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Introduction

The study of Prym varieties has always served to link moduli-questions on curves
and on abelian varieties. The “Prym differentials”, as they appeared to the ancients,
provided the main ingredient in the work of Schottky and Jung on the equations of the
locus J, of Jacobians in the moduli space A, of principally polarized abelian varieties
([Sk], [SJ]). They kept precisely the same role through the extension by Farkas and
Rauch ([FR] and many other works) of Schottky’s computations to higher genus, and
evolved through works of Fay, Mumford, Tjurin and others to a wide body of geometric
knowledge with applications to both curves and abelian varieties, culminating in Beauville’s
refinement of the results of Andreotti and Mayer [AM] in genera 4, 5, and proof of the
irreducibility of A4,, A5 (in all characteristics).

In recent years, especially through works of Beauville ([B1], [B2]) and Masiewicki
[Ma] and the directing hand of Clemens from behind the scenes, there evolved an increasing

recognition that in order to extract the most information about moduli spaces, the correct
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way to use Prym varieties is to view them globally, as setting a correspondence between
™M, A,_1, or as a map
D: Ry~ Ay

from a certain finite cover R, of M,, to A, ;. The present paper attempts a systematic

g1+
and unified study, for all g>6, of the structure of this map along its various exceptional
loci, including those that are mapped to Jacobians J, ;< A4, ;. Using the results of Wir-
tinger, Mumford, Tjurin, Recillas, Fay, Masiewicki and Beauville, one can describe all
of the latter loci, including those components which lie in the boundary of an appropriate
partial compactification of R,. Parts IT, III and IV analyze ) near these components.

In genus 6, the Prym map is equidimensional (dim P, =dim A4,=15). Wirtinger
proved in [W] that it is generically finite; a motivating question for our work and its un-
published predecessor [S] was to compute its degree. Combining the local computations
along the various loci over Jacobians, we are able to show in Part I that this degree is 27
(although the fiber over J; itself is infinite with components of relative dimensions 0,
1 and 2).

Wake an algebraic geometer in the dead of night, whispering: ‘“27”. Chances are, he
will respond: “lines on a cubic surface”. In Part V, we amass substantial evidence towards
the conjecture that the general fiber of P carries the structure of the intersection—con-
figuration of lines on a cubic surface. (A good understanding of this general fiber is expected
to help understand the Schottky problem and related moduli questions in genus 5.) Recently
the conjecture has been proven by one of us, and will appear elsewhere.

In Part V we also study the other loci, in genus 6, where D is not of maximal rank.
(It is true, though not proven here, that these are all such loci.) It is well-known [CG]
that the intermediate Jacobian of a cubic threefold is, in many ways, the Prym of a plane
quintic curve; we show it is not the Prym of anything else. A similar result holds for the
intermediate Jacobians of a more general family, of “quartic double solids” studied recently
by Clemens [C]. Part of the argument here was completed, upon our commission, by
Clemens. While we are at it, we settle a question posed in [CG] by explicitly constructing
a cubic threefold whose intermediate Jacobian is the Prym of a given plane quintic.

In a couple of places we make use of a result, obtained jointly with M. Green three
years ago, describing the tangent space to the subvariety in of M, curves admitting
a gg- This has since been subsumed in the general Brill-Noether theory of [GH2], yet it
seemed simple and pretty enough to be included here, as an appendix.

As to the generality of our results: Parts IIT and IV deal with loci which exist in all
genera. Our results there are also valid for all g, though in Part IV, § 4, we are able to make
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the necessary constructions much more explicit in genus 6; in particular, we obtain in this
case a new compactification T’ of ;, based on the stability of plane (rather than pluri-
canonical) models of the curves. Infinitesimally along the relevant components, 1’ “looks
like” the corresponding versal deformation spaces. In it the locus of curves with “elliptic-
tails” is blown down to cuspidal curves; the precise structure of this map is given in IV .4.3.
It should be interesting to construct analogous objects in all genera.

Part II is anomalous: it deals with a locus present only for g —6. Moreover, the results
we really need for the degree computation were obtained by Tjurin and Beauville, We in-
cluded it for completeness, but also to establish some ideas that reccur in later sections,
thus unifying the treatment of the various components. We also prove there an irreduci-
bility result which might be new.

To be on the safe side, we only claim our results over the field C of complex numbers.
We did make some efforts, though, to use only “algebraic”’ constructions and arguments,
so we naively hope that there is no real obstruction to rewriting everything over an alge-
braically closed field of any characteristic (42 or 3, perhaps). We tried to keep the level
of this work within reach of any mature reader. Thus when some high-powered machinery
is needed, such as formal deformation theory in Part IV, § 2, we review it with plenty of
examples covering our actual application of the theory.

Both of us wish to acknowledge our gratitude to our teacher, Herb Clemens, who
introduced us to this fascinating subject, prodded us along, and gave a helping hand when-
ever we were stuck. We are also indebted to A. Beauville who caught some early inac-
curacies and encouraged the project, to D. Gieseker for his help with understanding the
relevant deformation theory and the subtle points of the factorization in Part IV, and to
K. Chakiris, M. Green, P. Griffiths, J. Harris, D. Morrison and S. Ramanan for many

conversations, ideas, good advice and much patience.

Notations

In Part X, “Y.3.5” refers to § 3 of Part Y, while 3.5 refers to § 3 of Part; X.

— moduli space of (smooth, complete) curves of genus g.

S

— moduli space of unramified double covers of curves in M,.

§|

— the Deligne-Mumford compactification of M, allowing stable curves of arith-
metic genus g.

— the compactification of R, constructed in I.1.2.

=11 35"

L)

— moduli of “allowable” double covers in ﬁ,.

>

— moduli space of principally polarized abelian varieties of dimension g.
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Ay
o

— the subvariety of A4, parametrizing Jacobians, birational image of M, under
the Jacobi map.

— curve of genus g.

— double cover of C.

— the Prym map.

— a semi-period on C.

— object whose Jacobian is D(C); a curve in Parts I-IV, a threefold in Part V.

— canonical map of X.

— Prym-canonical map of C.

— Abel map of X.

— Abel-Prym map of C.

€8 e MI Yy

Mz, Rr— subvarieties of ﬁlg, ﬁg where C is trigonal.

Ms, Rs — subvarieties of M, R, where C has an ordinary double point, ¢ a Wirtinger
double cover.

Mz, Rz— suabvarieties of ﬁlg, ﬁa where C has an elliptic tail and # is supported on the tail.

Mz s, Re.s — Intersection of previous two.

Miar, Ruar — subvarieties of Mz, Rz where the elliptic tail E is harmonic (explained below).

Meon., Rean — subvarieties of My, Ry where the elliptic tail £ is equianharmonic ex-

plained below).

Rao — moduli space of plane quintic curves with even cover.
Re — moduli space of plane quintic curves with odd cover.
P(V) — the projective space of one dimensional subspaces in ¥V (no dualization).

Harmonie, equianharmonic—refer to elliptic curves with complex multiplication by
(—1)2, 1153, (Corresponding invariants: j =1728, 0. Equations: y2=a%—z, y2=2%—1.)
For f: XY, the branch locus in Y is the image of the ramification locus in X,

Part I. The degree of the Prym map

After reviewing the definitions and some background material, due mostly to Beauville,
we state our main result (Theorem 2) and outline its proof, or rather explain how the

proof leads naturally to studying the local structure of the Prym map, in Parts I, ITI, IV.

§ 1. The partial compactification

Given a curve C € M, and a nowhere ramified double cover
7w C~C

one constructs the “Prym variety’ as follows.  induces a norm map
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Fig. 1

Nm: J(C)—>J(C)

between the Jacobian varieties J(C), J(C) of line bundles of degree 0 on C, €. The Prym
variety P(C, C, ) is defined to be (the connected component of the origin in) ker (Nm).
Mumford shows in [M2] that ker (V=) has two components, and that the principal polariza-
tion of J(C) induces on P(C, C, 7) twice a principal polarization, so that P(C, C,7) is a
principally polarized abelian variety. By Hurwitz’ formula, € has genus 2g-1; since Nm
is surjective, we conclude that D(C, 0, ) is (g —1)-dimensional.

Let R, denote the moduli-space of curves €' of genus g, together with an unramified

double cover €. The above construction yields a morphism

‘D: Rg—> 9-1
which we call the Prym map.

The natural projection p: R,—~ M, is finite, of degree 22 —~1. Given a C, its double
covers correspond to non-zero (Z/2Z) homology 1-classes. Topologically, one constructs a
C by pasting together two copies of C slit along a non-trivial loop, with sheets interchanged
(see fig. 1, where g =3, 29 —1=5). Algebraically, C is determined by a ‘“‘semi-period” on
C, or a non-trivial line bundle 7 such that %? is trivial. 7 has a natural “two-valued section”
which yields the double-cover C; vice versa, (' determines 7 as the only semi-period on O
whose pullback to  is trivial, ((M2]). We use various abreviations for D(C‘, e, n): P(0),
D) and also P(y) or P(C, n).

The map P: R,—> A, 1 is dominant for g <6 and generically finite for g=6. Wirtinger,
in [W], showed this using the extension of ) over a certain boundary component of R,
{cf. Part IV). The problem of extending P to possibly singular and ramified covers was
attempted by Fay [F] and Mumford [M2]. Masiewicki in [Ma] had the correct notion of
allowable double-cover, but applied it only in the special case of plane quintics (cf. Part II).
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In [B1], § 6, Beauville obtained a proper map (although not necessarily finite) which on a
dense open set factors through the previously described P. For our purposes we need the
following strengthening of Beauville’s result. (The proof is technical and might better be
skipped on first reading.)

TuroreM 1.1. (“Prym is Proper”.) The map D extends to a proper map
D: Ry~ A

1.2. Proof of Theorem 1.1. First we construct a compactification ﬁg of R,. Let T
denote the moduli space of stable curves of genus g with a level-n structure. It is a complete,
separated algebraic space ([P], Theorem 10.9 ff.) and for n>3 it is actually a “fine”” moduli
space, i.e. a universal curve ['™— NS exists and enjoys a universal property. For n=1,
Mumford [M3] and Knudsen proved recently that 'mg = 771?) is in fact a projective variety,
in particular a scheme. Since 71_15,")»771,, (the forgetful map) is finite, we see by [K], Corol-
lary 11.6.16 that TH” is also a scheme (separated and complete). The same holds for '™
(n>3) since there is a closed immersion ['™—>TH{?;. (A point of '™ consists of a curve
¢ with level-n structure and a marked point p€C. Choose once and for all an elliptic
curve E with level-n structure, and map

(C, p)>C U, EEMSy,

compare 1V.1.3.)

Consider, then, the morphism
GT™>ME =T, n>3,

of complete, irreducible schemes. Following Beauville, we let »: I—>T be the complete
scheme, finite over 7', representing the functor of T-involutions of I'™ ([DM], p. 84).
The point-set underlying I parametrizes level-n curves C of genus 2g —1 together with an
involution i: —C. Moreover, I has the following universal property ((DM], p. 84): “For
any T-scheme S—T, the set of S-involutions of '™ x .8 is naturally isomorphic to
Mor;, (S, I) via pulling back the universal family
'™ %, I—-1I

with its involution.”

The symplectic group Sp {49 —2, Z/nZ) acts on 7' with quotient 7712g_1. We claim the
action lifts to I, or in other words, for each ec€Sp (49 —2, Z/nZ), there is a T-isomorphism
o*I->1. To produce such an isomorphism we only need, by the universal property, to
exhibit an o*I-involution of I'™ x ,e*I. Let f =1, Since

'™ x po* I & o*(G* 0 x 1)
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we need an I-involution of g*I'™ x .. I. This is supplied by the “universal” involution of
T'™ x .. I using the following:

LemmaA 1.2.1. The automorphism B T—T lifts to I'™. Equivalently, there is a T-
isomorphism frT® = T,

Proof. By [P], Theorem 10.3, M™ and I'™ are obtained as geometric quotients of
the Hilbert scheme H™ and the universal curve C'™ over it by the action of PGL (N).

Since
C™ = Cx g H®

is the pullback of the universal curve C over the level-1 Hilbert scheme H, we see that 8
lifts to C™ (acting as identity on C, f, on H™). Its action commutes with PGL (N),
hence descends to the quotient C™/PGL (N)~=T'™, Q.E.D.

By Deligne’s theorem ([K], p. 183) quotients by finite group actions exist in the
category of separated algebraic spaces. In our case, the quotient

R =1[Sp (49—2, Z[nZ)
fits into a diagram
I— R

T——r 7712;7—1

where I is finite over ng_l. Hence R’ is finite over 7-1'_12,_1 and by [K], I1.6.16 R’ is actually
a scheme,

Restricting to smooth curves, we have a diagram

R I

|

R, — R

which allows us to define ﬁg as the closure, in R’, of R,. ﬁ, is a complete, irreducible

scheme containing R, as dense open subset, and after finite base extension
8 =RP-R,
(where R is the closure in I of R$™) we have a family of stable curves

g:C-+8
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and an S-involution #: C—C such that:

(a) For each s€8, the induced involution 44 C R és is different from the identity on
each component of C.

(b) és has genus 29 —1, and the quotient curve és/(is) has genus g.

(¢) Any pair (C, i) where C'€ My,_1, i a fixed-point free involution, is isomorphic to

(és’ 1,) for some s€ RP< S,

Property (c) is clear; (a) and (b) are proved in [B1], 6.1.
1.3. Let C€M,, C€M,,_, a (possibly branched) double cover, i: C-+C the involution,
Nz J(C)»J(C)
the norm map on the generalized Jacobians, and P =ker (Nm)°.
Definition 1.3.1. (C, i) is allowable if P is an abelian variety.

Definition 1.3.2. (C, 1) is allowable if the only fixed points of i are nodes where the
two branches are not exchanged, and the number of nodes exchanged under ¢ equals the

number of irreducible components exchanged under 4.

Definition 1.3.3. (0,4) is allowable if the components of €' can be grouped as €=
AU AU B where i interchanges A4, A’ and fixes B, each connected component of 4 is
“tree-like’” and either

() B=0, A connected, #4nA4')=2, or

(i) 4ANA'=0, #(1§ NA)=1 for each connected component 4, of A4, the fixed points
of i in B are precisely the nodes, and the two branches there are never exchanged (so that
B =B/ (¢) also has nodes at the corresponding points).

Definitions 1.3.1 and 1.3.2 are equivalent by [Bl], Lemma 5.1. They imply Defini-
tion 1.3.3 by [B1], 5.2, and the converse is clear,

Let ﬁgc ﬁg be the open subset of allowable double covers, S<8§ the corresponding
open subset in R, Clearly R, R, and R®<S. By [Bl], 6.2 there is a Prym morphism

B 8~ )4a-1‘

(Beauville proves this whenever § satisfies conditions (a), (b), (¢) in 1.2, and S is the open
subset of Definition 1.3.1. We shall use this result for a different § in IV.4.4.4.) By [Bl1],

3 —802907 Acta mathematica 146, Imprimé le 4 Mai 1981
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Proposition 6.3, the map p is proper. Finally, S<I is stable under Sp (49 —2, Z/nZ) with
quotient R,, and p commutes with this action, so we obtain an induced map

D: Ry~ Ay
P is proper since p is, and P [z,=D- Q.E.D.

1.4. We briefly sketch another construction for ﬁa. Recall that a level-n structure on

a stable € Gi?-?g is a symplectic injection
HY(C, Z|nZ)> (Z|nZ)*

where the right hand side has the standard symplectic structure. G=Sp (29, Z/nZ) acts
by composition on the left. Let @, < G be the stabilizer of

1,0, ..,0)E(Z/2Z)® (n=2).

The quotient MP|G, is a complete algebraic space by Deligne’s theorem and a scheme
since it is finite over 7M,. Its open subset covering M, is naturally isomorphic to R,.
Further, the examples worked out in IV.2.6 show that near all singular curves which we
need, R, is locally isomorphic to TH®/G,.

§ 2. The main result

TurorEM 2.1. The Prym map

p: Rs g 245,

from unramified double covers of curves of genus 6 to principally polarized abelian varieties
of dimension 5, ts generically 27 to 1.

2.2. Proof of Theorem 2.1. Let f: X—Y be a generically-finite, proper map of degree
d. This degree can be computed “at’ any point y€Y: f~}(y) breaks into finitely many
connected components Y ; to each of these we can associate the local degree d, of the map
f along Y, and we find
d=>d,.

In our case we apply this to D, and compute the degree at a generic Jacobian
J(C) €T, < A,

that is, for C a generic curve in ;.
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2.3. In [M2], Mumford lists those double covers
{m: 0> C}eR,s

whose Prym could be a Jacobian. There are only 2 possibilities tor obtaining a generic
(not hyperelliptic ete.) Jacobian:

(1) € a smooth plane quintic curve, 7z: {—~C an “even’” double cover. (The distinction
between “even’ and “odd” covers of plane quintics is explained in Part IT, § 1).
(2) C a trigonal curve, that is a 3-sheeted branched-cover of P

Note. The other family in his list, double covers of elliptic curves, is of dimension
29 —2 =10, thus too small to map onto the generic point of 71, which has dimension
3g—1)—3=12.

New types arise when the Prym map is partially-compactified. Beauville has extended
Mumford’s arguments to the boundary components of ﬁg, and obtained a substantially
longer list ({B1], Theorems 4.10 and 5.4). However, using a dimension-count as above we
eliminate all but the following two types (compare IV.1.4).

(8) O has an ordinary double point; let X be the normalization of C, then C=X/(p=q)
for 2 distinct points p, € X; C is the union of 2 copies X,, X, of X (with marked points

Py, ¢y, Tespectively p,, g,): -
C =X, 1 X,/(p1 = 2 P2 = 01)

and s: 0~ C is the natural projection. (This type arises from his Proposition 5.2 (i).)

(4) C is a reducible curve, consisting of a component X of genus 5 and an elliptic
curve E, meeting in 1 point. € has 3 components: X, and X, are copies of X (mapped by
m to X), B is another elliptic curve, doubly covering E. ([B1], Proposition 5.2 (ii).)

2.4. The bulk of this paper is devoted to computing the local degrees of P along the
above four subvarieties of ‘I—x_’s. Combining 11.4.4, TI1.3.4, and IV.5.1, we see that the con-
tributions to the total degree are, respectively, 1, 10, 16, 0, adding up to 27. Q.E.D.

