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Introduction. 

1. Consider a homogeneous integrat equation of the Fredholm type with 

kernel K(x,y) and interval of integration (o, I): 

1 
( I .  I)  ~P (X) = Z f K(x,  y) ~p (y) dy. 

0 

x is restricted to the interval o ~ x < I, and thus the kernel varies in the square 

o-<- x ~ I, o--~ y < I, its ~>existenee-square>~. Suppose that  K(x,y) is o on the 

one side of a certain curve in this square and of the form 

(x.2) K(x,y)=Pl(x)Q,(y)+ P~(x)Q~(y)+...+ P~v(x)Q~.(y) 

on the other side. The purpose of this paper is to give a method of determining 

the characteristic values of the corresponding integral equations. They will be 

obtained as the zeros of certain expressions which will be shown to coincide 

with the denominators of Fredholm. 

An equation of the Volterra type belongs to this class if it has a kernel of 

the form (I. 2), because K(x, y) is o above the line y = x, a diagonal in the square. 

I t  is well-known that  this integral equation has no characteristic values. 

Our class of integral equations might  be considered as a generalisation in 

a certain direction of the equation of Volterra. There will appear simple rela- 

tions between the number of characteristic values, the form of the curve, and 

the number N characterizing K(x,y) in (I. 2). 

Integral  equations of a type including this have been studied by G. A~DR~OLI : 

))Sulle equazioni iutegrali,), Rendiconti del Circolo Matematico di Palermo 37 

(I9i4), p. 76--x 12. He investigates the non-homogeneous equations and does not 

obtain explicit expressions for the denominators of Fredholm. 

In  Chapter I we shall study a simple case, supposing tha t  we have a line 

parallel to the diagonal y = x and situated above it and that  the kernel is o 

above the line. We first t rea t  the case where the kernel K(x,y)~ I below the 

line and then generalize to K(x,y)-~P(x)Q(g) and finally to K(x,y)of the 

form (I. 2). 

Chapter I I  is devoted to kernels, tile boundary l ine in  which is still straight 

but no longer parallel to the diagonal y ~ x. We assume that  the line is situated 

completely above the diagonal and that  the kernel is o above the line. These 
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kernels  na tura l ly  include those of Chapte r  I. Special a t t en t ion  has to be paid 

to the case where the  l ine goes t h ro u g h  the point  (o. o) or (I. I). 

In  Chapte r  I I I  we shall suppose t h a t  the line is still s t ra ight  but  crosses 

the  diagonal  y = x. 

In  Chapte r  IV we shall de te rmine  the character is t ic  values of an in tegra l  

equat ion with a symmetr ic  kernel  tha t  is I in the  s t r ip  be tween two lines s y m -  

metr ic  wi th  respect  to the diagonal  y-----x and o in the  res t  of the square. 

Chapter  V generalizes the  resul ts  of Chapters  I - - I I I  to lines no  longer  

s t ra ight .  F u r t h e r  we shall show tha t  the expressions obta ined are the denomi- 

nators  of F redho lm of the in tegra l  equations.  

C H A P T E R  I. 

T h e  L i n e  y = x + a .  ( 0  < a -< 1 ) .  

2. K ( x , y ) - -  1. 

We star t  with a simple case:  suppose tha t  the  kernel  is o above a s t ra igh t  

line parallel  to the d iagonal  y = x and 1 below it. Choose the  line (fig. 1): 

y = x + a ;  (o--< a<-- I). 

The  fol lowing no ta t ion  will be useful:  let  u, v 

be the  lesser and u, v the  g rea te r  of the real  numbers  

a n d  v. 

The  in tegra l  equat ion may be wr i t t en :  ' /1 
(O,a 

a:+a, 1 
(2. i) ~ (x) = ~ f  ~ (v)~lv. 

o 

Deriva t ion  gives; 

(2.2) q / (x )=!  ~ 9 ( x  + a), if  o < x < , - - a ;  
[ o , if  [ ~ a < . x <  I. 

Y 
{,1- ~(0 

Oy X+ t 

Fig.  1. 

Prom (2. I) fol lows tha t  9 (x) is a cont inuous  func t ion  because x + a, I is con- 

t inuous.  Because go' (x) is 0 in the in terva l  I - -  a < x < I, ~ (x) is cons tan t  there :  

(x) = 9 (I - -  a) = ~o (i). In  the in terva l  I - - 2 a - - < x - - <  I - - a  (z. 2) gives: 
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By in tegra t ion  we obtain T(x) as a polynomial  in x and Z of degree I. The  

cons tant  of in tegra t ion  is de te rmined  so as to make  ~ (x) cont inuous  at  the 

poin t  x =  I - - a .  

In  the  same way, in the in terval  I - -  3 a --< x --< I - -  2 a ~0(x) is obta ined by 

in tegra t ion  of the  expression for  r  in I - 2  a--< x--< I - - a  and adapt ing  the 

cons tan t  of in tegra t ion  to make ~(x)  cont inuous  at x = I - -  2 a. I t  is a poly- 

nomial  in x and Z of degree 2. 

So we can go on de te rmin ing  9~(x) in the intervals  I - - 4 a - - < x <  I - - 3 a ,  

I - - 5 a ~ x - - <  i - - 4 a , . . . .  Final ly ~o(x) is obta ined in the whole in terval  o <  

x--< I and expressed as ~ ( i ) .  Pu t t i ng  this  into the equat ion:  

1 

qD(x) = z  f ~(y) dy, 
o 

we obtain the  condi t ion tha t  Z has to satisfy in order  to be a character is t ic  

value. 

The  calculat ions are simplified by using in tegra t ion  by parts.  

I n t eg ra t e  (2. I) by par ts :  

:rA-a, 1 x + a ,  1 

(x) = z [y (y)] - z f y (y) dy, 
0 o 

The  expression in square brackets  vanishes at  the lower limit,  the re fore  the 

lower l imit  will be omit ted  here  and in similiar  expressions in the sequel. In  the  

in tegra l  subs t i tu te  (2.2) for  ~ ' (x) :  

x + a ,  1 - - a  
x 4 . a ,  1 

f 
0 

Note  t ha t  the  upper  l imit  in the in tegra l  is reduced to x + a, I - -  a. I n t eg ra t i n g  

by par ts  again, the  resul t  is: 

x + a ,  1 - - 2 a  
x + a ,  1 2 x + a ,  1 - - a  .......... 8 

o 

Hence  each in t eg ra t ion  by par ts  reduces the upper  l imit  in the  integral .  R e p e a t  

ing the process n times, n being de te rmined  by the inequal i ty  

I < a <  I 
( 2 . 3 )  ~ . -  I 
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the integral  vanishes and the follow~ing formula  is obtained: 

1 0 9  

x4-a, 1 x+a,  1--a 

~.~" [:j' 90 (v + a)] + (2.4) 90 (x) - X [V 90 (V)] -- 

x4-a, 1--2a x+a,  l - - (n - - l l a  

, 3~ [:? 90 ( y .  + _~a)] . . . .  + ( -  i)~-: x'~ [y'~90 [ y , , ~  . + ( , ~ -  : ) d ]  �9 

Wri t ing  this  for the various intervals,  we get: 

2 ~ 
(2.4') I - - a ~ x ~  I : 9 0 ( x ) = ) . 9 0 ( I ) - - ~ l ( l  --a)~90(1) + 

2 8 ~." 
-~- - ~ ( I  - -  2a)  3 99 ( I )  . . . .  --~ ( - -  I ) n - l ~ [ I  - -  (72 - -  I ) ~ / ]  n "  - 9 0 ( I ) ;  

3 :  

I - -  2 a  ~ X ~ I - -  t~ : 90(x) ~--- Z(X + a)  90(X + a)  - -  ~ . r ( l  - -  a)~90 (I) + 

+ ~ ( i  - -  2 a ) a 9 0 ( I )  . . . .  q- ( - -  I)  ' l - l~ ' n -  .~ [~ - ( , ,  - ~) ~,1~ ~(~); 

- 3 a < x < ~ - 2 ~ : 9 0 ( x ) = 2 ( x + a ) 9 0 ( x ~ - ,  a)  Z' - -  - -  - - 2 , . x  + a ' 9 0 . x  + 2 a  + --:~ ) I ) 

J3 J.'~ 
+ ~.(: - ~)"90(~) . . . .  + ( -  ~)"-' ~ [: - ( , , -  ~)d" 90(1); 

o -< ~ _< : - (, ,  - : )  ~ :  90 (~)  = 2 ( .  + ~)  90 ( x  + ~)  - ~. (. + ~)-" 90 (.  + ~ ~) + 

~- ~ ( , ~  q- R)S ~O(X _~ ~ g )  . . . .  ~_ (__ [),1--2 (gg_ - -  l ) ! (  g _~ a)n-- l~9 [X 4"- ( 1 2 -  I ) a ]  -~- 

+ ( _  ~)n_,> [ I  - -  (~t - -  I) a]  n 90 ( I ) .  

This gives different analyt ic  expressions for  qg(x) in the intervals 

i ~ a < _ x < _  :, i - - 2 a < _ x < _  i - - a  . . . .  , o ~ x - - <  : - - ( n - - : ) a ,  

and we are able to calculate them successively. P u t t i n g  x ~ - I ,  the first equation 

of (2.4') becomes: 

90(~) = x90(,)- 2:(: -~)'90(:)+ 

§ ::.(: - 2.)~90(:) .... + (- :),,-, ~- 
' 3 :  ,; i  [ :  - ('' - : ) ~  
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B u t  ~ ( I ) = O  

satisfy : 

(2.5) 

Every 

implies ~(x) ~ o. Bence  t h e  character is t ic  values necessarily 

~2 
i - Z  + ~ ( i  - a )  ~ -  

)S (__ ~,)n[i - -  (n - -  I ) a ]  n = PI(~,)  = o .  3 ! ( x - 2 a )  s + '  . ~  

root of (2.5) is a characterist ic value. This follows from the fact  that ,  

2 being a root  of (2.5), the corresponding characterist ic funct ion is determined 

by (2.4'). We also see t ha t  this funct ion is unique. 

/)1 ()~) is a p.91ynomial of degree n, and it  will be shown in 10 tha t  i t  is jus t  

the denomina tor  of Fredholm. When  a varies and is not  the inverted value of 

an integer  the characterist ic  values vary continuously with a. When  a decreasing 

passes th rough  the inverted value of an  integer  a new characterist ic value enters  

f rom + oo. Thus, when a tends to o, the number  of characterist ic  values grows 

infinitely and their  magni tude,  too. In  the l imit ing case, the Volterra  integral  

equation, there are no characterist ic  values. 

a. K ( x , y )  = P (x)  q (y ) .  

We now generalize the integral  equation (2. I) supposing t h a t  the kernel  is 

a funct ion of the form K(x,  y) = P(x) Q (y) under the line y ~ x + a. Assume tha t  

P(x) Q(x) is integrable.  The integral  equation is: 

x + a .  I 

(3. ~) ~ (x) - - z  P ( x ) f  q(y)  ~(y)dy.  
0 

x + a ,  1 

The t ransformat ion  qD t (x) = f Q (y) q~ (y) dy implies 99 (x) = 2 P(x) 9~ (x) and thus  
0 

changes (3. I) into:  

x+a, 1 

(3.2) ~o, (x) - z f i .  (~) Q (y) ~, (.~) d~. 
o 

I t  is evident tha t  (3. I) and (3.2) have the same characteris t ic  values. 

The derivative of q~l(x) is: 

, i z P (x + .)  q (x + ~) ~, (~ + ~), if  o < x < ~ - . ;  

~ ' ( x ) = l  o , i f  i - a < x < I .  
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In t roduce  the following notat ions:  

[ Z (x) = P (u) Q (u) @;  

f~ (x) = ,ff~ (y) P (y + a) Q (y + a) dy 

(x) = "f,_~(y) P(y + 0,-- i)a)  Q(y + ( , , - I ) a ) d y ;  

We integrate  (3.2) by parts  (observe tha t  all expressions in brackets vanish at  

the lower limit): 

z + a ,  l z + a ,  1 

~, (x) = z f ~1 (u) aA (u) = z [ A  (u) ~ (y)] - 
o 

x+a ,  1 x T a ,  l v:+a. l - - a  

- ~. f A  (u) ~', (u)du = Z[ f ,  (u) ~, (u)] -- Z " f f ,  (u) P (u + a) Q (u + a) ~, (u + a) du = 
0 o 

a'+a, 1 x + a ,  1 - a  

---- Z [ f , (y) qD, (y)] -- ,~ f qD, (y + al d fi. (y) . 
0 

Repeat  the  process n times, n being the  number  de termined by (z. 3)- The resul t  is: 

a'4-a, 1 x+a ,  1--a 

(s. s) q o , ( x ) = ~ [ f , ( : t ) ~ , ( u ) ] - ~ [ ~ ( u ) q , , ( u  + a)] + 
x + ~ ,  l - - 2 a  x+a ,  l - - ( n - - 1 ) a  

+ a" [ fs  (Y) ~, (U + 2 a)] . . . .  + ( -  , ) " - '  Z" [ f .  (Y) V, [Y + (n --  ,) a]] .  

