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Introduction

Let (Xo,0) be the germ of a complex analytic complete intersection with isolated
singularity. A deformation of (X, 0) is a flat holomorphic map germ

&, 005 (s,0)

together with an isomorphism of (X;, 0) with the special fibre (f~!(0),0). The subgerm
(D,0)=(S, 0) parametrizing the singular fibres of fis called the discriminant of f; it is an
analytic subgerm of (S, 0).

As is well-known (X,, 0) admits a semi-universal deformation f: if X, is given by
equations then f may be written down explicitly using the criterion of Kas and
Schlessinger [20]. Nevertheless, even for quite simple X, the explicit form of f offers
little help towards understanding the geometry of the deformation. A natural question
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to ask would concern the exact position of (Xy,0) in the hierarchy of singularities:
given a particular (Xy, 0), can the singularities of the fibres of f be listed in terms of the
classification of singularities (supposed to be known so far as to include all types that
might conceivably occur in a fibre of £)? This is the so-called adjacency problem. A
refined question of the same type would consider not individual singular points but the
constellations of singularities that occur in one and the same fibre of f. There is not
likely to be any feasible general method to extract such information from the equations
describing f.

On the other hand it has turned out that the discriminant (D,0) is a very fine
invariant of the semi-universal deformation f, and, a fortiori, of the singularity (Xo, 0)
itself, Indeed it was shown in Wirthmiiller [53] that (X, 0) is essentially determined by
the analytic isomorphism class of the germ (D, 0). This in particular allows to decide
questions of adjacency once the geometry of (D, 0) is understood sufficiently well. The
discriminant of a semi-universal deformation is an apparently simple object conceptual-
ly—a reduced hypersurface in the smooth germ (S,0), and there are a few general
results on such discriminants, see Vohmann [50], Greuel and Lé {14] and Teissier [44].
In view of the discussion above though, it is not surprising that a satisfactory under-
standing of the discriminant has been achieved only in special cases which, in fact,
constitute the very beginning of the classification of complete intersections with
isolated singularity.

The best-known of these cases is that of simple hypersurface singularities, which
were first considered and classified by Arnol’d [1]. From the point of view of deforma-
tion theory the dimension of a hypersurface singularity may be arbitrarily increased by
suspension, and all simple hypersurface singularities may be realized as surface singu-
larities in three-space. They then turn out to coincide with the class of Kleinian
singularities alias rational double points, see du Val [49] and Artin [3]. For these
singularities Brieskorn achieved a good description of the discriminant, as follows
(Brieskorn [6]). Let f: X—S be a suitable global representative of the semiuniversal
deformation. The fundamental group of the complement S\ D acts as a monodromy
group on the (second) Milnor homology H of X,. The associated monodromy group is a
finite subgroup of GL(H) and there corresponds a finite Galois cover

(S\D)~5 S\D

that trivializes the monodromy action. ¢ extends as a branched cover §S, and the
extended cover turns out to be a well-known object in the theory of root systems. In
fact, if R=V is the abstract root system corresponding to the hypersurface singularity in
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Amol’d’s classification then § may be identified with the complex vector space
Ve=C®x V in such a way that the monodromy group acts on V¢ as the Weyl group W
of R. Thus we have a diagram

Ve — =, §
| |
VoW — = 5§
which identifies ¢ with the quotient morphism of the natural W-action on V¢. Under
this identification the discriminant D<S corresponds to the set of singular W-orbits,
and this set is covered by the union of all reflection hyperplanes in V. Thus at the cost
of passing to a finite branched Galois cover the discriminant is expressed in terms of
linear, in fact even combinatorial data. Likewise the configuration of singularities in a
fibre X, (r€S) is given by a conjugacy class of isotropy groups of W, and isotropy
groups correspond to the various intersections of reflection hyperplanes in V. Up to
W-conjugacy these intersections are classified by the full subdiagrams of the Dynkin
diagram, and one arrives at the popular diagram rule that governs the occurrence of
singular points in the fibres of f. The unbranched cover (S\D)~—g> S\.D also is a useful
tool in investigating the topology of the complement of the discriminant. The funda-
mental group turns out to be an Artin group—see Brieskorn and Saito [8], and Deligne
[9]. In the same paper Deligne has shown that the higher homotopy groups of S\.D
vanish.

Brieskorn’s construction actually shows a deeper connection between simple
singularities and simple Lie algebras; his proofs and results were greatly simplified and
improved by Slodowy [42], [43]. For the more limited purpose discussed above—the
description of D as the branch locus of a finite Galois cover—a different proof was
given by Looijenga [26], [27]. In his proof the root system RcV occurs naturally as the
set of vanishing cycles in the second cohomology group of the Milnor fibre while the
connection between V¢ and S is provided by a period mapping.

Going up in the classification of hypersurface singularities—see the lists of Arnol’d
[2}—we note that all but the simple ones have infinite monodromy groups, and
straightforward extension of the result above would lead to Galois covers with branch-
ing of infinite order. Nevertheless it was proposed by Looijenga to study the open part
Sy that parametrizes fibres with only simple singularities, hence finite (local) mono-
dromy groups. If the global geometry of Sy could be understood in terms of a Galois
cover Z;— Sy with finite branching then it might be possible to recover S as a partial
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compactification of Sy. Looijenga has successfully carried out this approach for all
unimodular hypersurface singularities, certain (two-dimensional) cusp singularities,
and triangle singularities which are not hypersurfaces or even complete intersections.
For references see Looijenga [26], [29], [30], [31]. For simply-elliptic and cusp singular-
ities the construction of the covering space ¥ is expressed in terms of the generalized
root system formed by the vanishing cycles of the singularity; the partial compactifica-
tion associated with such a root system is described in Looijenga [28]. Again the
isomorphism between the quotient Z/W and S is induced by some period mapping.

Looijenga’s results on simply-elliptic singularities were independéntly found by
Pinkham [39], using a different method. Like Looijenga, he uses ubiquitous C*-actions
to compactify the fibres of the deformations. But then he observes that the resulting
families of compact surfaces (which are classically known as del Pezzo surfaces) can be
studied by essentially classical methods of projective geometry. This method also
applies to the simple hypersurface singularities of E type—see also Tyurina [46]—and is
closely related to work of du Val [48]. Using an approach similar to Pinkham’s Knorrer
{221, [23] was able to describe the discriminant for complete intersections of two
quadrics in arbitrary dimension. Apart from the odd-dimensional hypersurface singu-
larities (which have the same deformation theory as their suspensions) Knérrer’s
description is the first to include complete intersections of odd dimension. For those
singularities the Galois group W of Z—%/W, which should be a reflection group in
some sense, is of a nature completely different from that of the monodromy group. In
fact, as the intersection form on the Milnor fibre is skew-symmetric the monodromy
group is generated by transvections rather than reflections. To remedy the situation
Knorrer relates the semi-universal deformation of a (2n—1)-dimensional intersection of
two quadrics with a (non-versal) deformation of a singularity of dimension 2n and
thereby reduces the problem to the even case.

The present work is concerned with some of the space curve singularities which
are complete intersections, and are simple in the sense of Arnol’d. Such singularities
were classified by Giusti [12], [13]; his list contains one infinite series S, u=5,6,7,...),
as well as ten “‘exceptional’’ types T4, Tg, To, U, Ug, Uy, Wg, Wy, Zg, Zyo. Giusti’s
classification was extended by Wall [52] so as to include the unimodular cases.

It was noted in Wirthmiiller [54] that the discriminants of certain fat (that is, non-
reduced) points allow a description as above, with £ a torus embedding which is most
conveniently described in terms of a root system of A type. This result will serve as a
model for the cases at hand. Formalizing the construction of %, we shall consider
extensions of the classical Dynkin diagrams by some extra combinatorial data. These
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extended diagrams 9 and their associated torus embeddings 2{9) are the subject of the
first three sections of this paper. The construction proper of Z(%) is explained in
Section 1 while in the following section we study geometric properties of #=2{%) and
its natural stratification. We also show that the quotient of Z by the Weyl group
W=W(9) (as well as certain finite extensions W,,, m=1,2,...) is an affine space with
distinguished C*-actions. In the third section we look at the discriminant (the set of
singular W-orbits) AcZ/W from a topological point of view: we give a natural presenta-
tion of the fundamental group of the complement (Z7W)\ A.

The next two sections are devoted to Giusti’s series S, (u=5). The main result
(4.2) states that the discriminant DcS is isomorphic to the branch locus of the Galois
cover A D)— U D)/ W(D), where 9 is a particular diagram labelled D,[x], k=u—1. We
use this same label for the singularity itself, rather than Giusti’s notation S,,. The proof
of Theorem 4.2 occupies Section 4. The main point is to recognize a sufficiently big part
of the semi-universal deformation as a family of hyperelliptic curves; there is a natural
common target line for the canonical mapping of each curve, and this provides an
intrinsic parametrization of the family by the branch points of the canonical mapping.
The description of the discriminant includes a relation between the isotropy groups of
the W-action on & and the types of singular fibres of the deformation; this is discussed
in Section 5. As a by-result of the description of D we can show that the complement of
D is an Eilenberg-MacLane space, thereby generalizing a result of Knorrer [24]. Finally
we present a natural basis of the Milnor homology which is weakly distinguished (in a
weak sense), and compute the intersection form.

The next three sections deal with the singularities 75, Tg, T, which we re-label as
Eg[%], E;[%], and Eg[x], respectively. For these we obtain results analogous to those
on D[], except that we do not know whether the higher homotopy groups of SN\.D
vanish. The main result, describing the discriminant D, is Theorem 6.2. Though its
statement is in perfect analogy with Theorem 4.2 its proof is rather different and
occupies Sections 6 and 7. We first show that the general fibre of the deformation can
be interpreted as the ramification curve of a double covering projection, the covering
surface being a del Pezzo surface. This allows us to pass to a projective family of del
Pezzo surfaces; these surfaces carry a distinguished anti-canonical divisor at infinity.
The resulting situation is close to that studied by Pinkham in the simply-elliptic and
simple hypersurface cases, the main difference being the type of the anti-canonical
curves, compare Pinkham [39] and Merindol [34]. We go on to define a characteristic
mapping between a cover of an open part of S and an algebraic torus; this map induces
a morphism from that open part of S to the quotient Z/W. In Section 8 we extend the
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latter morphism over all S. To this end we study certain degenerations of the del Pezzo
surfaces in question. Only in the E¢[%] case these are themselves del Pezzo surfaces
(with an ordinary double point) while in the other two cases the special surface acquires
a cyclic quotient singularity of multiplicity 4 or 5. The degeneration is not realized on
the Artin component of this singularity, so that the latter cannot be resolved in the
family. In order to extend the characteristic mapping to the special surfaces we look for
configurations of exceptional curves on the regular part of these surfaces. We then use
the fact that such curves are stable under deformations, and apply classical knowledge
of exceptional curves on del Pezzo surfaces to identify the curves in question on the
general surface of the family. This finally allows to extend the characteristic mapping
and conclude the proof of Theorem 6.2.

In Section 8 we discuss some consequences of the results on Ei[*]. In particular
we explain in some detail the intermediate position of Ei[x] between the simple
singularity E; and the simply-elliptic Ej.

The final section takes up the construction of torus embeddings from Section 1.
We use a recent construction of Looijenga [33] to assign spaces & and /W to situations
involving a generalized root system (with infinite Weyl group). These results are the
basis for a description of the discriminant of the unimodular space curve singularities
P, —see the list in Wall [52]. Details will appear in a subsequent paper.

1. Diagrams and cones

Let 9 be a finite graph. A subgraph 9’ of @ is called full if it contains all edges of &
with both end points in 9'. We consider graphs & with the following additional
structures.

(1) A valuation which assigns to each vertex of @ its colour, black or white. In
particular, this singles out full subgraphs Pyjack and Dynice-

(2) A weight function on the set of edges of &, with positive integral values.

