5

Recall that @Q =M /r%. The right-hand side of (342) after contraction with

1 Y
773 < (Q) 773(7’ XQ)>
can be estimated

2208 (9 (§93050)) ) <

+positive term on r =1,

2

2

( ’1_)797 (?b)'
(347)

W | r6
S|Pl o0 P
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so that, after integration over the region r<ry, the first term can be absorbed by the
good term in (347), while the last term is controlled by IFO[ } from the integrated decay
estimate for %’):7“_5(\11 (Theorem 1).

The two remaining terms arising from contraction of (342) can be controlled as

follows. For the second term in the second line of (342) we simply note

1iM o) (v (705 )

2 2
SY 1 144 M SY
<D gvartn )| 44 o e (349
2
JI2M oot

\vg( Y0450 )| +

The first term on the right-hand side of (348) will again be absorbed by the good terms
n (347), while for the second we will eventually apply Lemma 13.3.1. For the first term
in the second line of (342), we note that

Y ] (vg, (éwg(ﬂ%ﬂ)))

2

2M

r3
2
rd

Upon integration over the spacetime region, the second term has a good sign, while the

V?a(?“ ) (349)

2

SY4(750) SYa(7x0)

first has a bad sign on the horizon and a good sign on the timelike boundary r=r;.

We summarise the resulting estimate as

I . 1 1 Sy
2/uvrl)du/ sin 0 df deo Q? QW3<QY73(T2)<Q)>

/ dv/ / bln9d9d¢Q2
S,2

+ / do / d /
vo u(ry,v) S2 5
1/ dﬂ/ sin 0 df do Q2 1
2 u(vo,r1) S2 o Q
2
2 W:&(T XQ?)

/ dv/ sm@d@dgb
52

/ dv/ du/ sdeHd(b QQ| 2AQ|2—|—C' IFO[ }
(r1,0) S{"Z -

2

2

2 57s (5vs0%50)

2

(1)

e

, (350)

vg(é%,(r?%z))

2
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Finally, applying Lemma 13.3.1 will allow us to absorb the last term of (350) by the term
in the third line (for r; —2M sufficiently small; we now fiz r1, depending only on m, such

that this is possible) at the cost of another flux-term on the horizon.

1 [
—/ da/ sin 0 df dg 2
2 u(v,r1) S,,%,,U
f o[ f
vo u(ry,0) S2 5
v oo M
+/ dﬁ/ dﬂ/ sin0d0d¢923—4
Vo u(ry,v) S2 5 r

(%) (1)
gl/ dﬂ/ sin 6 df do O? 1W3<1W3(r2>?9)>
u S2 Q Q

2 (UO>Tl) i,v(q

v 1
do infdldo|——
+/UO U/Sgovsm QSLLMZ

To obtain the estimate of Proposition 13.3.2, note that the flux term on the horizon in

2

575 7a%5)

Ve 2
sin@dﬂdd)QZl—
4 r2

575 vs00)

o |2

SY5(4%) (351)

1

2 w
+CF, 0]

2

(Va0

2082
+ Qx|

the last line is controlled from Lemma 13.2.2.
To obtain the last statement of Proposition 13.3.2 concerning the sup, we use the

positive first term in (351) for the highest derivative flux. For the lower-order terms, we
use this flux together with the estimate (346), where in the latter we replace (;A()QrQ by
Q’lvg(%)QTQ) such that the horizon term in (346) is controlled by Lemma 13.2.2, while
the flux term is controlled by the first term in (351). This gives the Q~1Y5 ((51(\)97“2) flux

(1)
on any v=>vy. To obtain the YQr2-flux on any v>wy, one again uses (346), now in its

original form, and Lemma 13.2.2. O

13.3.3. Completing the proof of Proposition 13.3.1

Proposition 13.3.2 provides integrated decay (and fluxes) in r<r; from quantities purely
at the level of initial data. One can now generalise this to integrated decay (and fluxes)
globally. Let £ be a smooth radial cut-off function equal to 0 in [2M ,2M +%(7‘1 —2M ))

(1)
and equal to 1 in [r1,00). From (139), we have QW4(>?Q’17“2):(012T2 and derive

50 (&‘E

where we have used that Q2 is bounded uniformly below in the support of ¢ by a constant

=

2
<C.EQ5 |2, (352)

~

X, 2
q’

QQ

9 e
+Zfrl+€

r

®
X,2
Q

D=

2) 5000

depending on r; only. Integrating over a spacetime region [ug, u] x [vg, v] X S2, we observe
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that the second term on the left is supported for re [127"1 + M, 7’1}, and can hence be

absorbed by Proposition 13.3.2. Moreover, the future boundary term on constant v is
. 1) @

positive(*!) and the term on the right is controlled by ]FO[ 1/), ] Combining this with

Proposition 13.3.2 results in the estimate

sup / du/ sm@dﬂdgb—\ 2 9\2

'UO ) 'u \U

/ dv/ du/ sm&d@dd)

INCO )
SFo[W, ¢, al+ ||(W3)2X||%2(C1,0)'

|r2>zsz|2 (353)

(1)
Now that a global integrated decay (and flux) estimate for ¥ has been obtained, we can

revisit (341) and repeat the above argument, in particular deriving

2

e DR L ey
2262 Ly o) (354

<055(927"*5*5\r2>€9\2+r5+5§22|;/1J)Q|2+7"3+5(22|“)(22|2)
Note that the use of the multiplier 14+r~° instead of r~¢ exploits the improved decay
towards infinity of the right-hand side of (341). Upon integration, the second term on
the left can again be absorbed by Proposition 13 3.2, the first term on the right by (353)
and the last two terms on the right by FO[ z/J, } Finally, we apply the above argument
to the twice commuted equation (342), using again the control on the lower-order terms
from the previous steps and the integrated decay estimate for %’) (Theorem 1) on the

right-hand side. This completes the proof of Proposition 13.3.1.

COROLLARY 13.1. Consider the solution . of Theorem 3. We also have Ly, L*(S?)

estimates. In particular, for any u>ug and v=vg,
2]
1 @

W
Fol, ), ]+SUP||T Z/}QT?)”S?’ +H(V3)*XlI22(c,)-

1 (1)
/ s1n0d9d¢{|QA2|2 ‘Q%(mﬁ)
Sﬁy

@)
(31) This term vanishes in the limit on null infinity. To control the ¥-flux on null infinity, one should
choose f~1 near infinity. However, in this case one needs to know decay in u of « in order to control
the right-hand side. One can obtain La‘:vLQ(SZ) bounds with f=1, however. See Corollary 13.1 below.
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Proof. (Sketch) It is straightforward to obtain these bounds in a region r<4M (or
globally with weaker r-weights) using the L2 ,(S?) bounds on these quantities on the
horizon (see Propositions 13.2.1 and 13.2.2, accounting for the second term on the right),
and the fluxes of Proposition 13.3.1 together with the fundamental theorem of calcu-
@172 and (341),
respectively, towards infinity using the fluxes (282) and (292). O

(1)
lus. For 7>4M one integrates the transport equations Y, (YQ~'r?)=

(1)
Using the horizon flux of y (Proposition 13.2.1) in conjunction with the integrated
(1)
decay estimate on |(1/Q)V5(Qxr?)|? of Proposition 13.3.1, one also proves the following.

COROLLARY 13.2. Consider the solution . of Theorem 3. For any uZ>uo,

&0 ] TSP ) (@) R
/ dv/2 sin@df dor ' |Qxr?|? <Fo[¥, v, o]+||(Vs3) xHLQ(CUO).
S v

13.3.4. Higher-order estimates and summary

The arguments of the previous sections can be repeated for angular commuted equations.
We have, in particular, the following result.

(1) 1)
PROPOSITION 13.3.3. Proposition 13 3 1 holds replacz'ng 5{ on the left by APIY and
replacing the right-hand side by HWP, A[3]X HL2(C )—HF2 TW[\II C‘Dw ’D(l)]

Proof. We outline how to repeat the proof of Proposition 13.3.1 for the angular com-
muted equations (340)—(342), noting that Al commutes trivially with those equations.
Recall that, to prove Proposition 13.3.1, we first proved Proposition 13.3.2, i.e. the
estimates for r<r;. The key ingredients in the proof of Proposition 13.3.2 were (1) an

1 (1) (1)
integrated decay estimate for P, 1 and @ in r<r; and (2 ) control of the fluxes of (X2)

and Q_lvg(XQ) on the event horizon. Since Fg’T’V[\I/,Qw,CD(&)} provides an integrated
decay estimate for _,4[3}%) (away from r=3M), A[3];/1)) and AP (54), the first ingredient is
present for the AP commuted equations. The second ingredient is present as well,
because the fluxes of AL’ ((;?)Q) and A[?’}Q_lvg(()l?)ﬂ) on the event horizon are controlled
by the once angular commuted version of Propositions 13.2.1 and 13.2.2. This proves the
ABl-commuted version of Proposition 13.3.2.

To complete the proof of Proposition 13.3.3, we finally repeat the proof of §13.3.3.
While the proof would go through unchanged for the A commuted equation (replac-
ing ]Fo[ ¢, (1)] by F2 T Y7[ w, ] on the right), an additional renormalisation argument
is required when repeating the argument for the APl-commuted equation (342), since
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(1)
IF?) T Y7[\1' D), Da] does not provide a non degenerate (near r=3M) integrated decay es-
timate for three angular derivatives of P . We present this argument now. By commuting

(139) and using the identity (299), we derive
. 2(/1\) 19 n L (1) 1 3 EY) (1)
QW4[A[’+ IR0 2 4t Al |=—r Ay Q4 30r A Y. (355)
Commuting (355) once with QY5 yields

oD S () (1) ., (1)
QV4[QV3(A[H_Q]5€Q_1T2)+7‘4A[Z]P—A[Z]¢T39+2MTQ_1A[I]1M
e (356)

. (1) L (D) .
— A Pr02 e Ay 2 40 R02,

We leave the final QY5 commutation of (356) to the reader noting that it is already clear
that at most second (one being angular, one being QY3) derivatives of P w and & will
appear both in the boundary and in the terms on the right. For such terms, fluxes on
hypersurfaces of constant v, as well as non-degenerate integrated decay estimates, are
available(?2) through Theorem 2 and controlled by Fo'™ y7[\11 CDw @a] (noting also that
weights in Q2 are irrelevant in this part of the argument). We can hence contract (355)
with &/r¢ times the expression in the square bracket, (356) with £(141/r%) times the
expression in the square bracket and similarly for the double commuted equation, just

as done in §13.3.3 for the uncommuted equations. This completes the proof. O

The analogues of Corollaries 13.1 and 13.2 are now deduced just as before. Note
that, from the commuted version of Propositions 13.2.1 and 13.2.2, controlling .A[?’]()l?)ﬂ
and APIQ1Y, (()%Q) in L?(S?) on the horizon (or the fluxes on the horizon, respectively)
requires only one angular derivative of ¢ and one derivative of P which is clearly con-
trolled by IE‘2 T y7[\11 CDw @a] This proves the following result.

PROPOSITION 13.3.4. We have, for any u>ug and v=vyg,
2

_ (1) _ 1
I 1~A[3}ﬂxr2||%g,v r AR V(ﬂxr)

SZ

2 ™ (1
S|V5(Al >\|L2<CUO>+F Y (Y, D4, D W)

and, for any u>ug,

(1) (1)
JHF2TY [0, Do), D).

v

0o (1) (1)
/ dv/ sin0.d6 dé v~ AP < |V APR) | 12 e
sz,

(1)
(32) Note in particular that the div R*W-derivative is controlled non-degenerately already in
(1) o (1)
FL.T:Y W], while the div TW)-derivative is non-degenerately controlled in F2:7>¥ [¥].
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(1)
13.4. Boundedness estimates for the ingoing shear X

(1)
In this section we will prove boundedness of the quantity X and derivatives thereof. Key

(1)
to the boundedness proof is the auxiliary geometric quantity Y introduced in (218),

which satisfies a propagation equation with integrable gauge invariant right-hand side.

(1)
Remark 13.4. With the redshift estimates on X of §13.3 in mind, one might hope

that a similar argument near null infinity will produce decay estimates for the geometric
(1)

quantity X of .. However, this is not the case and we shall only be able to prove

A (1)

boundedness. It is only for the horizon-renormalised ., where the geometric quantity X

decays. See Theorem 4.

(1)
13.4.1. Control on angular derivatives of x

(1)
We recall the quantity Y, a symmetric traceless SZ,U—tensor, from (218).

LEMMA 13.4.1. We have the propagation equations

3(1) 1)
o 1 Y 3Mar

Wgy = 57’ tr&ﬁ—l— ?) s (357)
and
) 10 RO Ko L0 3M ) ,a

Vs (APY) =V, —SU=3MrP QT |+t 3M P+ == Qar—9MP o, (358)

) 1 o) m

Va(ANY) =¥, <2r27b’£ div ¥ —3Mr°P; div Q!
10 3M®W 3M 0 9M? b (359)

+§\ll+27r\l/*77‘ %Q+7’r r %Q +J27

1) (1)
where Jo denotes a linear combination of terms r—2WUQ, 7“3@ and r&)/ﬂ, with uniformly

bounded coefficients depending only on M.

Remark 13.5. Recall that the operators A[Q]:r2$; difv and A[4]:T4$; div @; div

acting on symmetric traceless tensors are uniformly elliptic; cf. (111) and Remark 4.2.
Proof. To derive the above, note that, by (302),

) ) .
Vi(r*pQ ) +1 tr x (rtp Q) = =t Q7P div @ —3MraQ !, (360)
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while
2 R—1 20—11) 44* Do-1 40y—14* $9)
Vs(r XQ7)=-r"Q "a and hence Y4 (r*D; div XQ) =—r"Q D, div a.

Subtracting (360) from the last identity yields (357). For the second identity, the compu-
tation is straightforward commuting the first identity with A/ and using the identities
(302) and (303). The third identity is produced by another commutation with A and
using again the identities (302) and (303). O

The point of the identity (358) is that the highest derivatives on the right-hand
side appear as a boundary term, while the remaining terms are essentially as in (357),

i.e. loosely speaking commuting with two angular derivatives does not “lose” regularity.