This is a relaVion of the same kind as (2.4) and may be writ ten as (2.4'). 

We  see immediately tha t  to every characteris t ic  value there corresponds a single 

character is t ic  function.  The characterist ic  values are obtained by put t ing x =- I 

in (3.3): 

I - -  ). '] ( I )  + ;t'~f, (I  - -  a) - -  s f3 (I - -  2 a) + . - -  + (--)~)"fi~ [I  - -  ( ~ t  - -  I )  a]  = 

= P~ (Z) = o. 

P~(k) is a polynomial in )~ of degree at  most n whose zeros are the charac- 

teristic values of (3. I) and (3.2). In  12 the ident i ty  of P~(JL) and the Fredholm 

denominators  of (3-i)  and (3.2) will be shown. 
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4. t: (~,y)  --- Z P, @) 42, (y). 

Next  consider a kernel of the form (I. 2) below the line y = x + a. The 

corresponding integral equation is: 

;C+a ,  1 

\ ~ , = 1  
0 

W e  introduce: 

This  gives: 

X+ft, 1 

~. (x) = f ? ,  (u) ~ (u) @. 
O 

N 

(~) = z ~ s,,, (~)r (~). 

(4. x) is transformed into the fo l lowing system of integral equations:  

(4.2)  ~,(x)=~.f .~ P, (y) Q~ (y) q~, (y) dy. 
0 

(~ = ~, 2, . . . ,  N). 

Derivat ion gives:  

, z P ,  (x 
~ (x) = .  

+ a) Q~, (x + a) 9 ,  (x + a), if  o < x <  I - - a ;  

o , if I - - a < x < i .  

The fo l lowing notat ions  will be used: 

,1 f A .  (~) = P,  (v) O. (y) @; 
i,) 
0 

f s<x, (v) P,, (y 
0 

+ .)  ?~(v + .)) @; 

_](i f , .  (x) - -  I z ' ~  ~:' 

0 

+ (~ - i)a] Q~ {v + (~, - i)a]) @; 
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Integrate (4 2) by parts: 

z + a ,  1 x+a ,  1 
N 

0 

;cA-a, 1 ~'+n, 1 

, 

(11 90, y d y = J .  , y y - -  

0 

z + a ,  1 - - a  

--J'* f(,~ ( Y ) Z  P~ (y + a ) Q ,  (y + a)90~ (y + a) ay = 
0 k ~ = l  ' ~ 1  

=Z 
x+a,  1 a~+a, l - -a  

\ 
f~,(2) + a) d (Jh- 

/ 

The upper limit in the integral is reduced to x + a, I - - a .  After n inte- 

grations by parts (n being determined by (2.3)), the integral vanishes: 

(4. 3) 90~ (~) = 

x+a,  1 a:+a, 1--a 

(1) 22 ~ :(2)(y) + 90. (y) A,, (u) - ~ 90, Cu + . ~ . ~  
|_*'=1 ~,=1 

+ Z ~ 90,(y 

x+a ,  t - -2  a 

~) / ~  (u) . . . .  + ( -  , ) , , - , z .  [ ~  

xq-a, 1 - - ( n - l )  a 

�9 (,) ] ~,, [y + (- - ,) d f . , ,  (v) 

This formula corresponds to (2.4) and might be written as (2 .4' )giving the 

different analytic expressions for 90~(x), ~t~-~ I, 2 , . . .  N, in each of the intervals 

I - - a ~ x g I ,  I - - 2 a ~ - - x ~ - -  i - - a  . . . .  , o ~ - - x < l - - ( u - - 1 ) a .  Reasoning as in  

2 we see that the characteristic values are obtained by putting x ~ I: 

N N 

(4.4) ~ ( t )  = ) ,Z 90,,(,)fi~(,)-- Z"Z 90,,(,)f~,~ (I - - a )+  
�9 ' ~ I  ~'~1 

Y N 

-[- Z S ~  9 0 , ( I ) s  - -  2 a t  . . . .  -4- ( - - -  l )  ' ' - 1  Z" Z 9 0 , , ( I l f ~ :  2 [ I  - - ( , ,  - -  I ) a  1. 

(~= ~, 2 , . . . ,  N). 
8-  61491112 Acta  mathemat ica .  79 
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Abbreviate :  

P,/~(Z) Zf(1)(])__ 2 (2) ,1--1 n '(n) = z A,, ,( ,  - a )  + - - .  + ( -  I) z A ~ [ I  - ( n -  1)a]. 

Then (4.4) becomes: 

~, ( I ) =  991 (I) P n  (~.) + 99~(I) P2: ()~) + "'" + ~h'(I) P~,'x (Z); 

90 ( I ) =  991 (i)P~2 (Z) + 9-,(I) P,~.o (Z) + . . - +  992r (X); 

99N(I) ~--- 991 (I)  el.~'(Z) + 992 (I)e2.~-(~.) -I- - . .  + 99N(1) P2,uy(?.). 

This system of equations,  l inear and homogeneous  in 99t(I), 992 (I), . . ., 99~-(I), 

has a solut ion different  f rom 99t ( 1 ) :  q92 (I) . . . . .  99~-(I) = o when and only when 

its de te rminant  vanishes. 99~( I ) :  992(1) . . . . .  99~-(I) : o  implies 99~(x) :  99.~(x) : 

. . . . .  99,v ( x ) = o  everywhere  in o---< x ~ I. Hence  the character is t ic  values 

necessari ly satisfy: 

P .  ( Z ) -  I P~l (~') .-. 29.,:, (Z) 

P,~ (z) P ~  (z) - i ..- P~-~ (z) = o. 

P:~,-(Z) P2.,-()~) --. P_v:v().)- : 

Every root  of this  equat ion is a character is t ic  value because the corresponding 

character is t ic  funct ions  are determined by (4.3)- The lef t-hand member  is a 

polynomial  in Z of degree n .  N at most. 

C H A P T E R  II .  

5. T h e  l ine  does  n o t  pass  t h r o u g h  (0 ,  0 )  o r  ( 1 , 1 ) .  

tha t  the line in the  square i s y = b x + a ,  (o<a< I,O< :--a ) Suppose 
_ _ - b - - < i  . 

] 

This line goes f rom the side (o,o), (o, I) to the side (o, :), (:, :), (fig. 2 a), it is 

thus s i tuated above the diagonal y = x and avoids the points  (o,o) and (I, I). 

We  assume the kernel  to be I below the line and o above it. The kernel  of 2 

is the special case b = I. 

The integral  equat ion becomes: 
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10,a: 

y (1~___a) 

o / 
y:bx,-a 

Fig. 2 a. 

(5;. i) 

The derivative is: 

~' (z) = 

Integrate  (5. I) by parts: 

~X 

bx+a ,  1 

q~ (x) = x f ~ (~,1 av. 
0 

,Y 

(a,O) 

b ~ ( b x +  a), i f o < x < - ~ - ,  

I ~ t  
o , i f ~  .... < x < I .  

Fig. 2 b. 

1 - a  
bx+a ,  1 bx+a ,  1 bx+a,  1 b x + a ' ~ b  

2! o o 

The upper l imit  in the integral  is reduced to bx + a, - - .  

with the new integral: 

Repeat  the process 

1 - - a  1--a  
bx+a ,  - - b -  b:~+a,-1-ba bx+a,  

i2~. ~ ( b  + a)dZ~ = ~i ~[ r '~(~y + a)] -- i~+1~ ~ ' ~  ~ (by + a) ~,~ = 
0 0 

1- -a- -ab  
1- -a  bx+a,  . . . . . . .  

b x + a, -~ b ~ 

o "  
0 

Repeat  the integration again: 
I - a - - a b  

bx+a ,  b2 

0 

1- -a- -ab  
b:r~ a, . b~- 
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b,z' -b a, - -  

0 

1 - - a - - a b  
1 - - a - - a b  

b ~ + a ,  b~ 

q~'(b~'!! + ab + a)dy-~ ~fb'+'[ySq~(b~-y + ab + a ] - -  

1 - - a - - a b - - a b  2 
b x + a ,  b~ 

- -  J~461+2+3 ] 9o(b3y + ab ~ + ab + a)d4~.  
0 

Generally : 

t - - a - - a b  . . . . .  a b  ' ~ - 2  
b z + a ,  

b ~ , - - t  

"'+( ' - l ) tqD ( b ' - l y  + ab "-~ + ab ~-3 + ... + ab + ,~, bl+~,+ �9 
a] 

0 

4 ~ .  = 

1 - a - a b  . . . . .  ab  ~ -  2 
b x + a ,  

b~--I 

' "  b' + ~ + ' "  " + ( ' - ' ) t [ Y "  q~ (b ' - lY  + ab'-2 + ab'-S + " "  + ab 4- a)],j , !  
1 - - a - - a b  . . . . .  ab " ~ - 1  

b x + a ,  
b'~ 

f ,11~,+ 1 - -  ~,,+~ b ~ + 2 +  ' + ,  qo(b ,y+ab, -~+ab, -O-+. . .+ab+a)d(v f r -~)  ! 
o 

After  n steps the  result  is, summing  up the arithmetic  and geometric  series: 

(5 .2 )  

1 - a  
b x + a ,  1 b z + a ,  - -b- -  

~o (x) = ~ [ ,  q, (y)] - ~i b [y, ~(by + 4 ]  + 

b 2 -- 1 

b x + a ,  - b-: ~- - 

~3 
+ 3q. bl+~[YSg~ b~y + a b ~ -  -b----~I]J . . . .  

Zn "n(n-1), I- ( 
(-  0" ' nt  -~- - - - b - ~ - l y " ~ q ~  b*-ty + a 

+ 

b n - l _ l  
1 - a  . . . .  

b - - 1  
b x + a ,  . . . . . . .  

b n -  t 

b n -  t 
l - - a  - 

b - - 1  
b x + a ,  - . . . .  

b n 

n { n + l )  f 

- - ( - - l ) n ~ , n + l b  2 J q o ( b  ~ 

o 

;)~" 
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I f  n is determined by the inequality: 

b n - l -  i b n - -  i 

(5.3) a b - -  I - - a - /~ - - ) - ,  

the integral in (5.2) vanishes. Then (5.2) is analogous to (2.4) and may be written 

as (2.4'), giving the ,n different analytic expressions for ~(x) in the n intervals 

b 9 - -  I b n - 1  ~ I 
I - - a - -  I - - a  

I ~ a  b - - 1  1 - - a  b - - I  
- - - -  <- -x<:  I ,  b.~ < x  ~ - - ,  . . . ,  o < x ~  

b b b n-1 

An argument identical with that  of 2 shows that  the characteristic values satisfy 

the equation obtained by putt ing x = I in (5.2): 

(5.4) 
x' , ( b ~ - ~ ]  ' 
~i t/+, i - a ~ _  ~ ! + . . +  

+ (-~),, , ( b n - l - ' )  '~ 
n[ nln-1) I - -  a ~ i 

b 

- -  P~ (z) = o .  

Ps (k) is a polynomial in k of degree n. To every characteristic value corresponds 

a single characteristic function. In 10 it will be shown that  P3(2) is lhe Fred- 

holm denominator of (5. I). Kernels of the form (]. 2) instead of ] under the 

line are treated as in 3 and 4. But these results are included in 12 and 13. 

6. The integral equation associated with that of 5. 

Naturally it  has the same characteristic values, but we shall show how the 

preceding method may be so modified as to be directly applicable. 

The development that  we shall obtain will be of interest in 7. 

The kernel is o in the square below the line y . . . . .  

2 b). The integral equation is: 

1 

(6. i )  ~ ( x )  = xfr 
x - - a  

o , ~ -  

The derivative is: 

! (x) = 

x - - a  

b 
and I above it (fig. 