(3) An orientation of each edge in Py, With weight greater than 1.

Clearly, if 9’9 is a subgraph, structures of the same type are induced on %'. The
structured graph & is conveniently represented visually by drawing the underlying
graph, with vertices coloured according to (1), and each (oriented) edge of weight /
drawn as an /-fold (directed) line:

@———0 respectively @=—==——¢@ (I=23).
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Graphs with only black vertices include the classical Dynkin diagrams of reduced root
systems as well as their completions (but A,), compare Bourbaki [4], Chapter VI, §4,
no. 2.

We call @ a diagram if the following axioms hold.

(D1) Dyack is the Dynkin diagram of a reduced root system (which may be
reducible).

(D2) Dynice is discrete.

(D3) Each connected component of 9 contains a white vertex.

(1.1) Examples. Diagrams of particular interest to us include the following types.

a vertices
Alal *—@ - I ..... *—e
a vertices
Ada-1,4] @&—@----- I—I ------ *—e
D[ %] & -
Dlx], *—@ - -

Edl¥]  o&—e—& --—-- @
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Every diagram 9 gives rise to the following construction. We let A and B denote the
sets of black and white vertices, respectively, and write |9)| for the total number of
vertices in @. We fix a real vector space V of dimension |9|, with dual space
V¥=Hom(V,R), and choose embeddings

AcV,BcV, and A»>AY cVY

a—aY

with the following properties.

(Bi) AUBcV is a basis of V.

(B2) The embeddings of A in V and VY form a root basis with Dynkin diagram
Dotack, S€€ Looijenga [28].

(B3) (B,a¥)=—Iif a €A and B € B span an edge of weight [ in &, and (8, a¥ )=0 if
a and B are not connected by an edge.

Explicitly, the meaning of provision (B2) is this: for each a €A we have (a, a" )=2; for
distinct a, @' €A we require (a,a’V)=-I/and {(a’,a")=—1 if there is a directed edge
of weight [ from a to a’; (a’,a")=—1 if a and o’ span an edge of weight 1, and
(a',a”)=0 else.

We let AcV be the lattice spanned by AUBcV, put Ve=C®g V, and let T=V /A
be the corresponding algebraic torus. Each base root a €A defines a reflection

wy: x—x—{x,a")a,

and thereby a finite root system RcV is generated, with Weyl group Wc=GL(V). Note |
that R is a classical root system in the vector space RRcV. The Weyl group serves to
define a natural partial compactification & of 7, as follows. Let KcV be the convex
cone spanned by the W-orbits of all € B. Then K is a convex polyhedral cone in the
sense of Kempf et al. [21], Chapter 1. Furthermore KX is rational with respect to A and
does not contain any line. We let & be the equivariant affine embedding of J corre-
sponding to K; compare [loc. cit.]. Clearly W acts on , and this action extends to one
on ¥ permuting the J-orbits.

As a matter of fact all these objects are assigned to the diagram &, for up to
canonical isomorphism in an obvious sense they do not depend on the choices made.
The dependence on & will be indicated by the notation A=A(9D), V=V(%) etc. when-
ever this is necessary to avoid ambiguity.

The closed facets of K are, by definition, the sets of the form

{x€K](x,xV) =0}
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Figure 1.4

where x¥ € VY is a linear form which is non-negative on K. The closed facets may be
described as follows.

A full subgraph of @ that itself is a diagram will be called a subdiagram of &. If
D'<P is a subdiagram then the cone K(2') may be identified with a subset of K(2).

THEOREM 1.2. () For each subdiagram @' =% the cone K(2') is a |9|-dimensional
closed facet of K(9). In particular, K(2)c= V(D) has non-empty interior.

(b) Assigning K(9') to @' induces a bijection between the set of subdiagrams of &
and the set of W(D)-orbits of closed facets in K(9).

Proof. This will be proved in Section 9 in a more general setting, see Theorem 9.5
and the discussion following it.

If &' is a subdiagram of 9 we define its complement 9—9' as follows. The sets of
coloured vertices of 2—%' are

A(D-D") = {a EA(D)\A(D')| there is no vertex y of 9’ such that « and y span an
edge in 97},

B(9-9")= A(D\A(D') U A(D—-D") U B(D\B(Z').

Two vertices of -’ including a black one span an edge in 2—2' if they do so in 9.
(1.3) Example. Let @ be the diagram of type E¢[%]. Then the complement of the
encircled subdiagram %’ is as shown in Figure 1.4.
It is clear from the definition that the actions of W(%') and W(2—-%') on V(%)
commute, so we have a canonical embedding

W(D)YXW(D—D) = W(D).
ProPOSITION 1.5. The stabilizer of the closed facet K(2') is W(D')XW(2—2%").

Proof. See Proposition 9.12.
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A vertex y of @ is called extremal if the full subgraph of & obtained by deleting the
open star of y is a subdiagram. To each extremal vertex y corresponds an extremal form
x, € V¥(2) which takes value 1 on y and vanishes on all other vertices of &.

Applying Theorem 1.2 to the faces of K we obtain:

COROLLARY 1.6. The union of the W-orbits of extremal forms is a basis of the dual
cone KV={x"VE€VY|x¥=0 on K}. Q.E.D.

(1.7) Examples (the encircled vertices are the extremal ones):

Ada] (C I —— T ....... @

Aila—-1,4] @—0— ————————————— _@

Dx] (@ —e------

(1.8) Remark. In general, the W-transforms of extremal forms fail to generate the
semi-group KV NAV.

Let & be a diagram and 2’9 a subdiagram. There is a canonical exact sequence

0— V(') — V(D) > V(2-D')— 0
of W(&')x W(2— 9')-modules. In the next section, the following proposition will serve
to describe the local geometry of (9).

ProrositioNn 1.9. The cone aK(D<V(F—D') is spanned by the set
W(2-2")- B(9—9D'").

Proof. An obvious induction reduces this question to the case |2’'|=1. Then &'
consists of a single white vertex ', and we have
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A= A(D-9)={a€AD)|(B,a") =0}
B :=B(@-9)={a€AD)|(B,a") <0} UBD\{B'}.

We put W=W(2—2"); let us show that W'B' cnK(9). Clearly, we have
B(D)\{B'}cnK(D). If a€A(D) is such that {B’,a")<0 then w(B)=B'-(B',a")a
implies that

—(B',a) ma=n(B— (B, a¥) @) = mw,(B') E A(W(D)B') = nK(D).

Thus B’ caK(9), and the inclusion W’'B’' czK(%) follows as & is W’-equivariant.

It remains to prove that m(W(%)- B(9)) is contained in the cone spanned by W'B'.
Thus let € B(2) and y € W(9) 8. Choose an element w € W(2) of minimal length l(w) -
such that y=wgf, see Bourbaki [4], Chapter IV, §1, no. 1 or Looijenga [28], (1.5). We
prove that 7y € Z.(W'B’), by induction on l(w). The case l(w)=0 is trivial. If I(w)>0 we
know from Looijenga [28], (1.11) that there is a base root a € A(9) with (y,a")>0.
Then l(w,w)=Il(w)—1, and by the inductive hypothesis ww,(y) belongs to Z,(W'B’).
Now a belongs to either A’ or B'. In the former case we note w, € W’ while in the latter
we write y=w,y+(y,a") a. In either case it follows that y €Z.(W’B’), and the proof
is complete. Q.E.D.

2. Geometry of the torus embedding &

Let 9 be a diagram. The variety 2(9) is stratified by orbits under the action of (%),
and these orbits correspond bijectivity to the (closed) facets of K(%), see Kempf et al.
[21], Chapter 1. We wish to describe the geometry of (%) along the orbits in terms of
the subdiagrams of 9, taking into account the action of the Weyl group W(2) on Z(9).
More generally, let Q(9)=ZA(9) be the root lattice and consider the semi-direct
product

W,(D) = (% QD)+ (D)) W(D)

where m is any positive integer. This group acts naturally on V(%) and A %); dividing
by the kernel of the latter action we obtain an action of the finite group

L o@+a@)

W, (D) = ”’——AW—‘ WD)

on A(9). The Weyl group is recovered as the special case m=1.
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For each subdiagram &' % we let 5 cA9D) denote the J(%)-orbit correspond-
ing to the facet K(2')cK(%). The open star of g is the union of all F(Z)-orbits that
contain Jy in its closure; we denote it by St 7. Recall from Kempf et al. [21], p. 15
that there is a canonical J(%)-equivariant retraction of Z{9) to the closure of Jg, with
St T the inverse image of Jg.. We let

r:StJg— I

be the restriction. From the complex analytic point of view, r is a locally trivial fibre
bundle with typical fibre 2{9’). Finally, we let W, (%) be the stabilizer of Jg-; this
subgroup of W,(9) consists of all elements that send Jo- onto itself. The stabilizer is
determined as follows.

PROPOSITION 2.1. W, (D) is the semi-direct product
G WD) € W,(D),
with
Gy = ;11—(Q(£'Z) NAD-D))- W(D-9') = —’:; (Q(DIAD"))- W(D—-D").
In particular W,(@)a contains the direct product W,(D—P')XW,(D') as a normal

subgroup.

Proof. By Proposition 1.5, the stabilizer of K(%2') in W(2) is W(2—D )X W(D').
The proposition follows because W,,(2)s includes all translations. Q.E.D.

The geometry of the J(D)-orbits is given by
ProrositioN 2.2. The canonical isomorphism
T =T DITD)=T(D-D)
extends to an isomorphism between the closure Jg . and BD—D').
Proof. This follows at once from (1.9). Q.E.D.

The proposed description of 2{9) along J4- is achieved by the following theorem.

THEOREM 2.3. (a) There exists a finite étale Galois cover e: I— T4 such that
base change by e trivializes the retraction r. More precisely: there is a morphism é such
that the diagram
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IXAD') € St Ty
lpr l r (2.9)

~ e

g

Y

exhibits TX (D) as a fibred product.

(b) The action of W,(D)g lifts to I and TxID), making the diagram (2.4)
equivariant. The lifted actions of W,(@)g cover those of the Galois group.

(c) The subgroup W,(D—D' )XW, (D)W, (D)g acts on TXIAD') like the direct
product of a W,(D—%)-action on I and the natural W,(D)-action on BAD'). The
induced effective action of W, (Do /(W (D—D)VXW, (D)) on TIW,(D—-D')x
D )W,(D') is free, so there is an étale e that makes the diagram

TXHAD) é

l

TIW (D~ D)X BD )W D) — s St T/ W, (D)o

StIe

commutative.
(d) F may be chosen a direct product of algebraic tori

CO(D—-DVNND—-DYIXT'

such that the quotient morphism J—JIW,(D—') factors like

CO(D-DNQYD- D)X J' ===

|

CO@-9) %Q(@— D) W(D— D)X T'—E—s FIW, (D— D)

Jor some étale Galois cover e'.

Proof. Let P: V(2)— V(D) be the projector onto the fixed space of W(%'):

Pt= Z wt/|W(9')],
wEW(2')
and put U=PV(9—9'). As the action of W(Z') on V(D)/V(D") is trivial U is a W(D—9D')-
stable complement of V(') in V(%), and P induces an equivariant isomorphism
P':V(9—-2')—U. (See Figure 2.5.)
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V(2-9')
+
P
+
+
—+— U

A F

Figure 2.5

Provisionally, we put
J=CUIA(D) n U);

this is an algebraic torus because U is rational with respect to A(2). As P induces the
identity on V(2)/V(9') we have

AD) N U= PAD-D'). (2.6)

Thus the inverse of P’ induces an étale covering morphism e: J— I with Galois
group PA(D—D'YW(A(D)nU). Likewise, the square diagram (2.4) is induced from the
diagram

UXWV(@) v
® c
(AMDNU)XA (D) > A(D) »
projection
pr A(@l) nyU A(@i ") along V(Z') (2.7)
2 Pl—l (&
v — V(9-9")

of vector spaces and lattices. It now is straightforward to verify (a).