As discussed in Part IV, § 4, the vanishing contribution of the last family is possible
as this is an irreducible component but not a connected component. In fact it intersects

family #3, and P blows it down (to a subfamily of #3) before mapping to A;.

§ 3. Computation of local degrees

Let f: XY be a proper, dominant map between n-dimensional varieties. f is
generically finite, say of degree d. Let W< Y be an irreducible closed subvariety of co-
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dimension k in Y. f~4(W) breaks into finitely many connected components Z;, of codimen-
sion I; in X. The local degree d; of f along Z, is the degree of the map obtained from f by

localizing X at Z;. We have
d = Z df'

Let Z be one of these components. Let X be the blowup of X along Z, with exceptional
divisor Z. Let Y be the blowup of Y along W, with exceptional divisor W. The map f

lifts to a rational map

F X7
We would like this to induce a map on the exceptional divisors
fur Z~W.

We restrict our attention to the smooth points of Z, W. First we notice that Z is the (pro-
jectivized) normal bundle to Z in X, similarly for W, W, Y. Choose z€Z, w=f(z) € W. The

differential
af: T,X->T,Y

maps T, Z to T',, W, hence induces a linear map

f*,z: NZ\X,z _)NW\Y,'w-
The following cbservation is intuitively obvious.
Lemma 3.1. The rational map f is regular at a generic point 2€Z if and only if the
differential fs. , is not identically zero at a generic z€Z. f is regular for all % in the fiber of Z

over z if and only if |, . is injective on the normal space to Z ot z. In this case the restriction

of fto Z | - is the projectivization of the linear map fy, ;-

The lemma follows immediately from the universal property of blowups (see, e.g. [H],
Chapter 2, Proposition 7.14). The universal property guarantees that f is a morphism near
Z| . if the ideal of W becomes invertible when pulled back to X. Injectivity of f, on normal

bundles is equivalent to surjectivity on conormals
Ly Iy~ L|IZ

so by the implicit function theorem or Nakayama’s lemma,
[y Ox=1I,

and the pullback to X becomes invertible as required.
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LeMMA 3.2, Assume fy,, 3 tnjective on the normal space Nz x,. at each 2€Z. Then
the local degree of | along Z equals the degree of the induced equidimensional map on excep-

tional divisors,

fu Z>W.
Proof. Localize at Z, so that Z=f-}(W) and Z=f(W). Now

deg f|,=deg f|;

since the regular maps f, f agree on X\Z~X\ Z. Since f|; =/, (followed by the em-
bedding W< ¥), the desired equality

deg | ; =deg f,

is equivalent to asserting that f is unramified at (the generic point # of) Z, i.e. that dfs
is an isomorphism.

Let L; be the line in Nz x,. given by s€Z [ .- We have the exact sequence

0-+T;Z->T:X->L; -0
mapped by df: to
0->TyW->T;¥->L;—~0

where @ =f(z). The induced map L;—~Lj, is just the restriction to L; of f,_,, injective by
assumption. On the other hand, the map on T; Z is just

d(f): Ts Z -~ T;W.

Now { is proper and dominant since f is, hence f is surjective, hence f, is surjective since
Z =f-Y(W). Therefore d(f,) must be an isomorphism at a generic #€ Z, and by the exact
sequences so is df. Q.E.D.

3.3. Warning. The lemma requires injectivity for all 2€Z, not only generic z. Other-
wise f is not regular on any neighborhood of Z, and could involve a blowup of some small-
dimensional subvariety onto W, in which case Z is only one of several components of the

graph of f over Z, hence possibly
deg f* < deg ﬂf"‘ (neighborhood of 2) = local degl‘ee of f on Z.

The connected component Z in Part IV has two irreducible components and the conditions
of Lemma 3.2 fail along the intersection, necessitating the blowdown in Part IV, § 4.
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§ 4. The codifferential of Prym

Leramas 3.1, 3.2 indicate that the first step towards understanding P is to compute
its differential, or as is convenient in many variational problems, the dual map, the co-
differential. Precisely this was done by Beauville in [B2], Proposition 7.5, for €, € smooth.

Since R, is an unramified cover of M, near a smooth point €€ M,, we can identify
T*R, at (C,n) with T*IM, at C, hence with the space HY(C, wd) of quadratic differentials
on C, by standard identifications. Similarly T* 4, , at A € 4,_, is identified with S277 4,
the symmetric square of the cotangent space to 4 at the origin. When 4 = P(C, ) ( the
line bundle of order 2 on ¢ corresponding to the double cover ) there is the further identi-

fication
Ts A ~ HYC, w:®7)

which follows immediately from the definition of A as the skew-invariant subvariety of
J(0), and the splitting
HY(C, w;) ~ HYC, o) @ H(C, w.®n).

(Compare [M2].) Beauville’s result is:

ProrosiTION 4.1, Using these identifications, the codifferential

p*: 82H(C, we®n) ~ H(C, )
8 just cup-product
S2HY(C, wc®n) > HY(C, 0t @ 1?)
followed by the identification
H(C, ¢ ®n?) = H(C, i)

deduced from the isomorphism
72~ QOg.

4.2. Pause. As stated, this result holds for (automorphism-free) C€M,, or CER,
over it. In Part IV we shall extend it to singular curves. Here is a pictorial interpretation
which could motivate the generalization.

An object X €M, is represented uniquely up to projective automorphisms by the
canonical image ®(X) of X in P*-1=P(HY(X, wx)*), unless X is “special” ( =hyperelliptic).
The analogous concept for (C, n) € R, is the Prym-canonical image ¥'(C), namely the image
of C in P92 given by the linear system w;® 7.
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Using this Prym-canonical map ¥, the codifferential PD* as given in Proposition 4.1
is just the restriction
HO(P*-2, O(2)) ~ HYC, w})

sending a quadric to the quadratic differential it cuts on W(C). In particular, ker (D*)
can be identified with the system of quadries in P?-2 containing ¥(C).

To obtain an analogue for singular (C,#), one could study the limiting position of
¥'(C,) as t—0, where {C,} is a family of curves, smooth over a punctured neighborhood of
0, where Cy=C. For Wirtinger double covers C'=X/(p~ q) ete. (as in 2.3(3)) the limiting
object is the canonical image ®(X) together with a chord ®(p), ®(¢) (the map ¥ is ill-
defined at the double point, and it blows it up to this line} and for elliptic-tail enrves
C=XU_,Z (2.3(4)) it is ®(X) together with its tangent line at ®(p). This suggests what
ker (P*) should be in these cases, though the precise statements (IV.3.4, proved in 3.1-3.3,
and Propositions IV.4.4.5, IV.4.3.1(iv) (explained and proved in 1V.4.3.3)) are rather
delicate.

4.3. We stress another analogy between canonical and Prym-canonical maps. The

canonical map

®: X Pt
is the “derivative” of the Abel-map

¢: X = J(X).

In other words, H%(X, wx)* can be identified with the tangent space to J(X) at any point
of J(X), and the canonical image of p €X is the point of P9 given by the one-dimensional
subspace of 7, J(X) which is the tangent line, at ¢(p), to ¢(X). In the same sense, the

Prym-canonical map

¥ 0 —»Ppo-2
is the derivative of the “Abel-Prym’ map
y: 0> D0, C, 7).

In other words, H%(C, w:®7)* can be identified with the tangent space to P(C) at any of
its points, and the Prym-canonical image of p €C is the projectivized tangent direction to
3(C) at either point of z—1(p).

Both of these facts follow trivially from the definitions, by differentiating the Abel
(respectively Abel-Prym) map.
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4.4. Pushing this analogy further, we arrive at the following result, which should
have become a basic tool in Prym-theory.

Masiewicki’s Universal Property. Let (P, E) be a g-dimensional principally polarized
abelian variety, and ¢ a symmetric curve in P representing the homology class
(2/(g—1)1)[EJP-L. Let C=0/i be the quotient of € by the involution of P given by multipli-
cation by —1. Then:

(1) : —C is allowable.
@) P, C)~ (P, E).
(8) O<P is the Abel-Prym map.

This is a perfect analogue of Matsusaka’s theorem, characterizing Jacobians as g-
dimensional principally polarized abelian varieties (J, ®) in which the homology class

1/(g —1)![@]° is represented by an (effective) curve.

Part II. Plane Quintics

For the component of plane quintic curves there is actually enough information in
the literature to conclude that the local degree of the Prym map is one; we explain this
below. With an eye to future applications, we also prove irreducibility of the family of
even covers of plane quintics (Proposition 3.3) and deseribe the codifferential of P explicitly

along it.
§ 1. Mumiord’s results

Let Ro be the subvariety of R, parametrizing double covers of smooth plane quintics.
It is a basic fact in the subject that Rj splits into two components (at least): we can desig-
nate each double cover as either “odd” or “even”.

Indeed, even and odd theta-characteristics on arbitrary Jacobians have been distin-
guished since the birth of theta-function theory. In modern terms [M1]a theta-characteristic
is a point of order 2 on the Jacobian J?-1(C) of line-bundles of degree g1 on C, i.e. a line-
bundle p such that u®u=wc, the canonical class of C. (A semi-period is a point of order
2 on JC), the Jacobian of line bundles of degree 0 on C.) A theta-characteristic u is even
or odd according to the parity of A%(C, u).

Let C be a smooth plane quintic (or, with obvious modifications, a smooth plane
curve of any odd degree). On C there is a natural theta-characteristic, given by the hyper-
plane class L. (By adjunction, we is cut by conics.) Thus we can identify R; with the

family of theta-characteristics on plane quintics, and assign to % the parity of L&n. Let
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Ro denote the even part of Ry, and R, the odd. In this section we are interested in Ry,
leaving R to Part V (on cubic threefolds). The following is a special case of Mumford’s
theorem. ([M2], Section 7.)

ProrosirioN 1.1. For (C,n)€Rq, P(C,n) is in the Andreotti-Mayer locus Ny if and
only if 1 1s even, or (C, 1) € Rq. (4 principally polarized abelian variety (A, ©) is in Ny if the
singular locus Oy, of O has dimension >F.)

Moreover, the proof of the proposition shows that in this case Gy, can be identified
with the double cover C of C corresponding to 7. The involution on @, giving the map
to C is the restriction to Gy, of the involution on P(C, %) given by multiplication by —1

(when the origin is determined by the “Riemann constants’). Hence:

COROLLARY 1.2. D|RQ is bijective.

§ 2. Tjurin’s results

Tjurin [T1, T2] proved that the Jacobian of a generic C € W, is the Prym of a double
cover in R,. Masiewicki [Ma] extended the result to all 0 € M;, allowing the double cover

to be in ﬁq, the closure of Ry in T-\’s. The proof nses the maps

a: M _’ﬁ’e
B: Ro— As.

Here 8 is just the restriction to _'i% of P. For X € M (non-hyperelliptic and not trigonal),
a(X) is the curve =0y, in the Jacobian J(X) of X, mapping two-to-one to

c =®sing/(il)

as in Proposition 1.1. To realize C as a plane quintic, we note that points of @, correspond
to gi’s on X (i.e. linear systems of degree 4 and projective dimension 1); and that when X
is mapped canonically to P4, as the complete intersection of three quadrics, any gi on X is
cut out by a l-parameter family of planes sweeping out a quadric (of rank 3 or 4) in P4,
containing X. Let Il be the abstract plane P2 parametrizing the quadrics containing X;
the discriminant locus in II, parametrizing singular quadrics, is a quintic curve (given by
the vanishing of a 5 x5 linear determinant). Now our ¢ maps to this quintic curve, by
sending a gi to the point of I parametrizing the singular quadric whose planes cut the gj.
The map is 2-1 (since a (generic) quadrie in the family has rank 4 [AM] and this contains

two plane-systems) and can be identified with the double cover

n: 0~ 0J(+1) =C.



42 R. DONAGI AND R. C. SMITH

Remark 2.1. € is smooth and 7 is unramified, for X generic. In fact both fail precisely
when X posesses a “‘vanishing theta-null”’; Masiewicki’s work asserts that the resulting
singular, ramified cover is still “allowable”.

Tjurin’s result states:

2.2, foo=id,, (more precisely, this is the Jacobi map M,— J;< 4;).
We can reformulate Proposition 1.1 and Corollary 1.2:

2.3. f-YN1) =Rg and aofl|5, =idg,.
Let
2 =B-1(Js)
:30 =ﬂ|ng‘
Combining 2.2, 2.3, we find:

24. RY=B"J;)=a(M;) is irreducible, and the maps «, §, are birational inverses of

each other.

§ 3. Irreducibility
We prove that R, = RD, i.e. R, is irreducible.

Lemuma 3.1. Given (C,n) € Rg and a divisor
there is @ unique quartic curve Q intersecting C tangentially at points of D.

Proof. The restriction map:
HO(P2, O(4)) = H(C, w:Qw)

is injective (since C is not contained in a quartic curve) between 15-dimensional vector

spaces, hence an isomorphism. Thus there is a unique quartic cutting C in 2.D. Q.E.D.

Levma 3.2. k%(C, L& n) =0, and the 10 poinis of D do not lie on a cubic. (L is the hyper-
plane class, cut on C by lines.)

Proof. W(C, L3 —D))=rC,L®%) is even. On the other hand, A%(C, L3 —D))=
RO(P2, L3®1,,) via restriction, and this number is <1 since the intersection of two cubics
has degree 9 <deg (D). Hence it is zero. (The two cubics cannot have a common component,

for then nine of the points of D must lie on a conic, i.e. for some py, p,€C,

Oc(D) ~ Oc(2) (p1—p2)
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but then

Oc(p1—P2) ~ 7,
ie.

Oc(2py) =~ Oc(2p,).
Since a smooth plane quintic is not hyperelliptic, we must have p, =p,, i.e.9~ O¢.) Q.E.D.
Note. This argument shows that for (C, ) € R, odd,
MO, Len) =1
and the points of any D€ [we®7| lie on a (unique) cubic.
Prorositron 3.3. The space R, of even covers of plane quintics is irreducible.

Proof. Since PYC, wc®@7)=5 for all (C,n)€ Ry, the irreducibility is equivalent by
Lemmata 3.1, 3.2 to that of the space of pairs (C, @) consisting of a smooth plane quintic
and a smooth plane quartic, intersecting tangentially in 10 points D, not on a cubic. By
arguments analogous to Lemmata 3.1, 3.2 the divisor class [D] of D on @ satisfies

[DRE=L% &mQ,[DI®L?) =4, rQ,[D]®L?)=0

(On @, L =wy) and for any D' € |[D]QL|, there is a unique cubic cutting @ (tangentially)
in 2D’. The irreducibility of Ry thus reduces to that of the space of pairs (@, C’) of a quartic
and an everywhere tangent cubic such that their 6 points of tangency do not lie on a conie.
Repeating this argument once more, we end with the space of pairs (¢, C") of a cubic and
a conic, meeting tangentially in 3 non-colinear points. This latter is indeed irreducible:
having chosen the smooth conic C”, we are completely free to choose the 3 points on it,
and for each choice we find a P3 of possibilities for C’. Q.E.D.

§ 4. Non-ramification

In view of Proposition I.4.1, the assertion that the local degree of P on Ry equals 1

(“non-ramification”) is equivalent to

ProrositioN 4.1. The Prym-canonical image W(0), for generic (C,n)€ Ry, is con-
tained in no quadrics.

In [B2], Beauville proved the following:

CorROLLARY 4.2. For X €M, (non-hyperelliptic), the Prym-canonical image of «(X)
(=the even cover of a plane quintic, constructed from X in § 2) is contained in no quadrics.

In fact, by the irreducibility of Proposition 3.3 the corollary implies the proposition.
We give an independent proof of Proposition 4.1, similar to that of Proposition 3.3.
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Proof. We want to show that the map
S2HY(C, we®n) ~ H(C, wg)

is an isomorphism (of 15-dimensional vector spaces). Let D€ [wc® 7], @ the corresponding
quartic as in Lemma 3.1. By genericity @ can be assumed smooth. (In particular, since a
smooth plane quartic is embedded canonically in the plane, @ is non-hyperelliptic.) In the
commutative diagram

SEHOP2, O(4)© 1) —— SHYC, wo®17)

HOP2, O(8)®13%)

HY(O, wf)

(horizontal maps given by restriction) the top map is an isomorphism since quartics cut
the complete linear system |w%l on C. The bottom is injective by Lemma 3.2, since an
octic passing doubly through D and containing ¢’ must contain residually a cubic through
D. We are left with proving that the vertical map on the left is an isomorphism. It fits

into the diagram
0—— HOP2, 0(4)®Ip) —22> S2H(P2, O(4)®Ip) —— SEHYQ, O4)®I,)— 0
0—— HOP2, O(4)®I,) —22> HY P2, 08)®I3) —— HYQ, O(8)®I,p) —— 0

(where the horizontal maps on the right are restriction to ). So we are reduced to checking

that the vertical map on the right is an isomorphism. This map is cup-product
SEH(Q, wq®p) ~ HY(Q, w3)

where 4 is the theta-characteristic on @ such that D€ |u®wp|. By Lemma 3.2 again,
@ is not effective on Q. (Hence u is an even theta-characteristic.) We conclude by:

LeEMMA 4.3. For a non-hyperelliptic Q€ My and line bundle u of degree 2 such that
10(Q, 1) =0, the image (@) =P of Q under puwq s contained in no quadric.

Proof. (1) If y(Q) is singular, with branches p,, p, (distinct or coincident) through a
singular point p, we compose 4 with projection from p to obtain a map of @ to P2 of degree

<4; such a map must be the canonical map, so that

1O we( —P1 —Pa) MW
so u is effective, contradiction.
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(2) If (@) is contained in a smooth quadric A, it has type (d, ) on it with d+e=86,
but d>2, ¢>2 since @ is not hyperelliptic. Hence d=e=3, and the arithmetic genus of

2(Q) is
80 ¥(@) must be singular.

@d—1)(e—1) =4

(8) If the quadric A is singular, it must be an ordinary cone with point-vertex p
(since %(@) is not contained in any plane.) Upon projection from p, ¢ becomes a cover of
a conic, hence of even degree, so the multiplicity at p is even, hence 0. Let L be a generator
of the cone A (that is, a line through p in 4) meeting ¥(@) in g;, ¢», ¢5. By projecting from
g5, We represent ¢ as a plane quintic with a unique singularity, a simple tacnode with
branches ¢,, ¢, (assuming (@) smooth): this is since no line through ¢,, other than L,
meets 4, hence y(Q), elsewhere in more than one point or tangentially. The genus formula

gives g(Q) as 4, contradiction. Q.E.D.