{=2 i o<x<o; 
, if a < x <  t .  
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Integrate  (6. I) by parts, arranging that  the  expressions in square brackets vanish 

at the  upper l imit:  

; 1 1 1 

(x) = z f ~ (y) @ = z f ~ (y) a (u - i  ) = z [(y - , )  ~ (y)] - z f (y - ,  ) ~'  (y)ay = 
X - - a  • - - a  T - - a  x - - a  

o, b 0"7- o,- V- o , 7 -  

1 1 Z" ( y - -  I) ~ 

0 x--a 

Repeat  the process wi th  the new integral:  

1 1 1 
~ ' t.--a~ (.//--I) 2 ~' I [ ( % a ) ]  ~' t ' ( ~ / - - I ) '  ,(~.___a) dy = 

a, - ~  a : - -a  g - - a  

1 1 

~' I [ ( ~ _ ~ ) ]  " f  (.~ --  a - -  ab) d(y - -  I)'~ 

z - - a  b z - - a  a, -F- a + c , 

Generally:  

1 1 

b - - I  - -  l)" ~" I ~, b - - I  

b --g-'''-l) b ' - :  ] ~! ~,! " b ~ b~-- 1--1 z'--a 
abV--l--1 x - - a  a b - - 1  " b 

b--1 ' b 1 
b ' - - 1 \  , .~+1 

),+1 f Y - - a  ~~_-7}  d l : q _ , )  
+ (,, ~ I)! d qD F l 7;77) , .  

b ~ ' - I  x - a  

a b - - 1  b 

T h e r e s u l t  after n integrat ions  by parts is: 

(6 .2)  

x-a 
a~--a a, b 

f (x) = - z [(v - ,  ) f (y)] - ~ ~- (y - ~)~ ~ 

- s-i ~-f~ (y - 

b~--I x--a 

a b= 1 . b 

/ t,-'- q l  
. . . . .  
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b n - - l - l y - - a  
a 

b - I  b 1 

b 2 ~ 
b n -  I ~'~a 

a b-1 ' -b -  

b n __  ] ~  

V, : - - - - - ( |  (~t - ~)"+' 

I f  n is determined by the inequali ty (5.3), the integral  in (6. 2) vanishes. Then 

(6. 2) corresponds to (2.4) and gives the expressions for 9(x) in the intervals 

b'*-- I b*'-- I b 3 -- I b ~ - ~ -  I 
. . . . .  < x < I .  

- -  - -  a < _ x < _ a - - - - ,  . . . ,  a b - -  I o < ~ x < a ,  a < _ x < a b _  I , b - - I  b ~ I  

~0 (x) is constant  in o < x < a. Pu t t ing  x ~ o and remarking  tha t  ~ (o) = o implies 

r  in o g x < I, we conclude tha t  the characterist ic values satisfy the 

equation obtained by dividing (6.2) for x = o by ~ (o). We  obtain (5- 4) as expected. 

7. The line passes through (0, O) or (1, 1). 

In 5 and 6 two cases have been excluded: a o a n d  I - - a  = - - =  I. Then the 
b 

inequali ty (5.3) determines no finite n and the expansion (5.2) does not  terminate.  

We shall deduce the equation for the characterist ic values first by the preceding 

method  and then  by considering integral  equations with analyt ic  solutions. 

Another  method will be given in 8 showing fur ther  t ha t  the functior~s obtained 

are the denominators  of Fredholm. 

( a )  T h e  e a s e  a = O. 

(7. i) 

The derivative becomes: 

(b > I). The integral  equat ion is: 

bx, 1 

0 

(7. z) 9 '  (x) = 

I 
2 b g ( b x ) ,  if o < x < ~ ;  

I 
0 , i f ~ < x < I .  

Expansion (5.2) may be wri t ten:  

b~, 1 bz, 1 

3) + 

b 1 
~8 

3~ ~'~+ ~['~ r (t~y)] . . . .  
+ 
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1 1 bx, -- 
bx, bn_ 1 bn 

j~u ~ (n--I) n (n+l) f n 
_{._ (__ i ) n - l ~ . b  2 [ y n ~ ( b n - l y ) ]  + (__ i ) , , ) n + l  b 2- ~(bny)~ l .  av" 

o 

We first assume the  existence of a character is t ic  funct ion 9(x) .  Pu t t ing  x = I 

in (7.3) and subs t i tu t ing  t for  b"y in the  integral ,  we obtain:  

[ ~'2I ~'8 I - . ~  _~ I)'-~ ~"~ ~ - I n !  n n ~ ( I ) - - ~ ( ~ )  ~--;-v~ + 3-/J,1+~ . . . .  + ( - -  + 
b 

~u+l I f + (-- ')" n! n(_~+l) 9(t) t'dt" 
b o 

1 
The in tegra l  f q~ (t) t" dt is bounded for  every n because t" --< x in the in terval  

0 
of in tegrat ion.  Hence  the last  t e rm tends  to o when n tends  to infinity (b > I 

in this  case). I t  will be shown below tha t  ~ ( I )  ---- o implies ~(x)  = o in o<~x_< I. 

Thus  the character is t ic  values necessari ly sat isfy:  

Z ~ I Z s i ( -  ~)" x 
(7.4) i - - Z + E b  ~ ! ~ +  " + ,! ,,~-1, + . . . .  Hl (Z)=o .  

b 2 

Nex t  it  will be proved tha t  every  roo t  of (7.4) is a charac ter is t ic  value. 

I f  Z is a roo t  of (7-4) ~ve can derive the corresponding character is t ic  func t ion  

I 
f rom (7.2). P roceed ing  f rom the cons tan t  value q~(I) of ~(x)  in ~- -~x  < I we 

I I I I 
dete rmine  ~ (x) successively in the i n t e r v a l s / ~  -- x -- -b' -b 8 -- < x --< b~, . . . .  , by inte- 

g ra t ing  (7.2). The constants  of in tegra t ion  are de te rmined  so  as to make q~(x) 

I I I 
cont inuous  at  the points b '  b-*' ~ '  """ So q~(x) is uniquely de te rmined  for  every 

x > o, and, knowing tha t  ~(o)----o, we have only to  show tha t  the func t ion  

just  de te rmined  is cont inuous at  the  poin t  x - - o .  T h a t  means:  

But  
E 1 

= r ( i )  - 2 . f ~  ( y ) @ .  
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In order to express the last integral in 9( I )  only, we shall treat it by in- 

tegration by parts: 

1 1 1 

z j ' ~  (y) o,v = ~. f , r  (:,,) d ( , / -  .~) = z (~ - ~),~ (,) - z J" (~ - ~) ~,' (:~,) d,,,. 
,v  t :  ,~ 

In the new integral put ~v'(x) from (7.2), substitute t for by and integrate by 

parts again : 

1 
1 /) 1 

e ~ b~ 
(t) d t  = 

1 

b. 2' - ' - 2 ' b ( ~ -  ~) ~  ).-~b 2' 

b~ 
Repeat the process again: 

~ b 

1 

2! 9'(t)dt----~Sb'+' b *) 9(bt)dt== 
,) 
bE b~ 

b~-e 
f (" 2! ~(t)dt=Z'V+" ~(:~)d P~i -- 

b~e 

f 
b~t~ 

Determine u =-n(~) by the inequality: 

I I 
b n -- ~ < b"-1 

Then the integral vanishes after n steps and the formula becomes: 

+ 

+""  +-~Y.  V =~-~ 
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To prove  (7-5) comes  to  the  same  t h i n g  us to s h o w  t h a t  t he  square  b r acke t  

of  (7.6)  t ends  to  o w h e n  n t ends  to  r (e t ends  to  o). H e n c e  we shal l  s h o w :  

"(~) f _  i~,, " ('-~___2 ( ),, 
l i m Z '  ~ , ("b  2 ~ i - - e  = 0 .  

*r~o 

To see this, wr i te  t he  s u m :  

' - ~ b  ~ - - ~  = , ( , _ ~ )  + 

�9 ~ 0  ~ ,~0 ~ 2 

'•>(- b"-')" r] s, + &. I 
+ ~,! , ( , , - , ) [ ( I - ~  - -  = 

~'=0 b 2 

W h e n  ~ t ends  t o  o, t h e n  n t ends  to  co  a n d  S I t ends  to  H~(%), w h i c h  is o 

because  )~ sutisfies (7.4). To  prove  t h a t  ,% t ends  to  o, rep lace  its t e rms  by  t he i r  

m o dul l :  

Is.~l= :Y ~'-~)" ~1 <- I ( i - , b ' -~ ) "  "i"! 'v{v--1)  [ ( I  - -  $ - -  'l,'[ ' , ' ( , ' - -1)  - -  I l" 

,,=o b ~ ,,=o b 

Since o < e b  "-~ < . . . .  

H e n c e :  

I < (v o, I ,  2, n (~)), we have  the  i n e q u a l i t y :  bn(~)_ ~ --  I, - -  . . . ,  

( ')" 

-" [ ( ' ) ]  s , l<  y I~1" , r !  "(*~ ~) I - -  I b, ~ ) _ , ,  --- 
')'~O b 2 

to  be an  even nm nbe r )  

~:! ,,jy:_2) I - -  i - -  

,=o b : b 2 / J  

2 n (~) 
Z + Z = S;  + S~'; (e. g. a s s u m e  n (e) 

�9 ,=o ,=~L). +1 

] - -  

n (~,) n (~/ 

b 2 z j~::0 b --'-; .... 

2 
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But  l im 1 - -  I - -  ~ o7 -~ o and  the  series vl ~(,_~) is convergen t  for  
n ~ o r  -7 ~,=0 b 2 

every ~. Hence  S~. and S~.' t end  to o when  e tends  to o, t h a t  is n tends  to c~. 

Thus  we have proved t h a t  the cons t ruc ted  funct ion is cont inuous  a t  x = o, 

which means  t h a t  it c~n be admi t t ed  as a charac ter i s t ic  funct ion .  W e  also see 

t h a t  to every zero of H 1()~) corresponds  one and only one charac te r i s t ic  funct ion.  

Note  t h a t  H1 ()~) is an in tegra l  funct ion of genus o. Hence  the  in tegra l  equat ion  

has  an infinite n u m b e r  of charac te r i s t ic  values. 

(~) The ease b - - 1 .  (b < I) .  The charac ter i s t ic  func t ion  is ana ly t ic  in 

the whole of o ~< x --< I, hence we canno t  use (5.2) to obta in  i t  directly.  I n s t e a d  

consider  ~he assoc ia ted  in tegra l  equation: 

1 

(7.7) q~ (:~,) = z f ~ (u) au. (See 6). 
9~--a  

b ' 

P u t  x-----o in (6.2): 

Z" (: - ~)~ 
(o)=~,(o)  z 2! b 

. . . .  -+- ( - -  I)  n - 1  
~n ( I  - -  

be __ i~ s 

~3 I - - a b Z ~ l  + 
3! bl+" 

1 

1) 1 f( ' 

a b - -  : Z~+: y - -  a - b - ~ ] -  / 

b n -  1 

a b - - 1  

n!  
b '~ 

b t l  - -  

g ~ a b _  I 
Subs t i tu t e  t for  

b n 
in the  integral ,  observ ing  t h a t  a-~- I - - b .  

(Y -- :)" dff. n! 

Z~ Z~ 
~(o) ~ - z  + S b - ~ v +  -~ 

n n ( n - - 1 )  - 

(--Z/"b ~ -  I 
+ ' "  + n! J + 

1 

"("i+'~ f (t - i) '~ + z"§ b =-' ~ ( t ) - -~V-  ~t 
O 

~ O .  

A s s um i ng  the  existence of the charac te r i s t ic  funct ion f ( x )  we conclude as in (a) 
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t h a t  t he  r e m a i n d e r - t e r m  t ends  to  o w h e n  n t ends  to oo. H e n c e  the  cha rac te r -  

is t ic  values  necessar i ly  sa t i s fy :  

(7.8) Z* ~ b '+-~ + - + b ~ H~ ().) I - - Z + ~ b - - 3 !  . . + . . . . .  o. 

I f  )t is a r o o t  of  (7.8), t he  c o r r e s p o n d i n g  

the  fo l l owing  way:  

T h e  de r iva t ive  o f  (7-7) is: 

cha rac t e r i s t i c  f u n c t i o n  is ob t a ined  in 

(7.9) ~ '  (x) = z 
~ , if  a < x <  I .  

(x) is c o n s t a n t  fo r  o --~ x g a. P r o c e e d i n g  as in (a) we can  ob t a in  ~ (x )  succes- 

b ~ - -  I b 2 - -  I b '~ - -  I 
- -  - -  - - - -  a - - - - ~ x < a - -  , i f  w e i n t e -  s ively in the  in t e rva l s  a < x < a b -  I '  b - - I  --  b - - I  ' " ' "  

g r a t e  (7.9) a n d  d e t e r m i n e  t he  c o n s t a n t  o f  i n t e g r a t i o n  so as to  m a k e  ~ (x )  con- 

b ~ -  I b s -  I 
t i n u o u s  a t  t he  po in t s  a, a b - -  a . . . . .  I t  r e m a i n s  to show the  c o n -  

- - I  ' b - - � 9 2  

t i n u i t y  of  the  so c o n s t r u c t e d  f u n c t i o n  fo r  x ~ I. This  m a y  be d o n e  as in (a). 

