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Introduction

This paper continues the study of non self-adjoint operator algebras on Hilbert
space which began in [1]. Chapter 1 concerns dilation theory. The main results (1.2.2
and its corollary) imply that every commuting n-tuple of operators having a general
compact set X < C" as a “complete” spectral set has a (commuting) normal dilation whose
joint spectrum is contained in 06X, the Silov boundary of X relative to the rational
functions which are continuous on X. This is a direct generalization of a known dilation
theorem for single operators having for a spectral set a compact set X < € with connected
complement, and it seems to clarify the relation between spectral sets and normal
dilations. In section 1.3 we discuss non-normal dilations and present a result along these

lines.
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Chapter 2 centers on boundary representations, the principal theme of [1]. Section
2.1 contains a general result that gives a concrete characterization of boundary representa-
tions for irreducible sets of operators whose generated C*-algebras are not too pathological
(i.e., are not NGCR). This “boundary theorem’ provides some new information about
the behavior of a broad class of irreducible Hilbert space operators. For example, in
section 2.3 we show that many irreducible operators 7' are highly “deterministic”’ in
roughly the sense that once one knows the norms of all low order polynomials in 7 then
he knows not only the norms of all higher order polynomials but he in effect knows 7' to
within unitary equivalence. In section 2.4 we show that the most “‘deterministic”
operators are completely determined by an appropriate generalization of their numerical
range.

Section 2.2 contains applications of the boundary theorem to operators 7' such that
T*T —TT* is compact, it contains the solution of a problem left open in [1] concerning
parts of the backward shift, and also a unitary dilation theorem for certain commuting
sets of contractions. In section 2.5 we give an application of the boundary theorem to
model theory, which asserts that many classes of operators have a unique irreducible

model.

Preliminaries

We want to recall one or two results from [1] which will be used freely throughout the
sequel. Let S be a linear subspace of a C*-algebra B, and let ¢ be a linear map of S into
another C*-algebra B,. If M,, k=1, 2, ..., denotes the C*.algebra of all complex kxk
matrices, then M, ® B is the (*-algebra of all k x% matrices over B, and M;®S is a
linear subspace of this C*-algebra. If id; denotes the identity map of M,, then id,®¢
is a linear map of M, ®S into M, ® B,. We will say that ¢ is completely positive, completely
contractive, or completely isometric according as every map in the sequence td, ®¢, 1d, @, ...
is positive, contractive, or isometric. We will use the notation £(§) (resp. C(9)) to denote

the algebra of all bounded (resp. compact) operators on the Hilbert space §.

THEOREM 0.1, (Extension theorem.) Let S be a closed self-adjoint linear subspace of a
C*-algebra B, such that B contains an identity e and e€8. Then every completely positive
linear map ¢: S—L(H) has a completely positive linear extension ¢,: B~ L(H).

CoRrROLLARY 0.2. Let 8 be a linear subspace of a C*-algebra B with identity e, such that
¢€S. Then every completely contractive linear map ¢: S—L(D) for which ple)=1 has a

completely positive linear extension to B.

These are proved in 1.2.3 and 1.2.9 of [1].
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Now let B be a C*-algebra with identity e and let S be an arbitrary subset of B such
that B is generated as a C*-algebra by SU {e} (this is expressed by the notation B=C*(S);
similarly if 7' is an operator then C*(T') denotes the C*-algebra generated by {I, T'}).
An irreducible representation 7z of B on a Hilbert space § is called a boundary representation
for S if the only completely positive linear map ¢: B~> £() which agrees with ron Sis¢p=n
itself. We will say that S has sufficiently many boundary representations if the intersection
of the kernels of all boundary representations for § is the trivial ideal {0} in B. As we
pointed out in [1], in the commutative case S< C(X) (here X is a compact Hausdorff space
and S separates points and contains the constant 1) this condition asserts simply that X is
the Silov boundary for the closed linear span of 8. The following is a slight restatement
of Theorem 2.1.2 of [1].

TurorEM 0.3. (Implementation theorem.) Let S; be a linear subspace of a C*-algebra
By, 1=1, 2, such that S; contains the respective identity e; of B, and B;=C*(8,). If both
8; and 8, have sufficiently many boundary representations, then every completely isometric

linear map ¢ of Sy on 8, which takes e, to ey, is implemented by a *-isomorphism of B, onto B,.

We also recall once again a theorem of W. F. Stinespring [17] characterizing completely

positive maps of C*-algebras.

THEOREM 0.4. Let B be a C*-algebra and let ¢ be a completely positive linear map of B
into L(). Then there is a representation 7 of B on a Hilbert space & and a linear map
V: -8 such that (x)=V*n(x)V, x€B.

Finally, recall that if § is a multiplicative semigroup of operators on a Hilbert space
$ which contains I, then a closed subspace INC§ is said to be semi-invariant under §
if there are §-invariant subspaces I, =N, such that I =W, OM,. Semi-invariant sub-
spaces are characterized by the fact that the mapping T € §—PyT | is multiplicative
(cf. [20], Lemma 0).

The rest of our terminology is more or less standard, and conforms with [1]. For
example, a set of operators S< L£(9) is called irreducible if § and $* have no common
closed invariant subspaces other than 0 and £; and sp(7') denotes the spectrum of the
operator 7'

Chapter 1. Dilation theory

Let T be a Hilbert space operator and let X be a compact subset of the complex plane
which contains the spectrum of 7. X is called a spectral set for T if ||{(T)]| <|fllo=
sup {|f(z)|: z€ X} for every rational function § which is analytic on X [13]. We begin by
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recalling a dilation theorem which was proved independently by C. Foias [9], C. Berger [5],
and A. Lebow [12].

THEOREM 1.0. Let X be a compact subset of the complex plane whose complement is
connected and let T € £() be an operator having X as a spectral set. Then there is a normal
operator N on a Hilbert space & and an isometric imbedding V of O in & such that
sp(N)<oX and T"=V*N"V,n=0,1,2,....

Note that if X is the closed unit disc {|2z]| <1} then the above operator N is unitary.
So this result gives a generalization, more or less, of a familar theorem of Sz.-Nagy
(appendix of [15]) which asserts that every contraction has a unitary (power) dilation. We
remark that in most formulations of 1.0 & appears as a space containing § and V is the
inclusion map of § in & (so that V* is the orthogonal projection of & on §). However, we
shall find the above “invariant” formulation somewhat more convenient.

1.0 suggests generalizations of itself in a number of directions. For example, if X is a
multiply connected spectral set for T then one might expect to find a normal operator
NeL(K]) and an isometry V€ L(D, &) such that sp(N)<=oX and f(T)=V*/(N)V for every
rational function f analytic on X (note that if one only requires 7" =V*N"V, n>0, then
the conclusion already follows from 1.0 by replacing X with its polynomiaﬂy convex hull).

In another direction, suppose T, ..., T', € £($) are commuting operators such that

(T, ..., T)|| < sup {|p(2y, -, 20)| 1 |2:] <1}

for every polynomial p in the n complex variables z;, ..., z, (i.e., the unit polydise {|z]| <1}"
in a “spectral set” for T=(T,, ..., T,)). Then one might expect to find » commuting
unitary operators Uy, ..., U, on a Hilbert space & and an isometry V € L($), &) such that
Ty, ..., T,)=V*p(Uy, ..., U,) V for every polynomial p. Indeed a theorem of Ando
implies somewhat more than this in the case »=2 [19]. But suprisingly the answer for
n=3 is no, as shown by a recent example of 8. Parrott [14], and it now appears that 1.0
may even be false in the one-dimensional case X< C when X is multiply connected (how-
ever, even the case where X is an annulus is to this day unresolved).

In spite of this negative evidence, there is an appropriate generalization of 1.0 which
includes minor variations of all of the above conjectures. As we will see, what is required
is a strengthening of the notion of spectral set, which reduces to the usual one in the
context of 1.0.

1.1. The joint spectrum
In this section we collect for later use one or two facts about joint spectra which,

while quite elementary, do not appear to be very widely known. Let E be a complex Banach
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space, and let T= (T4, ..., T',) be an n-tuple of commuting bounded operators on £, which
will be fixed throughout this section. Define the joint spectrum sp(T) to be the set of all
complex n-tuples A=(4,, ..., 4,) €C" such that p(1) belongs to the spectrum of p(T) for every
multivariate polynomial p =p(z,, ..., 2,). This definition seems to have been first introduced
by L. Waelbroeck, and the reader should consult [18] for additional information on the
functional calculus in several variables. Let 4 be a subalgebra of the algebra L(E) of all
bounded operators on E. 4 is inverse-closed if whenever an element S of 4 is an invertible
operator on K (i.e., S~1€L(E)) then S-1€ 4. Note that every commutative subalgebra
A< L(E) is contained in a norm-closed inverse-closed commutative algebra (for example,
the double commutant 4" will do).

ProrosiTIioN 1.1.1. Let 4 be any inverse-closed commutative Banach subalgebra of
L(E) which contains T, ..., T, and the identity. Let M be the space of nontrivial complex
homomorphisms of 4. Then sp(T) contains {(w(T}), ..., o(T,)): w€M}.

Proof. Choose w €I and define A€C™ by A=(w(T,), ..., o(T,)). Then for every n-
variate polynomial p we have w(p(T)—p(2)I)=0. Thus p(T) —p(A)I is not invertible in
A, and since 4 is inverse-closed it follows that p(1) €sp(p(T)). That proves A€sp(TY, ..., T,).

CoroLLARY 1. sp(T) is not empty.

Proof. Let A be the double commutant of {7, ..., T,,}. Then A4, being a commutative
Banach algebra with identity, has at least one nonzero complex homomorphism. The

conclusion follows from 1.1.1.

For each polynomial p, the set {A€C™: p(A)€sp(p(T))} is closed, and so sp(T) is an
intersection of closed sets. Thus sp(T) is closed. Note also that sp(T) is contained in the
Cartesian product sp(T) xsp(Ty) x ... xsp(T,) (for if (4, ..., 4,)Esp(T) then choosing
the polynomial p,(2;, ..., 2,) =2; We see that 4,€sp(7T'))). In particular sp(T) is bounded, and

is therefore compact.

CororLnLaRY 2. Let p be an n-variate polynomial which has no zeros on sp(T). Then
P(T) ts tnvertible.

Proof. Let 4 be the double commutant of {T', ..., T,}, and let  be a complex homo-
morphism of 4. By 1.1.1, o(p(T)) +0. Thus p(T) is contained in no maximal ideal of A,
hence p(7')-1€ 4.

We can now make use of a rudimentary operational calculus. Let X be any compact

set in C* which contains sp(T), and let rat(X) denote the set of all rational functions
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on X, that is, all quotients p/q of polynomials p, ¢ for which ¢ has no zeros on X. The funec-
tions in rat(X) form an algebra of continuous functions on X, and we can cause these
functions to act on T as follows. If f €rat(X), say f=p/q with p, ¢ polynomials for which
0 ¢g(X), then by Corollary 2 ¢(T) is invertible and we may define f(T)=p(T)q(T)1. The
map f->{(T) is clearly a homomorphism of ra#(X) into L(#). Let us define R(T) as the norm
closure of {f(T): f € rat(sp(T))}. Then R(T) is a commutative Banach algebra containing
the identity operator. Note that since X contains sp(T), the range of the mapping
f€ rat(X)—>f(T) is contained in R(T).

Prorostition 1.1.2 (Mapping theorem). Let X =sp(T). Then sp{f(T)) =f(X) for every
f€ rat(X).

Proof. Choose f€ rat(X) such that 40 on X. Writing f=g/k with ¢, b polynomials
having no zeros on X, it follows from Corollary 2 that both g(T) and A(T) are invertible,
and hence {T)=g(T)2(T)-! is invertible. Thus 0¢f(X) implies 0¢sp f(T). By translation,
2 €f(X) implies 2z ¢sp f(T) for every z€C, which proves sp f(T)< {(X).

For the opposite inclusion, let A € X. Then f— f(2) has the form g/ with ¢, » polynomials
such that A+0 on X. Then g(4)=0, so by definition of the joint spectrum we have
0=g(1) € sp(g(T)). Thus g(T) is singular. Since A(T) is invertible (Corollary 2) if follows that
AT~ f(A) I =g(TYK(T)~1 is singular. Thus f(4) €sp (HT)), as required.

