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Section 0

Let @ be a connected noncompact semisimple Lie group with finite center and real
rank one; fix a maximal compact subgroup K. Our concern in this paper is Fourier
analysis on the Riemannian symmetric space G/K. We shall analyze the local and global
behavior of spherical functions, the boundedness of multiplier operators, and the inver-
gion of differential operators. The core of the paper, however, is an analysis of how the
size of a function is controlled by the size of its Fourier transform.

There is an extensive literature on such topies, centered about the Paley-Wiener and
Plancherel theorems. Our work relies heavily on these earlier ideas and techniques, to
which detailed reference will be made in the body of the paper. The problems we wish to
solve, however, require estimates more precise and of a different nature than are necessary
for the Plancherel or Paley-Wiener theorem. Thus the first two sections of this paper are
devoted to the construction of various asymptotic expansions for spherical functions;
in later sections we show how these expansions may be applied to the Fourier analysis of
G/K.
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Section 1

Let G be a connected noncompact semisimple Lie group with finite center. The Lie
algebra of @ has a Cartan decomposition g=f{+ p; fix a maximal abelian subspace a of p.

We shall assume throughout this paper that a is one-dimensional.

We fix some order on the non-zero restricted roots; there are at most two roots which
are positive with respect to this order, which we denote by « and 2a. Let p and ¢ be the
multiplicity of these roots, and define the number ¢ as o =(p+29)/2.

Let K be the maximal compact subgroup of G with Lie algebra f, and form the
Riemannian symmetric space G/K. We may compute that n=dim (G/K)=p+g+1. The
elementary spherical functions for G/K are indexed by @', which we shall identify with
R*, through the map A—>A«. Corresponding to each 10 is a spheriéal function denoted
by @;.

We fix an element H, in g with a(H,)=1, and define A+={exp ¢H,|#>0}; then G has
a polar decomposition G =KA+K, which leads to an integration formula we now describe.
Let D(t) =D (exp tH,)={(sinh ¢)? (sinh 2¢)%. For a correct normalization of Haar measures

and all sufficiently nice f,
f flx) d:c=f f f f(ky exp tHyk,) D(t) dt dke, dk,. (L.1)
¢ £ Ja+r JE

A function f is said to be K bi-invariant if f is invariant under left and right translation
by K. We define the Fourier transform for such functions by fay= {c 1(9)@1(g)dg. There
exists a measure |¢(1)|~2dA on R+ such that f(g) = [F@.(g)f(A)|c(d)|~2dA (see [5], [6b]).

We now define a concept of Fourier multiplier. To a function m in L®(R*) we
associate a map T, CXG/K)—=>LAGQ/K) by T.f(g)= [FmA)f*pi(g)]|c(d)|-2dA. (Alter-
natively, if we let % denote the distribution f— [¥m(1)f % @,(e)|c(A)| 2dA, then T,f(g) is
given by convolution with the distribution #.) The function m is said to be a multiplier
of L?(G/K) if the map T,, may be extended to a bounded operator on LP(G/K).

Finally, we shall follow the standard practice of allowing ¢ to denote a real or
complex constant whose nature we do not wish to specify further; its value may vary
from line to line. Dependence of such constants upon parameters of interest will be

indicated through the use of subscripts.

Section 2

In this section we shall analyze the behavior of ¢, (exp tH,) for small ¢. Tt is an im-
portant heuristic principle that locally, spherical functions on G/K behave like spherical
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functions on the symmetric space P associated to the Cartan motion group. We shall
state and prove a precise form of this principle.

For compact symmetric spaces of rank one, such a principle was established by Szegd
[12], who showed that Legendre functions admit a series expansion in terms of Bessel
functions. We shall extend this to G/K. Szegd’s idea may be illustrated through the
following computation for SL(2, R). A change of contour in Harish-Chandra’s [6a]

integral formula for the spherical function yields

t
@alexp tHy) = cf cos (4s) (cosh ¢ — cosh s)" 2 ds. 2.1)
[]
For small ¢,
(cosh ¢t ~cosh s)~*% = (12 —s2)~Y2 4 error; (2.2)

@, therefore behaves like
t
f cos (As) (£ — s%) 712 ds = J4(AL). (2.3)

0
For SL(2,R), K=80(2) and D =R? spherical functions for this action are Jo(At)/|At|C.

In general, we define

:7”(2) — Jﬂ(z)

P(u+ 4T3 2!

zﬂ
and

( 2 1)

Co=0Co(G) =222 2 —_ L

(1] 0 (”) *
2

THEOREM 2.1. There exist Ry>1, R, >1 such that for any t with 0 <t < Ryand any M >0,

We shall prove

n-171/2 o
galexp tHy)=c, [m] "ZO %" () T n—2y124m(A1) (24)
n—171/2 M
@a(exp tHy) = ¢, [_—] 2 " an(t) Jn-gyaem(Al) + Eagra(A) (2.5)
D(t)]  mo
where

a(t)=1

|an(t)| <cR™ (2.6)
| Baga(A8)| < ey 3MHD if |4t <1

<y BMED () @-DEEMID i | 2] > 1, 2.7)
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Remarks.
1. The techniques we shall use in establishing this result were developed by Szegd

[12] to analyze the behavior of Legendre functions. When the 2« root does not appear for
@, ¢ is equall to zero, and the spherical functions may be viewed as Legendre functions
of complex index. These were analyzed by Schindler [11], and in this case Theorem 2.1
follows from her work. In the proof of Theorem 2.1 we shall therefore assume that g is
non-zero.
2. As the proof of the theorem is somewhat technical, we decompose it into five parts:
I. Derivation of an integral representation for spherical functions, similar to (2.1).
II. Construction of a series expansion, generalizing (2.2).
III. Proof of (2.4) and justification of all formal manipulations in the proof.
IV. Estimation of the size of the a,(t).
V. Estimation of the error term E,,,.

Proof of Theorem 2.1,
Part 1.

