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§ 0. Introduction

Let M be a complete noncompact Riemannian manifold without boundary. We denote
the Laplace operator with respect to the Riemannian metric by A. Consider the
equation for harmonic functions,

Af=0, ©.1)

defined on M. To ensure a uniqueness property on equation (0.1) it is necessary to
restrict £ to lie in a suitable function space. Some of the most natural spaces are those
consisting of L? functions on M, denoted by L?(M), where integration is defined with
respect to the Riemannian measure. In this setting, uniqueness of (0.1) means that if
JELP(M) for some 0<p=o, then f must be identically constant. We remark that when
p=c all constant functions satisfy (0.1) and belong to L*(M). On the other hand, for
0<p<, while all constant functions satisfy (0.1), they belong to LP(M) iff M has finite
volume, unless the constant is zero.

For the sake of simplicity we say a manifold satisfies property %, for p €(0, «] if
every L? harmonic function on M is constant. We also say that M satisfies property &,
if every nonnegative L” subharmonic function on M is constant. Observing that the
absolute value of a harmonic function is a nonnegative subharmonic function (in the
weak sense), M satisfying &, implies it also satisfies .

The first result towards understanding the uniqueness of (0.1) was due to
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Greene~Wu [7]. In fact, they proved that if M is complete with nonnegative sectional
curvature, then M satisfies property &, for p€[1, =).

In 1975 Yau [14] showed that if M is complete and has nonnegative Ricci curva-
ture, then M satisfies property #... This result is in a way the best possible, since there
exist infinitely many bounded harmonic functions on a simply connected manifold with
sectional curvature identically —1. In fact, recent work of Sullivan [12], Anderson [1],
and Anderson-Schoen [2] show and give a thorough understanding of the existence of
bounded harmonic functions on a simply connected manifold with strongly negative
curvature.

In [15] Yau showed that if p €(1, ) any complete Riemannian manifold satisfies
property &,. He also proved that by only assuming completeness on M, any nonnega-
tive L? harmonic function must be constant for p € (0, 1). Up to that point, the case p=1
was completely unknown. Also, for p €(0, 1), without assuming nonnegativity of the
harmonic function, uniqueness is still open.

It turns out that unless one imposes an addition hypothesis on the geometry of M,
the property &, (hence 3,) is in general not valid for p €(0, 1]. Indeed, in an unpub-
lished preprint of Chung [5], he gave an example of a complete two-dimensional
manifold with a nonconstant L' harmonic function. Later Sullivan provided examples
of manifolds with nonconstant L” harmonic functions for p<1 and sufficiently small.

Recently Garnett [6] showed that if M is complete and has bounded geometry, then
M satisfies property ;. She also proved that on such manifolds any L? harmonic
function which is bounded from below must be constant if p € (0, 1).

The purpose of this article is to establish sharp conditions on the curvature of M to
ensure the property &, for the unknown cases p€(0,1]. In §1 we proved a Poincaré
inequality for geodesic balls on a manifold with Ricci curvature bounded from below by
~(n—1)k, k=0. Our proof is completely local but interior. As a corollary, a lower
bound of the first Dirichlet eigenvalue of a geodesic ball is derived. This can be viewed
as a local version of the 4, estimate for compact manifolds given in [10]. Combined
with a Harnack-type inequality of Cheng—Yau [4], we prove a mean value inequality for
nonnegative subharmonic functions on M.

In § 2 we apply the mean value inequality of § 1 to prove that if M is complete with

Ricy (x) = —c(1+ry(x)?) [log (1 +7(x))’] "%, ¢>0,

for all x € M, where ry(x) is the distance function from some fixed point xo € M, then M
satisfies property ;.
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We also prove that if M is complete and
Ricys (x) = —0(n) ro(x) ™2

for all x€M, where 6(n)>0 is some sufficiently small constant depending only on the
dimension of M, then M satisfies property %, for p €(0, 1). We should point out that our
argument for the cases p €(0, 1) relies on the fact that manifolds with the above Ricci
curvature restriction must have infinite volume. This fact was first proved by Yau [15]
for Ricy=0, by Wu [13] for Ricy (x)=—cro(x)"?*9, and finally by Cheeger-Gro-
mov-Taylor [3] for the above case.