CorROLLARY 1. R(T) is inverse-closed.

Proof. Suppose S€R(T) is invertible in £(E). Choose a sequence f, € ref(sp(T)) such
that ||S —7.(T)|| >0. Then f,(T) is eventually invertible and f,(T)-* converges to S—1. By
1.1.2 f, has no zeros on X, hence g, =1/f, belongs to rat(sp(T)) (for large n). Since ¢,(T)=
fo(T)? we conclude that S—1=lim, g, (T) belongs to R(T).

Note that E(T) is in fact the smallest inverse-closed Banach algebra of operators which
contains {I, T, ..., T,,}. We can now identify sp(T) with the joint spectrum of T relative
to the commutative Banach algebra R(T).

COROLLARY 2. Let IR be the maximal ideal space of R(T). Then

sp(T) = {(a(Ty), ..., o(T,)): w €M},

choose A € sp(T). Then for every f€rat(sp(T)) we have, by 1.1.2, |f(2)] <sup[sp(f(T))| <
/™). Thus AHT)->HA)(f€rat(sp(T))) is a bounded densely defined homomorphism of

Proof. The inclusion = follows from the preceding corollary and 1.1.1. Conversely,
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R(T), and so there is an w€IN such that w(f(T))=Ff2), f€rat(sp(T)). The conclusion

follows after evaluating this formula with the funections f(z,, ..., 2,) =2; 1<i<n.

We remark that all of these results extend in a straightforward manner to the case

of infinitely many commuting operators.

1.2. Spectral sets and normal dilations

Let T=(T,, ..., T,) be an n-tuple of commuting operators on a Hilbert space . A
compact set X< C" is called a spectral set for T if X contains sp(T) and [|f(T)| <
sup {|f(2)|: A€X} for every f€rat(X). We shall require a somewhat stronger definition.
For each k>1 let M, be the C*.algebra of all k£ x k matrices over C; the norm on M, is rea-
lized by causing M, to act on the Hilbert space €*in the usual way. For each k>1 let rat, (X)
denote the algebra of all £ x % matrices over rat(X). Each element in raf, (X) is then a
k x k matrix of rational functions F=(f,;), and we may define a norm on raf, (X) in the
obvious way || F||=sup {||F(2)]|: A€ X}, thereby making rat, (X) into a noncommutative
normed algebra. For each element F=(f;) in rat, (X) we obtain a k x k operator matrix
F(T)=(f;(T)), which can be regarded as an operator on the Hilbert space HOHD...DH,
a direct sum of % copies of §). Note that the map F € rat, (X)— F(T) is an algebraic homo-
morphism, for each k=1,2,... X is called a complete spectral set for T if sp(T)c X
and || F(T)|| <sup {||F(A)||: A€X} for every matrix-valued rational function F (more
precisely, for every F € rat, (X) and every £>1). We first want to show that, in the setting

of 1.0, spectral sets are complete spectral sets.

ProrosiTioN 1.2.1. Let X be a compact set in C having connected complement. If X
is o spectral set for T € L(DH) then it is also a complete spectral set for T.

Proof. Let 0X denote the topological boundary of X, and let A =raf(X)|sx, regarded
as a subalgebra of C(0X). By the maximum modulus principle we have sup {|f(1)|: A€ X} =
sup {|f(1)|: A€0X} for every f€ rat(X), and therefore f—f(T') can be regarded as a contrac-
tive homomorphism of 4 into £(9). Now a familiar theorem of Walsh [10] asserts that
every real-valued continuous function on éX can be approximated in norm by real parts
of polynomials. In particular, 4 is a Dirichlet algebra in C{(¢X). By 3.6.1 of [1] the map
f€A—f(T) is completely contractive. In particular we have || F(T)| <sup {]| F(1)||: A€0X}

for every matrix-valued rational function F, and the conclusion follows from this.

We remark that 1.2.1 is false in higher dimensions; there is a commuting triple
T =(Ty, Ty, Ty) for which the polydise D3 ={(zy, 2,, 2,): 2,€C, |2;| <1} is a spectral set but
not a complete spectral set (see the discussion following the corollary of 1.2.2).
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Now let X be a compact Hausdorff space and let 4 be a subalgebra of C(X) which
contains the constant 1 and separates points. It will be convenient not to require 4 to be
clogsed. A representation of A is a homomorphism ¢ of 4 into the algebra C(H) of all
operators on some Hilbert space § such that ¢(1)=I and |[¢(H)| <[lfll, f€4. A dilation of
$ is a pair (7, V) consisting of a representation z of C(X) on some Hilbert space § and an
operator VE€L(H, &) such that ¢(f)=V*n(f)V, f€A. Since = is defined on all of C(X)
the conditions 7(1)=1I and |lz|[<1 imply that = is in fact a *.representation of C(X)
(cf. [1], Prop. 1.2.8). Note also that the condition ¢(1)=1 implies that V is an isometric
imbedding of § in ®. Moreover, since ¢ is multiplicative on 4 the mapping 7'~ VV*T'V¥*
is multiplicative on the operator algebra s{4); thus the range of V is a semi-invariant sub-
space for 7(4). We recall from [1] that ¢ is called completely contractive if for every k=1, 2,...,
the induced homomorphism id®@¢: M, A ~>M,® L£(H) has norm 1. One thinks of M,®4
as the algebra of all & x & matrices F =(f,;) whose entries f;; belong to 4, having the obvious
norm || F|| =sup {||F()|: x€X}; the map id@¢ takes a matrix of functions (f;;) to the
matrix of operators (¢(f;;)), the latter regarded as an operator on the direct sum of £ copies
of §). Finally, the support of a representation 7 of C(X) is the smallest closed subset K of X
such that = annihilates {{f€C(X): f(K)=0}.

TarorEM 1.2.2. (Dilation theorem.) Every completely contractive representation of a
function algebra A< C(X) has a dilation (7, V) such that the support of 7t is contained in the
Silov boundary of X relative to A.

Proof. Let ¢: 4— £(9) be a completely contractive representation of 4 and let 0X be
the Silov boundary of X relative to 4. By definition of 8X the restriction map
f€A—~f|ox€C(@X) is an isometric isomorphism of 4 onto A|sx. Since both C(X) and
O(©X) are commutative C*-algebras, 1.2.11 of [1] implies that fE€EA—>f|yx is completely
isometric. Thus we may regard ¢ as a completely contractive representation of 4|yx S
C{0X), and everything will follow if we simply show that ¢ has a dilation (7, V) where
7 is a representation of C(0X). But by the corollary of the extension theorem (see 0.2)
¢ has a positive (in fact completely positive) extension qg to C(0X), and by a theorem of
Naimark (see [1], or Theorem 0.4) ; has the form V*zV where 7 is a representation of C(0.X)
on a Hilbert space & and Ve L($, &). That completes the proof.

We remark that the converse of 1.2.2 is also true, since any map of C(X) having the
form f—V*a(f)V (with & a representation and ||V|]<1) is completely contractive ([1].
1.2.10). Thus a represeniation of 4 is dilatable if, and only if, it is completely coniractive.

Now let X be a compact subset of C*. We shall write 6X for the Silov boundary of X
relative to raf(X). It follows easily from the maximum modulus principle that 0X is



SUBALGEBRAS OF C*:ALGEBRAS II 279

always contained in the topological boundary of X, and in the one-dimensional case n =1
the two boundaries are identical. In higher dimensions, however, X is usually much
smaller. For example if X is the two-dimensional polydisc D x D={(z, w): |z], [w] <1},
then 0X =8D x 0D is the torus while the topological boundary of D x Dis 0D x DU D xoD.
Now let T=(T4, ..., T,,) be a commuting xn-tuple of operators on a Hilbert space §) and let
X be a compact set in C* containing sp(T). By a normal dilation of T we mean a pair
(N, V), where N=(N,, ..., N} is an n-tuple of commuting normal operators on a Hilbert
space & and V is an isometric imbedding of § in &, such that sp(N)c X and f(T)=V*{(N) V
for every f€rat(X). Perhaps it would be better to call such an (N, V) a normal X-dilation
for T, but the shorter more ambiguous name does not usually cause problems. We can now

extend 1.0 to the general case.

CoroOLLARY. Let T=(T,, ..., T,) be a commuting n-tuple of operators which has the
compact set X = C* as a complete spectral set. Then T has a normal dilation N=(Ny, ..., N,)
such that sp (N)<oX.

Proof. By hypothesis, the map f€ rat(X)~—f(T) defines a completely contractive repre-
sentation of the function algebra raf(X). By 1.2.2 there is a representation = of C(X)
on &, supported on 06X, and an isometry V of the space on which T acts into & such that
M) =V*=()V, f€rat(X). If we put f,(z,, ..., z,)=2; and N,=n(f,), 1 <j<n, then N=
(Ny, ..., N,) is a commuting family of normal operators for which z(f) =f(N), f€ rat(X).
It is easy to see that the spectrum of N is the support of 7 (this is well-known in the case

n=1, and the general case has a similar proof), and so the conclusion follows.

As in the remark following 1.2.2, this sufficient condition for a normal dilation is also
necessary. Note also that this result, together with 1.2.1, specializes to the dilation theorem
1.0 when =1 and X has no holes.

The latter remark raises the question as to whether the conclusion of the corollary is
generally valid if one deletes the term “complete’ from the hypothesis. The answer is no.
S. Parrott [14] has given an example of a commuting triple T=(T,, T,, T';) such that
lo(D)|| <sup {|p(2,, 25, 25)]:|2;] <1} for every polynomial p but which has no unitary
dilation (U, V) (i.e., U=(Uy, U,, U,) is a commuting triple of unitary operators on a
Hilbert space & and V is an isometry such that p(T)=V*p(U)V for every polynomial
P(2y, 29, 23)). By a theorem of Oka [10] the first condition means that T has the unit polydic
D xDxD as a spectral set; while the second condition means that T has no normal dila-
tion N with sp(N)=é(D x D x D).

As a final note, the corollary implies in Parrott’s example that D x D x D is not a

complete spectral set for T. In particular, a contractive representation of a function algebra
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need not be completely contractive. This affirms a conjecture in ([1], p. 222) and gives another

example such as in appendix A.3 of [1].

1.3. Nilpotent dilations

In the foregoing discussion we have been preoccupied with normal dilations. There
are times, however, when one is led to seek non-normal dilations with special properties
(we shall encounter such a situation in section 2.3). In this section we will illustrate this by
answering the following question: given T € £() and an integer » >2, under what conditions
does there exist a contraction N on a larger Hilbert space 2 § such that N*=0 and 7=
PgNi|g for 1=0, 1, ..., n—1? Note that a necessary condition is that ||T]|=||PgN|s| <L,
and if in addition 7™ =0 then the answer is trivially yes for one can take =9 and N=T.
However if 7" =0 then the question is nontrivial, and we will see in 1.2.1 below that the
answer is yes iff 7 is “‘small” in an appropriate sense.

For each n>2 let S, be the “nilpotent shift” of index =; i.e., §, is the operator on

C" whose matrix relative to the usual basis is

0 0o ..0
0 1 0...0
1
0

For any operator 7' and any positive cardinal &, k- T" will denote the direct sum of k copies
of T. Any operator S which is unitarily equivalent to k- T will be called a multiple of T,

and this relation is written S~Z%- 7.

TerEoREM 1.3.1 Let TE€L(D), || T|| <1, and let n>2 be an integer. Then the following

are equivalent:

(i) there is @ Hilbert space K29 and a contraction N € L(R) such that N*=0 and T'=
PgNi|g for i=0,1, ..., n—1.

(ii) there is a Hilbert space K29 and a multiple N ~k-S, of 8, which acts on & such
that T'=PgN,|g for i=0,1, .., n—1.

(ili) I+2 Re 371 AT >0 for each 1€0, |A| =1.

(iv) 2 Re (I-AT)*A"T"<I—T*T for each A€C, |A| =1.

Proof. Since the implication (ii)=(i) is trivial, we will prove (i)=-(iii)=(ii) and

(i) <=(iv).
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(i) implies (iii). Note that if I+2Re 2§71 2'T>0 for all |z| <1, then (iii) follows
by taking strong limits as |z| —1. Since the compression of a positive operator in positive,
(i) implies (iii) follows from the fact that if N is asin (i) and |z| <1 then I+2 Re 21~ 1N =
I+2Re 27 2'Ni=Re (I +2N)(I —2N)*=(I—zN*)"1(I — |z|2N*N)(I —2N)"1>0.