We put on UX V(9') the unique action of W,,(2)g that makes the isomorphism at
the top of (2.7) equivariant. W;,(9)g then acts on the whole diagram (2.4), and (b)
follows.

W D—D )XW, (') acts like a direct product as claimed, for Q(@—9') is con-
tained in U. Furthermore all elements of W,(@)a/(W,(Z—D')XW,(2')) are repre-
sented by translations in (1/m) ZB(9—%"). If any of these, say y, has a fixed point on
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JIW,(D—-D') it must satisfy Py€EA(D)NU, hence PyEPA(D—-D') by (2.6). As
P|V(2-9') is injective this implies y € A(9—9’) and it follows that

Y= Py+(y—Py) E(A(D) N U)XA(PD')

acts trivially on Ix2(%"). This proves (c).

Let A'cA(D)nU be the fixed lattice under the action of W(2-2'). Then
Q(9-2")+ A’ is a sublattice of finite index in A(%)n U, and we may replace the former
choice of J with its étale cover

T =CU(Q(D-D")+A") = CQD—D)QD—D)XCA'IA'.

This substitution does not affect the already proven parts of the theorem. Part (d) now
follows in view of the exact sequence

| 1 o@-9)+PA@-9)
0— (E Q(QZ—QJ’HA’) W(D—D) > W, (9~D")— 2 —0.

L o@-ay+A’
m

Q.E.D.
Let 7€ I cAD), and choose a t € V(D) representing it via
V(D c—> T (D T(D')=T 5.
The set
R = {aeR(@-ga')Kt, o) e%z}
is a root system in V(9—2’) and does not depend on the particular choice of ¢. Let
W(R,)=GL(V(9—2")) be its Weyl group.

‘COROLLARY 2.8. In the automorphism group of D), the isotropy group W (D),
is conjugate to the group

WRIXW, (D) = W,(D).

Proof. Using the notation of the previous proof we may choose ¢ in CU. Note that
(Um) Q(D—9') W(D—D') acts on CU like an affine Weyl group. Therefore the isotropy
group

(i (D9 W(D— @'))
m

t
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is generated by reflections, see Bourbaki [4], Chapter IV, §3, Proposition 1. Transla-
tion by ¢ identifies this isotropy group with W(R,). The diagrams from Theorem 2.3,
parts (c) and (d), combine to yield

CO(D- D) QD— D)X T X BD') —¢ ., St9,

l

CQ(I-D') / %Q(@— DY W(D—-D)YX T')XAD) W, (D) _ € L& Tl W D)o
2.9)

with étale Galois covers & and e¢". From this diagram it is clear that the subgroup

(£ e@-2) wia-2)) xW, (@) W,

projects into W,(9),. In fact, its image is all W,,(2),. For, any g € W,,(9), lifts to an
element g€ W,.(2),, and as " is étale & acts on CQ(D— D)/ QXD—=D )X T' XA D') like
an element of (1/m) (D~ D) W(D—D' )X W,,(D'). As t €U acts trivially on W,(D') we
obtain

17 IW (D)ot = WRIX W, (D) € W, (D) (2.10)
and the proof is complete. Q.E.D.
Among the objects associated with the diagram @ and the integer m the one of

principal interest in view of its bearing on deformation theory is the discriminant
A,(D). This is, by definition, the reduced branch locus of the quotient morphism

AD)— 8D W (D).

Similarly, if R<V is a root system with Weyl group W(R) we use the symbol A(V, R) to
denote the discriminant (that is, the reduced branch locus) of Ve— V/W(R).

In terms of local complex analytic geometry the substance of Theorem 2.3 reduces
to the following.

COROLLARY 2.11. The germ of the pair (AD)/W (D), A.(D)) at T is equivalent to
the cartesian product of the germ

(V(2-2)c/WR,), AV(2—-D'), R,))
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at the origin with the germ
(ADYW (D), A(D'))
at the 9(9D")-fixed point of KD').
Proof. See (2.9). Q.E.D.

(2.12) Remark. The groups W(R,) that occur for some 7€ Jg are exactly the
linear parts of the isotropy groups of the affine Weyl groups Q(2—9') W(9—2'), acting
on CQ(@—%'). This is clear from the definition of R,.

The global geometry of #/W,, is determined by the invariant theory of W,,, which
is similar to the exponential invariant theory of root systems as described in Bourbaki
[4], Chapter VI, §3, and Looijenga [28), Section 4. Let us fix a diagram & as well as an
integer m>0. If (%) denotes the coordinate ring of #then Z/W,, is the spectrum of the
subring .5/2(%)“"" of invariant functions on #. We also introduce the %(%Wm-module of
anti-invariant functions, this is

R " = {f€ R(D)\wf = y(w)f for all wE W}

where y: W,,—{*1} is the character that coincides with the determinant on W and is
trivial on translations.

To describe the structure of .%(%iw’" let A¥=Hom (A, Z)cV" be the dual lattice;
then

R =CIAY N K]
is the C-algebra of the semi-group A NK". Likewise we have

RHV™2=C[Ay, N K'] with A)=Hom (i Q+A, z) c V.
m

If we let ¢€C[A,] denote the character corresponding to p€A; each function

FEC[A,NK"] can be written in a unique way as a finite sum

f= D f,& (f,EC). @.13)

PEANKY
We put’
Supp(f)={p€A, n K"|f,*+0}.

12868286 Acta Mathematica 157. Imprimé le 12 novembre 1986
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The lattice A carries a natural partial order given by

p<p'<{(p’—p)/m is a sum of positive dual roots}.

The maximal support Max Supp (f) is, by definition, the set of maximal elements in
Supp (f). For fas in (2.13) we call

In(H= >, fe

pE€MaxSupp(f)
the initial form of f.
Let {a*|ja €A} U{B*|B € B} be the basis of A, that is dual to the basis
1 1
{—— ala EA} UBc—Q+A,
m m

and put

THEOREM 2.14. Let S,€ A" (yEAUB) and JE FZ)™ "™ be functions with ini-

tial forms In (Sy)=e"*, In(J)=e°". Then the homomorphism

ClX,),eavs— R

sending the indeterminate X, to S, is bijective. Multiplication by J restricts to a
bijection

D" — R
Proof. The relevant part of the proof in Looijenga [28], (4.2) applies verba-
tim. Q.E.D.
(2.15) Remark. A possible choice for §,-and J is

S, = 2 e (=|W|-e* if yEB),

weEW

J= 2 (det w) eve’.
weEwW
COROLLARY 2.16. Z/W,,, is an affine |9|-space, and for each stratum T4 in Z, the

closure F/'_@, maps to an affine subspace. The invariant polynomial J? generates the
ideal of A, in ()"
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Proof. ZIW,, is the spectrum of .%(%)W’", and the ideal of the subvariety in question
is generated by those S,=X,,e*”" with y a vertex of %'. This proves the first
statement. Let W),cW, be the kernel of the character x, and let A’c%/W, be the
discriminant of the branched double cover Z/W;,—2/W,,. We claim that A, and A’
coincide. For let 7 € 7 have a non-trivial isotropy group in W,,. By Corollary 2.8, (W,),
contains a reflection, so T maps to A’. If 7€ & belongs to a J-orbit of codimension one
we may assume 7€ J,cZ for some subdiagram 9'c9P consisting of a single white
vertex. Then the same reasoning applies to show that-z maps to A’. Thus A, and A’
coincide in dimension |9|—1. As Z and W, are normal varieties the theorem on
purity of branch loci, Nagata [36], (41.1) makes sure that both A and A’ are hypersur-
faces in /W, and the claim follows. This also proves the corollary as J? clearly
generates the ideal of A’. Q.E.D.

Given a diagram 9 and a positive integer m there is a diagram 9,, which differs
from % only by the weights of the edges joining black to white vertices: in 9, these are
m times those in 9. The notation D[], in (1.1) is consistent with this definition. The
following is easily seen:

COROLLARY 2.17. The discriminants A, (%) and A(D,,) are canonically isomor-
phic. Q.E.D.

(2.18) Remark. Looijenga’s proof of Theorem 2.14 consists in an algorithm that, in
principle, allows to compute J? as a polynomial in the S,

Let C* denote the multiplicative group C\ {0}. As any diagram obeys axiom (D3)
the fixed lattice A¥ intersects the interior of K non-trivially. Each element w €AY NK
determines a C*-action on & which extends to a morphism CXZ—&. As this action
commutes with W,, a C*-action on #'W,, is induced.

ProPosITION 2.19. The induced C*-action on ZIW,, is equivalent to the linear
action with weights {(w,y*) (yEAUB). These weights are non-negative; they are all
positive exactly when w lies in the interior of K. The discriminant A,, is a quasi-
homogeneous hypersurface with respect to these weights and its degree is
28gea{w,a*).

Proof. We know that the forms y* are non-negative on WB. Therefore, if @ is in the
interior of K the integers {(w, y*) are all positive. Conversely, if this is the case then in
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particular (w, [¥)>0 holds for each extremal form [¥. As w is W-invariant this is still
true if 1Y is in the W-orbit of an extremal form. Then, by Corollary 1.6, w is in the
interior of K.

The rest of the proposition follows at once from Theorem 2.14 when the special
choice (2.15) for S, and J is used. Q.E.D.

3. The fundamental group of the complement of the discriminant

Let 9 be a diagram and fix an integer m>0. The purpose of this section is to describe a
natural presentation of the fundamental group m;((ZW,,)\A,,). For the result see
Theorem 3.10 below. A special case was already done in Wirthmiiller [54], Section 4 by
the same method. ‘

In view of Corollary 2.17 it suffices to consider the case m=1. We first study the
action of W on 7. By definition it is induced from an action of W=AW on the universal
cover V. The group W as well as the affine Weyl group W':=QW act on V¢ by affine
transformations, and together with the group of translations ZB they fit into the exact
sequence

0> W —>W->ZB—0. 3.1

At this point it is convenient to introduce a bit of general notation. Let X be a
topological space with a properly discontinuous group action (assumed to be implied by
the context). For such X we let X™2 denote the union of all regular orbits, that is, the
open subset of points with trivial isotropy group. In this notation we may write
(HIW)N\A=5/W.

The fundamental group of VE#W’' may be computed by the method of Brieskorn
[7] and will turn out to be an Artin group, see Brieskorn and Saito [8]. Let A be the set
of vertices of the completed Dynkin diagram @ppcy; thus AN\A is in one-to-one
correspondence with the irreducible factors of the root system R. The embedding of A
in V is extended naturally by assigning to each irreducible factor of R minus its greatest
root. Similarly we have AcV", and this embedding defines the fundamental alcove

C={a">0if a€A;a¥>—-1if a€EA\A} V.

C is a fundamental domain for the action of W’ on V™8, and W’ is generated by the
reflections in the walls of C,

w _XH{x—(x,a")a (a€A)
@ x—(1+(x,a"))a (@a€EAN\A),
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s L 0 acC wW(s)
—® 7 >0— L
L¢

Figure 3.2

see Bourbaki [4], Chapter VI, §2, no. 1. Let s € V¢ be the barycentre of the bounded
set CNRQ. The projections of s in VW' and V¥ W will serve as base points for the

fundamental groups. For each a €A we let L* (and L{) be the real (or complex) affine
line through s and w,(s). The element

a,€n (VEHW')

is, by definition, represented by the path in Lg that follows the real segment joining s to
w,(s) but avoids the point of intersection with the reflection hyperplane of w, on a

small positively oriented semi-circle (see Figure 3.2).

LEMMA 3.3. (VW) is the Artin group with generators a (a € A) and relations

according to the completed Dynkin diagram @,,,.

Proof. Thisvis the extension of the result of Brieskorn [7] to affine Weyl groups; the
proof is virtually the same as Brieskorn’s for finite reflection groups. Q.E.D.