PROPOSITION 13.4.1. Consider the solution . of Theorem 3. We have, for any

u>=ug and v=vg, the estimate

(1) (1)
I YHSMNHT YHSZ VT[] 4/Fo [, 09, &) (361)

and
(1) ® @
Ir= AB]YHS;{ LSl Y|Sg AVESTY 0]\ [Fo[0, Dy, &) (362)
(1)
e diy 90 gy e dtv Bl
as well as
I AV gy | S I A g+ VRST8] ol 90, @)
52,5 s2 0 ; (363)
ARy ARy
where we recall (234) for the definition of Fo [ } Note that, by assumption (246), all

right-hand sides are finite.

Remark 13.6. We can actually drop the last term on the right-hand side of (362)
and (363), as it is controlled by Fy TW[\L]. We can also drop the penultimate term in

e 21,7 (D~
(362) and (363), provided we replace FO[ 1/}, a] by Fy ™7 [¥, Dy, a]. Both statements

are a direct consequence of 1-dimensional Sobolev embedding and the definition of the

norms.

Proof. Tt is clear from (357) that the first estimate would follow from boundedness
for the L'-fluxes

/ duQ?||r -1

ol (364)

2
Su,v

L
Q

and / du Q2|7

2
Su,v
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which is guaranteed by Corollary 12.6. For the second estimate, we commute (358) with
rdiv and estimate the quantity
5 N R o) RO
||r d,fvp2 divY —1rrdiv P+ Mrdivr P

1
2 Sz )7

by integrating the transport equation, using again Corollary 12.6. Afterwards, we use
Corollary 11.2 and Proposition 12.2.3 to deduce the desired estimate. The third estimate

is similar. O

(1)
Combining Proposition 13.4.1 with the definition of Y and Proposition 12.2.3, we

deduce the following corollary whose last claim follows from Proposition 12.3.3.

COROLLARY 13.3. Consider the solution . of Theorem 3. We have, for any u>uo
and v=vg and i=0,2, 3,
(1)

, rX eY) 6 L @
AR ()| Sl A g VBT (04 Rl 90 )
Sg,".} Y B

(1)
Hr AT e

For i=0,2, the last three terms can all be controlled by (the square root of)
F27Y [0, D4, Da.

Using that we can multiply both the square of (362) and (363) by Q22 /r2 and integrate
in u, we find using the (twice angular commuted) fluxes of Proposition 12.2.1 the following
corollary.

COROLLARY 13.4. Consider the solution . of Theorem 3. We have, for any v=vy,

the flux estimates

[

2

oo ry (1) (1) ®n @)
du Q2|1 Al X < ||7"_1'A[3]YH22 +F2’T’V[\1’]—|—F2’T’W[\l’,@w,(iw)},
Q LD 52, o 0 P
o Su,v
U
oo r (1) (1) ®n @)
du Q2|1 Al6] X < ||7a—1..,4[4]YH22 +F2’T’V[Q]+F2’T’V[\L’D¢,g .
Q S s2 T 0 K
uo 52, ’

o
13.4.2. Control on angular derivatives of ¥ ,x

Commuting (357) with QY, we derive

~(1)

1) (1) (1)
V3(QY,Y) =r3QP+3M (2ry—2war) (365)

using (179) and (296).
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PROPOSITION 13.4.2. Consider the solution . of Theorem 3. We have, for any

u>=ug and v=vg, the estimate

) ) )
I QY VB Ssup e QYR R0, 8], (366)
as well as, for any v=vg, the flur estimate
o211 SO —1 W o O W)
duQr=|r 'TQW‘lY”Sﬁ,U Ssup||r ~TQY74YHSQ +Fo[¥,¢, a (367)
ug v "

We also have the following flux and integrated decay estimate for any v=vg and u>ug:

v (1) v u (1)

/ dor ' QYL Y |5+ / do [ dar T Q2T QVLY G,
vo o o (368)

1 » W, W @ g

< Zsup [l -TQV4Y||SQ - +Fo[¥, 9, al.

Proof. From (365), we deduce for >0 the estimate
(1) (1)
AV [(QV LY )* 7]+ 4977 1P (QV,Y)? < Q%7 3(|\1/\2+\r3¢9 24 @r22). (369)

The estimates of the proposition now follow from direct integration over the angular
variables and either the u direction (for the first two estimates, y=2) or both u and v
(for the last estimate, y=1—c¢). O

Remark 13.7. Stronger r-weighted norms are propagated (in particular, we could

apply (369) with y=3 and y=2—¢, respectively), but we will not make use of this here.
A simple commutation yields (using that 7Y 4 commutes trivially) the following.

COROLLARY 13.5. Consider the solution . of Theorem 3. Let i€{1,2,3}. The

(1) (1)
three estimates (366) —(368) hold replacing V4Y by Al V4Y everywhere, and Fo[V, ), (i)]

by Fo TV[‘II Z‘Dw ’Da] on the right.

(1)
Note that it is indeed F2 Y, [\I/ D, @%4] appearing on the new right-hand side which
(1)
stems from the fact that the estimate invoked in the proof only requires the fluxes of ¥,
(1)
and IF2 T 77[\11 C‘Dw ”Da] by definition already contains three angular derivatives of V.

Given the estimates for W4Y, we can obtain estimates for W4X from the easily verified
identity
(/1\) )
ORI 2 4 o ¥ 1/’
QV4Y*—Y+T 2P divQy, 6 —r P 2Mr<= (370)

In particular, multiplying the above by r, squaring and integrating over the angular
variable, we deduce the following.
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COROLLARY 13.6. Consider the solution . of Theorem 3. We have, for any u=uq

and v>=vg, the estimate

2

(1)
N r
rlg? -7"2@2 div QW4 <§>2<)

S2

_1 (1) 9 Y _1 (1) 9 (1) (1) (1)
Soup |10 VB +sup e V2 R0, 8]
v ’ v ’

(1) (1)
+Sup‘|7’71'w9717‘3”%2 +Sup|‘r71'\11971“§2 .
“ L w,vq w u,vg

o @
The last three terms on the right-hand side could be replaced by Fo[¥, D1), (é)], using
Sobolev embedding in dimension 1. Using Corollary 13.5, we also have the following

commuted version.

COROLLARY 13.7. Consider the solution . of Theorem 5. We have, for any u>uo

and v>=vg, the estimate
(1)
™\ ||?
ey ()

2
52,

u

. (1)
Ssup e By Atv QYL V),
: |

9 (371)
S2

uQ,v

(1)
Ssup [l 2Py div Y|
v

(1) (1)
+F2TY (W, D4, 4.

The horizon flux estimate of the next corollary follows directly from the (twice
angular commuted) flux of (368) (applied with u—00), and suggests that, while %)Q_l
itself does not decay, applying a T-derivative gives rise to a decaying quantity.

COROLLARY 13.8. Consider the solution . of Theorem 3. We control the horizon
flux

A ()

) (1) (1) (1)
/ do | ANV, (rxQY)|%s  Ssup[lr - ABrQY, Y2, +FS TV, p, 0] (372)
A Ee v a0 hat

vo

1)
13.4.3. A polynomial decay estimate for 74(9_12) on the horizon

For later purposes, we derive here a simple polynomial decay estimate for the quantity
(1)
W4(Qflx)~
PROPOSITION 13.4.3. Consider the solution . of Theorem 3. We have, along the
event horizon, the estimate
W 1
|AZQY, (r0 )2, | S —5Fo,

where we recall (246).
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Proof. Starting from equation (365), one repeats the argument (splitting integrals
when integrating the transport equations) of the proof of Proposition 12.3.5 using also
the flux bound of Proposition 12.3.8 (Corollary 12.5 is also sufficient). This yields in
particular

(1) 1
19V.Y 52, S —Fo- (373)
One now revisits the identity (370) evaluated on the horizon and uses the fact that v=2-
decay for 112 is implied by Proposition 12.3.6, while v~2-decay for (\Ili) (on spheres on the

horizon) is an immediate consequence of Proposition 11.5.1. O

13.5. Boundedness for all remaining quantities

In this section we conclude the proof of Theorem 3 by exploiting the estimates derived
(1)

on the outgoing linearised shear X and the ingoing linearised shear X in the previous

two subsections to bound all remaining linearised Ricci and curvature components of the

solution <V7

13.5.1. L:fv-estimates on Si,v and fluxes on constant v-hypersurfaces

The estimates obtained thus far are sufficient to obtain flux bounds for five angular
derivatives of the curvature components (5 and ((é)), <clr)), Note that we already control
the flux of five angular derivatives of &) by Proposition 12.3.1, as well as six angular
derivatives of (IX) from Corollary 13.4.

PROPOSITION 13.5.1. Consider the solution . of Theorem 3. We have the following
flux estimates:

o0
sup [ du AR08, ) | SE,
v Ju :

0

oo (1)
sup/ duQ?||r~ " APy (P Q)% SEo.
v uQ ’

Proof. The estimates follow from the identities

[4],.297H* A% 3(1)  3(1) 4] 5(1> [l](/l\) M(/l\)
A2 Pipl(r 0,13 0) = A (r° P)+3MQr (A" X — A X)s (374)
N Y N ey
Ay (1) = A(Q 1)+ 5 0AT(Q71Y), (375)

(1) (1)
the flux-estimates on P obtained in Theorem 1 and the estimates on X and X obtained

in Corollary 13.4 and Proposition 13.3.4. 0
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W
The next proposition concerns L?-estimates on bpheres Note that below for # and
1)
B we need the redshift (and 7Y 4-) commuted energy IB‘Q[ ] and IFO[ ] on the right hand

side; see Corollary 11.4. The same is true for the analogous estimates for ) and « @

obtained previously in Proposition 12.3.3.
PROPOSITION 13.5.2. Consider the solution . of Theorem 3. We have, for any
u>ug and any v=vg, the estimates
7=t AP PP (0,59 |3 | SEo (376)

and

(1) N (1) (1) (1)
It AR DL (2 FO B+l AR P (T2 BQ) |2y SEo W]+ FA(T),

provided F3 [\I/]+IF2[\II] <00. Moreover, if on the left-hand side of the second estimate AL
is replaced by A and the exponent by T 5 —¢, then the last term on the right-hand side
can be dropped.

Proof. Use the identities (374), (375) and (395) now with Corollary 13.3, applied
with ¢=0 and ¢=2, and Propositions 13.3.4 and 12.3.3. For the final remark, use the once
angular commuted Proposition 12.2.3 with d=¢ and observe that the right-hand side of
the latter is controlled by the Ej alone via 1-dimensional Sobolev embedding. O

13.5.2. Estimates for four angular derivatives of 17 and (117)
With the estimates at our disposal we can already prove the following result.

PROPOSITION 13.5.3. Consider the solution . of Theorem 3. For any uzug and

v=vg, we have, for i=1,2,3, the estimate

*(1)

/ sin 0 df dp- [ A5 |2+t | AL PS5
S2

(1) (1)
S|V div s dzvx>||L2<cv0>+D[ I, 24 F2TY [0, 09, 00+ F2 7Y [0, 09, W)
S Eo. (377)

For %) we have in addition the flux estimate(3®)

/ du / sin 0 d6 do Q24| AP} )12 < K. (378)
2.

(33) Note that this flux estimate does not lose in r compared with the estimate (377) on spheres.
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Proof. Consider the estimate
2

*(1 21 €Y 1, 14 o® Y
APl \A[Zlgvg)(r?xﬂ) g AP AR, (379)

which is an easy consequence of (140) and trivial angular commutation with the Alll
defined in (103), and

(1)
[ (€)) i TK
4|A[ ¢*12<‘ HT?QW4<Q)

which is easily derived from (141). For i=1,2,3, the terms on the right-hand sides are

+|A[Z]T2>?Q|2+IAMTXQ 2, (380)

controlled by Proposition 13.3.4 and Corollaries 13.3 and 13.7. For the flux estimate, we
need to use in addition Proposition 13.3.3 and Corollaries 13.4 and 13.8. O

13.5.3. Control on five angular derivatives of @ and (wi)
We turn to estimates for & and (o.)l)

PROPOSITION 13.5.4. Consider the solution . of Theorem 3. For any uzuo and

v2vg, we have the estimate
= APV 4 W52 SO (u,0) By (381)
We also have the estimate
I AP PV 07 s
Proof. Commuting equation (144) we can write, for i=0,1, 2, 3,
OV (AT DY 4 )
— (A“ PP AP S oy -0 )> 0?22 40 (4 ),

< Fo. (382)

u. v Y

Integrating this transport equation using the Cauchy—Schwarz inequality in conjunction
with Theorem 1 and Corollary 11.3, Proposition 13.3.4 and Corollary 13.4, as well as
Proposition 13.5.3, yields the result. Note that the initial term on u=wug vanishes in
view of . satisfying the gauge condition (189). It is easy to see how to incorporate a
non-vanishing boundary term if (189) did not hold on the data; cf. Remark 10.3.

For &) the argument is similar, now integrating in the 4-direction and starting from
(144) written in the red-shifted form

e 2M o) _
QY4 (WO ?)+ 2 w2 *QJFFQ 'Q,

from which after angular commutation as above, one proves the boundedness statement.
O
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1)
13.5.4. Control on five angular derivatives of (Qtr x)

The control obtained on four angular derivatives of %) is sufficient to estimate all angular

(1)
derivatives of (€2trx). For this, we write the Codazzi equation (145) as
. W 1 NN CO N SN CY S IO ¢
AP} dtv QX = ~ AP+ AT SoAR T 4 AP Q). (383)
X=7 Y X X

PROPOSITION 13.5.5. Consider the solution .& of Theorem 3. For any u>ug and

V=19, we have the estimate

(1)
. (Qtr 2

r‘l-r?’AB]ZDgW( Qzé) < E,. (384)

Siw

Moreover, we have the flux estimate
@iry) |

o0 . T

sup/ du Q? r_l-r?’A[S]@zWTX <Eo. (385)
v Juo S%w

Proof. This is a consequence of the identity (383), Corollaries 13.3 and 13.4, Propo-

(€9)
sition 13.5.3 and the estimates on ¢ obtained in Propositions 12.2.1 and 12.3.3 (the latter
only for the first bound). O

(1) (1)
13.5.5. Top-order estimates for angular derivatives of x and (Qtr x): The
(1)
role of Z

(1)
At this point we have estimated all Ricci coefficients except (Qtryx). Estimates for the

latter could be obtained directly from the estimates on (XB of §13.3 (cf. Propositions 13.3.3
and 13.3.4) and the Codazzi equation (389). However, the estimates of §13.3 “lose” V¥
derivatives, in the sense that we could only estimate ()1?) after commutation (twice!) with
the redshift vectorfield. In this section we s(lll)ow how to avoid this loss of derivatives and
how to estimate five angular derivatives of X.