(iii) smplies (ii). Choose T satisfying (iii) and define a linear map ¢ of span {S}: 0<i<
n—1} onto span {T':0<i<n—1} by ¢: D1 4,8, >3 A, T*". Then ¢ is obviously linear
and preserves identities. We claim that ¢ is completely contractive. For that, consider the
sequence of operators {Z; — oo <¢< + oo} defined by Z;,=T"* for 0<i<n—1, Z,=0 for
i>n, and %,=Z%*, for §<0. Then clearly > =, ||Z,| <2n—1<oo, and the hypothesis on
T means that the “Fourier transform” {(3)=>%% A Z; is positive: {()>0for |A| =1. It
follows that the map y: C(X)—>L£($) defined by

L e e
N 3= | e e a0

is a positive linear map, and note that ¢(z')=Z,,1=0, 1, 2, ..., where z€ C(X) is the function
2(A)=A. Now a positive linear map of C(X) is always completely positive [17], and a com-
pletely positive linear map which preserves identities is completely contractive ([1], 1.2.10).
So if we let A be the disc algebra (the closed linear span in C(X) of 1, 2, 22, ...), then the
restriction y,=v|, is a completely contractive linear map such that yy(z’) = 7" for 0<i <
n—1, and y4(z") =0 for i >n. Now since 7™ 4-0 in general, v, is not multiplicative; however,
it does vanish on the ideal 2”4, and therefore induces a completely contractive linear map
1y of the quotient 4/2"4 into L£(H) such that y,(z' +2"4) =T, 0<i<n—1. On the other
hand, it was proved in ([1], 3.6.6) that w: Djda, St~ > d a,(z' +2"4) is a completely
isometric linear map of span {I, S,, ..., 37} onto A/z"A. Finally, since the original map ¢
has the decomposition ¢=y,0w, it follows that ¢ is completely contractive.

Now since ¢(I) =1, a corollary of the extension theorem shows that ¢ has a completely
positive extension to 0*(S,) (see 0.2). By Stinespring’s theorem the extension of ¢ has the
form V*zV, where 7 is a representation of C*(S,) on a Hilbert space & and V€ L(D, &).
Since V*V =¢(I)=1, V is an isometric imbedding of §) in & Now S, € £(C") and is irredu-
cible, so that C*(S,)=£(€"). Thus, ;x must be unitarily equivalent to a multiple %-id of
the identity representation. In particular, =(S,) has the form & =%- B where B is unitarily
equivalent to S,. Thus we see that T'=¢(SL)=V*N'V for 0<i<n—1, and the con-
clusion (ii) follows after identifying § with a subspace of & in terms of the isometry V.

(iii) émplies (iv). If we multiply the inequality (iii) on the left by I —27* and on the
right by I—A7, making use of the identity D321 A*T%(I —AT)=AT —A*T", we obtain
I-T*T'—2Re (I-ATy*A*T"<0, from which (iv) is evident.
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(iv) vmplies (iii). Assume (iv). We claim first that 7™ has no eigenvalues of modulus 1.
Indeed, if 4 is a complex number of modulus 1 and if, to the contrary, & is a unit vector such
that 7*& =&, then || T& —ué||2=||TE||>—2 Re (T&, u&)+1. Since ||T¢|| <1 and (T¢, u&)=
ME, T*E)=|u|?=1, we have | TE —ué}|2<0 and hence T&=pu§. Applying the vector state
o(X)=(XE, &) to the inequality Re A"(I —AT)*T*<I—T*T we obtain Re A*(1 —@)u" <0
for all |4] =1, hence Re A"(1 —7) <0 for all || =1. But this inequality is absurd for n>2
(because the continuous function f(1) =A™(1 —1) =A" —A""! has nonzero real part and zero
Haar integral, hence its real part could not be nonpositive), and the assertion follows.

Now we have already made use of the identity

I —ATY* (I +2 Renilll'l’C T~ AT)y=I—-T*T—2Re (I - AT)* A" T".
So if 1€€ is of unit modulus, then condition (iv) implies that ((I +2 Re 217 A*T%)n, ) >0
for every vector 7 of the form (I —AT)¢&, £€5. Since, by the preceding paragraph, the null-
space of (I —AT)* is trivial, these 7’s are dense in §), and now condition (iii} folows. That
completes the proof.

Our main application of this result will be when 7™ =0. However, note that if 7" =0
then (iv) is satisfied, and we conclude that there is a multiple N ~ - S, acting on a larger
space such that T%=PgN*|g, 0<k<n-—1. In this case the equation persists for k>n,
so that N is a power dilation of 7. We remark that this special case (but not 1.2.1 itself)
could also have been deduced from the results of ([1], section 3.6), or by a direct argument
sketched in section 2.5.

The following sufficient condition will be useful in chapter 2. It asserts, roughly, that
T has a nilpotent dilation as above when 7™ is “‘small”. For an operator 7, |T'| denotes

the positive square root of T*T'.

ProrostTION 1.3.2 Let T be a contraction and let n>2. Suppose there is a positive
constant o such that T T**<gT*"T™ and |T"| <(8+8p)~*I—T*T). Then conditions (i)
through (iv) of 1.2.1 are satisfied.

Proof. 1t suffices to verify condition (iv) of 1.2.1; and for that we shall make use of
the operator inequality (Re X)2<1(X*X + X X*), which is easily proved by expanding the
right side of the inequality in terms of the real and imaginary parts of X. Applying this to
X=(I—ATY*A*T™ (where A is a complex number of modulus 1) we obtain

(Re (I — ATY* A" T2 < 3 (T | T — ATRT™ + (I — AT)* T*(I — AT)).

Now since ||T)| <1 we have T**| I —T|2T"<|I—-AT|2T*"T™<4T*"T™", and on the other
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hand (I—-AT*T*T**(I—-AT)<o(I —AT*T*"T™(I —AT) = oT**|I1 - AT|2T"<4oT*"T™.
Thus (Re (I —-AT)A"T™)? < (2 +2¢) T*"T™. Now the function f(X)=X* is operator-monotone
on the set of all positive operators on § [4], and we may conclude from the above
inequality that |Re (I —AT)A"T™| <(2+20)}|7T"|. By hypothesis, the right side is <
3(I—T*T), and since X <|X| is valid for every self-adjoint operator X we conclude that
Re (I-ATy*A"T"<}(I—T*T), for all A1€C, |A]| =1. Condition (iv) of 1.21 follows.

Chapter 2. More on boundary representations
2.1. The boundary theorem

Let § be a linear space of operators on & Hilbert space §), which contains the identity.
The implementation theorem (0.3) asserts that certain isometric linear maps of § are
implemented by *-isomorphisms of C*(§) provided that § has sufficiently many boundary
representations. The special case of greatest interest is where § is an irreducible set of
operators. Here the identity representation of C*(§) (abbreviated id) is irreducible and of
course has kernel {0}, so the hypothesis of the boundary theorem will be satisfied if id
is & boundary representation for § (significantly, this sufficient condition is often necessary
as well, see 2.1.0 below). Unfortunately, id is frequently not a boundary representation
for §, even in the “nice” situation where C*(§) is a GCR algebra; see 3.54 of [1] for a class
of examples. In theorem 2.4.5 of [1] we gave a very general characterization of boundary
representations which, while effective for dealing with certain “maximal” representations
of the disc algebra, is apparently of no help in determining when id is a boundary
representation for § in the general case where C*($) is an irreducible GCR algebra. In this
section we are going to take up this problem in a somewhat more general setting, namely
that in which § is an irreducible set of operators such that C*(§) contains the algebra
C(D) of all compact operators (it is easy to see that the latter condition is equivalent to
saying that C*(S) is nof an NGCR algebra, see the discussion preceding 2.3.1). We will give
a complete solution of this problem in terms of eriteria that turn out to be very easy to
check in special cases.

We begin with a simple result that provides a useful reduction.

ProrosiTioN 2.1.0. Let § be an irreducible subset of L£(D), such that § contains the
wdentity and C*(S) contains C(). Then § has sufficiently many boundary representations if,

and only if, the identity representation is a boundary representation for §.

Proof. Sufficiency is trivial, so assume that § has sufficiently many boundary represen-

tations. Then there is a boundary representation 7 which does not annihilate C(§). Since
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C(9) is an ideal and x is irreducible, the restriction of # to C(f)) is irreducible, and
therefore is equivalent to the identity representation of C($)). But this implies 7 is equiva-
lent to the identity representation of C*(S) (again, because C(£) is an ideal), proving that
id~7 is a boundary representation.

TaeorEM 2.1.1. (Boundary theorem.) Lei S be an irreducible set of operators on a
Hilbert space §), such that S contains the identity and C*(§) contains the algebra C($) of all
compact operators on ). Then the identity representation of C*(S) is a boundary representation
for § if, and only if, the quotient map q: L()~> C(D)/C(D) s not completely isometric on the
linear span of SU §*.

Remark. The sufficiency part of this theorem is of particular interest when § is a
“small” subset of C*(§). For example, if 7 is an irreducible operator whose distance from
the compact operators is less than ||7| (i.e., ||T— K| <]|7} for some K€C($) then it
follows that C*(T)=2C(H), and by the boundary theorem id is a boundary representation
for §={I, T} (see the corollary below).

Proof. The necessity half is straightforward, and we dispose of that first. Contra-
positively, assume that the quotient map ¢: L($)—> L($)/C(D) is completely isometric on
span (SU §*). We will produce a completely positive map ¢: C*(§)— £($) such that
¢ ==id, but ¢{s=id];.

Let §; be the norm closure of span ($U §*). Then ¢ is completely isometric on §,,
and so is its inverse ¢~%: ¢(§;)—=§,. Since ¢! preserves the identity it is completely
positive on ¢(§,) ([1], 1.2.9) and by the extension theorem there is a completely positive
map p: £(D)/C(H)~>L(H) which extends g~ on ¢(§,). Define ¢: C*(§)—~>L(H) by ¢ =yoq.
¢ is completely positive (since both ¢ and y are) and leaves each element of § fixed. On the
other hand ¢ annihilates C($) (because g does), and since C*(§) contains C($), ¢ is not the
identity map of C*(S).

Turning now to the other implication, we want to show that if ¢ is not completely
isometric on span ($- 8§*) then id is a boundary representation for §. Note first that it
suffices to deduce the conclusion from the stronger hypothesis that ¢ is not isometric on
span (§+§*). For if, in the general case, we choose k=1 so that ¢®id,: C*S)®M,~
(C*(8)/C(D)) ® M, is not isometric on span (§+ $*)@ M, and realize S® M, as operators on
H@C (i.e., all k x k operator matrices over §) and ¢®id, as the canonical map of C*(§®M,)
into C*(S@M,)/C(H®C¥), then note that all hypotheses are preserved, so by the special
case we conclude that the identity representation of C*(S® M) =C*($)® M, is a boundary
representation for S®M,. This, however, implies that the identity representation of
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C*(§) is a boundary representation for §; indeed if ¢: C*(§)— L(§) is a completely positive
linear extension of id|s, then ¢®id,: C*§)®@ M =CXSQ M)~ L(H®C¥) is a completely
positive extension of id|;®M,, hence ¢®id, is the identity map, hence ¢ is the
identity map.

Thus we may assume that there is an operator 7' in span (§+ §*) and a compact
operator K such that [T+ K|| <||T|. Let ¢ be a completely positive map of £(§) into
itself, which will be fixed throughout the remainder of the proof, such that ¢(S)= 28, SES.
We will show that ¢ leaves C*(§) elementwise fixed (note that this implies id is a
boundary representation for §, since by the extension theorem every completely positive
map of C*(§) into L(H) extends to L£(H)). Let F<= L($H) be the setb of all fixed points of .
Then F contains §, so the desired conclusion follows if we can prove that F is a C*-algebra.
Now F is a norm-closed self-adjoint linear space (since ¢ is bounded and self-adjoint)

and we want to show that z, y€JF implies y*x€F. From the polarization formula

y'x = i@ +y)* (@ +y) — (@ —y)* (@ —y) +i@ +iy)* (@ +1y) — ile—iy)* (z —y)]
it is evidently enough to establish the following assertion: for every X €L(9), #(X)=X
tmplies $(X*X)=X*X.
In the proof of this claim, we will construct a normal idempotent map of a von
Neumann algebra, which is suitably related to ¢. The following lemma gives one of the key
properties of such maps.