We also observed that since our proof only utilized the mean value inequality, for
manifolds satisfying either (i) simply connected with nonpositive sectional curvature,
or (ii) both Ricy, and volume of unit balls are bounded from below, must satisfy
property ¥, for all p €(0, ). In particular, Garnett’s theorems follow as a consequence
of (ii).

Finally, in the last section we utilize Sullivan’s method to construct two-dimen-
sional examples of: (1) A manifold with sectional curvature K(x)~—cro(x)**¢ which
property %, (hence ¥,) is not valid. (2) A manifold with infinite volume which
possesses nonnegative nonconstant L' harmonic functions. (3) A manifold with sec-
tional curvature K(x)~—cro(x)~2, for ¢>2, which property %, (hence ¥,) is not valid
for p€(0,1).

We remark that examples (1) and (3) indicate the sharpness of our theorems
(Theorem 2.4 and 2.5). Moreover, both examples are manifolds with finite volume,
hence are probabilistically complete. This provides a counter-example to the specula-
tions that all probabilistically complete manifolds have property ;. If the Ricci
curvature of M behaves like Ricas(x)~—cro(x)?, the question whether M satisfies
property ¥, lies on the borderline of the scoop of Theorem 2.4 and example 1, hence is
yet to be answered. However, we feel that the answer should be affirmative. Example 2
indicates that Yau’s assumption that p €(0, 1) is essential for the nonexistence of a
nonnegative nonconstant L? harmonic function.

Our method in § 1 and § 2, in general, yields estimates on the growth of nonnega-
tive subharmonic functions with respect to its L” norms and the lower bound of the
Ricci curvature on any complete Riemannian manifold.

§ 1. Poincaré and mean value inequalities

In this section we prove a new version of the Poincaré inequality on a geodesic ball and
then apply this inequality together with an estimate of Cheng-Yau [4] on harmonic
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functions to establish a rather sharp mean value inequality for nonnegative subhar-
monic functions. Throughout this paper M will denote a connected n-dimensional
Riemannian manifold. For a point x € M, the open geodesic ball of radius R centered at
x will be denoted Bg(x) or simply Bp, if the center point is clear from the context. The
Laplace operator on M will be denoted by A, i.e., Af is the trace of the covariant
Hessian of the function f.

Throughout this section M will be compact with (possibly empty) boundary and k=0
will be a number such that the Ricci curvature of M satisfies

RiCMZ —(n— l)k
THEOREM 1.1. Let xo€M and R>0. If OM=D assume that the diameter D of M

satisfies D=2R. If 9M#+D, assume that the distance from xo to M is at least 5SR. For
every function ® on Bg(xe) which vanishes on dBg(xy) we have the Poincaré inequal-

ity
I |@|dV=<c, f V®|dV
Bp(xy) Bg(xg)

where cl=R(1+\/ k R)‘1e2n(l+\/TR)'

The following corollary is then a standard consequence of the Poincaré inequality.

COROLLARY 1.1, Under the hypotheses of Theorem 1.1 for any p=1 we have the
inequality

I |®PdV=<(pcy Vo) dv
Bp(xe) Bplxy)

for @ vanishing on OBgr(xy). In particular, the first Dirichlet eigenvalue of Bg(xe)
satisfies

A (By(x) = QR) 21+ Vk R) e~ +VER

The corollary follows from the theorem by replacing [®| by |®|” and using Holder’s
inequality to get

f |(I>|”dVSpc,f |®p! |V<I>|dV$pc,<f
BR(XO) BR(XO) B

R

LP(BR)®

(p-1)ip
|<1>|f') vel

The corollary now follows.
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Proof of Theorem 1.1. The hypotheses imply that the boundary of B,z(xp) is not
empty, so let x; E8Byg(xo). Let ri(x) denote the distance from x to x,. Comparison
theorems (see [8]) imply that

A <{(n~1)\/?coth(\/7r,) if k>0
"= -1 if k =0.
In either case we see that
Ar,<s(—-Dri'+(n-1)Vk. (L.1)

Technically speaking this inequality holds only at points not on the cut locus of x;;
however, it is well known (see [15]) that the inequality effectively holds globally on M.
For example, one can see that (1.1) holds in the distributional sense, i.e., if {=0is a
smooth function with compact support in M, then

frlACstf [a=Dri'+(-1)Vk]Eav.
M M

We will use the inequality in this sense.