Key to the argument is the auxiliary quantity (Zl) defined in (219) which essentially
allows to prove that, given estimates on (ﬁ) and (717)7 the quantity (2 (tlr) X) can be estimated
without a loss near the horizon. The Codazzi eqzlation (389) can then be used to estimate
angular derivatives of (XIA) The weights near infinity obtained in the process are not
optimal. However, once estimates for angular derivatives of )1?) are available near the
horizon, one can use the angular commuted transport equation for <§1<\), (139), to optimise
the weights for (angular derivat}ves of) ()1?) and then use once again (389) to optimise them

(
for (angular derivatives of) (Qtrx).
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(1)
Angular derivatives of (Q2trx). Observe that we can write

W p2 ey 91D
QYQ((Qtrx)@—élrQ 0)=—-40°Q7"Q. (386)

(1) (1)
Recall the quantity Z=(r3/Q?)¥V(Qtr x)—2r? ((n)—i—(n)) defined in (219). Commuting, we

can write
G _

QY 4 (AP} 2) = —202 A2 D5 (' + ), (387)

1

where we recall the definition of Al in (103). Contracting (387) with (r—"/Q2)AllyP,Z
(with the appropriate i) we find(**)
. 1) . e
| Al P} Z )2 nQ? 2M\ |Alrp;Z)? o ik D Dy kD)
Integrating and using the Cauchy—Schwarz inequality (note that, by Proposition 9.4.3,

the quantity 7"@22 vanishes like Q2 on the sphere 52 in our gauge), one finds the

00,V0

following.

PROPOSITION 13.5.6. Consider the solution . of Theorem 3. We have, for n=0,
any 1€N and any u>ug and v>vy, the estimate

[4] Z2 Z2
/ sinfdo do 12 7;7'?23 | / dv/ sindf do LA fég |
S2 S2 5

[i] VAL
5/ sin@d&dqbw
S

u,vq

/ dU/ sin 0 df do >0 | AP () o <1>)|
S?

Applying the proposition we can reinsert the definition of Z and obtain an estimate

(1)
for ¢ angular derivatives of (Qtrx) in terms of i—1 angular derivatives of (17)+(77)

COROLLARY 13.9. Consider the solution . of Theorem 3. We have, for n=0, any

1€N and any u>ug and v=vg, the estimate

gy @00

/ sinfdfdpr®—"| A
S

u,v

(1)
[P 7|2
< /S sin@d&d¢%+snp /S sin 0 d6 do S| ALDS '+ )2

u,vq u,v

+/ d@/SZ sin 0 df dg >~ "0 | AP} (/+7) 2.
Vo u, v

, . (1)
(34) In principle, we could contract with (1/Q%)AldrP5Z to estimate a stronger norm, but since

1 1
in our gauge (r]) and (17) do not decay along the event horizon, we need an additional Q2 to perform the v
integration in the estimate below.
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This estimate is crucial, as it allows us to estimate ¢+1 angular derivatives of (Q(tl; X)
in terms of ¢ angular derivatives of (7]7) and (117>. We now apply Corollary 13.9 with =3 and
n=2+-¢ (to make the right-hand side integrable), using the bounds of Proposition 13.5.3
to conclude that

o
supr?—¢ Hr_l .02 -A[B]r2$2Y7(Q trx) ’

u,v

?SZ _SE,. (388)

Note the factor of Q2. The estimate is clearly not optimal near infinity, as 2—e should

be replaced by 4. This will be achieved below.

(1)
Higher angular derivatives of X. We now write the Codazzi equation (145) as

I 1) 02 . L L 3 GO SR R (¢Y)

Using the estimates available for the terms on the right-hand side we conclude the fol-

lowing.

PROPOSITION 13.5.7. Consider the solution . of Theorem 3. We have, for any

u=ug and v=vg, the estimate
x g B
[r=t- AR D] div(Qxr?)[%: | SEo, (390)
and
o0 (1)
sup / dor=1=2||r= L AR P div(Qxr?) |2 SEo. (391)
uzuo Jvg v

(1)
Suppose now also that the initial norm F3[¥]<oco. Then, we can replace AP by ABl in
(1)
both (390) and (391) provided we add the expression F2[W] on the right.
Proof. A weaker version of (390), namely with weight r=27¢ on the left-hand side,
follows directly from the identity (389) after applying the estimates (388), Proposi-
tions 13.3.4, 12.2.3 and 12.2.1 and 13.5.3. To optimise the weight near infinity, one

recalls (355)
(1)

rt Al
Q

X (1) (D) X
Oy, (A“”] Q12 ) — 3 Ay 3Mr AT,

Note that the quantity in brackets is not regular on the horizon. However, we can

integrate from the hypersurface of constant ro=r(ug,vg) (where we know that

W )
AR 2 sz + P APQ sz | S VEo
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holds, by the estimate just established and Proposition 12.3.3) forward using the fluxes
on A[Q];Z) and Ao of Theorem 2. To obtain (390) with APl one follows the same
argument with ¢=3. Proposition 12.3.3 will now lead to the extra term.

To prove the inequality (391), note first that restricting the integral to r>rq, (391)
follows immediately from (390). For r<rg, use (389) and apply Proposition 13.3.4, the
fluxes for ¢ of Theorem 2, and observe that (388) gains a power in Q2. O

Revisiting again (389) immediately improves the estimate (388).

COROLLARY 13.10. Consider the solution . of Theorem 3. We have

LW
sup [[r=1- Q72 APV (Qtr ) |5, < Eo. (392)

u,v

(1)
Moreover, provided the initial norm F3[¥] is finite, the estimate remains true if we replace

(1)
AL by ABL on the left and add F3[¥] on the right.

Proposition 13.5.7 without the improvement mentioned in the second part of its
statement is already sufficient to prove the analogue of Proposition 13.5.1, i.e. flux esti-
(1)
mates on constant u-hypersurfaces for the quantities (Q1> and .
PROPOSITION 13.5.8. Consider the solution . of Theorem 3. We have the following

flux estimates:

< 1, _ *, 3(1) 3(1)
sup/ dv v LA PID (30, ) |3, S, (393)
u vo ’
oL 8Bz <
sup dv r—2||r AP (P BQ) 2. S Eo. (394)

u,v

0
Proof. The estimates follow from the identities
, .ok Y () (1)
A2l (r® 9, r?’((})) = A (r° P)+3MQr (Al —AlY),
Y ) EN)
AP (B = A () - FoAl (%), (395)

1)

and the estimate on X obtained in (391), as well as Corollary 13.3. O

13.5.6. Refined estimates for higher angular derivatives

We finally prove some refined estimates for higher angular derivatives which will eventu-

ally allow us to prove the estimate (248), i.e. to show the propagation of the D!

in §13.5.8 below.

-norm
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(1) 1)
Higher angular derivatives of ¥3(2tr x) and Y3(x€2). Now that we have esti-
(1)
mated five angular derivatives of X, we can apply the identity (380) with i=4 to estimate

five angular derivatives of %). This is Proposition 13.5.11 below. To estimate five deriva-

(1)
tives of %), we first estimate AMQ~1Y5(Qtr x), and then revisit (389) with i=2 and one
_ (1)
OV, ' derivative applied to it, to obtain a bound on AMQ~'Y,%. Finally, revisiting

(379) now with ¢=4 will then control five derivatives of (11]).

PROPOSITION 13.5.9. Consider the solution . of Theorem 3. We have the estimate

sup
u,v

LY, (A[z] 2ty (Qtrx)) ? <E,. (396)

2
Su,v

(1)
The estimate also holds with AB! replacing A% provided the term F2[W]<oo is added
on the right. Finally,

Y
sup |71 Q7 V5 (AP Py div(Qxr?)) 12 | S Eo. (397)

u,v

Proof. Starting from (136) and using (137), (135), (142) and (151), we derive

oo o ) 2 o e 2

8M i W, D e (2M Z_ an
- TA[ ]r2¢2(717 T 717) AAN S PLY o+ <,« _92> A2 ply ( Q2X) 5
from which the redshift is manifest. Since for .’ the quantities %> and (117> are not expected

to decay, we contract the above by

oo oo )

Using the flux of Proposition 13.5.8 and Lg°,L*(S7 ) bounds on %) and (11]) of Proposi-
tion 13.5.3, as well as Corollary 13.10, we conclude the first estimate.

The estimate (397) now follows from the identity arising from (389) with i=2, mul-
tiplied by 7* and (1/Q)Y3, applied to it. After inserting (142), (140) and (179) (and
noting the relation (182)) all terms on the right-hand side can be controlled on spheres
by Corollary 11.3, Propositions 12.3.3 and 13.5.3, Corollary 13.3 (with i=2) and the
bounds (390), (392) and (396). O
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Top-order angular derivatives of (7}]) and (117) With the results above, we immediately

obtain estimates for the highest derivatives of %) and %1]).

PROPOSITION 13.5.10. Consider the solution . of Theorem 3. For any u>ug and

v=2vy we have

/ sin 6 d6 do r8| AN D392 < Eo. (398)
; 7

'(2l v
Proof. Apply (380) with i=4 and use (390) and (371), as well as Corollary 13.3 with
i=2. O
PROPOSITION 13.5.11. Consider the solution . of Theorem 3. For any u>ug and

v=vg, we have the estimate

* (1),

/ sin 0 df de r*| AV P |? < K. (399)
S

2
u,v

Proof. Apply (379) with i=4 and use (390), Corollary 13.3 with i=2 and (397). O

13.5.7. Boundedness of the metric components

PROPOSITION 13.5.12. Consider the solution . of Theorem 3. We have, for any

v=vg and u>ug and 1=0,1,2, 3,

(1) (1)

2 2

Aty Il ey YO e, o)
Vills Vilss,
and also
X @ L oo
[t r AT G2, S et AR G2, R, (401)

(1)
For the metric component b we have, for i=0,1,2,3, the estimate

NG
Pl AT BB, <Ko, (402)

(1)
while, for i=4, the estimate (402) holds replacing the first r by r=¢. For Q~1Q we have,
for i=0,1,2,3,4,

, N 1)
lr= - AP PV Q0|3 S B (403)
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Remark 13.8. Note that the initial term vanishes for (402).

We remark also that the first term on the right-hand side of (400) and the first term
on the right-hand side of (401) are in fact also controlled by Eg, and could hence be
dropped. This follows easily from the round sphere conditions (191) and (192), and the
boundedness of the initial energy (248): Integrate (131) and (132) from infinity.

The estimates above hence show in particular that the round sphere conditions (191)

and (192) are preserved in evolution.

Proof. From (131) we derive, for any n€R,
1) (1)
Aitpyy VILT ] [+ 2 oo atnapy 22

,8 [
(1)

:,r,’rL‘A[i],r,Zw;W(Q (tl;X)'A[i]ﬁ@;V%’

which we apply with n=1 from initial data, use the Cauchy—-Schwarz inequality on the

]

right-hand side and the flux of Proposition 13.5.5. Similarly, from (132) we have
(1 AL g ) L1 ) gi421 g 2) _ gy192 412 1) A+,
r
which we apply with n=1 from initial data, use the Cauchy—Schwarz inequality on the
right-hand side and the flux of Corollary 13.4. From the transport equation (133), we

derive

1
iﬁu (T’n

which, for i=0,1,2,3, we apply with n=3, use the Cauchy—Schwarz inequality on the
right-hand side and Proposition 13.5.3 the flux estimate (378) and the estimate (377).

For ¢=4 we can still apply the above with n=2—¢, and use the higher-order estimates

(4]
> 292 A[’L] 'p ((U (1>) A T$2 Tn’
T

(404)

) (1) . (1)
Al pib 2) nm( n‘A[’]rZD;b 2
+ r

;

2r r

of Propositions 13.5.10 and 13.5.11. Note the loss arises from not having the top-order
fluz estimate (378) for 7.

The last estimate follows directly from (134) and Propositions 13.5.10 and 13.5.11

O

(1)
Remark 13.9. The loss in r-weight in the top-order estimate for b can be removed,
once one derives the top-order analogue of the flux estimate (378). The latter in turn
(1)
requires a flux estimate on four angular derivatives (1/Q)¥5¥. This is most easily done

M
from an estimate on (1/Q)Y3(2trx) in the context of the future gauge of Theorem 4.
We will not pursue this further here.
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13.5.8. Proof of (248) and Corollary 10.2

The statement (248) in the boundedness theorem now follows from (362) and Corol-
lary 13.5 with i=2 for the (}1/)—part in the ]D)[%l), (Zl)]—norm, from Proposition 13.5.6 applied
with n=2+¢ for the <Zl)—part in the ID)[(}l/), (Zl)]-norm, and finally from Proposition 13.5.9 for
the remaining part in (244).

For Corollary 10.2, one uses the classical Sobolev embedding on wa in conjunction

(1)
with the estimates of Corollary 13.3 for X, Proposition 13.3.4 for X, Proposition 13.5.3 for

%> and (11]> (recall that the /=0, 1 modes vanish for .#’), Proposition 13.5.12 for all metric

(1) (1)
quantities, Proposition 13.5.5 for (Qtr x), Corollary 13.10 for (2 tr x), Proposition 13.5.2

o o G 24 o o .
for ¢, o, B and 8, and Corollary 12.3 for o and a. The pointwise bounds for .&

itself follow from the identity .¥'=.7 "+ Hm.s;, together with the fact that, as is checked
by direct computation, reference Kerr solutions J, s, indeed satisfy the boundedness
property of the corollary with right-hand side controlled by a constant depending only

on the parameters m and s;.