LenMMa 1. Let p be @ normal completely positive linear map of @ von Neumann R into
itself such that woy =y and ||y|| <1. Let P be the support projection of v (i.e., P is the largest
projection in the kernel of p). Then P commutes with the fixed points of .

Proof of Lemma. We remark that the existence of P is established just as if y were a
normal state, and moreover P satisfies (X)) =9p(PX)=yp(XP), and p(X*X)=0 if and only
if PX*XP =0, X€R (see [7], p. 61).

Since y is self-adjoint its fixed points form a self-adjoint family of operators in R.
Thus it suffices to show that for every X €R, ¢(X)=X implies PXP =XP; in turn, this
follows if we prove PX*PXP=PX*XP, since for every vector £ in the underlying Hilbert
space we have ||(I--P)XP&||?=| XPE|? - ||PXPE|2=(PX*XP¢, &) — (PX*PXPE, §).

So choose X€R such that y(X)=X. Note first that X*X <yp(X*PX); for X*X =
(X)) p(X) =p(PX)*p(PX) <gp(X*PX), the last inequality by the Schwarz inequality for
completely positive linear maps of norm 1 (which follows directly from the canonical
representation y=V*zV, see {1] 1.1.1). Thus X*PX < X*X <g¢(X*PX) and, multiplying on
left and right by P, we obtain PX*PXP <PX*XP <Py(X*PX)P. Thus it suffices to show
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that the two extreme members of this inequality are the same, i.e., P{yp(X*PX) — X*PX)P =
0. But by the preceding, »(X*PX)— X*PX is positive, and it is annihilated by y because
woy =y. The conclusion therefore follows from the properties of support projections. The

proof of the lemma is complete.

Lemma 2. Let R be a von Newmann algebra and let R, be a weakly dense C*-subalgebra
of R such that every bounded linear functional on R, has an ultraweakly continuous extension
to R. Then for every completely positive linear map o: Ry~ R, for which |o|| <1, there is a
normal completely positive linear map p: R—> R such that ||p|| <1, yoy=yp, pop=y on Ry,
and o(T)=T implies w(T)=T for all TER,.

Proof, For each integer »=>1 define g™ Ry~ R, as the n-fold composition of ¢ with
itself, and let A be a Banach limit on the additive semigroup of positive integers. Define
9ot Ry~ R as follows; fix 7' € R, and define a bilinear form [-, -]Jon § x § ($ being the under-
lying Hilbert space) by [&, 5] =A(e™(T)&, n), &, n€H (A, denotes the value of A at the
bounded sequence {a,}). [-,+] has norm at most sup, |[o"(T)|| <||7|, and by a familiar
lemma of Riesz there is a bounded operator yo( T') on § such that (po(T)E, n) =A,(e™(T)E,7).
Clerarly T+>o(7) is a linear map of R, into £(§H) of norm at most 1. Moreover, a standard
separation theorem shows that yy(7T') belongs to the weakly closed convex hull of {o*(T'):
n>1}. In particular yy(R,) = R. Since each g" is positive, it also follows that y, is positive.
For each k1 we can apply a separation theorem to y,®14d,: R,® M;~ R® M, in a similar
way to conclude that v, is in fact completely positive.

One can easily find a normal extension ¢ of g, to R. The details are, briefly, as follows.
For each bounded linear functional f on R, let f denote its ultraweakly continuous extension
to R. Then ||f|| =]|f|| (since by Kaplansky’s density theorem the unit ball of R, is ultra-
weakly dense in that of R), so that f-—f is an isometric isomorphism of the dual of R,
onto the predual R, of R. For each T € R define w(7T') as the unique element of R such that
F@p(T))=(fowy)~(T), € Ry. Clearly v is a linear extension of y,, and it has the required
continuity property because foy = (foy,)” is an ultraweakly continuous functional for each
f€ R,. The same formula shows y is positive, and in fact is completely positive since 1,
was.

That |ly|| <1 is a trivial consequence of ||f||=[|f|| and [f,||<1. The condition
poo(T)=y(T), TER,, follows from the translation invariance of A. Now choose T€R,
such that o(7)=7. Then o"(T)=T for every n=1, thus (y(T)&, n)=A,("(T)& n)=
(TE, n), &, m€SD, and we have y(T) =py(T) =T It remains to show that poy=y. Fix TE€R,.
Then woo(T) =y (T} implies po™(T)=y(T) for n=1, so that yp(X)=y(T) for all X in the
weakly closed convex hull of {g"(T): n=1} and taking X =y(7') we conclude p(y(T'))=
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@(T'). The condition woy=y on R now follows by continuity, completing the proof of
Lemma 2.

Returning now to the proof of the boundary theorem, let 7z be the universal representa-
tion of £(H) ([8], 2.7.6 and 12.1.3), and let R be the von Neumann algebra generated by
7(£($H)). = decomposes uniquely into a direct sum z =n, @ 7y, where 7, annihilates C()
and s, is a nonzero multiple of the identity representation. Let E be the projection on the
range of ;. Then E is a nonzero central projection in R (because 7; and s, are disjoint
[8], 5.2.4), and it is minimal central because RE =;(L(H)) is a factor (isomorphic to
£(9)). Note, finally, that if X € £(H) and 7(X)E =0 then X =0, because 7(X)E =x,(X)
and 7, is a faithful representation of L£(£).

Now fix ¢ as in the discussion preceding Lemma 1. Taking R, =m(L(9)), then every
bounded linear functional on R, has an ultraweakly continuous extension to R ([8], 12.1.3)
and we may apply Lemma 2 to the map modon~t: B, R, to obtain a normal completely
positive idempotent linear map y: R—>R such that |y|| <1, y leaves {n(T): §(T)=T7}
fixed, and yomod=yom on L(H). Let P be the support projection of y. Then we claim:
P> E. Indeed P is in R and by Lemma 1 P commutes with #(8). Thus PE commutes with
7(S) E =m,(§). Since § is an irreducible set of operators it generates £($) as a von Neumann
algebra, and since 7, is a normal representation of £(9), 7,(S) generates 7,(L(9))=RE
as a von Neumann algebra. Thus PE commutes with RE and so PE is a central projection
in RE. By minimality of £ we have PE=0 or E. Now we claim PE cannot be 0. For if
it were then P<E* and so yor=yoPrP =yoP(0®n,)P=yo(0®Dx,). Thus if we choose
Tespan(§+$*) and a compact operator K such that ||T+K| <||T|, then §(T)=T
implies 7t(T) =yor(T) =p(0DnyT)) =p(0@my(T + K)) because z,=0 on C(H). But the
left hand member has norm ||n(7)| =||7| while the norm of the right side is at most
lwll- |7 +K||<|T+K||<||T|l, & contradiction. This proves that PE=E, as asserted.

Now to ecomplete the proof, choose X € L(f)) such that ¢(X)=X, and let us prove
$(X*X)=X*X. By the Schwarz inequality (cf. Lemma 1) we have X*X =¢(X)*¢(X)<
$(X*X), and hence 7(¢(X*X) — X*X) is a positive element of R. This element is annihilated
by p because yomod =yoxm on L(), and therefore Pr(dp(X*X) — X* X) P =0 because P is the
support of y. Multiply on left and right by £ and use PE = E to obtain 7, (¢(X*X) — X*X) =
En(¢(X*X)— X*X)E=0. Since s, is a faithful representation of R we conclude that
$(X*X) - X*X =0, and the proof is finished.

Remark 1. The compact operators on §) are “‘approximately” finite rank operators.
To say that an operator 7'€ £(9) satisfies ||g(T)|| =||T'|| (¢ being the quotient map onto

L£(9H)/C(H)) means that the norm of T cannot be decreased by a compact perturbation;
19 — 722909 Acta mathematica. 128. Imprimé le 29 Mars 1972.
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in other words, the norm of 7' is achieved at “infinity”. Thus the condition of the boundary
theorem is, roughly, that span(SU §*) contains some operators whose norms are nof

achieved at infinity.

Remark 2. The sufficiency proof can be easily adapted to establish the following
slightly more general result. If ¢: £($)—~ L£() is a completely positive map of norm 1 whose
set J of fixed points is irreducible and is such that the quotient map ¢: £($)—> L£(D)/C(D)
is not completely isometric on F, then Fis a C*-algebra. This result is of interest and appears
to be nontrivial even in the finite-dimensional case: thus if ¢ is a norm 1 completely positive
map of a matrix algebra into itself whose fixed points algebraically generate the full
matrix algebra, then ¢ is the identity map. But the only proof we know in this special
case is essentially the one given. One does not need the universal representation here,
of course, but the main steps, Lemma 1 and the construction of the idempotent map v,
seem essential. It would be desirable to have a simpler proof of the finite dimensional
theorem. For example, one might conjecture that the fixed points of a completely positive
map of a matrix algebra into itself always form an algebra (assuming, say, that the
identity is left fixed). However, this conjecture is false: consider the completely positive

map which takes a 3 x3 matrix (a) into

a;; O 0
( 0 ay 0 )
0 0 F(ay+as)

Note that this map is even idempotent, but not faithful.

Along these lines, we append the following observation. If ¢ is a faithful completely
positive idempotent linear map of a C*-algebra into itself such that ||| <1, then the fized
points of ¢ form a C*-algebra. For the proof, it suffices to show that $(X)= X implies
#(X*X)=X*X, as in the proof of the boundary theorem. Let H =¢(X*X)-X*X. (X)=X
and the Schwarz inequality imply that H >0, and ¢(H)=0 follows from idempotence.
Thus H =0 because ¢ is faithful.

Remark 3. Qur original version of the sufficiency part of the boundary theorem
assumed that § was an irreducible set of compact operators, see Theorem 1 of [3]. C. A.
Akemann and the author then adapted the proof to include the case where § contains a
single nonzero compact operator. The above is a third adaptation, which is evidently in

final form.

Problem. Does there exist a subset S of a C*.algebra (such that S contains the identity)
such that C*(S) has no boundary representations for 82 We remark that if such a set S

exists then one can construct an algebra with the same feature. Indeed, let B, be the C*-
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algebra of all 3 x 3 matrices over C*(S) and take 8, to be the subalgebra of B; consisting of

e pe s
( 0 Ze e )
0 0 Je

where e is the identity of 0%(8), 4, u are complex numbers, and s runs over the linear span

all 3 x3 matrices of the form

of S. One can verify that B,=0C*(S,), and 8, is an example whenever § is.

CoROLLARY. Let S, and S, be irreducible linear spaces of operators on Hilbert space
D, and §,y. Suppose §; contains an operator T; whose distance from the compact operators is
less than || T|[, i=1, 2. Then every completely isometric linear map of S, onto S, which takes

I, to I, is implemented by a unitary operator from £, to ,.

Proof. First we note that C*(§;) contains C(),). For if not, then the quotient map
q: L£(DHy)—~ L(H:)/C(H,) would be injective, therefore isometric, on C*(§,), and therefore
isometric on the norm closure of §+ §* a contradiction.

By the boundary theorem, ¢d is a boundary representation for §;, and in particular
the intersection of the kernels of all boundary representations of C*(§,) for §; is {0}. The
same is true of §,, so by the implementation theorem every completely isometric linear
map ¢: §;—~ 8§, such that ¢(I,)=1I, is implemented by a *-isomorphism gz: C*(S$;)—>C*(S,)s
7 is an irreducible representation of C*(§,), thus its restriction to the ideal C($),)< C*(S,)
is also irreducible and so is unitarily equivalent to the identity representation of C(£)
([8], section 4.1). Since C(9) is an ideal in C*(§,), 7 itself is unitarily implemented, and

therefore so is ¢ =nx|,,.