Next observe that the hypotheses on M imply that Big(x;)NdM=Q, and
Bgr(x0)=B;3r(x1)—Br(x;). We have for a>0 to be chosen

Ae =qe” (-Ar+a).
Thus if we consider only points in Bx(x;) we have
Ae “"zae R (g~ (n—1)R'-(n—-1DVEK).
Setting a=n(R™'+V k) then gives on Br(x)
A za(R"+Vk)e 3R,

Let @ be any function on Bg(xe) vanishing on 3Bg(xo). We multiply by |®| and
integrate by parts

a(R"+\/7)e"3“Rf

Bp(xy)

|<I)|dV<af e V' |VD|dV.
Bplxy)

Since r;=R on Bg(xy) we therefore have

f |®|dV<R(+Vk R)™' e™I+VER f Vo|dV
Bp(xy)

Bp(xy)

which finishes the proof of Theorem 1.1.
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We will now proceed to the mean value inequality. An important part of the proof
is the following estimate of Cheng and Yau [4].

LEMMA 1.1. Suppose M is a compact manifold with (possibly empty) boundary,
and suppose xo €M, R>0 are such that Br(xo) NOM=Q. If h is a positive harmonic
function on Br(xy), then the following estimate holds

max (R-ry(x))|Vlogh|(¥) <c,(1+V'k R)
x€Bg(xg)

where ¢, depends only on n. Here ro(x) denotes distance from xg to x.

THEOREM 1.2. Let M, xy, R be as in Theorem 1.1. Suppose v=0 is a subharmonic
Sfunction defined on Bg(xy). There is a constant c3 depending only on n such that for

any 1€(0,1/2) we have

—c,(1+VER
sup v'<rt e+ VE )f vidv
By-yrlxy) Bpixg)

where fs fdV denotes the average value of f on the set S.

Proof. The result for any R>0 can be gotten from the case R=1 by rescaling the
metric, so for the sake of notational simplicity we assume R=1. Let 4 be the harmonic

function on Bl_z_lr(xo) which agrees with v on the boundary. Then h is positive in

BI_Z_,Z(xo) (unless v is identically zero, in which case the theorem is trivial). Since v is

subharmonic we have v<h in B . By Lemma 1.1 we have on B;_.(xy)

1-27%
IVlogh|< c,(1+ V) (1—ry.

For any x € B, _,(xy) we can integrate along a minimizing geodesic from x, to x, hence
concluding

-
log—————h(x)

(1-s)"'ds=c,(1+Vk)log 1/r.
h(x,) -

sc2(1+\/7)f

0

Thus for any two points x,y € B;_.(x,) we have

h(x) _ h&x) h(x,) <p 2V

In particular we have



SUBHARMONIC FUNCTIONS ON RIEMANNIAN MANIFOLDS 285

—~4c,(1+VE) .
sup v’ sup K<t " VE) inf B2,

Bl—r(x()) Bl-r(xﬁ) Bl—t(xﬂ)

Thus we clearly have

dc,(1+VE,
supri<7 )f h? (1.2)
Bl—r B“_')

where fs f denotes the average value of f on S. The remainder of the proof consists in
estimating the average value of 42 by the average of v*. We first note

)

by the triangle inequality. Since (A—v) vanishes on 8B1_2_|t(x(,) we can apply Corollary
1.1 to show

hdeszj (h—v)de+2f v’ dVv (1.3)
B 4

B
-t 127 !

(h—v) dV <4e*1+Vh |Vh—Vu]rdV

B, B
(12" 9 (1-2"'n

<8 IHVE) (VA[+|10v)dV

B
(1-2""'n

where we have used the triangle inequality. Since the Dirichlet integral of 4 is least
among all functions which coincide with 4 on the boundary, we have

f (h—v)?dV<16e*I+VE f |VuldV. (1.4)
B 1

B 1
127l 127k

We now use the fact that v is subharmonic to estimate the Dirichlet integral of v in
terms of the L, norm of v. We have for any ® with compact support in B;(xp)

f D*vAvdV =0.
BI
Integrating by parts we then get

j Vo ®’dV=<2 j ®u|Vu| VO|dV
B, B

172 12
<2 f (D2|Vv|2dV> ( f 1Vc1>|2v2dv> :
B, B,
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Thus we have

f Vo @’ dV<4 f V|V av.
B, B

Choosing @ to be a function of ry which is one on B, ,-1(xy), zero on Bi(xo), and

satisfying |V®|<27~! we get

f Vv dV <1672 f v’dv.
B 1

- B,
Combining this inequality with (1.2), (1.3), and (1.4)

sup v2sc4r*64(l+ﬁ)e4n(l+\/7)vol (Bl/z(xo))-lf Ude (15)
Bty 8,

where we have used the fact that r<<1/2. To finish the proof we estimate the volume of
B in terms of the volume of B,),. Recall the bound for Ar?
AP<2+2(n~1)rVk coth(rV'k)
2m+2(n—-1DrVv k).