14. Proof of Theorem 4

In this final section of the paper, we turn to the proof of Theorem 4. The reader can
again refer to the overview in §2.4.4.

In §14.1, we shall show that the pure gauge solution g?, and thus also 52 , satisfies
a uniform boundedness statement and an asymptotic flatness statement. This gives
statement (1) of Theorem 4. In §14.2, we obtain statement (2) of the theorem concerning
integrated local energy decay. Finally, we prove the final statement (3) of the theorem

concerning polynomial decay in §14.3.

14.1. Boundedness of the pure gauge solution %

Let Eé denote the pure gauge solution in the statement of Theorem 4. The goal of this
section is to prove the boundedness of é , from which a similar statement will follow for
7 =7 +§ , in view of Theorem 3 applied to .7

We will begin in §14.1.1 below with certain preliminary estimates for 59 on the
horizon. We shall then use these in §14.1.2 to infer estimates for the function f defining fé .
The precise boundedness statements that follow will be given in §14.1.3.

To distinguish between the quantities (129) associated with .#" or 87 , We agree on

the following convention: The geometric quantities of the solution .#” will, from now on,
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be denoted with an additional [.#] next to them, while those of S will appear without
any additional notation, unless there is potential confusion, in which case we add [59 ]
The general rationale is to always write an estimate for a quantity of <7? on the left in
terms of initial quantities of .¥” on the right.

For the geometric quantities associated with the pure gauge solution é , we shall
AN
always add [¢].

(1)
14.1.1. Decay bounds on the ingoing shear X at the horizon

Recall from §13.4 (part of the proof of Theorem 3) that the “first” obstruction to proving
(1)
decay for . arose from the quantitity X[.#’]. We will show in this section that our choice
1) @) A
of & ensures that X=X[-] does indeed decay along the event horizon H*. The estimates

obtained will then allow us in the next section to infer bounds for the gauge function f
defining ¢.
A
First, some preliminary remarks: We note that the pure gauge solution ¢ has van-

(1)
ishing linearised shear Q[{é]z() Therefore, in addition to the estimates on the gauge
1)
invariant quantities, also the estimates on Y proven in §13.3 remain valid as stated for
1 (@ (1) (1)
)A(:f([ﬁ] We also recall from Proposition 9.3.1 that Q72(Qtr ) [fé]:O and Q*IX[EJA]:O

on S2 ., and thus

(1) A (1) 1) A 1)
Q2 (Qtr ) [L] =03 (Qtry) ] and QXS] = Q’lg[g] on 3, (405)
Finally, again by Proposition 9.3.1 and Lemma 6.1.1, we have
%)[é] =0, Zl))[ A] =0 on the event horizon H*. (406)

Hence, in particular, the gauge condition (194) holds for both . and . Since (406)
and (212) hold on the horizon H*, we conclude

PynS) = —Dsi[ S = D57 (407)

We now deduce the following flux bounds on the horizon.

PROPOSITION 14.1.1. On the horizon H™, the geometric quantities of 52 in Theo-
rem 4 satisfy, for i3 and any v=vy,
. (1) v . (1) . (1) . 1) (@)
Y _ LY Y ~3.T, e
A0 KR+ [ o AR, | S 1A R | BT 6, )

Vo
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and
(Qtrx) v (Qtrx)
HA[Z 2]¢2W +/ HA[z 2]¢2W
Sgo.’u Yo Sgo,i
@il |
e tr x)[ i €}
5HA[ Y — || +F T
Sgo ;U0

Proof. Restricting the angular commuted (141) to the horizon, we have, on H*,

@ (1)
ANXY L Lo X o g
QW4< )+ Al q 2MA x 2AMD (408)

L)
Hence, contracting with Al X/$? and applying the Cauchy-Schwarz inequality on the
right, in particular
W,
Am x|’

i oL i A*D
fa < AT Qx|+ | AU 2. (409)

1
1 >?
A omX
4M‘A Q
52

Taking into account (405) on the sphere integration yields

2 1%
+ / do
S2 vo

oo,V

00,v0?

[

(1)
2112
Al X

2=

H Al

SZ 5

v

(1)
X1

i v PPN i1 A * (1)
o I A (T P !

S2

0, v0

1 A (1) (1) (1)
We now use (407), recall X[.]=X[.7] and use Proposition 13.2.3 (recalling div x=—/4

holds on H™* from (145)) to obtain the first estimate.
For the second, we proceed similarly. Commuting (135) and restricting to the horizon
H*T yields

(1)
(Qtry)
02

(Q r X)

O, | APy y = Ah D3V A — 1AL .0, (410)

where we have used @;VAQ_l(fll)[jﬁ](oo, v,6,¢)=0 by (407) and P, Y 4 (div (ﬁ)—i— (5>) 0 on
H* (for both . and 52) Integrating the identity (410) as in the previous case yields the
second estimate after applying Proposition 13.2.3 to control the flux on the right-hand
side (recall (406)). O
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COROLLARY 14.1. On the horizon H*, the geometric quantities of # in Theorem 4
satisfy, for i>3,

/ dv
vo

Proof. Follows directly from (408), recalling (407) and using the flux bounds of
Propositions 14.1.1 and 13.2.3. O

(1) (1)

2

\ ><

. (1) (1)
i—3.T.% )

+F, [P, 1, .
S2

00,vq

2

2
S5%.,v

COROLLARY 14.2. On the horizon H*, the geometric quantities of 52 in Theorem 4
satisfy in addition the LﬁOLQ(Sgom)—bound, for i>2,

1) A1)
~ 112 ~
. T Xl REIC))
‘Q%AM;; S HAM ;Lé | +sup [[r /2 AP 0r? 3
v uQg,v

sup
v SZ
W o W

) )

53
+FZ 2TY7[

Proof. Revisit (408) and use the L;°,-bound of Proposition 14.1.1, the L{°,-bound

(1) (1) *
on AMQ:AMQ[LZ] of Proposition 13.2.1 and the Lg°, bound on .A[Z]ﬁ*(l) AP (l)[ ]
of Proposition 13.2.2. O
If we use the polynomial decay estimates of Propositions 11.5.1 and 12.3.4, we also

have, using Proposition 14.1.1 in conjunction with a pigeonhole principle, the following

corollary.

COROLLARY 14.3. On the horizon H*, the geometric quantities of 52 wn Theorem 4
satisfy the decay estimate

W,
X7 < (g
Q Sgo,UNUQ

(1)
Proof. For the bound on X, we combine Proposition 14.1.1 with a simple dyadic

@ W
ABX X1
) )

2
Soo,v

+ HAM Qy,

BT (8]0, 9 ).

2
Soo,v

argument. In particular, we use the fact that the fluxes appearing on the horizon on

the right-hand side of (409) (after integration) satlsfy the polynomial decay estimates
(1)
of Proposition 13.2.4. To derive the bound for V4x, we revisit the identity (408) with

1=2 and show that all other terms have the desired decay. The bound for two angular

derivatives of%) has just been obtained. From Proposition 12.3.5 and the identity (332)
restricted to the horizon, we see we have the decay bound for two angular derivatives of
%) on S2 . Finally, to estimate the term involving three derivatives of n ——%)——%)[Y]
n (408), we use the identity (333) and the fact that an estimate for [|¥]|gz = follows

directly from Proposition 11.5.1 and 1-dimensional Sobolev embedding. O
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14.1.2. Controlling the gauge function

(1)
With Proposition 14.1.1 controlling X on the horizon (from data in ) and Corollary 13.3

(1)
controlling X[.7’] on the horizon (also from data in .#’), we can infer boundedness of the

gauge function.
PROPOSITION 14.1.2. The gauge function f=f(v,0,$) associated with the pure gauge

solution %A in Theorem 4 via Proposition 9.3.1 satisfies, for i=5,

o G
/ sin0df o | AU DY £ < | AT IR 20 +Eo, (411)
52 - o

. . (1)
/ sinf d dp | AL r2 P30, f12 < |AHQTIRLS )R +E, (412)
S2 —_ 0,V

where we have introduced the shorthand notation @;szﬁgﬁi(ff, 0). We also have
the flux bound

o , . , W
/ o / sin0df do | AP PiYo, fP < A0S By (413)
Vo S2 -

°0,v0
and the decay bound
(1)
o [ sin0dods | AP PD;Y0. P S|4V NS NE | 4B (414)
S :

Proof. We have, from Lemma 6.1.1,

1 A (1) 1) A *
rQ X[ - QX[ = QT RG] = 20 DLV f, (415)

which, when restricted to the horizon u=occ (where r=2M), leads to (411) after us-
ing Proposition 14.1.1 and Corollary 13.3. For the second estimate, we commute the
defining equation (214) with AU=Ur2PJY, and estimate f by (411) and the quan-
tity Ai_lTﬁz(%)—i—(ﬁ) from Proposition 13.5.11 and (the twice angular commuted S?,o,v-
estimate of) Proposition 13.2.2. For the third estimate, we use again Lemma 6.1.1 to

conclude that, on the horizon H*,
W A () . 2 Lo
QVAL(TX[y]Q )_QW4(7X[=?]Q ):—mr DY, f.

The flux estimates of Corollary 14.1 (with i=4) and Corollary 13.8 produce (413). Com-
bining Proposition 13.4.3 with Corollary 14.3 yields the bound (414). O
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14.1.3. Boundedness of the pure gauge and horizon-renormalised solution

Combining the estimates of Proposition 14.1.2 with Lemma 6.1.1, we can easily deduce
the uniform boundedness of % in Theorem 4, as well as deduce a uniform boundedness

statement for 5’ from the estimate on Y and %

(1) 1)
PROPOSITION 14.1.3. The curvature components (E)), (3, B and B of the pure gauge

AN
solution & in Theorem 4 satisfy the same boundedness estimates as these quantities for

& in Proposition 13.5.2, provided the term

(1)
AP x5,

1s added on all right-hand sides of that proposition. Furthermore, the Ricci and metric

coefficients of the solution 4 satisfy, for all u and v,

_ W - o W
et ANy 52 402l AR DY s Al A DI s2

e L BU@WG”(QM@HSEN

(1)

r L /r AR \/g
Vr ZDQW\/g

S2
LAy 1 A2,y — 1. Al
A gllsz,ﬁfll?“ ALDRbl gy +r e APl 5y
S 1A K sz, ++/Eo.

+rt AP~ X|

N (1)
+r QAP (Qtr x) 152, +

Proof. Use Lemma 6.1.1 in conjunction with Corollary 14.1.2. O

We leave stating the estimate for five angular derivatives of (2 (tl; X) arising from
Corollary 13.10 and more refined estimates for the metric coefficients to the reader. Note
that the estimate for ()1() is unchanged, as & has X 0. We finally remark that, for b
stronger estimates hold, but Corollary 14.4 would not be true.

In view of .% =7 —|—§!§ , we immediately conclude the following.
COROLLARY 14.4. The estimates of Proposition 14.1.3 hold also for the solution 52

Proof. Compare the estimates with
e Propositions 13.5.3 and 13.5.10 for (117);
e Propositions 13.5.3 and 13.5.11 for 7’

(1)
e Corollary 13.3 for X;
(1)
e Proposition 13.5.5 for (Qtr x);
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e Corollary 13.10 for (Q(tlfr X);

e Proposition 13.5.12 for the metric coefficients. Note that the initial terms appear-
ing in (400) and (401) can be estimated by Eq using the round sphere condition (191)
and (192). O

Remark 14.1. Proposition 14.1.3 and Corollary 14.4 can be paraphrased by saying
that the solution in the future gauge j =7 +€é satisfies the same boundedness estimates
as the solution . in the initial data gauge. In particular, there is no loss of derivatives
at the level of flux bounds. It is important to note, however, that the estimates we
obtain for five angular derivatives of (117) and Q_1<Q1) are slightly weaker in terms of their
r-decay towards null infinity than those for %)[éﬂ] and Q_l(Ql)[eZ] This is because the
estimate establishing decay of f, (413) is not optimal in terms of regularity. Compare
the estimates (412) and (414).

14.2. Integrated local energy decay

We now turn to show integrated decay statements for the quantities associated with .#.

Recall from our comments above that, in addition to the estimates for the gauge-

invariant quantities, the results of §13.3, in particular the integrated decay statement
1) A
Proposition 13.3.1, remain valid for x[.7].
The first quantity for which one could not obtain integrated decay in the initial data

(1)
normalised gauge was the quantity X[é’] In §14.2.1 below, we will succeed to obtain an
(1)
integrated local energy decay statement for 2[52]’ obtaining also a similar estimate for

(1)
Y74X in §14.2.2. We will then finally unravel the decay hierarchy, proving successively

(€] 1)
integrated local energy decay for (gl)), @ and B in §14.2.3, %) and (117) in §14.2.4 and (Qtr x) in

§14.2.5. Finally, we will obtain various refined statements for higher angular derivatives
(1)
in §14.2.6, which allow to infer integrated local energy decay for (.

(1)
14.2.1. Integrated decay for angular derivatives of X

Using the new horizon fluxes obtained in the previous section, we will now obtain global
(1)
control on angular derivatives of X.
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ProprosITION 14.2.1. We have the following integrated decay estimate for the ingo-

A
ing shear X of the solution . in Theorem 4. For any v=vy and i=4,5, we have

[l

u,v

)
2 e
AM( )lsnAh2wmw22 Eo.
VO,

In view of Proposition 12.3.3, the first term can be dropped for i=4.

Proof. To show the statement for i=5, we contract the rP,-commuted (358) by
(1)
r—2=¢ ABY | to obtain
1

ST AP 02 ARy P
11 2 3 2
5 3+EQ |'A[ ]Yl
1)
+C- 1+€(\Q 1Y div ) 21071V (r div Q™ yr®)[?

o
+|r div Qflyr?’\Q—Hr div 972(&)7“|2).