(7) O t h e r  m e t h o d .  I n  (a) and  (fl) we cou ld  c o n s t r u c t  t he  c h a r a c t e r i s t i c  func-  

t ions  because  we k n e w  an  i n t e rva l  where  t h e y  were  cons t an t ,  and,  s t a r t i n g  f r o m  

t h a t  in te rva l ,  cou ld  d e t e r m i n e  t h e m  by recurs ion .  B u t  w h e n  the re  is no  such  

poss ib i l i ty  we 

equa t ions :  

(7. Io) 

have  to  p roceed  o therwise .  This  is the  case wi th  the  i n t e g r a l  

b x + l - - b  

0 

1 

(7. ~ ~) ~ (x) = z j ' e  (v) dy 
2", 

b 

(the i n t eg ra l  e q u a t i o n  assoc ia ted  wi th  t h a t  c o r r e s p o n d i n g  to  a ~-o) .  

These  i n t e g r a l  e q u a t i o n s  have  c h a r a c t e r i s t i c  f u n c t i o n s  a n a l y t i c  e v e r y w h e r e  

in o ~ x ~ I. H e n c e  we can  f o r m  the i r  T a y l o r  series in a su i t ab le  point .  W e  

shal l  do it  f o r  (7- Io) only;  (7. I I) can  be t r e a t ed  in exac t ly  the  same  way.  

T h e  success ive  de r iva t ives  are:  
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~' (x) = Zb  ~?(bx + ~ - -  b); 
q g " ( x )  - -  ) , b l + l y ~ ' ( b x  + I - -  b )  = Z 2 6 1 + 2 9 ~ ( b ~ x  + I - -  b~); 

n ( n +  1) 

9 (~> (x) = ~," b 2- - ~ (b" x + ~ - -  b'~); 

In  the point x - - I  the n : t h  derivative is: 

Hence the Taylor  expansion becomes: 

:~(x) = ~ ( : ) . { :  + ( x -  :)xb + - - - - -  
( x -  (. 71 { t~-~- 1_) 

. . . .  b ~ 
z ! 7~! 

+ ... 

We see tha t  9~( I )=  o implies ~ ( x ) =  o in o < x--< I. 

1 

0 

we get (7.8). 

Not ing  tha t  

125 

. 

C H A P T E R  I I I .  

T h e  L i n e  y = b x  + a ,  ( 0 < _  a < 1 ,  a + b <- 1 ) .  

8. K ( x , y )  = 1. 

Consider a s t ra ight  line crossing the  diagonal  

y = x .  We suppose tha t  it  goes from the side 

(%0), (o, i) and first t ha t  it goes to the side (I,o), 

(I, I) of the square (fig. 3). Let the equation of 

the line be: y = b x  + a ,  (o <_ a <_ I ,  o <-- a + b ~ I ). 

Supposing tha t  the kernel is I below the line and 

o above, the integral  equation can be ~vritten: 

b x 4 -  a 

(s. ,) = z f  w (:,,@. 
o 

,Y 

o ."10 / ,a§ 

( 0 . 6 ;  . . . . . . . . . . . . .  
y=bx.a I ,ll. 

IUl !  

I I 

t 
l J  IUU - ~  

(T~,o) 
F J g .  3. 

The equation (7. Io) is the special case a + b = I and we can use the method 

of 7, (y), to determine the characterist ic values of (8. I). 
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The  charac te r i s t ic  func t ions  of (8. I) are ana ly t i c  in the whole in te rva l  

o--< x-%< I. This  is shown by ca lcu la t ing  the  der ivat ive:  

(x) = b 50 + a). 

For  x in the in te rva l  o -< x ~ I, the  poin t  y = bx  + a is also in t h a t  interval ,  

hence  the  der iva t ives  of all orders  exist  and  50(x)is analyt ic .  The n:th der iva t ive  

becomes:  

qr (x) = Z" b ~- qD ~ b ' x  + a i - - h i "  

a 
The  inva r i an t  po in t  of the  t r a n s f o r m a t i o n  y - - b x  + a is x - - I -  b' hence we 

expand  50(x) in its Tay lo r  series in t h a t  point :  

~('~) ----- Z ~ b ~ ~ a ," 

~o (x) = 50 - ~ _ / ~  ~ + x Z b + Z "~ b ~§ + 
l - - b  2! 

+ . . . . .  I -  T b  }?bl+~+: ~ + . . . +  . . . . . . . . .  
3 .r ,nt 

n (n4-1 
;~b  '~ + ' "  I . 

Note  t h a t  the condi t ions  which we have  imposed  on a and  b: o--< a--< I, 

o ~< a + b <~ I, imply tha t  lb[ -< I, hence  the series is convergent .  

P u t t i ng  the  series for  T(x)  into the re la t ion:  

~ 
1--b 

0 

we obta in  the equat iou  for  the  charac ter i s t ic  values:  

(s. 2) I . . . .  + 

+ ,,!  b 2 ~I - -  b] + . . . .  

Except  for  ] b l - -  I H 3(Z) is an in tegra l  funct ion  of genus  o hav ing  an in- 

finite n u m b e r  of zeros. 
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If  we release the conditions imposed on a and b and only put o--< a ~ ~, 

a + b--< ~, the line goes from the side (o,o), (o, ~) to the side (~,o), (~, ~) or 

(o,o), (I ,o)  and b <  I can be less than - -  I. If  b < - -  ~, T(x) is no longer ana- 

lytic and H..~(Z) diverges for every Z. These kernels will  be treated later on by 

considering the associated integral equations. 

Next  we shall apply another method to (8. ~) which will give the denominator 

of Fredholm. Consider the corresponding non-homogeneous integral equation: 

b x + a  

(s. 3) ~ ( x )  = zfq~(.v)dy + g(x). 
0 

(Suppose that g'(x) is integrable.) The derivative of (8. ~) is 

~'  (~) = z ~ ~ (~x + ~) + a' (x). 

Integrale (8.3) by parts: 

bx4-a 

(~) - z (t,~ + ~) ~ (1,x + ~) + ~ f .v ~" (y) ~y = g (~1. 
0 

Use the expression for ~' (x) '  

b x ~ , a  

f ~ 
i.I 

b3; ~- (l 

t = g (x) - )~ :r g' (:~) @. 
,2 
0 

Repeating the process n times, the result is: 

(s. 4) ~ (~) - z (~ .  + ~ ) . q ~ ( ~ .  a) + ~. t~(~x + a)'-'~ ~ x + ~ - ~ - ] - -  

I - -b3 \  (--~)'~b i (bx+a)~q~ b,~x+a + 

b x + a  b x + a  

+ (--Z) ' ' + '  b---":-'--- q~ b'~y + a " -  g yg'  , _ ~ ] ,~! ~:,s = (~) - z (y) dy + 
0 0 

6 x  + a h'.c + eL 

i f f (  + ~ i .  1, ~ ~ / ( / , : ~ + a / @ -  ?~+:'  y~g' ~ , ~ y + a ; ~ g ] @ + . - . +  
0 o 

~) 9: + a 

, ~[ b 2 yng' b n-] 

0 

, - b ~ - 1 \  



128 Ulf Helisten. 

The present conditions imposed on the line imply that  I b{ <_ I. Since r  is 

bounded when ~ is not a characteristic value, the integral in the left-haJad member 
a 

of (8.4) tends to o when n tends to oo. Pu t  g ( x ) = 1  and x . . . . . . . . . .  into (8.4) 
I - - b  

and let n tend to c~. Dividing both members by H~(4) of (8.2), the result is: 

(8.5) ~ ~ - - ~  =H~(4)  

Compare this with the Fredholm expression (notations from E. Goursat: Cours  

d'Analyse MathSmatique, tome III ,  4:th edition, Paris i927, page 368 ft.): 

1 

D X 4  ; 
~ ( x ) = Z !  ~ i  ~(y/d.~, g(x/, 

t /  
o 

or in this case: 

( ) /  a \ y i / d~ ,+~= (8.6) 9o i-~--~ = z D (1) I) (z) 
o 

dy + ~(Z) 

The numerator of (8.6) will be shown to be I. Then (8.5) and (8.6) are identical 

and we can conclude that  H,~(4)= D(4). 

We shall make use of the Fredhotm identity for D(y l~ t ) :  

1 

y 2 =K(x,y)  D(4)+4  Z K 
O 

~Z 

Put  x - ~ - -  y = o .  Since K(x,o)--~ t we obtain: 
I - - b '  

1 

(a I)' D i 4 = D ( 2 ) + 4  D 4 ds. 

o 

Consequently, it is enough to show that 

D i - -  i 4  = ~. 
o i 
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T h e  F r e d h o l m  e x p r e s s i o n  is :  

(8 .8)  D (  x Z ) - ~ K ( x , y ) +  
Y 

1 1 1 

~'~1 0 0 0 

T h u s  : 

D ( ~ ) ~ )  ~ i  + 

] 1 1 

~'~1 0 0 0 

K(x,y) K(x, sO K(x, 82) K(x,s,) 

K(s ,y)  K(s ,  sO K(s,~'~) K(s,,s,) 

K(s2, y) K (s2, s,) K(s~, s ,)  K(s,, s,) 

Z(~,,, y) K (s,, sO K(8.,  ~).  . g ( ~ . ,  ~.) 

i K ( s .  s~) K ( s .  s~) 

n (~.~, ~) K (~, ~) 

, K(s,., s~) K ( s , ,  s.2) 

�9 K (s~, s,) 

�9 K ( s ~ ,  s , )  

�9 "" K(s~,  s~) 

d.~ 1 ds~ 

ds~ 

ds~.. 

d S,~ . 

T h e  d e t e r m i n a n t s  in  t h e  r i g h t  m e m b e r  v a n i s h  a t  e v e r y  p o i n t  sl, s . ~ , . . . ,  s,.. T h i s  

can  b e  p r o v e d  in  t h e  f o l l o w i n g  way.  

I f  t w o  o r  m o r e  of  t h e  n u m b e r s  sj, s2, �9 �9 �9 s,. a re  e q u a l  o r  i f  a n y  s t ,  tt= = I, 2, . . ,  v, 

a 
e q u a l s  ~ - - b '  t i le  d e t e r m i n a n t  v a n i s h e s  b e c a u s e  two  r o w s  b e c o m e  equa l .  I f  no t ,  

t h e v  a r e  a l l  d i f f e r e n t  a n d  d i f f e r e n t  f r o m  a L e t  s~, be  t h e  g r e a t e s t  a n d  s, / t h e  
I - - b "  

l e a s t  of  t h e m  a n d  t r e a t  t h e  t w o  f o l l o w i n g  eases  s e p a r a t e l y :  

a) b > o. W h e n  s~ ~ a the  (p + I ) : th  c o l u m n  c o n s i s t s  of  ze ros  on ly  a n d  
- -  I - - b  

gt 
t h u s  t h e  d e t e r m i n a n t  van ishes �9  W h e n  s v <:. - - - -  a l l  t h e  n u m b e r s  sl, s2, �9 . .  s ,  a r e  

] - - b  
a 

less  t h a n  T h e  d e t e r m i n a n t  v a n i s h e s  b e c a u s e  t h e  f i r s t  a n d  (q + I ) : th  co- 
I - - b '  

l u m n s  a re  e q u a l  (cons i s t  of  ones  only)�9 

b) b -~ o. W h e n  .~.,j > a a l l  t h e  n u m b e r s  s~, s2, �9 .. s~ a r e  g r e a t e r  t h a n  
I - - b  

a a 
I b a n d  t h e  (p  + I ) : th  c o l u m n  c o n t a i n s  n o t h i n g  b u t  zeros .  W h e n  ,~'p < . . . . . .  

- -  I - - b  
a 

all  t h e  n u m b e r s  ,,.~, .~'~ . . . .  s,. a re  less  t h a n  . . . .  a n d  a l l  t h e  e l e m e n t s . i n  t h e  
' I - - b  

a 
d e t e r m i n a n t  b e c o m e  ones�9 I t  r e m a i n s  to  e x a m i n e  t h e  d e t e r m i n a n t  w h e n  sp ~ -- 

9 61491112 Acta m a t h e m a t i e a .  79 
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a 
and s , < - -  Note t h a t  a +  bsr is the greatest  and a 4 - b s p  the  least  of the 

I - - b "  

numbers {5 + bs~}, ~t = I, 2 . . . .  , v. I f  s~, > a -4- bsq the de te rminant  vanishes b e :  

cause the (p + i):th column consists of zeros only. I f  sp < a + bs~ we deduce:  

s q <  sp- --7---a < a + bsp.  
- -  b - -  

D 

and infer  t ha t  D (Z)= H ,  (Z). 

(The equality sign only for  b = -  z). 

Hence Sq is less than  all the numbers { a +  bse,}, tt = I, 2, . . . , v ,  and  the  

(q + l):th column in the de te rminant  consists of no th ing  but  ones. Thus the 

de terminant  vanishes, having two equal columns. 