Lemma 2.2. (¢, 8inh 2¢)-1 D(t)g, (exp tH,)

1 s
= | (cosh 2¢— cosh 28)¥®~1 | (cosh s— cosh 7)®®~! cos (Ar)dr sinh sds (2.8)
) (

0 0

H
- @2)-1 _ wrom-1p{1 7 _ 4. _cosh ¢ — cosh s)
(cosh t) ﬁ cos (4s) (cosh ¢ — cosh s) 17’(2, 1 P q+p; S ooshi

(2.9)

Proof. Formula (2.8) was proved by Koornwinder [9]. Formula (2.9) may be derived
through an interchange of integrals in (2.8) and an application of Euler’s formula

cpe )= L'(c) 1t _p\e=b-1/1 __ g N -a
F(a’b’c’z)_f'(b)l—‘(c—-b)ﬁt (1 =) Y1 —tz)~%dt.

Part 11. We shall expand the hypergeometric function in (2.9) as

2, {cosh £ — cosh s\’
S Gt )
i=0 cosh ¢

the appropriate generalization of (2.2) is a series expansion for functions of the form

(cosh t—cosh s) =52+

#—s?
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Let (u, w)=(t, 12 —s?), B(r)={2z€C]| |2] <r}, and let

2 cosh % — 2 cosh (u®— w)'?
w

when w=0

w, w) =1 .
gt ) sinh %

u

when w=0

ProposITION 2.3. [g(u, w)] 18 holomorphic in w for w in B(3x?), for all z in C and all

u in (—m, zw). Then

sinh u\? &
[g(u, w)f= ( ) 2, a(u,2) w". (2.10)
u k=0
There exists an R,>1 such that for all >0 and u with |u|2<R,,
M Z X
(smh ”) a(u, z)| < (4 °‘1’§h 1—‘) R7™. 2.11)
1

Proof. The analyticity of g in the given region was proved in [11]. To prove (2.11),

we first prove

LeEMMA 2.4. There is an Ry>1 such that when u is real and |u|*< Ry,

cosh u — cosh (u®— R, €)'

. 12
2 cosh u <1 (2.12)

[’}

Proof. The maximum modulus principle and the continuity of the function to be
estimated allow us to reduce (2.12) to the estimate

<1.

sup sup
lul<t 6

cosh % — cosh (u?— ¢f)V2
2 cosh

This estimate follows by computation. For later use, we shall require R, <zr/2.
We can now prove (2.11). The Cauchy formula shows

sinh u\? _ 1 [g(u, w)*
( " ) (4, )= 'ﬁm-m——_wk“ dw.

271
sinh #\* (u,7)
% D\ %s

Then

<sup |g(u, R, )| RT"

xz
< (4 cosh u) Ri* sup
B, 0

cosh u— cosh (u®— R, %2
2 cosh u ’

From Lemma 2.4, the supremum factor is bounded by 1, proving (2.12).
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Part 1II. We now estimate equation (2.4). We shall proceed formally, but justify all
formal manipulations in Lemma 2.5 below.

2’ 2 & 2 cosh ¢ ~ (2.13)

1=0

— o0 - J
F(g 1-Lp+ -M)= w(w)
2 cosh ¢

where

q.. 14 )
i—_ Lty F(2+7) F( 2"’
! r(g)r(l—g) D(p+g+j) TG+1)

Substituting (2.13) into the expression (2.9) for g, (exp tH,), we obtain:
(€0 2%~ D(t)"" sinh 2¢ (cosh )@y~ g,(exp tH,)

0 t
-—-—Zo d,(4 cosh t)"'j0 cos As(2 cosh £ — 2 cosh s)" 2+ g, (2.14)

From formula (2.10), this is

7 t 0 : (n—3)12+j —
> d,(4 cosh )~  cos As(t? — g?)m-0i2+i 12:0 (@) ak(t, n—3 + 7') (8 — &) ds.

j=o t 2
(2.15)
This is

M8

2

3 (n—3)/2+# — 1
dy(4 cosh £)~! (s“;h t) ak(t,’i-z—?’ﬂ') f cos As(ft — s?)nIHh s (216)
0

.
<

k=0

1

But

¢ 1
f cos A«S‘(tg — 82)(n-3)/2+i+kd8 — tn—2t2(i+k)f cos (ltr) (1 — 7.2)(n—2)12+j+k~(1/2) dr
0

0
n—2

I‘( +j+ k) NG
_peaporn N2 D g i)

2 “’ At[@-BEFIFE = (AP0 j(n—2)l2+j+k()’t)

2

(See Erdelyi [2], p. 156). Equation {2.16) therefore becomes

o 0 o _[sinh ¢ (n—3)/2+j -3
t 2 Z Z d1(4 cosh t) j( lnt ) a,,,,(t, n—"“ + 7) tz(k+i) 7(n~2)/2+1+k(2't)‘ (2.17)

§=0 k=0 2
Rearranging the series, we obtain

@
(sinh £)*=OR DB S g YR o m(AE) (2.18)
m=0
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where

m : F) _
anlt)= 3. dy(4 cosh t)-’(s“‘th t) am-,(t,”—g—?’-r 7‘)- (2.19)
j=0

This establishes equation (2.4) of Theorem 2.1.

Lemma 2.5. There is a number Ry>1 such that for any t with 0<t<R,, the above
proof of (2.4) is valid.

Proof. Choose any R, with 1 <R,<Rji”. As |(cosh ¢ —cosh s)/2 cosh t| <1, the hyper-
geometric series (2.13) converges uniformly; this justifies the interchange of sum and
integral between (2.13) and (2.14).

The expression (2.14) is transformed into (2.15) through an application of (2.10);
the series in (2.10) will converge uniformly when |2 ~s?| <3a2 and |¢| <m. As s<IS R <
Ri?<a'®, we may apply (2.10), and use the uniform convergence of the power series to
transform (2.15) into (2.16).

To transform (2.16) into (2.17) we must justify the re-arrangement of the double series;
it suffices to establish the absolute convergence of the double series. Using estimate (2.11)
of Proposition 2.3 and the trivial estimate |J,(4¢)| <1, we see that a term in the double
sum (2.17) is bounded by |d,||4 cosh t|"~¥"2|#2/ R |*+*. As ?/R,<Rj/R, <1, the series

3 3ll(g)”

clearly converges. This completes the proof of the lemma and of equation (2.4).