Next we study the covering projection
VW' — VW = T™8W

with Galois group ZB (as the latter still acts freely on V/W’ the apparent ambiguity in
the notation does not matter). For each 8€B let wy be the unique element of W’ that
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RQ

Figure 3.4

sends C to the alcove C—f. As - w; € W leaves C invariant it induces a permutation on
A which we denote a—f(a). We split f=p'+p" into 8’ €RQ and a W-fixed part f”. (See
Figure 3.4.) Then the segment connecting s to s+8” projects to a loop in Vg¥W and

defines a homotopy class
hy € 7, (VEEW).

Clearly the hs (8 € B) represent a basis for the Galois group ZB. The action of 4z on
7, (VEEW') is read off from Figure 3.5. The unlabelled path is the image of the path

defining a, under the transformation 8- w; € W. As it is clearly homotopic to Ag laﬂ(a)hﬂ
we see that

hy'agoyhs = a, (3.6)

holds in ‘nl(V{:eg/W). This describes the action of ZB on ,(V&¥/W') completely, and we

have shown:

LeMMA 3.7. 7,(VS4/W) is the extension of the Artin group m(VEE/W') by the free
abelian group IB, acting via (3.6). Q.E.D.

We finally determine 7zz,(2™8/W). Let Z” be the union of J and the one-codimen-
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|
oe— N @ s+f"
hg hs
ap(a)
i : co
Wpa C C
Figure 3.5

sional J-orbits in Z. As /W, is smooth the inclusion £”<& induces an isomorphism of
fundamental groups 7,(Z"8/W)—n,(Z*¢/W). In order to obtain J™8/W from Z"™%/W

one has to remove a finite number of closed connected complex hypersurfaces, one for
each B€ B. Therefore the canonical homomorphism

T (T EW) = 71,(2™5/W) 3.8)

is surjective and the kernel is generated, as a normal subgroup, by loops of the
following type. For each B€B let I3 & be the corresponding J-orbit, and choose a
disc in "°%/W which meets the image of JzN&"# transversely in a single point.
Then consider a loop that first connects the base point s to the boundary of the disc,
then goes once around the boundary, and follows the initial part back to s.

We make a particular choice as follows. Let L2 be the complex affine line through
s and s+ (see Figure 3.9). The shaded region plus the point s+i®g project to a disc in
Z'"°B/W, and the arrows indicate a path of the desired type. Using the decomposition
B=p'+p" we may deform this path into a product aghg ! where hgis as above and agis

Figure 3.9
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represented as follows. Connect s linearly to s—f’ but avoid the reflection hyperplanes
on small positively oriented semi-circles in the complex line through s and s—§’.
Finally, we sum up the results of this section.

THEOREM 3.10. The fundamental group 7n(X"%/W) is the quotient of the Artin
group

(agla€A)
by the normal subgroup generated by the relations
a‘g' e =a, (a €A,BEB)
agag =ag ag (B,B' €B).

The element ag€ (a,la €A) may be determined as follows. If wg €W’ is written as a
word of minimal length in the generating reflections

wg=w, ... w, (a,, ...,a,E/i)

@ ay
then

p=a, ... Qg

Proof. All but the characterization of az follows from the discussion preceding the
theorem. In our geometric setting the canonical homomorphism from the Artin group
(aJa€A) to its associated Coxeter group—see Brieskorn and Saito [8]—is just the
homomorphism 7, (VZE/W’')— W’ that describes the Galois cover V§t—VE#/W'. Thus a
representative path in V&8, starting at s and ending at t€W's, is sent to the unique
w € W’ with t=ws. Now recall the definition of ag and consider the real segment joining
s to s—f'. Of course, this segment can meet each reflection hyperplane at most once,
and after a C!-small deformation in V it will also meet only one at a time.

Such a deformation determines a new path representing ag, and in view of the
orientation convention ag is thereby expressed as a word in the a,(a €A). In W’ this
word projects to a representation of wg as a word in the w,. The length of this word is
the number of reflection hyperplanes that separate s and s—8’, and therefore is minimal
among all such representations of wg. On the other hand all words in the a, with this
minimality property represent the same element in the Artin group (a.a €A). This
follows from Tits [45], Théoréme 3 (alternatively, a geometric proof is that of Deligne
[9], (1.12)). This completes the proof of the theorem. Q.E.D.
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4. Dy[*]: The discriminant

We fix an integer k=4 and consider the affine algebraic space curve
Xo={?=y"+7"2%,yz=0} c C>. 4.1

X, is always reducible; depending on the parity of k there are three or four components
which are all defined over the reals.

The singularity of type D,[%] is the analytic equivalence class of the germ (X, 0)
at the origin. We let C* act linearly on C* with

weight(x) = weight(y) = 2k—4, weight(z) =4.

The semi-universal deformation of (Xj, 0) has a global C*-equivariant representative

i1

X->S

with affine spaces X and §. We let Dc S be the discriminant of 7.
Recall the diagram D[],

introduced in (1.1).

THEOREM 4.2. There exists a C*-equivariant isomorphism
@
D IXDIWAD (%) S

which respects the discriminants, that is, ®(A>(Di[*]))=D.

The proof of this result is the purpose of the present section while supplements and
consequences of the theorem will be discussed in the next.

Using the criterion of Kas and Schlessinger [20] a semi-universal deformation of
(Xo, 0) may be constructed explicitly. We let P“~2 be the affine (k—2)-space of unitary
polynomials of degree k—2,

k-3
p2)=2""+2 p;2,
<
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and put
S={(b,u,v,p)} =C*xP*2,

We let XcSXC*=C3 be the variety

X= {x2 = y2+2by+p(z)}.
yZ=ux+v ’

then the projection X5 § is a semi-universal deformation of (X, 0), the special fibre X,
sitting over (0, Z"%) € C*xP*2=S. This deformation carries a C*-action given by the
following table of weights.

x y z b u v Dj
2k—4 2k—4 4 2k-4 4 2k Ak—j-2)
Table 4.3

The fibres of # may be compactified by embedding C> in a suitable weighted projective
space (‘espace projectif anisotrope’ in Delorme [10]). For any sequence (o, a1, ..., @)
of positive integers, any n of which are relatively prime, we let PZO o, be the

- TR
projective n-space with weights (ay, a,,...,a,). If (xo,xl,...,x,,)EC"‘”1 is a non-zero
vector [xy:x,: ...:x,] will denote the point of P

defines a sheaf O()) on P; ,

functions of degree ! (with respect to the weights). &) is a reflexive sheaf of rank one;
it is invertible exactly if a,, a,, ..., a,all divide I, see [loc. cit.], 1.5.

represented by it. Any integer [

ag,...,a

« its local sections are the homogeneous regular

Returning to the situation at hand, we define the integer m by
k=2m+1 or k=2m+2

and embed C* in P},,,;, sending (x, y, z) to [1:x:y:z]. We let ¥ be the closure of X in

Pimml, s; thus 7 extends to a projective morphism Y->S. The polynomial p has the

homogenized form of degree 2m

p(W, 2)= W"p(ZIW),

and Y is defined in P?

1mml,

s by the equations
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=y*+2buw™y+p(w, 2),
X2 =y?+2bw™y+p(w, ) .4

yz=uwx+ow™*!,

Let ZClﬂlmml, s be the relative surface defined by the second equation (4.4), and let Z,,
be its restriction over §'=5\ {u=0}.

ProrosiTioN 4.5. There exists an S'-morphism L: Zg,—P4, which makes Zg a

smooth family of rational ruled surfaces with invariant m—1.
Proof. The morphism L is defined by the formula
L(w: x:y: z]) = [w: z) = [y: ux+vw™].

A straightforward computation proves that Zs. is smooth over S’, and that the fibre of
L over [£: ] EP! is the smooth rational curve

nw=§z 3
= P i 4.6
L[E”I] {77}’ = g(ux+va)} < Elmm,s 4.6)

It remains to determine the invariant of the ruled surfaces Z(s€S’). To this end we
consider two particular sections of L,

T (&l [5; ‘T"g'": 0: n]
Lo:[&: 9] [0:5: u&: 0].

Ambiguously, we use the same symbols L, and I. to denote the images of these
sections in Zs.. Note that £, and X do not intersect.

The homogeneous forms w™ and y are sections of the invertible sheaf @(m) on
P},....- On Z they cut out the divisors

(w"‘) = Ew+ML[0; 11 (47)
respectively
() =Zo+Lio: 1. 4.8

Fix s€S’. Letting L denote the divisor class of the lines on the ruled surface Z, we
compute intersection numbers in Z;:

22 4+2m= (W™’ = W™ () = m+1,
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[0:1:0:1] v y
[0:1:1:0]

k even k odd
Figure 4.10

[0: —1:0:1] [0:1: £1:0]

hence £2=—(m—1). On a ruled surface the only section with negative self-intersection

‘number is the section at infinity—see Hartshorne [17], Chapter V, Proposition 2.20.
This completes the proof. Q.E.D.

It will be convenient to use an affine coordinate on the base P'. When doing so we
shall identify [1: #] EP' with » €C, and [0: 1] with infinity.

We now turn to the fibres of the completed deformation Y 358.

PROPOSITION 4.9. Y is a flat curve of arithmetic genus m over S. Its points at
infinity, that is, on ZN{w=0}=L UL, are as shown in Figure 4.10.

Proof. The stated behaviour at infinity follows at once from the equations (4.4). In

particular Y5 S is smooth at infinity, so it is flat everywhere. It follows that the
arithmetic genus of the fibre Y, does not depend on the choice of s € S: Hartshorne [17],
Chapter III, Corollary 9.10. We choose s€ S’ and apply the adjunction formula in Z;

(p the arithmetic genus, » the canonical divisor class):

2p(Y)—2= degx(Y)
= ((Z)+(Y))(Y)
= (=2(Z.)—(m+1) L+2(w™)-2(w™)
=2m-2,

using (4.7). Q.E.D.
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Note the intersection number
L-(Y)=2 inZ,(s€ES’).

For general s€S’ the curve Y, together with the projection YS—L> Plis hyperelliptic (in
order to include the case m=1 we use the term ‘hyperelliptic curve’ as a synonym for

‘branched double cover of P’). The S’-morphism Y, s,—L> Pg, fails to define a family of
hyperelliptic curves because it is not finite: for special values of s the curve Y, may
contain one or both of the lines L, ,cZ . Nevertheless it is possible to relate Y to a
true family of hyperelliptic curves by a suitable modification of the relative surface Zg,.

We construct Z from Zg by blowing up the S’-valued points [0: £1: 1: 0] € X, and
let ¥, %o, L., L, denote the strict transforms of Y, Lo, L, Ly, respectively. The
natural map Y— Y is an isomorphism because Y is smooth along the centres of the
blowing-ups. L, and L _,, are smooth S’-families of exceptional curves of the first kind
on Z. By Castelnuovo’s criterion they can be blown down to S’-valued points. Let
Z5 §’ be the resulting surface over §’, and let ¥, £,,and £, be the images of ¥, £, and
%, in Z. It is clear by construction that L induces an $'-morphism L:Z—P}. The

situation is summarized in the diagram of §’-morphisms:

e

Zs/ > Yge=—Y—>Y c Z 4.11)
P,

L gives Z the structure of a smooth family of ruled surfaces over S’, all with invariant
m+1, for each individual surface Z, (s€S’) is obtained from Z; by two elementary
transforms with centres on the section at infinity—Nagata [35], Section 2, (3).

Note that the restriction ¥—> P}, is a finite morphism of degree 2 and therefore

v

defines a flat family of hyperelliptic curves over S’. This fact will now be used to
trivialize the family Z5 S’. We first set up models for Z and Y.