CorOLLARY 4.4. Along the component of plane quintics, P has local degree 1.

§ 5. The conormal map

We describe explicitly the codifferential of the Prym map. Let J(X)= D(C,%), X € M5,
(C, 1) € Rg- Then the codifferential is

D Tf(X) Az~ TE"c.m Rs = sza-

By standard identifications
TixAs = S2HYX, wy)
(6.1)
. Rs = H(C, )

and P* is the restriction map W', where ¥': C—P* is the Prym-canonical map. Since the
restriction of P (denoted above by f) maps Ry to J;, there is an induced map

B*: N M5\ As) = Nie,n(Ro \Re) (5.2)

on conormal bundles. Both of these are rank-3 bundles and §*, being the restriction of

P*, is injective, hence an isomorphism. According to [G], the conormal spaces are:

Nz (Ms\ As) = Ker (S2HX, wx) > HYX, 0%))
(5.3)
N.m(Ro\Re) = {quadratic differentials cut on C = P2 by

those plane quartics which are polars of C

with respect to points of P2.}
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(The second identity also follows from the result of our appendix, since for €' near M,
C is in M, if and only if it posesses a 1-parameter family of g3’s (obtained by projection
from points of the plane quintic). Hence 7'M, is cut by the obstructions to deforming
these gi’s on C; but the ramification divisor of each g} is cut on C by the corresponding
polar quartic.)
We obtain the following description: the two maps
HO(P4, 0(2)) = H(C, w)

(5.4)
HO(P2, 0(4)) = HYC, w%)

are isomorphisms, setting an identification of quadrics in P4 with quartics in P2. To the
P2 of quartics C, polar to C with respect to some p €P? corresponds a net Il of quadrics

in P%, with an isomorphism

p: 1T >P2,

Since (P*)1(Ne,n(Ro\ Rs)) =Njx(Ms\ A;) by (5.2), and using (5.3) we recover X
as the base locus of the linear system of quadrics II; y is (the projectivization of) §*. A

priori we have two maps
y: 11 ->P2
é: I - P2
where y(g) =p if the quadric 4, corresponding to g €1l satisfies
-Y4,)=0n0,

while & gives the identification of Il with P2 used to define C in P2.

LeMMA 5.5. y=0; in particular, y(q)=p€C if and only if A, is singular (ot the point
W(p)eP).

Proof. If A, is singular, it is singular at ¥'(6(¢)). Then
20(q) SV Y4, =0N 0,y
hence y(g) =6(q) and is on C. Thus
{a]4, singular} = y~%(0)

since both sides are quintics we have equality. Since y, ¢ agree on y~(C) and are linear,
they coincide. Q.E.D.



PRYM MAP II: TRIGONAL CURVES 47

Part III. Trigonal curves
§ 1. Surjectivity and irreducibility

We work in arbitrary genus following the work of Recillas [R] and extending it “to
the boundary”’. Let X be a curve of genus g —1 which is a four-sheeted branched covering

of P! (“tetragonal curve”)
f: X —>PL,

For now, assume f has only simple ramification points. Let
0=8.X (1.1)
be the relative second symmetric product of X over P!, with induced map
f@: Pt
of degree 6. If for p€PY, f~(p)={a, b, ¢, d} then

(F®)7 (p) = {{ab}, {ac}, {ad}, {bc}, {bd}, {cd}}. (12)

On C there is a natural involution ¢, sending a pair of points over p to the complementary
pair in f~1(p). Let
C =Clo
with induced map
fo: C—>PL
of degree 3. In the above notation,

()2 (p) = {{ab} ~ {cd}, {ac} ~ {bd}, {ad} ~ {bc}}.
The following facts are obvious:

1.3. (1) C is trigonal.
(2) The natural map n: C~C is an unramified double cover (<>¢ is fixed point free).
(3) The branch points of f, are precisely those of f; hence by the Riemann—Hurwitz

formula, C has genus g.

1.4. We analyze the possible degenerations of Recillas’ construction.

(0) For a generic four-sheeted cover f, with 2¢ +4 distinct simple ramification points,
1.3 applies.

(i) A double ramification point of f. This means 3 sheets of X “come together’ over
p€EPL, with the local monodromy around p permuting them cyclically. Locally over p,
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C has 2 disjoint irreducible components, each consisting of 3 sheets joined in a double
ramification point. ¢ interchanges these components, hence C has a double ramification
point over p, and 1.3 still holds.

(ii) Two distinct simple ramification points mapping to the same branch point p€P2,
The local monodromy around p acts on the fiber {a, b, ¢, d} near p by, say, the permutation

(@, b)(c, d).

Locally over p, € has 4 distinct irreducible components: the pair {ab} (respectively {cd})
forms a 1-sheeted local component, while {ac} and {bd} (respectively {ad} and {bc}) join
in a 2-sheeted component with simple ramification. Moreover, these last 2 components
intersect in the ramification point. ¢ interchanges the 1-sheeted components and acts on
each of the 2-sheeted components by interchanging their sheets. Hence C has 3 irreducible
sheets near p: {ab} ~ {cd} is covered by the 2 disjoint sheets {ab}, {cd} of 0, while the other
2, {ac}~{bd} and {ad}~{bc}, intersect over p and the map s: C—~C is a double cover of
each, branched over p. By 1.1.3, the double cover 7 is still allowable.

(iii) At worst, f could have a triple ramification point, with ali 4 sheets coming together,

with local monodromy
(@, b, c, d).

The induced monodromy on €' =8% X is

({ab}, {be}, {cd}, {da}) ({ac}, {bd})

so ( has locally two intersecting components of degrees 4, 2. ¢ acts on each, so that C has
two local components of degrees 2, 1 over P; the two intersect over p, and n: 0—~C is a
branched double cover of each. We thus combine the features of (i) and (ii): f, is simply
ramified, and x is simply singular-ramified, hence allowable. In both this and the previous
case, C is trigonal and singular, of arithmetic genus g. (Its normalization has genus g—1.)

(iv) For computing the local degree of P we need consider only generic (tetragonal)
curves X. Hence we study only one example where X itself degenerates. Namely, let X,
be a trigonal curve, with trigonal divisor class 7. Let {X;} be a smooth family of curves
equipped with tetragonal divisor-classes D,, and assume the limit divisor-class D, exists

and equals 7" +[p,] for some py€ X,. In the limiting 4-sheeted cover
ffX—-P

we have X=X UPL, fy=f|x, the trigonal map, f,=f|p: the identity, and X0 P*={p,}.
The resulting C is just X,; (=X, U X with 2 pairs of points identified:

’ ” ” I
D1~ P2, PrL~ P2
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where p1, p1 are the points of X, X corresponding to p, (and similarly for p,), and

{Do 1> Do} = 10 (D) = f5 (fo(D))-

We see that even in this far-out degeneration, the double cover m: {0 is allowable. (In
fact is of “Wirtinger type” 1.2.3(3).)

The foregoing allows us to construct a map
T :]1. D—l »ﬁg

from the space of curves X of genus g —1 with a marked gj, to ﬁa. We claim Por=Jacobi
map X -J(X).

ProrosiTioN 1.5. For (m: C—C)=1(X) as above,

(1) PE(X))~J(X) (as principally polarized abelian varieties),
(2) The map y: C~J(X) given by

p({ab}) = p(a) +¢(d)

(where @p: X—J(X) is the Abel map) is the Abel-Prym map.

Proof. We want to use the universal property I.4.4 of Prym varieties, J(X) has the
correct dimension g—1, and the image y(C) is symmetric since if f(p) ={a.fp, cfd}, then

p({ab}) +y({cd}) = p(a) + () +p(c) +p(d)

depends only on p €P1, hence is constant in J(X). Hence we are reduced to showing that
the homology class € Hy(J(X), Z) of p(C) is (2/(g —2)!) @2 where © =@ (X) is the principal
polarization of J(X). The class of ¢(X) is (1/(g —2)!) @2, suggesting we use a degeneration
argument: Let X degenerate to a trigonal curve as in 1.4(iv). (This can always be achieved.)
Since H,(J(X), Z) is discrete, the class of ¢(0) does not change in the degeneration. In
the limit, 0 =X4 U X¢, and clearly v maps one component isomorphically to ¢(X,), the
other to its mirror-image. Q.E.D.

1.6. Let R, , be the subvariety of R, parametrizing double-covers of trigonal curves,
ﬁT,g its closure in ﬁg. Before computing the degree of P on ‘I'_{T (we omit the genus for
brevity) we sketch a construction showing that the image of 7 is all of R—T, 80 we do not
have to worry about J(X) arising as a Prym in ways other than Proposition 1.5.

Start with a double cover _

. C=C

4 — 802907 Acta mathematica 146, Imprimé le 4 Mai 1981
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of a trigonal curve O; for simplicity we may assume C, ¢ smooth, 7 unramified. Thus ¢
is a Z{2-bundle over C, and the 3-1 map

fC->P
yields a (Z/2)*-bundle f, C over PL. The involution
0:C>C
induces an involution oy on f,C; let X be the quotient
X =1,Cloy

since f+C is an 8-sheeted cover of Pl, X comes with a 4-1 map to P! and is tetragonal.
One verifies directly that 7(X) can be identified with

7 C-C.
CoroLLARY L.7. ﬁr 18 srreducible,

Proof. The irreducibility of J} is well-known [EC].

§ 2. Projective lemmata

We need some lemmata on the projective geometry of a Prym-canonical trigonal
curve. Assume g>6. We fix a smooth, unramified double cover 7: C—~C of a trigonal
curve of genus ¢ and the quadrigonal curve X such that 7(X)=(z: (—~0C). Also assume X
neither hyperelliptic, trigonal nor (when g="%) a smooth plane quintic. Let @: X -P%-2,
¥'; ¢—P?-2 be the canonical, Prym-canonical maps.

Lemma 2.1. (1) In P92, the images of the 4 poinis a, b, ¢, d€X of each divisor DEgi are
coplanar.

() In each of these planes the 3 points of intersection of opposite lines ab x cd, ac x bd,
ad x be are on W(C), and as D varies in g} they trace ¥'(C) once.

Proof. (1) follows from Riemann-Roch for X.
(2) The diagram

~ d
01, DO\ (0}

k14 projection
c ¥ p-?
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commutes by 1.4.3, where y is the Abel-Jacobi map. Let

p = ({ab} ~ {cd}) €C
7w (p) ={P,op} P={ab} op={cd}.
By Proposition 1.5(2),
W(p) = proj (dy(p)) = proj (dp(a) +dp(b))

0 the point ¥(p) is on the line in P92 joining ®(a), ®(b). (Using 1.4.3 again, this time for
the canonical map.) The same argument applied to o shows that W(p) is on the line
@(c), O(d). QED.

LemMa 2.2. A point a€X is contained in a unique P2? of our family.

Proof. If a is contained in the plane spanned by a divisor D €gj other than the unique
D containing a, then ®(X) has 5 coplanar points, or a g¢ by Riemann-Roch. Hence X is

a plane quintic, and a smooth one since we are assuming X non-trigonal. Q.E.D.

LeMmMA 2.3. The intersection in P~2 of ®(X), W(C) consists of 2g9+4 points. On O,
respectively X, these are the ramification points of the trigonal, respectively tetragonal, map.

Proof. Consider a plane IT spanned by the 4 points a, b, ¢, d of a divisor D€gj on X. By
Riemann—Roch, no 3 of the points can be colinear if the 4 are pairwise distinct, and an
analogous statement holds if 2, 3, or two pairs of the points coincide (namely, if D=
2a +b+c, then b, ¢ are not on the tangent line to X at a; etc.). By the analysis in 1.4, only
simple or double ramification points occur for € smooth.

If the 4 points are distinct, they differ from the 3 points of intersection of opposing
lines joining them. By Lemma 2.2, they also differ from the points of ¥'(C) in any plane
other than II.

If in the plane II, the points a, b coincide while ¢, d remain separate, the line ab is
replaced by T, X, which by non-colinearity does not pass through ¢ or d. The points

acxbd, adxbe
both tend to the point & =5, while the third point
ab x cd
remains apart. Thus we are at a simple ramification point of the trigonal map on C, and

the points in P?-2 do coincide. By continuity, the same coincidence takes place if the
ramification in II; is higher. Q.E.D.
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We are left with the sticky question of the multiplicity of intersection of W (C), ®(X)

at the ramification points.

LeMMmA 2.4. (1) O is an embedding (unless X is hyperelliptic).
(2) ¥ is an embedding unless C has a gj two of whose divisors have 2 coinciding pairs of
points each, i.e. there are 4 points p, q, r, s on C such that 2p +2q~2r +2s, {p, q}=+{r, s}.

Proof. (1) is standard. For (2), ¥ fails to be an embedding if and only if there are 2
points p, ¢€C (distinct or not) such that

h0(03 wc@’?) _hO(O’ wC@ﬂ( —P —Q)) <2
or equivalently
h(C,n(p+q)) >0

so there should exist 7, s such that
n~0p+g—r—9)
and the lemma follows since 2~ (. Q.E.D.

Remark 2.4.1. We shall see that when g =6 and X is generic, there are infinitely many
corresponding C and they all satisfy the condition of Lemma 2.4. For the rest of § 2 we
assume ¥ is an embedding so W(C) is smooth. We compute the intersection-multiplicities
separately in cases (0), (i), (ii), of 1.4. These ‘“‘codimension one” phenomena are the only

ones we shall need.

LeMmaA 2.5. Assume the 29 +4 ramification points (of C, X) are simple (=distinct).
Then ot each of these, the tangent lines to C, X lie in the limiting plane T, and are distinct.

(Hence C, X intersect transversely.)

Proof. By assumption ¥(C), ®(X) are smooth, and they each intersect 11, at one point
less than they should, hence the first statement.

Let II, be the family of planes spanned by the D, €gj near II,, and consider the degen-
erating family of complete quadrilaterals. Using a generic projection (from a fixed linear
subspace disjoint from II, and of complementary dimension) we identify all the II,, for ¢
near 0, with a fixed quotient plane. This converts the question to one about moving points

in the plane: Let a, b, ¢, d be four points in the plane, with affine coordinates

at)=(Z,2) b)=(~2, -Z) C)=(0,1) dt)=(1,0) (2.5.1)
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where Z2=t; describe the limit quadrilateral as {-0. (Since we are only asking for the
limiting lines, we need consider, in a, b, ¢, d, only the leading terms in Z. A moment’s reflec-
tion shows that coordinates can be chosen to give (2.5.1).)

Solving the linear equations, we find

abxed = (4, )
ac x bd = (222 +7Z, 272 —7)
ad x be = (222 —Z, 272 + 7)

as t—0 (hence Z—0) the points @, b tend to (0, 0) with tangent direction (1, 1). Of the three
cross points, the first remains fixed while the other two tend to (0, 0) with tangent direction
(1, —1), transversal to (1, 1) as required. (For what it is worth, this shows that in the

limit the four coplanar lines a,_c, od, T,C, T,X are harmonic, i.e. have cross-ratio —1.)
Q.E.D.

LeMMa 2.6. If the quadrigonal map on X has a double ramification point, so does the

trigonal map on C, and their images in P92 have contact of order precisely 2 there.

Proof. The first statement is 1.4(i). Clearly ¥'(C), ®(X) meet tangentially (contact >2)
at the images of the ramification points, and the subtle point is to check that contact is
not higher. Since projection can only increase the order of contact, we can follow the
procedure of Lemma 2.5. This time 3 of the 4 points come together, and we can choose

affine coordinates in the plane so that, ignoring higher terms,
a@y =(Z,Z%) b{t) =(wZ, 0*2?%) cff) = (0?2, wZ? d{)=(0,1)}, (2.6.1)

where Z3=t, 0®=1, w=1.

Now the cross-points are:

—  — 1+ wZ? 2—wZ?
== 2 D —— _ 2—_
ab x cd (wZ 1= 2wz wZ 1—2wZ2)
_ 1+ 0?Z? ore 2— 2P
“chd—(mZ'l_W’_wZ 1202
— = 1+ 2Z° , 2—Z°
adxbc—(Z-1_2Z2, Z .1—2Z2)'

We see that up to second order, the points a, b, ¢ tend to (0, 0) along the parabola
y=2a%, while the cross-points tend to (0, 0) along y= —2X2 These two parabolas have
intersection-number 2 at the origin (linear terms agree, quadratics differ) hence the same
applies to W(C), O(X). Q.E.D.
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The case 1.4(ii) of two distinct ramification points over one branch point, requires
special consideration. The linear system of Prym-differentials on the singular curve C has
the double-point of € as base-point; hence the Prym-canonical map ¥ is not defined at the
double point. A more careful analysis shows that this point “blows-up” to a line [; V" lifts
to a smooth map of the normalization NC of C into P2, and [ is the chord of W(NC)
joining the 2 points of NC' over the double point. The same geometric picture arises if we
fix an X with a one-parameter family of gj’s, one of which is special in the sense of 1.4(ii).
The corresponding one-parameter family of trigonal curves C is described in Lemma 2.1(2).
The limit curve corresponding to the special gi consists of W(NC) (of degree 2g —4) plus
twice the line [ in the special plane. All that we shall actually need is contained in the

LeEMMA 2.7. In case 1.4(ii), W(NC) is of degree 29 —4. It is the closure in P°=2 of the
poinis obtained via Lemma 2.1(2) outside the special plane. In the special plane, V'(NC) does
not meet O(X).

Proof. All is clear except for the last statement. We can take
alt) = (2,0) bt)=(-2,0) ct)=(2,1) d@)=(-2Z1) (Z*=1)

up to higher terms; the cross points are

ab x od = (o=, 0)
ac x bd = (0, o)
ad x be = (0, })
and these are different than a(0) =5b(0) = (0, 0), ¢(0) =d(0)=(0, 1). Q.E.D.