Part IV. We wish to show ay=1 and |a,(t)| <CR{™. The first is obvious from the

definitions. To estimate the a,,, we note that

sinh #\’ n-3
(o) ool 5 )|

(n—3)/2+)

|an(®)| < 3. |d;| |4 cosh ¢] 7
j=1

j-m
1

: —-(n~3)i2 m
< (smth t) 314, |4 cosh ¢
j=0

4t cosh t\*~®2 ™
(R1 sinh t) By goldfl‘

4 cosh ¢
E,

But elementary properties of the I" function show that

n n 1‘(§+7') r(1~g+7‘)
d,|< ; ;
Jgol 4 cgl ip+g+HT(1+7)

2= (Pp+(q/2)) y—ai2
<e2§ i
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The assumption ¢ +0 implies that p +¢>2, so that the sum is bounded independently of m,
and the estimate (2.6) is valid.

Part V. To estimate Ey,,;, we examine the regions |At] <1 and |4t] >1 separately. In the
former region, we bound |J,(At)| by 1. Then

n—-1|1/2 o0 t2
Eyal<egl—= I ay(8)].
l M+1l (1) D(t) j=§+1 I ]( )I

From (2.6) we see this is bounded by

0 t 2AM+1) o R2 i
o 3 e )5 (B corr

J=M+l 1 i=0 1

In the region |Af| >1, we again start with the estimate

tn-l 1/.

®)

IEM+1|<60

2
2 tml“z(t) I I Tin-yiz2s(A8) I
J=M+1

For the first term in the series we employ standard estimates on Bessel functions, to

obtain

1‘(”—;—1 + M+ 1) T'(3) 202 M
[Tn-2yzae2(A)[ <€ 73| Dmr 8

For higher terms, we must employ sharper estimates. Szegé [12] has shown

-2 T(p+1-k)
l2ff  T(u+1-k)

19,(0)| <2 &

an estimate which is valid for all real z and integers k with 0 <k<u. We set k=(n—2)/2+
M +2, and find
| Bagos| < 3 4+ | A |- r-Diz a0

where

cus<c [2‘”‘”’%‘(%) Ry oM P(”———; Lims 1)

Rz i n— 3 nf2)+M+1
(/D1 112 QM H=AM+D) __2) ( 44 12| oo,
2 ° 1=%+2 (Rl z ! ! =

This establishes estimate (2.7) and completes the proof of Theorem 2.1.
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Section 3

In this section we derive estimates on the growth of the spherical functions and their
derivatives near infinity. Our approach depends upon a key result of Harish-Chandra:

TrEOREM 3.1.

@1 (exp tHy) = c(A)e™ P! (t) +c(—2) e $_y(0) 3.1)
where
- (Q) . (g) NG (p J; m) "
2\ I‘(g-i-i/l) r(%@) '
$alt)= éI‘k(l) e ¥ 3.3)
Iyd)=1
(k+1)(k+1—i2) D= J_=Zk0 g(g +2j—i)T,+ Hgl _2lq(g +2j—id) T (3.4)
20,150
Remarks.

1. The series (3.3) converges when |Im | <g, uniformly on compacta not containing
exp (0 Hy), the group identity. This follows from unpublished work of Harish-Chandra;
see Helgason [7], p. 201. Theorem 3.1 was proved in [6a].

2. Our notation differs slightly from that of [6a]; our I', is Harish-Chandra’s I'y. In
Harish-Chandra’s notation, 'y, =0.

From equation (3.1), we see that
@, (exp tHy) = c(A)e? e 1 ¢( —A)e #e % Lerror terms;

estimates on the size of a function f may therefore easily be obtained by Euclidean
Fourier transform techniques, if one has some knowledge of f and some control of the
above error terms. Gangolli [5] showed that there exist positive numbers ¢ and d such that
| Tw(2)] <ck®. Such estimates are optimal, and suffice to prove Paley-Wiener type theorems
(see Helgason [7]). In the Paley-Wiener theorem, one knows that f(1) is rapidly decreasing
when Im 4 =0; estimates on 1'(1) which are uniform in A are sufficient to achieve control
of . We are concerned with controlling f under weaker hypotheses on f; it is essential to
estimate precisely the growth of I'; in A.
We shall prove
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TeEOREM 3.2. There is a constant A =A(G) such that, for any M >0 and any A with
Imiz=0

M

)= 2 yn+ Bia, (3.5)

m=0

where yh, is the sum of terms g;, and 1/g; is an mth degree polynomial in 2. Further,

m ,2k

k oe
l7aA) <4 [Re A" (3.6)
m ,2k
o k o ge
|-DReJ. Ym|<A2 |Re }hlm+“ (37)
IEk I<Aﬂ (3.8
M+1| ™= ]Re }-IM+1‘ B )

Remark. As with Theorem 2.1, the proof of this result is rather technical. We decompose

it into four parts:

I. Construction of a recursion simpler than (3.4).

II. Solution of recursion and expansion in the form (3.5).
III. Estimation of the .
IV. Estimation of the error term E%.,.

Proof of Theorem 3.2.
Part 1.

ProrosIiTION 2.3.
k
(k+1)(k+1=2) =0+ k) (e +k—id) T +q 2 (=17 o+ 25—i)T,. (3.9)
j=0

Proof. 1t suffices to prove that the right-hand side of (3.9) equals the right-hand side
of (3.4). This latter is

k-1
S+ 26—t glo+2%k—ilTut 3 Ti+2j~i)T+ S dle+2j~iT,
P

o9
+ 2 qe+2j—il)—qlo+2k—i)T— 3 qlo+2j—iA)T}.
fumk+1-21 j=k-21
1>0,720 1>0,i>0
This is
ele+2k—i) I+ k(k—iA) T +q > (0+2j—iA)T,
j=k+1-21
i>0,j>0

k
=(e+k)e+k—id)Tp+q2 (—1)* (o+ 2/ —iA)T).
=0
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COROLLARY 3.4. -
Cirr =0T+ 205“1:, (3.10)
j=

where

| E+1—iA (3.11)
e (e 4 e+2 1)
pr=(=1) k+1(1+k+1—d (3.12)
Part I1. When ¢=0, (3.9) is trivial to solve, and yields
FQ—id) T(e+k) T(e—id+k)_ ( b, )
Fe= T—i) T Tk+1)TQ—id+k) ,Ho “f+7-+‘—'1_,-,1 : (3.13)

To facilitate estimates of D{I;, we expand the product expression into a sum of 2*
monomials, and it is trivial to estimate the derivative of each monomial.