A standard model for the ruled surface F,, ., (with invariant m+1) is obtained from
the weighted projective plane val,m +1 by blowing up the singular point at [0: 0: 1]. The

structure of a ruled surface is given by the projection
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I Fm+1—>P1,

induced from P} | .., 3 [£: n: {]— [£: 7] EP'. The exceptional divisor of the resolution is
the section at infinity o,cF,,,,.

With §'=Spec  we havePL.=Proj (=, H]. As the branch locus of L: Y—P§ is a
hypersurface in P!l its ideal is generated by a homogeneous polynomial
g(E, H)E R[E, H] of degree 2m+2. To make g unique we require that the inhomogen-
eous polynomial g(H):=g(1, H) be unitary. For all s€S’ the point « EP'is either no
branch point (k=2m+2) or a simple branch point (k=2m+1) of L: ¥Y,— P}, see Figure
4.10. Therefore the degree of g(H) is exactly k. Our model for Y is the relative
hyperelliptic curve

Gc Fm+ls s’
with equation £2=g(§, ).

THEOREM 4.12. There exist exactly two Pfg,-isomorphisms
Z5F,,. ¢
with 9(Z,,)=0. and p(¥)=G.

Proof. We first show that there are exactly two Pk.-isomorphisms ¥ % G.Sucha Y
is the same as a P}-map between the branched covers ¥—S'xP'and G—S’xP' which
is a mere homeomorphism (with respect to the classical topology). For Y is a hypersur-
face in the smooth variety Z, and is regular in codimension one, hence is normal.
Likewise G is normal, and in view of Riemann’s extension theorem every P;.-homeo-
morphism ¥ is biholomorphic. In fact, v is even algebraic as its graph is an irreducible
component of the algebraic variety ¥x s,xr,G, by Grothendieck et al. [15], Exposé XII,
Proposition 2.4.

To solve the topological problem we look at the restriction of the branched double
cover Y—S8'XP! over §'x{x}. There, Proposition 4.9 either trivializes the cover (k
even) or provides a common coordinate on the tangent spaces to Y (k odd). As the
degree of g is exactly k the equation £2=g(§, ) does the same for the restricted cover
Gy x(=}—>8 X {}. It follows that the two covers are isomorphic over some neigh-
borhood of §'x{}, and there are just two isomorphisms. As ¥ and G have by
definition identical branching everywhere on S’ xP! these isomorphisms extend global-
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oo
Yr
GT
————>
Pr
P P!
t t
Figure 4.13

ly. This completes the first part of the proof; we must still see that each P}-isomor-
phism ¥-% G has a unique extension Z-5 F, . ¢ with @(Z.)=0.,.

Zand F,,,, ; are smooth families of rational curves over Pj., with a distinguished
section at infinity. It follows that both are locally trivial P-bundles over P}, compare
Hartshorne [17], Chapter V, Proposition 2.2. The extension problem is local over Pg,;
over suitable open sets T<Py, it reads

fr—2T .G,

n N
Pyt Bt

U u
{0} == {};.

Note that neither ¥ nor G meets the section at infinity (see Figure 4.13). Y, is a relative
divisor in P} of degree 2 while the morphism 1, defines a section in H(¥;, O(1)).
Solutions ¢, correspond to extensions of this section to H'(P}, €(1)). But for each t€T
the restriction homomorphism H’(P!, 6(1))—H°(Y,, (1)) is bijective, and as the higher

cohomology vanishes the theorem on cohomology and base change implies that
H°(P‘T, o(1)—H( Y;, O(1)) is also bijective. Thus there are unique local extensions @,

which yield the global extension @ by patching. Q.E.D.

The polynomial g € Z[H] can be computed explicitly. By (4.4) and (4.6) the points
of intersection of Y with the line L, are the solutions of
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2 = y*+2bw™y+p(w, 2),
nw=z,
ny = ux+vw™.
This system reduces to a single quadratic equation
=P Y2+ 2 +nv) wy+ () W —v) w*m =0

in [w:y] €P},,. Its discriminant is

(bi?+nv)*—(u*—n?) (p() w*—v?),
k—1
and dividing by the leading coefficient we obtain g(n)=77"+2 gjni with:
. “
8k—1 = Pk-3
8i—s=Pi—a— U’

8k-3™ pk—S—uzpk—S

8, =Po—U’p>

&= 2bv—u’p,

g, = u*b*+v*—u’p,
Table 4.14

PRrROPOSITION 4.15. The morphism Y, -£> Pfg, extends to Y—L> P;, and G extends to a

hyperelliptic curve GscF,,,, s— PL. The composition
Yo=7->75G ' (4.16)
extends to a Py-morphism y: Y—>G.

Proof. The first statement is clear from the definition (4.6), the second from Table
4.14. The morphism y exists because Y is normal and Gy is finite over Py.  Q.E.D.

By Proposition 4.9 the original family of curves Y 5 8 is equipped with distin-
guished sections at infinity. Those on L. have already served to construct the mor-
phism Y5 G, and loose their special significance when mapped to Gg. On the other
hand, y sends the sections [0:1: £1:0]E YN, to sections o, of Gs—"> S which put an
extra structure on this family.
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In affine coordinates (¢=lonF,,,) we have o.=(%x4,,) with
Ci=g(iu)=(ubiv)2, by Table 4.14. To pin down the signs of , we test a particular
value of s€S: put b=u=0, v=1, and p(Z)=Z""2. Then g(H)=H*+1,both Y, and G, are
regular, and y maps Y, isomorphically to G,. In particular £, and {_ are distinct at s,
hence either {,=ub*v or {,=—(ubxv) holds throughout. These cases correspond to

the two choices of ¢ allowed by Theorem 4.12, and we fix ¢ so that
£+ = ubv. 4.17)
Recall that P* is the space of unitary complex polynomials of degree k, and put
T={(u, g &, ;) ECXP)XCYZ: = g(xu)}.
The family Gy together with its sections o.. is completely described by the morphism
£:8-T
s> (u, g5, &4, E2).

g is not finite but it restricts to an isomorphism between large open subsets of S and 7.
We put

§"=S\{u=v=0}
T"=T\{u=0,8,=C_}.
ProrosiTiON 4.18. ¢ restricts to an isomorphism
gSs"—-T".
It sends the discriminant DNS" to the hypersurface

A:={(u,g ¢+, E-)ET"|g has a multiple root}.

Proof. Table 4.14 and (4.17) show that:g” has an inverse. For any s€ S’ the curve
Y, is, by construction, singular exactly if Y, is singular. As ¥, is isomorphic to the
hyperelliptic curve G, it follows that ¢ maps DNnS’' to A\{u=0}. This proves
g(DnSN=A, for both DNS"cS” and AcT" are hypersurfaces and neither contains

{u=0}. Q.E.D.

Let T'=T\{u=0}. We shall identify 7" with the quotient J(D[%1)/W1(D([*]), as
follows. Let R=R* be the standard model of the root system of type D,, see Bourbaki

13-868286 Acta Mathematica 157. Imprimé le 12 novembre 1986
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[4], Planche IV. The base roots are

a,=(1,-1,0,...,0)
a,=(0,1,-1,0,...,0)

a,_,=0,...,0,1,-1)
a,=,...,0,1,1),

and each root « is identified with its dual ¢ via the standard Euclidean metric on R*.
We put V=RxR* and embed R* as {0}xR¥; then the white vertex of the diagram
D;[%] may be realized as

B=—(1,-1,...,—1)EV.
The root lattice is

k
Q={t=(pty.... l ) EZXZYt,=0, D, 1,=0(2)}.

i=1

Recall that 7=(CxC*)/A with

k
A=Q+28= {tE%ZxZ"|kt0+2 L=002)).
j=1

An element of the Weyl group W acts on ¢ by permuting the last k components and
changing the signs of an even number of them.

Let g:C*—C send 7€EC* to J(z>+7 ) €C; this is a fourfold Galois cover and its
Galois group T is generated by the involutions

YT -1,

o>t L

4.19)
The branch locus of g is {£1}<C.

We set up the following diagram of branched Galois covers, of which g is an
ingredient. The unlabelled arrow CxC*¥—J indicates the quotient by A while
T'—->C*xP* projects (4, g, £+, E_)EC*XP*XC? to (u,g). The covering projection g,
consists, essentially, of k copies of g followed by the quotient map of the symmetric
group Sym (k), acting on
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/
<

C x Ck

9

exp

7 cr x e

r

Ne——————— g

q

C* x P*

C* by coordinate permutations. g; sends (zg; 7y, ..., Tx) € C*X(C*)* to

k
(rg; [[w-2 q(zj))) €C*xP*. 4.20)

ji=1

To factorize g, through T' we define g, by

k
Ee=2@/iV2F] @75, @.21)
=1

J

The Galois group of g, is the direct product of the group {1} (acting on ) with the
wreath product

(I'XT) :Sym (k),

acting on (7y, ..., 7y) via (4.19). The subgroup corresponding to T" is the kernel of the
homomorphism

{£1} X% Sym(k)—>T

k
(g;ylaah""yk’ék;a)’_)<8k lyf’I—Idf)'
I

. j=1

It follows that the composition g, oexp factors through 7 as indicated. Furthermore
the Galois group of g is just the group W, defined in Section 2, so that g; identifies 7"
with the quotient J7/W,.

As before, let " denote the torus embedding of J that corresponds to the set of
rays
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{R, - (wP)|lweEW}
inV.

PROPOSITION 4.22. g, extends to a morphism qy: X"—T".

Proof. As g5 is W-invariant it suffices to extend it over the J-orbit I correspond-
ing to the ray R.B. For each j (1<j<k) the characters 7o7; and 7o/1; extend over Jp,
hence so do the functions defined by (4.20) and (4.21), with values in CxP* and C?,
respectively. Likewise it is clear from the latter formula that §. and _ take distinct
values everywhere on Jg. Thus g3 extends as a morphism into 7". Q.E.D.

We are now in a position to prove Theorem 4.2. We shall make use of the following
simple fact.

LeMMA 4.23. Let V be a complex vector space on which C* acts linearly with
positive weights. If ®: V-V is a C*-equivariant dominant morphism then ® is an
isomorphism (of algebraic varieties).

Proof. The Jacobian determinant of @ has zero weight and does not vanish
identically, hence is a non-zero constant. In particular ® has a local analytic inverse at
the origin. As the latter is in the boundary of each C*-orbit this local inverse is given by
polynomials and extends globally. Q.E.D.

Proof of Theorem 4.2. The composition (§")~' e ¢} induces a morphism
" "W, S

which, by Proposition 4.18, restricts to an isomorphism ®': J/W,—S'. As & is normal
@” extends to

O: FW,r— S.
We put on ¥ the C*-action corresponding to the vector
w=2;0,..0EAYNK.

According to Proposition 2.19 the weights of the induced action on Z/W, are the
'numbers (w, y*) where y* runs through the basis dual to (a, ..., o, B). As jwis the
sum of 8 and the fundamental weight &, these numbers are conveniently read off from
Table IV in Bourbaki [4]; the result coincides with Table 4.3. Checking through the
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definitions in Table 4.14, (4.17), (4.20), and (4.21) the morphism @ is readily seen to be
equivariant. Therefore Lemma 4.23 applies, and ® is an isomorphism.
Finally, ® respects the discriminants by Proposition 4.18. Q.E.D.

5. D[x*]: Applications
We draw some consequences from the results of the previous section. First of all we

relate the singularities in the fibres of X > S to the isotropy groups of the W,-actionon
Z. Let ®: %/W,—S be an isomorphism as in Theorem 4.2.

THEOREM 5.1. Let T€X and put s=®(rmod W,) ES. Assume that x,,...,x,€X;
are the singular points of the fibre over s. Then each (complex analytic) singularity
(X5, x,) is either a plane curve singularity of type A;_y or D, with I<k, or a singularity
of type Di[] with I<k. In the first case let M, be the Weyl group corresponding to
(X, xp), and put M,=W(D|[%]) in the second. Then the isotropy group of Woat t€Z
is isomorphic to the direct product

M X.. XM,.