2.2. Almost normal operators and a dilation theorem

The criterion of the boundary theorem becomes particularly easy to check in the
presence of almost normal operators. An operator 7'€ £(§) is almost normal if T*T — TT*
is compact; i.e., 7' is normal modulo C(f)). It is an empirical fact that many of the most
commonly studied operators are almost normal. For example, subnormal operators are
often almost normal, a prototype being the unilateral shift S of finite multiplicity (here
8*S —88* is a finite rank projection); and the same is true of the compression of S to one
of its semi-invariant subspaces (such a compression 7' is even ‘‘almost unitary’ since both
I—T*T and I—TT* have finite rank). As another type of example let 7 be a unilateral
weighted shift with weights oy, &y, g, ..., that is, 0<|a,| <M < oo for all n and 7' is defined
on an orthonormal base e, e,, e,, ... by Te,=a,e,,,. A simple computation shows that
T*T—TT* e,~(|os|2— |y |?)e, for n>1, so that T is almost normal if and only if
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lotpsa] —|ota] =0 as n—>co. Thus the moduli |a,| may oscillate so long as the period of
oscillation becomes appropriately large at co; for example the weights «,=1+sin Vn
define an almost normal weighted shift. We also remark that all unilateral weighted shifts
are irreducible, since a routine matrix calculation shows that the only self-adjoint matrices
that commute with the matrix of a unilateral weighted shift (relative to the obvious basis)
are scalars.

The essential spectrum of an operator T € £(§) is the spectrum of the image of 7' in
the Calkin algebra £($)/C(D); this will be written esp(T'). It is clear that esp(T') is a sub-
set of sp(T) which is invariant under compact perturbations of 7', and thus esp(T) =
) sp(7 + K), the intersection taken over all compact operators K. The larger set in this
formula is usually called the Weyl spectrum of T, and it may contain esp(7') properly,
of. [6]. |esp(T)| will denote sup {|1]|: A€ esp(T)}, the essential spectral radius of 7'.

In the following theorem we assume that the underlying Hilbert space has dimension
at least 2.

TueEoREM 2.2.1. Let § be an irreducible set of commuting almost normal operators which
contains the identity. Assume that |esp(T)| <||T| for some element T€S. Then the identity

representation of C*(8) is a boundary representation for §.

Proof. Note first that 0*($) contains all compact operators. For if T'€§ is normal,
then by Fuglede’s Theorem 7'€C*(S)’ and hence 7T is a scalar. Thus for every non-scalar
TeS, T*T—-TT* is a nonzero compact operator in C*(§); since C*(§) is irreducible a
standard result (cf. [8]) implies that C*(S) contains the entire algebra C(f)) of compact
operators.

Now let g be the canonical map of £(£)) onto the Calkin algebra £()/C(D). Then
¢($) is a commuting set of normal elements in £(§)/C($). and in particular [[g(T)]| is the
spectral radius of ¢(T') for every T €S. The latter is |esp(T)|, so by hypothesis g is not
isometric on §. The desired conclusion now follows from the boundary theorem.

When the set § of operators is an algebra one may obtain other criteria, of which the

following is a sample.

THEOREM 2.2.2. Let A be any non-commutative irreducible algebra of almost normal
operators which contains the identity. Then the identity representation of C*(A4) is a boundary
representation for A4.

Proof. As in the preceding result, C*(,4) contains C(9), and the canonical map g¢:
L)~ L£(H)/C(H) maps A4 onto an algebra of normal elements in £(H)/C(H). Now for
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X, Y€q(A) define [X, Y]=XY*—Y*X. Then [-, -]is a sesquilinear form on g(4) such that
[X, X]=0, X€q(A), by normality of X. Thus the usual polarization identity shows that
[X, Y]=0 for all X, Y€qg(A4), hence XY*=Y*X. By Fuglede’s Theorem we conclude
that g(4) is commutative. So choosing 8, T to be any two elements of ,4 which do not
commute, then we see that 87— TS +0 while ¢(S7 —T'8)=0. In particular ¢ is not iso-
metric on A4, and the proof is completed by an application of the boundary theorem.

We remark that it is very easy to give examples of noncommutative algebras of almost
normal operators. For instance, let 7' be any almost normal but non-normal operator, and
consider any non-commutative subalgebra of C*(7T').

We shall first apply 2.2.1 to settle a problem taken up in [1]. Let H? denote the usual
Hardy space of all functions in L? of the unit circle T whose negative Fourier coefficients
vanish. Let ¢ be an inner function, let ) =H*O4H?, and let S; be the compression of the
operator ‘“multiplication by €'®’ to §. To avoid trivilalities we will assume that the
dimension of §) is greater than 1; equivalently, ¢ is not a constant and is not a trivial
Blaschke product of degree 1. Then S is an irreducible contraction (which is not normal
since dim §>1), and we may ask if the identity representation of C*(S,) is a boundary
representation for {I, S, §3, ...}. In section 3.5 of [1] a partial solution was given in terms
of the “zero set” of ¢, defined as the set Z; of all points 1€T for which 1 /¢~(z) is unbounded
in every open subset of {|z| <1} which contains 1 in its closure, Whereqz denotes the canoni-
cal analytic extension of ¢ to {|z| <1}. The result of [1] was that if Z, has Lebesgue
measure zero then id is a boundary representation, and if Zy;=T then id is not a
boundary representation. The method of [1] gives no further information about the inter-
mediate cases, Z, of positive measure but different from T. The following result completes

the discussion of this class of examples.

CorROLLARY 1. The identity representation of C*(S,) is a boundary representation for
1,84, 84, ...} if, and only if, Z, is a proper subset of the unit circle.
¢ D¢ Y ¢ P

Proof. It remains to show that if Z;=+T, then id is a boundary representation for
{83: n=0}. Since 8, is irreducible and almost normal (recall that I—S%S, and I—S8,53
are compact, cf. [1] Theorem 3.4.2), by 2.2.1 we need only show that if Z, +T then there is
a polynomial p such that |esp(p(Sy))| =sup {|p(A)|: 1€esp(Sy)} is less than ||p(Sy)].
By ([1], 3.4.3 (ii)) we have esp (8,4) =Zg4, and thus it suffices to show that Z4is not & spectral
set for 8.

But since the complement of Z, is connected and Z; has no interior, every operator
having Z; as a spectral set must be normal (for example, see [15], p. 444). Since S, is not

normal, the conclusion follows.
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As a second application of Theorem 2.2.1; let us consider a weighted shift T with
weights «,, &, .... As we have already pointed out, T' is always irreducible, and it is
almost normal if e, 4| — || =0 a8 n—co. The following corollary implies in the almost
normal case that id is a boundary representation for {I, T} iff the sequence |og|, |, ...

does not achieve its maximum value at infinity. First, we require the following two lemmas.

LemMMa 1. Let {P,} be any net of projections in L(9) such that P, has finite codimension
and Yim, P, =0 weakly. Let q: £(D)—~> L(DH)/C(D) be the natural map onto the Calkin algebra.
Then Lim, || P, TP,|| =|[(T))|, for every T € L(H).

Sketch of Proof. A trivial computation (which we omit) shows that lim, ||P,KP,|| =0
for every operator K of rank 1, hence the same is true of every finite rank operator K.
Since {K€L(H): lim, ||P,KP,||=0} is easily seen to be norm-closed, it follows that
lim, ||P, KP, || =0 for every K € C(§). Thus, if T'€ £($) and K € C() then lim sup, ||P, TP, ||
=lim sup, || P,(T + K)P,|| <||T + K||; taking the inf over K we obtain lim sup, ||[P, TP,| <
llg(T)]j. On the other hand, since each P,TP,=T+(PLTP.—PLT—TP}) is a finite
rank perturbation of T, we see that |ig(T)|| <||P,TP,|, and hence |¢(T)||<
lim inf, ||P, TP,||. The conclusion follows.

Lemwma 2. Let T be an almost normal weighted shift with weights {a,}. Then |esp(T)| =

lim sup, |«,|.

Proof. Choose an orthonormal base ¢, ¢, ... so that T, =a,e,,;. A familiar computa-
tion with weighted shifts (cf. [11], problem 77) shows that || 7| =sup, |«,|. So if we let
P, be the projection onto the invariant subspace [e,, €,,y,...], #>>1, then the same
calculation shows that |[P,TP,| =supss,|ox|. By Lemma 1 we see that |g(T)| =
lim, ||P, TP,)| =lim sup, | a, |, and since q(T) is normal the required formula |esp(T)| =

(g(T)) =||¢(T)|| =lim sup, |a,| follows.

CorRoOLLARY 2. Le T be an almost normal weighted shift with weights «,, oy, -... If
lim sup,, |, | <sup, |oc,|, then id is a boundary representation for {I, T}. If lim sup, |a,| =
sup,, |«,|, then id is not even a boundary representation for {T™ n=0,1,2, ..}.

 Proof. 1t lim sup, |&,| <sup, |«,| then by Lemma 2 we see that |esp(T)|<| 7|,
and the first conclusion follows by applying 2.2.1 to $§={I, T'}.

Now assume lim sup, {«,| =sup, |e,|. There is no essential loss if we assume
sup, |a,| =||T]| =1. Then |jg(T)|| <1 while by hypothesis (and Lemma 2) r(q(T)) =1; hence
llg(T)|| =r(g(T)) =1. We claim that the spectrum of ¢(T') contains the unit circle T. Indeed,
sp(g(T))NT+D by the preceding formula, so it suffices to show that sp(g(T)) is invariant
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under (complex) rotations. But 7' is unitarily equivalent to AT for |A|=1, because AT
is a weighted shift whose weights {io,} have the same moduli as {«,} ([11], problem 75).
The claim obviously follows from this.

By ([1], Theorem 3.6.3) the map p(2) — p{¢(T")) (where p ranges over all poliynomials)
defines a completely isometric representation of the dise algebra P({|z] <1}). The same
argument shows that the same is true of the map p(z)+—p(T"). This implies in particular
that g is completely isometric on the linear span 4 of {T%: k>0}. From ([1], 1.2.9 and 1.2.10)
we conclude that ¢ is completely isometric on the norm closure of 4+ A4*, and now the
conclusion follows from the boundary theorem. That completes the proof.

So for example, if we consider the three weight sequences «,=n-+2/n41, f,=
n+1/n+2, and y,=1+sin V;L, then o, 3 — o, 41— P, a0d v, —v, all tend to O so that
each defines an almost normal weighted shift. Since lim sup,«,=1<sup,«,=2, id is a
boundary representation for {I, T,}. On the other hand, lim sup, §,=sup,f,=1 and
lim sup, y, =sup, v, =2, so that id is not a boundary representation for {I, T', T, ..}
or for {I,T,, T3,...}.

If one states the boundary theorem contrapositively, then it can be combined with
the results of Chapter 1 to produce an unusual dilation theorem. To illustrate this, we will
deduce a new unitary dilation theorem for certain sets of commuting contractions. We
want to consider the following question: does every commuting n-tuple T =(T), ..., T,)
of almost normal contractions on a Hilbert space have a unitary power dilation? The answer
is no in general, for Parrott’s class of examples [14] of commuting triples with no unitary
dilation contains finite dimensional special cases, and clearly all finite rank operators are
almost normal. Nevertheless, we will see that the answer is yes for a broad class of infinite-
dimensional almost normal n-tuples.

First, we want to point out that the above question for general commuting n-tuples
of almost normal contractions T=(7}, ..., T,) reduces to the case where {7, ..., T} is
irreducible. Indeed, we claim that the underlying Hilbert space  decomposes into a direct
sum $D 22 §, of reducing subspaces for {71, ..., T} such thatif T, =N;®> T, is the
corresponding decomposition of 7';, then (N, ..., N,) is a commuting n-tuple of normal
contractions on £, and, for each o, (Ty,, ..., Ty} is & commuting n-tuple of almost normal
contractions on §), such that {T,, ..., T,,} ts irreducible. Granting that, the reduction
follows from thé obvious fact that an orthogonal direct sum of dilatable representations is
dilatable and the known fact that a commuting n-tuple of normal contractions has a unitary
power dilation. To obtain the indicated decomposition of §, let ¢ be the canonical map of
L£(9) into the Calkin algebra L£(9)/C(D). Then {g(T,), ..., ¢(T,)} is a commuting set of
normal elements in £($))/C($) and hence generates a commutative C*-algebra (by Fuglede’s
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theorem). So if com(T) is the commutator ideal in the C*-algebra C*(T) generated by
{I,Ty,.., T,} this implies ¢(C*T)) is commutative and hence g(com(T))={0}, i.e.,
com(T) consists of compact operators. Define §), to be the nullspace of com(T). Then the
restriction of com(T) to ¢ has trivial nullspace and so §F splits into a direct sum
22§, such that com(T)|g, =C(D.) (see 1.4.4. of [2] for a proof of this standard result).
That this decomposition has the stated properties is a routine verification which we leave
for the reader.