When g is non-zero, (3.9) admits of no simple solution (see, however, Corollary 3.8).
I'4,; may be expressed as a sum of 2* terms, each of which is a product of «;’s and f’s
These products may in turn be expanded into monomials, through (3.11) and (3.12). A
gt is a term in this expansion for which (g&"*)-1 is a polynomial in 4 of degree m. If ¢ =0,

k41 Ok @ K41 ;
there are m such; if ¢=+0, there are 2 i1 such. Let ;" be their sum.

Part 111.

21c
LeEMmA 3.5. |y”‘}“)l<A|R Ame

Proof. From (3.11) and (3.12) we see o, =a; + b, [(k + 1 —24), where
|a] <1+2/(2k+2), |b,| <p/2 for k>k, and |b;] <A, for k<lky;
Bf =cf +df|(k+1—1;), where |cf| <q/(k+1), |df| <glo+2f—1)/(k+1).  (3.14)
We shall establish the lemma by induction on k, for all §. Assume first that m =0,
and that the lemma is valid for all ¥} with j<k. From (3.9), y6*' =a, ¥ + D120 ¢f yd. Then

(3.14) and induction show that |y6™'| <4 e*™(1+(p+g)/2(k+1)). When (p+g)/2<k+1,
[76+!| <4 €**D. The smaller ¥5** may easily be estimated by choosing

+12
pt+gq
A> = (20)°.

E’ ( 7+1)) (2e)

This proves the lemma for m=0 and all k.
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When m >0, it is clear that pf, =0 for k<m. We shall therefore prove that (3.6) holds
for all m with 0<m <k and all k. Assume (3.6) is valid for 9} when I<k and j<I If
m=k+1, ykii=[b,/(k+1—id)] ¥i. Now Im A >0, so that

|Re 2| <|k+1—ii| and
le% 9k+1 2(k+1)
ly"“,<2|R ] lReAl"<A|ReZ|"”'

This estimate is valid when k>ky to handle the cases k<ky, we must choose 4> A4
‘When m<k+1,

Yyl =g, 7”‘+~—b" Ve +k§ c"y’+————————(Jl’k7’{"—1 .
mEI T 1= S\ k1l
Thus
Ae™ p P 29 g k
e+ e o am I . 9
17271 < [Re 2¢ (1+2(k+1)+29+(g—-l)(lc+l)+2gIc+1)

AeZk@ p+q P+29) sty Q"
<IRe M'"(H Towr) S ReaP

The estimates on b, are again valid only for large k; for smaller & extra factors of 4, are
required in 4.
m
Lemwma 3.6. | D&, yh|< 427 [Re 7 ¢ |m+¢e2".
Proof. The proof is the same as that of the previous lemma, but employs obvious
estimates such as | D;(b,/(k+1—14))| = |b/(k+1—iA)?|.

Part IV.

M+1 Zk

Q
LeMMA 3.7. ]Eﬁ‘Hl]SAIR 7

Proof. We prove the lemma by induction on k, for all M >0. The k=1 case is trivial.
Assume the result is valid for all j<k. The terms which contribute to E%Y are:

k-1
@ “k:EIIi{+1+ Z ﬂ;cElltl—H
=M+1
by w df

.. b _df
) k+1—u7"“+,z k+1-M”’M'

=M
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Note

M+1 2k
k1< p |ka) g ¢
| B (l+2(lc+1)+k+1 A Re 7p™

P en+1 e2k
< .
(1 T 1) Arge7pm

M+1 er

kg <4 e+2)\ , ¢ g
185 B lc+1(1+k+l ARe 7P

M 2k M+1 2k

be .k P g'e Qe
Ic+1—MyM,<2|Re1|A|ReA|M<A|Rel|M“

M ,2f

G q o+2 , ¥
< <
|k+1—i1y“‘ k+1|Re | [Re 2P <4

M+1 e27

e+t2 ¢
k+1 |Re A[+"

We must therefore have

b q 1 4 e <ot
St T Er (1+e2—1+(62—1)(k+1))+(e2—1)(k+1)\e’

which holds for sufficiently large k.
This completes the proof of the lemma, and completes the proof of Theorem 3.2.
We may use the above results to derive some further information on the behavior of
spherical functions. One would like to have, for example, a representation of I'y as a
quotient of I' functions, similar to (3.13), but (3.9) clearly shows the ¢=+0 case to be
more complex than any ¢=0 case. To solve the recursion (3.10), we note

].-‘1 = “01-‘0 = “0
Ty = o0y +poTg = oy o+

T3 = oty oy otg + o3 B + 65 + B et

[y, may be expressed as a sum of 2°** terms, each of which is a product of «’s and f,’s.
It is useful for computational purposes to know which products may occur; we shall give a
simple combinatorial characterization, which allows one to write down I';,; without
having solved (3.10) for I';, j<k.

We would like each term occurring in I';,; to have k +1 factors; as this is clearly false
we develop a substitute notion.

Definition. The type of «, is one; the type of 85, is I—m+1. The type of a product is
the sum of the types of its factors.
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CoroOLLARY 3.8. Let
Ojy oee Oy, :,‘h ﬂ:'?n (*)
be one of the 2% terms which occur in solving (3.10) for Ty,y. The collection of integers j, I, m
such that o, or B, is a factor in (*) satisfies the following conditions:
() 0<j<k, 1<I<k, 0<m<l.
(b) If B is a factor in (*), no a; or B is a factor, for any §, ', m’ in [m, 1.
(c) The integers fy, ...y §is by o5 by My, ooy My, are distinet.

(d)y The type of (*) is k+1.

Conversely, if (*) is a product the indices of whose factors satisfy (a)—~(d), then (*) is one of the

2+l terms occurring in the solution of (3.10) for Ty,

Proof. That conditions (a)—(d) are satisfied may easily be proven by induction on k.
For example, (3.10) shows that the type of a term in I',,, may be the type of a term in
T, plus the type of «,, or it may be the type of a term in T, plus the type of §}; either of these
is k+1.

The converse is of greater interest; we establish it by induction. To analyze I';, we note
that (a) requires the terms in (*) to have indices bounded by zero. The candidates for
T, are thus &y, 3 and o f9; B9 contradicts (a)-(c), while a8} contrives to contradict all
(a)—(d). The assertion of the corollary is the true statement that I'; =a.