Integrating over B,(xy) and applying Stokes’ theorem, we get

d

f—
dt

Vol B,(xy)) < (n+2(n—1)tV k) Vol B,(x,)).

Integrating over ¢ from [1/2, 1] we then have
Vol (B,(x) <e**VEI Vol (B, (x,)). (1.6)

Combined with (1.5), we have completed the proof of Theorem 1.2.

§2. L? harmonic and subharmonic functions

In this section we apply the mean value inequality to study growth properties of
harmonic functions on complete Riemannian manifolds. Our first result shows that the
L? mean value inequality for any p €(0,2] is a formal consequence of that given in
Theorem 1.2.
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THEOREM 2.1. Let M, xy, R be as in Theorem 1.1, Let v=0 be a subharmonic
Junction on Br(xo). For any p €(0,2] there is a constant cs depending only on n and p
such that

—cs(1 R
sup <y SIHVER

B-nr&o)

Jor any T€(0,1/2).

VolBo)™' [ vPdV

Brlxy)

Proof. By Theorem 1.2 we have for any 6 € (0, 1/2}], 6€[1/2,1-0]

—c(1+VEkR
suprr<d )f vidv.

Bor Bgioyr
Since 8+6=1/2, this inequality implies
suprr<o Vvl _ )| wtav.
Bor Bgioyr

On the other hand we have

j v*dV< sup v*? J’ vdv
Boror Borom Bg+orr

1-pi2
s( sup vz) f dv.
Bigrar By

If we set
M(6) =supv?
Byr
K=Vol(B, )" f vdv,
BR

we have shown for any 6 €(0, 1/2], 6€[1/2,1-0]
M@)< ko VR M(g+6)' 72,
Choosing 6y=1~7 and 6;,=6;_,+2 't for i=1,2,3,...
M@O,_)<K, 2"V PpMg)
where A=1-p/2, K1=Kt_c3“+ﬁm. Iterating we get

M8 <Ko= g VER T g g
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for any j=1. Letting j tend to infinity we get

2ip
M@y<t P vola, )" f u"dv]
By
where cg depends only on n and p. This implies

B(l—t)R

sup <7 > "R vois, ) f vav.
BR

The theorem now follows from (1.6) which shows

Vol Bp)<e"*VER Vol (B, ).

A theorem of Yau [15] shows that on any complete Riemannian manifold a
harmonic function which lies in L? for some p € (1, ) is necessarily constant. On the
other hand, Greene—Wu [7] have shown that an L' harmonic function vanishes on a
complete manifold of nonnegative sectional curvature. It turns out that the triviality of
L?” harmonic functions for p €(0, 1] only holds under special geometric assumptions on
M, which will be demonstrated by the counter-examples in § 3.

Definition. For p €(0, «], we say that a manifold satisfies property %, if every L”
harmonic function on M is constant. We say that M satisfies property &, if every
nonnegative L” subharmonic function on M is constant.

Since the absolute value of a harmonic function is subharmonic, we see that the
validity of property %, implies property %, for any manifold M. Yau’s theorem implies
that every complete manifold satisfies property &, for p €(1, «).

THEOREM 2.2. The following two assertions hold.

(a) A complete simply connected manifold of nonpositive sectional curvature
satisfies &, for p € (0, »).

(b) A complete manifold of nonnegative Ricci curvature satisfies &, for p€(0, ©)
and also satisfies %, for p €(0, =].