Absorbing the first term on the right by the left-hand side, and using the estimate (243)
of Theorem 2 (for the underlined quantities), we obtain an integrated decay estimate for
A[?’](}l) after integrating the estimate over spacetime, observing that the flux term on the
horizon has the wrong sign, but is controlled from Propositions 12.2.3 and 14.1.1 using
the definition of (}1/), (218). On the left-hand side, we use again (218) and that we control

[3](172 from the integrated decay statement of Theorem 2 applied with n=2 to descend to

(1)
the desired estimate for angular derivatives of X. This establishes the estimate claimed

with an additional term || APIQ~ 5 [ JII2.  on the right-hand side, which entered when
o0,v(0

(1)
we applied Proposition 14.1.1. Corollary 13.3 allows to replace it by ||.A[3]1/JQ’1||S2
- oco,v(
The statement for i=4 is proven entirely analogously directly from (358), without an

additional r@é—commutation. O

(1)
14.2.2. Integrated decay for angular derivatives of V4X

PROPOSITION 14.2.2. We have the following integrated decay estimate for the quan-
A
tity W4X of the solution ¥ in Theorem 4. For any v=wvy,

/ dv/ du/ sin 6 df dp Q%r—17¢
S2

(1)

o ()]

<.

~
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Proof. We commute (365),
(1) (1) (1)
Y5 (ARQY,Y) = r3QAR P30 (2r APy — 2542 0,

(1)
which we contract with r—<APIQY,Y | to obtain

1 . )
§8u[—r |A[2]QW4Y|2] 2 1+EQQ|‘A QV Y‘Z
€ 2 2
<SPy ¥

1) )
+C 0o (| AR P+ AR P | AR 602 2),

We absorb the first term on the right by the left-hand side. Upon integration over a
spacetime region, for the last term on the right we use the integrated decay estimate on
(\il) of Theorem 1, and the integrated decay estimates on (ibl) and (@Q of Theorem 2. The
flux term on the horizon (which has a bad sign) arising from the first term on the left is
controlled by inserting the commuted (370), which reads
) 1)
) (¢} P
Aoy = A[2]Y+r Al QW4( 2 >r4A[2]P2Mr2A[2]Q. (416)
Note that, when considering the horizon flux, the first term on the right vanishes, the
second is controlled by Corollary 14.1 with i=4, and the last two by (242) of Theorem 2

for n=1. This produces an integrated decay for W4(51/). To descend to the desired quantity
A[4]TQY74(T()1(A)/ (1), we use once more the identity (416), now expressing the second term on
the right in ;erms of everything else, in conjunction with the integrated decay estimate of
Proposition 14.2.1, the definition of (}1/) (see (218)), and the estimate (243) of Theorem 2
(again n=1 is actually sufficient). This establishes the estimate with the additional term

(1)
”AMX[‘Z]QAH%EO‘UO on the right (having entered through Corollary 14.1). Using (218)

(1) (1) (1)
to re-express X in terms of Y and 1, and applying Propositions 12.3.3 and 13.4.1 (note

)
Remark 13.6) we deduce |AWYLZ]0712.  <Eo. O
- oo, v

(1)
14.2.3. Integrated decay for gl, % and B8

(1)
With the integrated decay estimates on X, we can easily show decay of all curvature

components. Recall that, for o and clx we already have these statements from Propo-

sition 12.3.2. The estimate for B w1ll be proven in Proposition 14.2.8 after we have
W
estimated four angular derivatives of x (The i=2 non-degenerate version for § can be

proven at this point already; cf. the proof of Proposition 14.2.8.)
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ProprosITION 14.2.3. For i=3 the following holds for the geometric quantities of
52 in Theorem 4:

2
/ dU/ du 1+E (1_7’)
1 gl W 31 _ i D,
(- APLDI P 0 123 %+ AP (2072, ) SEo.

For i=2, this estimate holds without the degenerating factor of (1—3M/r)2.

Proof. The bound on (r3 (Q) 7"3(0) is a direct consequence of the identity (374) applied

with =3 (or ¢=2), the estimate (240) of Theorem 1 applied with n=2 (note this provides
a degenerate (near r=3M) integrated decay estimate for ABIP and a non-degenerate
estimate for AP P), Proposmons 14.2.1 (applied with i=4) and 13.3.3.

For the bound on ﬁ, we use the identity (375) applied with i=4 (i=3) and rewrite

(1)
the term A[‘qi/} (ABlyY) using the AP (AM) commuted (303). All terms can then be
estimated by the integrated decay estimates of Theorems 1 and 2 and Proposition 14.2.1
applied with i=4. O

*(1)

14.2.4. Integrated decay for ¢ 17 and ¢

PrOPOSITION 14.2.4. We have the following integrated decay estimate on the solu-
A
tion % in Theorem 4:

> = _ _ @ (W2
/ o / du Q2 (| AP+ A ) SE.
v uo

Proof. This follows directly from (379) and (380) applied with i=3 using the inte-
grated decay estimates of Propositions 14.2.1 (with i=4), 14.2.2 and 13.3.3. O

1)
14.2.5. Integrated decay for angular derivatives of (2 tr x)

PrOPOSITION 14.2.5. We have the following integrated decay estimate for the solu-
tion & in Theorem 4: for i=2,3,

[e%e) [ee] QZ
/ dv / du T
) uo r

In view of Proposition 12.3.3, the first term can be dropped for i=3.

S T,
1 Alily ]DQW(QMK)
) o

(1)
r SATYQY2. 4.
—_ 0,0

2
Su,v

Proof. Follows directly from (383) using the integrated decay estimates of Proposi-
tions 14.2.1, 14.2.4 and (the A?l commuted version of) 12.2.2 (or apply Theorem 2). [
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14.2.6. Refined estimates for higher angular derivatives and integrated
(1)
decay for 3

We easily derive the following analogue of Proposition 13.5.6 by integrating both in u

and v (and not in v only as in the derivation of Proposition 13.5.6).

PrOPOSITION 14.2.6. We have, for n=0, any i€N and any u>ugy, the estimate
(dw=sin 6 df d¢)

2 2
/ gi [ a AP 21 irps2) / du/ wo [ g L A2 ;2|
52, 52,

nQ2 r T”Q2

Aldl
< anf, o % o [ e [ o nanatpi G
o S2 T S2

w,vq u,v

for the solution ,52 in Theorem 4.

We remind the reader that, following our notation, %)—4—([17) on the right denote the
@ A D
geometric quantities of . In the above Proposition we have used that Z[.#]=Z[.¢] holds

[COIPN
on v=vg. To deduce the latter, note that Z[¢]=0 holds on v=vg, which follows from
Proposition 9.3.1 and Lemma 6.1.1. (Indeed, note that n[é] =0 on v=vg by (214) and that

(1)
the expression Y 4(Qtr x) —292(117) vanishes for any pure gauge solution in Lemma 6.1.1.)

(1)
Recall also that Z~? holds on v=vy near the horizon by Proposition 9.4.3, so the first
terg% in the second line is indeed finite for smooth data. We can reinsert the definition

of Z for the second term on the left to obtain an estimate for ¢ angular derivatives of

(1)
(Qtrx) in terms of i—1 angular derivatives of 77—1—(717)

COROLLARY 14.5. We have, for n>0, any i€N and any (u=ug,v=v0), the estimate

/ du/ dv dwr™ 02| A ﬁzv(Qtrx)’
52,

(] A .
/ / A Tflm / du/ dv/ 5= Q2| AL (4 (>)|

w,vq u,v

for the solution 52 in Theorem 4.

Again, consistent with our notation, (71])+(117) above denotes the geometric quantities

of .#. We conclude the following result.
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PRrROPOSITION 14.2.7. We have the integrated decay estimate

[e'e] e ] QQ
/ dﬂ/ dv e ( r
Uo Vo r 52 _

Al
<IE0+/ du/ ] Tffm[ I
SQ

w,vq

1, 2¢2Y7 (Qtrx)

ot
+ [t A2 P div(Qxr?) H%ﬁ”)

for the geometric quantities of 59 in Theorem 4.

Proof. Apply Corollary 14.5 with n=2+¢ and i=3, and use Proposition 14.2.4 to
obtain the first part of the estimate. Then, use identity (389) in conjunction with Propo-
sition 14.2.4, Theorem 2 and Proposition 13.3.3 to obtain the second part. O

Remark 14.2. The weights near infinity are far from optimal. The weight near
(1)
infinity for ABIY can be improved a posteriori from the transport equation (139) and the

(degenerate near r=3M) integrated decay estimate for A% W. See also Corollary 13.10.

The weights are sufficient to prove the integrated decay estimate of Proposition 14.2.3
(1)
for the missing curvature component 3.

PRrOPOSITION 14.2.8. For the geometric quantities of <7§ in Theorem 4, we have the

following integrated decay estimate for 1=3:

02 3MY : Y
/'M/ e (1= 2 QA G, ) (17)

i
<IE0+/ du/ smededqs%.

w,v(

For i=2, this estimate holds without the degenerating factor of (1—3M/r)? on the left,
and without the last term on the right.
Proof. For i=3, this follows from the identity (395) and application of Proposi-
1)
tion 14.2.7 (to estimate the 20.A4"(QY) term), as well as using the identity (300) com-

(1)
muted with AP to estimate the A (€4)) term (through application of Theorems 1
and 2). For i=2, this also follows from (395), but observing that now Proposition 13.3.3

already estimates three angular derivatives of Y X, while (the twice angular commuted)
(1)
Proposition 12.2.2 estimates (non-degenerately) three angular derivatives of . O

Finally, repeating the arguments(®®) leading to Propositions 13.5.9, 13.5.10 and

A
13.5.11, we can prove integrated decay for five derivatives of %) and (117) of the solution .#,

(33) All that is required is to insert an additional u-integration everywhere.
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i.e. the estimate

/ dv/ du/ sin 6 do de Q2r®== (| AL )2 +| AU DY)
52,

418
sz

<IE0—|—/ du/ sin 0 df d¢ pYOp
S2

u,vQ

14.3. Polynomial decay estimates and conclusions

Finally, in this section we prove appropriate L? polynomial decay of all quantites asso-
ciated with .. This corresponds to statement (3) of Theorem 4. We shall then infer
Corollary 10.3 giving pointwise estimates.

We will consider first Ricci coefficients in §14.3.1, and then the metric components
themselves in §14.3.2. We shall treat Corollary 10.3 in §14.3.3.

W @ g
14.3.1. Polynomial decay for X, X,  and 7]

ProprosITION 14.3.1. Fiz rg as in Proposition 11.5.1, let v=vy and recall the nota-
A
tion u(v,rg). We have the following decay estimates for the geometric quantities of %

(and equivalently .&’) in Theorem 4:

> — QQ —1 2(/1\) 2 QQ —1 —1 2(/1\> 2
R e L R i Nl

w(v,r0)

? W 1 (419)
ST TR, ) $ 5B
for all V=vy and
- o0 CU
/ dv/( ) 3+EHT Q”Sﬁu 1+€||7‘ QY3 XI5z
u(v,ro
Q -1 -1 —1 2(/1\) 2 1
+o= Ir - QTYEQTYE (PRI | ) S Eo. (420)

A
Proof. Recall that X[.’]=X[-#]. By Proposition 13.2.4, we have, on the horizon,

(1) (1) (1)

L BT ]+ Fol W, o, &), (421)

o o2 -1 SUN
| anoxl 419 V@01 )5
" ,
The boundedness of these fluxes was crucial in the proof of Proposition 13.3.1. We
now repeat this proof using instead (421) to generate the desired decay estimates. The
procedure is outlined below.
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Choosing a dyadic sequence v;=2%vg, we can, by Proposition 13.3.1 and the mean

value theorem, extract a sequence v; of slices v; <v; <v;41 with the property that

> — QQ —1 2(’1\) 2 2 —1 —1 2(/12 2
Y R R R A
o ' N - (422)
Y@ TR, ) S 2B

K2

Repeating the proof of Proposition 13.3.2 starting now from the slices 9; and using

(1)
(421) and the integrated decay estimates on ¥, ¢ and @ of Proposition 12.3.4 and
Corollary 11.5 yields, for any v>wvy,

oo /02 1 B 211 -1 ~—1 2 2
( du (| XQ%y + Q7 V5 (PR s,
u(v,r1) W 1 (423)
+Q2||r—1-9‘1%(9‘1?73(7“229))||2$ﬁ,u> S ;Em

and the localised integrated decay estimate

bl

S e B 02 4 2(/1\) 9 02 1 2(/1\) 2
/ d“/ du el XS+ Ir=- Q¥ 5(r XDlisz,
v u(v,m1) r 7 " ’
2

+

Q 1o _ S 1
@ R, ) S Do

Note that r-weights do not play any role in the region r<r; under consideration. To
obtain the global estimate, we repeat the transport argument of §13.3.3 using now the
multiplier £r~17¢ (instead of £&r=°) in (352) and (as before) the multiplier £r~¢ for (341)

~1—¢ is to be able to replace r°T¢ to r4+¢ on the

and (342). (The reason one needs r
right-hand side of (352) so that the decay estimate (323) can be used for the right-hand
side of (352). Note that, for (354), the right-hand side can be estimated directly by

(322), (323) and the previous estimate.) This gives, for any v>vg and V >v,

00 i (X 1 2(,1\)9 2 Q2|1 Qilv 2(/1\)9 9
P =l Ot A

. 1 (424)
LT TR ) 18

and (420) with v~! instead of v=2 on the right-hand side. It is clear that we can iterate
this argument. There is an e-loss in the second iteration (corresponding to using the
multipliers £ instead of £&r~17°), because Proposition 12.3.4 and Corollary 11.5 have
to be applied to control the terms on the right-hand side of (354) and the two-times-
commuted equation. We leave the details to the reader and end the proof, by noting that

A (1) A
¢ has X=0 globally, so indeed the statement holds equivalently for .7’ and .&. O
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Repeating the proof of Corollary 13.1, using now the decay estimates of Proposi-
tion 13.2.5 and the decaying fluxes (419) of Proposition 14.3.1, we also have the following

result.