§ 3. The degree

We now specialize to the case ¢ =6, and compute the local degree of the Prym map on
the trigonal locus. We work over a generic curve X € P};. In particular we assume X is
neither hyperelliptic nor trigonal, and does not have a vanishing even theta-null. By
Remark II1.2.1, this guarantees that o(X)=0yn, is a smooth curve of genus 11 with a
natural involution, such that the quotient is a smooth plane quintic curve. By the discus-
sion in Part IT, § 2, X has a l-parameter family of gi’s, parametrized by Ogy,. These gi’s
correspond to plane-families on singular quadries containing ®(X): such a quadric is a
point-cone over a smooth (no vanishing thetanulls!) quadric surface in P3, thus contains
two families of planes, each cutting a gj on X. Thus the restricted Prym map

D: ﬁz’ > J5< As

has 1-dimensional fibers.
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LemMma 3.1. oo®L2 is the only base-poini-free gi on a trigonal curve (C, L) of genus 6.

Proof. Let M be a base-point-free g; on C. Map C into P! x P1< P3 using the two maps
C— P! given by sections of L, M. The resulting curve C is of type (3, 4) on a smooth quadric
in P3. Since the degrees 3, 4 are relatively prime, the map does not factor through a quotient

of C. The image of C is smooth since its arithmetic genus
(4—-1)-(3—-1)=6

equals its geometric genus. By adjunction, w is cut on O by curves of type (1, 2) on the

quadric, i.e.
we ~ MQL2 Q.E.D.

3.2. We can now prove Remark 2.4.1. In fact for
cepiX)c Ry

with trigonal bundle L, there is not even one pair p, g€C such that the unique gi on C
(Lemma 3.1) has a divisor 2p +2¢. Otherwise

Oc(2p +29) ~ w.@L*

80
L' =L(p+q)
satisfies
(L')? ~wg
and
R(C,L')y=2

(R°(C, L'y21%(C, Ly=2, while if k%(C, L') >3 then C is a plane quintic, hence possesses an
infinity of tetragonal bundles, contradicting Lemma 3.1.) This means that L’ is a vanishing
(even) thetanull on C. The Schottky relations ([M2, § 5, Cor. 2], [F], [FR], [Sk]) then
imply that X must also have a vanishing (even) thetanull, contradicting our genericity
assumption on X.

A simple dimension count shows that only an 11-dimensional family of curves X € I
can be represented as a 4-sheeted branched cover of P! with a total ramification point.
Hence for the generic X case 1.4(iii) will not arise.

Along the lines of Part I, § 3 we compute the local degree by blowing up A4; along
J5 and R, along R;. We have the diagram

D:

——

6 5

|

e——
h— X,

-
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and its restriction to the exceptional loci:

D= Re—— 1,
|
)

where ﬁ’lﬁ is a P%-bundle over M; (projectivized normal bundle of ; in A4;) and f\’T a
Pi.bundle over ﬁT. In view of Lemma 1.3.1, the main ingredient is the computation of the

codifferential

D*: T* Ay~ T*Ry
which by Proposition 1.4.1 is cup product
S2H(C, we®n) —~ HYC, w?).
Our purpose is to show dim (ker (D*)) is as small as possible.

ProrosiTiOoN 3.3. Ker (P*) is one dimensional, corresponding to the unigue quadric
in P* containing (O(X) and) the family of planes cutting the given gi on X.

Proof. Ker (P*) consists of those quadrics in P* which contain ¥(C). Clearly the
quadric @, one of whose (two) families of planes cuts gi on X, contains ¥(C) since ¥(C)
is contained in the union of these planes by Lemma 2.1{2). It is also clear that any quadric
in ker (P*) contains ®(X).

Assume V(0)c@ NQ’, and let Q" be a third quadric such that

X)y=QnE'NQ".
In case 1.4(0), ¥'(C) has degree
29-2=10
hence

POYNDX) =F(C)nQ"
has degree 20. This contradicts Lemmata 2.3, 2.5 since the trigonal map has only

29+4=16<20
ramification points.

In case 1.4(i), we obtain the same contradiction: two of the ramification points come
together, and at the resulting point the contact is only of order 2, thus #(¥(C) N ®(X))
is still 16 <20.

By 3.2, the only remaining case is 1.4(ii). In this case we are dealing with singular

curves; luckily we are able to avoid the delicate problems arising in Part IV by the fol-
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lowing reasoning. If @' is in ker (D), it must clearly contain W(NC). The degree of this
curve is 8, so

FENOND(X)=#P(NO)NQ" =16

but by Lemma 2.7, two of the 16 ramification points do not contribute to the intersection

while the others contribute exactly one intersection each, hence,
FUPNC)ND(X)=14<16

completing our proof. (The subtlety in Part IV arises since the condition “@’ contains
W(NC)”’ does not suffice to determine @’ in the situation there, and it is necessary to con-
sider higher-order information, centered at the double point.) Q.E.D.

TaroreM 3.4. The local degree of D on the trigonal locus s 10.

Proof. By Lemma 1.3.1, f) is a well-defined regular map, and 753 is the projectiviza-
tion of its differential P,. Indeed Proposition 3.3 shows that ker (,) is one-dimensional,
hence contained in the tangent space T(ﬁT), 80 D, is injective on the normal bundle. By

Lemma 1.3.2 the required local degree equals that of
De: Re—>M,.

For generic X € M;, let P2 denote the fiber of ﬁ'ls over X, and R its inverse image in Ry

We proceed to describe the map _
D.: R—~P2.

We use the identifications made in Part 11, § 5. Our P2, being the projectivized normal
(rather than conormal) space, is dual to the plane Il containing the plane quintic F=
o{X)/(£1). Thus a point of P2 is a line in II, or a pencil of quadrics containing ®(X), and
vice versa: a line in P? corresponds to a quadric @ containing ®(X). By Lemma I1.5.4,
the quadric @ is singular if and only if the point p €I1 dual to 7 is in the plane quintic F.
R is a P-bundle over o(X) =0y, (X), the curve of genus 11 which is the double cover of
the quintic curve F. Let C €«(X), that is, C is a trigonal curve (in 77’16) together with a
double-cover, whose Prym is J(X). The restricted map

P.: PL P

(on the fiber P! of R over () is injective, and its image is the line in P2 corresponding to

the singular quadric @ in ker (D*|c). (Since 259 is the projectivization of P, its image is
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the dual of ker (P*.) Now,

degree P, = #D:(p) (p generic point EP2)
= HOEu(X)| Du(BE) 3}
= #H{Cea(X)|Up) 37(C)}

where I(p) is the line in IT dual to p, and
w (X))~ F
is the double cover o(X)—a(X)/(+1) Therefore,

degree D, = degree (a(X)—1I)
= (degree ) (degree F)
=2.5=10. Q.E.D.

§ 4. Refinements

4.1. In the proof of Theorem 3.4 we did not need a description, in geometric terms, of the
normal bundle to Ry in Rg (and the fiber P of R over C, etc.). Such a description is readily
available, though, and helps to complete our picture of the Prym map near the trigonals.

By the result of the appendix, the conormal space at C to R, in R, as a subspace
of the cotangent space to Rg, is the vector space of quadratic differentials on C which

vanish on the ramification divisor R of the trigonal map on C,
N;T\R..c ~ HY(C, 0)(2:( —- R)).
Let L€Pic? (C) be the trigonal line bundle. By Hurwitz’ formula O(R) ~w;®L?% Hence
Nz ™ HYC, 0c®L?)

and its dual projectivization, the fiber of R over O, is naturally isomorphic with the Pt
on which € is mapped by sections of w.®L-2.
We now obtain another proof that the map of C to P* via Lemma 2.1 is Prym-canonical.

CoRrROLLARY 4.2. Quadrics in P4 cut on C quadratic differentials. The quadrics con-
taining O(X) cut the unique gi=wcR L2 on C, plus a base-locus equal to the ramification R.



PRYM MAP IV: BOUNDARY COMPONENTS 59

Proof. The second statement implies the first. The base locus is clearly ¥'(C) N ®(X) =R,
of degree 16. Since a unique quadric contains ¥'(('), the residual intersection is of projective
dimension 1, and degree 20 —16 =4. We conclude by Lemma 3.1. Q.E.D.

Combining these identifications, we find:

CoROLLARY 4.3. The dual of the restricted map

(BY* = R|o—P2
18 the projection
m-p:

(from the point in 11 corresponding to the singular quadric Q@ =n(C) where 7: a(X) =Ogypo—~
Oing/ = 111) and can be identified with the restriction map

I ~ {quadrics through ®(X)} - {divisors of gi ~wc®L~2} ~P1,

Part IV. The boundary components
In studying the Prym map near singular curves, the finer points of moduli theory

<

come into play: at certain points, the “universal family” of curves does not exist over
any punctured neighborhood; at others, the “versal deformation” is not universal; the map
R,~ M, can be ramified; instead of the canonical bundle, we need to distinguish the dualiz-
ing sheaf w from the Kéhler differentials (). And when one finally overcomes the confusion
and computes P* correctly, its kernel turns out, as already mentioned in 1.3.3, to be too
large for Part I, § 3, to apply!

In § 1 we see that there are essentially two boundary components of interest to us,
Rs and Ryp. In § 3 we compute the codifferential along R, a computation which leads in
§ 5 to the desired local degree of 16. Most of the difficulties mentioned above arise along
Rz, and especially the intersection Rz 3= RzN Rs. To avoid these we construct in §4 a
new compactification ' of M, (actually this is done only for g =6, and “infinitesimally”’
for all g) and show that P factors through the new space R’, in which Ry has been “blown
down”. The computation of § 5 then yields the degree on the whole boundary.

In § 2 we gathered some definitions, facts, and specific examples which might help a

reader previously unfamiliar with deformations and moduli of singular curves.

§ 1. The loci

We start with a “generic’ curve
XeEM,
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of genus ¢ —1, and describe, following Beauville’s list [B1], all the ways J(X) can arise as
a Prym of a double-cover in the boundary of R,, that is a singular double cover, missing
from Mumford’s list [M2]. The “generic”’ choice will be used twice; to ignore families in
Tt;g of dimension <3{g—1)—3, and later on to insure that X corresponds to & smooth

point of 1,_;; in particular we assume that X has no non-trivial automorphisms.

1.1. Singulars. Let p, g€ X be two distinet points, and
C=X[(p~9q)

the singular curve of genus ¢ obtained from X by identifying p, ¢. C has an ordinary double
point p =g, and the natural map
N:X~C
is its normalization. We let
C =X, 11 Xs/(pr~ o P2~ @)

where X, X, are copies of X. € has two ordinary double points, and like C is a stable

curve. The natural map
7 0~ C,

obtained by identifying each X; with X, is an allowable double cover in the sense of Beau-
ville. (I.1.3.) Hence

(n: 0~ C)ER,

and :{5(3-5)6,49_1 is ‘well-defined. It follows from the definitions (and is proven in [B1],
Theorem 5.4, case (i), and much earlier in Wirtinger’s work [W]j that

Letting X, p, ¢ vary and allowing all limits, we find a closed subvariety
Rs<R,
parametrizing singular covers. It has dimension
3(g—1)—3+2=39—4

and is therefore a hypersurface in R_g, in fact a boundary-component sitting over one of
the several boundary-components Mg of M, in the standard (“Deligne-Mumford” or

“stable”) compactification ﬁ’lg.

The restricted Prym map
Rs—=> Jor
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is proper and surjective. For an automorphism-free X, its fiber over J(X) is the symmetric
product S2X. Outside of the hyperelliptic locus (excluded by the generic choice of X) we
can identify J,_, with M,_;; the resulting map over (,_;)smootn can be identified with the

{relative) second symmetric product of the universal curve (which exists over (Msmooss)-

1.2. Singular elliptic tails. In taking Rs to be a closed subvariety of ﬁg, we need in
particular to allow p, ¢ to coincide; in the fiber 82X this corresponds to the diagonal.
Somewhat contrary to intuition, the limiting curve C is not cuspidal, as stable curves can

have ordinary double points at worst. Instead we get the reducible curve
C=X][PY(p~1,0~co)

where 0, 1, co EP. Equivalently,
C=XU,E

where E is the rational-elliptic curve P1/(0~ co). In this case we have
0= (XU E U By U Xo)/(py ~ 1y, 0y ~ 00y, 005 ~ 0y, 1, ~ py)

and each X; (respectively E,) is mapped isomorphically to X (respectively E) by m: 0—~C.
These are the correct limits since they are stable (each P! has >3 points fixed) and fit into
one-parameter families where all nearby curves are as in 1.1, with p and ¢ tending to a
common limit (a deformation of ¢ smoothing the singularity p but preserving the other
double point). We shall analyze this situation carefully in § 4.

1.3. Elliptic tails. Let p€X and let E be an elliptic curve. Then

C=XU,E
is a stable curve, as is

0= X1 UmEUsz

where X are copies of X, £ an unramified, irreducible double cover of E, hence an elliptic
curve itself. (There are three such, corresponding to the three mnonzero elements of
H\(E, 2/2Z).) Since E has a one-parameter family of automorphisms (translations in the
group structure) it does not matter which point ¢ of E we identify to p €X; but once e is
chosen, the identification in ( is: p;~e,;, where e,, e, are the points of & over e. Now there
is a natural map

. C—C
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which is an allowable double cover since it satisties the conditions of [Bl], Lemma 5.1.
By [B1], Theorem 5.4(ii), we have
D) ~ J(X) xQ

where ¢ is the Prym of
E-~E.

Clearly @ =(0) so that D(w)~J(X).

We let My, Ry denote the hypersurfaces in 'f_ng, ﬁ” respectively parametrizing these
curves C with an “elliptic tail”’, and their degenerations. For fixed X the only degeneration
is the one already discussed in 1.2. The two hypersurfaces Mz, M, respectively Rz, Rs, inter-
sect in the subvariety Mg, s, respectively Ry s, of their common degenerations, curves with
an elliptic tail which is itself singular. In fact it follows from Schlessinger’s local deforma-

tion theory (cf. 2.5) that the intersection is transverse.
Lemwma 1.3.1. The fiber of the restricted Prym map
Re—> My,
over a generic X € M,_,, is isomorphic to X x P,

Proof. We are free to vary p and X, independently. Clearly the possible p are para-
metrized by X, E by P! (the “j-invariant”) and £ by a three-sheeted cover of P!. This
cover has a simple ramification point over the harmonic E (j=1728, complex multiplica-
tion by V' —1) and over the singular E (j= co, monodromy around E interchanges 0, oo
while fixing —1) and has a double ramification point (all three shegets permuted, cyclically)
over the equianharmonic ¥ (j =0, complex multiplication by w= VI) By Hurwitz’ formula
this three-sheeted cover of P! is itself rational. Q.E.D.

Remark 1.3.2. In all three cases 1.1, 1.2, 1.3, there is a line bundle 5 on € such that
n=+0, 7*~ 0, and n*=0g. For example, in 1.1, (respectively 1.2), n is the line bundle
which is trivial on X (respectively X U, P} and whose fibers over p, ¢ (respectively 0, o)
are identified after multiplication by —1. (Compare 4.4.2.)

1.4. The complete fiber.

LEMMA 1.4. The only irreducible components of R\ R,, for g=6, whose image under P
contains J,_, are Rs, Ry and (for =6 only) Ry— R

Proof. We use the notation and results of [Bl], (5.2) and (5.4). If for generic

a0~ 0
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in a family mapping onto J,.;,

=404 VB

with B fixed by the involution on {, 4 and A’ interchanged, then as in'1.1.3 we have either

(i) B=0O, #(ANnA")=2, Dim)~J(4), so J(4) is a generic Jacobian, hence 4 a generic
curve, and the family is Rg, or

(i) B+@, AN A'=0, B satisfies condition (*), P(n)~J(4)xQ, @ the Prym of B,
Since the generic Jacobian is simple, we have either

(ii) (1) @=(0), hence g(B)=1+dim (¢)=1, B is elliptic and our family is R, or

(i) (2) J(4)=(0), hence € = B satisfies condition (*) and P(C) is a generic Jacobian.
By [B1], Theorem 4.10, the curves C, € must belong to one of the families (a)—(j) described
there. The families (a), (b), (¢), (f), (b), (i), respectively, have codimensions g—4, ¢—2,
9—1,9-2,4,9g—11in ﬁg; families (d), (g) exist only for g =5; families (e), (j) exist only for
g="06 and have codimensions 3, 6 in ﬁs- Such a family can surject onto J,_; only if its co-
dimension is <3. This happens only for (a) and (e), both for g=6. The first corresponds to
the 13-dimensional family ﬁT of trigonals, which does contain a 12-dimensional subfamily
ﬁr\ Rr mapped onto J; (as we saw in Part III, § 3). The second is 12-dimensional and its
generic element is a smooth plane quintic, thus the singular members form a subvariety of
dimension <11 <dim (;). Case (a) has codimension <3 (actually =3) also when g¢="17,
but its generic element is smooth, hence the singular curves of type (a) have codimension
>g—3=4 when ¢g="1. Q.E.D.

§ 2. Moduli at the boundary

In order to compute the differential of D at boundary points, it is necessary to under-
stand some generalities on the structure of the moduli space near singular curves. Almost
everything we need is in § 1 of [DM]. We go through it here not for completeness’ sake (our
discussion is fragmented and incomplete) but with the hope of giving just enough working
tools that a non-expert but believing reader might be able to follow the rest of the paper.

2.1. Deformations. The most convenient object to work with is the wersal formal
deformation C of a curve C. It is a family of curves parametrized by the complete germ M

of the origin in a smooth (3g —3)-dimensional variety, or
M =S8pec C[[ty, ..., t5,5]].

a “deformation” of O is such a family, where the central fiber is isomorphic to C and the

base space M has a unique point (but (preferably) lots of tangent directions). The “formal”
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part refers to the base being defined by formal power series or being a ‘“complete’ germ,
and the “versal” indicates our family is as close to being ‘‘universal’” as can be. Roughly,
the germ of any infinitesimal family of curves (with central fiber C') comes via pullback of
C, by a map of its base to M; and this map is uniquely determined to first order. (Cf.
2.2(2) for a non-uni-versal deformation.) In [SC] Schlessinger introduced the notion of
versal deformation, and proved its existence under very general conditions, in particular
for all “curves”.

Concentrating attention at a point p€C, one can isolate the interesting part of C
via the concept of local deformation, or deformation of the “curve” which is the localiza-

tion of C at p. Essentially, what happens is that M splits,
M~M,<xM

where M, is base to the versal local deformation of C,, and the action in M’ happens

away from p.

2.2, Examples. (0) p a smooth point of C, then M, =(0), M’ =M ~ A39-3, affine (3g —3)-
space. (~ reads="‘‘germ of”.)
(1) p an ordinary double point of . Then M, ~ Al=8pec C[¢] and the local deforma-

tion looks like
C, ~ Spec C[u, v, £]/(uv —t).