Thus we will only counsider n-tuples T =(T',, ..., T)) for which {7, ..., T',} is irreducible.
Now, let § be an irreducible subset of £($)), which contains the identity and is closed under
multiplication. Let oo H=POHD... be the direct sum of ¥, copies of §, and let oo S
Lo+ D) be the semigroup of all operators of the form oo T=T®T®..., T€S. Note that
if M is one of the “coordinate’ subspaces of co-§, then M reduces oo-§, and in fact the
map T €S> oo+ T | is unitarily equivalent to the identity map of §. By a self-dilation
for § we mean an isometric imbedding ¥ of §in oo - § such that V*oo - TV =T, T € §; the seli-
dilation is called trivial if the range V. of V reduces oo - §. Thus, § has a nontrivial self-
dilation if oo +§ has a non-reducing semi-invariant subspace I such that the map
T €S> Py oo - T | is unitarily equivalent to the identity map of §. Note that if there is a
nonunitary isometry V€L($) such that V*TV =T, T€S (ie if, in the terminology of
Section 3.2 of [1], § is infinite) then § has a nontrivial self-dilation. Thus we obtain a
simple example of the latter by taking § to be any algebra of analytic Toeplitz operators
on H? (here, one may take the isometry V to be the unilateral shift).

Finally, if T=(T,, ..., T',) is any n-tuple of operators on § and k=(k,, ..., k,) is any
n-tuple of integers, then k>0 will mean k,>0, ..., k, >0 and, for such a k, T% denotes
9T ... T

TeEOREM 2.2.3. Let n=1,2, ... and let T=(T,, ..., T,) be an n-tuple of commuting
almost normal contractions such that {T, ..., T,} is vrreducible. If {T%: k>0} has a nontrivial

self-dilation, then T has a unitary power dilation.

Proof. Let §={T%: k,, ..., k,>0} be the semigroup generated by {I, Ty, ..., T,}. We
claim first that id is not a boundary representation for §. For that, since § has a non-trivial
self-dilation, we can find an isometry VE€L($, co-P) such that Voo  TV=T, TES,
and V§ does not reduce {oo-7": T€ §}. Define a map ¢: C*(S)—= L(H) by H(X)=V*oo - XV.
¢ is clearly a completely positive linear map which fixes §, and the claim will follow if we
prove that ¢ is not multiplicative on C*(S) (for then ¢<+id on C*(§)). But if ¢ were
multiplicative on C*(S) then V§ would be a semi-invariant subspace for the *-algebra
{co-X: XEC*S)}, and thus V§ reduces co*§, a contradiction. That proves the claim.
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Next, note that if the dimension of § is at least 2 (the only case of interest) then as in
the proof of 2.2.1 we see that C*(S) contains the algebra C(9) of all compact operators.
The boundary theorem, together with the preceding paragraph, now shows that the
Calkin map ¢: £($)—> L(H)/C(H) is completely isometric on span §.

Thus, if we define N,=¢(7), t=1, 2, ..., n, then N=(N,, ..., N,) is a commuting -
tuple of normal contractions in £(H)/C(H) for which the map p(N)—p(T) (p ranging over
all n-variate polynomials) is completely isometric. Letting X ={(z;, ..., z,): |2i| <1} be
the closed n-dimensional polydisc, we see that the joint spectrum of N is contained in
sp(N,) % ... x sp(N,) € X. Since the joint spectrum of N is a complete spectral set for N
(a fact which follows easily from the operational calculus for commutative C*-algebras),
we see in particular that X is a complete spectral set for N. Thus X is also a complete spectral

set for T, and now the conclusion follows from the corollary of the dilation theorem (1.2.2).

2.3. The order of an irreducible operator

One of the basic (and hopelessly difficult) problems of operator theory is to classify
separably-acting operators to unitary equivalence. One encounters a principal source of
these difficulties immediately when he attempts to reduce the problem from general
operators to irreducible operators by expressing the given operator T as a direct integral
of irreducible operators. What happens is that if O*(T) is not a GCR algebra then this
direct integral decomposition is badly non-unique, and it turns out to be all but useless
(the numerous sources of this pathology are discussed at some length in [2]). If, on the other
hand, C*(T) is a GCR algebra, then this procedure runs smoothly and allows a reduction
to the case where 7' is an irreducible GCR operator (we will sketch this reduction
presently). Thus one is led to seek unitary invariants for the class of all irreducible GCR
operators. The self-adjoint theory takes us no farther, however, and in particular it gives
virtually no insight into what kind of invariants one should look for in the latter class of
operators.

In this section we will initiate the study of a somewhat broader class of irreducible
operators. We are interested in the following admittedly vague question: what is the
mintmum knowledge of an irreducible operator 7' that one needs in order to know T'
to within unitary equivalence? We will {ind, for example, that with many operators T
one can associate a numerical invariant #(T) (the order of T') such that T is determined to
unitary equivalence by the norms ||p(T)||, where p ranges over all matrix valued poly-
nomials of degree at most n(T). Such operators are therefore highly “deterministic” in a

sense analogous to the usage of the term in prediction theory, in that once one knows the
20 — 722909 Acta mathematica. 128. Imprimé le 29 Mars 1972,
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norms of all low order polynomials in 7' then he knows not only the norms of all higher
order polynomials, but he in effect knows every geometric property of 7'

First, we want to sketch without details how the reduction of the classification problem
to the irreducible case can be accomplished for GCR operators. It is known that every
separable representation of a separable C*-algebra is a direct integral of irreducible repre-
sentations. This leads in a straightforward manner to the conclusion that every separably-
acting operator 7' is a direct integral of irreducible operators. Thus one might hope that
this device would reduce the general problem to the problem of classifying irreducible
operators. However, profound difficulties appear when C*(T') is not a GCR algebra, not the
least of which is that the above direct integral decomposition is highly non-unique. So one
is lead to consider only those operators whose generated C*-algebras are GCR algebras.
Here a reduction is possible, and one may deduce from the self-adjoint theory that every

such operator 7T has a direct integral decomposition of the form
®
T= f mzx) - T, du(x),
X

where X is a standard Borel space (which can be taken as the spectrum of C*(T)), u is a
finite Borel measure on X, m(-) is a “multiplicity funection” (i.e., a Borel-measurable
function from X into the set {1, 2, 3, ..., ¥} of all countable cardinals), x> T', is a Borel-
measurable map of X into the Borel space of all separably-acting irreducible GCR operators
such that « +y implies 7', is not equivalent to 7', and finally m -8 denotes the direct sum
of m copies of the operator S (see [2]). The key property of this decomposition is expressed
as follows. Let S be any other separably-acting operator which is algebraically equivalent
to T (see section 1.1 of [2]; when S and 7' are normal this means simply that they have the
same spectrum, and this is also frue in general provided one interprets the words

appropriately). Then S has a decomposition
®
S=f n(z) - S, dv(x),
X

where » is another Borel measure on X, n(-) is another multiplicity function defined on X,
and z+ 8§, is another operator-valued measurable function such that 8, is unitarily equiva-
lent to 7., for each £€X. The key property is this: T and S are unitarily equivalent iff
p and v are mutually absolutely continuous and the multiplicity functions m and n agree almost
everywhere. Thus the self-adjoint theory has reduced the classification problem for arbitrary
separably-acting GCR operators to the problem of classifying irreducible GCR operators.

Turning now to the current discussion, let 7' be a Hilbert space operator. We define
the order of T (written »(7T)) as follows. If a positive integer n exists such that {I, T,
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T2, ..., T"} has sufficiently many boundary representations, n(7") will denote the smallest
such n. Tf no such finite » exists but {T%: k=0, 1, 2, ...} has sufficiently many boundary
representations, we define n(T)=w. If {T% k=0,1,2,...} does not have sufficiently
many boundary representations then n(7') is undefined. Now according to 2.1.0, if C*(T)
happens to contain the algebra C()) of compact operators and n(7) is defined, then
n{T) is the smallest positive integer such that ¢d is a boundary representation for
{I, T, T, ..., T"}, provided such an integer exists, and is w otherwise. Moreover, we will
see momentarily that in this case n(7") does not take on the infinite value w, and in fact
n(T)=w only for the most pathological irreducible operators.

Before proceeding further, we want to recall one or two facts about irreducible
C*.algebras. Fist, recall that a C*-algebra B is called NGCR if B has no nontrivial closed
CCR ideals [8]. Now if B is an irreducible C*-algebra acting on §, then the largest CCR
ideal in B is BN C() (indeed the latter is clearly a CCR ideal in B, and conversely if
T€B is such that 7(7T) is compact for every irreducible representation z of B then take
m=id to see that T€BN C(H)). Since B is irreducible, BN C(H) mut be either {0} or
C() ([2], Corollary 2 of 1.4.2), and thus we see that an irreducible C*-algebra acting on $
i¢ not NGCR <f it contains C(9). We now show that »(T)=+w for all but the “worst”
irreducible operators 7.

ProrosiTIioN 2.3.1. Let T be an irreducible operator such that C*(T) is not an NGCR
algebra. If n(T) is defined at all then it is finite.

Proof. By the preceding remarks we know that C*(7T') contains C(D). So assume that
n(T) is defined, that is, the identity representation of C*(T') is a boundary representation
for {T% k=0, 1, 2, ...}. Let § be the linear span of the latter, and let §,=span {I, T, ...,
T} for n=1, 2, .... By the boundary theorem 2.1.1 we see that the quotient map ¢: C*(7') ~
C*(T)/C(9) is not completely isometric on the closure of §+§*. Now {§,+ §3} is an in-
creasing sequence of subspaces of §-+ $§* whose union is dense in §-+ §*, and is such that
C*($,)=C*(T) for each n. Now if ¢ were isometric (resp. completely isometric) on each
§, it would follow that ¢ is isometric (resp. completely isometric) on (8§ -+ §*)~. We conclude
that there is a first 2, 1 <n< oo, such that ¢ fails to be completely isometric on §,+ $5.
By the boundary theorem again we see that » is the first positive integer such that id
is a boundary representation for {I, T, T? ..., T"}. Hence n(T)=n is finite, and the

proof is complete.

Before proceeding further, we want to point out that there exist irreducible GCR
operators T for which n(7) is undefined. Indeed, 3.6.3 of [1]implies that n(7") is undefined
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for every GCR contraction 7' whose spectrum contains the unit circle {|z| =1} (example:
the unilateral shift of multiplicity one).

Before stating the basic result on operators of order n let us perturb slightly some
terminology from Chapter 1. Let 4,, 4,, ..., 4, be a sequence of k x k complex matrices
with A4, 0. Then p(z) =4y+ 4,2+ ...+ 4,2" defines an M,-valued polynomial of degree n.
If T is an operator on a Hilbert space §), then we define p(7') to be the operator on CF®§
given by 4,01+A4,07T+...+A4,T", where we have identified &k x% matrices with
operators on C* in the obvious way. Thus for each k, [|p(T)|={14,01+4,8T+...+
A,®T"|| defines a seminorm on the algebra of all M;-valued polynomials p. When we say
that a statement is valid for all matrix-valued polynomials we mean that it is valid for

every M,-valued polynomial and for every k=1,2, ....

TasorREM 2.3.2. Let S and T be irreducible operators acting on § and &, respectively,
such that C*(8) contains C(D), and suck that n(S) and n(T) are defined and equal. If
loS)|| =l\2(T)|| for every matriz-valued polynomial p of degree<n(T), then S and T are

unttarily equivalent.

Proof. Let us write » for #(S)=n(T) (note that » is finite, by 3.3.1). The hypothesis

asserts simply that the linear map
gl +a,8+...+a,8"—>agl +a, T +...+a,T"

is a complete isometry of span {I, S, ..., 8"} onto span {I, T, ..., T"}. The implementation
theorem (0.3) implies that this map extends to a *-isomorphism 7 of C¥(8) onto C*(T).
Note that z(8) = T'. Since C*(S) contains C(§)) we may argue as in the proof of the corollary '
of the boundary theorem 2.1.1 to conclude that x is unitarily implemented. The con-

clusion is now immediate.

We conclude this section by describing a class of examples of operators of arbitrary
finite order. The construction may be of independent interest, as it makes use of the

“nilpotent dilation theorem” of section 1.3 as well as the boundary theorem.