COROLLARY 14.6. Fiz v>vg. Then, for all u>u(v,ro) and V>=v, we have
o Lot 20012 < L
I+ 107V, , S S Eo

for the geometric quantities of 8% (and equivalently ./’) in Theorem 4.

(1)
For the shear in the ingoing direction, X, we obtain the following result.

ProPOSITION 14.3.2. Fix r9 as in Proposition 11.5.1 and let v=vy and recall the
notation u(v,r9). We have the following decay estimate for the geometric quantities of
j in Theorem 4:

) 1
/ o / O (AR, AT, 00 ) S E
(v,r0) v -
Proof. We first establish the following estimate for the horizon flux:

o W 1
/ dv (| AP 1x||§gcyﬂ+llu4[3]9?74(ﬂ )”52 e 1wllsz ,)NUQEO. (425)

(1) (1) (1)
Indeed, integrating (290) written as 9, [Q2~2[¢[>r®]4+3Mr*Q2|¢|? <r¥|P|? from v to oo,
using Proposition 11.5.1 for the right-hand side and Proposition 12.3.6 for the boundary
terms, the estimate for (;L}J) follows. Integrating (409) for i=3 from v to co, using Propo-
sition 13.2.4 for the terms on the right-hand side and Corollary 14.3 for the boundary
terms, the estimate for A[?’]%) follows. Now use (408) pointwise with i=3 and the bounds

just obtained to establish the desired estimate for the second term. (Observe that the

entering through Corollary 14.3 is controlled by Ey from Corol-
(1)
lary 13.3; similarly for the term involving ) on S2

1)
term APlY on 2

,00
., €ntering via Proposition 12.3.6).
With (425) established, we can repeat the proofs of Proposition 14.2.1 (integrating
now (357) itself from the horizon and using the decay estimates of Proposition 12.3.4) and
Proposition 14.2.2 (without the additional AP commutation and using now the decay

estimates of Proposition 12.3.4 and Corollary 11.5) to deduce the desired bounds. O
We also directly prove the following result.

PROPOSITION 14.3.3. Fix r¢ as in Proposition 11.5.1 and fix v=vy. We have, for
all V>v, the estimate

oo B B (/1\) _ 1
/ da Q2 ||r=t-r? Py div(ryQ 1)||§%ngﬁ1Eo (426)

u(v,ro)
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for the geometric quantities of # in Theorem 4. In addition, for all Vv and any

uzu(v,rg),
1

e By Atv(rx )%, , S gEo.

Proof. Note first that, from the definition of Y, Corollary 14.3 and Proposition 12.3.6

(and Proposition 12.3.3 allowing to incorporate all terms on the right into Eg), we can
deduce for any v>vg the horizon bound

/ |Y|2 sin 0 df do < EO
52

oo, v

Next, from (357), we have

2 o
|Y| Q2|Y| <Q2(|<1) Q—2|2_’_|£/),r,3Q—1|2)7 (427)

—70
which we integrate from the horizon. Using the previous bound for the boundary term
on the horizon, and noting that we control the right-hand side by Proposition 12.3.8 and

(1)
Corollary 12. 5 we deduce both a flux and a bound on 5phereb for Y To convert from Y

to r2P; d,fv(r&Q_ ), we use once more the definition of Y and again Propositions 12.3.8

(1)
and 12.3.6, respectively, on 1. O

COROLLARY 14.7. Fiz rq as in Proposition 11.5.1, let v>=vg and recall the notation

u(v,ro). We have the following integrated decay estimate for the geometric quantities of
A
< in Theorem 4:

R e O T ()19 _ (D)1 1
/ d”/( da e (B3l 4 B ) S B
v uw(v,ro

We also have the flux estimates, for any V >w,

e 02 )9 1

/( )d“TTHT 1'7’2%77”52 < ?EO’ (428)
u(v,ro

o0 ~ 92 B (Q tr X) 1
/ —|r PPy < —Eo. (429)

u(v,m0) r 52y v

In addition, for any V>v and uzu(v,rg), we have
_ )9 1

r B | < (430)

Finally, the € in (428) and (429) can be removed if the decay rate is changed from v—2
to v~=! on the right-hand side.
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Proof. The first two and the last estimate follow directly from Propositions 14.3.1-
14.3.3 and the identities (379) and (380). The remaining estimate follows similarly from
(383) using (428) and Propositions 12.3.8 and 14.3.3. To avoid the e-loss in (428) and

(1)
(429), use the estimate (424) for the Q1Y (r2xQ)-flux. [A decay rate of v=27¢ can be

shown in this case using interpolation, but this will not be done here.] O
We finally derive an estimate for (117) on the spheres.

PROPOSITION 14.34. Fiz v>vy. For any V >v and u>u(v,rg), we have
_ *(1) 1
||’I‘ 1.1"2@21]”233,‘/ /S EEO (431)

for the geometric quantity (117) of # in Theorem 4.

Proof. Recalling (407) and Proposition 13.2.5, we deduce

*(1) *(1) 1
1P201%2, , = 1Pl 15: < 2 Eo

after controlling the last (initial data) term in (338) from E; using 1-dimensional Sobolev

embedding. We now integrate
2.74%(1) 9 x| oo Mg g Wy
QV3(r*Dyn) = —QrDyn+r2Q* (Y@ + 20307 1) (432)

backwards from the horizon and use (428), (426) and Corollary 12.5 to control the terms
on the right. O

14.3.2. Polynomial decay of the metric coefficients: Proof of (249)—(252)

In this final subsection we prove the estimates (249)—(252) on the metric quantities of S
The estimate (249) is a direct consequence of Corollary 14.7, Proposition 14.3.4 and
the definition (134).
For (251) we present the proof without the (trivial) commutation with A which

can be inserted into all formulas below. We write (132) in the form
. )
QY59Y =203, (433)

and derive, for any fixed u>wug and v=>vy,

Hfl'(l)H <H 71'(1) + udf 71'(29 434
g sz, ~ " g“sgw ; ullr-x ||s§,v- (434)
0



THE LINEAR STABILITY OF THE SCHWARZSCHILD SOLUTION 193

Consider the first term on the right-hand side. Recall that the solution .#" had (Il)):O on
Cu,- By Lemma 6.1.1 and the estimates on the gauge function in Proposition 14.1.2, the
pure gauge solution Eé generates a b satisfying |$§Il))|§r_2 along C,,. Moreover, again
by the boundedness estimates on f in Proposition 14.1.2, the pure gauge solution é also
satisfies the round sphere condition (192) at infinity. Therefore, integrating equation
(132) from infinity along C,, using Corollary 13.1 and the aforementioned bound on (ll))
yields

S 1
|r=" g 52 §m'\/ﬂ?o- (435)

ug,v

For the second term, we define u*::min(u, %v) and split the integral as

u U u
/danr XQHng:/ 4 | 59 sz, + /danr s .
uo uo Ux

Now, for the first integral, we have by Proposition 14.3.3 (applied with v=1vy)

/ dat r! ﬁw&vNV/ 4 Q21 (rR-Y)|I2, “V/ dw—
coxf ]

For the second integral (which vanishes if u<3v), we have

w 6))
/ da\|r—1.g9||521 N\// da Q2||r—1. rXQ Z2 \// du—<ﬁv 7
u - 3/4v

*

where we have used the decay estimate of Proposition 14.3.3 and boundedness of the
integral in the second square root. Combining the estimates yields (251).

The argument to prove (252) is analogous now starting from (131), which reads
(1)

Vi
Qv N

(1)
We use the estimate on |div b|<r~2 for the pure gauge solution and the fact that the

(ng. (436)

o)
round sphere condition (191) in conjunction with (192) implies that ,/g//¢ vanishes for
£>2 at infinity (see (221)) to derive the analogue of (435). Using then the bound (429)
of Corollary 14.7 without the r—¢, we derive (252) following the integration argument
above.
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To derive (250), we first note that (402) yields

(1) 1
||r*1.r$;b[€ﬂ} ||§3 .S ;Eo for r(u,v) 2 —v.

NG

Using the estimates on the gauge function of Corollary 14.1.2 and Lemma 6.1.1, we

conclude

1) A 1
||T*1.r¢;b[y]||gﬁ .S EEO for r(u,v) Z —v. (437)

1
4
Fix now v>2vq large (for smaller v the estimate (250) is implied by Proposition 14.1.3).
Define the tortoise coordinate r*=v—u—(vo—ug—1) so that »*(r¢)=1 and also r* ~r for
large r. Let ﬂ:u(ro, %v). Then, on the hypersurface [ug, @] x {v}, we have r~r*>%v,
and hence (437) holds. From (@,v) we apply the transport estimate (404), this time for
the geometric quantities of S with n=2—¢. After inserting the bound (437) for the
initial term and the bounds on %) and (11]> (Corollary 14.7 and Proposition 14.3.4) on the
right-hand side, we conclude that

Ne 1
||7“_1'T7D2b||§*37v §;E0~ (438)

also for [@, 00) x {v}.

14.3.3. Proof of Corollary 10.3

The proof of Corollary 10.3 is now immediate: We consider fﬁz':j—ﬂm,si. Using the

bounds (249)-(252), we apply the classical Sobolev embedding on the spheres S, to
(1) (}) (1) (1) A
the left-hand side. Note that the quantities \/g, ¢, b and Q7 1Q associated with .’

are supported on £>2, and that Proposition 4.4.2 and Corollary 4.2 guarantee that all
second-order derivatives are indeed controlled in L?(S7 ,). The estimates (253)-(254)

follow immediately.

Appendix A. Construction of data and propagation of asymptotic flatness

In this appendix we construct and estimate from a smooth seed initial data set (Def-
inition 8.1) which is asymptotically flat with weight s to order n (Definition 8.2) all
quantities of the solution .¥ associated with the data set through Theorem 8.1, first on
the initial cones C,,UC,, and then globally in the spacetime. The main result is the
following.
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THEOREM A.1. Consider a smooth seed initial data set which is asymptotically flat
with weight s to order n>=11, and the corresponding smooth solution ¥ arising from

Theorem 8.1. For an element £ of &, we denote

DR = > Q7Y (V) (rQY )Rl

0<j1tj2+is<k

The solution .7 has the following property: On the initial cones C,,UC,,, the estimates

(1) (1)
[DF (3 WO2) |+ DF (35 Q) |+ |DF (13 0) |+ | DF (17 ) |+ |1DF (r2 B < G,

(1) (1) (1)
OF (rdQ72) [+ DR (12 K) | +]0F (r2XQ) | +]0F (rx ) |+ [DF () |+ D" (25| < C,

DE (24 )+ (D4 (22 [+ [ (r2(Q ) D (r 2 (R 11 X)) | < G,
o) 53 ) m

D ()| +]D" g | +[DF (try ¢)|+]D"(rb)| < Cy
(439)
hold for any k<n—3 and a constant C} which can be computed explicitly and depends
only on finitely many constants C. n, n, appearing in Definition 8.2. In particular, the
constants C., p, n, With n1+na<k+3 are sufficient. For any k<n—4 the quantities on

the left-hand side with of (439) with s=0 have well-defined limits on null infinity.

Moreover, given any ug<U <oo, the estimates (439) actually hold for any k<n—10
in any spacetime region MN{ug<u<U}, where Cy now also depends on the choice of
U and the constants C, n, n, with n1+na<k+10 appearing in Definition 8.2. For any
k<n—11 the quantities on the left-hand side of (439) with s=0 have well-defined limits

on null infinity.

We remark that the conditions ni+ns<k+3 in the first part and n;+ns<k+10 in
the second part of the theorem account for the loss of derivatives in the characteristic
initial value problem and losses from applying Sobolev embedding. It is of course not
optimal. We also remark that we have stated (439) for quantities regular at the horizon
(cf. (130)). Since C is allowed to depend on U in the second part of the theorem this is
not essential.

The proof of Theorem A.1 will proceed in two steps. In §A.1 we prove that the
estimates (439) hold on the initial cone C,,, UC,,, by constructing from an asymptotically
flat seed initial data set of Definition 8.2 all quantities of the solution . on C\,,UC,,. In
the second step, we show that these bounds are in fact propagated by the evolution. The
statement about the limit at null infinity will follow from the fact that the QY ,-derivative
of any of the quantities in the round brackets of (439) is always integrable in v. Note
that o and & are part of the seed data, and we gain integrability from taking the limit

o o
of *a and r?w.
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Remark A.1. Observe that all quantities in . except 8 decay at least as fast to-
wards null infinity as their background Schwarzschild value. For (wj we can only propagate
boundedness, while w decays like r~2 towards null infinity. This exceptional behaviour
is rooted in our choice of null frame for the linearisation. If we compare the components
linearised with respect to the frame A gp«, where w=0 and hence (wi):O identically

(cf. §5.1.4) all linearised quantities decay as fast as their Schwarzschild value.

A.1. Proof of the first part: Constructing the data

In this section we shall prove the first part of Theorem A.1, i.e. the statement that the
solution is determined from seed data with the bounds (439) holding on C,,UC,,. We
will focus on establishing the latter bounds for k=0. The statement for arbitrary angular
commutations is then easily obtained from the fact that 7Y commutes with QY5 and
QY , and has good commutation properties with angular derivatives in the sense that

Y 4,7V g€l < CJE].

To obtain the remaining tangential derivatives and the transversal derivatives, we will
use the null structure and Bianchi equations directly in conjunction with an inductive
procedure which is outlined below.

For the remainder of the proof, we will allow ourselves to drop the o subscript from
all quantities as well as the “in” and “out” from ?, as it will be clear from the context

which cone we are on.

Elliptic equations on the horizon sphere Sgo o

We first note that the seed data determines on the horizon sphere:

o7 uniquely from (146);
(1) @ (1)
. K uniquely from the fact that ¢ and \/9/\/d are part of the seed data and (221);

Q uniquely from (147);

ﬁ uniquely from (145)

(1)
77 uniquely from 17 :—77 +2Y7AQ_1Q (equation (134)).

Transport equations along C,,: Part I

We now integrate our seed data from S2_, along the cone C,,.

