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Introduction.

The general theory of ordinary linear differential equations with rational
coefficients must be regarded now as known in its broad outlines: there exist
in. all cases whatsoever a full quota of formal series (normal and anormal) for
each singular point; on the basis of these series, the behavior of the solutions
in the neighbourhodd of the singular points can be adequately characterized, their
nature in the large can be determined by means of the monodromic group, and
finally the inverse Riemann problem can be formulated and solved by direct use
of the Fredholm theory of integral equations or otherwise.® The details have
not been carried through except when the series which enter are of normal type,
but the corresponding formulation and attack in the most general case are
sufficiently evident.

On the other hand the situation is much less satisfactory for ordinary
linear difference equations with rational coefficients. If these equations be
written as a linear system,

(1) yilx+ 1) Z,a,j (e=1,2,...n),

in Whlch the n rational functions a;;(x) are analytic at x = or have a pole

! Cf. my paper, The Generalized Riemann Problem. for Linear Differential Egquations and
the Allied Problems for Linear Difference and q-Difference Equaiwns, Proc. Am. Acad. Arts and
Sciences, vol. 49 (1913), pp. 521—568.
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of maximum order u there, then it is only the regular case in which the charac-
teristic equation in ¢,

(2) lee*di;—al| =0

(0j=1,i=j; dy=0, ¢ #j; al¥) Ziizﬂiaij(x)/w“),

has » distinct roots ¢,, g,,...0n, not zero, that has been treated adequately.
To be sure, Norlund, in his fundamental work on linear difference equations,
has given a powerful general method by which solutions analytic in certain
limited regions of the complex plane can be constructed always?, but this method
affords little indication as to the nature of those simplest analytic solutions,
devoid of artiﬁéial singularities, which are of central theoretic importance.

The most general examination hitherto made of linear difference equations
not of this special type is due to Adams.? He discusses the extent to which
my own method of approach to the regular case® admits of extension to the
irregular case, and finds that while similar results can be obtained in certain
more general cases, yet the method appears-to ‘break down. In brief, he finds
that so long as there are n types of formal series with elements of the form

b \
w“*xgzx’(a+?c+--~) o wE=p),

the same method is applicable.. Since these formal series are of the same kind
as appear in the regular case, it is natural to group this particular irregular
case closely with the regular case. In more general cases Adams only establishes
highly restricted results, The difficulties which he meets with are of three types:
(1) he does not arrive at a full quota of formal series in all cases*; (2) the
sequences defining the 'determinant limits’ converge, if at all, in much less exten-
sive regions of the z plane than in the regular case; and (3) in consequence, the

! Cf. N. E. Norlund, Differenzenrechnung, Berlin, 1924, e¢hap. Io.

* C. R. Adams, On the Irregular Cases of Linear Ordinary Difference Equatlions, Trans. Am.
Math. Soec., vol. 30 (1928), pp. 507—541. In this paper references to the work of Barnes, Horn,
Batchelder, Perron, and Galbrun may be found.

* General Theory of Linear Difference Egquations, Trans. Am. Math Soe., vol. 12 (1911),
PP. 243—284.

4 Not even in the case m=2, in which many but not all cases have been treated by
Batchelder. Batchelder has not published these results.
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determination of 'intermediate solutions’ and 'principal solutions’, as in my paper
by means of series and contour integrals, fails.

. It is the aim of the present paper to show that, when certain further types
of formal series involving logarithms are taken account of, there will always be
a full quota of n such formal series solutions. By way of application of this
bagic result, certain interesting formal questions are also treated.

In a subsequent paper devoted to the analytie theory of irregular difference
equations, also to appear in these pages, I expect to present the extension of
my earlier theory to the truly general case. Such an extension would of course
be impossible without the result of the present paper. It involves appropriate
modifications in the method of contour integration as well as other changes of
consequence.

§ 1. The Linear Difference System and the Single Equation.

Without essential restriction it may be assumed that the determinant
laj(x)| in (1) is not identically zero. In fact in the contrary case there is
obviously at least one identical linear homogeneous relation between y,(x+ 1), . ..
yalr+ 1) with coefficients which are explicitly given in terms of the minors of
this determinant. If we replace x by x—1 in this relation, we obtain a like
relation between y,(x), ... ya{z). On solving for one of the dependent variables,
say yn(z), in this relation, and elimination of y.(x) in the first n—1 equations (1),
we obtain a like equivalent system of order n— 1. Proceeding successively in
this way we arrive finally at an equivalent linear system of order < », for which
the determinant in question does not vanish identically.

Now for such a system (1) let us write

n

(3) y(0) = b (@) 92 (@) + - + ) yale) = 2 hala) ga(a)
. a==1
where 4,(x), ... Ay(x) are n functions, rational in x but otherwise arbitrary. By

use of the equations (1) we obtain successively

n

yle+1)= ;_ Ao+ 1)aup(z) y5(2),

(3"

yatn)= 2 halw+n)aeplc+n—1)- ae @)y, ().

a,fB,...v=1
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On the right-hand sides of (3), (3') we have »+ 1 linear homogeneous expressions
in y,(x),...ya(x). Hence from these equations we obtain at least one linear

homogeneous equation of the form
(4) L{y) = ap(2)y(z+n) + a;(@)y @ +n—1) + - + aa(2)y(z) = 0,

in which not all of the coefficients a;(z) vanish identically, and furthermore these
coefficients are explicitly expressible in terms of the functions A;, a;;.

It is possible to choose 4,, ... 4, so that neither @, nor a, vanishes identic-
ally, i.e. so that the linear difference equation (4) is actually of the nth order.
To establish this fact we consider the determinant of the linear homogeneous
expressions in #,(z), ... y(x) which appear in the first % of the n+1 equations
(3), (3). The elements of the first row are 4,(x), ... Ax(x) which may clearly be

taken at pleasure at an arbitrary poiﬁt xz. The elements of the second row are

Ddalz+ Daa (@), ... D dalz+ 1)aun(@)

a=1 a—1
respectively. But 4,(x+ 1), ... Au(z+1) may clearly be assigned values at pleasure
without affecting the values of 1,(x), ... 4s.(x) already selected. Inasmuch as

|aij(x)| is not identically zero, it is therefore clear that the elements of this
second row may be independently selected at will. For the third row a similar
consideration leads to the conclusion that these elements too may be indepen-

dently assigned at the given value of z, since the determinant which enters is

) |
| D ausle + 1)aps(2)| = laste+ Dl lagle)] = o.
[3=1

By proceeding in this manner it becomes apparent that the determinant of the
coefficients of y;, ...y, in the first equations (3), (3"} can be made not to vanish
identically, since all of its elements can be taken arbitrarily at any point x,
such that |a;;(z)| is defined and does not vanish for x=1u,, z,+1, ... 2y+n—2.
Likewise the similar determinant for the last % of these equations can be made
not to vanish. Hence the equation (3), obtained by equating the determinant
of the augmented system (3), (3') to zero will have the desired property
ay(z) =0, a.(x)=o0. :
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Therefore it appears that to a fundamental set of solutions of the system
(1) with |ai(z)|s20 there corresponds a fundamental set of solutions of some
single equation (4) of the nth order, and vice versa.

If then we can establish that the single linear difference equation (4) pos-
sesses a set of n formal series solutions in the usual sensel, it is evident that
the kgeneral system (1) will also possess a set of » formal solutions, obtainable
from the formal solutions of (4) by means of the equation (3).

" These obvious considerations justify us in focussing attention upon the
formal series solutions of a single ordinary linear difference equation of the
nth order of the type (4) with a,(z), an(z) not identically zero. \

§ 2. Statement ot the Formal Problem.

In order to deal conveniently with the questions which. arise concerning
the formal series solutioms, it is desirable to broaden somewhat the initial
formulation. Let us demand merely that the coefficients a;(x) of the equation

(4) under consideration are to be formal (i.e. convergent or divergent) power
series in descending integral powers of z, or, more generally, of ? (p, a positive

integer). Here only a finite number of positive integral powers are permitted
to enter. Of course the corresponding assumption for the linear difference system
(1) is ‘that the coefficients are similar formal power series, and the same integer

p=1 is evidently involved in associated équations (1) and (4), even if 4,(z), ...
1
Ax(x) in (3) are also such series in zP. It is obvious then that for the complete

specification we must not only give the equation (4), but also the value of the
'basic integer’ p which is to be adopted; all possible values of p are evidently
positive integral multiples of a least value py=1. »

The usual method?® for the determination of formal series begins with the
substitution of a series

! We regard a set of n formal solutions as distinet (i.e. linearly indépendent) in case there
is no identical linear homogeneous relation between them -in which the coefficients are either

constants or of the more general form ce2!nV —1z (I, an integer).
% Generalized here to the extent that we allow p o exceed I.