(2) p a cusp of C. Then M,~ A%2=S8pec C[a, b], and
CP ~ Spec G[LZ, b’ x, ?f]/(xg +oaxr+b— 2/2)-

The local deformation here is 2-dimensional, and contains a 1-dimensional subfamily,
parametrized by points of the cuspidal curve 443+ 2762 =0, of curves with ordinary double
points.

We note that the versal deformation here is not universal. We can give different

maps of the affine line to A2 inducing the same family of curves over the line. For example,
£ > (ct2, di®)
induces the family of curves with equations
y? = a8+ ct’x +de.

These curves, for all £==0, are all isomorphic to each other (multiplying y by &%, 2 by s2%,
has the effect of dividing ¢ by s2). Still the family itself is non-trivial, as the trivializing

transformations “blow-up” as {—0; we encounter a “jump phenomenon” where the central
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fiber, cuspidal, differs from the (isomorphic) curves near it. However, this family depends
only on the ratio ¢3/d?, so there is a 1-parameter family of these maps inducing isomorphie
jump-deformations. The versal condition still holds since all these maps vanish to first
order in ¢.

(8) One can also form the local deformation M, for the simultaneous localization of
O at several singular points. The result is nothing but the product of the local deformations,

This applies, for example, to the curves
Co=XU,E€R; s

of 1.2. Here M, .~ A%=8pec C[s, t]. Varying one parameter will smooth E, and the other
will smooth p, yielding an irreducible neighboring C.

2.3. Canonical sheaves.

2.3.1. The versal property clearly determines M uniquely, up to non-natural iso-
morphism which is “natural to first order” (compare 2.2(2)). In particular, the tangent
and cotangent spaces to M at the origin are natural objects, computable in terms of C.
The tangent space is computed in [Sc] to be Ext%,o (Q¢, O¢) so by duality the cotangent
space is HYC, Q-®w¢), involving the two “canonical” sheaves g, we. We discuss these

next.

2.3.2. The locally free sheaf w¢ is the dualizing sheaf of C, or the object that makes
duality and Riemann-Roch work for a possibly singular C. Q. is the sheaf of Kahler
differentials, generalizing the cotangent bundle of smooth curves. At a smooth point of C,
sections of either of these sheaves are regular differentials on C. At any point, both sheaves
can be computed given a projective embedding of C: sections of () are restrictions of dif-
ferential 1-forms on the ambiant space, modulo differentials of the defining ideal; sections
of » come from meromorphic differentials “with logarithmic singularities” (at worst)
along O via Poincaré residue. Thus for a plane curve C defined locally by f(z, y) =0 at the

origin p, we have the explicit formulae:

Qq,p~ Oc, p(de, dy)/(f, dx + fy )

We note that w¢ is locally-free of rank 1, since its two generators are set equal. On the
other hand, Q). is invertible only for smooth C; in fact it has torsion sections, supported
at the singular point .
2.3.3. There is a natural map
j: Q—w,

5—802907 Acta mathematica 146. Imprimé le 4 Mai 1981
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which is the identity at smooth points. One way to describe j is by comparing with the

normalization
N: NC—C.

The pullback induces a map from sections of Q¢ onto sections of Qy¢; pushforward maps
sections of wy, to sections of w¢; and the sheaves (e, wye are naturally isomorphic.
Clearly j induces an isomorphism on stalks at smooth points. Thus its kernel and co-
kernel are skyscraper sheaves supported on Sing (C), in fact of equal ranks. ker (j) consists
precisely of the torsion-sections in Q¢. Im (j) consists of differentials regular on NC.
For example, at an ordinary double point with local equation f(x, y) =2y =0,

dx d dx d
o~0,(2.%) /(Z+%Y)

Q, ~ Oy(dz, dy)/(y dx + x dy)

and ker (4), coker () are 1-dimensional, spanned by ydz = —a dy, dxfx = — (dy/y) respectively.
(We label the generators so that formally, j(dx) =dz =2(dz/x), etc.)

2.3.4. We return to the description of T%M as H*(C, Q:®w), proven in [Sc]. The

splitting
M~M local X M

is natural at least in the sense that 7'M’ is a well-defined subspace of 7'M, corresponding
to those directions along which the deformations are trivial when localized at the singular
points. Thus T*M,,,, is a well-defined subspace of T*M ~ HYC, Q@ w¢). It is related to
T*M by the “local to global” spectral sequence, which in this case degenerates allowing
the computation of T*M,,.,,; it turns out to be precisely the torsion subspace. (More
precisely, the space of sections supported on the finite set where we have localized.)

Since w¢is invertible, there is an isomorphism of the torsion spaces for Qc, we ® {2, deter
mined by the choice of a (meromorphic) section of we which is regular and non-zero at the
singular points of localization. Thus 7% M, becomes identified with the torsion sections
of Q, or with ker (j).

We saw above that for an ordinary double point this space is one-dimensional in

accord with 2.2(1). Similarly for a cusp, whose equation is f(z, y) =y®—2®=0:

Q,~ Oy(dz, dy)/(2y dy — 32* dx)

dx dy dr_ ﬂ)
@™ Oy (5.%/ 3x)/ (2y 327
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and ker (5) is 2-dimensional, spanned by

3yde —2xdy, 3Sxydr—2x2dy.
This agrees with 2.2(2).

2.4, Deformations vs. Moduli. Finally, the relation between versal deformations and

local moduli of a stable curve. There is a natural map
p: M 1M,

sending the origin of M to the point of 'ﬁ’lg corresponding to C. The degree of u, at the
origin, is the order of the group & of automorphisms of C (which is finite for C'stable). Indeed,
by the versal property, each non-trivial automorphism of € induces a non-trivial auto-
morphism of M commuting with 4, and vice versa.

While M is always smooth, its quotient by p may be singular. In fact, one sees that
when @ is cyclic this happens precisely when the locus in M parametrizing curves on
which G persists fails to be a smooth (possibly empty) hypersurface. Thus 7, is
singular along the locus of hyperelliptic curves precisely for g=>4, since the hyperel-
liptics have codimension g—2. Another example: ﬁg is not singular at a generic point
of the hypersurface Ry, even though these curves have an antomorphism (identity on X,
-1 on E).

For the case of the cuspidal curves we shall work out the relation between M, M in
full detail in § 4.

2.5. Moduli at a singular elliptic tail. As an application of these ideas, we prove the
remark made in 1.3 that the hypersurfaces M, M intersect transversely in My 5 over a
generic X€M,_,.

For C€ My s, the map

p: M,

is two-to-one due to the automorphism of . It is the sum of two maps,

Hiocal* M local —> m—a
and _
W' 1,

where p’ is injective, e, is two-to-one, and as seen in 2.2(3), Migea~A2. (Both maps go
into the germ of M, at C which is a large vector space. The “sum” is taken in this vector
space.) Clearly the germs of Mgz, M are products, with the image of u’, of the images of
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the corresponding hypersurfaces (=curves) My, Mz in M, By 2.2(3), the curves
My, My< Mo are transversal. The involution of Mye,; commuting with gy, induces an
involution (with the origin as fixed point) on M; but on My it acts as the identity since
(2.4) the automorphism of C persists there. Hence, in formal coordinates (z, y) on M,cq

such that
My={y=0}, My={xr=0}
the mAp e, is
(=, y) = (a2, y).

Therefore, (22, y) are formal coordinates on the quotient, and
Ms={y=0}, Mp={=*"=0}
are transversal, being given by the vanishing of two independent coordinates.

2.6. Double covers. Given any type of “level structure”, we can construct a correspond-
ing (branched) cover of M. In particular, there is the family of allowable double-covers,
parametrized by a space R mapping onto M with degree <2% —1. Further, the map p

lifts to a commutative diagram:

R—T M

e, I
R———m
The basic examples are:

{0) For a smooth curve C €, R consists of 2% -1 disjoint copies of M. Note that this
is true even in the presence of automorphisms of C; in that case, 7z, u are ramified, 7 is not,
and g could be ramified though it tends not to be, or at least to be “less” ramified than u.
This indicates a general phenomenon: replacing double-covers by sufficiently high level-
structures, the corresponding ¢ becomes unramified, so & factors through M allowing the
construction of a universal curve over a high-level moduli space.

(i) For C€ Ms— Mz s, B is a (22-1 4+ 1)-sheeted cover of M consisting of one component
By of degree 1 (mapping isomorphically to M) and 22-2 components of degree 2, each a
double cover of M branched along M., =(0) x M’ < My, X M’ =1 . Here B; parametrizes
deformations of a Wirtinger double-cover (C, () € Rs, and the other components R4, para-
metrize deformations of double covers whose corresponding {Z/2Z)-homology classes meet
the vanishing cycle of C in one point, hence are acted upon non-trivially by the mono-

dromy. (The remaining covers are not allowable.)
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(ii) For C'€ Mg\ My s generic, R consists of 220-242 copies of M, and R is locally
étale of degree 229-242 over M. (Since the vanishing cycle is homologous to 0 there is
no monodromy, hence no branching in =, 7.) 229-2—1 of the corresponding curves look
like E,UX U E,, and the remaining 3 look like X, U £ U X,. The corresponding 3 sheeted
covers of M, M will be denoted Ry, Ry respectively. The maps y, ¢ are 2 to 1, branched
along Mz, n~Y(Mz) respectively.

(iii) Let ¢ =X U E where X is still generic but E is one of the special elliptic curves.

For the equianharmonic %, j=0, Aut (E)~Z/6Z acts on Rz by permuting the 3 non-
zero elements of H(E, Z/27) cyclically, hence Ry is totally ramified over Mz o.on. (R Rz
is still étale as in (ii)). Deg () is 6, and in fact u factors through Ry, hence R =R, x M
is still étale of degree 229-2-2 over M.

For the harmonic E, §=1728, Aut (E)~Z[4Z acts on Ry by permuting 2 of the 3
semiperiods and fixing the third. Hence Rz has two components: an étale component
(of degree 1 over M) and a double cover ramified over Mg, po,- R\ Rz is as before. Deg (u) =
4 and again y factors through Ry, so R is étale.

Finally, consider ('€ M 5. Since being allowable is an open property, R has only
those components that are allowed by both (i) and (ii); this amounts to 3 sheets only;
namely R=Ryz. Aut (E)~Z/2Z as in (ii), but there is an extra monodromy action on
H(C, Z/27) coming from the degenerating Jacobian, as in (i). Hence By has 2 components:
an étale component R, of degree 1 over 1, and a double cover R4 branched along M
On the other hand, M — M has degree 2 and is branched along M, as in (ii); hence R has
degree 3 over M, and consists of an étale component of degree 1 and a double cover branched

along M. The “elliptic tail” is in the étale component.

§ 3. The codifferential

We attempt to extend Beauville’s result, Proposition 1.4.1, to the boundary. Let
X €M, , be a generic curve, and let (C,, GO)Eﬁg be either X/(p~gq) or XU, E, with the
double cover chosen as in § 1. Let 5€Pic® (C;) be the line bundle corresponding to Cj,
72~ Qg,. (Compare Remark 1.3.2.)

3.1. The spaces
SEHY(Cy, 0®7), HC,, Qew), HYC) w®w)

g _ -
(2),39 3,393,

as they would be for a smooth C. Further, by general nonsense they vary smoothly over

are of dimensions

families of curves C, in particular they each form a vector-bundle over the base M of
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the versal deformation of C. (Each of these sheaves F¢, is the restriction to Cy of a similar
sheaf F defined over C (or over the total space of any family deforming C,.) The above
vector bundles are associated to the locally-free-sheaves

R%w(F)

on M, where f: C—M is the deformation.)
By the examples in 2.6 we see that whether (Cy, 77) is in Rs, Rz on Rz, s, the base R of
its versal deformation is isomorphie, via T, to that of C alone, M. In particular we can

identify
cho.mR ~ TEM 'Q’HO(GO’ Q®w).

The Prym codifferential at (C,, 77) becomes a map
D*: S2HY(Cy, w@m) ~ HYC,, Q@w).
This clearly extends to a sheaf map of the locally-free-sheaves over M,
S2R% (e ®@m) = R 4(Qeint @ 0cina)
and can thus be computed, at C,, if we know its values at all nearby C.
3.2, The map §j: Q—w described in 2.3.3 induces
je: HYC, Q@ w)— HY(C, o ®w).
We compose this with P*, obtaining a map
jx0 P*: SEHYC, 00 ®@n) - H(C, 0 ®@w)

which varies continuously with (C, %), and equals cup-product for C generic (recall 72~ 0),

hence for all € including our O,

Lemma 3.2.1. P (ker (40 P¥)) s (naturally identifiable with) the family of quadrics in

the canonical space of X containing the canonical curve ®(X).
Proof. The isomorphism P(C, ) ~J(X) induces on cotangent spaces an isomorphism
HY(C, 0 ®n) = HY(X, wyx).

Hence P(S2H'(C, w ®7)) is identified with the family of quadrics  in the canonical space.
If j.(D*(@))=0 as a section of w®w on C, it vanishes in particular at each point of
X, hence (X)<=@q.
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Vice versa, since w®w is locally free on O, in particular torsion-free, it is enough to
show that if ®(X)<@ then j,o P*(Q) vanishes at each smooth point of C. For C irreducible
(case of Rs) this is equivalent to ®(X)<@Q. In the elliptic-tail case clearly j,o D*(@) vanishes
on X<(C.On E,

0 ®7|z~05(p) @7 ~n(p)

This has a unique non-zero section, which is non-zero at p; but we saw already that j.0 D*(@Q)
is zero on X, hence at p, hence everywhere on Z.

COROLLARY 3.2.2. P (ker (P*)) < {quadrics through ®(X)}.

3.3. Since § induces isomorphisms on stalks away from the double point, we see that
for Q €ker (j.o P*):
Q €ker D*‘: D*(Q) |double point = 0.

This reduces the search for ker (P*) to a local computation in the stalks at the double
point p of the various sheaves involved. We write down the stalks of all sheaves in sight,
labeling the generators so that the natural maps preserve them,

dz > de, dxQdy — dxdy, ete.

(2 W\ /(d dy
w.0,<x,y/ (x+y)

Q: 0, <d=, dy)/(y dz + z dy)
7: 0,

QRQ: 0,<da?, dzdy, dy dz, dy*>[(y dz® + xwdx dy, y dz dy
+ 2 dyf?, 2(dx dy — dy dz), y(dx dy — dy dx))

) [da? dy2> / ( de® dy?
Q@w.0p<7, y y? x—y—)

da® dxdy dy da®  dedy dxdy , dy®
w®w:0p<—x—2-, poy ,?‘ /(‘;2_-'-56—?/?/’:2_:1/4.?‘) ete.

In view of the first sentence in 3.3 and the commutative diagram

HQINSHQ®n) — H(Q®Q)

| |

D*: HY(0®@7)Q@HY(0®7) —— HY(QRw)
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(where vertical maps are induced by j) our problem lifts to computing the map
(Qen),®(Qen), > (QeQ), > (LW,
Since # is trivial near p, this is the same as
Q,RQ,~> (A1), (QLew),

where the first map is induced by cup product, the second by j. As an O,-module, the
object on the left has generators
dz2, dedy, dydx, dy?.

By our convention, their images in (Q®w), still bear the same names, except now

da® dy?
drdy=dydx= —y = x—y~
is the (unique) torsion-element of Q®w. We conclude: D*(@) vanishes at p if and only if

the coefficients in @ of da?, dedy, dy? all vanish,

3.4. The codifferential for (C, n) € Rs. For C=X/(p ~ q) we can take z, y as coordinates
on X at p, ¢; dz, dy are the corresponding differentials. The coefficients of dz?, dxedy, dy®
furnish three linear functions «, §, y on 82H%C, w®7). By Corollary 3.2.2 and 3.3, @ is in
ker (P*) if and only if:

(1) @=>D(X)

(2) «(@) =p(Q) =7(@)=0.

Now, condition (1) implies (@) =1(Q)=0, as these two give the values of @ at p, q.
Assuming this holds, 8(Q) =0 iff @ is identically zero on the line gTq We have proven:

ProrosiTioN 34.1. For (C,5)€Rs \Rg.s over a generic X€M, ,, C=X[(p~q),
P (ker (D*) can be naturally identified with the space of quadrics containing the canonical
curve ®(X) and its chord ®(p), ®(g).

3.5. The coditferential for elliptic-tails. If we perform the same computation for (C, 7)€
Rz, taking z, y as coordinates on X, E near p, we see that 8, » vanish identically; in fact,
so does the coefficient of dy, as a linear function on H(C, w®#). (Proof:

wc®n | x=wx(P)® 0 =wx(p)
Wc®n |E =wg(P) ®Nz =nx(P)
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and for a section of we®n on C, the residues at p should be opposite. But
(X, wx(p)) = WX, wz) =g—1

so all sections of we®7 vanish at p, and when restricted to E yield sections of 7z, necessarily
zero.) Since if @ > ®(X) then «(Q) =0 as the value of @ at p, we conclude that for (C,%) € R,

ker (D*) =ker (jx0 P*).

This is larger, by one dimension, than the kernel for (C, 7)€ R, and would play havoc
with our argument in § 5. Luckily, we have computed here the codifferential of the wrong
map! The point is that (cf. 2.6(ii))

wM-m, oo R->R
are 2-to-1, and we were only able to compute the codifferential of the real P,
D: R~ Ay

after it is composed with g. Instead of pushing the local arguments further to factor
pD*: T* A, ,~T*R through T*R, we describe in the next section a more global approach,
showing that for computing deg (D), the locus Ry is an “exceptional divisor’” which can be

ignored.
§ 4. Factoring out the elliptic tails

Our goal in this section is to show that the Prym map involves blowing down the
p€X,let Fy,
(respectively Fy ) be the family in My (respectively Rj) of curves consisting of an elliptic

elliptic-tail locus Ry ﬁg to a “‘cuspidal Iocus”. More precisely, for X € ,_,,
tail attached to X at p. (By Lemma 1.3.1 F; _ is a rational curve.) We want to show that
the Prym map, from a (formal) neighborhood of Fy , in ﬁ, to a (formal) neighborhood of
J(X)EJ< A,_,, factors through the base-space R of the versal family of allowable double
covers near the cuspidal curve C=X/(2p). (See the discussion and examples in 2.6.) Thus
the Prym map is composed of a map which blows down Ry (sending each rational curve
Fy , to a point) and a regular map. In particular, deg P can be computed after Ry is
blown down.