We  have shown tha t  

/ a I) 

The integral  equation (7. Io) of 7, (7), is the special case a + b---- I. Con. 

versely, if we have t reated (7- to) completely and shown tha t  its denomina tor  of 

Fredholm is jus t  H~(/t) of (7.8), we may derive the characteris t ic  values of (8. I) 

for  b >--o in the following way. 

For  x --< ---a---a the kernel of the integral  equation (8. i) may be looked upon 
I - - b  

as having the smaller existence-square of side a I - -  b (fig. 3). The characterist ic  

values then satisfy (7.8) wi th  ~ a subst i tuted for  ). which gives (8.2). 

(2 
For ....... < x < I we write the integral  equation (8. I): 

I - - b  --- 

b bx+a  

(8.9) (x) = z f (v) a,, + z f (y) du. 
0 1 - a  

b 

Assume tha t  ). is a characterist ic value and q~(x)the corresponding characterist ic 
a 

function of the integral  equat ion in the smaller existence square. For  x > . . . . . .  

the first term of the r ight  member of (8.9) is a constant  and hence (8.9) can 

be regarded as a non-homogeneous equat ion of the Volterra type, which aiways 

has a unique solution. 
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The  resul t  is t ha t  the  character is t ic  values for  o--< x--< I are de te rmined  

by (8.2). 

We can see the  same th ing  immediate ly  by consider ing the denomina tor  

of F redho lm : 

I 1 1 

ff f (8. Io) D(21 :=I + ~ - - , r !  . . . .  
~,=i 0 0 0 

K (s,, s,) K (s,, s , ) . . .  K (s,, .%) 

K (s~., s,) K (s~., s , ) . . .  K (s,, s,) 

K (s,., s,) K (s,., s2)""" K (s,., ~,.) 

ds 1 ds~ . . . ds~.. 

I f  any one of the  variables s,, s s , . .  s, is g rea te r  t han  a the  grea tes t  of 
" '  I - - b '  

a 
them,  which will be denoted  by sp, is also g rea te r  than  - -  Since we assume 

l - - b "  

t h a t  b > o, the  p : th  column consists of no th ing  bu t  zeros and the  de t e rminan t  

a 
vanishes. Hence  the  upper  l imits in the in tegra l  may be reduced to - -  This  

I - - b "  

m e a n s  t h a t  the  denomina to r  of F redho lm of (8. l) is ident ical  wi th  t h a t  of the  
a 

same in tegra l  equat ion considered in the square of side - - .  
I m b  

Final ly  we shall t r e a t  the case which we omi t ted  earl ier  where the  line 

y : b x  + a goes f rom the  side (o, 0)(o,  i) to the  side (o ,o ) ( I ,O)  in the square:  

o < a - - <  I, a +  b < o .  We shall  deduce the Fred- 

holm denomina to r  f rom the resul ts  jus t  obtained.  
a 

The  l ine intersects  the  x-axis in - - ~  and the 

y-axis in a. F i r s t  reduce  the existence-square to 

a 
the  square of side a, - - ~  (the kernel  is 0 outside 

this square) (fig. 4). I f  a - b  > a '  t h a t  is b >  - -  I, 

we are back  in the previous case and the charac- 

ter is t ic  values sat isfy (8.2), H3 (),) being the deno- 

mina to r  of Fredholm. 

(O.a 

(-$,o) 
F i g .  4. 

~X 

a 
W h e n  a > - - ~  we consider  ins tead the associated in tegra l  equation,  which 

X - - a  
has the  same character is t ic  values. I t s  kerne l  is I below the line y = b 

and o above it. This  line is of the  previous type and we get  the  denomina to r  

of F redho lm f rom (8.2): 
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~,a I I (  ),a ~ ~ I ! { ),a la 
H~ (E) = I + . + i - - b  ~.5\~-:-g--b/ 3!b ~+~\7~-b! + �9  

I i ( - - 2 a ~ "  
+ ~! ++ ~-_~-~! \ ~ - - b /  + . . . .  o. 

b : 

C H A P T E R  IV.  

A S y m m e t r i c  K e r n e l .  
9. K (x,  y )  = 1. 

As a n o t h e r  example  let  us use the me thod  of i n t eg ra t ion  by par t s  to de t e rmine  

the charac ter i s t ic  values  of an in tegra l  equat ion whose kernel  is i in the  s t r ip  be tween  

two l ines symmet r i ca l  with respec t  to the  d iagonals  y = x and y = I - -  x, and  o in 

Y(1-a,1) the  res t  of the  square.  This  kernel  is symmetr ica l .  

Hence  we know t h a t  the  charac te r i s t i c  values exist, 

are infinitely m a n y  and  real-valued.  Only a s imple 

case will be t r ea t ed  here: the  lines y = x + a, 

(_+ -< ~ < i) (~g. 5). 

(O,a , :X (9. I) qD (X) = ~ f q9 (y) d+/. 

The homogeneous  in tegra l  equat ion  is: 
1,1-a) a'+a, 1 

(t~O) 
9 ; - - a ,  0 

F i g .  5. 
Dif fe ren t i a t ing  (9. I) twice in the  in te rva l  o --~ x ~< 

--< t -  a, we obta in  the  different ia l  equa t ion  q ~ " ( x ) +  )+2~ ( x ) ~  o with the  

condi t ion  q ~ ' ( o ) = 2 q ~ ( I -  a). Hence  there  is a s ing le  charac ter i s t ic  funct ion  

for  every charac ter i s t ic  value. 

Fo r  t - - a ~ < x < a  ~(x)  is constant ,  thus  T ( a ) = T ( I  - - a ) .  Since the kernel  

is symmet r i ca l  wi th  respect  to the d iagona l  y ~- I - -  x, change  x to I - -  x in (9. I): 

l + a - - x ,  1 

1 - - a - x ,  9 

Subs t i tu te  i - -  t for  y in the  in tegra l :  

Xq-ff~ } 

(~ - ~)  - ~ f v ( ,  - ~) ~t. 
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Hence  99(1 - -  x) is a sotut ion of (9. '): q~([ - -  x) = Cq~(x). To determine C observe 

that  99 (a) = 99 ( I - -  a). W h e n  9 9 ( a ) # o  this gives C =  I. But  when 9 9 ( a ) = o w e  

determine C in the fo l lowing way 

1 1--q ? 1 

~(~)- o = z f  99(v)dy=x[f + .  + j]. 
0 0 1 - - a  a 

The second integral  in the r ight-hand member is o because 99 (x) - -  99 (a) = o in its 

interval of integration.  In the third integral  subst i tute  I - - t  for y: 

l--a l--a l--a 

o =  zj'~(v)dv + zf~(~ - - y ) d f f = ( I  + c)zf99(y)@. 
0 O 0 

H e n c e  I -~- C = 0 o r  C = -  I .  

We shall  have to make a dist inct ion 

(a) --- o.  

between two cases: 9 9 ( a ) ~ o  and 

a )  ~ (a )  # 0 .  (~  (x) --= ~ (~ - x ) .  

First determine a relation between 99 (o) and q0 (a). The integral  equation gives: 

a 1- -a  a 

0 0 1- -a  

i I - - a  a 1 

(a) = z f ~ (v) dv = ~ f 99 (.~,) dv + z f ~ (v) ~y + z f 99 (v) ey. 
0 0 1- -a  a 

But  q~ (x) = 99 (~ - -  x) implies: 

1- -a  1 

0 a 

99(x) is constant  in the interval  I - - a  ~ x ~ a, hence:  

1 - a  

We derive the fo l lowing relat ion between ~(o)  and ~(a): 

(9. 2) ~(0) = ~ ~ (a ) [ ,  + Z ( 2 a - - , ) ] .  

The derivative of (9-I)  is: 
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q~' (x)  = 

Z g ( x + a ) ,  if o < x <  I - - a ;  

o , if ~ - - a < x < a ;  

- - ) ~ 9 ( x - - a ) ,  if a < x <  ]. 

In tegra te  (9. ~) by parts put t ing  x = o. 

9(0) =;r f g(y)dy = ;taq~(a)- ).f yg'(y)dV; 
o 0 

a 1--a 1 --a 

/ / , z .~ ' (v)e~=z'  ~(v + . ) a ~ = ~ ( ~  -a) '~(1) - z' fY-~'(y+ ~)ev; 
o 0 0 

1--a 1--a /, y~ , yS 
(y + 

0 0 
f f, 31 (I - -  a) s ~ (I - -  a) + ~s . 9 '  (Y) dy. 
0 

General ly:  

1 --a 1 --a 

)2, f y2, go' _ _ ~ , + ~ f  y~,+1 __ J (2 , , ) !  (Y + a ) d y =  (J~ d ( 2 ,  + I)! 
0 0 

1 - a  
~2v+1 f y2y+l 

( 2 v + I ) ! ( I  - -  a) 2,+x 9 ( 1  - -  a) + ~2~+1 9'  --  ( 2 ' ; +  I)! (y)dy; 
0 

1--a 1--a 

~2.+I f ~2v+1 ~2.+2 f ~ y2.+2 --- 
( 2 ; =  i)! ~' (y) dy = (v + a)d (2 ;u 

0 0 

1 -a  

~ + ~  f y2~+2 ( 2 v + 2 ) ! ( I  - -  a)~'+~9(] ) - z ~'§ -- (2 ;  +-2)! 9' (Y + a) dy. 
o 

After  2 n +  I steps we have: 

~o (O) ----- X a q~ (a) --  ~. (I --  a)" ~o (I) - -  3 ~  " ( I  - -  a) s 9 (I --  a) + ~. (I -- a) t 90 (I) + 

+ ~ . ( I - - a ) ~ O ( l - - a )  . . . .  + (-- ]) (2n) ! ( I - -a )2n~o(1)+  

l--a 
22, + 1 ( y~n + 1 

+ ( - -  I)n (2n  + I)! (I - -  a)2n+l ~0 (1 - -  a) + ( - -  I) n+1 ).2n+2. 9 (Y + a ) ( 2 ; - + i ) !  dy. 
o 
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Since ~(x) is bounded the  integral  in the r ight  member  tends to o when n 

tends to oo. In t roducing  (9. 2) for tp(o) we obtain: 

3++ Zs 
(9.3) ~(~) i - z + ~ ( , - ~ ) ~ + ~ ( i  ~ ) ' ( 4 . - i ) -  

;p ).'~ 
- -4 . / ( I  - - a ) ' - - ~ ( I  - - a ) + ( S a - -  3) + " "  + 

* ( -  i)"-~ z'~", a)~" t)"-~ z~"+' ] ~ f i ( I - -  -t- (--  ( 2 n + i ) [ ( I  --a)2n [ 4 a n - - ( 2 n - -  I)] --b . . . .  

= ~ ( a ) [ 2  [1 - sin Z(I - -  ~)1 - -  cos Z(I - -  ~)[, + Z(2 ~ - -  ,)1] = 

-----9~ ( a ) 2  c ~  ( 4  4 2 1  --2 a ) [  2 sin (4 -- 2 I--2 a) __ 

~ ( : _  + , , , ]  = + , +  = o .  

The assumption ~ ( a ) ~  o implies E { ~ ) =  o, hence the characterist ic  values 

necessarily satisfy E ( ~ . ) = o ,  if the eorresponding characterist ic  funct ions are 

different from o in a. We  shall show t h a t  every zero of E(~) i s  a characteris t ic  

value and tha t  E(Z) is the Fredholm denominator  of the integral  equat ion (9. 1). 

9(x)  is analyt ic  in o--< x < I - -  a and 9(x) = 90(1 --  x). Pu t t ing  9 ( I  - -  a ) =  I 

calculate its Taylor  series in the  poirit x = o: 

~ ' (x)  = Z ~ ( ~  +.a) ;  

~ ' "  (x) = - -  Z 8 ~ (x + a); 

~(o) = �89 [i + Z(2a - I)]; 

~"(o)  = - T b  + z ( 2 .  - ~)1; 

~(~n/ (O) = (--  , ) n ~ -  [I + Z(2a --  i)]; 

The power series becomes: 

x~  )-" x ~ Z ~ 
(9.4) ~ ( x ) = � 8 9  + 2 ( 2 a - - I ) ]  I - -  2 - T +  4--[- 

~"  (x) = - z ~ r Ix); 

9iv (x) = z '  9 (x); 

~(~.) (x) = ( -  i)- z~- ~ (x); 

~' (o) = z; 

~ '"  (o) = - -  2~; 

9( '-'"+~t (o) = (-- ~)" Z ~"+1. 

. . . .  + 

{ _ ~ 2 ~  ~ ~ z ~  } _ c o s  z ~  
xZ 3t + 5-~- . . . .  2 + [I + ~ . (2a- -  I)] + sin ~.x. 