27—29643. Acta mathematica. 54. Tmprimé lo 12 avril 1930,
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e b
(6) s(x) =P eF@yr (a + 25+ )

xP
p—1 1
(P(x)=yx+6w 4 +-~-+nxp)
in the equation and the attempt to determine u,y,d,...,a,b,... by the
method of undetermined coefficients. Here the formal identities:
@ (z+1)

pltd  pz ouf i\ P wzopigpd gt
(x+z) P =P P14+ — =P P |eP + P~ ... ;
. z] - ar

e‘Y(x+f) = e’)’ﬁfe‘)'i; el’(z'*'i)(p_l)lp = edz(p_l)/P (I +4 (p__ 1])7/ + - ) ;

pa?
. -1
(x+z)’=z’(1 + =+ )
x
u_x
for 7=1,2,...n enable us to remove a factor x? e£@Wx" from the given equa-

tion after this substitution y=s(x) has been made. When this factor is removed,
the n+1 leading terms in the n+ 1 series which appear on the left are precisely

gn —dotun pln—1) —ji+a—1) —in
aoj,e? x P | apj,e P P s oeee Quj, T ¥,

where we have written a;; for the coefficient of the leading term a;;;x P in
ai(w)—for ?=0,1,...n. Obviously neither j, nor j, ean be infinite since neither
ay(x) nor as(z) is identically o. _

Now if such a formal identity is to be possible, there must be two leading
terms of the same degree in z, so that

_jl—.im

= l—m

for some ! and m (Im), while all other terms are not of higher degree, i.e.

—ji+ p(n—10) < —jm + uln—m) (z=o0,1,...7)

whence

ji—jm = — pli—m). (f=o0,1,...m).
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But these conditions admit of a very simple geometric interpretation.! Let
(¢,J) represent the cartesian coordinates of a point in the plane for which the 2
axis is directed horizontally to the right and the ; axis is directed upwards.
Mark the n-+1 points (7,j;) where ¢=o0,1,...n (see figure 1).- Evidently the
conceivable values of p are given by the mnegatives of the slopes of all possible
lines threugh two of these points, while the inequality imposed will only be
satisfied if all the remaining points lie above or on such a line W]iose equation is

(J —Jm) = — ulé —m).

/ )(/n:/'n)

/
’

( Qjo) XN X X
L

N

Fig. 1.

This leads us to a unique broken line L, concave upwards, whose vertices fall
at certain of these points, while all of the other points lie above or on this
line L. Furthermore the points (z,5) (7,7, being integers) which fall below this
line can correspond to no terms in the n+ 1 series under consideration.

When, however, u has one of these values, and the coefficient of the
highest power of z on the left is equated to zero, we obtain the ‘characteristic

) w n—i - “ n—i’
Lol ™+ ool T

in which the first and last terms in parentheses correspond to the extreme

equation’ in p=¢?,

vertices (z,7i), (¢,j#) of the line segment of slope u in the above diagram, and

! Cf., for instance, N. E. Nérlund, Differenzenrechnung, pp. 312—313.
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in which the intermediate terms correspond to the intermediate marked points
on that line segment. Clearly in this manner are obtained as many equations
as there are values of u. If these values of u are denoted by u,, ps, ... ue
with p, > u,> --* > u, the total number of non-zero roots (counted according to
multiplicity in the separate equations) is precisely =; for if ¢,=o0,7,, ... G%=n
be the values of ¢ for the successive vertices, these roots are in number precisely
13—y, g%, - ... ix—t—1 respectively. Thus there are in general % characteristic
equations, rather than a single characteristic equation as in the regular case.
It is the essential advantage of the single equation (4) over the system (1), as
basis from the formal point of view, that all of the possible values of u are
immediately obtained for an equation (4).

If now we proceed further in the attempt to obtain a formal series solu-
. 1
tion by comparison of the terms of successively lower degrees in x? we are

immediately led to the following results (Cf. Adams, loc. cit., § 1).

If the values u,,...ur are all integral, and none of the characteristic
equations have a multiple non-zero root, the first comparison determines y as
indicated above, the remaining comparisons give 4, ..., a, b, ... in succession,
as specific functions of the previously determined constants, and with b, ¢, . ..
in particular involving @ as a multiplicative factor. Hence in this case there is
obtained a full quota of formal series solutions of the type (6) under considera-
tion, and these are evidently determined up to a factor

ge?knY—1z k, an integer
g

corresponding to- the arbitrary multiplicative constant @, and the ambiguity in
the determination of y. Inasmuch as the detailed proof is entirely straight-
forward and of familiar type, and is not necessary for our later purposes, it is
omitted here. ' o

More generally, if some of the values u,,...u; are fractional, but no
multiple non-zero roots occur in the characteristic equations, let such a fraction
be m/l in lowest terms. There exist then corresponding series of the following
anormal type .

gz .
(6’) S(x)=x1’ e[-(z)xr a+ il_*_)
xiP
ip—1

1
(P(x)zyx+6:v ip +~-~+1)x”’).
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Such a- formal series solution has evidently ! formally distinet determinations in

all cases, since if z makes p positive circuits of x=0 in the complex z plane,
uz ’ N v
the  factor x? is multiplied by a factor e?7u’—1z and y is thus augmented by

zymV:——I, where p=m/l is not an integer. Heré again there are always
precisely # formal series, when these various determinations are taken into ac-
count. But inasmuch as the method is perfectly straightforward and of familiar
type, and moreover not necessary for our later purposes, it is omitted here.

As Adams has noted (loc. cit., § 1) the 'general’ case in which some of
the roots ¢ of the single characteristic equations are of ! fold multiplicity while
g is an integer also leads to corresponding anormal series of type (6'), so that
again a full quota of series is obtained unless a certain secondary characteristic
equation holds. Unfortunately, the method of direct comparison may lead to
indefinite algebraic complications' if this secondary equation is satisfied.

There is, however, a third type of formal solution which may arise, but
whose importance seems to have been largely overlooked.® Let ¢(z) be any
formal series of the type (6) or (6), and let #(x) be a second such formal series
with the same coefficient preceding the power series .as s(z), save that the
constant 7 may be modified by an integral multiple of 1/lp. Then, for instance,
there may exist two formal series solutions of the form

(6”) s(x), s(x)log z + t(x)

in the case [=1, or 2! such series in the general case /=1. More generally,
if s(x), t(z), ... w(x) are k series of the form (6), (6'), all with the same p, P(x),
and if the constants » which enter differ at most by a multiple of 1/lp, then
there may exist %l solutions

6) @), ks(@)logz + 1), .. . s(@)(log ) + () (log 2} + - + w(a).

IE will be observed that when log x is changed to any one of its other determina-
tions, each formal solution is augmented by a linear combination of the preced-
ing ones affected with constant multipliers. We shall regard such series (6”) as
of normal type if /=1 and as of anormal type if I>1.

! See, however, N. E. Norlund, Differenzenrechnung, chap. 11, § 1, where a specialized case
6"y of this logarithmic type is considered for those linear difference equations of 'Fuchsian type’,
in which the series a,(x)/a,(x) begin with a term of not higher than degree —¢ in .
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It is our primary purpose tn Part I of this paper to solve what may be termed
the formal problem of linear difference equations of type (4), and thus of type (1)
of course, by proving that there always exist precisely n formal series solutions of
the three types-(6), (6), (6”). '

. The method of direct comparison hitherto employed fails because it does
not take due account of the algebraic nature of the difficulties involved. We
propose to attack the problem by a method based upen the notion of reducibility,
which leads to a successive reduction of these difficulties by a well-defined series
of steps, each involving only the solution of linear algebraic equations.

§ 3. Solution of the Converse Problem.

It is an easy matter to solve the converse problem by demonstrating that
to every such set of » (linearly independent) formal series there corresponds a
uniquely determined linear difference equation of the x-th order.