The natural steps to this end are:

(1) Construct a “natural” map from a formal neighborhood of Fy , in M to the base
M of the versal deformation C of C.

(2) Lift to double-covers.

(3) Analyze these maps.

(4) Construct a Prym map on R such that the composition is P.
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We perform steps (2), (3), (4) in arbitrary genus. It seems that step (1) can also be
done in general, using methods similar to those of [M3]; it depends on constructing a family
of curves parametrized by a finite branched cover of a neighborhood of Fy , in Tx—’g, and a
line bundle over the total space whose sections embed the generic curve in the family,
while restricting to the trivial bundle on the elliptic tails (hence mapping the curves over
Fy , to cuspidal curves). However, there are some nasty technicalities involved in the
existence and naturality of the above family. To avoid this, we present a fairly elementary
argument which works only in the case we need, g =6. In this case we proceed to construct
a compactification I’ of the moduli space M, which is based on families of plane curves,
thus replacing the elliptic tails by cusps. As a result we can explicitly factor the Prym map
on an honest (not just formal) neighborhood of Fy ,, through the space R’ of allowable
double covers of objects in TH’. TN is defined in 4.2.4 and described in 4.3.

4.1. Moduli of plane eurves. In our construction of 7', we use a bit of the general
technique of geometric invariant theory [M4] together with the special symmetrics present
for genus six. All that we need of the general theory is discussed in § 1 of [M3], up to
Example 1.13 where Mumford constructs a compactified moduli space ', similar to the
one we need, in genus three. We briefly recall his construction.

The natural action of SL (3) on ¥V =A3 induces an action on P(S*V), the linear system
of plane quartic curves. We consider only the semi-stable curves in P(S*V), and divide by
the action of SL (3). The resulting projective variety M’ is birationally equivalent to
m3, since a generic C' € M, can be realized as a plane quartic in a unique way (the canonical)
up to automorphisms of P?, and this plane quartic is anutomorphism-free and stable under
SL (3). However, as is beautifully illustrated in [M3], the locus Mz in M is blown down to
the locus of cuspidal curves in 71’. (In Proposition 4.3.1 we shall find the precise structure
of this blowdown.) In both 771, M’ there are other exceptional loci, which do not concern
us here.

More generally, for fixed d and ¢ we can start with the family of plane curves of
degree d, whose geometric genus is <g. SL (3) acts on this, and the quotient of the semi-

stable locus is a projective variety M, 4, which comes with a natural rational map
& Mya~> ma'

(Mumford notes that for d >4, plane curves with only ordinary double points or cusps are
actually stable.) For fixed ¢, M, , contains only singular curves if d is too small, and ¢
is surjective if d is sufficiently large. Mumford’s example (g =3, d =4) is the only case where

£ is birational.
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For genus 6, it seems most profitable to take d =6, thus considering plane sextics with
4 double points, or a degeneration of these. In this case ¢ is generically finite (in fact, five
to one; see below) and certainly for generic X € M, any map of degree 6 from XU, ¥ into
P2 which is not constant on X must be constant on E, so that £ () consists of cuspidal
curves as required. This suggests that M’ should be a 5-sheeted quotient of Mg ¢ the
problem is that there is no group action on M, ¢ permuting the sheets. Fortunately such
a group can be produced after FH; ¢ is replaced by an appropriate cover. We describe this
first for a slightly different (but birationally equivalent) object, then return to M, .

4.2. Forming the quotient 7N'. Fix four reference points e,, ¢,, €5, ¢, in P2, in general
position. Let P! parametrize the linear system of plane sextic curves with double points
at the four e,.

In PGL (3) there are 4!=24 elements which permute the e;, forming a subgroup of
PGL (3) isomorphic to 8,. Let G be the group of Cremona transformations of the plane
generated by these linear transformations and the quadratic transformation based at any
3 of the e;.

LeMuma 42.1. #G=120.

Proof. Consider the linear system of cubic curves in P2 through e;, e,, ¢, €, It maps P2
(with the e, blown up) to P° as a quintic del Pezzo surface S. All generators of G preserve
this linear system, hence @ can be represented as (a subgroup of) the group of linear auto-
morphisms of P® preserving 8. It is well-known [SR] that the quintic del Pezzo surface
contains 10 lines (the 4 exceptional divisors and the 6 lines g,;j) with a symmetric inter-
section-configuration, each meeting 3 others. Thus G becomes a subgroup of the group G’
of permutations of the 10 lines preserving this configuration. Clearly G is simply transitive
on quadruplets of disjoint lines: any such quadruplet can be simultaneously blown down,
recovering P2, and thus mapped to the four exceptional divisors; and once the labeling of
ey, ..., ¢, is decided, it determines the other six as pairs e;e;. Now, the first, second, third
and fourth elements of a quadruplet can be chosen in 10, 6, 2, 1 ways; thus #G" =120.
Since @ strictly contains S,, we have G=@". Q.E.D.

The group G of Cremona transformations of P? acts on the system of cubics through

the ¢;, hence on sextics double at the e;,, We can thus form the quotient P15/G.
Lemwma 4.2.2. P1/G is birationally equivalent to 77’26.

Proof. There is a natural rational map P15— 7716 sending a plane curve to its proper

transform in S. This map clearly commutes with the action of @, hence factors through
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P15/, Both spaces have the same dimension (15) so we only need to check that a generic
C €M, is the image of precisely 120 curves of P,

It follows from a formula of Brill and Noether (cf. [KL]) that a generic curve of
genus 6 posesses precisely 5 gi’s. (For a generic curve in Mg s we check this below.) By
Riemann—Roch, a line bundle L on C'€ Py maps C as a plane sextic if and only if the
complementary line bundle w;® L~ is a gj on C. A plane sextic of genus 6 necessarily has
4 double points (properly counted), and an easy dimension-count shows that the generic
C € Mg cannot be realized as a plane sextic whose 4 double points are not in general posi-
tion (including a coincident pair, etc.) Further, there is a unique element of PGL (3) taking
a given ordered quadruplet of points in general position in P2 to e, e,, e,, €4, hence 4! such
elements for an unordered quadruplet. We conclude that, indeed, a generic C € I appears
in P15 5-4! =120 times. Q.E.D.

Remarks 4.2.3. (i) Given one of these 120 plane representations of C, there are precisely
4 others which are projectively inequivalent, obtained from the original by quadratic
transformations based on three of the four ¢; (such triplets can be chosen in four ways).
However, there is no natural way of re-embedding these four; this corresponds to the sad

fact that S, is not a normal subgroup of S,. The five-to-one map
f: P15[S, -~ P1/G

is consequently not the quotient under a group action.
(ii) On the cheerful side, knowledge of the fiber of f at a point z,€P15/S, is sufficient

to construct the fiber of P® over z,: if

2 {f (=) = {-’”0, Ty, Tas T3, x4}

then the fiber over x, can be naturally identified with the set of possible orderings of
%y, %q, X3, %, Indeed one checks easily that there is a unique element of P15 such that its
projective equivalence class (as plane sextic) is #,, and becomes «; after quadratic trans-
formation based at the 3 ¢; other than e, (=1, 2, 3, 4).

(iil) P15/@ itself is not quite good enough to serve as an '; for example, Proposition
4.3.1(ii) below would hold only for almost all C €P¥¥|G over a generic X.

4.2.4, We now return to M ¢ By the proof of Lemma 4.2.2 there is a Zariski-open
subset T3¢ of ‘M, , which is finite (of degree 5) over an open 7M3 in M,. Let 15 ¢ be
the fifth Cartesian product, with open subvariety II5M3. Let Hsmg‘mg_ﬁ be the relative
Cartesian product, i.e. the subvariety of II57§¢ parametrizing quintuplets mapping to
single points in 7M3. Let 71° be the unique “off-diagonal” component of TI5,0MQ 6, and



PRYM MAP IV: BOUNDARY COMPONENTS 77

M its closure in I15M;, . The action of S; on 1157, ¢ clearly restricts to an action on ",
hence also on . By Remark 4.2.3(ii), this action commutes with the action of G' on P23,

hence the quotient

m =me

is birationally equivalent to me. By standard arguments, the guotient M’ is a reduced,

irreducible projective variety.
4.3. Structure of M'.

ProrositionN 4.3.1. (i) The projective variety M’ is birationally equivalent to 7713

via the natural map

& M M,

(ii) For generic X € M, and oll C €=Mz VU M) over X, the germ of ' at C is naturally
isomorphic to the base M of the versal deformation of C', where ' is the partial normalization
of C given by its proper transform in the quintic del Pezzo surface S.

(iii) If C (as ablve) is nodal (i.e. &(C) € M\ Mz.s) then € is a local isomorphism at C.

(iv) If C (as above) is cuspidal (i.e. e(C)< Myg) then on a neighborhood of CEM', ¢
consists of three successive blowups (along the cuspidal locus Me< M') followed by two dis-
joint blowdowns (onto the loci Muary Me.an. < Me).

4.3.2. Statement (i) was proved in 4.2. We prove (ii) and (iii) next. We fix a generic
X, and restrict C to be a singular curve lying over X as in (ii). By definition there is a rela-
tive curve over P15, embedded as a hypersurface in P15 x P2, This induces, by definition
of the versal deformation, a map from the germ of P! at C to M. Since G acts on P'% freely

near C, the map can be reinterpreted as

g (Pls/G)lc—’M-

Claim. { is an isomorphism.

Proof, The five-to-one map

& ms.s "’ﬁlle

induces a five-sheeted cover of the base of any family of genus-6 curves, in particular M.
On the one hand, this cover can clearly be identified with (P'%/S,)|c; on the other, by
Remark 4.2.3(ii) the five sheets over M are disjoint (whenever the four double points
at C, in our case e, ..., ¢, are distinct) so that each one of them, given by (P¥/G)|c, is
mapped isomorphically onto M by {. Q.E.D.
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This proves statement (ii) for all C such that
Mo~ ®5@|c
i.e. when the five gi’s on ¢’ are distinct.

Claim. For generic C € M over X, the 5 g3’s are distinct.

Proof. Recall from Part I that on X there is a 1-parameter family of gi’s parametrized
by af{X) =g (J(X)), & double cover of the plane quintic parametrizing singular ( =rank 4)
quadrics containing the canonical image ®(X)<=P% choosing a gi on X is equivalent
to choosing a singular quadric and a plane-system on it, cutting the g; on X. This gi lLifts
to C=X/[(p~q) if and only if it maps p, g to the same point in P2, that is, if and only if
the line pg in P4 is contained in a plane of the system. Thus the 5 gi’s on C correspond to
the 5 singular quadries, generically distinct, in the pencil of quadrics in P* containing
®(X) and its chord pg. Q.E.D.

Similarly we see that for C'=X/(2p) cuspidal, the 5 gi’s correspond to the singular
quadrics in the pencil of quadrics containing ®(X) and its tangent line at @(p). For all
but finitely many p € X, these are distinct.

Claim. For all C over X, at least one of the five sheets of ¢ is disjoint from the others
(=unramified). Hence I’|. is mapped isomorphically to M.

Proof. The first statement follows from the previous claim by an easy dimension-
count (keeping in mind that our claim is only for generic X). The map {’: M|~ M is
constructed like { above, replacing P3| and its relative curve by ﬂ’llc and the relative
curve pulled back from Mg ¢|c where it exists by the first statement. The inversion of
£’ is the same as for {. Q.E.D.

(If 2 of the 5 sheets of ;s come together, then the 120 sheets of M fit in 60 2-sheeted
components, and there is a unique element of G interchanging the sheets in each pair, so
the quotient P’ is unramified; similarly in the other possible cases, as long as one sheet
remains apart.)

This completes the proof of (ii); (iii) follows from (ii) and the isomorphism

Iu: M 97_1:16]0:
discussed in 2.4. Q.E.D.

4.3.3. Before proving (iv) we try to make it plausible by the following description.
In a neighborhood of Fy ,= Mz< M, the essential features are: The 2 hypersurfaces My,
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M, meeting transversally (by 2.5) along Mg ; the codimension —2 loci My, Mean in
Mz, parametrizing curves whose elliptic tail is harmonie, respectively equianharmonic;
and the fibration of Mz over Mg s (or Myary Mean.) by PVs, the curves Fy ;. This whole
configuration is taken by &~ to a neighborhood, in ', of the cuspidal C. Here the only
feature is the hypersurface of singular curves, which has a cuspidal singularity (Exam-
ple 2.2(2)) along M.

Now think of M’ as being “essentially two-dimensional”’—by taking a generic plane
section, or by considering instead the local deformation M, of the cusp. (Example 2.2(2).)
We describe ¢ on this plane. (See Fig. 2.)

Start: Cuspidal curve in the plane.

First blowup: An exceptional divisor (self-intersection —1) and a smooth curve meeting

it tangentially at a unique point.

Second blowup: Two exceptional divisors (self-intersections —2, —1) and a smooth

curve, all passing pairwise transversally through a common point.

Third blowup: An exceptional divisor of self-intersection —1, met transversally at
three distinct points by two exceptional divisors (self-intersections —3, —2) and the original

curve.

Blow-downs: The first two exceptional divisors contract to a triple point (the equian-
harmonic tail) and a double point (the harmonic tail). The last exceptional divisor para-
metrizes, in TN, elliptic tails. The original curve meets it transversally, and still para-

metrizes the singular curves.

Proof of (iv). What is needed is a method to determine, given a family of plane sextics
degenerating to a cuspidal curve, which elliptic tail appears as the limit of the corresponding
family of stable curves. The answer becomes evident when we replace again “plane sextics”
by their complementary “four-sheeted branched-covers of P1”’;

In a branched cover, a double point (resp. cusp) appears as two (resp. three) ramifica-
tion points coming together. After replacing the base by a finite cover if necessary, we can

assume the 18 branch points of curves in our family to be single-valued functions
al(t)’ soes als(t)
of the parameter ¢ in the family, and say

0,(0) =5(0) = ay(0) =0, @,(0) =0, i>3.
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<« \{ &« —
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Start First blowup Second blowup

Blowdowns Third blowup

Fig. 2

We obtain an equivalent family, for ¢4=0, by composing the covering map with a linear
map on P! taking a,(£), a,(t), as(t) to 0, 1, oo. In the limit all the ,(0), 2>3, will go to the
same point y EPL. The required elliptic tail is clearly the double cover of P! branched at
0,1, oo, 9.

It now becomes straightforward to verify the proposition. For example, to check that
the first exceptional divisor goes entirely to the equianharmonic point: In the (a, b)-plane
of M, (Example 2.2(2)) we approach the origin along a straight line of generic slope
bja=c; say

a=t b=ct

then the three coinciding branch points are given, modulo higher terms, by the three
solutions of
O0=a+ax+b=a3+tx+ct

and as t—0 the ratio of any two solutions tends to a cubic root of 1; hence the limit curve

is equianharmonic. Similarly we get harmonic curves from b~#?, and finally by setting
a=t2 b=ct?

we get triplets (x,, x,, ;) whose ratio is independent of ¢ and varies with ¢, showing that
the third exceptional divisor maps birationally to the modulus-curve of elliptic curves.
Q.E.D.
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Remark 4.3.4. Tnspection of the proof of (iv) shows that the gi on the degenerating
family (global data on O) is not fully used. In fact, all that is needed is its local piece near
the cusp, a two-sheeted cover of a neighborhood of the origin branched at three (moving)
points. This date is local, in fact can be read off the local deformation of the cusp. Con.
sequently the proof is valid in any genus, provided M’ (or locally, €) can be constructed
and satisfy (ii). (Same situation for (iii).)

4.4. The factor maps.

4.4.1. Whenever the space ' exists, in particular in genus 6, we can construct the
analogous object R’, a branched-cover of ' parametrizing allowable double covers of
curves C€M'. We discuss R’ first, leaving the construction to 4.4.2. (In arbitrary genus
we settle for the germ R of R’, described in 2.6.)

The only difference between ‘‘allowable” here and in Beauville’s definition is that
C, C are “plane curves” instead of “‘stable curves”. Thus the condition on the double-cover
C is that its (arithmetic) genus be 29 —1, and that P(C, () =ker® (Nm ) be an abelian
variety. For a cuspidal C one can describe all the allowable € as in the proof of Lemma 5.1
of [B1]. The only double cover C we are interested in is the degeneration of the Writinger
covers on nearby singular curves. Thus, for

0 =X|/(2p)
C =X, 11 X,/(2p, ~ 2p,),

that is, ' consists of two copies of X meeting tangentially over p. On each X, the map
7: 0> C is the normalization of C.

we have

One checks that the double cover m: —C is allowable; indeed the (generalized)
Jacobian of C is an extension of J(X) by the 1-dimensional additive group G,; similarly,
J(0) is a G,-extension of J(X) x J(X). The norm map is the identity on the fibers G, of
the normalization maps; hence ker (Nm) is an abelian variety, isomorphie, of course, to J(X)

Near 0, R’ is a 3-sheeted branched cover of ', branched along the hypersurface in
M’ of singular curves. The 3 covers of a nearby smooth curve which appear in R’ corre-
spond to the 3 non-zero (Z/2Z)-homology 1-classes which are vanishing cycles for the cusp.
(The vanishing subspace of H,(C, Z/2Z) is a 2-dimensional Z/2Z vector space, containing
3 non-zero elements.) For a nearby singular curve, the 3 covers correspond, in the notation
of 2.6(i), to Ry and one of the ramified two-sheeted components Ry4. Over the whole
neighborhood of €, R’ can be identified with the 3-sheeted cover of M’ given by the 3
coinciding ramification—points of the complementary gi, as in 4.3.3. (Similarly for R—M
in all genera, using Remark 4.3.4.) If a, b are local coordinates on M,,;, as in Example 2.2(2)

then a,  are local coordinates on R, ,, where a®+ax+6=0.

6 — 802907 Acta mathematica 146. Imprimé le 4 Mai 1981
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4.4.2. We pause to sketch a construction for R’, based on the existence of compactified
Picard schemes as constructed in [AK].

Given a family C— §, one has the classical family J(C) of “generalized Jacobians”
over §. The fiber corresponding to a curve C is an algebraic group parametrizing invertible
sheaves on C. In particular, this is not complete unless C is smooth: One obtains extensions
of Jacobians (of the normalization NC) by the groups &,,, G, corresponding to nodes, cusps
in C, ete.