Proof. In view of Theorem 1.2 we may assume that 7 belongs to the J-orbit
T ¥ for some subdiagram @' of Di[x]. Let 2"=D[%*]—%' be the complement. By
Corollary 2.11 the germ of the pair (Z/W,, A,) at the image of 7 is analytically
equivalent to a direct product. Its first factor is

(V(D")/W(R?), AV(2"),R)))

for some root system R, contained in R. Each irreducible factor of A(V(2"),R,) is
known to be the discriminant of a versal deformation of a simple plane curve singular-
ity, and W(R,) splits accordingly into direct factors which are the Weyl groups of these
singularities—see Brieskorn [6], Slodowy [42], and Looijenga [27].

The second factor in the decomposition of (Z/W,,A,), is the germ of
(BDWAD'), Ay(D")) at its T(D')-fixed point. Of course A,(2') is the discriminant of
the semi-universal deformation of the singularity D,[%] if 9’ is of this type. The only
other subdiagrams &' of D[] with non-trivial group W,(2') are isomorphic to

B o a a;
O—o—@------ -@ O<i<k).
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We claim that then A,(%') is the discriminant of the plane curve singularity of type
Dy, (as usual, for small values of ! we interpret D, as A+A;, and D; as A3). To
prove the claim we realize 2’ in R'*!; we put

a,=(-1,1,0,...,0)
a,=(0,-1,1,0,...,0)

a,=(,...,—1,1)
B=01,0,...,0)

and let o be the dual of @; with respect to the standard Euclidean metric. The

exponential map

Cl+1_)(C*)l+l
(tg, ..., 1)~ (e, ..., e )
induces an isomorphism Z(2')=C'*', and this isomorphism takes the action of W(%')
on Z{9') to the standard representation of the Weyl group of D, compare Bourbaki
[4], Planche IV. This proves the claim.

In view of Corollary 2.8 we have shown that the decomposition of A, into
irreducible analytic components at 7(mod W>) corresponds to a decomposition of (W,),
into direct factors. Furthermore, we have identified each component of A, as the
discriminant of a versal deformation of one of the singularities listed in the theorem. In
fact, this singularity is realized in the fibre X,, for by Wirthmiiller [53] an isolated
complete intersection singularity is determined, up to analytic equivalence, by the
discriminant of a versal deformation. This completes the proof. Q.E.D.

(5.2) Remark. The statement of the theorem becomes false when Z{D,[%]) and
Wy(D,[*]) are replaced by ZID,[x],) and W(D,[*],).

The discriminant D of the semiuniversal deformation X—S has a natural decompo-
sition into strata: each is characterized by the constellation of singularities in the fibres
over it. In connection with Corollary 2.8 the theorem enables one to list all constella-
tions that occur. Likewise some more precise information on the geometry of the strata
may be obtained.

(5.3) Example. Let S(D;)=D be the stratum which corresponds to one D;-singular-
ity in the fibre. As this must be one-dimensional it is the union of finitely many C*-
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orbits, and a fibre over S(D;) cannot contain any other singularity. The inverse image
of S(Dy) in Z consists of the W,-fixed point set in 7 and of the J-orbits corresponding
to the subdiagram of D[%],

and, if k=4, also

Each of these subdiagrams contributes one C*-orbit in S(D,) while the orbits covered

by A correspond bijectively to the connected components of the abelian group
1P/} Q+A) where

P={x€V|(x,a")EZ for all roots a}

is the group of weights. Thus the total number of C*-orbits in S(D,) is 6 (k=4), 5 if k>4
is even, and 3 if k is odd.

For the curve singularities of type D[*] we have a complete description of the
homotopy type of S\.D, the complement of the discriminant. As the fundamental
group was already determined in Section 3 this goal is achieved by the following
theorem which includes the corresponding result of Knorrer [24] for k=4.

THEOREM 5.4. 7, (S\.D)=0 if n>1.

Proof. The discriminant contains {#u=v=0}c<S. Therefore, in the notation of
Proposition 4.18, the complement S\ D=8"\D is isomorphic to 7"\ A. We put

K={(m,,n_,8¢,, )ECXPXCYEL = g(n,), (., £ )*+(_, )}
and observe the isomorphism

CXT" K

(77’ u,g, C+a C—) ’—")(’7+u1 n—u, g(H—ﬂ), C+’ g—)
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which sends CxA onto
Ak := {g has a multiple root} c K.

The cartesian projections induce C* fibrations

K\ Ax
1
{(n, g, ) ECXP*XC|E? = g(n), g has only simple roots}

!
{g € PYg has only simple roots}

with smooth affine curves as fibres. The assertion now follows from the exact homo-
topy sequences of these fibrations. Q.E.D.

Recall from Theorem 3.10 that we have a natural presentation of z,(S\D, s) with
generators q,, indexed by the vertices of the affine Dynkin diagram D,, and relations
which include the Artin relations with respect to this diagram. By its special nature
each generator a, determines an unoriented vanishing cycle v, in the Milnor homo-
logy H:=H,(X;, Z). The action of a, on H is governed by the Picard-Lefschetz formula

aa(x) =X (x’ va) Uq (55)

where ( , ) is the intersection form on X, see Looijenga [32], (7.4).

A basis of H consisting of vanishing cycles is called weakly distinguished if the
corresponding transformations (5.5) generate the monodromy group (this definition is
slightly weaker than the one usually used in this context).

THEOREM 5.6. The v, form a weakly distinguished basis of H, and their intersec-
tion diagram is D, (as this is a tree the intersection numbers need be specified up to
sign only).

Proof. It is known that the set of all vanishing cycles in H generates H, and is an
orbit under the action of the monodromy, see Looijenga [32], (7.5), (7.8). Therefore the
U, generate H. As k+1 is the Milnor number they form a basis which is weakly
distinguished by definition. The intersection numbers follow from the Artin relations: if
a and o’ are orthogonal base roots then a, and a,- commute, in particular we have

ag’ aa(va) =daq aa’(va)

va_<va’ va') Ug' = (1- (vw va’>2) Ug— (va’ Ua’) Ug'y



TORUS EMBEDDINGS 199

hence (v,, v, )=0. Similarly, if @ and a’ span an edge in Dy the relation a, a,: a.(v,)
=0q Aqa,(V,) implies (v, v,) €{—1,0,1}. If this intersection number were zero
then the actions of a, and a,- on H would commute and, in view of the Artin relation,
would coincide. But then the orbit of a vanishing cycle could not have generated H. We
conclude that (v,, v,-)==1, and the theorem is proved. Q.E.D.

The triple (H, (, ) {vanishing cycles}) is a skew-symmetric vanishing lattice in the
sense of Janssen [18]. Most of this structure is preserved upon passing to coefficients in
the field F,. Vanishing lattices over F, are classified in [loc. cit.], and the case at hand
is easily identified by the dimensions of H and the kernel of the intersection form, and
the number of vanishing cycles in H/2H. The latter is just the number of different roots
mod 2H in the affine root system D,, which is 2k(k—1). Therefore the vanishing lattice
is of type A°%(k—2,3,F,) if k is even, and of type A¥(k—1,2,F,) if k is odd.

In a recent paper, Janssen [19], it is shown how the classification over F, lifts to a
complete classification of integral (skew-symmetric) vanishing lattices. The lattices in
question are easily seen to be

A%(1;3;0) (k=4)
A%(1,...,1;3;0) (k>4 even)
A%(1,...,1;2) (kodd).

6. E;[%](k=6,7,8): The discriminant
In the hierarchy of simple singularities the series D %] (k=4) is followed by ten
exceptional ones, including those with defining ideal

(*—y*~z"3,y2)

(k=6,7, 8). The main result of this and the following section is the analogue of Theorem
4.2 for these singularities.
The curve Xo={x*=y*+7"73,yz=0} =C? admits a C*-action with weights

6.1)

0 N N AR
—
[ (S IRV
oo N
[« W= NS B E
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As in the previous chapter we let
x5S

denote a C*-equivariant semi-universal deformation of (Xy, 0) with discriminant DcS§.
The diagram E[%],

has been introduced in (1.1).

THEOREM 6.2. There exists a C*-equivariant isomorphism
q

HEXDWLAEIx])> S

which respects the discriminants.

For the proof we use the explicit form of the semi-universal deformation provided
by the criterion of Kas and Schlessinger [20]. Let P’ denote the affine space of unitary
polynomials of degree [, and let Pf,cP’ contain those with vanishing constant term. We
put

S={(u,v,p,q)}=C*XP3xP*3=C*"!
and define XcC} by

Y= {xz =p(y)+q(z)}.

yzZ=ux+v

The projection X5Sis a C*-equivariant deformation of (X,,0) with respect to the
weights (6.1). Note that the curve X lies on the relative surface

Y:= {2xyz—ux*=2vx = up(y)+uq(z)} = C3.

Over the hyperplane {#=0}<S this surface decomposes into two components but the
substitution x—ux gives a new surface

Z' = {2xyz—u*x*—2vx = p(y)+q(2)} = C} (6.3)
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which will turn out to be less degenerate over {¥=0}. In order to compactify Z' we
embed C*in P}, with weights

k a B
6 1 1
7 2 1
8 32

sending (x, y, 2) to [1: x: y: z]. (Note that these weights differ from those of (6.1).) We let
Z be the closure of Z' in P}, . As in each case the weights divide a+3+1 the sheaf

Oa+p+1) on Piaﬂl is invertible, and the hypersurface Z is the Cartier divisor defined by
the section

fw, x,y,2):=pw, ) +qw, 2)+u*wP~ 122+ 200P* 'x—2xyz, 6.4

with p(w, y)=w**#*+'p(y/w) and q(w, z)=w**?*'q(z/w). Therefore Z is a flat family
of surfaces over S. It comes naturally equipped with the effective Weil divisor at
infinity Z_:={w=0}.In Pzam’ s this is the Cartier divisor with equation
Wyz=y> +2° (k=6),
2&yz=u* 2+t (k=T), (6.5)
2xyz=u’x*+y*  (k=8).
In particular Z, is also flat over S.
Our interest in the surface Z is caused by the fact that at least the restriction
Xg— S8 =8\ {u=0} may be recovered from it in a natural way, as follows. First note
that the surface Zs is smooth along Z. 5. If k=6 then Zs contains the S’-point

[0: 1:0: 0] and we let Z denote the blow-up of Zs along this point. We put Z=Zg. else.
Then the linear projection from [0: 1:0: 0] in Pfaﬂl restricts to an S’'-morphism

c:Z—{x=0} =P,

PROPOSITION 6.6. ¢ is a double cover, ramified along an S'-curve X' and, if k=8,
also at an isolated point [0: 1: —u*>:0). If d denotes the scaling automorphism

3
P:;aﬁl,S'__)Pla,Bl,S’
[w:x:y: ) [w:ux:y: 7]

then X' is just the closure of d(Xg)in P?om g
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Proof. In affine coordinates (w=1) we have
f=p3)+q@)+u*x*+2v-yz) x

which shows that c is a double cover. Its ramification points are the common zeros of f
and

of

P 2(u*x+v—yz) = 2(u(ux)+v—yz);
X

these functions generate the same ideal as 9f78x and
32 = po)+a@)-wey

A trivial verification at infinity completes the proof. Q.E.D.

COROLLARY 6.7. Let s€S'. Then X, is singular at a € C? exactly if Z is singular at
d(a). In this case the singularity (Z,, d(a)) is isomorphic to the suspension of the (plane)
curve singularity (X, a). In particular all singularities of Z, are isolated, and DN S’ is
the discriminant of Zg—S’. Q.E.D.

PROPOSITION 6.8. The restriction Zs: = S'is a flat family of (possibly singular) del

Pezzo surfaces of degree 9—k, and Z . s is an anti-canonical divisor relative S'.