Suppose, for instance, that s,(x), ... sa(x) are »n series of the simplest type
(6). The corresponding difference equation is then essentially given by

ylx+n) ylx+n—1)... yx)

sz+n) silx+n—1)...8@]=o0.
snlx+n) s,l.(xlk;ﬁ;lj ) .. ) sn(x)

In this case we have only to divide the (:+1)4h row (=1, ... %) by the ex-
ponential factor x*%efi® x" in order to obtain the equation desired. Moreover,
even if certain groups of the n series are of the anormal form (6), a similar
conclusion is possible, although the coefficients a,(x), a,(%), ... an(z) obtained

are given in the first place as power series in descending powers of some root
: .

of z?. However, it is obvious that the equation written is in reality not altered

if the various determinations of these series be permuted, so that actually the
) .
coefficients a,(z), a,(x), ... as(x) do not involve fractional powers of z? after a

suitable factor is removed. To indicate briefly the situation in the case when
logarithmic terms enter as in (6”), we consider the simplest possible case, namely
the case n=2, p=1,l=1 in which there are a pair of solutions,

s(x), s(x) logx + t(x)?
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in which s(z), {(x) are of the type (6) with the same g, y, ». The corresponding
equation is then :

ylz-+2) yle+1) y(x)
s(z+2) slx+1) - s(x) =o0.
s@+2)log(z+2)+ tlw+2) sle+1)loglw+r1)+tz+1) sx)logz+ ta)

If we multiply the second row by log z, subtract from the third, and make use
of the formal identity

10g(x+z’)=logw+é+ (=1, 2),

we may eliminate the logarithms and thus obtain the desired equation of type (4).
Obviously a similar manipulation leads to the same result in the most general
logarithmic case.

The solution of the converse formal problem thus obtained in all cases
is evidently unique, since if we write out equation (4) with y(z) replaced by
8,(z), ... su(x) respectively, we obtain » linear homogeneous equations in the
n+1 coefficients a,(z), a,(z), ... as(®), which determine them up to a multiplicative
series factor, just because the formal determinant of the n-th order |si(x+j—1)|
is not identically zero.

3. Solution of the Formal Problem for n—=1.

We will begin with a proof of the following fact:
Every equation (4) of the first order (n= 1) has a series solution of the form (6).
Such an equation may be written in the form

woon
ylx+ I):w”(ge” + (—11—1 + )y(x)
xP

when g is an integer and ¢ is a constant not zero, inasmuch as we may divide
the equation through by a,(x) and transpose the term in y(xz).
If we change the dependent variable by substituting
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and divide through by the coefficient of #(x+ 1), the modified equation takes a
- similar form, simplified to the extent that u is zero and ¢ is 1:

| gle+1) = b(x)y(x) (b(x)z 1+ b—i n )

Now introduce the dependent variable z=1logy, and we obtain at once

(formally)
. . b — b2
zlz+1)—2(z) =log blx) = = + 25y e L
P 2P
¢ 6 |,
i R
xP P
If in this last equation we write
1 2 1 —1

1—-= 1—=

@) =z-prx PH+zppx P4 +z12P + gloga +zx? +o-t,

it is immediately found that z_pi1, 2—ps2, ... 2, are uniquely determined with

C 02 Cp—l

1
Z_pt+1— RBepto=— e B = = Cp.
P 1’ P+ 2’ p—1 1 ®0 4
I—— - = I—
Vg yp p
-1 2
These results emerge by direct comparison of the terms in z? ,xz? ...z~ ! on

both sides. Now the comparison of terms in x? (k> p) leads to equations of
the form

—k+

pzk_1,+¢k=ck (k=p+1,p+2,...),

in which ¢ is a known polynomial in the coefficients z; which precede zi—p.
Thus 2;, 2,, ... are determined in succession and uniquely. ,

Evidently the formal series for z(z) so obtained leads to a formal series of
type (6) for y, so that the proof of the italicized statement is completed.

! In the case p=1, this is to be written as

zi@)=zologx + 2,1+ ...,
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8§ 4. Simplification of the Formal Problem.

We propose to simplify the formal problem by establishing the following
fact: )

There will necessarily exist always a complete set of formal series solutions of
types (6), (6'), (6”) if only every equation (4) admits at least one formal series solu-
tion of the non-logarithmic types (6), (6'). '

The truth of this statement may be argued as follows:

Suppose if possible that the statement is false. In this case, even though
such a formal series solution (6), (6') always exists, yet there are equations (4)
for which a complete set of series solutions does not exist. There will then be
a least value of % for which a complete set does not exist, and, according to
the result of § 3, we must have n>1.

Let s(x) be one of the formal series solutions (6), (6') of such an equation
(4) of least order n>1 for which the theorem fails, and write y=s(x)j. After
division through by a suitable factor (for instance, s(z+#)), we obtain an equa-
tion of the form (4) in #, and of order %, in which, however, the basic integer
p is perhaps replaced by some integral multiple [p. But this new equation in §
admits of the obvious formal solution y=1, so that if we write the equation
in terms of ¥, 4y, 4"y, the term in § disappears; in other words we have to
deal with an equation (4) of order n—£k in 4*j where #*§ is the lowest order
difference to appear explicitly. But this is an equation of the form (4) in #*§
of order n—F% <n, and hence our hypothesis ensures that it admits a complete
set of n—k formal series solutions 3(x).

Thus we are led to consider the formal difference e(juation
Ay = 3(x).

It is clear that if we can show that this equation admits » —% formal solutions
corresponding to the n—#% known series 5(x), we are led to a contradiction and
the italicized statement must be true. In fact the equation in 7 is satisfied by
the n—Fk series so obtained and in addition by the % distinct series forms,
1,%; ... 2% for which #%j is 0, so that the n series exist and are obviously
linearly independent.

Consequently it is clear that the italicized statement will hold if the follow-
ing lemma can be established: ‘

28 — 20643. Acta mathematica. 54. Imprimé le 14 avril 1930.
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Lemma. If s(x) s a formal series of type (6), (6'), (6”), then the equation

admits of a formal series solution of type (6), (6'), (6”).
In fact we need only apply the lemma repeatedly to the equation Ay =3(x)
written above, when we find after & steps a series solution for each series 5(x).
Let us first prove that the equation of the lemma admits such a solution
if s(x) is of the form (6) or (6'). We have then to consider an equation

u_z
Ay =zx? eP(”)x’(so+—8il+ ) (50 # 0),
2P
where u is an integer, since we may replace p by the integral multiple Ip in (6').
In the case u <o we substitute

,u_a:
ylo) = z? ePWarjla),

and, upon division through by the coefficient of #(z) in this equation, obtain

( 1 _1 3 r
[eﬂ %+1) og(l"' :c) P ePz+1)—P (2) (I + é) ]g(x_*_ I)_g(x) =g, + % + .
p
where the factor in brackets on the left has the form
x?(eV p+*f_11_|-f_22+...) ([J,<O).
xP  xP
If now we substitute in this modified equation for #,
@) =g+ 5+ -,
ZP

it is obvious that %, #;, ... are determined in succession by direct comparison,
. . . .
with §,=—s, for instance. More precisely, the terms in = ” lead to an equa-

tion of the form

Qr— Yr =Sk (k=1),
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where ¢ is a polynomial in §, %, ... #e—1. Thus §, %, - . . are determined in
succession by taking k=1, 2, ..., and the desired series solution y(z) is found.
When u>o0, we substitute

uz r—t
y@) =2 @z P ()

but divide through by the same factor as before. We obtain

wlz+1) 1 r—; —u
[e—p log (1+ x) eP @+1)—P(z) (I + ;) ]g(x_l_ 1)—x P g(x) =8, +S_11+ ... (‘u> 0).
| o7

If now we replace # by the same series as before, and note that the term in
9 1

brackets is a power series in negative powers of P, starting off with a constant

term not zero, we see at once that #,, #,,... are uniquely determined, with
w

Jo=So€ " for instance, and again the desired solution is obtained.
There remains the possibility that s(z) is of type (6) or (6") with u=o.
The same substitution for y as in the first case leads to an equation

r
[eP(x+1)—P(m) (I + i) ]g(x+ I)__.g(x) =, + 8—11 + -,
D

where the term in brackets is of the form

e7+—1—%+£‘;+
xZP  xP

When we substitute the series for 7 as before, we discover at once that §,, ¥y, - . .
are in general uniquely determined in succession with §,, for instance, equal to
s/ler—1). This determination fails when ¢ is 1, and then only; in this case we
may take y=o.

But when y=o0, inspection of the bracket shows that if the leading term
3
in P(x) is x2? (k<p). then the series in brackets begins as follows:

xk
I+ 1__k+---,
pxr P
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and the equation in § may be written

4g+[ ”kk+~-~]g(x+1)=so+i’l+... " (k<p).

px x?