00,v0
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1)
Along (', , the tensor ¢ is part of the seed data. Note that this determines uniquely,

(1)
along C,,, the quantities Q7Y via (131) and 024 via (139).
Next, from (137), we have

r2 o)
Ou [Qz(Q trx)] =—drw.

(1)
Since &) is prescribed along C,, as part of the seed data, as is the value of Q2r?(Qtr )

1) 1)
on SZ, ., the above ODE determines (€ tr x) uniquely along C,,. Note that now ,/¢/,/¢

is now uniquely determined along C,,, by (131).

above, we can integrate the

1)
Since 8 was already uniquely determined on Sgowo

Bianchi equation (156) written as
10-1Y 4 44D
QY50 Bl=—r div «

along C,,, which, since the right-hand side is uniquely determined from seed data, de-
(1)
termines 8 uniquely on C,,. The Bianchi equations (151) and (154) read as ODEs along

. . (1) 1 . e s
C\y, now uniquely determine o and ¢, since the initial value of these quantities on Sgo,vo

were already determined by seed data above. Similarly, (717> is determined uniquely from

(142). Using (134) we conclude that %) is also uniquely determined along C,,. We finally

use (136) written as
®
Ou(r(Qtry))=Q,

(1)
with Q uniquely determined on C,, to determine uniquely r(2tr x) along C,,. Noting

(1)
that K is uniquely determined by (147) along C,,, we conclude that we have determined
1) (@) (1)
all geometric quantities of a solution S uniquely along C,, except X, 5, %2, b and W

along C,,.

Estimates on the sphere Szo,vo

5y o o
We note that, since ¢, Q710 and b are part of the seed data on C,,,,
(1)
e the quantity X is determined uniquely on S2 . by (132);

Uo,v0

e the quantity & is determined uniquely on S2 . by (139);

up,vo

e the quantity W is determined uniquely on S? oo DY (134).
(1)
Hence, by (145) and the fact that we already determined (117> and (Qtr x) uniquely on
(1)

Sz, .we above, the quantity f§ is also uniquely determined on S, .
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Transport equations along C,,: Part II
o @ g O

~

We can now determine the missing quantities Y, 8, a, b and W along C,, recalling

(1)
that they have been determined uniquely on S2  : Use (133) to determine b, (140) to

Uo,v0
(1) (1)
determine X, (150) to determine 8, (148) to determine @ and finally & from (144) all
uniquely along C,,.
We have determined all geometric quantities in terms of seed data and uniform

bounds for all quantities which extend smoothly to the horizon H* along C,,.

Transport equations along C,,,

We finally turn to the conjugate cone C,,,. Recall that all geometric quantities have been
(1)

determined uniquely on the sphere S? and that moreover the seed data ¢ along C,,

U0,v0?
(1)
determines uniquely X by (132) and ) by (139) along C,, .
We now determine all quantities along C,,,. Starting with (137), we have

r? W )
Oy (QQ(Qtrx)> =drw.

We see that the right-hand side is integrable by the asymptotic flatness condition there-
fore, producing the bound

9 (1)
[re(Qtrx)| < C,

where C can be computed explicitly from the seed data (and depends on 0<s<1). From
(1)
(131) and the asymptotic flatness condition on b, we immediately conclude

@]m

Of course, the same bounds hold for arbitrary many angular derivatives r¥ of these
quantities.

1 1)
Remark A.2. One also sees that the quantities ¢ and /g/./¢ (as well as angular

derivatives 7Y of these quantities) have smooth limits at null infinity. By this, we mean
@ (1)
that there exists a symmetric 2-tensor g, and a scalar \/goo /\/4 on M satisfying in

any spherical coordinate patch

(1) (1) (1) (1)
(§c)an  , (go)an VI o VI
Oy =0, =0, 0,—=2=0,—2=2=0
Vi Vi Vi N7
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and
) (1) 1) (1)

lim @:7(5200)143 lim @:&
SRRV RV R

in the limit along the cone Cy,.

(1)
We now note that § is uniquely determined from (149) producing the uniform bound
3is (1)
[rTe Bl < C.

Similarly, we can determine %) and %]). For this, we note the equations (following from
(142) and (134)):

Va(r?) = Ya(r2) - %«%ﬁﬂ%

Q.o ey

; 1 (440)
:2?(77+37> 2774Y7AT (Q Q)= —7“2(5)—27“2?7(03.

Note that the right-hand side is uniquely determined along C,,, and integrable, leading

to (117> being uniquely determined along C,,, with the uniform bound
25| < C.

We also have, by the relation (134), that %> is uniquely determined along C,,, with the

uniform bound

] < C.

We turn to (151) and (153), which clearly determine (gl)) and @ uniquely along C,,, with
the uniform bounds
739+ 17| < C.

In fact, since we can repeat the above procedure commuting with angular derivatives,

we also have in particular
(1) (1)
Y (P o)+ |rY (ro)| < C.

(1)
It is now easy to see that (155) determines § uniquely with the uniform bound
2(1)
Ir<B|<C,
@
and that (141) determined X uniquely with the uniform bound

S
Irx| < C.
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Similarly, (157) determines &) uniquely with the uniform bound

\7“&)| <C.

For the remaining components, note that (144) determines (wi) uniquely with the uniform
bound

w|<C.
The quantity (Q(tlr) X) is determined uniquely from (136) with the bound

(1)
lr(Qtry)| < C,

where we have used that we can write (136) as
(1)
Oy(r(Qtrx))=RHS

with the right-hand side uniquely determined and integrable along C,,,. Finally, equation
(1)
(147) determines K uniquely along C,,,, with the uniform bound

NGO
K| <C.

(1)
In fact, by the remark above and the fact that the right-hand side in V,(r?K)=RHS

is integrable, the weighted linearised Gaussian curvature 7"2_%2 extends smoothly to null
infinity.

We note once more that the same bounds hold for arbitrarily many angular deriva-
tives 7Y of the quantities estimated either by trivial commutation with angular momen-
tum operators §2; or, if the reader prefers, tensorial commutation with ¥ and inductively
estimating lower-order terms.

We conclude the proof by estimating the remaining weighted tangential derivatives
rY, and the transversal derivative Y5 on the cone Cu,- The procedure on C,, is analo-
gous (but easier, since there are no weights at null infinity) and is hence omitted.

For the remaining weighted tangential derivative rV,, we use

(1)
equation (149) pointwise for 7Y, 3;

e equation (151) pointwise for TW4(§);

(
(151) pointwise for TW4(01');

(1)
( pointwise for TW4§;
(

e equation
155

e equation (157

e equation

—_— — — ~—

. . (1)
pointwise for rV,a;
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which estimates the first derivative of all linearised curvature components. Similarly one
can use the null structure equations to exchange a 4-derivative by an angular derivative,
to estimate all linearised Ricci coefficients and the linearised metric components. This
estimates all (first) derivatives tangential to the cone, and it is easy to see how to continue

inductively to estimate tangential derivatives of arbitrary high order.

To estimate the transversal derivatives on C,,,, one follows a similar procedure, now
using the null structure and Bianchi equations in the Y;-direction: More specifically, one

e uses the null structure equations, which express the transversal derivatives of
all Ricci coefficients in terms of angular derivatives or curvature components that have
already been obtained;

e uses the Bianchi equations, which express the transversal derivatives of all curva-
ture components in term of angular derivatives of curvature and Ricci coeffcients that

(1)
have already been obtained. For instance, (148) for (012, (150) for 5, (152) for (é), (154)
(1)

for @ and (156) for the transversal derivatives of 3 along C,,. Finally, for W3(c1y>, one
needs to commute (157) and use the fact that the transversal derivative of 3 has just

been obtained.

A simple induction allows to estimate all derivatives of all quantities on C,,, UC,,. Fi-
nally, counting derivatives in the above procedure, one observes that the bounds claimed
in Theorem A.1 hold on the hypersurface C,,UC,, for a constant C}, which only depends
on the constants C. ,, n, With ni+ny<k+3 in the definition of an asymptotically flat
seed initial data set and the size of the data on the compact hypersurface C,,. One
also sees that applying a QY 4-derivative to any quantity in the round brackets of (439)
the right-hand side is integrable, which ensures the existence of the limit at null infinity.

This generally loses a derivative, e.g. (440), explaining the k<n—4.

A.2. Proof of the second part: Propagation of decay

Knowing that the desired bounds hold on C\y,UC,,,, we continue with the proof of The-
orem A.l.

As noted in §7.3 and §7.4, the derived quantities &13) and %) of the solution .#, which
can be expressed through (183) and (184), satisfy the Regge—Wheeler equation. It is
easy to see that, for asymptotically flat seed initial data with weight s of order n>10,
the initial energies of Corollary 11.4, FE [%/):r5313)] and FE @:ﬁ(ﬁ] are indeed finite for
every k<n—6 with the bound depending only constants C.,, n, in the definition of
asymptotically flat seed data with ny+no<k+6. Corollary 11.2 and standard Sobolev
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embedding hence yield the bound
k(5 kD5
[DF(Pr)|+]2%(Pr?)| < Cr(U)

in any spacetime region MN{ug<u<U} with C(U) as claimed. We now use the defi-
(1) (1)
nition of P and P via the transport equations (178)—(181) to obtain the bounds

(1) (1)
DF (r5)) |4+ |DF (o) |+ D (&rF) | +]|DF(@r) | < Cu(U)

in any spacetime region MN{ug<u<<U} with Cy(U) as claimed. Indeed, these bounds
hold initially on C,,UC,,, and are propagated by the transport equations. Note that
weights near the horizon are irrelevant, as U < oo and the constants are allowed to depend

on U. We can now use the equations (139) to obtain

k(2 (S
[D*(xr)[+[9% (xr) < Cx(U),

(1) (1)
and the expressions for ¢» and 1) in (182) to deduce

DR (B Br9))| + [DF (B} 5r)| < Cul(D),

both in any spacetime region MN{ug<u<U} with Ci(U) as claimed. To derive the

above, note that r(ug,v)<r(U,v)+C(U) for U<oco. Using (140) pointwise and then
(1)
(142) in the 3-direction, as well as (154) in the 3-direction and the definition of P, we

obtain the estimates
D8 (B3 7r2)) |+ D (D)) |[+1DF (P (D3 ¥ 4 (0, 9))| < C (D).

The Codazzi equations (145) and equation (134) now provide the bounds

DF (BT A(Q )| 4D (BT 4 Q)|+ D (BT A0 D) < Cu(D)

in any spacetime region MN{uo<u<U} with Ci(U) as claimed. Note this implies
(1)

already the desired bound for (wi):@u(Q’lQ). For & we use (144) to obtain the improved

bound

DF (PR 4 W) < Cr(U).

Finally, we use (131), (132) in the 3-direction and (133) to deduce also

(D8 |+ [0 (2P by )]+ [0F (2D < Cu(U)
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in any spacetime region MN{uo<u<U} with C(U) as claimed.

In view of Corollaries 4.4.2 and 4.2, we have proven Theorem A.1 except for the
=0 and ¢=1 modes of the solution .. The latter have been understood in detail in §9,
Theorem 9.2. Specifically, we can now add to . a pure gauge solution ¢ (generated by
a gauge function supported on £=0,1 only) and a member of the Kerr family ¢ with
the following properties:

e both 4 and % satisfy the desired bounds of Theorem A.1;

e both & and J# do not alter any of the bounds proven in this section;

o .Y +%+ % is supported on £>2 only

This finishes the proof, up to the claim concerning the limits on null infinity. These
follow by the argument given in the first part of the proof, which can be repeated on any
cone C,, with u<U.

A.3. Propagation of roundness at infinity

In this section we state a corollary to Theorem A.l, which can be understood as the
propagation of the round sphere condition (191) at null infinity. It states that, if the
linearised Gaussian curvature }1() behaves like 7~ on the outgoing cone C,,, then }1() r3
remains bounded on any cone which is a finite u distance away.

Note that Theorem 9.1 stated in particular that, given any solution . as in Theo-
rem A.1, we can construct a pure gauge solution ¢ such that the sum . +¥ satisfies on
C., the stronger bounds in the Corollary below.(3%) The corollary then shows that these
stronger bounds are propagated. Of course, this is directly related to the propagation of

(1)
uniform boundedness for the quantity Y in our Theorems 3 and 4.

COROLLARY A.1. With the assumptions of Theorem A.1l, assume in addition that
1)
(rYV)" (P K)| < Cpa (441)

holds for all m<n—9 on Cy,. Then, given any uo<U <oo, the estimate (441) actually
holds for any m<n—10 in any spacetime region MN{ug<u<LU}, where Cp, now also

depends on the choice of U and the constants C.,, appearing in Theorem A.1.

Proof. Compute from (147)

Vo ()" Kr®) = O,

and deduce that Q,, is pointwise uniformly bounded using the bounds (439) of Theo-
rem A.l. O

(36) At the non-linear level this can be interpreted as refoliating the cone such that the sphere at
infinity becomes round.
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We finally remark that a similar corollary is easily deduced for the quantities

M
)

(ry) 7 and (1Y) g

Sls

Appendix B. Characterizing the vanishing of gauge invariant quantities

In this appendix, we discuss solutions characterized by the vanishing of gauge invariant
quantities.

We first show in Appendix B.1 that the vanishing of & and &) identically implies
that a solution . is the sum =% +.% of a pure gauge solution and a linearised Kerr
solution, provided that . is asymptotically flat. We then consider in Appendix B.2 the
larger class of solutions such that }Q and %) vanish identically. We shall show that this
class corresponds precisely to the linearised Robinson-Trautman solutions, again up to

the addition of a pure gauge solution.

B.1. ‘62:&):0 implies =Y+ %

In this section we prove that any solution . which is asymptotically flat and satisfies
(olz):gzo globally is necessarily a pure gauge solution ¢ plus a reference linearised Kerr

solution 7.

THEOREM B.1. Let . be a smooth solution of the full system of linearised gravity
arising from a smooth seed initial data set on Cy,UC,, through Theorem 8.1. Assume
that the data are asymptotically flat with weight s, as in Definition 8.2. Assume further
that

0=a=0 (442)

holds globally on MN{uz=0}N{v=0}. Then, .7 is the sum of a pure gauge solution ¥

and a reference linearised Kerr solution J .