Proof. Let s€S’. Then Z; does not meet the singular points of Pfaﬁl, and the
sheaf O(1) restricts to an invertible sheaf on Z,. This sheaf is ample; indeed, on the
regular part of P}z, the sheaf OB)=O(1)° is very ample. Using the fact that the
singularities of Z; are isolated it is easily seen that 0(1) admits a smooth divisor on Z;.
The main result of Pinkham [39] (see Merindol [34], Théoréme 6.1 for a more detailed
account) then implies that Z; is a del Pezzo surface of degree 9—k, and that O(1) is the
anti-canonical sheaf. It was noted earlier that Z and Z, are flat over S, and the
proposition follows. 4 Q.E.D.

Flat families of del Pezzo surfaces are well-understood. In the sequel we apply the
results of Pinkham [39], [40], Merindol [34], Looijenga [26], [27] and others to the
situation at hand.

For each s €S'\ D the surface Z, may be obtained from the projective plane by
blowing up k points in general position. Therefore the canonical homomorphism
Pic(Z,)—H(Z,,Z) is bijective. We fix a point 5o€S’\D. The fundamental group
m(S"\D, so) acts as a monodromy group on H:= Hy(Z, ,Z)=Pic(Z,). This action



TORUS EMBEDDINGS 203

defines an étale Galois cover
(S"\D)" % §'\D

such that the monodromy is trivial on the induced family ¢'*Z—(S'\D)~. It is well-
known that ¢’ then extends as a branched analytic cover

5§38

and that the induced family of del Pezzo surfaces ¢*Z admits a simultaneous resolution
Z —a>g*Z:

Z-\o‘ e*Z > Zs
g2 Ly
The smooth family Z—S$' is obtained from a suitable bundle of projective planes by

blowing up & sections consecutively, see Merindol [34] for details.
The §’-divisor Z., s- on Zg is a family of rational curves with a node at the point

[1:0:01€P* if k=6,
[0:1:0]€EPE,, if k=7,
[0:0: 11€P3,, if k=8.

We parametrize the regular part of Z., s by the §’-morphism

Ct>Z, Py
A— [JeS+2%), u'd, uA2]  (k=6),
3 6,92y .2 6.9)
A— [ 4@+29),]  *k=T),
A [uf2, u'2, Jub+2)]  (k=8).
The inverse of £, extends to a unique homomorphism

@s: Pic(Z, ;)— C*;

it sends the divisor 2,’-’=1{ss(lj)} to H;LJ,-GC*. As Zg is smooth along Z. s the
pull-back o*Z., lifts isomorphically to a relative anti-canonical divisor Z. on Z. Thus
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for each r€ S’ we have a homomorphism
@, Pic(Z. ,)— C*
which is, essentially, @o().

We use this homomorphism to set up a characteristic mapping
$' Y Hom (H, C*)

for the family Z—S’. Fix ro€0~ '(so). Given r€S’, each homology class K€ H corre-
sponds to a divisor class Ak) €Pic(Z,) via H=Hy(Z, ,Z)=HyZ,, Z)=Pic(Z,), and we
define

Y(r) (h) = p(AW)Z=, ) EC*. (6.10)

For the following it will be convenient to have an explicit basis of H at our disposal.
Following Demazure [11], II.2 we choose a birational morphism Zso—>P2 which
contracts k disjoint exceptional curves E g, ..., Er, 5. We let h; (1<j<k) be minus
the homology class of E;, s,» and denote the class of the total transform of a line in P?
by ho. Then (hy, hy, ..., hy) is a basis for H. The canonical class is

and the intersection form is determined by the self-intersection numbers
Ri=1, hi=-1 (j>0).

Likewise, for any r€S$’ we may consider (ko, ..., hs) a basis of Hy(Z, Z) via the
canonical isomorphism H=Hy(Z,, Z)~HxZ,, 7).

LEMMA 6.11. The characteristic mapping ¢ is analytic.

Proof. Let r€§'. Over some neighbourhood U of r the element ko € H is represent-
ed by a divisor LcZy, which is smooth over U and avoids the singular point of Z.., y.
Similarly, h;, ..., h, are represented by the exceptional divisors Ej, ..., E; in Z which
are flat over §’. From this the assertion follows easily. Q.E.D.

Because H is a free abelian group the exponential sequence

0-Z—>C3BCc*>1 (exp(d):= ™)
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Figure 6.12

induces an exact sequence
0— Hom (H,Z)— Hom (H, C)— Hom (H,C*)— 1.
We let AcHom (H, Z) be the sublattice
A= {t€Hom (H,Z)|(x,1) E6Z}

and put =Hom (H, C)/A. As the canonical class x is indivisible in H the algebraic
torus J is a sixfold cyclic cover of Hom (H, C)/Hom (H,Z)=Hom (H, C*).

PROPOSITION 6.13. The characteristic map v lifts to an analytic map ,: >
Proof. A glance at the definition of ¢ verifies the relation
@o0)* = (=1*"'yp(r) (—2) (6.14)

for each r€§'. If §' denotes the universal cover of §' then y may be lifted to an analytic
map

1[):5:’—>Hom(H, 0),

and there exists a logarithm log (0 g): S§—C. Iif F,F € § represent the same point in §'
then in view of (6.14) we have

P (—20)~P(F') (—x) = 6log (4 ©0) (A~6log (10 0) (F') E6Z.

Therefore 3 drops to a well-defined map y: §' > 7. Q.E.D.
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Following Pinkham [39] and Merindol [34] we describe the action of the monodromy on
H. Of course the canonical class » is invariant, as is the intersection form. The
orthogonal complement of » in H is the lattice Q generated by the set

R={h€H|(, h)=0,n==2}.

Minus the intersection form restricts to a Euclidean inner product on the vector space
RQO={hERH|(%, h)=0}, and with respect to this structure R is a root system of type E;.
The group 7,(S'\.D, so) acts on H by transformations of the Weyl group W of that root
system.

As the intersection form is unimodular on H we may use it to identify H and
Hom(H,Z). Thus we consider R as a subset of Hom(H,Z); with respect to the
standard basis (hy, ..., #;) a root basis of R is given by the components

=(0;-1,1,0,....... ,0)
a,=(0;0,-1,1,0,0,...,0)

ax-1=(0;0,....... ,0,—1,1)
a,=(1;1,1,1,0,...,0)

We define § € Hom (H, Z) by its components
B=(2;0,...,0).

Then (ay, ..., ax, B) is a basis of the lattice A, and this basis together with the duals of
ay, ..., ay constitute a realization of the diagram E[],:

It is clear from the very definitions of the characteristic mappmgs ¥ and v, that
¥1:§'— T induces an analytic morphism

s Eaw.

The main step in the proof of Theorem 6.2 is the extension of i, over the general point
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of the hyperplane {#=0}cS. To this end we shall study the fibres of the family Z 58
over such points in the next section.
Here we note for later use:

PROPOSITION 6.15. v, is C*-equivariant with respect to the action on S’ deter-
mined by the weights (6.1), and that on

TIW = TEL*])/WAE*])

considered in Proposition 2.19.

Proof. The weights (6.1) define a C*-action on the family Z5 S with weights

—
(=]
(o]

AN NN N
N =

For u€C* close to 1 and r€ S’ the point u-r€ S’ is well-defined, and the definition of
the parametrization &: C{—Z, ¢ shows that
plu-r) () = B0 ) () = R y() ()

holds for all #€ H, with c=2 (k=6) or c=6 (k=6). On the other hand, the C*-action on
JIW is induced by the W-fixed vector w € Hom (H,C) as defined in Proposition 2.19.
This vector is just —cx, and the assertion follows. Q.E.D.

T Extension of the characteristic mapping
Let s€{u=0} = S. We study the surface Y:=Z; and its distinguished (Weil) divisor
W:=Z.,, ;={w=0}cZ,. The latter is given in P23;={w=0}cP;,5 by the equation
Wyz=y’+2 (k=6),
2xyz = z* k=17,
2xyz =y* (k=8).

We have a nodal cubic if k=6, while for k46 the divisor W decomposes:

W= {2xy=22}U{z=0} (k=7)
W= {2xz=y*}U{y=0} (k=8).

14868286 Acta Mathematica 157. Imprimé le 12 novembre 1986
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In either case W is reduced, and the components
Wo={2xy=2}, W;={z=0},
respectively
W' ={2z=y*, W'={y=0},
are easily seen to be smooth rational curves. We let n € W denote the point [1: 0: 0].

ProvrositioN 7.1. If s€ {u=0}cS is chosen such that v+0 then Y has a quotient
singularity at n, of the following type.

k resolution graph type—see Brieskorn [5]
6 -2 C1=4A,

o
7 —4 Ci

®
8 -2 -5 )

—eo
Table 7.2

Proof. This follows by analyzing the affine equation for Y,

2yz—2vwP* =p(w, y)+qw, 2). 7.3
Q.E.D

(7.4) Remarks. If v is the only non-zero component of s € S then Y is smooth off the
singularity n. Hence the same holds for generic s € {#=0}cS, and in the sequel we
assume that s is so chosen. Variation of the coordinate u: (S, s)—C defines a one-
parameter deformation of the quotient singularity (Y, n). For k+6 this deformation is
easily seen to be one of the w*-constant deformations considered by Wahl {S1]—com-
pare his Theorem (2.7), with (n,q)=(2,1) if k=7, and (n,q) = (3,1) if k=8. These
deformations are not on the Artin component of the singularity, so we do not have
simultaneous resolution at our disposal.

Let ¥ Y be the minimal resolution of the singular point n € Y, and let Ec ¥ be the

(reduced) exceptional fibre. In case k=8 the latter consists of two curves E, and Es
with self-intersection E} = —I. We let W< ¥ denote the strict inverse image of W<Y;

similarly, W;, W', and W".
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’ W() Wl _2 ‘ _1
W 1 /& w -1
E: <—2
E—/ \ -4 Es -5
-1 0 E, W
k=6) k=7 (k=8)

Diagram 7.6

ProrosITION7.5. Yisa rational surface, and E+W is an anticanonical divisor. Its
geometry is shown in Diagram 7.6 which includes the self-intersection numbers.

Proof. These data may be worked out by explicitly resolving the singularity at n.
We omit the details. Q.E.D.

CoROLLARY 7.7. The rank of Pic (Y) is 2k—S5.

Proof. This follows from the relation
rk Pic (¥) = 10—»2
for a rational surface. Q.E.D.

In order to be able to extend the characteristic mapping we shall make sure that the
surface Y\ {n} = Y \\E contains sufficiently many exceptional curves (of the first kind,
that is, embedded copies of P! with self-intersection —1). As a preliminary we prove
the following statement.

ProrosiTiON 7.8. Let F be a smooth rational surface with rk Pic(F)=9. Let EcF
be a smooth rational curve with E*=—4, and assume that the anti-canonical sheaf is

ample on F\E. Suppose further that E is part of an anti-canonical cycle E+D of the
form
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or
Dy D,

-1 0

Then there exist seven disjoint exceptional curves Cy,...,C7 on F that do not meet E.
In the second case each C; can be chosen so as to intersect E+D in a single point of
D,.

Proof. Besides E there cannot be any other irreducible curve C on F with C?<1,
for the adjunction formula for C reads

2p(C)—2 = C-(C+3x%) = C>—C-(—x),

and the last term is positive because —»x is ample on F\E. Likewise, if C is any
effective divisor on F with E ¢ C and C?=—1 then C is an exceptional curve. For, by
the adjunction formula p(C)=0, and if C were reducible then one of its components
would have self-intersection smaller than —1, which we have just seen to be impossi-
ble.

Let 0: F— F be a birational morphism to a minimal model F. By the classification
of rational surfaces we may assume F=P2, F=P'xP!, or that F is a ruled surface F,
(n>1). Thus o is a composition of eight or seven g-processes, respectively. In fact we
need not consider the case F=P!'xP!, as P!xP! with one point blown up maps
birationally to P2. Thus either F=P? (case a), or F=F,, (case ). We further distinguish
two cases according to whether ¢ contracts E (case 1) or not (case 2). Let us discuss
these in turn.