Consequently by writing

we find that §,=s,p/xk, 7,, ... are determined in succession and a solution is
reached, unless indeed % is o, so that P(x) reduces identically to o. But in this
case the original equation in y becomes '

dy=x7(30+8—11+ )1
. x;

which can be at once satisfied if we write

K
y(w)=x”“(yo+—'1+ )

with y,=s/(r+1), y,, ... determined, unless indeed » is a multiple of 1/p with

1

r=—1, and a term in 2! actually appears on the right-hand side. In such a

case we may eliminate this term by writing
yla) = §lx) + sernplog z,

and proceed as before, except that the constant term in the series for y is
arbitrary.

Consequently in all cases whatsoever when s(z) is of type (6) or (6), a solu-
tion is obtained. It will be noted that this solution is of the same type unless
it involves a linear logarithmic term clogz. This last case of type (6”) arises
only whén p=o0, P(xr)=o0, and a term in ' appears in s(x).

Thus the lemma will be proved if we can deal with the case when slx)
is of type (6”). We shall dispose of this case by showing how the solution of
the equation Ay=s(z), in which s(z) is of the type (6”) with logarithms which
enter to the Ith degree, can always be reduced to that of a similar equation



Formal Theory of Irregular Linear Difference Equations. 221

in which [ is reduced by unity and so finally to an equation of the type l==0
already disposed of.
To achieve this reduction, suppose that we have to consider

Ay = si(x) = so() (log ) + s1-1(x)
where sy(z) is of type (6), (6'). Write
y(@) = 5(2) (log 2} + 7(z),

where 3(z) is a solution of

A45(x) = so(),

which we know to exist of course, according to what has been proved above.

Upon substitution we find that § has to satisfy the corresponding equation

47 = s,(x)(log 2} — (s,(%) + 5(x)) (log (x+ 1))
+ 5(z) (log x)! + si—1(x).

But the right-hand member may be written as a sum of three terms
— 8o() [(log (z + 1)) — (log z}] — 5(x) [(log (+ 1)} — (log z)] + si—1(2).
Inasmuch as the identity

(log (x+ 1)) — (log ) = (log  + 4 (log x))' — (log x)*
= l(logxyf~'Alogzx + - + (4log z}
obtains, where

I I

I
Alogx = =)=+
ogx log(l :v) o 2w2+ ,

it is clear that the first term in this sum, as well as the last, involves logx
to a power not exceeding l— 1. Moreover, on account of the presence of the
factor 4 logz, the middle term will have the same property unless 5(x) involves
logxz. Hence it is only necessary to examine into this last possibility.

But it has already been noted that the solution of an equation of the type
Aij=sy(z), where sy(x) is of the form (6), (6'), can only involve logarithms linearly,
and that this can only happen in the case u=P(x)=0 when a term in 2™
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appears in s,(z). Therefore the only case requiring further consideration is that
in which the equation takes the form

Ay = solx) (log 2)f + si1(x)

where

sol@) = ar (s + L 4+ -

xP

and where s,(x) contains a term in 2~'. It is clear that all the difficulty arises
from this single term, and that if we can find a solution for the simple equation

Ay = (4 log x)(log x)',

the. difficulty is disposed of. But if we substitute

_ (logay+t
ylo) ="+ 9@
we find '
47 = (41og @) (log 2} — 7 [(log (z+ 1)} ** — (log 2)*"]
= — I—lz (log )~ (4 log @)* — - — H_%(Jlog x)+L,

Now on the right-hand side there appears a sum involving logx to the (I—1)-st
power at most. Consequently in every case we can reduce the problem to one
of a similar type but with ! decreased by at least one, as we desired to prove.

Thus, whatever be the series s(z) in the equation of the lemma, we are
led to a corresponding solution of type (6), (6"), (6”), and the lemma is fully
established.

§ 6. The Formal Problem and Formal Reducibility.

Let us term the equation (4), namely L(y)=o0, 'reducible’ in case we may
‘write symbolically

L(y) = Mar—a(Laly))



Formal Theory of Irregular Linear Difference Equations. 223

where M,—q and Lg are difference expressions of the same type as L, of orders
n—d and d respectively.

Now if there exists no equation L(y)=o0 without a formal series solution
(6), (6"), we have seen that a full quota of formal series necessarily exists (§ 5),
and the formal problem is solved. In the contrary case there exists an equation
L(y)=o0 of least order n>1 for which no solution (6), (6') exists.

Such an equation E must necessarily be irreductble for any admissible basic
wnteger p.

In fact if we could factor I symbolically as indicated above, then every
solution of La(y)=o0 would also satisfy L(y)=o0. But the equation La(y)=0 is
of lower order than L(y)=o0, and so possesses at least one series solution (6),
(6), by hypothesis. Hence L{y)=o0 would possess the same solution, which would
be absurd.

Moreover, if we effect any change of variables in E of the general form

u_x
ylo)==z? e"¥ary(x),

the new equation in y must obviously also be zrreducible in the same sense, no matter
how. the integer w, the polynomial P(x), and the constant r be chosen.®

’ In consequence we proceed to consider several cases in which specific types
-~ of reducibility are established (§§ 7—10). It will then be easy to prove that
such an equation F cannot exist, so that a complete set of formal solutions is
thereby proved to be present always.

§ 7. First Reducible Case.

An equation L(y)=o0 with k> 1 values of u, say u,, s, - - . fk, with u;=o0
and p;<o (i=2,...k), 75 necessarily reducible with a symbolic factor of order d
equal to the number d of non-gero roots o corresponding to u,=o.

In the first place we observe that by definition of p;, the hypothesis made
ensures that the first segment of the broken line in the (¢,j) diagram (Fig. 1)
is horizontal while the later segments have positive slope. Hence, after the
leading coefficient of L(y)=o0 is made equal to 1 by division through by a,(x),
we may write (4) in the form k

! Note that this change of variables leaves the equation of the same general form (4), although
the basic integer p may be altered.
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(7) Liy) =ylz+n) + a,(@yz+n—1) + - + au(@)y(#) =0,

where the series a,(x), a,(x), ... as(x) in the equation so obtained can contain
. !
no positive powers of z?, while aq4(x) has a constant term not zero, corresponding

to the second vertex of the horizontal segment. Furthermore it is apparent that
the series a;(x) for 7> d are series of the same type but lacking constant terms.
We propose to search for a symbolic factor of the form

(8) La(x,y) =ylx + d) +p,(@)yle+d—1) + - + pala)y(z),

1
where p,(x), ... palx) are power series in negative integral powers of x?, con-
taining constant terms identical with those in a,(x), ... a4(x) respectively, but

'otherwise arbitrary. The more explicit notation Laq(x, y) is used instead of Ly(y),
since we shall have occasion to change the x in the expression to x+¢. Now

if Lg is such a factor we must have

(9) L{y)= Lalx+n—d, y) + A (x) Lalx+n—d—1,4) + - - + An—a(x) Lalx, 9).

Here we shall restrict A,(x), ... Ar—a(z) to be similar power series but lacking
constant terms; this restriction is actually required if such an identity is to hold.

In the first place we observe that, in the coefficients of y(x+#), ... y(x)
which enter, at least the constant terms agree on both sides, in virtue of the

particular choice made of the constant terms in p;(x) and A:;(x). Let us consider
1
next the terms in « ? in these coefficients. The comparison under consideration

is more easily effected if we write the above identity in the form of » explicit
equations between these coefficients:

ay () =ple+n—d)+ (),
ay(x) = py(@+n—d) + A, (@2)p, (x +n—d—1) + Ay (),

tn1(2) = hna(@Pale+ 1) + hna(@)po (@),

an(x) = In—al®)palz),

where the law of formation is obvious.

Since the constant terms A;9, p;o in 4;; p; have been specified as stated, the
1
comparison of the terms in x ? gives the following % equations:
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ay =py + Ay,

@91 = Por + Ay Pro + gy,
(11,)
An—1,1 = An—g—1,1 Pdo + An—a,1 Pa—1,0,

n1 = )l-n—d,lde,

where we employ the notation f;;, to denote the coefficient of a:_% in any
series fi(x). Hence the last written equation determines An—q1 since pao<0;
the next to the last equation determines A,_q—i1 1, and so on, until the (d+ 1)-th
equation determines 1,;. But then if we turn to the remaining first d equations

we see that these in order determine pyy, Py, ...pa1. Thus the coefficients of
1

@ ?in J;(z) and ps(x) are uniquely determined by this comparison.

Next we may proceed to the determination of the second and higher order
: k
coefficients A;; and p;: by comparison of the coefficients of 2 ? for k=2, 3,....