In order to obtain a compactification J(C) of this family, Altman and Kleiman con-
sider rank-1 torsion-free sheaves on C instead of only locally-free sheaves. Under very
general conditions they obtain a projective scheme J(C) parametrizing equivalence-classes
of these. The singular locus of this compactification is precisely its boundary, parametrizing
non-locally-free, torsion-free, rank-1 sheaves.

The easiest example is obtained from the standard family C of plane cubics,

y>=a%tax+b.

Since these all pass through a fixed point (at oo), the family of Jacobians (away from the
discriminant locus) is isomorphic to the original family, if the fixed point is taken as origin.
We see now that the family of generalized Jacobians embeds naturally in C as the comple-
ment of the locus of singular points, and the compactification is C itself. For a nodal cubic

y? = (v +2¢) (x —1)?

the non-invertible sheaf is the ideal-sheaf of the node, deforming along either branch.

(The generalized Jacobian is &,, and its compactification a nodal P1.) For a cuspidal cubic
Y2 = a8

the generalized Jacobian is @, its compactification a cuspidal P!, and the funny sheaf is
(s, 82) O, where s is a coordinate on the normalization near the origin (so x=s2, y=s3).
These represent the main phenomena that occur in arbitrary genus.

To construct R’, we start with a “universal curve”” C’— M. (This exists in a neighbor-
hood of our cuspidal curves by Proposition 4.3.1(ii), and globally after replacing T’ by
an appropriate finite branched cover M.) Over ‘M (=smooth curves) R is the kernel of
the squaring map in the corresponding family of Jacobians, or the (non-zero) points of
order 2. We now define R’ to be the closure, in TC'), of R.

To describe this R’ near nodal or singular curves, note that given an extension

0=-E—->A4-J—->0
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of J by an elliptic curve E, the points of order 2 in 4 map onto those in J with fiber (Z/2Z)2;
When E degenerates to a nodal P2, say with 0, oo identified, half of these 2% points remain
apart while the others join in 2%-2 pairs corresponding to the double point in Z; in addi-
tion there is a marked non-trivial point of order 2 mapping to 0€J, namely the point
—1€E. These latter 22~1+1 points correspond to the sheets of R’, as in 2.6(i). We leave
the details to the reader, as well as the verification that near cuspidal C, R’ behaves as
claimed in 4.4.1. (Hint. given an unordered pair 0, oo €P! and a point 1 €PL, one has the
harmonic point —1. Fixing 1 and letting 0, oo come together, we see that —1 also acquires
the same limit as 0, co. Thus the isolated sheet and one ramified pair of sheets, on the
nodal curve, all come together on the cuspidal!)

COROLLARY 4.4.3. The natural map
P R-R

is birational. For generic X and all ¢ € X, arbitrarily small neighborhoods of Fx , in R contain
P of some neighborkood of C=X/[(2q) in R'. p can be factored in a sequence of blowups fol-
lowed by blowdowns, so that the total transform of RECﬁ under the blowups is eventually
blown down into the cuspidal locus Re< R’. On a neighborhood of Rs\ Rz, s, P ts biregular.

In fact, from the previous description of R’ and Proposition 4.3.1(iv), one can easily
write down the precise sequence of blowups—blowdowns, as in 4.3.3.

In a neighborhood of Fy , in R, we have: The hypersurface Rz (mapping 3 to 1 to
Mz) (the infinitesimal version Ry is described in 2.6(ii)), the two hypersurfaces Rs, Roaa
(mapping onto s with degrees 1, 2) (cf. 2.6(i)), meeting Ry transversally in Rz s, Ry oaas
three codimension-2 loci in Ry, one for equianharmonic tails and fwo for the harmonic tails
(since monodromy there interchanges two semi-periods and fixes the third), and the fibra-
tion by rational curves Fy ,.

In a neighborhood of (C, ) in R’ we have two hypersurfaces Roqq, Rs (over the cuspidal
hypersurface J}y parametrizing singular curves), each smooth, meeting tangentially along
the cuspidal locus R¢. (Mg is the branch locus for R’ = ', R,qa the ramification.) In local

coordinates (@, b on My.; @, x on Ry, as above) the equations are:

Mg 4a®+2702 =0 (cf. Example 2.2(2))
Ry da+322=0
Rodd: a +3x2 = O.

Finally, the steps of blowing up and down correspond naturally to those in 4.3.3,
replacing loci in M by their analogues in R.
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4.4.4. Tt remains to construct the map
D:Ry—> A,
We use the notation of 4.4.2. The family

CI - m'
Lifts to
CI — RI

and this relative curve admits a double cover

nl: al - CI
such that over a point of B’ we have the double cover it parametrizes. We form the families

J(CH, J ((~:’) over R’ of generalized Jacobians, with the norm map

Nz J(C') = J(C')
induced by @’'. We define P(é’) =ker® (Nm). A priori this is a family of algebraic groups,
but by the restriction to allowable covers, all of these are abelian varieties, varying nicely
over R’, inducing the desired map p’. By Beauville’s theorem (cf. Theorem I.1.1 and I.1.3)
D’ is a proper map.
Clearly the composition

D'op

equals ,'[5 on a punctured neighborhood of Ry in R, hence equals 75 everywhere by con-

tinuity. For ¢ =6, since p is birational
deg P =deg p

50 we only need compute the (local) degree of ]5 along Ry, as claimed.

PropoSITION 4.4.5. For (C, C)ER' ouep over a generic X € M,_y, ker (D'*) consists of
quadrics in the canonical space of X containing ®(X) and its tangent line T,®(X) at the

normalization of the cusp.

Proof. We use the notation and method of § 3. For C near Cy=X/(2p), the codif-

ferential is
) S21*(P(C)) ~ Tz R
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as before, T*(P(C,))~T*J(X)~H"X, w;)~HYC,, 0c,®7). However, there are two dif-

ferences:

(1) 1 is no longer locally-free at p, but rather
~ ()0, < Oy

which is only torsion-free (cf. 4.4.2).
(2) Tz R'~TE, M. Here R’ is a 3-sheeted cover of M’ (cf. 4.4.1, Example 2.2(2))

branched along the hypersurface
403 +276* =0

and a, x are the coordinates on R,,.,; corresponding to @, b on M .. (2®+ax+b=0.)

Letting 71 R—~M (or R’ M) denote the natural projection, we have

a*de =da
7*db = —xda — (322 +a)dzx.

This means that over R’, m*T*M’ is the subsheaf of T*R’ whose sections have a vanishing
db-coefticient along Reusp. Instead, we think of sections of 7* R’ as certain meromorphic sec-
tions of #*T* ', a locally free sheaf whose fiber over € R’ is H(C, Q.®w¢).

We can now compute PD*. As in §3, ker (P*) is contained in the space of quadrics
containing ®(X). (This reflects the fact that “P looks the same near all (generic) X’ so
D.. surjects at least onto T J, ;< Ty A, ;.) Since for C€ Ms\ M. s we know that D*
vanishes on quadrics containing ®(X) and the relevant chord m, the same follows
at a cuspidal C, for quadrics containing ®(X) and its tangent line at p, by continuity.
Hence, ker (P*) must be either the system of quadrics through ®(X), or its codimension-1
subsystem of quadrics through 7, ®(X). We claim it is the latter.

Fix a quadric @, containing ®(X) but not 7, ®(X), hence not containing nearby chords
either. Consider a family of singular curves C, with common normalization X, degenerating
to Cy. (Cy=0/(py(t) ~py(t)) where in local coordinate s on X near p, p,(t) is the point with
coordinate s,(f) = +4/2.) This family maps to M., by a(t) = —3¢2, b(t) =263 (clearly satisfy-
ing 4a®+27b2=0) and lifts to R,y by #(t)= —2¢. By Proposition 3.4.1, at C,, D*(Q) is a
torsion-section of HYC}, Q®w), hence in the deformation M, it vanishes on the local
deformation of the node and must be a multiple of d(4a3 + 2752) = 12a2da + 54bdb = 1084 da +
108¢2db. As ¢—0, this should acquire a first-order pole. Hence, up to an invertible factor,

D¥(Q) gives
da+t-tdb
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in HYQ®w), and therefore by applying m*
3da —9tdx

as a section of T*R'. In particular as {—0 we see that D*(Q) is a non-zero multiple of da,
as required. Q.E.D.

§ 5. The degree

As in Parts II, III, we restrict to the case =6 and compute the local degree of D

along Ry, using the previous results on ker (P*).

TeEOREM 5.1. The local degree of the Prym map

D: ﬁe - A;
at the boundary equals 16.

Proof. By Lemma 1.4, the relevant components are Rg, Rz and ﬁT\ Rr. The latter is
part of the trigonal component extending into R, itself, and was treated in part III. By
Corollary 4.4.3, Ry is blown down into Reyp in R, so we only need compute the degree
along Rs< R’. By Propositions 3.4.1 and 4.4.5, for 0 = X/(p ~ q) where p, ¢ € X are distinct or
coincide, ker (P'*) is 2-dimensional: ®(X) is the complete intersection in P4 of 3 quadrics
in general position, and the line pg (tangent at p, if ¢=p) imposes one linear condition on
these quadrics.

By Lemma 1.3.2, the degree of P’ can be computed after blowing up J,< A4; and
restricting to the exceptional fiber. By Lemma 1.3.1, this is the projectivization of the dif-
ferential D,. (Since Rj is a hypersurface, it need not be blown up.)

Restricting to the fiber over a fixed, generic, X € M, the map becomes

f: 82X - P2,

Here the symmetric product S2X parametrizes singular € over X, and P2 is the projective
normal space to M; in A, at X. As in Part II, § 5, this is dual to the P2 parametrizing the
quadrics through ®(X). The map f takes (p, ¢)€S52X to the pencil of quadrics through
O(p), B(g), so that deg (f) equals the number of chords of ®(X) contained in the inter-

section of two of the quadrics, in general position.
LeMMA 5.2, The intersection of two (transversal) quadrics in P contains precisely 16 lines.

LemmA 5.3. The canonical curve ®(X) meets each of the 16 lines, twice.

The combination of these two lemmas will clearly complete the proof of the theorem.

Lemma 5.2 is classical: the number of lines on any del Pezzo surface is computed in [SR],
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in particular the intersection of 2 quadrics in P4 is shown there to be the blowup of P% at 5
points in general position so that the 16 lines are given by the 5 exceptional divisors, 10
lines joining pairs of points, and the unique conic through all 5. (More directly, perhaps,
one can use Schubert claculus to compute the number 4" of linear spaces P"~! in the inter-
section of 2 quadrics in P?", cf. [Do].)

Recalling that ®(X) is the complete intersection

QNG NG,
of three quadrics and letting 7 be a line in @, N @,, Lemma 5.3 follows immediately:
HO(X) N gyna, =H(@o N D)ps = 2. Q.E.D.

Remark §.4. Precigely the same local picture holds in all g: ﬁ factors through R’
(or at least infinitesimally through R) and the factor map P’ looks like

f = 82X — P({quadrics through ®(X))*).

But for g >7, f is generically injective (the space on the right has dimension ((g —3) (g —4)/2) —
1, which is >5 for g =7).

Part V. Applications
§ 1. Cubic threefolds

In much of Prym theory, a recurrent difficulty is the presence of sporadic loei, provid-
ing counterexamples to desired statements or preventing “generic’ identities from holding
everywhere. The point of our main result 1.2.1 is to ensure, under favorable conditions,
that no such sporadic components may pass undetected. In this section we prove a typical

example.

THEOREM L.1. For a generic cubic threefold X <P, if the intermediate Jacobian J(X)
is wsomorphic (as principally polarized abelian varieties) to P(C, n) for some (C,n)€ Rg, then
C is a plane quintic curve and 7 an odd semi-period, (C, 7)€ Re.

To prove this, we apply the technique developed in Parts II, I1I, IV to compute the

degree of P along Ree DI O R
x= c

We see below that this degree is 27. Moreover, the codifferential is of maximal rank so
Rx is isolated in P~YJ(X)), in other words it is a connected, as well as irreducible, com-

ponent, hence there can be no collapsing components such as B, in Part IV, These two
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facts together imply Ry= D (J(X)). In the next section we shall see moreover that all
of Rc is mapped by D to intermediate Jacobians of cubic threefolds.

1.2. We recall some standard facts on cubic threefolds. The original work [CG] or the
expository [T1] are good references for the projective-geometric facts, while the identifica-
tions of cotangent spaces etc. are paraphrased from [G].

Let X< P! be a smooth cubic hypersurface. X contains a two parameter family of
lines, parametrized by the Fano surface F(X). (Proof. A generic hyperplane section of X
contains a finite number (27) of lines.) The intermediate Jacobian J(X) is isomorphic, as
principally polarized abelian varieties, to A°(F), the Albanese variety of zero-cycles on

F(X) of degree zero, modulo abelian equivalence. Fixing a line [€ F we obtain a map

o F(X)~ J(X)
by

e: L~ [L,]-[]
The ®-divisor in J(X) is the image of F x F under the induced map
o: FxF—J(X)
(s L) = (L]~ el

Under ¢ the diagonal in F x F collapses to 0€J(X) which is a triple point of the
image @, in fact its only singularity. The projectivized tangent space

P(T(J(X)))

can be naturally identified with the ambient P4 (This identification leads to Torelli’s
theorem for cubic threefolds: X can be recovered as the tangent cone to ® at its (only)
triple point.)

1.3. The relation with Pryms is via Mumford’s conic-bundle theory, cf. [B2] or the
appendix to [CG]. Let X, be the blowup of X along I, and

f: )? > P2
the projection map.

(i) f makes X, into a conic-bundle: for generic p €P2, f~(p) is a conic in X (meeting
l in two points). For p in a curve C<P?,

174 (®) = L(p) U Ly(p)
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is the union of two lines coplanar with I. Thus there is an isomorphism
J(X) ~ P(C, O, m)

where ( is the double cover of C given by the two components in f~}(p), p€C, and 7 the
corresponding semi-period.

(ii) C is a plane quintic, smooth for generic I. (Proof. A generic hyperplane section of
X contains 5 line-pairs coplanar with 1) Similarly, ¢ is smooth and z: —C unramified
for generic I, and allowable in any case.

(iii) The map

¥ C P4,

sending p €C to the intersection

L(p)Nly(p)EX < P,

is the Prym-canonical map of (C, %). Indeed the Abel-Prym map
p: 0= D(0,7) ~ J(X) ~ AF)

is just the restriction to (< F(X) of p,. The Prym-canonical image of I,(p) €C is the deriva-
tive of p at [,(p) (as in 1.4.3) and corresponds to a point of I,(p)=P4 We conclude as in
Proposition II1.1.5 that ¥'(p) is indeed I,(p) 0 I,(p), by repeating the argument for I,(p).
(iv) We now see that 7 is odd so that (C,%)€ Rc. Indeed Op:(1)|®% has a unique
effective divisor (compare note after Lemma I1.3.2) given by the 5-point intersection
INW(0), since ¥ is given by
we®n ~ Opx(2)|c®7

while after projection from I, C is mapped to P2 by
Op(1) -
1.4. Tt follows from the foregoing that, as abstract varieties,
F(X)~ Rx< Rx.

We let Rc< R denote the closure of the union of R% for all smooth cubic threefolds X.
This is clearly an irreducible 12-dimensional subvariety of Re. (In § 2 we will see that
actually Re=R¢.) Let A4o< A5 denote the closure of the locus of intermediate Jacobians
of cubic threefolds. To compute the local degree of P along Rc, and prove the theorem,
we are led as in IT1.3.2 to the blowup diagrams:
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7—)5 Rs‘ > ’45

L

D:Ry—— A;

and on exceptional loci, .
De: R;; _— 24(}
l 7 T2

D Ro— Ac

where 7, is a P2-bundle-map and 7, a P4-bundle-map.
For a cubic threefold X, the fiber sz3'(J(X)) can be identified with the dual of the
ambient P* of X, as follows: The cotangent space

Trx As = S2Ts(J (X))

consists of all quadrics in P4=P(T5(J(X))). Among these, Griffiths shows in [G] that the

conormal space

Nico(Ac\ As)

corresponds to those quadrics X, polar to points p of P* with respect to X. Hence naturally

P(N*) ~ P2
and
27 (X) ~ P(N) ~ (P>,

Since R is an unramified cover of M, (the moduli space of plane quintics) we can
identify the fiber of 77, over (C, ) € Re, as in Part II, § 5, with the dual of the ambiant P2
of C. Fixing X, we can describe this P} in terms of the line [€ F(X): P} is the space of
planes through 7 in P4, and (P?)* is the subspace of (P4)* dual to I.

Let R x denote 77 (R%), and ‘[5 x the restricted map. One might guess the following:

Lemwma 1.5. The map o
DxiRx= U (BH)*—(PH*

le F(X)

18 the natural injection on each (P7)*.

Proof. By 1.3(iii) the P4 ambiant for X is also ambiant for the Prym-canonical ¥'(0),
so that Proposition I.4.1 applies to this P4: the codifferential P* is the restriction of quadries
from P4 to 1'(C). The lemma is equivalent to the following dual statement: For p €P4\
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I, P*(X,) is the divisor on C cut by the quartic C,. polar with respect to € to the point
P’ €P} =P4/l corresponding to p. This is clear, recalling that for ¢€C,

Y(g) € X< the line p¥'(g) is tangent to X at Y(g)= p€ Tpy X,
and that L
g€C, < the line p’q is tangent to C at g« p’ €T ,C

< p€span (I, Ty ¥ (0)) = Ty X. Q.E.D.

1.6. The proof of the theorem can now be completed. By Lemma 1.5, f)e has the maxi-
mal possible rank. Its degree is 27 since a generic hyperplane section of X contains 27 lines,
hence comes from 27 planes (P7)*. This is the total degree of P, so we have exhausted the
fiber P~(Ac). Q.E.D.

§ 2. Explicit construction

In appendix C to [CG], Clemens and Griffiths suggest that a cubic threefold should
be recoverable from the data of a plane quintic ¢ with an odd semi-period . This is known
for those (C,#) that come from cubic threefolds X, so the question is essentially one of
irreducibility (almost-all (C, ) € R, arise from cubics) and degeneration. Our treatment,

though, is purely synthetic.