Assume the result holds for all T'; with j<k. Let (*) be a candidate or I';,,; that is,
let (*) satisfy (a)-(d). We claim that (*) contains a factor o, or f. Let us assume this result
for the moment. If a, occurs, ff does not, by (c). Let (**)=(*)/a. Then (**) satisfies
(a)—(d) with & replaced by k—1: conditions (a) and (¢) show that (a) holds for (**); the
validity of (b) and (c) is not affected by deleting a term, and type (**)=type (*)—
type o, =k. Therefore by induction hypothesis (**) is a term occurring in IY, and by (3.10),
(*) occurs in T, through o, T%.

If Bf occurs in (*), we set (**)=(*)/8F. If j=0, type (*)=type Bt +type (*)=k+1+
type (**). Condition (d) requires type (*)=k+1: therefore (*)=g§. But 8§ occurs in I';,,
through B5T. If >0, the proof that (*) occurs is the same as that for «.

To complete the proof of the corollary, we must show that either o or B occurs in (*).
Assume neither occurs. Let my=max {I|a; or §} is a factor in (*)}. Condition (a) implies
my <k; condition (c) and our hypothesis imply that m,<k. We shall show that type (*) <
mg+1; this contradicts (d).

To calculate the type of (*), we replace each ﬂ:f,, oceurring as a factor in (*) by a formal
product o, o +1 ... oy, The type of ﬂ:;i is the number of factors in this formal product.
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When we have replaced each £}, in this manner, we form the set S, the set of integers j which

appear as indices of an «; or an «;. We wish to show:

(i) to each integer in S corresponds precisely one w;, or «.

(ii) S has at most my+1 elements.

Then (i) and (ii) together imply type (*) <number of integers in S <m,+1. But (i) follows
immediately from conditions (b) and (c); (ii) follows from (a) and the definition of m,.
This completes the proof of the corollary.

Theorem 2.1 gives an asymptotic expansion for ¢, (exp tH,) when ¢ is small. For large

t we may use Theorem 3.2 to derive a similar expansion.

CorROLLARY 3.9. There exist functions A, (A, &) and E4,,(4, t) such that, for any M >0
and t= Ry, A with ImA>0

«©

$1(t)= 2 Ay(A,t)e ™"

m=0

¢A(t) = 2 Am(}*’ t) e—th + 8M+1(2" t)’
m=0

where
" ane” .
lDADfAm|<AI—Re—m2 +ﬁGﬂ(t)
10 Eual< 4% 20 0,0
teunlS AR pr 5(t)
and

w s
Golt)= 3, €%,
j=0

Proof. Tt we set Ap(d, t)=2>70Yn(A)e™*", the result follows from Theorem 3.2.

Section 4

In the previous sections we obtained series expansions for spherical functions; we
note that the expansions which characterize local and global behavior differ radically,
both in statement and proof. In this section, we shall apply Theorems 2.1 and 3.2 to the
Fourier analysis of K bi-invariant functions; we shall see once again that the local analysis
is essentially that of P, viewed as the symmetric space of the Cartan motion group, while
the global analysis has no Euclidean analogue.

We establish notation to be used in the remainder of the paper. N will denote the
least integer greater than n/2. Let y(g) denote a smooth K bi-invariant function with

0<y<1;p(exp tHy) =1if [¢t]| <RY% y (exp tHy) =0 if |t| > R,.
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ProPOSITION 4.1. Let p(A) be an even O¥(a))) funciion satisfying the estimates

Dep(0) =0 when 0<as<N
| Diph)| < C,(1+]A])= when 0<a<N. (4.1)

Then there exists an LMG[K) function ey(t) such that

plexp tHo)p(exp tHy) =yp(exp tH,) L P(A) palexp tHo)|e(A)|2dA

n—1

12 poo
~piex tHo o fys) | P Tl ()0 ). (62

Remarks.

1. It is not clear from the hypotheses that p exists, other than in a distributional sense.
Throughout the remainder of the paper we shall always assume that functions satisfying
estimates such as (4.1) are in fact rapidly decreasing in A, though none of our estimates
will depend upon the rate of decrease. This will allow us to define p pointwise, and to
perform various formal manipulations such as integration by parts. To pass from this
to arbitrary functions satisfying (4.1), we need a basic theory of approximate identities.
Such a theory may easily be developed, in a manner analogous to the Euclidean theory.
Pointwise results may be obtained using the work of Clerc and Stein [3] on maximal
functions.

2. The proof of Proposition 4.1 requires repeated integrations by parts. It is therefore
essential to estimate derivatives of |c¢(4)] 2

LEMMA 4.2, | Dg|e()| 2] <eu(1+|A])" 1 (4.3)

Proof. The lemma may easily be derived from the following formulae, each of which
is a consequence of equation (3.2): |c(A)]| 2=

k-1
e[l (2 +22) when ¢=0 and p=2k
j=0
ﬂ}. k-1
cA tanh—z— IT 1[G +9)2+ 2% when ¢=0 and p=2k+1
j=0
Kk k+1 b3
cl cothﬂH [j2+ (&)z] [j2+ (&) ] when ¢=21+1 and p=4k+2
2 2} 141 2

ﬂz k k+1-1 2
cA ta,nh—2~ I1 [(%+ 7R+ (5)1 [(% + )+ (—) ] when ¢=21+1 and p=4k.
j=0
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Proof of Proposition 4.1. We shall employ Theorem 2.1, with M chosen to be N. Define

n-171/2 N 00
eo(t) =p(exp tHy)c, l:fm‘)] > " “m(t)J; J(n_z),2+,,,(lt)p(l)lc(}.)l'z da

m=1

+plexp 1) [ Bras )20 . (@.4)

The estimates (2.6) allow us to bound a,(f) by a constant. Each term in the ex-
pression (4.4) is a compactly supported K bi-invariant function; the integration formula
(1.1) shows that ey(¢) will be in L' if each term

Enlt) =" fj(n—2)12+m(/1t)p(2') le)|"2dA, 1<m<N

Exenlt) = f Byaal2t) ph) | oW 2dA

can be bounded by ¢/| D(t)] or c/f*"". The term ey, is easy to estimate; from the estimate

(2.7) on Ey,,, we see

1/t 0
lena(t) < cN"p“oo( fo PG f mt2<N+l> (A)~ DI (] 4| 7|y dz) .