Equations are obtained of a similar form

g =pix + by + A1,
Qs = par + APy + Aar,
(11x)
1,k = An—d—1,2 Pdo + An—a, kPa—1,0 + An—1,z,

Onk = An—a,kPa0 + Ank,

where A, are known functions of the coefficients pij, ; (j <Fk). v

Thus for k=2, for instance, we see that 1;» and ps» are again uniquely
determined, and clearly this process may be indefinitely continued, so that L(y)
can be symbolically factored as stated, and the statement under consideration
is proved. b

§ 8. Second Reducible Case.

An equation L{y)=o0 with a single value of p=0, and so with a characteristic
equation n o of degree m with no zero roots (§ 2), vs mecessarily reducible unless the
n values of ¢ are all equal. ,

20—29643. Acta mathematica. 54, Imprimé le 14 avril 1930,
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The equation L(y)=o0 under consideration is of course still taken in the

allowable form (7) above. In the case before us the coefficients a;(z) in it are
Ny 1
evidently power series in negative powers of xz?, of which at least the last,

an(x), contains a constant term ayo.

If the » values of ¢ are not equal, let ¢, denote some particular root of
multiplicity d<<n. We now attempt to find a symbolic factor La(x,y) of order
d <m, corresponding to this root, which shall be of the same form (8) as in the
preceding paragraph, except that pi(x), (/=1, 2,...d) will here be taken as

. 1 .
power series in negative powers of x? with constant terms as follows:

d(d—1)
1.2

(12) Pro=—de, Psp= 0, ... pao={—1)%0%.

Hence the single characteristic equation of La(x, y)=o0 is necessarily (¢—g,)*=0.

Furthermore we write L(y) once more in the form (9), except that the series
1
A(x), (=1, 2,...n—d), are power series in negative powers of z? whose con-

stant terms we proceed to specify.
In the first place we observe that the characteristic equation of the symbolie
product is clearly

(9—91)d(9n_d + A"+t Ay, 0) =0.

Hence this product will have the same characteristic equation as L{y)=o if
Aoy« An—a,0 arve properly determined, and this determination is obviously uni-
que, with

Q?_d + llog’l:—d—l _I,_ e + ln__d,o#o, ln—d,o?éo'

At this stage then, p;o and A;o are uniquely determined, and the constant terms
in the coefficients on both sides of (9) agree. The equations (10) simply state

the equality of corresponding coefficients of course.
1
We have next to consider the terms in 2 ? on both sides of (10). The

equations obtained differ somewhat in form from (11,) inasmuch as the constants

A:0 need not be o in the case before us. These equations are in fact
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ay = py + Ay,
Q31 = Py + (Ao pys + Ay pro) + Aor,

an—1,1 = (An—a—1,0 a1 + An—d—1,1 Pdo)
+ (An—a,0 pa1 + dn—a,1pac),
an1 = (An—q,0pa1 + An—a,1 Pao).

But the equations (13,) are the same equations as result from the algebraic
identity in w,

n—l1

(13,) Z aj1 W = Aa(u) dn—a—(u) + Bu—ales) Ma—1(),

j=1
where Aq and B, 4 are the known polynomials »

Ag(w) =(u—o)t=ut+ pou®t+ - + pao,

Bn—d(’M/) =y 4+ llo’ll/"—d"'l +oe Z.n_d,o,
and Ay—g—1, g— are to be determined from the equations

Ap—g—1(w) = Ay w4 + a2+t a1,

14— (u) ;"_:‘pnud_l + pgut? +ot Pd—1,1,

in which the coefficients are arbitrary.
This is readily seen if we write the j-th equation (13,) in the form

a1 = 2 (hio pj—i,1 + A1 Dj—i0) (G=1,...n),
£

where we take Ay=1, Ay =0, pey=1, Py =0, and all the subscripts are to be
positive or zero of course.

But the polynomials A4, By are relatively prime, while 4Z,—g—1 and I1s—
are entirely arbitrary polynomials of degrees n—d—1 and d—1 at most respec-
tively. On the left of (13,) stands a known polynomial of degree n—1 at most
in . It is then a familiar and fundamental theorem of algebra that 4, 4—:
and Iz, can be uniquely determined so that this identity holds. In conse-
quence A;; and p;; are uniquely determined by the stated conditions.
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k
More generally if we compare the coefficients of z P on both sides of (10),

we obtain a set of equations (13) related to (13,) as the equations (11x) are to
(11,). More precisely, the second subscripts 1 are changed to %, and in addition
there appears on the right of the jth equation a further term Aj which is a
known polynomial in the coefficients i1, ... Aix—1, Pi1, ... Pir—1. Thus we see
at once that As;, pis, s, pis, . .. are uniquely determined in succession, and the
statement under consideration is established.

§ 9. Third Reducible Case.

Suppose that the difference equation L(y)=o has a single value of u, namely
p=0, and that the n roots of the characteristic equation are equal to 1, so that
the difference equation may be written

(14) Lly)= a4y + b (@)a" 'y + - + bu(z)y =0,

,. N 1
where by(x), ... ba(x) are formal power series in megative powers of xP without
constant terms.. Suppose, however, that the n series

by (x), 22by(x), . .. 2"balx)
. 1 ‘
do not all contain only negative powers of x® with or without constant terms. Then,
unless the modified equation in z, -

z(z+n) + b(x)e(x+n—1) + - + bu(w)2z(a) =0,

has a single (negative) value of u and all the roots of its characteristic equation
are equal, the equation (14) is necessarily reducible, at least after the basic integer
p ts replaced by Ip. ' ‘

Before entering upon the proof, it is interesting to remark that, from a
formal point of view, a difference equation of type (14) is much more closely
allied to an ordinary linear differential equation than is the most general dif-
ference equation (4). This fact explains the usefulness of the difference notation
employed. We note indeed that the above difference equation is to be considered
as analogous to an ordinary linear differential equation with an irregular singular

point of rank at most 1 at £ —=c. On this account we may expect a new type
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of characteristic equation, analogous to that of the corresponding differential
equation, to play a role. It will be our first step to introduce appropriate de-
finitions.

In analogy with the definitions of § 2, let us denote by b:j; the coefficient
—7i
of the leading term in x? of the power series for b;(x), with by(x)=1 and so
jo=0. Furthermore, if b,(x) were to vanish identically, the equation (14) would
be obviously reducible, so that we may take j, to be finite.

(rujin)
M

’
/

(00)

Fig. 2.

Now mark the n+1 points (¢,7) as in Fig..1, § 2, and draw the cor-
responding broken line, concave upwards, whose vertices are chosen from among
these points, while all of the remaining points lie on or above the line (Fig. 2).
Evidently this broken line M starts at the origin with a positive slope, which
is less than p, however, according to the hypothesis of the italicized statement.

It is obvious that M is precisely the line L of § 2 for the modified equa-
tion in z. In accordance with the italicized statement, we have to prove that
when this line consists of more than a single segment, and even when it consists
of a single segment but the roots of the characteristic equation are not all equal,
the equation (14) is reducible.

If the broken line M is made up of more than a single segment, let d <
be the integer which gives the coordinate ¢ of the right-hand end point of the
first segment. From the geometric construction it is clear that if we write
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x=ja/d so that x is the slope of the first segment, the following inequalities
must obtain- ’
ji=xi, (=d); ji>xi, (>d).
We may write » in the form m/l where the positive integers [=1 and m are

relatively prime.
Thus the equation under consideration is essentially of the form

nx nx (n—1)»
(14) 2P Lly)=zx? L'y +2x ? c(x)d4" 'y + -+ al@y=0 (<x<p),
1
where ¢,(x), ... ca(x) are power series in negative powers of z'?, among which

ca(x) at least contains a constant term while the series c;(x) for ¢>d contain
no such term.

In this case when the modified equation of the lemma in 2 has £>1
values of u of which the first is u,= —x so that u, > —p, the corresponding
characteristic equation is

_—-_xd, :zjd—l
(ge”) +010(gef’) + -+ €ego =0,

so far as the non-zero roots are concerned.

We shall show that such an equation is reducible if the basic integer is
.taken to be Ip.! With this change of basic integer, x is replaced by lja/d, an
integer. Of course the relation x <p continues to hold after this modification,
where p and x refer to the modified basic integer and modified x.

Now let us introduce the difference operator A such that

x

Au—2z2P Au.