136 Ulf Hellsten. 

We have to confirm that  (9-4) satisfies the integral equation. I t  is sufficient to 

calculate ~v (I - - a )  - - f  (o )=  i -- I + ~ (2 a--- I) The integral equation gives: 
2 

1 ~ l 1 - - a  

~(,  - ~) - ~ (o) --  z f r (?j) @ - z f ~ (:,j) @ = z f  ~ (~j) d.~ = Z f ~ (,,) @. 
0 0 a 0 

Substituting (9, 4) for ~(x) we have to show that: 

1 - - a  1 - - a  

l } cos ~ :,I [, Z ~; q~ (y) dy = Z j [ - ~ - -  
o 0 

+ )~(2a--  I)] + sin Zy]dy -- I - -  

If  we simplify, this becomes: 

(9.5) 
i + ) ~ ( 2 a -  ~) 

[I + sin ~(I --a)]  = cos ~(I -- a). 

But (9. 5) is obtained by multiplying E ( ~ ) =  o by 

I - -  s i n  ). ( I - -  a )  = t g  + 

finite except for 4-- - - i_a2 ( ~ +  n z ) ,  ( n = o , +  I, + _ These This factor is 

exceptional bvalues are zeros of E(4) because E(),) contains the factor 

cos + ~( , Hence E()~)--o implies (9-5) except for these exeeptional 

),-values. 

We have 

the factor cos 

shown that  all the roots of E()~)= o except those coming from 

{~r+2  ~ }  are characteristic values, each of them with a single 
\ ' T  

characteristic function, determined by (9-4). The zeros of cos (4  + i~-~ a) give 

no characteristic functions with ~ ( a ) ~  o, but it will be shown in a moment 

that they correspond to the characteristic functions with ~ ( a ) =  o. 

b) ~ ( a )  = 0. (~ <xi~ = - -  ~ ~ - -  x~). 

Putt ing ~v ( o ) =  I, the Taylor series for ~ Ix) becomes: 

X" ) ~ x 4 )~ 
~(~.)= I et + 4! c o s x Z .  



The Denominator of Fredho]m in Some Types of Integral Equations. 

To determine Z note  tha t  ~(x)  satisfies the in tegra l  equat ion:  

r 1 - a 

, f fcos 9~ (o~ == )~ 9~ (y)  ( l y  = ~. k .q d?l  = s i l l  Z (I - -  a)  --- I ; 
o o 

f ( I  - -  t2)  = =  C O S  Z ( I  - - ( t )  = O ;  

The eharacter is t ie  values are thus  the common roots  of: 

C O S  t . ( I  - -  a )  = --- C O S  -~- 2, " C O S  - -  ; .  ~ -  O ;  
2 

. . . .  ~ O ,  I s i nZ( I  a ) = 2  sin Z ~- 2 ,.a cos + ZI a 
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We infer  tha t  these character is t ic  values are 

which we had to exclude in a). 

So fa r  we have proved tha t  the character is t ic  values of the in tegra l  equa- 

t ion are just  the roots of E ( Z ) =  o, each one of them giving a single charac- 

ter is t ic  funct ion.  All the zeros of E(Z) are simple. We shall now turn  to the 

proof  tha t  E(Z) = D (Z), the denomina to r  of Fredhohn.  Since the in tegra l  eqaa t ion  is 

symmetr ica l  and has a single charac ter is t ic  funct ion  for  every character is t ic  value, 

the zeros of D(Z) are all simple. Hence  .D(Z) and E(Z) have ~he same zeros, 

all simple. They  are both in tegra l  funct ions  of genus I at  most,  thus  they 

differ only by an exponent ia l  fac tor  e c, ~'. Observing tha t  the first two coefficients 

in the i r  power  series are equal, we get:  a - -  I, f l =  o. Hence  D(Z) and E ( Z ) a r e  

identical.  

I t  is also possible to prove t h a t  D ( Z ) ~  E(Z) by the la ter  me thod  of 8. 

Consider  the non-homogeneous  in tegra l  equat ion:  

(9.6) = f (v) lv + 
a' -- (I~ 0 

I t  is obvious tha t  ~ 0 ( m ) = 9 9 ( i - - x  ). (Here there  is only one ease to be con- 

sidered). The relat ion between ~0(o) and g(a)  is: 

-2- 

Integrating" (9.6) by parts  as was done with (9- l) (or observing  t h a t  ~v~,x) satisfies 

the different ial  equat ion  F " ( x ) +  Z'-'~ ~x)= o) we get:  

(9.7) q (a) - -  cos Z(I - -  a) 
E(z) 
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Compare (9.7) with the Fredholm expression: 

1 

f (al) j (al ) 
D ;t ;t dy 

Y 
q~ (a) = 2, DY(it) dy + i = o D ().) 

0 

+ D(Z) 

1 

0 

= cos ; ~ ( t -  a), which is possible by calculating the Fredholm determinants. 

The numerator and denominator of (9 .7 )have  the common factor cos(-~ + 

Z I --  a~. This is due to the fact that  the characteristic functions corresponding + 
2 ! 

to the zeros of c o s ( ~  + h I -  a~ / are orthogonal to I in the interval o "-- x ~ I. 
k 4  2 / 

The method of integration by parts is also applicable to integral equations 

of the type (9-I) generalized in the direction of Chapter V with the curves 

symmetrical with respect to the diagonals y = x and y = I - - x .  

(O.a 

C H A P T E R  V. 

The Curve y =f(x).  

lO .  

~Y (c,1) 

1 

Fig. 6. 

The line does not pass through (0, O)and (1, 1); K (x, y)  ----1. 

Generalize the kernels of 2 or 5 supposing that 

the line is no longer straight but  curved. Let  its 

equation be y = f ( x )  and suppose that  it goes from 

the point (o, a ~---/(o) to the point (c = f - l ( I ) ,  I) (fig. 6). 

Impose the following conditions on f(x)" 

(a): f ( x )  is non-decreasing and thus has an inverse 

f-1 (x) almost everywhere. 

,X (/3): f '  (x) exists and is integrable. 

(7): f ( x )  > x, which means that  the curve is situated 

above the diagonal y = x. 
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We shall prove that  under these conditions there is only a finite number 

of characteristic values. For  the sake of brevity extend f ( x )  to be I in the 

interval f -~ (I) ~ x ---< i. The integral equation is: 

I 0 .  I )  

The derivative is: 

f (x) ,  1 

99(~1 = ~ f99(y l~y .  
0 

fzS(~)99[S(x)], if o< x </-,(,) ;  
99' (x ) - -  ~ o if f - '  (I) < x < ~. 

In tegra te  (io. I) by parts: 

.f(:c), 1 f (x ) ,  1 

99 (x) = z [y 99 (y)] - z f ~ 99' (y)ay. 
0 

In the integral introduce the expression for 99'(x) and substitute t for f(y):  

f(*), 1 f(x),f -I (11 f:~{X), 1 

;~ f y qg' (y) dy = Z' f y f '  (y) 99 If(y)] dy Z' f f - '  (t) 99 (t) at. 
o o f(o) 

(f~(x) means f i r (x)] ,  generally f'~(x) is the n:th iterated function f(x)). 

Using the notation f f - l ( y ) d y  = f~  (x), the last integral may be integrated 
f~o) 

by parts (the expression in square brackets vanishes at the lower limit): 

f (x). 1 
Z* f f - '  (y) 99 (y) dy 

f (0) 

Jm (gl, 1 fl(X), 1 ,/~ (X). 1 

- - -  z* f 99 (y) df~ (y) = z '  [f~ (y) 99 (y)] - z* f f; (y) 99" (y) @. 
f (o) 1(o) 

Repeating the process n times and using the notation: 

the result is: 

f ,  (x) = f :;_, Is-' (y)] ~y, 
f~'{o) 

f (x), I f~  (x), 1 f s  (X), 1 

( lo .z )  99(x)=i.[y99(y)]--Z~[fl(y)99(y)] + ~3[f2(y)99(y)] . . . .  + 

f n  (~.), 1 f n+l (x ) ,  1 

+ (-- I~'-l,~n[fn-l(y)qg(y)] + (-- , ) " ) : + ' f f , - , [ f - i ( y ) ] 9 9 ( y l d y .  
f1~ (o) 
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Determine  ~ by the inequal i ty:  

(~o. 3) f " -~ (o )  < I -<f~(o). 

~ is a finite number  in consequence of condi t ion (7)- Then the integral  in (IO. 2) 

vanishes and this  formula  is a general isat ion of (2.4) and (5.2). 

In  order to determine the characterist ic  values put  x =  I in (Io. 2). Since 

9 ( I )  ---- o implies ~(x) ~ o they necessari ly sat isfy:  

(Io. 4) I - - ) .  + , ~ A ( t ) - - ) . ~ y ~ ( , ) +  .-. + (--  X)"f,,_~ (1) = P~(L) - -o .  

Every root  of (Io. 4) is a character is t ic  value because the corresponding charac- 

teristic funct ion is determined by (Io. 2). The fact  is tha t  (m. 2) determines  q~(x) 

successively in the  intervals  .f-1 (i) --< z --< I, ,f-2 (I) --< z _ < f - i  (I), . . . ,  f - ( " - ' ?  (I) -<. 

--< z < f - ; , , -2 )  (I), o --< r <f- ( ,~- , i  (t), (compare (2.4')). I t  is eviden~ tha t  every 

character is t ic  w l u e  has a single character is t ic  function.  

In  11 we shall prove tha t  P4(X) is jus t  the Fredholm denomina tor  of the  

in tegral  equat ion (IO. I). I f  we assume for a moment  tha t  this  is proved, we 

have not  far  to look for the fol lowing remark.  The expression (8. IO) for  the 

denominator  of Fredholm as a sum of integrals  of de terminants  does not  contain 

f ' ( x ) ,  nei ther  does the left-hand member  of (IO. 4). I tenee  we infer  tha t  condit ion 

(fl) could be omi t ted  and that  f '  (z) has come into the calculat ions for  formal  reasons 

only. This can also be shown, wi thout  having recourse ~o the denomina tor  of 

Predholm, by verifying that  (IO. 2), which does not  contain f '  (x), is a consequence 

of the  integral  equat ion (IO. I). 

The kernels of ~o and 5 are speciM eases of the  kernel  of this section. 

~inal ly notice tha t  there  is another  simple method which enables us to see 

immedia te ly  tha t  the integral  equat ion (IO. I) has at  most  n characteris t ic  values. 

For  consider the i tera ted kernels. Firs t  extend the funct ion f (x )  defined in the 

interval  o - -<x- -<~:1( i )  to the whole interval  o - -<x- -<I  by making  it I in 

f - ' ( I ) - - < x ~  I. We get: 

1 

K (~/(x, y) = f K (x, s) K (s, y) ds -~ f (x )  - -  f -1  (y), o. 
0 

(Here K ( x , y )  means the kernel  of (I. I) and not  K ( x , y )  of (I. 2)). 

K '2) (x, y) is different  f rom (and grea ter  than) o for  f ( x )  > f- t  (y) only, tha t  

is below the line y : j - " ( x ) .  
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K (a/(x, y) becomes: 

( f ( z )  

' I f { f (c)- - f - ' (~) Id<~ iff(m)>f-2(?/); 

o if f(x) <-- f-2 (y). 

K(~)(x, y) is d i f ferent  f rom o for  p < f 3 ( x )  only. In  tha t  case i t  is the  sum 

of one func t ion  of x only, one func t ion  of y only and one funct ion  which is 

the p roduc t  of a func t ion  of x by a func t ion  of 5/- 

Next  calculate  K(~)(x,y). This func t ion  is different  f rom o for  y<f~(x)  
only, in tha t  ease it  is the sum of one funct ion  of x only, one func t ion  of 

only and two funct ions  which are products  of a func t ion  of x by a func t ion  of y. 

General ly  K(")(x, y) is different  f rom o for  y < f~ ' (x )  only and is then  the 

sum of one func t ion  of x, one func t ion  of y and v - -  2 funct ions  which are pro- 

ducts of a func t ion  of x by a funct ion  of y. 

Deflninff ~ by the inequal i ty  (~o. 3), the ruth i t e ra ted  kernel  K( ' / (x ,  y) is 

different  f rom o in the whole existence-square.  Hence  K ~'~>(x, y) is of finite rank  

and has at  most  n character is t ic  funct ions.  W e  know tha t  the character is t ic  

funct ions  of K(x, y) are among those of K (~l(x, ?/) and hence conclude tha t  the 

in tegra l  equat ion (Io. I) can have at most  n character is t ic  values. 

11. The line may go through (0, O) and (1, 1); K (x, y ) =  1. 

When  the curve of 10 goes from (o, o) to (I, I): f ( o ) =  o, f (1 )  - -  I ,  there  is 

no finite ~ de te rmined  by the inequal i ty  (IO. 3) and the expansion (Io. 2) will not  

te rminate .  We shall proceed in ano the r  way, at  the same t ime showing tha t  

the obta ined expression is the  denomina tor  of Fredholm.  