Proof. To prove (a) we observe that if M is complete and simply connected with
nonpositive sectional curvature, then the mean value inequality

supv’ < c7R"’j vdv
B B

P 3

holds for nonnegative subharmonic functions. This result is well known and its proof
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can be found in [8]. By varying the center of the ball and the radius this implies

sup vzsCﬂ“"R_"f v'dv
B

B(I~1)R R

for any 7€(0, 1/2). As in Theorem 2.1 we then get the mean value inequality for any
P€(©,2]

B _,
27 g

sup ¥ < csR‘"f vdv
BR

for a constant cg depending only on n and p. If v lies in L?, we can then let R go to
infinity to show that v is identically zero.
To establish assertion (b) we apply Theorem 2.1 with k=0 to get

supv”<c9Vol(BR)"J vdv
BR

B,
Ik

where c¢g depends only on n and p. A theorem of Yau [15] shows that for any complete
manifold of nonnegative Ricci curvature and any x€EM,

Vol (BR(.X)) = C]()R

where ¢ is a positive constant depending on x and M. Therefore we can let R—x to
show that M satisfies ¥, for p €(0, ). The fact that M satisfies #.. is a theorem of Yau
[14]. This completes the proof of Theorem 2.2.

THEOREM 2.3. If M is a complete manifold whose Ricci curvature is bounded
below by a negative constant and such that the volume of every unit geodesic ball in M
has a positive lower bound, then M satisfies ¥, for every p €(0, »).

Proof. Since M automatically satisfies ¥, for p €(1, =), we suppose p €(0, 1] and

suppose v is a nonnegative L” subharmonic function on M. For any point x€M,
Theorem 2.1 implies

Y(x)<c, Vol(B,(x))™" f vdv

B(x)

where c¢y; is independent of x. Since we are assuming a positive lower bound on
Vol (By(x)) independent of x, we see that there is a constant c;, so that

SUPU=Cy,.
M
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But this implies

J’vdescfz"’f rdv<ew
M M

and v€ L%, Therefore v is identically zero and Theorem 2.3 follows.

The case p=1 is a borderline case, and it turns out that very weak hypotheses
guarantee property ¥, although examples (see §3) show that not every complete
manifold enjoys property ;.

THEOREM 2.4. Suppose M is a complete manifold and xo€M. Let ro(x) denote
distance to xo, and assume

Ricps (x) = —cy3(1+ro(x)?) log (1 +rg(x)H] ~*
Jor all x€M and some a>0. Then M satisfies property ¥,.

Proof. Let v be a nonnegative L! subharmonic function on M. We first construct a
sequence R; tending to infinity such that

lim (logR) vdV =0. 2.1
i— BZR,-—Bki

To construct such a sequence we define L; by
Li=2Y, i=1,2,3,...

and observe that [L;,L;,,] is a disjoint union of 2’ intervals with length L; and
endpoints a; ; given by

ai,j=2iLi’ j=0,1, ...,2i.
Thus there is a j, with 1=<<j,<2’ such that if we set R;=j,L; we have
[ vdv=<2~ f vdV.
Bor, =B, BBy,

Next observe that R;<L;,, and hence logR;<2"*'log2. Thus we have

(logR) vdVSZlong vdV.

Byg,~Bg, B, 7By,

i+
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Inequality (2.1) now follows from the fact that v is integrable on M.

Let M, denote the set of x € M where v(x)=e, and let £, denote the positive part of
a function f. Using the fact that v is subharmonic we have

f ®*(loglogv)® AvdV=0
M

where ® has compact support. Integrating by parts

L

Applying the Schwarz inequality we get

k

For any i=1,2, ... choose ® to be a function of ry which is one on B,(x,) and zero

®*(loglogv)* ! (logv) ™' v |Vu[fdV < 2-[ @ (log logv)® [V®| [Vu|dV.

+ M,

®*(loglogv)* !(loguv) ' v |Vu[*dV <4 f (loglogv)®*! (logv)v|VO[*dV.

+ M,

outside B, (x,). This gives

2R;

f (loglogv)*~'(logv) v !|Vuf dV < e(i) R; 2 (log R) ' sup (log logv)**" (logv)
B M, B

2.2)

where we have used (2.1) and we denote by (i) a term which tends to zero as i goes to
infinity. Applying Theorem 2.1 in conjunction with the lower bound on the Ricci
curvature of M inside B,,R'_, we get

(1+R(logR)™)
supy<s e TRl

BZR,-

for some constant ¢. Using this in (2.2) we get
I (loglogv)®~'(logv) ' v~ |[Vu dV < ().
Bg "M,

Letting i go to infinity then shows that either v is constant or M, is empty, in which
case v<e on M. Thus v would be in L? and hence constant. In any case we have
finished the proof of Theorem 2.4.
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COROLLARY 2.1. Suppose M is a complete manifold and xo € M. Let ro(x) denote
distance to xg, and assume

Ric,, () = —c 5(1+7,(x)?) [log (1+r,x))] ™

for all x€EM and some a>0. Then the heat semi-group e®' is the unique strongly
continuous contractive semi-group on L'(M) with A as its infinitesimal generator.