We find then

Adu=2zx? Ju

and furthermore

1

! As a matter of fact the symbolic factorization accomplished only involves powers of xP

in the coefficients, so that the stated reducibility is effective for the original basic integer. We
omit, however, the proof of this fact, which is easily made directly.
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Au=(x+1)? A(Ju) + 4(907) Au

—_—x%

—2x 07— X * _
=gz P [(1+—) 42u+(——x1’ +-~~)du].
z p

This gives immediately

2%
x? Iu= A*u + 02 (x) S u + 0D (x) Ju

2

1
where 62(z), 6 (x) are power series in negative powers of z? without constant

terms.

Moreover we find that in general for m=1,

mx m—1
(15) ZP A= A"+ 20 (x) 4w
j=0

1
where 6{™(x) are definite power series in negative powers of x? without constant

terms. This has already been demonstrated above for m=1, 2, and is readily
proved in general by induction. We have merely to observe that we have

(m+1)x % mx
x P Amtly — gp [x" dm'(du)]

” —_y - m—1 —x
= P [d'" (x » du) + 20}'”) (@) 4™ (76' P 4“)] )
=0

if the formula holds for the particular m under consideration, and to expand
the terms involved. To this end we note that since

A(uv) = u(x+ 1)4%; + (Au)v,

we have

Auv) =ule+1)dv + (Ju)v.

Likewise we find

Auv) = Au(z+1)Av + (du)v)
= u(x+2) 4 + 24ulz+1)dv + (Lu)v
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by another application of the same formula. Thus in general we readily deduce
the identity

(16) Auv) = ulz + k) Lv + kdu@+b—1) 0 + - + (L),

which is of familiar form. Applying this expansion, the formula (15) is seen
to hold for m + 1; the fact that the operator 4 applied to a power series actually
lowers the degree of each term is to be borne in mind. Thus (15) is established
by induction.
By use of (15), the difference equation (14’) may evidently be given the
form (14"):
nx

(14") z? Lly)= 4"y + ¢,(@) 4"y + -+ eala)y =0

1
where ¢,(z), . .. ¢a(x) are power series in negative powers of x? in which a con-

stant term certainly appears in ¢z(x) but not in any ¢(x) for 2>d. More pre-
cisely, it is apparent that the constant terms in ¢,(z), ... ca(x) are the same as
in ¢,(x), . .. calx) respectively.

We propose to demonstrate that this expression admits of a symbolic factor
of the form

La(y) = 4% + py(@) 471y + - + pa(@)y
1
where p,(z), ... pa(x) are power series in mnegative powers of xzP with the same
constant terms as ¢,(x), ... ca(x) respectively. To achieve thig factorization, we
shall set up an identity of the form

nx

(17) 2 L{y) = 4" (Lay)) + X (@) 42" (Lay)) + - + In—a(@) La(y)

1
where A,(x), -+« An—q(x) are to be power series in x? without constant terms but

not otherwise specified at the outset.! In order to effect the comparison of
both sides we need to expand terms of the type

A" (py{) 47y) (¢zo0,j>o0),

! Note the formal analogy here and later with the method used in the preceding paragraphs.
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and to do so we employ the identity (16) which gives the expansion

pile+n—d—d) 4=y + (n—d—i) dpjlec+n —d—i—1) Ay + -
e
This leads to the explicit identities

(@) = py(@+n—d) + A, (x),
6(x) = polx+ n—d) + (n—d) A py [+ 1n—d—1) + A () py (. + n—d— 1) + A,(2),

Cn—i (@) = (n—d) A" pg(x+ 1) + (n—d— 1) A, (&) 42 palc+1) + -+
+ Angea (@) pale+ 1) + A pa_s(x) + A () A" gy () + -
‘ + Au—a(or)pa— (),
Bule) = 2 pale) + () T~ pale) + - + Tnale) pala).

The close analogy of these equations with the equations (10) of § 7 should
be noted. Since the operation # applied to any power series in negative powers

1 —k
of zP lowers the degree of the initial term, it is clear that the coefficients of x ?
on the right-hand sides can only involve the constants i;, p;; for j =%, and that
the terms involving the operator .7 can never give rise to terms involving A, pi.
But, when these terms are omitted, the expressions on the right are identical
with those on the right in (10). ' '

It is apparent that, because of the way in which A, pso were chosen, the

constant terms on both sides agree. Also, according to the preceding remark,

—1 —2
the comparison for the terms in z? , z? , ... will determine A, pi1, iz, Pis, . ..
uniquely, the equations of determination being precisely like (11,) for =1 and
(114) for k=2, 3, ..., except that a;; is replaced by ¢; of course.

The stated reducibility is thereby proved in the case when the broken line
M consists of more than a segment so that the modified equation in z has more
than a single value of u.

There remains then the case when there is but one such value of > — P,
in which case it is necessary to establish that so long as the roots of the single
characteristic equation for z are not all equal, the equation (14) is still reducible,
at least if Ip is taken as the. basic integer. o

30—20643. Acta mathematica. 54. Imprimé le 14 avril 1930,
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x

If we write g=pe? in this characteristic equation, it takes the form
0"+ 10"+ - + eno=0, (tno#0),

and the equation in g also has not all equal roots.

Now in this case we can still adopt the preceding form (14") although here
the last coefficient ¢.(x) has a constant term mnot zero. Furthermore if o, is a
root of the equation above of d fold multiplicity (d <), we may again propose
a symbolic factorization (17) where we choose

- dld—1) , —
Pro=—dey, psep= (2 )91,---1)(10:(—1)%‘3,

and then 2, ... An—q,0 so that the following identity holds:

(=) (W™ + Ayt~ o 4 Ry o) =

u/" + Emu"_l + e + Eﬂ().

In this way the constant terms on the two sides in the coefficients of (17) are
) —1
made to agree. Likewise the comparison of the terms in z? clearly yields

equations of the form (13,) which determine i;;, p;; uniquely; more generally,
—k
the comparison of terms in x? (k> 1) leads to equations related to (13,) just

as the equations (11x) are related to (11,), and so determine s, pia, Ais, Pis, - . -
in succession uniquely.

Thus here again the desired reducibility is established.

§ 10. Fourth Reducible Case.
If the equation L(y)=o0 may be written in the form
Ay + by () Ay + -+ balx)y = o,

1
where by(x), ... bu(x) are power series in megative powers of x? with or without

constant terms, then the equation s reducible with a-symbolic factor of degree 1.
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This case is analogous to that of an ordinary linear differential equation
of Fuchsian type and the fact stated above is easily proved.!
If we substitute in this equation

- —1 —2
.1/=x’[?/o+.@/1w” +y.x? +]
and compare coefficients of like powers of x, we find a set of equations
f(l)y() =0,
. .
I~ —) +F =o,
f( P Y 1
2 T
f(l—;)yﬁ—ﬁezo

where we have written for brevity
SO=U—1) (I—n+1)+ b l(I—1) - (I—n+2)+ - + bno

and where F; is a known polynomial in I, y,, y,, - . . i1 for any z.
But the polynomial f in ! is clearly of the »- th degree and has obv1ously~

at least one root ! such that {— E’ l—;, ... are not roots. For such a value

of [, it is evident that the first equation is satisfied for any y,, while y,,y,, ...
are successively determined uniquely by the following equations, as soon as y,
is assigned, so that a formal series solution of this type is determined. However,
if this series be denoted by g¢(x), and if we write

g =yt )= LDy (1A gy )

zP
it is clear that we may express L(y) in the form
L) = Mas 0, 9) + ola)y

where M, is a linear difference operator of order n—1.? But if we substitute

! See N. E. Norlund, Differenzenrechnung, Chap. 11.
? We have merely to employ successively the relations

x+
y(x+n) = —ﬂ%y(m+n—l)+ d,(x+n—1,9)
Yle+n—r1)= Zgi—-%y(x+n—2)+ A (x+n—2,y)

in order to express L(y) in this form.
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for y the series g(x) we conclude c(x)g(xr)=o0, so that ¢(xz) is identically zero.
Thus it is clear that L(y) is certainly reducible with symbolic factor 4, (x, y),
and the proof of the italicized statement is thereby completed.

§ 11. Completion of Solution of Formal Problem.

We are now prepared to resume the argument begun in § 6.

If an equation £ of the type there specified exists, and if u,, ... u: are
the corresponding values of u, we can at once prove that £ must be 1. In fact
if k> 1, let u, be the greatest value of u. Make the transformation

M
y=x?y,

which is at once verified to yield a new equation of the same form with values
of u
: O, g — Wy, - - H—

of which one is zero and the others negative. By the result of § 7 this equa-
tion would be reducible, and admit a symbolic factor Ls(y) of lower order, having
at least one series solution (6), (6') shared of course by the equation E. This
would be absurd.