Fi rs t  assume tha t  condi t ions (a) and ({71 of 10 are fulfilled and (7) except  

for  x = o and x = I. 

in tegra l  equat ion" 

(i I. i) 

(g'(x) supposed to be inteo'rable.) 

Follow the m e th o d  of S consider ing the non-homogeneous  

y (z) 

(x) = z f (y) + 
o 

We shall use the fol lowing nota t ions :  
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x 

A (~) = f f -1  (y) dy; 
0 

x 

f ,  (~) = f A  I f - '  (u)] au; 
0 

do,. (x) = f f ~ - ,  [.f-x (y)] dy; 
o 

Use the relation ~'  (X)= Zf '  (x)~ [,f(x)] + g' (x) and integrate by parts n times: 

(I I. 2) qD (x) - -  2 f ( x )  qD [ f (x) ]  + i"f~ [.f~ (x)] q~ [ f~  (x)] - -  lsfs  i ra  (x)] ~ [ f s  (x)] + 

in+ a ~x) 
+ ... + ( _  ,~)nf,,_, [fn (x)] 9~ [fn (x)] + (--  Z) "+~ f qo (y l f , -~  [f'--~ (yl] dy = 

o 

] (~) p (.) $s (.) 

= g(x)  - -  Z f y g ' ( y l d y  + z ' f f ~  (ylg'  (y)dy  - -  z s f f , ( y ) g ' ( y l d y  + ... + 
0 0 0 

/n (x) 

+ ( -  z). ff ._~ (u) o' (u) du. 
0 

This expansion does not  terminate and therefore we shall examine the order of 

magni tude of the positive quantit ies f ,  (x). From condition (7): f@) > x follows: 
x~+l 

f -1  (x) ~ x. I t  is evident tha t  do, (x) < (~-I)~." Hence the integral  in the left-hand 

member of ( I I .2)  tends to o when n tends to oo. Pu t  g ( x ) = i  and x=-  I in 
( I I .  2): 

( I I . 3 )  ~ ( I ) [ I  - - J ,  -~- Z : ~ f l ( I ) - - ~ S f $ ( I )  -4- . . . .  "~ ( - - ~ ) n f n - l ( 1 ) q ' - " ' ' 1  ~---I. 

I t  is to be expected tha t  the characteristic values will satisfy: 

H~(Z) = ~ - -Z + Z A  ( I ) -  ZV;(~) + -.- + ( -  z)"d,,- l(1)+ . . . .  o. 

We shall prove that  H.a0. ) is the Fredholm denominator  of the integral equation 
( I I .  I). ( I I . 3 )  may be written: 

I 
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Compare this with the Fredholm expression: 

143 

We get: 

1 ~l~(;~ ~) 
~(x)= j ~ i )  

0 

a (.v) d~ + .q (x). 

~(~)= 

1 

T~e ~doo~i~y ~o be p~ove0 i~ ~ ( : l ~ ) ~  i The Frodhol~ for~ol~ fo~ ~ ( : l ~ ) i s :  

D 

1 1 1 

~(-~)" l l .  j" +Y, ~! j j  
~'~1  0 0 0 

K ( I , o )  K ( I , s 0 K ( I , s ~ ) . . . K ( I , 8 ~ )  

K ( s t ,  o ) K ( s t ,  sl)K(s~,s2) ... K ( s l , s ,  ) 

K( s~ ,o )K(s~ , s l )K(s~ , s~ )  ... g ( s~ , s , )  

K ( ~ , , o ) K ( s , , s ~ ) K ( s , , s ~ )  ... K ( s , , s , )  

dsl ds2 ""  ds,. 

K ( x , y ) =  I when x > y .  Hence K(1,o)---- I. All the integrals can be shown to 

be o because the determinants vanish in every point s 1, s~ , . . . ,  s,. Let sp be the 

least of these numbers, or one of the least if several of them are equal to each 

other and less than all the rest. Then the first and (p + I):th columns are equal  

consisting of ones only. Hence the determinants vanish everywhere. We infer 

that  Hs(~) of (Ii .  3) is the Fredholm denominator of (II.  I). 

To obtain an explicit expression for the characteristic function q~(x) cor- 

responding to the characteristic value )~ we can proceed as follows (the method 

is the same as that  of 7, (a), which gave (7.6)). Supposing ~(I )  to be known, 

~(x) satisfies the following integral equation of the Volterra type: 

1 

(x) = - ~  fv(y)dy + ~(,). 
fcx) 
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W e  shal l  use the  n o t a t i o n s :  

?/ 

g~ (~, . v )=  f dv; 
f i x )  

?/ 

f'-' [x) 

?t 

g, (~, y) = f g,_~ (~ , / -~  (.~1) d,j; 
,f~ (x) 

I n t e g r a t i o n  by p~rts  g ives :  

1 1 

q~ (~) = q~ (,) - ;4 f q~ (~) d [y - f (x ) ]  = ~ (,)  - ~ f ~ (:u) d 9,  (z, ~j) = 
f l,~) f (a') 

I 

= q~(~) -2g~(x ,  ~)qD(,) + Z f g , ( x , p ) q / ( y ) @ .  
. f  ~x) 

Since  ~o' (x) - -  2 f '  (x) q~ [ f (x) ]  the  new in t eg ra l  can be wr i t t en ,  s u b s t i t u t i n g  t f o r f ( y ) :  

1 1 1 

f g, (x, y) qD' (y) dy = Z" f g~ (x, y ) f '  (y) 9~ [f(y)] d}! - )?2 f g l  (x ,J- '  :Tt~)~ (t) <It = 
f t~) f ix) ,:~ (a.) 

1 1 

-= z2fqD(t)dg.~(x, t ) =  )o~g~(x, i)q~ ( i ) -  z f g~ (~, t)~'(~)dt. 
,f2 (.~.) ,f2 (x) 

A f t e r  n i n t e g r a t i o n s  by pa r t s  we have :  

t 

+ �9 + ( -  ~),,g,,(.~,, ,)1 + (--;~),+~fg,,(x,/-~t~)~(t)dt. 
j , ~ z +  1 (x} 

T h e  i n t eg ra l  t ends  to  o when  n t ends  to  oo. H e n c e  f ( x )  is d e t e r m i n e d  by:  

( ~ , . 4 )  ~ ( x ) = , t , ( ~ ) [ ,  -;..q,(:~': ,) + ;:~.~(.~, ,) . . . .  + (-).)~':t,,(~,, ~) + ] .  

N o t e  t h a t  (I I. 4) defines a f u n c t i o n  q,(x) f o r  every  )4, s ince a n o n - h o m o g e n e o u s  

i n t e g r a l  equa t ion  of the  V o l t e r r a  type  has  a lways  a un ique  so lu t ion .  But. when  

)~ is no t  a cha rac t e r i s t i c  va lue  we have  9~(I)--=o which  makes  ~ ( : c ) ~  o. 
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As in 10 we can show tha t  condit ion (~) concerning f (x)  could be omitted.  

Modifying the r i g h t h a n d  member  of (II .  2) by in tegra t ion  by parts  to get  rid 

of the derivative g' (x), the result  is: 

g (x) -- ,Lf(x) g If(x)] + ~L~fl [f2 (x)] 9 i f2  (x)] --  )2f_o [j'~ (x)] g [ f s  (x)] + 

.f fx) ]* (z) 

+ ... + (-- ;C)nf~-~ [f" (x)] g [ f "  (x)] + ~, f g (y) dy -- Z* f g (y)f-1 (y) dy + 
0 0 

fs(z) fn (x) 
+ ~s f g (Y)f l  [ f - I  (y)] dy  + . . . .  ( - -  Z)" f g (y ) f ._~  i f - 1  (y)] dy .  

0 0 

Then ( I I .  2) does not  contain f ' (x)  and g'(x). We can directly verify t ha t  ( i I .2 )  

is satisfied by the solutions of (II .  I), independent ly  of the existence of f ' ( x )  
and g' (x). 

When  condit ion (?) is no t  fulfilled, t ha t  is the line passes across the diagonal  

y-----x, the same method  can still be used in certain cases, e. g. for kernels 

�9 similar to those of 8. W h e n f ( x ) = x  for x--~a,  ( o < a <  I ) , f ( x ) > x f o r x < a  

and f ( x ) <  x for  x. '> a, we obtain the denominator  of Fredholm by considering 

the kernel in the smaller square o --< x --~ a, o ~ y --~ a. Also condition (a) can 

be relaxed in certain cases. 

Note tha t  the kernel  of 10 could be regarded as a special ease of the kernel 

of  this  section. 

Finally we shall  carry through the actual  calculat ion of the Fredholm denomi- 

nator  in a special case, viz. on the  supposition tha t  the kernel is I below the 

line y-----x a, ( o < a - - < I ) ,  and o above it. We  get successively: 

1 1 1 

x~+~ xl +~+a-.~ 
f - -1  (X) ~--- X a , Z (;~') - -  , f~ (x) =:  

i +  - I-+ 

G 

i 
I q - - +  

a 

' 1 1 l 

xl+~+a~+ "" +~  

I + I q - +  " "  I q- + -q-- "-- + a a ~ 

D(X) -= t  Z +  I +  a I +  a I + a  +a.~ 

( -  ;~),~ 
+ ... + + -...  

1 0 - - 6 1 4 9 1 1 1 2  Acta rnathernatica. 7 9  



146 Ulf Hellsten. 

W h e n  a = I we get D ( s  e -~'. This is the Fredholm denominator  of the 

u  integral  equat ion with kernel I. 

12. K (x, y)  = P (x) Q (y) .  

Generalize the kernel of 11 assuming tha t  i t  is P ( x ) Q ( y ) b e l o w  the line 

y = f ( x )  and o above it (compare 3). Again consider the non-homogeneous inte- 

gral equation: 

,t(x) 
(=) = z ~o (x) f Q (y) ~ (~!) d!t + 9 (=). 

o 
I2.  I) 

The t -ansformat ion  : 

gives: 

(12. i) is changed into: 

f(x) 
f l (x) = f 0 (?!) ~ (y) ~y 

0 

(=) = z P(=) ~ (=) + g (=). 

f(x) fix) 
( I2 .  2) ~0 I(x) • • f P ( y )  Q(~!)~9 l(?f) d,t! + f Q(ff)~(,~/)dy. 

0 0 
j(~') 

Pu t t i ng  g , ( x ) =  f Q (y) g (y) d!! we shall t rea t  (I2.2) by in tegra t ion  by parts in 
0 

order to obtain its denominator  of Fredho]m. Final ly we shall show tha t  the 

Predholm denominators  of (12. I) and (I2. 2) are identical.  

In t roduce  the nota t ions:  

P~ (=) = f P (y) Q (v) @; 
0 

P'2 (X) = j" ~'1 if--1 (?])] p (y) (~ (y) d!]; 
0 

]t~ (X) = j ~t;--1 i f -1  (y)] p (y) (~) (y) d?! ; 
0 

(~2.2) can be writ ten:  

o 

Operat ing as in 11 we obtain:  
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(I2. 3) ~ (x) --  )~ ~ [f(x)] f ,  [f(x)] + ~'-' ~ [ f "  (z)] ~ [ f  (:~)] - -  

- -  )J ir~ [ f f  (x)] ~ [ f f  (J:)] + . . .  + ( - -Z)  '~ F .  [ ( "  (x)] ~1 [ f f  (x)] + 

j.n+a (a.) f(J-) 

+ (-- 1@+~ f 1,;~ [f-~ (y)] P (y) Q (y) q~ (y) dy = g~ (x) --  i, f F1 (y)gl (Y) + 
0 0 

f~ Ix) fn L x) 
+ z ~ f ~'~ (u) g; (~J) @ . . . .  + (-z),~ f I~'~ (:/) ~; (y) @. 

0 o 

Suppose tha t  P(x)  Q(x) is integrable in o--<x<-- I. Since o -- f -~  (x) --< x we see 

tha t  the in tegral  in the left-hand member of (I2.3) tends to o when n tends  

to oo. Pu t t ing  gl(x) = I and x - =  I, (I2.3)  becomes: 

~,(~)[~ - ) ,  F~ ( , )+  ~ F ~ ( ~ ) - ~ ' ~ ( ~ )  + .  + ( -  ~)'~F,,(~) + . . .] = ~. 