We remark that the assumption (188) in Definition 8.2 can actually be deduced from
(442), so the assumptions (186) and (187) on the data suffice in conjunction with (442).

Proof. We let . be as in Theorem 9.1, i.e. we put the solution . in the initial
data gauge. Moreover, let us subtract s, of Theorem 9.2, so that .&'=."— 5, 5, is
supported outside of /=0, 1. Below, we shall consider quantities associated with .’ .
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e)) ey
From the fact that Y is bounded for asymptotically flat initial data and ¢»=0 globally
ey
we deduce, noting that ﬁ):O implies =0, the bound

(1)
r’X|<C along Cy,

for a constant determined purely by the seed initial data. Let fou(v,0, @) be a solution
of the elliptic equation along C,,:

2 (/1\)
292 (UOa ) X(u()a v, 0, ¢)

The solution is uniquely determined, once we insist that f,.; has vanishing /=0 and /=1

2¢2WAfout (U 6 ¢)

modes. It is also clear that fo,t is uniformly bounded.
We add the pure gauge solution generated by Lemma 6.1.1 through fous to &7,

and call the resulting solution .. The solution .¥) satisfies (Xi):O along C,,, and hence
globally on MN{u>0}N{v>=0} by the transport equation (139). Importantly, since fout
is uniformly bounded, the solution .#; also still satisfies the round sphere condition (191)
and (192).

Let now Q2 fi, (u, 6, ¢) be determined by the following elliptic equation along C,,:

PPN g 1,6, 6)92 (1t v0) = S0 (1, 00) X4 (s 0, 6, ).

We add the pure gauge solution generated by Lemma 6.1.3 through fi, to 5”1, and

call the resulting solution .. The solution % satisfies Y X 0 on C,,, which implies ¥ x 0
globally through the transport equation (139). Importantly, since Q2f;, is uniformly
bounded, the solution .%; also still satisfies the round sphere condition (191) and (192).

Note also that the pure gauge solution added through Lemma 6.1.3 has X 0, so .

satisfies
a=a=X=Xx=0 on MN{u=0}n{v=>0}. (443)

Note that both pure gauge transformation added to .%” do not change the conclusions of
Theorem 9.2, as fout and fi, both have vanishing projection to £=0,1. From (140) and

(141) one now concludes that ﬁ*(l) ZD;%) 0, and hence, since .% satisfies

(1) (1)
(div ) e=1 = (curl 1) =1 =0
(1 (D

(and similarly for (717)) that in fact 77 77 =0 on Mﬂ{u>0}ﬂ{v>0} Since a=a =0
1) (@)
implies =1 =0, we have from the formulas (182) that ﬁ B 0, after using the fact that

(1)

(div %))z 1=(cyrl B)e=1 =0
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(and similarly for %)) The Codazzi equations (145) and the fact that the /=0, 1 modes
of (Q(tlﬁ x) and (Q (tlz X) vanish then yield (Q(tll2 xX)=(2 (tlr) X)=0 identically. Equation (134)
and the vanishing of the ¢=0,1 modes allows the conclusion for Q_I?Z), and hence &
and . Finally, global vanishing of ¢ and o is now a consequence of (135) and (146).

So far, we have shown that all linearised curvature and all linearised Ricci coefficients
of the solution vanish for .%%5. To conclude also the vanishing of the linearised metric
components, we need to add another pure gauge solution.

The geometric quantity (ll)) of the solution .5, while having globally vanishing pro-
jection to £=1,(") has a potentially non-vanishing trace on C,,,, which we denote by b.
It satisfies the bound |Vb|<v~2 along C,,, following from the fact that . satisfies it
and that all pure gauge solutions added so far do.

Propositions 9.2.5 and 9.2.6 construct a pure gauge solution ¢, generated by bounded
q1(v,0,¢) and g2(v, 8, @) having vanishing projection to £=0, 1, with the property that
& satisfies the round sphere condition (192), and moreover ?[Eﬁ =—b along Cy,- Finally,
all linearised Ricci coefficients and curvature components vanish for ¢.

It is easy to see that the solution .#5=.%+% is the trivial solution: One uses the
(1)
propagation equation (132) from infinity to first conclude that ¢ =0 identically along C.,
(1)
and then that ¢=0 identically on MN{u>0}N{v>0} by using the propagation in the

3-direction of (132).
We have shown thus that .% "is the sum of pure gauge solutions, and thus the original
S="~9G+ is the sum of a pure gauge solution and a reference linearised Kerr. [

B.2. ;13) :(113):0 implies linearised Robinson—Trautman

While global vanishing of @ and &) together with asymptotic flatness implies that the
solution is the sum of a pure gauge solution and linearised Kerr solution by Theorem B.1,
one may ask whether vanishing of the derived quantities P and (113) is sufficient for this
conclusion. As we shall see in this section, this is not the case. The non-trivial solutions
arising can however be completely described: They are given by the linearisation of a
family of algebraically special solutions to the Einstein vacuum equations, the celebrated
Robinson—Trautman metrics [63]. These vacuum metrics can be characterized geometri-
cally by the fact that they admit a shear-free congruence of null-geodesics which is also
hypersurface orthogonal. See [63], [16] and also §10 of [18] for an introduction to this
family.

(1) (1)
(37) Recall that, by this, we mean that (div b)—;=(cyrl b),—; =0 hold.
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We shall only sketch here the relevant computations.

B.2.1. The Calabi equation

(1) (1)
Suppose first P=0 or P=0. Then, we have one of

PBIDL (8, 0 8) s Mr 4 W =0,
(1) (1)
with the upper sign in case P=0 and the lower sign if P=0, where WV indicates a term
that vanishes in the limit on null infinity by asymptotic flatness. Taking a 3-derivative
yields
2Py Pl (—r® div %), +r3 eyfrl (5) L3Mra+W=0.

Application of another 3-derivative yields the equation
r‘ﬁDE@I (div dfv(rg), F clrl(div 7”8)) +3MY, (7"8) +W=0.

Therefore, if 23):0 then the fourth-order parabolic equation (cf. the Calabi equation in
(63])

Vs(r&)? = — o BL Py By 8 (444
has to hold along null infinity. Here (T&))I is the symmetric traceless tensor obtained as
the limit at null infinity v— o0 of the quantity r&)(u, v,60) measured in an orthonormal
frame on the spheres S, . We can interpret (T&))I either as a symmetric traceless
spacetime S -tensor whose components in an orthonormal frame do not depend on
v, or as a symmetric traceless S2-tensor defined on the cylinder [ug, 00)xS? equipped
with the metric —du2+df?+sin? 0 d¢?. Taking the latter point of view and considering
7“4@;@;@1@2 in (444) as an operator on the unit sphere, equation (444) becomes a
parabolic equation on the cylinder [ug, o0) x S? whose solution is uniquely determined if
data are prescribed on the “initial” sphere S2 .

A priori, it seems that we have the full freedom of specifying a symmetric traceless
tensor. However, if in addition P=0, then mzbi(o,%)):%(gf?):o everywhere, and
hence ¢=0 globally, provided the ¢/=0,1 modes of & also vanish. This implies that
PP el d,fv(r&))z =0 on null infinity. It follows that we can prescribe (r&))z initially
on one sphere, subject to the condition r4P;P] cifrl d,fv(r(ai))z =0 (which then propa-
gates), which reduces the number of degrees of freedom to one function on the initial
sphere, just as it is the case for the Robinson-Trautman class [63].
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Tt is useful to scalarise equation (444) by setting (T&))I:ﬂﬁgﬁ){(ﬂ 0), determining
uniquely (up to projection to £=0,1) a function f on [ug,oc0)xS?. If (r&))f satisfies
(444), then f satisfies

1
8uf:_W(ASQASQ+2AS2f)~ (445)
This should be compared with equations (2.4) and (2.5) in [16], which, upon linearisation
(1)
f=1+4¢cf+0(?) and setting M =2m, yields (445).

We can solve (445) mode by mode obtaining the solution
Foum(w) = e~ (W/2ME=DUADEH2) 3y

efu/2M

Note that, for fixed v, this behaves like an integer power of Q2(u,v)~ near the

event horizon.

B.2.2. Constructing the full solution in the horizon-normalised gauge

CONEY 1

We now outline the argument that assuming P=P=0 and specifying such an (T(Q)I

initially on the sphere Sﬁom determines a solution of the system of gravitational pertur-
bations which is unique up to pure gauge solutions. It is important to note that (444)
will produce solutions (r(ozi))z , which decay exponentially in wu.

Suppose we have an asymptotically flat seed initial data set for which }_19 and (113) are
zero on C,,NC,,. Since %) and (113) satisfy the Regge—Wheeler equation, gEO and (113)50
in MN{uzug}N{v=ve}. We construct the full solution 52’:«52—%/.“,51. directly in the
horizon-normalised gauge of Theorem 4.

(1) From the discussion above, we have
@=0 in Mn{u=uorn{v = v}

2) On the horizon H*, we have
(2) ;

o0 1
0:/ dv/ sin @ df de | P|*
Vo 52
3 @

! : m S
/UO dv/s2 sm@dé)dgﬁ‘ﬁEPi(g,O)JrWQX

2

(1)
91Qx|? 3

B o . * k(1) 2
_/UO dv/8251n9d9d¢ {|$2@1(Q’0)| +64M6 +4M3

o * * (/12 1
= [Cao [ snoasas |91 2. 0P+ o108 e (5 )9
Vo 52

Dy, o><—ﬂ%)>]

64 M6 4M3
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(1)
and, since %)40 as v—00 by Theorem 4 (recall Corollary 14.6, the restriction of P on
(1) (1)
the horizon and the fact that (él))g=071=0), we conclude Qx=0, Q5 =0 (Codazzi) and (gl)):O

along H*. Therefore, also 02 @=0 and Q;,ZIJ):() on H*. We also have %):0 on H*, since
cilrl %):0 holds from &=0 and div (71]>:0 by the horizon gauge condition (194). Note
that these bounds hold both for the solution 52 of Theorem 4 and the solution & of
Theorem 3. o

(3) The equations Q= 1Y;(1r2Q)=0 and Q= ¥,(arQ2)=0 following from (178) and
(179) now imply

(1) (1)

PO =aQ*=0 in MN{u>uo}n{v=ve}. (446)

(4) On null infinity, we know that r&): (rg)z(u, 0) is entirely determined by the par-

abolic equation and exponentially decaying. The solution decays at least like e~44/M (as

follows from the fact that o has at least £>2; see also [15] and compare with Q% ~e~%/2M),

Therefore (recalling (clr):())

lim (r? 8) = (r* B)* (u, 0) = /00 r d,fv(r(ai))z(ﬂ, 0) du

lim (¢ ) =30 (u,0) = / Oord,fv(r2%))z(ﬂ,0) da,
T (45 = (4B (w.0) == [Pl )7,0)(@.0) da

are all determined on null infinity. The existence of these limits and their vanishing as
1)
u—00 is a consequence of Theorem 4 (Propositions 12.3.6 and 14.3.3) for (r?3)% and

30\7 AT ) . )
(r39)*. For (r*p)*, it follows from « globally vanishing, (149) and the fact that 5

vanishes on the horizon. We also see from (139)

. S Sy T o (O 1
le (rX) = (rX) :/ (ra)*(a,d)da.
(5) Integrating backwards from null infinity (151) now yields from (446)

(1)

B, 0)= 105 (. 0),

X, u,0) = ZLor Dy 5 = B0 By )7 (1, 0)),

valid in an orthonormal frame on the spheres S2 ()

(1)
(3®) Recall that the statement that the spacetime tensor (r* )% does not depend on v is true only
in an orthonormal frame. Otherwise factors of r appear from raising and lowering indices.
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(6) Recall now the equations
W4((17p1)r3ﬂ) = —rgﬂ(ﬁ and W4(’I‘ng) = 27‘(22(172),
from which we conclude that
’I“BQ(’L/)I)(U, u,0)= /00 r27D§ d/fv(r(ozi))z(ﬁ, 0) du

and
2

r(u,v)

(1)

7“928(1)7 u,0) = (ra)*(u,0)— /oo r*p; dj’v(r@)z(ﬂ, 0) da, (447)

again valid in an orthonormal frame. Note that (T(ai))z (u,0) needs to decay at least as
fast as Q* towards the event horizon for ﬁ), to extend regularly to H*.

(7) Since in the horizon-normalised gauge we also have (717):0 on H*, we conclude

(1) (1)

using (141) and the fact that Q'Y —0 along H* that Q~'x=0 on H*. We now determine
(1)

X globally from (139) using (447) as

W 2—1 o 2(1) _ _
Xr<Q (v,u,@):/ r“a (v, a,0) du.
RSN, . e W .
With X and X determined globally, (140) and (141) allow us to obtain 7 and 7, since the

£=0,1 modes of all quantities vanish for S (cf. Corollary 4.2). Codazzi (145) implies
expressions for (€ 5511)" x) and 272(Q (tl; X). Finally, (134) implies an expression for Q_l(a.

(8) To determine the remaining metric quantities ((ll))7 \%3, (;), it is most convenient to
add to . another pure gauge solution which achieves (ll)):O on C,,,, while preserving the
condition (192) and not changing any of the quantities discussed in (1)—(7) above. The

existence of such a solution follows from Proposition 9.2.5. One can then use (131)—(133)
1 o @
to determine explicit formulas for (b, /¢, ¢).

B.2.3. Regularity

To determine the smoothness properties of the solution constructed, it suffices to check
its regularity at the level of the seed initial data, i.e. whether the following quantities

extend to the horizon on Cy,:
6) e e
(e™2Ma,)"(xr*Q7Y), (7 PMO) ()07, (7M@) (448)
Since all quantities of the solution determined above behave like [Q2(u,vg)]* for some
integer k, the solution is smooth in the extended sense.
Interestingly, the non-smoothness that was observed in [16] for the class of Robinson—

Trautman metric seems to be a feature of the non-linear terms in the parabolic equation,

and is not seen at the linearised level.
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