Proof. To show that ¢! is a strongly continuous contractive semi-group with A as
infinitesimal generator, following an argument of Strichartz in [11], it suffices to prove
that there does not exist nontrivial L* function satisfying

Af=Af

on M, for 2>0. To see this, we observe that both ¢2'f and ¢* f are L*-solutions to the
heat equation. Due to the assumption on the Ricci curvature, the volume growth of M
must satisfy

Vol (By(xy) < e’

for some postitive constant C. This condition fulfills the hypothesis of uniqueness
theorem for L”-solutions in [9]. Hence

EA'f= e}.tf

However ¢! is contractive in L”(M), where ¢*'f clearly grows exponentially in . This
gives a contradiction unless f=0.

To prove uniqueness of e, Strichartz’s argument reduced to proving the non-
existence of nontrivial L'-solutions to the equation

Af=Af for1>0.

If we let v=|f|, then v is a nonnegative subharmonic function. By Theorem 2.4, v,
hence f, must be identically constant. However this is impossible unless f=0 because
A>0, and the corollary follows.

When 0<p<1, Theorem 2.4 does not hold. In fact, examples (see §3, example 3)
show that M may not have property %, for 0<p<1 even if its curvature behaves like
—a[(1-a)r]~? for 1/2<a<1. However, it turns out that this is the critical case for a
manifold to satisfy property ¥,, hence ¥, as the following theorem indicates.

THEOREM 2.5. Suppose M is complete of dimension n. There exists a constant
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0(n)>0 depending only on n, such that, for some point xo €M, the Ricci curvature
satisfies

Ric,, ()= —-o(n)ry 2(x)

whenever the distance from xq to x,ro(x), is sufficiently large. Then M satisfies
property &, for any p €(0, ).

Proof. In view of Theorems 2.2 and 2.4, we only need to consider those cases
when p €(0, 1). We observe that since the arguments leading to Theorem 2.1 are local,
the following local L? mean value inequality holds

sup v < s U+RV G SRY.

Bp)

'VolBp(x)™'|  vdV 2.3)

Bp(x)

(by setting t=1/2) for nonnegative subharmonic functions on Bsg(x). Here the term
—(n—1) k(x, SR) denotes the lower bound of the Ricci curvature on Bsz(x).

Our goal is to utilize (2.3) to show that v must vanish at infinity if v € LP(M), v=0,
and subharmonic on M. In particular, this implies v € L?(M)nL*(M), hence v € LX(M),
and must be constant. In fact, by a theorem of Cheeger-Gromov-Taylor [3], under
such hypothesis on the Ricci curvature, M must be of infinite volume and v must be
identically zero.

Let x€M and consider a minimal geodesic ¥ joining xo to x with ¥(0)=x, and
y(T)=x where T=ro(x). Define a set of values {#€[0,T]} o by 1=0,
=148, ..., t;=1+28+2p%+...+287 '+ /=2 Ti_, f/—1—pF, where >1 to be chosen
later, and £,=2 E};o pB/—1-p is the largest such value with #,<T. Clearly {y(t)} form
a set of points {x;} with the property that r(x;x;..)=8'+8"!, rox)=t; and
r(xi, x)<pB¥+pF*1. The setof geodesic balls By (x) with R;=p cover y([0,2 Tk, f—1))
and have disjoint interiors. We now claim that for a fixed ﬂ>2/(2”"— D>1,

ﬂn
(ﬂ_’_z)’l _ﬂ’l
In fact, this follows from the argument in [3] which proved M has infinite volume.

However, for the sake of completeness, we will outline the proof of (2.4) again. For
each 1<i<k, a comparison theorem argument (see [3]) shows that

k
Vol By (x) = ¢y ( ) Vol (B,(xy)). 2.4

Vol (Br (x))=T, Vol By 15 _(x)—Bp (x))

= Ti Vol (BRi_,(xi—l))
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where

f sinh” 't dt

— 0

T; Iu”‘)vmm—r
R TR

Iterating this inequality, we conclude that

k
Vol B (x) = | [T, Vol B,(xy).
i=1

However, since ro(x)=2 Zi_o #/—1—p’ and R;=8', the assumption on Ric,, yields

i=2
V k(x,R+2R,_) <6"n) (Zﬁ"—l

j=0

=512 _I,’i_
0'“(n) 5 —p1

for sufficiently large i. Since 8>2/(2"—1)>1 is fixed, the term

-1
R+2R,_)V kx,R+2R,_,) séllz(n)ﬁg_—ﬂj

sinh" 'rdt

2.5)

can be made arbitrarily small by the smallness assumption on d(n). Hence T; has the

following approximation

R}

Ti~___'__
(R+2R;_))"~R{
R -
(ﬂ+2)’lﬂn

by simply approximating sinh ¢ with 7. Combining with (2.5) gives (2.4).