TarOREM 2.3.3. For every positive integer N there is a unilateral weighted shift T such
that C*(T') contains the compact operators and n(T)=N.

Proof. Note first that the case N =1 is simple. For any weighted shift I' whose weights
tend to 0 is compact and irreducible, hence by the boundary theorem id is a boundary
representation for {I, 7'}, so that 7' has order 1.

So choose N >2, and let ey, ¢;, ... be an orthonormal base for a Hilbert space . Let

@, ty, ... be a sequence of positive numbers which increases to 1, and choose ¢, r, 0<eg,
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r<1. Define a weight sequence {u,} as follows; if £>0 put opy=0otnys =+ = Xwin_o=0k+1,

and put oy, y_q=er**t. So if N =3, for example, then we have the weight sequence

@y, Oy, &7, Ay, Go, ET2, Ag, dg, £V, ...

Let T be the weighted shift on ) defined by Te,=a,e,,,, n>0. We will show first that
T is compact and nonzero (so that by the boundary theorem id is a boundary representa-
tion for {I, T', ..., T"}; note that this also implies C*(T') contains C(£)). We will then prove
that if {a,} increases not too rapidly to 1 and ¢ is sufficiently small then id is not a
boundary representation for {I, T, ..., T%-}. Thus 7' will have order N.

Now 77 is defined on {e,} by TVe, =0t, 0ty -.. Xnyy_16nin> a0d s0 | T¥] is the diagonal
operator |T™|e,=o, 0ty 1 - Xyyn_1€n» 7=0. An inspection shows that the sequence

{0tn tyyq - Cpiy_y} 18 term-by-term smaller than the sequence
er, ..., er, er?, ..., er?, erd, ..., erd, ..,

where the indicated blocks are of length N. Thus | 77| is a nonzero compact (in fact, trace
class) operator, and the same is true of 7%. That proves the first assertion.

For the second assertion, let Sy be the “nilpotent shift” of index N (cf. section 1.3).
We will prove that for suitably chosen 7, ¢, and {a,}, the linear map ¢: 2354, 7"

Y23 2,8% is completely isometric. Granting that for a moment, note that id cannot be a
boundary representation for {I, T, ..., T%-1}. For if it were, then of course d is a boundary
representation for {I, 8%, ..., Sy '} (Sy is compact and irreducible, cf. 2.1.1) and the imple-
mentation theorem would imply that ¢ is implemented by a *-isomorphism of C*(T)
onto C*(Sy). But that is absurd, since for example C*(8y) is finite-dimensional while
C*(T) is not.

First, we claim that ¢ is completely contractive. For that, let ¢: C*(T)—~C*(T)/C(9)
be the canonical quotient map. We will produce an operator T, on §) such that ¢(7')=
¢(7,), and T, is unitarily equivalent to an infinite multiple oo Sy=Sxy®Sy@... of Sy.
This leads to the claim because, on the one hand, the fact that T'; ~ o - Sy obviously implies
that we can find a decreasing sequence P, of reducing projections of finite codimension
for T, such that P,~0 weakly and 7, is equivalent to each restriction 7’| p,5 and as in
the proof of Lemma 1 of Section 2.2 we conclude that ¢ is completely isometric on span
{T%: k>0}. On the other hand, the map D325 A, 7% +> 236 4, S¥ is clearly completely iso-
metric (because 7', is a multiple of Sy), and we conclude that the mapy: > =g A, ¢(T3)F

#2064 S% is completely isometric. Since ¢(T)=g(T;) we see that ¢ is the composition
wog, and since ¢ is completely contractive, the claim will follow. Now define 7 as

follows. Let {c,} be the sequence of nonnegative weights defined by ¢,=0 if n=N -1,
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2N -1, .., and ¢,=1if n=N—1 (mod N). Define T, on e, e, ... by T,e,=c,e,,,. Then
the matrix of T, appears in the N x N block form as

Sy 0
Sy
0

so that 7', is equivalent to oo -Sy. Finally, we note that ¢(7,) =¢(7'), that is 7', — T is com-
pact. For clearly T, — T is a weighted shift with weight sequence

1-ay, ... 1 —a;, —er,1—ay, ..., 1 —~a,, —ar?, ..;

since a;—~1 and gr*~0 as k— oo, 7, 7T is compact.

Secondly, we claim that for suitable e, 7, {a,}, $=1: D=8 4, Sk~ 2325 4, T is completely
contractive. Of course that will follow if we can produce a Hilbert space & containing §
and a multiple 4~ oSy acting on { such that T%=Pgd*|g for k=0,1,.., N—-1. By
1.3.1 and 1.3.2, it suffices to prove the following assertion; if 0<r<{, a4, a,, ... is any se-
quence which increases monotonically to 1 so that 0<a, <(1 -7}, and 0<eg<<(8+8p)!
where g =max (r-2, a)?”, then 7' satisfies TVT*" <oT*"T% and | T¥| < (8 +80)~* (I - T*T).
We shall only sketch these routine caleculations. Now T*¥7T¥ and TY¥T*¥ are, respectively,
the diagonal operators whose weight sequences are {(a .y - %Gn-1)?}imo and
{(otp_n % w41 - %) }i-0 Where we have made the convention o;=0 if §<0. Thus the
condition TVT*V <o T*¥I™ is equivalent to the condition (a0 1« %t y-1)2 <O(Upen Xipist
v Kgeyan—1)? for £>0. Now for each k>0, aog,y)? is either of the form er/(er’*?)-1=r-1
or a,(a;,1) ' <(a,.)<ail. So in either case we have o, <max (r1, a;')o,y, and the
asserted condition follows. Secondly, note that |7™| and I—7T*T are, respectively, the
diagonal operators whose weight sequences are {o, 0%y --- %1} and {1 —ai}. Now we have
already pointed out that {azoyy ... dpyy} is term-by-term smaller than the sequence
er, ..., er, er? ... er?, er3, ..., where each subsequence of terms of the form er/ has length N.
On the other hand, {1 —-af} is the sequence 1—daf, .., 1—af, 1—¢%?, 1—af, .., 1—a3,
1—g%*, ... Since £<(8+8p)-l, the inequality |7T¥|<(8+8¢) *(I—T*T) will follow if
we show that for §>1, ' <min (1 —a}, 1 —&%?). But ' <1 —a} follows from a,<(1 —¢/)

and r’<1—¢¥?¥ follows from r<3. That completes the proof.

2.4. First order operators and the matrix range
We are now going to look at first order operators in more detail; we will introduce an
invariant (the matrix range) which will turn out to be a complete unitary invariant for

many of these operators.
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Let T be a Hilbert space operator. Then as ¢ runs over the state space of C*(T), the
complex numbers ¢(7') fill out the closure of the numerical range of 7. One may generalize
this as follows. Let = be a positive integer and let M, denote the C*-algebra of all complex
n xn matrices. W, (T) is defined as the set of all n x n matrices of the form $(7'), where
¢ ranges over all completely positive linear maps of C*(T) into M, which preserve the
identity. Thus U, (7T) is the closure of the numerical range of 7T, and the sequence
{W,(T), W(T), ...} will be called the matriaz range of T.

Let us first collect some simple properties of U3,(T). Clearly W,(T) is contained in
the ball of radius ||7']|, and since the set of all completely positive maps ¢: C*(T)~ M,
for which ¢(I)=1I is compact in the obvious topology, W,(T) is also compact. Note also
that UW,(7) has a very strong convexity property: If X;, X,, ... is any sequence in U,(7)
and Z,, Z,, ... is a sequence in M, satisfying >, Z% Z, = I, then >, Z; X, Z, belongs to W,(T).
For we may find completely positive maps ¢,: C*(T)—~M, with ¢,(I)=1I such that X, =
i T), k=1, 2, ..., and thus ¢(8) =2, Z% :(S)Z, is a completely positive map taking I to I
and T to 2,Z; X, Z,. Finally, the sequence {lU,(T)} is coherent in the sense that
WA W(THSW(T) for all m,n>1. More precisely, for every X€W,(7T) one has
W.(X)= W,(T); this is a trivial consequence of the fact that the composition of two
completely positive maps is completely positive.

It is not hard to see that these properties characterize the matrix range of an operator.
Explicitly, suppose that for each n>1, ¥, is a closed subset of the ball of radius » in M,
having the above convexity property, for which {¥,} is a is a coherent sequence in the
sense that UW,(¥,)= Y, for all m, n>1. Then there is a separably-acting operator 7' such
that || T|| <r and W,(T) =1, for every n>1. We omit the proof since this result does not
bear on the sequel.

Experience has shown that while U, (7T) can be calculated for quite a variety of
operators, it is not feasible to attempt to carry out the computations in general. Of course
one would expect that to be so since by 2.4.3 below the matrix range is a complete unitary
invariant for irreducible compact operators. Thus the purpose of this section is merely to
point out the existence of this unusual invariant, its connection with dilation theory and
first order operators (2.4.2 and 2.4.3), and the fact that for certain operators its structure
is quite simple.

The following result shows that when 7' is normal, U, (7') is the closed “matrix valued”

convex hull of the spectrum of 7.

ProprosiTioN 2.4.1. Let T be a normal operator and let n be a positive integer. Then
W,(T) is the closure in M, of the set of operators of the form A\ H,+ A Hy+ ...+ 1, H,,
where r=1, A,€ sp(T), and {H} is a set of positive elements of M, having sum 1.
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Proof. Let K denote the set of all completely positive linear maps ¢: O¥(T)—~M,
satisfying ¢(I)=1I. K is compact in the obvious “pointwise’’ topology ([1], Chapter 1) and
it is a convex set of linear maps of C*(7T') into M,. Since ¢+>¢(7T) maps K continuously
onto W,(T), the proposition will follow from the Krein-Milman theorem provided we show
that ¢(7') has the asserted form for ¢ an extreme point of K. But by 1.4.10 of [1] such a ¢
has the form ¢(X) =} -1 w,(X) H,, where wy, ..., w, are complex homomorphisms of C*(T)
and Hj, ..., H, are positive matrices in M, having sum I. The conclusion follows by taking
X =T and noting that w,(T)€sp(T).

So, for example, if 7' is a unitary operator whose spectrum fills out the unit circle,
then U9,(7) is the closed unit ball in M, n=1, 2, ... (indeed 2.4.1 and the spectral theorem
imply that U, (T) contains every unitary operator in M,, and since the closed convex
hull of the unitary operators in M, fills out the unit ball in M, we see that W,(T') contains
ball M,; the opposite inclusion is trivial). Similarly, if T is self-adjoint and [a, ] is the
smallest closed interval containing sp(7T), then W,(7T) is {X€M,: X =X*, al <X <blI}.
Finally, as a different type of example, we remark that if 7' is a two-dimensional operator

(o o)
0 0
then U,(T) consists of all X € M, whose numerical radius is <} (this follows easily from

2.4.2 below and 1.3.1).

We now examine the partial ordering of operators defined by the relation W,(S)<

having a matrix representation

W.(T), for every n=1, 2, .... We will say that an operator S€ £(9) is a compression of an
operator T € L(K) if there is a closed subspace I of & such that S is unitarily equivalent
to Py T|sr, P denoting the projection of & on M. Note that I need not be invariant,

or even semi-invariant, under 7.

TaEoREM 2.4.2. Let S and T be Hilbert space operators (perhaps acting on different
spaces). Then the following are equivalent.

1) W(S)s WD) for every n=>1.

(il) [A®I+BRS|<|A®I+BRT| for every pair A, B of n xn matrices and every
n=1.

(ili) Every finite dimensional compression of S is a compression of n(T), for some
*_representation v of CX(T) (which may depend on the particular compression of S).

(iv) 8 ts a compression of n(T), for some *-representation z of C*(T).

(v) (for normal 8) sp(8) is contained in the closed numerical range of T.

(vi) (for T compact and irreducible) S is a compression of some multiple k- T of T.
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Proof. We first establish the equivalence of (i) through (iv). Since (iv) = (iii) is trivial,

it suffices to prove (i) =-(iv) and (iii) = (ii) =(i).