The latter integral is convergent, as N >(n—1)/2; then
|8N+1(t)| < c[tZ(N+l)+ f-DIZ-N N H1—(=1I2]  of,
The remaining estimates are more subtle. We shall apply the formula
zt Dz(j,u(z)) = =0y :7”.,,1(2)

(see Watson [13], p. 18). When m >2,
1 N
Em(t) = Cn ™" f p(ﬂ)lc(l)l‘z(—ztl)u) Im-2+e(At) dA;

here ¢ is zero when 7 is even and is } when # is odd. Integration by parts shows that
20m—N ny -2
enlt) = et [ (D323) " 00| #) I-avt) 2.
As |Ju»)| <1, a typical term in the expansion of the integrand is majorized by
e(L+|4])" 2 <c(1+ |4|)~2% therefore |en(t)] <c*™ P <cii-".

18 — 772908 Acta mathematica 140. Imprimé le 9 Juin 1978
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If m=1 and = is odd, we proceed as above, obtaining
1 N
ex) = [P0l () (cos 20,

from which follows |,(t)] <c. When m =1 and » is even, we integrate by parts #/2 times,

to obtain

n/2
st = [(D2:3) " GBIl T a2

The integral splits into two parts, |At| <1 and |i¢|>1. The first part contributes
ct f§'(1+|A])"1dA <ct|logt]; for the second part we estimate | Jo(Af)| < c|At| 2, and the
second part then contributes a term c¢t. This completes the proof of the proposition.

COROLLARY 4.3. Let p(A) be an even C¥(a',) function satisfying the estimates

Dip(0) =0, O<a<N

| DipA)| <c (1+]4])%, O<a<N.
Then for all t<R,,

o0 N
Plexp tHy) = ¢, L ) Ja-wn(R)|c@)|d+ 2 en(e) +e(t) (+5)

where
let)| <c

lea(®)] <cft™™?
len(®)| < DY, m>1.

Proof. The corollary follows immediately from the proof of Proposition 4.1.

Proposition 4.1 allows one to replace the inverse spherical transform on G/K by the
radial inverse Fourier transform on R®, at least locally and up to I* error terms. The
following result (see [3]) shows that globally, the Fourier transform must behave in a

manner entirely different than any Euclidean analogue.

TuroREM 4.4, Let f be a K bi-invariant funciion in L*(G/K) for some 1<s<2. Then
f(3) may be extended to a function analytic in the strip e,={A||Im A| <((2/s)—1)e}. If f
is in LY, f is continuous on the closure of e,.

We shall establish a partial converse to Theorem 4.4.

PROPOSITION 4.5. Let p(A) be an even, Weyl-group invariant function analytic on the

strip e,. Assume that
[Dzplo+iv)|<c.Al+|a])™® for 0<a<N (4.8)

and all ¢+ it in e,. Then p(g) (1 —w(g)) is in LXG[K) for all s, 1 <s<2.
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Remarks.

1. The first result of this kind was proved by Clerc and Stein [3], who established it
for symmetric spaces G/K with G complex. Many of the techniques employed below origi-
nated in the work of Clerc and Stein.

2. A simple modification of the proof below allows one to show that if p satisfies the
estimate (4.6) in the strip e,,, then p(L — ) is in L* for sy <s<2.

Proof of Proposition 4.5. We shall show that for every ¢ with 0 <e <1, there exists a
constant ¢, and a function K, () such that

|p(exp tHo) (1 — ylexp tH,))| < c.e™ @1 + K (¢)) 4.7)

where [¢|K,(t)|>d¢ < co. Assuming these results, we choose s>1 and compute

1s

1/s a0 1
|21 —w) ",<68(Je‘(1”)’9‘|1)(t)|dt) +c€(f e"‘”""”‘IKe(t)lslD(t)Idt) .
0

We estimate | D(f)| <ce®; the first integral may be made finite by choosing &> (2/s)—1;
the second may be estimated using Holder’s inequality. The proposition therefore follows
from (4.7);

To establish (4.7), we note that p (exp tHo) = [Fp(A)@a(g)|c(A)|~2dA; as p is an even
function we may use (3.1) to write this as {2, p(A)c }(—A)e™ @, (f)dA. When t>Ry?>1,
the expansion ¢,(f)=> I'(A)e ** converges uniformly, and as p is rapidly decreasing
(see the first remark to Proposition 4.1) we may interchange sum and integral. Then

e 2kt.‘

la-w)bl<a-v 3 | |” swer-armesera
k=0 —00

The integrand of each term in this sum is holomorphic in the strip 0 <Im 4 <g; we may

change contours of integration, A-+i0—24 +icg, for any & with 0 <¢<1. Then |(1 —y)p]| is
bounded by

0

(1 _,‘P) e—(l+e)9t z

k=0

e——2kt_

o0
f e p(A+iep) ¢ (— A — teg) Ty (A + iep) dA

Let ¢{4, &) =p(d +iep)cY —A —iep). To establish (4.7) it suffices to prove that

>, I e*q(A, e)Ty(A + te0) dA| e~ < ¢, + K, (E). (4.8)
k=0)J —

Let ®(4) be a smooth even function on R with 0 <®<1; ®(4)=1 when |1} >2; O1)=0
when || <1. Then
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J.e’“(l — ®()) g(A, &) T(A + ieo) dl} < 2 sup |g(4, &) [y (A + de0) | < ¢, kY,
1A]<2

from Gangolli [5]. Terms of the above form therefore contribute ¢, >, k%e~%!<c,, and may
therefore be ignored.
To estimate

lf(b(l) e*q(A, &) Ty(A+1e0) dA], (4.10)

we employ Theorem 3.2, with M =N. Then (4.10) is bounded by

N
)
m=0

JCD(A) et yl(A+ieo) q(4,€)dA

+ sup | p(4+ ieg)| f(I)(Z) | BYr1(A)||e(— A—igo)|~  dA.
2

As |A|>1, we may use (3.2) and standard estimates on quotients of I'-functions to
estimate |¢(—4—1iep)|~1<c,|A|™ . Then (3.8) shows that the final term above may be
bounded by

0
c, A"t e“"‘f [A|7®#D 4| D2 dA < c e,  as N >nf2.
1
Such terms therefore contribute at most
[ e] [oe] )
e(1—y) 2 10 e, (1~9) 3, exp (2k(1 — RY?))<e,
k=0 k=0

to (4.10), and may therefore be ignored.
We now define

N
E@p=01-9) 2 2 e

m=0 k=0

f D (1) e q(4, &) yl(A + igg) dA!.