Hence the equation £ has only one value of u, say p,, which, by the
transformation already employed leads to an equation £ for which this value
of u is o. '

Now this modified equation E will fulfill all the conditions prescribed in

the italicized statement of § 8 and so be reducible unless all of the roots of
its characteristic equation are equal, say to ¢;. The further transformation

Yy =07y

will then lead to a like equation E in which these equal values of ¢ are replaced
by 1, since the effect of the last transformation is to divide the roots of the
characteristic equation by g,.

Consequently we are led to an equation E of the form (14) which would
fulfill the hypotheses of the italicized statement of § 9 or of § 10 and so be
reducible, unless the equation in z has only a single negative value of u, say
—ux, with x<p, and all of the roots of its characteristic equation are equal.
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However, in this remaining case, since the characteristic equation must
contain a complete set of terms’, a first conclusion is that » must be a positive

integer and in addition that the equation under discussion has the form (14’)
1
where the coefficients ¢;(x) are power series in negative powers of z?, with con-

stant terms as follows:
n{n—1) .

C1o== — NQy, Cy9= I 2 0, ... no=(—1)"l,

where g, is the single value of ge? .

Suppose now we make the transformation

4
I— =

y=e" " j=g()y (f= ~g‘~)
in (14’). Evidently this transformation takes the equation E into another of the

same type E. TIn order to characterize it in more detail, we substitute
Ay =@+ Lg+idplx+i—1) A5+ + L)y

for i=1,2,...n and divide through by @(z+#). The equation obtained may
then be written

oo [ 9latn=r) = wﬂx“—ﬂ] ——
dy—l—[ oo+ 7) +x? ¢x) oot A"y +

+ —q)(x1+;) [J”q)(x) + xrpl e plx)+ - + 90_:,66"(93) (p(x)] y=o.

It suffices for our present purposes to observe that every coefficient so obtained
1
can contain no positive power of x? or even a constant term, and also that the

coefficient of /"'y is given by a series in negative powers which starts off
with a term of lower degree than —x/p. In fact we find readily

ndpx+n—1) — ) = plet+n—r1) o
oo +7) —nr(glx + ;x? efz) plotn] nex? + -,

so that this is the case.

! All of these terms must appear when all of the roots are equal.
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But the equation F thus obtained has of course, for reasons already pre-
sented, but a single value of u=—=x and all the roots of its characteristic equation
equal. It will therefore be reducible unless it is of the exceptional type (i4) in
which the modified equation in 2z has the properties stated. Of course it cannot
be of the type treated in § 10, which is always reducible. Moreover, by the
argument given above, the value of x for the equation in y must again be a
positive integer, and, on account of the nature of the coefficient of /"'y, «
will be at least one more than in the first equation.

Thus, step by step, we are able to increase the integer » in the equation
(14"), until at last we are led to the case x=p. But this has been proved to
be reducible in all cases (§ 10).

Hence such an equation E cannot exist. Thus we have proved the following
fundamental result:

Any difference equation (4) (or difference system (1)) in which the coefficients

1
are formal power series in megative descending powers of x? (p=1), such that

ay{x)=0, an(x) =0 (laij(x)| = 0) admits of n linearly independent formal series solu-
tions with elements of the types (6), (6'), (6”).

§ '12. A Theorem on Reducibility.

Let sy(x), ... su(x) be a set of » linearly independent formal solutions of
an equation (4). It is apparent that s,(x), ... sx(x) are not determined at least
up to a constant multiple of 217V =12 where 1 is an integer, and that if any sum
such as '

5 ()= ¢, 274" T17g, (%) + - + cpe "’ T17s,(2)

is of the type (6), (6'), or (6”) the set s,(x), ... su(x) admits of still further modi-
fication. We shall refer to the complete collection §(x) so obtained as the family
of formal solutions. Evidently it has the further property that if §(x) is in the
family of formal solutions, so also is every determination of 3(x) for the given
basic integer "p. Any subset of formal series of types (6), (6), (6”) with this
double property will be termed a 'natural family’ of formal series, and the number
of linearly independent elements in the family will be designated as its "order’.
We propose to prove the following
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Theorem: To any decomposition of Lly) of order n into irreducible symbolic
Jactors L, Ly, ... L, so that

L=Lily ... le

there corresponds a sequence of natural families of formal solutions F,, ... Fy each
containing the preceding as a sub.family, but such that there exists no further inter-
mediate natural families, and such that the general solution of L,(y)= o is furnished
by Fy, of Ly(L{y))=o0 by F,, etc.

Conversely to a set of families of formal solutions F,, F,, ... Fy, each con-
taining the preceding, but in such wise that there exist no further intermediate fa-
milies, there is a corresponding irreducible factorization which is essentially wnique.

Let us establish the first part of this theorem.

Evidently L,(y), L,L,(y)=o0, ... L(y)=o0 define a sequence of expanding
families I\, F;, ... F;. But if there exists any intermediate family I'* between
Fiy and F; for instance, the equation L*(y)=o0 admits L; ... L;(y)=o0 as a
symbolic factor. In fact we can write

L¥(y)= MLi— ... L{y) + Q(y),

where @ is of lower order than L, ... L,(y). But if we substitute any member
y of F;_, for y in this identity we conclude Q(y)=o0, so that @ must vanish
identically. Similarly we can prove

L;Li—, ... L(y)= NL*(y).

Therefore we have

L(?/) =LyLi ... L1+1NL*(:I/)
= Lchk—l e Li+1NMLi—1 SN L1(.7/),

and it follows at once that

LiLis ... Liss(NM—L)Liy ... L(y)=o0.

Hence we prove successively that the factors Li, Li—y, ... Liy1 on the left may
be removed so that

(Nﬂ[—Li)Ll_l . Ll(y):O.



240 George D. Birkhoff.

If NM—L; were not identically zero, we could continue this process and finally
conclude y=o0 which is absurd. Consequently the factor L, must be identical
with the product NM and so not irreducible, contrary to our hypothesis.

This establishes the first part of the theorem.

To prove the second part of the theorem we set up the equation L,(y)=o

with the family F) as its general formal solution. Obviously L, is determined
) . ,
up to a multiplication power series in  ?. ILikewise we let Pi(y)=o0 be the

equation with general solution F; for ¢=2,...%k. We can then readily estab-
lish that L, is a factor of P,, P; of P;, and so on, with P,=0L:

PgELng, P35L3P27 PN LEL];P/»«__L

It follows that L is expressible as a symbolic product

L=LPy=L Ly 1Prs= =LyLj— L.

To complete the proof that to such a sequence of natural families correspond
irreducible factors L,, L,, ... L; it is only necessary to observe that if any L;
is not reducible we obtain further intermediate families, contrary to hypothesis.

This theorem may be regarded as fundamental for all questions concerning
reducibility of a single equation (4) with a given basic integer p. As an illustra-
tion of this fact we cite the following two special results: '

4 necessary and sufficient condition that L(y)=o of order n be completely
reducible (i.e. expressible as a product of n symbolic factors) is that there exists no
anormal series solution (6') with 1> 1. Every irreducible factorization will then in-
volve n factors, each of the first order. ‘

A necessary and sufficient condition that L(y)=o0 of order n>1 be irreducible
us that the complete set of formal solutions consists of a single solution (6') with l=n,
and ils various determinations.

The necessity of the condition of the first statement is obvious, since in
the expanding set of families I, ... F}, we necessarily add all of the determina-
tions of series of anormal type when we add a single one of course. The suf-
ficiency may be seen as follows. At the i-th step the family Fi—; is expanded
by the addition of at least one new member of normal type. This may be ex-
pressed in the form (see (6”)) '

s(x)(log )™ + #(x) log )™ + - + w(x)
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with m=o0. If m=o0 (i.e. the solution does not involve logarithms), it is evident
that the addition of this new member leads to a larger natural family of order
one greater, which must then be F;. But if m>o0, the solution

ms(x) (log )" + (m—1)t(x)(logz)" 2 + - + v(x)

must be in Fr;; otherwise it would suffice to add this last solution only with
its various determinations to form a smaller F;. But if these are in F—i, since
[=1 we obtain a natural family of order one greater only, which must of course
be F;. Thus the irreducible factors will always be of the first order if there are
no anormal series.

The truth of the second statement is obvious. In fact the family of all
formal solutions not containing logarithms yields a factor of L(y)=o unless
there are no solutions containing logarithms. Thus for the completely irreduc-
ible case we are restricted to the types (6), (6') of series. But each such type
and its various determinations yields a natural family and a corresponding factor.
We conclude that there can exist one single series solution of anormal type with
I=n. But in this case L(y)=o0 is evidently irreducible.