In the case if r{x;, x)<R;/10 inequality (2.3) yields

rx)< sup ¥

Brino®®

< 2c5(l+(Rus)\/R;ka» Vol (BRus(xk))_lf v dv.
M

However, the same argument that proved (1.6) gives
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Vol By, (x)=e VT yo1 B, (x,).

Combined with the fact that R, \/k(x,,R,) is bounded from above and (2.4), we have
proved

P(x) <6 Vol(B,(x,) ! f vdv (2.6)
M

where

g=_(/3_+2/3:—_ﬂ"_<1

for our choice of 8>2/(2"—1).

When r(x;, x)>R;/10, we observe that since r(x;, x)<R;+R;.1, applying the same
argument as above, we get

Vol (BR‘jzo(x)) > e—c,7(l+Rk+r(x,,,x))\/ k&, R, +1(x,,. ) Vol (BR‘/zo(xk))
=c,g Vol B, ‘/zo(xk))-

Now, applying (2.3) to B, ’/zo(x) and the above volume estimate, we deduce that (2.6) is
still valid.

In any case, if x— =, then k— . Hence by the fact that the v € LP(M) and 6<1, the
right-hand side of (2.6) vanishes, thus proving our assertion and Theorem 2.5 follows.

§ 3. Counter-examples

In this section we will give three examples of manifolds which possess non-constant
L?-harmonic functions.

The first example is a manifold with finite volume. In particular, it is probabilisti-
cally complete (i.e., the life-time of most brownian motion is infinite). Moreover its
sectional curvature decays like

—crPte, ¢>0,

at infinity, and it possesses non-constant L'-harmonic functions.
Example 2 is a manifold with two ends. Its curvature at one end behaves like

—crPte >0,
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where at the other end it is bounded. The first end is a cusp while the latter has infinite
volume. This manifold possesses at least one non-constant positive L'-harmonic
function.

The third example is a class of manifolds with finite volumes, and curvature decay
like

at infinity. For each value of 0<p<1, there are manifolds in this class which possess
non-constant LP-harmonic functions.

Example 1. Let M be a compact surface with arbitrary genus. Assume the metric
on M around some point 0 € M is flat. Hence locally around 0 we can write the metric in
polar coordinates as

dsi=dr*+1 de’. @3.1

Consider the Green’s function on M with the pole at G(0,x)=f(x). By definition f is
harmonic on M—0 with respect to the given metric ds*. Let

ds’=g*ds;, 0>0 (3.2)

be a conformally changed metric on M. Since we are in dimension 2, the Laplacian A

differs from the original Laplacian A, by a factor of 1/g?, hence Af=0 on M—0. We will

now choose ¢ so that M—0 is a complete manifold and f€ L'(M—0) with respect to ds?.
Choose @ to be arbitrary outside a neighborhood of 0, and

08,1 =o(t)=1""(~log:)"" (log(~log )@ (3.3)
with 12<a<1, where (8,r) are the flat polar coordinates system center at 0 with

0<r=<l1/2.
To check completeness of this metric it suffices to evaluate the line integral

1”2
f odt. (G.4)
0

Infinite value of the above integral will ensure completeness. By a change of variable
u=log(—log ), this integral becomes
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172 loglogi,{
f o(H)dt= f u %du
T loglog?2

1-a
~1+(loglog L ) , fora<l, (3.5)

as T—0. This proves completeness of ds?.
The Green’s function f{x)=G(0, x) satisfies the estimate

|8, 1)< —logt. (3.6

To verify that f€ LY(M—0), we need to evaluate the surface integral

12 r2n 12 1
f j flto® d6 dt<2n j (logT) 1o’ () dt
0 0 0

)

_na
=2 w¥du
loglog?2

u] 2a =
= 2_7;[ ] . 3.7
1-2a loglog2

By the assumption that a>1/2, this value is finite and hence f€ L'(M—0).