Let fi(A) =®(4)q(4, £)y%(A +ieg). Then

1/2 N o 00 2 12
( f [Ke(t)lzdt) <3 > ( f e f e f5(A) dA dt)
m=0 k=0 \J R,
N o 0 2 12
<SRy™M Y 3 exp (— 2kRY?) (f &y fe“ﬁ,’ﬁ(l)dﬂ dt)
m=0 k=0 -0

N > o] 0
=R 3 3 exp (— 2Ry ( f
-0

2 1/2
f & DY 1 ) dll dt)

m=0 k=0
N o 0
=c¢ > 2 exp(— 2kRy? ( f | DY ﬂ‘,,(l)|2dl)1/2. (4.11)
m=0 k=0 -0

This last equality holds by the Plancherel theorem for R1.
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To estimate (4.11), we note that D¥f;, may be expressed as a sum of terms
De(p) DA(®-¢-1) D*(y}) where a+B-+5=N. We employ the estimates (3.6), (3.7) and the
hypotheses (4.6), as well as obvious estimates on I' functions, to show

| D*(p) DA(@ - ¢7Y) DX (ph) | < € | A| 7| A [ DID=8 g | 3 | =m=F

when |1|>1; for 1<1, fi,=0. Then

2

1/2 N 0 y
(flKe(t)Pdt) <6 2 2 exP(—2kR5’2)e2"( f W—l—zm)
m=0 k=0 1

00 1/2
<c,,( f IAI"‘l‘szﬂ) .
1

As N is an integer greater than n/2, this integral is finite, and the proof of the proposition

complete.

Section 5

This section is devoted to the proof of

THEOREM 5.1. Let p(A) be an even, Weyl-group invariant function holomorphic in the
region {A||Im 2| <o}, and satisfying in this region the estimates

| Dip(o+17)| < Caoll + |o])~= for 0<a<N.
Then p is a multiplier of L (G/K) for 1 <s< oo,

Remark. The first results of this kind were established for the group 8! by Marcinkiewicz
[10]. The first results established for non-compact symmetric spaces G/K were those of
Clerc and Stein [3], who considered the case of complex G. Several of the techniques

employed below originated in [3].

Proof of Theorem 5.1. Let ky(g) =p(g)w(g), and ky(g) =p(g) (1 —9(g)). We shall show that
|%:%fls < es|f]|s for 1 <s<oo and i=1, 2. We examine first k,. In the previous section,
we showed that k, behaves like the Euclidean inverse Fourier transform of p; we now

relate convolution with %, to an Euclidean convolution.

LEMMA 5.2. Let k be a compactly supported K bi-invariant function. If convolution with
D(t)k (exp tH,) is a bounded operator on L*(RY), then convolution with k is a bounded operator
on L}{G/K).

Proof. This result is due to Coifman and Weiss [4].

It therefore suffices to prove
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LemMMA 5.3, There are functions ky(t), &,(t) such that
D(t)k, (exp tHy) = ky(t) +&(t),

where gy(t) ts 1n L'(R) and k, satisfies

<c(l+]y) ™ «=0,1. (5.1)

00
D J e~ o (2) da
-0

Therefore, k, satisfies the conditions of the Marcinkiewicz multiplier theorem, and convolution
with D(¢)E, (exp tHy) is a bounded operator on L*(RY), 1 <s<oo,

Proof. We shall choose @ as in the proof of Proposition 4.5. Then
b(exp 1) = pexp tHo) [O(2)piexp ) p(D)| e di

+p(exp tH,) f (1 — ®(2)) palexp tHy) pid) |e(2)| "> dA.

The second term is bounded by y- [5|p(2)|]c(4)| 2dA<cy; v is bounded and compactly
supported, and therefore in L{(@/K); we may henceforth ignore the second term. To treat
the first term, we note that ®(1)p(2) satisfies the hypotheses of Proposition 4.1; we choose

n—1\ 1/2
ko(t) = coplexp tHy) D(t) (Z(t)) f O () Ton-ylh1) | ()| A
and
go(t) = (exp tH,) D(t) ey(t).
Then

ool [leo]1D01= el

To show that k, satisfies (5.1), we shall consider separately the cases n odd and n even.

When # is odd, we may write Ji,_gys(2) = c(z-1D,)* 12 (cos z). After (n —1)/2 integra-
tions by parts, we see that it suffices to prove (D;-1/A)™ A ®(2) p(4) |c(A)| ~2) satisfies (5.1),
which follows immediately from the estimates (4.3) on |c(4)|~2 and the hypotheses on p.

When # is even, we may write

Jin-2y2(2) = ¢z D)2 o (2),
and

Uo(lt)=7gt J; (=A%) sin utdu
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(see Watson [13], p. 180). Let g(1)=(D,- (1/A))" 2" (D(A)p(4)|¢(A)| ~2); then

[ 1/2
tafesp tH) ~eplexp thy) [0 ¢ [ath) )

-
= cy(exp tH,) ﬁStl) fsm ,utf (A) (u®— 232 dAdu

= cy(exp tH,) g(_m fcos yt—— f q(d) (u®— A% dAdp.
To establish (5.1) it then suffices to show that (d/du) [% g(A) (u®—A2)""*dA satisfies (5.1);
this is again a straightforward computation.

To complete the proof of Theorem 5.1, we must show that [jkyxf||,<c,||f||s for
1<s<co, The appropriate substitute for Euclidean techniques is the following result of
Clerc and Stein [3].

LevMMA 54. Let & be a K bi-invariant function in L(G/K for all r satisfying
1<r<1+0, where 6>0. Then ||kxf|;<c,||flls for 1<s<oo.

To prove Theorem 5.1, we note that Proposition 4.5 shows k, to be in all L" with
1<r<2; an application of Lemma 5.4 completes the proof of the theorem.