& 13. Equivalence, Normal Forms and Invariants.

There is a second method of decomposition of natural families of series
solutions which is of importance in dealing with the notion of equivalence,‘
namely that in which it is sought to break up the given natural family into a
maximum number of entirely distinct natural families. Inasmuch as the formal
significance of this process is most apparent when we use a linear system (1)
instead of a single equation (4), we introduce the matrix notation at this point.

In matrix notation we may write the system (1) in the form

Y+1)= A(@) Y(2) ’ (|4 ()=o),

where Y ==8(x) will be taken to denote the matrix of formal solutions, one in
each column of S{x), which are such that | S(z)| = o.
Now suppose that we have a second equation

Y(e+1)=A@) Y (),

31 — 29643. Acta mathematica. 54, Imprimé le 1 mai 1930.
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which is obtained from the first by a linear transformation

so that
A(r)= B~ (r+1)A(x) B(z) (A @)|=0).

1

If the elements of B(x) are power series in = ? (p, the given basic integer) we
shall say that the equations in } and Y are 'properly equivalent’. But if the
equations in Y and Y are only ‘properly equivalent’ after p has been replaced
by a suitable multiple of p, we shall merely speak of the equations as 'improp-
erly equivalent’. We propose to deal here only with the latter type of equi-
valence. Evidently the relation of equivalence in either sense is transitive.

It is clear that equivalent systems possess formal solutions which are of
essentially similar type. '

For the purpose before us we group the formal solutions s;(x) according
to the exponential factors

hx
P ebld

which occur in the series for each particular solution. Evidently all the solu-
tions then fall into a set of entirely distinct families, provided that we regard
two factors as essentially the same if the constant u is the same in each and
the two polynomials P(z) differ at most by a term 2lzV — 1z (I, an integer).

Aside from this factor, we have in any particular set of this kind a linear
family of precisely the same type as presents itself in a linear differential system
with a regular singular point at i = oo.

On this account, we can list the formal solutions in entirely distinct families,
each of which has the following form

8,‘1(13), e S”(.’L‘),
snl@mlogx + (), ... sulzr)mlogx + tu(x),

sin(loga)™ + -+ walx), . . . sulx) logz)™ + - + walx),

in which sn(®), ... salx), talx)... tulx), ... all involve precisely the same expo-
nential factor and m=o0 indicates the degree to which logarithms enter. Fur-
thermore for all of these elements the constant » may be regarded as the same.
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Suppose that there are £=1 such families with complete exponential factors

ne

x_p eP () xr’
which we designate by e,(2), . .. ex(x) respectively. If we denote by 5ij, &ij, ... @i
the parts of the respective series s, t:j, ... w;; in such a family aside from the

corresponding exponential factors, say ¢j(x), it is clear that the matrix of formal

solutions can be expressed as a product matrix of the form

S11 fu TR el(x) e (xymlogx ... el(x)(logm)m,
o elx) ... e () (log )™t ...

Snila1... Sn3 ... o o ex(x)

which may be written B(x)E(x), where B(x) is made up of elements such that
the linear transformation Y(z)=B(x)Y(x) takes the given equation into an
(improperly) equivalent equation. But this equation in Y has FE(x) as matrix
solution so that we have '

Alx)= E(x+1)E(x).

Hence we are led to the following result:
Theorem. An arbitrary system (1) of this type is (tmproperly) equivalent to
a normal system

Y(e+1)=A@x) Y(x) (Adx)=E@x+1)E (),

in which the matrixz E(x) has elements o except for square blocks along the diagonal
of the form
e(x) e(x)ymlogx . .. e(x)(log x)™

o elx) ... e(x) (log x)™!

o o e(x)

where
y._:r-
elxr) =x? ePEIgr

=1 1
(P(x) =yx+d0x ' + - nz’")
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and lu ¢s an integer. Furthermore with any e(x) and m there are also l—1 blocks
in the other I—1 determinations of e(x) and with the same m in case 1> 1.

Evidently the functions e(x) and the integers m are to be regarded as in-
variantive characteristics. In other words in order that two systems (1) be
(improperly) equivalent it is necessary and sufficient that they possess the same
set of functions e(x) and corresponding integers m, each with the same multi-
plicity.

This theorem enables us to deal with most questions arising out of the
notion of equivalence. We cite merely the following two special results, which
are readily proven:

There exists a set of n distinct natural families of solutions if and only
if the formal series are of normal type and wo logarithms enter. In this case the
normal form is as follows:

i

it

try

» . .
yilc+1) = (I + ;) x? AN =Ly () (j=1,...1),

in which u,, ... p, are integers.

No two distinct natural families of solutions can be found when and only
when there is a single exponential factor e(x) which is not repeated, together with its
various determinations.

§ 14. Difference and Differential Systems.

It has been stated above that in certain cases difference and differential
systems are closely related from a formal point of view. If we bear in mind
that the formal solutions of linear differential systems

Y'(x) = B(x) Y (»),

in which of course the elements of B(x) are formal power series in descending
1
powers of x?, are the same in type as those of linear difference systems (1) for

which =0, we conclude that the matrix S(x) of formal solutions of a linear
difference system is also the solution of a linear differential system if every u;
is 0. If we fix the arbitrary exponential factors e2!7V—1% in these formal solu-

tions, this corresponding linear differential system is uniquely determined, since
we have B(x)=S"(zx)S(x).
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The fact that the polynomials P;(x) which enter are of degree not exceeding
I in z indicates that the corresponding differential system has formal solutions
which are of rank at most 1.

Thus we obtain the following theorem:

Theorem: A necessary and sufficient condition that a linear difference system (1)

Y(+1)= A(x) Y(z),
1
in which the elements of A(x) are descending formal power series in x?, be form-
ally compatible with some linear differential system

Y'(x) = Blx) Y(x)

(¢.e. that both admit a common formal matrixz solution S(x)) is that the values of p
in the formal solutions of the difference system are all o. Here the elements of B(x)

. 1
are also power series in descending powers of xP, and the following formal identity
holds:

A'(x)=Bx+1)A(r)— A(x) B(x).

Conversely, if a lnear differential system of this type admaits of formal solu-
tions which are all of rank at most 1, <t will be compatible with such a linear
difference system, and the same formal identity will hold.

The formal identity is obtained by noting the relations

S'(xz+1)=Blx+1)S(x+1)= Blx+1)A(x)S(x)
and at the same time

S'(z+1)=A(x)8" (x) + 4" (x) S(x)
= [A(x)B(x) + 4’ ()] S(x).

As we shall show in our second paper on irregular difference equations,
an actual linear differential system of this type is not only formally but also
actually compatible with a difference system, so that the solutions of the differential
system are also solutions of the difference system.

Hitherto we have taken the given difference system in a form involving z
and z+ 1, rather than z and z+d. The question arises as to when two linear

difference systems with distinct values of d, say d, and d,, can be compatible
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in the formal sense specified above. Since the formal series in such equations
‘[l,_'l’?
are at once seen to involve exponential factors x%?, it is clear that at least

when the ratio d,/d, is not a rational number, every value of u must be o;
note that u itself is either integral or rational. Hence in this case the two ‘.
difference systems are both formally compatible with a linear differential system.
On the other hand if the ratio d,/d, is rational, and if d denotes the greatest
common submultiple of d;, and d,, so that d,=k,d, dy=Fk,d where %, and £, are
relatively prime integers, we may find integers [, [, such that £/, + kl,=1.
Consequently we may express Y(x+d) as A(x) Y(x) by repeated use of the given
difference equations. Thus we are led to the following results:
Two linear difference systems v

Y(w+d) = A4,(x) Y(x), Y(etdy)=A,(x)Y(z)

are formally compatible in the case when d,/dy ts not a rational number if and only
if they are both compatible with a linear differential system

Y'(x) = B(x) Y(z)
of the type referred to above. Here the following formal identity holds :
A+ dy) Ay(or) = Ayl +dy) 4, ().

In case d,/d, is rational and d is the greatest common submultiple of d, and dy,
these systems are formally compatible if and only if we have

[

Alx+d,—d)A(x+d,—2d) - Ax),
Alx+d,—d)A(x+dy—2d) - Alx).

4;(x)
4, (96)

I

We defer to our second paper all discussion as to the relation between the
formal situations considered in the last three paragraphs, and the corresponding ‘
analytic situations,