2.1. Let
Y. (0—-P

be the Prym-canonical map of (C, %), and
D=p+..+p;

the effective divisor in | Opx(1)|®%. The 5 points W(p,) are colinear in P4, since projec-
tion from them yields the planar C. Let I P4 be the corresponding line.
We build up a skeleton for X. X should contain W'(C) and I, and for each ¢ €¥'(C) two

lines through ¢ meeting I; hence
T,X =span (I, T,¥(C)).
Next we recover the pencil of quadrics X, polar to X with respect to points p€l< X,
The system of cubics in P2 through D maps P2 birationally to a (quartic del Pezzo) surface

S<P4, The image of ¢ under this map spans P4 and the restricted linear system is we®1,
so this P* can be identified with the Prym-canonical space. Thus we have

Y(CYyc S<pt
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and § is the transversal complete intersection of two quadrics in P4 (cf. [SR] and compare
the discussion following Lemma IV.5.2). Note that for the desired X, S should be the base
locus of the pencil of polar quadrics X, p €l: Each X, should contain ¥'(C) and I since the
tangent spaces to X at points of (), ! contain !, and any quadric containing ¥'(C) must

contain S.

Lemma 2.2. In the system P32 of cubic threefolds in P* there is a subsystem P10 of cubics
through W(C). AWl of these contain 1. There is a unique X for which all X, (p €1) contain ¥(C).

Proof. Consider the restriction map
H(P%, O(3))—~ H(S, O(3)]s)
since § is P2 with .D blownup,
HY(S, O(3)]5) ~ H'(P2, 0(9)®Ip)
9+2 4
(*37) -5 (3) -2

dim Ho(P4, O(3)) = 35

and is of dimension

On the other hand,

and the kernel of restriction is 10 dimensional, consisting of cubics of the form

H1Q1+H2Q2

where H, are linear and @, @, are two distinet quadrics through S. Hence restriction is
surjective.

The further restriction
HO(P2, 0(9)@13) ~ H(S, O(3)|s) ~ H(C, (wo)*®@n)
has a 1-dimensional kernel, the only nonie curve with triple points at D being
C+2-4
where A4 is the unique conic meeting C tangentially along D,
C-4=2D.

(Conics in P? cut the complete |wg| on C.)
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Altogether, there is an 11-dimensional subspace in Ho(P%, O(3)) restricting to 0 on C,
or a system P° of cubics containing W(C'). All of these contain [ since they meet it in =5
points.

To prove the existence of X, it suffices to check that for fixed p €/, the condition
“X, contains W(C)” imposes 5 linear conditions on a cubic X’ EP¥ (containing I, ¥'(C)),
so the same condition for all p€l imposes < 10 conditions. (The X, vary linearly in p.)
Indeed, the quadric X, cuts on C a divisor in H%(C, (w¢)?) which contains D =1n¥(C),
hence residually a divisor in H%(C, :®%) which is 5-dimensional, so there is a subspace in
P10 of codimension <5 of cubics X’ such that X, >¥'(0), as required.

Finally, the uniqueness of X up to projective automorphisms follows from the fol-
lowing result and the Torelli theorem proven in [CG]. The absolute uniqueness follows,
since all conditions on X are linear, while no non-trivial linear family of cubics can be of

constant projective type (since, for example, it contains singular cubics). Q.E.D.

ProrosiTion 2.3. For the cubic X of Lemma 2.2,
J(X) ~ PO, 7).
In fact, V'(C) is the Prym-canonically embedded plane quintic derived from X, 1.

Proof. For each p€C, the plane II =<I, ¥(p)) is contained in Ty, X; hence II N X

consists of / and a conic singular at p. Q.E.D.

As the rich get richer, the existence of our construction proves another one.

Prorosirion 2.4. For (C, 5)€ Re (odd double cover of a plane quintic curve), the branch

locus of the Gauss map
C: 0 — (PH*

on the theta divisor ® of P(C,n), is the projective dual variety of a cubic threefold X P4,
and J(X)~ D(O, 7).

Proof. Clemens and Griffiths prove this for those (C, %) which arise from an X. Q.E.D.

§ 3. The structure of the fiber

We saw in § 1 that for a cubic threefold X, P~Y(J(X))~ Fy, the Fano surface of lines
in X. After blowup, we found the fiber

(Do(A), A€A,
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to have cardinality 27. In fact, this fiber comes equipped with an extra structure, that of
the incidence-correspondence for lines on a cubic surface. Thus given one of the 27 objects
in (f)e)‘l(A), the others break into 10 corresponding to the incident lines and 16 corre-
sponding to skew lines to the original I. This suggests that the general fiber of P might
also carry some extra structure.

The results over Jacobians fit with this possibility: the fiber, after blowing up, breaks
into sets of 1, 10, 16 objects, as would the lines of a cubic surface after one of them is
marked. The marked line can be blown down yielding a quartic del Pezzo surface, and
indeed we saw in Part IV, § 5, that the 16 double-covers arising from the boundary com-
ponents correspond naturally to lines on a quartic del Pezzo, hence carry the structure
induced by the incidence correspondence on the 16 lines on a cubic surface not meeting
a given one.

‘We formalize these indications in the following:

Conjecture. The Galois group of the Prym map
D: ‘i—'ze g 245;

as a subgroup of the symmetric group Sy, is isomorphic to the group of symmetries of the
incidence-correspondence of lines on a smooth cubic surface.

This group is well-known, cf. [Di]. It has order 51840, and a subgroup of index 2 (the
even permutations) which is simple.

In § 4 we discuss briefly a family of threefolds, the “double solids”, which is larger
than that of cubic threefolds, in the sense that any cubic threefold is a degeneration of
“double solids”. From work of Clemens we knew that the intermediate Jacobians of these
threefolds form a hypersurface in 4, (containing both 4., J;). Further, Clemens could
realize each of these intermediate Jacobians in 6 ways as a Prym variety, and by Beauville’s
criterion, Proposition 1.4.1, all of these represented ramification points of the Prym map.

Comparing with our conjecture, it seemed that the intermediate Jacobians of Clemens’
double solids formed the locus in 4, where the elusive cubic-surface became singular, thus
the 27 lines degenerated to 6 double-lines (through the double point) and 15 simple lines.
The 6 available Prym-constructions represented the double lines, and the other 15 were
yet to be found, with a few hints as to where to look coming from a numerological compari-
son of the lines on a singular cubic with various objects attached to a double-solid.

To us, the conjecture became believable when we received Clemens’ letter, providing
a conic-bundle construction for the missing 15, fitting perfectly with the expected sym-

metries: each of the 15 lines is contained in the plane spanned by a unique pair of the 6,
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so we expect one of the 15 simple double-covers to correspond to a unique pair of the
“ramified” 6. We sketch this in § 4.

The conjecture has recently been proven by one of us. Its proof will appear elsewhere.

§ 4. Clemens’ double solids
4.1. Everything in this section is due to H. Clemens. We let X denote the double cover

g: X >3

of P3, branched along a quartic surface F<P? with 5 ordinary double points p,, ..., p; in
general position. These and more general double-covers of P3 are studied in [C]. It is shown

there that, in this case, J(X) is a 5-dimensional, principally polarized abelian variety,
J(X)EAs.

The fastest way to see this is to exhibit J(X) as a Prym variety, via a conic-bundle construc-
tion. Let

@i X > P2
be the composition of ¢ with projection (a rational map, blowing up p;)
7r;: P83 P2

from p;- @, is clearly a conic-bundle map: a point I€P? can be identified with a line in P3
through p,, and g; () consists of a conic or pair of lines according as [ meets F transversally
or tangentially.

Thus we have _
J(X) ~ D0, Cism)

where C,<P3 is the branch locus of projection
7=, |p: F—>P2

from p,, a two-to-one map. The 2 points of C; over p€0,; correspond, by Stein factoriza-
tion, to the components of (p—l(;f):»).
So far we saw 5 ways of representing X as a conic-bundle. The sixth appears from

symmnetry considerations, analogous to those in IV.4.2. This time we are dealing with a
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group G of order 6! acting on P? by Cremona transformations which preserve the system
of quadrics through the p,. It is generated by linear transformations and inversion in any
four of the five p,;. Under this G, the quartic F is sent to various quartics, all with 5 ordinary
double points. Of these there are 6=6!/5! projectively inequivalent types. Applying 7,
to five of these yields the 5 7, on F. The sixth can be described as follows: Instead of 7;

we have the map
7tg: P2~ D

where D is the del Pezzo quintic surface parametrizing twisted-cubic curves in P2 through
Py +er D5, a0d 775 sends p €PB to the unique twisted cubic through p,, ..., p5, p. The resulting
@, is equivalent, via transformations in G, to the other g,.

Using the linear system of quadrics through p,, ..., p;, P? is mapped to P# (as a ““Segre
cubic primal”’) and the action of G is linearized. The image of each C; (=0, 1, ..., 5) in
P4 is Prym-canonical (cf. [C]), and there is a quadric in P cutting a divisor whose pullback
in P3is F. (The map

HO(P4, 0(2)) > HYP3, O(4)® (Ipy+...42,)%)

is injective, hence surjective since both sides are 15-dimensional.) Since C; = F, we see
that the canonical images ¥'(C';) are contained in quadrics, hence (C;, %;) are ramification
points of P, by Proposition 1.4.1.

We shall need the following:

Lrmma 4.2. (i) Let 1,, 1, be lines on a smooth cubic surface SCP3, meeting at p. The
projection from p,
f: S—>Pp2

has degree 2, blows up p, blows down 1y, 1, to points p,, p, EP?, and its branch locus is a quartic
F passing doubly through the p,.

(i) Any plane quartic F with 2 double points arises this way.

Proof. (i) The ramification curve of f is the space sextic SN .S, where S, is the polar
quadric of § with respect to p. For p €8, this has a double point at p, so the branch locus
F is a quartic. For p=I, N 1,, the ramification curve splits into I;, [;, and a residual quartic
curve, cut on S, by another quadric, hence meeting each I; twice, so the projection in P2

passes through each p, twice.
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(ii) Let P’ be P2 blown up at p,, p,. The proper transform of F in P’ represents an even
homology class (twice the proper transform of a conic through p,, p,) so the double cover
f: 8’ —>P2 can be formed. In §’ the inverse image of I =p, p, splits into 2 curves I', I"; we have
the intersection numbers:

=2
4+ =212 =2
hence
' =01r=-1

go that {” can be blown down to a point p yielding a smooth surface S. One sees that the

linear system
[L+5+7]

(where [; is the inverse image of p;) embeds s as a cubic in P3, and after projection from p

the resulting map is given by |I’|, hence is the original double-cover f. Q.E.D.

4.3. As discussed in § 3, we expect the existence of 15 more conic-bundle structures
on X, each corresponding to a pair of the previous six. Thus we start, for example, with a
quartic I as in 4.1, with two of its double points marked, say p,, p,. (We discuss the other
possibilities below.)

Let I=p,p,, I’ and I” the two lines over it in X, and K a variable plane through ! in
P3, By Lemma 4.2, g—%(K) is a projected cubic surface, with the p; blown up and I” blown
down to the point of projection p. The cubic is ruled by the pencil of conics in planes
through ', and this ruling descends to p~!(K). Letting K vary, we obtain a (birational)
map of X to P! xP* whose fibers are conics or line-pairs, as required. This structure is
easily seen to differ from the previous six; for example, it is symmetric in p;, p, and hence

differs from the corresponding two structures.

4.4. The choice of one of the 6 projectively inequivalent quartics F corresponding to
X is equivalent to marking 0, one of the 6 ramification-points €, of Prym over J(X). The
15 pairs (0, €)) then break into
5
1 ==
- (3)

pairs where ¢, /=1, ..., 5 and 5 where §=0. In 4.3 we described the conic-bundle structures
corresponding to the former 10; the latter can be deduced by applying transformations of

@, and are as follows:

7— 802907 Acta mathematica 146. Imprimé le 4 Mai 1981
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Instead of a 1-parameter family of planes K, one considers the pencil of quadric cones
in P3, with vertex p; and through the four other p,, £=i. For each such cone K, ¢=1(K) is

again rational and can be ruled by conics.

4.5. Both of these cases can be described simultaneously when P3, F are replaced by
the Segre Cubic Primal ¥ and the quadric @ cutting F on it. It is well-known [SR] that ¥
contains 15 planes {(blowups of the 5 p,, and images of the 10 planes M) fitting in 6
ways into quintuplets, each quintuplet intersected by a two-parameter family of lines in
Y, and the lines of each of these 6 families give a ruling of Y. The foregoing can be restated

as follows:

Each of the six curves C, is obtained as the locus in ¥ where lines of one of the rulings
are tangent to Q.

The other 15 structures correspond to the 15 planes in ¥: Given a plane I, we consider
the family of quadric surfaces K cut on Y, residually to II, by spaces P? containing II. For
each such K, ¢~(K) is the double cover of a quadric branched along its intersection with
another quadric; projection from a generic point of K reduces to the situation of Lemma
4.2, so p~1(K) is ruled by conics, yielding a conic-bundle structure on X. We leave to the
reader the verification of details and the derivation of 4.3, 4.4 from the present, symmetric

description.

§ 5. Geometric Schottky Problem

The Schottky problem asks to find equations in the coordinates on A4, (“thetanulls™)
or H, (periods) characterizing those abelian varieties which are Jacobians. The geometric
analogue is to find natural hypersurfaces in 4, which contain J,.

When g =5, the branch locus B of P is one such hypersurface. Indeed, by the results
of Part IV, § 1, and Part V, § 1, D fails to be finite over J, and over the locus of inter-
mediate Jacobians of cubic threefolds, so both of these are in B. Further, as observed in
Part V, § 4, B contains the intermediate Jacobians of Clemens’ double solids. By a dimen-
sion count these form a hypersurface in 4;, hence an irreducible component of B. Easy
degeneration arguments show that these can specialize either to Jacobians or to inter-
mediate Jacobians of cubic threefolds.

A more careful study reveals that B is irreducible (thus consists of nothing but inter-
mediate Jacobians of double-solids and their degenerations); that J; is in fact highly-
singular in B; and finally, that J; can be recovered from B, yielding a ‘“‘geometric” solution

of the Schottky problem in genus 5. The details will appear elsewhere.
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APPENDIX: Families of Polygonal Curves
BY

Ron Donagi nd Mark Green
Univ. of Utsh ¢ UCLA

Let C be a smooth, automorphism-free algebraic curve of genus g. C is called d-gonal
if it possesses a base-point free linear system gJ, or equivalently if it can be represented
as a d-sheeted branched cover

f: C—PL
For d=3, 4 etc. we have trigonal, tetragonal ete. (Fyperelliptic curves, d =2, always possess
a non-trivial automorphism.)

A trivial count of degrees-of-freedom, a la Riemann, shows that modulo automorphisms
(of PY), the family J3 of d-sheeted covers of P! (of given genus g) depends on 2d+2g—~5
parameters. This proves: The subvariety My M, of d-gonal curves has codimension =g —
2d +2. (The codimension is precisely g —2d+2 if a generic C'€ MM} possesses only finitely
many gy’s.)

In [Fa] Farkas proves that the precise codimension is

g—2d—1+1(C, O2D))

where D is any divisor in the given gy on C. Clearly 2%(C, O(2D))>3, and one “expects”
equality, at least for small d, but we do not assume this.

Our purpose is to exhibit the tangent space to M, at a “nice” C as above. More
precisely, we use the standard identification

To, ~ H(C, ®) ~ (H*(C, wi))*

(where ® denotes the tangent sheaf of C) and exhibit the subspace of H%(C, wg) which is
the annihilator of T';7Mj. The proof depends, naturally, on making the identifications
explicit, and the simplest way to do this seems to be Kodaira’s, reviewed below, which

works only over C. (The identification can be done homologically, of, [GH2].)
THEOREM. Let R be the ramification divisor in C of f: O—PL. Then the subspace
HY(C, w¢(—R)) = HY(C, w?)
is the annihilator of T¢Iy, under the standard identification.
Proof. Since R€ |w;® 0(2D)| (where D€gy), we have
R(C, wi(—R)) = hO(C, 0o® O(—2D)) = (29 —2 —2d) —g + 1 +k%C, O(2D))
=g —2d—1+k(C, O(2D)) = codim (M3).
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It suffices therefore to show that all quadratic differentials on ¢’ which vanish on R are
annihilated by the tangent vector to any curve in M} through C.

Consider a one-parameter family C—~A deforming O, where A is “a small dise”.
Topologically C is trivial, and we think of C as a family of complex structures on a fixed
curve C. Such a family can be given, for example, by a map ¥ (subject to various topo-

logical restrictions):
F:Cxn—->U

where U is some Riemann surface. (More generally, there could be a family of compatible
maps F; defined on an open covering of C'x A, ....) For each t€ A, f,=F| ¢y determines
the complex structure on C,=C x {t}. We denote f, by z and think of it as a complex-
analytic coordinate on Oy~ C. The quantity

is a @-valued (0, 1)-form on C, depending (for fixed £) only on the complex structures on
Oy, O, (that is, does not change when either f, or f, are composed on the right with an
analytic function) and measuring, in a way, the ‘“distance” between these structures.
Kodaira shows that the @-valued (0, 1)-form

w—ﬁ w
otly

represents the class, in HY(C, ©), given by the desired tangent vector to M, along C.
Now assume the family C is in 73, so there is an algebraic map F: C—P! which has
degree d on each C,. Via an identification C~C x A, we obtain

F.OxA->P1

which can be used as above to measure the variation of complex structure on C along C.
Let g=q(2)dz? be a quadratic differential on C, and w =w(2)(8/02)dz a O-valued (0, 1)-form.
The pairing

HYC, 0) x HY(O, wg) ~ HY(C, wy) ~ €

is just integration,

{o, = J. 0(2) q(z)dz N dZ.
c
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In our case,

or\ oF
b oz t OZ 10 . oF of )
= — —_— = — — = = 0
o(z) Ztho a_F a_f (smce % o 5
oz oz
s0 we set
6if"
l |t-0
= d
7 af q(z)dz,
oz

a singular (1, 0)-form on C, which is regular if ¢ vanishes where 8f/0z=0, i.e. on R. In
this case
oF

o ot |io .
—= d.
z\| e q(z) |dzdz

oz
= —w(z)q(z)dzdz

is exact, hence

<6l), (l> = fcdn =0
as required. Q.E.D.

Remark. A similar argument shows that if ¢ is perpendicular to all possible w(<oF/at
arbitrary) then ¢ must vanish on R, reproving Farkas’ result.
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