Section 6

Multiplier theorems such as Theorem 5.1 find application in estimating the LP
behavior of differential operators on G/K. Let @ be the radial part of the Laplace-
Beltrami operator on G/K; then wp; = — (A2 +02)@;. Define m (1) = (A2 +?)~*%, and define
a bi-invariant distribution k, on @Q/K by k,=m,. If f is a good bi-invariant function,
kyxof=w(ky%f)=—f. On K bi-invariant functions, the %k, behave like fractional inte-
gration kernels, k,% — =(—w) **. From the results in sections 1-5, we should expect
that the local behavior of the k, is the same as that of fractional integration for the
Laplacian on R" we should also expect that the global behavior of the k, has no Eu-
clidean analogue. We shall prove:

THEOREM 6.1. Fix a>0. Then

1% %1lle < elfll» 6.1)

for oll f in LP(G|K) if and only if p=q and 1 <p <o, or p <q and one of the following condi-
tions hold:
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Case (¢c), 0<a<n Case (b), a=n

[
I
SR

f f'r

W
K|

Fig. 1

EREI

R
"S-

(a) x>n
(b) c=n and g<oo
(e) 0<a<n and one of the following holds
(i) p>nja
(i) 1<p<nfa and 1/p—afn<ljg
(iii) p=1and 1 —a/n<ljg<l.

Remarks. 1. Theorem 6.1 may best be understood through reference to Figure 1.
Open circles and open areas represent points (1/p, 1/g) for which (6.1) does not hold;
hatched areas and straight lines represent points for which it does.

2. Set k,=f,+g,, where f,(9)=Fk.{g9)y(g). We shall first prove

LeEMMA 6.2
(I) g, s in LP if and only if 1 <p<oco.
(II) When a>n, f, is in L® when 1<p<oo,
(III) When a=n, ¢,< |f,(exp tHy)/logt|<cy, and f, is in L? if and only if 1 <p<oo.
(IV) When 0<a<n, ¢;<|f,(exp tHy)/t=—"| <c, and f, is in L” if and only if 1<p<
nf(n—a}.

Proof. To prove (I), we note that g, €L implies that §, is continuous on the closure
of e,. But (IV) shows that f, €L; therefore g, €L implies £, is continuous on &,, which is
manifestly false,

To establish the remainder of part (I), note that m, satisfies the hypotheses of
Proposition 4.5, and therefore g, is in L? for 1 <p<2. If suffices to prove, then, that g, is
in L. This follows immediately from Corollary 3.9 and » integrations by parts.
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Part 1T is equally simple. When a>n, m, is in LYa}, |¢(A)|~2); f, is therefore a
bounded compactly supported function, which is in all L? classes.

To establish the estimates of parts (IIT) and (IV), we apply Corollary 4.3 to the function
P(A)=D®(A)m,(A). Then f,=py-+bounded terms. As we wish to show that k, has a
singularity near =0, we may ignore any bounded terms. Equation (4.5) then shows that
the main singularity of f, near t=0 comes from [ M (A)®(4) Jin_22(A)|c(4)|~2dA. For
|A| >2, the measure |c(4)|~2 behaves like A*-1, therefore

fo(exp tHy) ~ J.j(mz)/z(lt) (A + 0" 2 A dA = et Ky y2(),

where K , is a Bessel function of the third kind; the estimates (II1)~(IV) for such functions

are classical; see [1].

Proof of Theorem 6.1. The theorem follows from Lemma 6.2 and standard convolution
arguments. When p=gq, the positive results follow from Theorem 5.1. The k, fail to be
bounded on L! or L, because the multipliers of Lt or L* are functions continous on the
closure of e,.

When p==¢q, we must have p<g; this is a necessary condition for any translation-
invariant operator to be bounded from L? to L? when the object G/K is noncompact (see
Hoérmander [8]).

When o> n, we see from parts I and II of Lemma 6.2 that the &, are in L? for 1 <p < oo,
Therefore [/, % lo<I|kullolll; and, duslly, |, 5/lw <[, Il An application of the
Riesz-Thorin interpolation theorem to these two results yields part (a) of the theorem.

When a=mn, k, is in all L? classes but L®, and all the above arguments are valid but
for the estimate ||k, %f|lo<||f|1]|%:]l- It is easy to see this is false, if we choose f to
be the & function (to be precise, we choose a sequence of L! functions which approximate
the 6 function).

When « < n, we use the decomposition k, = f, + g,.. As g, isin all L” classes for1 <p< oo,
the above arguments show that ||g,%f||,<c||f|, whenever p<g; the boundedness of
k, % — is therefore completely determined by that of f, % --. To analyze this operator, we
note that ||f, %], <||fulls|Ifll. and ||fo %/l <||fz|l» lfll; we may apply the Riesz-Thorin
interpolation theorem to these estimates. When p=n/(n—a), f, is not in L?, but f, x — is
weakly bounded from L' to L? and L* to L*®; to this we may apply the Marcinkiewicz
interpolation theorem. This yields the positive results of part (c) of the theorem.

The negative results of part (c) of the theorem are equally simple to prove. The
estimates ||f,%f|[,<cllf]l; and ||fu%f]|<c||f||,» fail for p>n/(n—a), as may be seen
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by choosing f to be a J-function. When p=+1 or g=oco, we may use the relationship
kyxkg=Fk,, g For ||k, kgl|,<c||%4||, to hold for some pair p and ¢, and some «<mn, all
B>njp’, part (IV) of Lemma 6.2 shows that «, p and ¢ must be related; a computation
exhibits this relationship as patt (c) (i) of the theorem. This completes the proof of
Theorem 6.1.

The multipliers |A2+9?| ~**¥, corresponding to ( —w) ***, also satisfy the hypotheses of
Theorem 5.1, and presumably an analysis similar to that of Theorem 6.1 may be per-
formed. We may use these oparators to define first order invariant “pseudo-differential”
operators, such as kzow, whereas the only invariant differential operators on G/K are
polynomials in cw. It would be of interest to know whether the class of “psendo-differential”
operators defined on CP(G/K) through the spherical Fourier transform, co-incides with
the class of pseudo-differential operators on the manifold G/K, and, if so, what connection

there is between the two different concepts of symbol.
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