(i) implies (iv). We claim first that (i) implies that the linear map ¢: al + b7 +cT™* —
al +bS+cS* of span {I, T, T*} onto span {I, 8, S*} is completely positive. Let {I,} be
an increasing directed set of finite dimensional subspaces of the space § on which § acts
such that Uaima is dense in §). Let P, be the projection of § onto IR, and define $,: span
{I, T, T*}~> L(IM,) by du(aT +bT +cT*) =P, (al+bS+cS*) |, We will show that each
b, is completely positive. It will then follow from (1.2.10 of [1]) that ||, =[lp(D)]| =1,
while on the other hand lim, ¢ (X)P,=¢4(X) in the weak operator topology for each
X€span {I, T, T*}, and the complete positivity of ¢ will be proved. But if n, is the dimen-
sion of M, then we may regard L(M,) as M, (by making use of an orthonormal base in
M,). Thus the map X € £(H)—~>P,X|m, becomes a completely positive map of L£(H) into
M, carrying I to I and S to P, 8| . Thus P,S|m, belongs to W, (S), and by hypothesis
it also belongs to W, (7). Thus there is a completely positive map y: C*(7T)—> L(IR,) such
that p(I) =1 andy(T) =P, 8 |m,. It follows that y(T*) =y(T)* =P, S|, =P, S*|m,, because
y is self-adjoint, hence ¢, =y is completely positive, and so is ¢.

By the extension theorem (0.1), ¢ may be extended to a completely positive map of
CHT) into L(H), and by Stinespring’s theorem (0.4) the extension has the form
V*nV where n is a *-representation of 0*(7T') on some Hilbert space & and VeEL(D, ).
Since ¢(I)=1I we see that V*V =1, so that V is an isometry. The equation S=¢(T)=
V*n(T)V now shows that S is unitarily equivalent to the compression of =(7') onto VV*{.

(iii) ¥mplies (ii). Fix n, a positive integer, and let IR, be the net of finite dimensional
subspaces of § described above. Then for each « there is a *-representation 7, of C*(T')
on &, and an isometric imbedding V,, of I, in &, such that P, S|, = VEin TV, Soit
we put ¢, = Vi 7, V,, then ¢, is completely positive, takes T'to P, S| am, and I to the identity
in £(M,). By (1.2.10 of [1]) ¢, is completely contractive. So if 4, BEM, then we have
|4®P, + BOP,SP,|| = || AR$(I)+ BR¢(T)||<||4®I+BRT|. Fixing A and B we
can allow P, to increase to the identity of §, and in the limit the left side is [[A® I+ B®JS|,
from which (ii) follows.

(i) #mplies (i). Choose X € U9,(S). We want to show that X €W, (T), assuming (ii).
By (ii) the map al +b6T+>al+bS is a completely contractive linear map of span {I, T'}
on span {I, S}. By the corollary of the extension theorem, there is a completely positive
linear map y: C*(7")~ £(H) such that y(I) =TI and p(T) =S. On the other hand, by the defini-
tion of W, (T) there is a completely positive linear map ¢ of C*(T') into M, such that
$(T)=X. By the extension theorem again we may extend ¢ to a map q;: L£(H)—~M,. Thus
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$mp: C*(T)-~ M, is completely positive, takes I to I and takes T to X. Thus X €W, (T),
as required.

Now for (v), assume S is normal. Now if (i) is valid then in particular W, (S)< W, (T)
and it is well known that in this case ,(S) is the closed convex hull of sp(S) (see 2.4.1
for example). Thus sp(S)< W,(T). Conversely, suppose sp(S)< W,(T). By the preceding
sentences W, (8)< W, (T), and from this it is immediate that the linear map ¢: al 457 +
cT*>al bS8 +cS* is positive. Since C*(S) is commutative ¢ must be completely positive
(1.2.2 of [1]), and therefore completely contractive (1.2.10 of [1]). Thus condition (ii)
follows.

Finally, suppose T is compact and irreducible. Then C*(T') is the full algebra of all
compact operators, and the equivalence of (iv) and (vi) is immediate from the fact that
every representation of C*(7') is a multiple of the identity representation [8].

We now state a classification theorem for irreducible first order operators.

TursoreM 2.4.3. Let S and T be irreducible first order operators such that neither
C*(8) nor CX(T) is an NGCR algebra (i.e., both C*-algebras contain monzero compact
operators). Then 8 and T are unitarily equivalent if, and only if, they have the same matriz
range.

Proof. The “only if” part is trivial, so assume W, (S)=W.(T), n>>1. By 24.2 (ii) we
see that the linear map al +bS+>al+b7 is completely isometric and preserves identities.
By hypothesis, span {I, 8} and span {I, T} have sufficiently many boundary representa-
tions, so this map is implemented by a *-isomorphism 5z of C*(S) onto C*(T). Since C*(S)
contains nonzero compact operators we may argue as in the proof of the corollary of the
boundary theorem to conclude that 7 is unitarily implemented, and in particular 7'=7(S)

is equivalent to S.

Remarks. Since every irreducible operator 7, with the property that some linear combi-
nation a7 +b7* is at a distance less than [l +b7*|| from the compact operators, is of
first order (boundary theorem) and its generated C*-algebra contains the compact
operators (cf. the proof of the corollary of the boundary theorem), these operators are
classified by their matrix range. Of course, irreducible operators with compact imaginary
part fall into this category, but as 2.2.1 and its corollary indicate, the latter form a rather
small subclass.

It goes without saying that the matrix range is not a complete invariant for irreducible
GCR operators which are not first order. As a rather extreme example, if § and T are any
two contractions such that sp(S) and sp(7) both contain the unit circle, then ||p(8)| =
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[|lp(T)] for every matrix valued polynomial p ([1], 3.6.3). In particular, 2.4.2 (ii) shows

that S and 7 always have the same. matrix range.

2.5. An application to model theory

Let C be a class of Hilbert space operators. For example, C might be the class of all
contractions, or the class of all compact operators with nonnegative real part (thus we allow
operators in C to act on different spaces, and we are deliberately ignoring set-theoretic
anomalies). Broadening somewhat a term introduced by G.-C. Rota [16], we will say an
operator 7T is a model for C if T € C and each operator S € C is unitarily equivalent to the
compression of oo T=T@T@... to one of its semi-invariant subspaces: this relation
between S and 7' will be written §<< 7'. Thus, 8§ << 7' iff there is an isometric imbedding
V of the space of S into the space of oo+ T such that §*=V*(co - T)*V, n=0, 1, 2, ....
It is easy to see that §<< 7 implies oo 8 << 7, and in turn this implies that the relation
<< is transitive. Thus << is a partial order in the class of all operators, and hence
S<< T'<< 8 defines an equivalence relation (we omit these details). In the following dis-
cussion, we shall be primarily concerned with classes which have an drreducible model.

Note first that there are trivial examples of classes which do not have models; for
example, if T is a model for C then every operator in C has norm at most || 7'||, so that a
necessary condition for a model to exist is that C be bounded in norm. Similarly, it is easy
to see that if C has an irreducible model then every operator in C must act on a separable
space.

As a first example, let C be the class of all separably-acting operators T' such that
| T|| <1 and lim,_,,, T*" =0 in the strong operator topology. It is not hard to see that the
simple unilateral shift § (i.e., the weighted shift with weight sequence 1, 1, 1, ...) is an
irreducible model for C. While this is a restatement of a familiar result in dilation theory,
we will briefly sketch the construction for completeness. Choose 7€ C, let D be the positive
square root of I —T'T*, let § be the space on which 7 acts, and let & be the closed range
of D. Let ' =R@® K ®... be the Hilbert space of all square summable sequences in &, and
let 8’ be the unilateral shift on &'; S'(&,, &, ...) =(0, &y, &y, -..). S’ is unitarily equivalent to
n+8 where 8 is the simple unilateral shift and n=dim &. Define a linear map ¥V of § into
Q' by VE=(DEg, DT*E, DT*%, ...), £€. Because | T*"¢||—~0 as n— oo, it follows easily that
V is an isometry, and clearly V7™ =8"*V. This implies that the range of V is invariant
under 8* and VI*"=8"*"V for n>0. Thus T*¥ =V*S$*"V and hence T"=V*S"*V, n=>0.
Sinee n<®, and §’ is equivalent to »-8, this implies T << 8. It is very easy to see that
8*"—0 stongly, so that S is a model for C.

As another example, let »>2 and let C, be the class of all contractions 7' such that
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T =0. Then the n-dimensional operator S, whose matrix relative to some orthonormal

basis has the form

010 ---0
0010--0
1
0

is an irreducible model for C, (this can be proved by a simple variation of the preceding
construction, or it follows as a somewhat trivial special case of 1.3.1).

Suppose now that C is a class which has an irreducible model. A natural question is,
when does C have a unique irreducible model? More precisely, under what conditions are
the irreducible models for C all unitarily equivalent? Now every irreducible operator 7'
determines a largest class C(7') having 7 as a model (namely the class of all operators X
such that X << T'), and note that 7' is a model for C if T€ C< C(T). Therefore T will be
a unique model for C if it is a unique model for the larger class C(7'). Note also that C(7’)
has a unique model if 7" satisfies the following condition: for every irreducible operator
T, Ty<<T<<T, implies T and T, are unitarily equivalent. Any irreducible operator 7'
which has this property will be called a unique model, and we are led to ask which irreducible
operators are unique models.

First, we want to point out that the simple unilateral shift § is nof a unigue model.
To se this, let «g, oy, ... be a sequence satisfying 0<e;<1, oy<1, and ;=1 for all
124,21, Let T, be the weighted shift defined on an orthonormal base e, ey, ... by
Tyn= 0y, n=0. Then ||T,|| <1 and T3"-0 strongly, as n— oo, so by the preceding
construction we have 7', << S. On the other hand, the restriction of 7', to its invariant
subspace [e;, €;,,4, ...] is clearly unitarily equivalent to S, and this implies §<< T,. But
T, is not unitarily equivalent to S because two unilateral weighted shifts with different
positive weight sequences cannot be equivalent (cf. [11], pp. 46-47).

In spite of that, the following result shows that a great variety of operators are

unique models.

TEEOREM 2.5.1. Let T' be an irreducible operator such that the Calkin map is not iso-
metric on the ultraweakly closed linear span of {I, T, T*, T? T*2, ..}. Then T is a unique
model.

Proof. Let T, be any irreducible operator such that 7', << T'<< 7';. Then as we have
already pointed out, co- T, << 7. So letting §, co*§, oo, be the Hilbert spaces on which
T, oo+ T, oo+ T, respectively act, then there are isometries VEL(S, ;) and
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WEL(co Py 00 Hy) such that T"=V*o- TV and oo Ti=W¥eo - T"W, 2=0,1,2, ....
We claim first that the range of WV € L(§, co- D) reduces oo+ T. Indeed, the preceding for-
mulas imply "= (WV)*co - T"WV for n=0, and hence the completely positive map
HX)=(WV)eo  XWV, XEL(H), fixes §={T™ n>0} U {T*" n>0}. Since ¢ is ultraweakly
continuous it must fix the ultraweakly closed linearly span §, of §. The Boundary Theorem
implies that ¢ fixes (*(§,), and in particular ¢ is multiplicative on C*(T). This means that
the range of WV is semi-invariant under {co-X: X€C*(T)} and, since the latter is a
*.algebra, the claim follows.

Next, we claim that the range of V reduces co-7';. Indeed, the preceding paragraph
implies (oo X)WV =WVX for X€CXT), hence oo T} V=W TWV=W*WVT=VT
and similarly co-7T%V =V7T* This shows that co-7; and oo-TF leave the range of V
invariant, as asserted.

Thus V implements a unitary equivalence between 7' and the restriction of oo- T,
to one of its reducing subspaces. Now since C*(7;) is irreducible, every irreducible subrepre-
sentation of the representation X €C*(7)> o X is equivalent to the identity representa-
tion of C*(T,). It follows that the restriction of co-7T; to the range of V is unitarily
equivalent to 7T, and it now follows that 7 is equivalent to 7.

Ag an illustration of this theorem, let 7' be an irreducible operator, and suppose there
is a sequence p, of polynomials such that Re p,(7) converges weakly to some nonzero
compact operator K. Then T is a unique model (for the Banach~Steinhaus theorem implies
that the sequence X,=Re p,(7T) is bounded, and hence converges to K ultraweakly;
since K 40, 2.5.1 applies in a straightforward manner). Note that this also implies that for

2<n < oo, the n-dimensional operator given by the matrix

010 ---0
00160--0
"0

is a unique model for the “nilpotent” class C, deseribed above.
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