We will now compute the curvature of ds* near 0. Standard computation shows
that

_ —Ayloge) Vool _ Ao = @) _o' _o

0’ ot o o o

Differentiating ¢ with respect to ¢,

-1
Q’=[at”’<log 1) <loglog~—) 1 log— ) ]Q

1" 1 -1 1 2 -2
o'=|a logT loglogt + log et A )
1\ 1\~ 1\? -1
+[a (log—t—) (loglog7> (10 T) (loglog—)
1\2 1\! - 1\~ -2
+(log—) —allog— loglog— —{ log— +l t
t t t t
1\72 1\ 1\ 1\7!
= [a(a+ 1) <log7) (log logT) +3a (logT) (log log——t—)
-2 -1 —1 -1
+2(log%) —3a <log%> (loglog%) —3(log%> +2] 2.

(3.8)

and
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Substituting into (3.8) yields

-2 -2 -2 -1 -2
K=~1t7%7 [a (log%) (log log—:—) +a (log—:—) <log log%) + (108%> ]
1)\2a 1\2 1\t
=— (log log—t) [a (log log—t-) +a (log log—t—) +1 ] .

However, according to (3.5), the geodesic distance of ds* behaves like

1 1-a
(log log—t—) .

1
"~
1-a

Hence

K~_(l_a)2a/(1—a)r2a/(l—a)|:l+ a_~ra-ay g a r-z/(l—a)]_
1-a (1-a)?

The leading term as r— is clearly
—(l _a)lcd(l -a) r2(11(| —a)’

which can be written as

2 2+4¢
()

by setting a=(2+¢)/(4+¢) for any £>0.

Example 2. To construct a manifold which possesses a non-constant positive L-
harmonic function we proceed as in Example 1. However, we modify the metric on the
unit disk in R?. Choose the new metric to be

ds® =% ds;

on D?=unit disk in R2, where ds is the Euclidean metric. Pick ¢ as in (3.3) for
0<r=<1/2, and
o=(1-p"! (1og—‘—)’“ L casi (3.10)
1-t) ° 2 :
for 3/4<t<1. The Green’s function G(0,x) in R? with pole at the origin is given by a
constant multiple of —logs=f(t). Hence f is a positive harmonic function on D? with

metric ds2. Clearly the computation shows ds? is complete and fis L' near the origin.
Moreover, the curvature behaves as in (3.9) near 0. We only need to verify complete-
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1
f odt=o
3/4

1
f to*(—logf)dt < =,
04

ness by showing

and fEL!, by checking

Obviously, both conditions are satisfied by our choice of g in (3.10). In particular, for
example, the latter condition can be checked as follows:

f ', ' 1 \ 2 1
to” (—logddt < J’ (log——) log—dt
34 a (1—1)? 1—1¢ t

1 —
s4log-‘3‘— f 1~ (long_—?)
3/4

= 4logi wldu< oo,
logd

2
dt

Example 3. We choose
Q=r‘(1og%)_“, a<l1 G.11)
in our construction of Example 1. The harmonic function will also be the same, namely,

fx)=G(0,x). To verify ds*=p*ds} is a complete metric is trivial. The condition for
which f€ LP(M—0) is given by

1/2 1 P
J' (log—t-) to*dt < . (.12)
0

1”2 2w
f ! (log—l—) (logl)p dt.
A t 1

As evaluated as before this is finite when 2a—p>1. Hence to obtain non-constant L”-
harmonic functions on M—0 for any given 0<p<1, we simply choose a>(1+p)/2.

We will now compute the curvature K near 0 according to formulas (3.8) and
(3.11). Differentiating ¢, we get

-1
o’ =t"g[a (log%) - 1]

The left-hand integral is
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and

"__ =2 t -2 1 -1
o"=t"g|ala+1) logT —3a log-t— +21.

Therefore,
K=—-ar?*(logn™?

1\-20-a)
=—a <log7) .

However, the geodesic distance behaves like
12 1\ -«
r~f s (log—) ds
. s

log 1/t
= f u%du
log2

1 I-a -
(log—t—) —(log2)'~©

1-a

Hence
K~—al(l-a)r] 2.

Note that when a=1, this is the constant negative curvature metric. However, when
a<1, the curvature decays to 0 quadratically at infinity.
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