Denot ing the expression in square brackets by Ha(Z), this can be writ ten:  

I 

(~Ol ( I )  = H 6  ()~)' 

We sh~ll ident i fy  this formul~ with the Fredholm solution of (~2.2): 

1 

" \ Y l  I. 
~ (x)= ~ . j  ~1~ ~ - '1 

0 

(x) @ + gl (x). 

tile Fredholm funct ions  for ( I2 .2))-  

By 

For gl ( x ) =  I, x = I this becomes: 

1 

)~f D 
~(~)  = o 

proving tha t  the numera to r  is identically ~, we infer  thut  D x (;t)= H(~(;~). 

In  the formula  (8. 7) put x ~ I, .q = o: 

1 

0 

o n  the o ,le  h na t, o  redholm ox re   on for 
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= K ( i , o ) +  

1 1 1 

If... f 
�9 ~ I  0 0 0 

1 1 

*'~: 0 0 

K{I, o) K( I ,  s , )K( l ,  s~)"" K( , ,  s,): 

K(s, ,o)  K ( s , , s , ) K ( s l , ~  ) �9 K(s, ,s ,)  

K(s~., o) K(so, s l )K(s  2, s,) " �9 K(s~., s,) 

K (s,, o)K(s, ,  s,) K (s,, s,) " - " /s (s,, s,) 

IK(I, sl)K(i , 8 , ) '"K(I,  &,) 

, I K(s , , s , )K(s t ,  s,) . .  K(s, ,s ,)  
P 

J I K(so, s , )K( s , , s , ) "  K(s,,s,.) 
0 

I K (s,,, sl) g (s,,, s , ) "  K (s,, s,) 

ds 1 d8~" " d8~ 

dsl ds~" " ds,] . 

The determinants in the integrals vanish at every point s,, s~ , . . . ,  s, of the in- 

terval of integration�9 x >-- y implies K(x , y )  = P(y) Q(y). Among the numbers 

s,, s2 . . . .  , s, there are always one or more which are the least. Leg s v be 

one of them. Then the (p + l ) : t h  column consists of the numbers P(sv)Q(sv) 
only and is therefore proportional to the first column, making the determinant  

v~nish. Thus we have shown: 

1 

"'(0 
0 

1 

f D ( I ] * ) d y - - I  (even when P(o)Q(o)-o). 
0 

We have proved that  H 6 (k) is the Fredholm denominator of (I2.2). I t  remains 

to show that  (I2. I) and (12.2) have the same denominator of Fredholm. De- 

note that  of (12. t) by D(k). Let E ( x , y )  be the kernel of 11, I below the line 

y = f ( x ) .  The Fredholm formulas are: 

D(Z) = 1 + ,'(,~) Q ( , , ) F ( , .  ~) ,,(,~) 

~(-z)" ~ : f v(,.,) Q.(,~) E(,,, **) v(,,) + 
J J  "" . . .  

. _ - ~ V  o P(, ,)  e (,,1 ~(*.,  ~,1 P (,,) 

Q(,,)~-(,,,,) ... 
Q(,,)~(*~,,,) 

Q(,,)E(,,.,,,) 

P(,,) Q(,,)~(,~,,.) 

PC,,) Q(,.)~(,.,,,) 

dsl ds~ �9 d& 

D~ 9-)----- 1 + 

+ Z - ~ . ,  J J ' 

*'=1 O 0 0 

P(sj) Q(s~)E(s2, s~) P(s~) 

P(~) Q(~)E(~,,~,) P(,~) 

Q (,~) E (.~, s~) . .  P (~,) Q (,.) E (,~, ~,) 
Q (*,) ~ (,,,.%) . P (,,) Q (,.) ~: (~,, ,,.) ds I ds~ �9 ds~ 
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D(it) and D~(it) are identical because corresponding integrals may be written: 

1 1 

/ f  
0 0 

, E ( s .  s,) 

f l~'(s~, s~) 
o E(,%, s~) 

E (~, ~) .E (s, ~,) ] 
] 

E(~,,.~..,.) JE(~,~,).. . 

.E (~,., ~) E (~,., ~,) 

13. K (x, y) = ~ P. (x) Q. (y). 

Finally we shall consider a kernel of the form (I. 2)below the line y =f(x) 
of 11. Assume that  the functions {P,(x)} and {Q,(x)}, v = I , 2 , . . . ,  2V, are 

linearly independent and that the products P , (x)Q,(x)  are integrable. 

The integral equation is: 

(, 3. ,) ~ (x) = ~ y,  P,. (x) O. (y) ~ (y) e~. 

Calculate the resolvent I '(x, y; 4) in the point x = I, y = o. The functional equa- 

tion for F (x, y; it) can be written: 

f (x) l" .N" . } 

F(x,y; X) = X / I ~_j,=,P,(x)Q,(s) F(s,y;it) ds + 

"4- ~ ~1 
o , i f  f ( x ) < y <  I. 

Regarding y as a parameter this is an integral equation with I'(x,y; 4) as the 

unknown function. For  y -=  o it becomes: 

$(x) r N _ ~ .~- 

(,3.2) 2] 

Instead of treating (I 3. I) directly, we shall consider the following system of 

integral equations: 

['f(x) |~ ,~. I 
Q,(o). 

( 

~,(x)  deteralined, we obtain r ( z ,  o;4) by the formula: 
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(I 3 . 4 )  F (x, o; L) ~-  ~ P ,  (x) 9 -  (x). 

I n t e g r a t e  (13 . 3) by  p a r t s  i n t r o d u c i n g  t h e  n o t a t i o n s :  

,~, (x) = ~ ,  (v) Q,~ (.~) dr; 
0 

~'('~ (~) = F~,,~ [ y  (y)] P,, (,t) 9 ,  (:/) d,j; 

,,. (x) = [ f - '  (y)] r,, (y) Q, (y) dy; 

T h e  r e s u l t  is: 

X N 

9 ,  (.~) z ,y z,'<#l if(x)] 9,  i f  (.~')] + z-" ~ - ' ~ '  - -  2';~ [J~ (x)] 9,' i f 2  (x)] . . . .  + 
' ) '=1 ' r= l  

fn+  I (~.) 

l / n )  ~ F(n + I) + ( - Z ) - ~  ~ . , t P ' ( x ) ] 9 , [ f " ( x )  ] + ( - ,~ . ) , , + ,  . ~v . (x )d_ , ,  (x) = Q,(o). 
~ ' = I  

T h e  i n t e g r a l  in  t h e  l e f t - h a n d  m e m b e r  t e n d s  t o  o w h e n  n t e n d s  t o  co .  N a k i n g  

x = I w e  o b t a i n :  

N 2," 

( ~ 3 - S )  9 , , , ( I ) -  ~ ~ ~'(~; F <'> ~,~ , ( : )9 , , (1)+ z ' ~  , , , ( , )9,(~) . . . .  + 

.%" 

~- ( -  z)" ~ F <"> , ,,,. ( : ) 9 , , ( I ) +  . . . .  Q~, (o). 

A b b r e v i a t e :  

"(~) (: },-~ ~(~) ~' I ),,-1 ~n F('-) < ~' , . ,  (1) = i Z' .,,,, ) - -  _ ~ , , ,  I) + -- .  + ( - -  ,, ,.~, ~)) + - - - .  

S i n c e  f(x) ~ x i t  is  o b v i o u s  t h a t  E , ,  (l) is  u:: i n t e g r a l  f u n c t i o n  o f  ~. ( : 3 . 5 )  c a n  

be  w r i t t e n :  

] 9 ,  ( , ) ( i  - E ,  <~:) - -  ~ ( , ) E ~  (~) . . . . .  9 . v ( i )  E.,-, (Z) - -  q~ (o); 

(13. 6) , - - ~ D I  ( [ ) ] ~ ' I , 2 ( Z  ) + ~ 9 2 ( [ ) ( I  - -  J~'2~(Z)) . . . . .  9 . y ( I ) . ~ , ' V 2 ( 2 )  = Q2 (C)); 
. . . . . . . . . . . . . . .  

- -  9~ ( 1 ) E l y ( ) - )  - -  9" (I)E2.\" ().1 . . . .  + 9.\, (I1 (1 - -  E~-,\- (,~}) = Q y ( o ) .  
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This is ~ l inear system of equat ions in F~(i), ~.,(~),. 

t ion into (I 3 . 4) we get: 

O 

(2, (o) 

- -  (~._, ( o )  

(?.,-(o) 
C ( : , o ; Z )  = 

P,(1)  P2(t)  

- E , , -  (Z) - -  Z ~ . ,  - (~ )  

The  character is t ic  
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, ~.v (I). P u t t i n g  its solu- 

P , . ( i )  

- E v~ 00 

-- E v._, ().) 

I - - . E x x  (t) 

- L ' , .  ( z )  ~ - E , ~  (z) . . . .  ~:,-~ (z) 

- ]~:.,. (z) - ):..,.,- (z) .. ~ - I;,.,. (z) 

values are tile zeros of the de t e rminan t  in tile denominator .  

I f  n denotes the rank  of the de te rminan t  there  are N - -  n corresponding charac- 

ter is t ic  funct ions  which can be de termined  in the fo l lowing way. 

(I 3 . I) corresponds to a homogeneous  system of integral  equatio:,s ((I 3 . 3 

with Q. , (o)= o). From there  we can derive a l inear  and homogeneous  system of 

equat ions  in T~ (I), q?~ (I) . . . . .  ~x  (I) ((I3.6) with Q~ o) = o). 

Since the de te rminan t  has the rank  ~ the system has N - - J ~  l inearly inde- 

penden t  solutions. {9.,(1)} determined,  we obtain {~,.(x)}, r =  1,2 . . . . .  3", by a 

method  corresponding'  to tha t  which was used in 11 to derive (II .  4). 

Final ly we get  the character is t ic  funct ions  by the formula:  

3"  

r = l  

14. A line tending to the diagonal y - ~ x .  

We shall examine the behaviour  of the charac- 

ter is t ic  values of a kernel  which is o above a lille 

t end ing  to the diagonal  y = x. W h e n  the line consists 

of  the diagonal  there  are no character is t ic  values since 

the in tegra l  equat ion  is of the u  type. In 2 we 

saw tha t  all the character is t ic  values of a certain kernel  

t ended  to oo when the boundary  line tended  towards  

the diagonal.  

Suppose, e .g . ,  t ha t  the line consists of the dia- 

gonal  curved upwards  be tween the two points '  x o and 

,Y 

~ 

r"  . . . . .  

~r 

Jl 
X 0 Xt 

Fig. 7. 

,X 
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x~ (fig. 7) and t ha t  it  satisfies the  condi t ions  of 11 in the square x 0 < - - x ~  xl, 

xo ~ y --  Xr I t  is easy to see t h a t  the charac ter is t ic  values are obta ined by consi- 

der ing the kernel  in the smaller  square. To prove this consider  the  homogeneous  

in tegra l  equat ion  (compare 8) 
1 

(x) ---- ,~ f K (x, y) ~ (y) dy. 
0 

(K(x,y) ~ o above the line). 

W h e n  o < x--< xo this  is a Vol te r ra  equat ion.  Hence  q~ ( x ) ~  o for  every  ~ when 

x - -<x  o. W h e n  Xo~X- -<x~  regard  the  smaller  square  x o < - x ~ x l ,  xo--<y--<xl  

and calculate  the  charac ter is t ic  values of  K(x,y)  in it. 

W h e n  x~ --~ x ~ I we write the in tegra l  equat ion:  

( i 4 .  i)  + itfK(x,y) (y)dy. 
Xo xl 

Le t  it be one of the  character is t ic  values of the  kernel  in the  smaller  square. 

Then  the first t e rm of  the  r igh t -hand  side of (I4. I) is a known funct ion.  (I4. I) 

can be regarded  as a non-homogeneous  in tegra l  equat ion of the Yol ter ra  type.  

Hence  i t  has a unique solution.  

We  obtain the charac ter is t ic  values as the  zeros of the Fredholm denomina to r  

D,( i t )  of K(x,y)  calculated in the  smaller  square. The Fredholm denomina to r  

D(it) of K ( x , y )  in the square o ~ x--< I, o --  y --< I has  the same zeros as D ,  (it). 

Hence  D ,  (it) and  D (~) differ by a fac to r  e ~ .  

The charac te r i s t i c  values depend on the  shape of the  line between x - ~  x0 

and x - ~  x~ and  tend  to oo when x~ tends  to x 0. 

An exemple:  let  the  line consist  of  the  lef t  and upper  side of the  square 

xo ~ x ~ x~, x 0 ~ y --< x~ and assume t h a t  the  kernel  is I below the  line. Deno te  

(x,  - 
the  area between the line and the diagonal  by ~: ~-~ This kernel  

2 

I 
has a single character is t ic  value it ---- - -  t end ing  to infinity when x~ tends  to Xo. 

X 1 - -  X o 

We have: 
I 

More general :  fo r  the kernels  of l0  and 11, if Hs(it) is of genus o, we have:  

Z 
e again denotes the  area between the line and the  d iagonal  y ~ x. 