Case (1a). F is obtained from P? by blowing up five points and three directions
through one of them, say P. The configuration of non-trivial fibres of o is that shown by
the solid lines:

-1 ~1 -1 ~1 -1-1-1
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The broken lines indicate the strict transforms of the thrée lines of distinguished
direction through P. We thus see seven disjoint exceptional curves not meeting E, as
claimed.

Case (1B) cannot occur because when E is contracted all curves of F will have self-
intersection at least —1.

We turn to case (2) and its subcases. Here all non-trivial fibres of o are irreducible.
D; may be one of them while any other must meet the anti-canonical divisor E+D
transversely in a single point. In particular, any non-trivial fibre of ¢ that meets E does
so transversely in one point. It follows that E:=0(E) is a smooth rational curve.

Case (20). EcP? is either a line or an irreducible conic. Thus o represents F as a
projective plane with eight points blown up, as indicated:

respectively

P

\NVLE 7
Saaps L’

In either case there is an obvious choice of the seven exceptional curves including the
strict transforms of the broken lines.

Case (2B). E = F,, must be the unique curve of negative self-intersection, that is,
the section at inﬁnity of class (1,0) €EPic(F,). Thus F is obtained from F, by blowing
up seven points, necessarily on different fibres of the ruling morphism F,—P'. Of
these exactly 4—n are on E. Performing elementary transforms—see Nagata [35],
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Section 2, (3)—we obtain a birational morphism F— F, with the seven non-trivial fibres
disjoint from E.

Note that this last situation is achieved in any case, simply by contracting the
seven exceptional curves Cy, ..., C;. Thus we have

F5F,

with E=o(E) the section at infinity. Let D;=0(D;), D=0o(D). Then E+D is an anti-
canonical divisor on F,, hence of type (2, 6) € Pic (F,). In case D=Dy+D, the decom-
position Dy+D; must be of type

0, D+(1,5)

or vice versa. In view of the self-intersection numbers, either all curves Cj, ..., C; meet
D, (which is what we want), or one, say C,, meets D;, and the other six meet Dy. In
this latter case we put P;=0(C;), and consider the linear system of curves of type (1,4)
through all but one of the points Py, ..., Pg; say P;. By the Riemann-Roch formula this
system is non-empty. Let C; be a member, considered as a curve on F. If E were a
component of C; then C; would have to decompose into E plus four fibres which is
impossible. We further have p(C)=0 and C>=-1. If C; were reducible it would
contain some component of self-intersection smaller than —1 which is likewise impossi-
ble. It follows that C} is an exceptional curve (in particular, the only curve in the linear
system). Similarly we find curves Cj, ..., Cy. Together with C; they form a set of seven

curves which satisfy the last clause of the proposition. Q.E.D.

Returning to the situation that was the starting-point of this section we are now able to
prove that the surface Y contains certain configurations of exceptional curves.

THEOREM 7.9. If k=6 then in Y\ {n} there exist exceptional curves C; (1<i<j<6)
with
1 i jin{l,m}=90

Cy Cim= {0 else.

If k=7 then Y \{n} contains seven disjoint exceptional curves Cy,...,C;. For
each j the point of intersection of C; with W lies in Wi\ W,.

If k=8 then there are seven disjoint exceptional curves Cy, ...,C;< Y\ {n}. For
each pair (j, 1) with 1<j<I<7 there exist exceptional curves C,and C,in Y\{n} with

vV if{i,j}n{lm}=9

Cy Cim=Cy Cim = {0 else,
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- ,_ [0 i€}
G C=Cr = {1 else,
Ci Cin=2—c if{i,j}n{l, m} contains c elements.

The curves C; and Cj intersect W in a point of W'\W' each, while C;N W is a point of
W’\W".

Proof. For k=6 the surface Y is a del Pezzo surface with an ordinary double point
at n. Its minimal resolution ¥ may be identified with a projective plane on which six
points Py, ..., P¢ of an irreducible conic have been blown up: Demazure [11], V,
Proposition 1. The exceptional fibre of the resolution is the strict transform of this
conic. We let C;; be the strict transform of the line through P; and P;. Clearly the C;; are
contained in Y\ E = Y\ {n}, and their incidence relations are as required.

The case k=7 is an immediate consequence of Proposition 7.8, applied to F =Y,
Di=W,.

Thus assume k=8. Using the notation of Proposition 7.5 we let F be the surface
obtained from ¥ by contracting W’ and E,. To this F Proposition 7.8 applies, with D
the image of W”. Therefore F is isomorphic to F, with points P, ..., P; blown up, all in
different fibres of the ruling morphism and none on the section at infinity Es. The image
of W” is a curve W” of type (1, 6) while W’ and E, map to one point P of W' nEs and
the infinitesimally near point Q determined by the tangent of W’ at P. We let C;c
YN\E=Y\{n} be the fibre over P;. To construct C;; we consider the linear system of
curves on F, that have type (1,4) and pass through all P; with i ¢ {j, [}. The Riemann-
Roch formula shows that the corresponding complete system on ¥ is non-empty. Let
Cyc Y be a member, with image C in F,. The curve Cj; cannot contain Es, for that
would force C to split into Es plus four lines, which cannot pass through all the base
points. It follows that C is an irreducible curve of type (1,4); hence Cj is irreducible and
meets neither Es nor E,. By the adjunction formula p(C;)=0,and as C},=— 1we have an
exceptional curve.

Similarly, C; < Y\\E may be obtained from the unique curve in the linear system
of type (1,5) with assigned base points P,Q, and P; GE{1,...,7}\{j, I})-

One easily verifies the incidence relations stated in the theorem. Q.E.D.

Our next aim is to identify configurations as described above on smooth del Pezzo
surfaces,



214 K. WIRTHMULLER

ProrosITION 7.10. Let F be a smooth del Pezzo surface of degree 9—k, and
suppose on F a configuration of exceptional curves is given, of the kind described in

Theorem 7.9. Then there exist a birational morphism F 5P, and points P, ...,P,CEP2
such that the following holds:

(1) o7} (Py), ..., 07 (P) are the non-trivial fibres of o.

(2) If k=6 then o sends Cj; to the line through P; and P;. If k=7 then C;=0"'(P))
for i=1,...,7. For k=8,0(C) is the line through P; and Pg (i=1,...,7). The remaining
part of the configuration may be mapped in two ways. Either o(C;) is the line joining P;
and P,, for each pair (j,1), and o(C}) is the quartic through P, ..., Py with double

points at P;, P;, and Pg, or vice versa.

Proof. The case k=7 is trivial, for contracting Cj, ..., C; must yield a projective
plane. Thus let k+7. Recall that the Weyl group W=W(E,) acts naturally on Pic (F),
thereby permuting the k-tuples of disjoint exceptional curves. A (k— 1)-tuple of disjoint
exceptional curves in F is either maximal or part of a k-tuple of such curves; according-
ly there are two orbits under W—see Demazure [11], II, Proposition 4. Thus there
exists a birational morphism o: F— P? such that either

U(Ci6)=Pi (k=6; i=1’ '--’5)’ O(CI) =Pi (k=8; i=l’ °'-’7)

(the non-maximal case), or o(C), respectively o(C)), is the line joining P; to Py
(i=1,...,k—1). We claim that the first case is impossible. To prove this we note that for
k=6 the exceptional curve C;, meets exactly three among the curves Ci (i=1,....5).
Likewise, for k=8, both C;, and C}, meet exactly five of the C; (i=1, ...,7). Inspection
of Demazure [11], II, Table 3 shows that this could not happen in the non-maximal
case.

Thus o(Cs), respectively o(C;), is the line through P; and P (i=1,...,k—1).
Comparing the known incidences on F to the table [loc. cit.] it is readily verified that o
maps the remaining exceptional curves as stated. Q.E.D.

THEOREM 7.11. The characteristic mapping ¥,: S'— JIW extends as an analytic
morphism

sSaw.
Proof. S is smooth and #/W is affine, it therefore suffices to show that for general

s€{u=0}cS there exists a neighbourhood U of s in § such that y, is bounded on
S'nU.
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Thus let s€{u=0} = S be generic in the sense of (7.4). Still using the notation
introduced at the beginning of the section we consider an exceptional curve C, on the
surface Y\ {n}=Z,\ {n}. The family Z5 § is smooth near C, and by Kodaira [25],
Theorem 1, it follows that C,—{s} extends to a smooth family of exceptional curves
over some neighbourhood U of s in S,

s c C c ZU

N LA

sEU.

We choose U small enough so that it serves for all curves C; = Y of the configuration
described in Theorem 7.9. Shrinking U further, we may achieve that U does not meet
the discriminant DS, and intersects S’ in a connected set. Passing to the Galois cover

$'% 8" we fix a connected component V of o~ '(S" N U).
Pick some r€ V. Thus (0*Z),~Z,, is a smooth del Pezzo surface, and Proposition

7.10 provides a birational morphism (o*Z),—P?, which singles out a basis
(ho, hq, ..., hy) of

H = Hy(¢*2),, 1) = Pic((¢*2),),

as discussed in Section 6. By parallel transport we now have a distinguished basis of
Pic((0*Z),), for each r€V.

Each exceptional curve C, (1€ U) intersects Z., , in a single point wh1ch we simply
denote by CnZ,, ,. By definition of the characteristic map we have

Y (C)=¢ (,)(C NZ, .)€ C*

for each r€V. We wish to study the behaviour of y(r)(C) as r varies in V. Let us
discuss the three cases k=6, 7, and 8 in turn.

k=6: If r varies such that o(r) converges to s then CNZ. ) converges to a
smooth point of W=Z,. . In view of the definition of ¢, see (6.9), this means that
¥(r) (C)/u? has a limit in C*. This holds for C=Cj (1j<I=6), and by Theorem 7.9 the
class of C; is

Cj[ = h0+ hj+h1.

Re-writing this via (6.14) we obtain that
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.
@) (g +hy+ )Y p(r) (%) = w(r)(shj+3h,—2 hi)

i=1
converges in C*.

The subspace of Q®H spanned by the classes

6
343k D b, (1<j<I<6)

i=1
is just the kernel of the linear form
B=(2;0, ...,0)EHom (H, Z).
As, by (6.14),
P(r) (—2)—0

it follows that there is a neighbourhood U’ of s in U such that for each € Q®H with
{h, B)=0 the function r—y(r) (h) is bounded on Vne~Y(U"). Those h which are also
integral on the lattice AcHom(H,Z) are, by definition, those characters of
J=Hom(H, C)/A which extend to a complex-valued function on &. Therefore the
characteristic mapping

S ’il) V=8 4
is bounded on Vng~!(U"). Dividing by the action of the monodromy, we conclude that

s'Bawe aw

is bounded on S'NU’, and therefore extends over U’. This completes the proof for
k=6.

The case k=7 is even simpler. We put C=C; (i=1,...,7). Then as o(r)—s(r€V) the
point CNZ. o, converges to a regular point of W, c Z,, ,, see Theorem 7.9. Then

YN (©C) =y (—h)
converges in C* and we conclude as above.

k=8: This is slightly more involved. We first observe that for a smooth family of
exceptional curves C over U we have
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C.NWEW < y(r) (C)/u* converges in C*
C;NWE W’ <> y(r) (C)/u'® converges in C* (o(r)— s).
Again this follows from the formula (6.9) defining the parametrization ¢. Putting C=C;

(15j<7) we obtain that

8
() (—12h0+3hj+3h8—5 Zh,.>

i=]

converges in C*. On the other hand for C=C,, and C=C, application of Proposition

7.10 only gives the ambiguous result that either

(W@ (hg+h+R, ) I(p(r) (=)

and
(w(r) <4ho+h,+hm+hs+i hi>)3 / () (=),
i=1
or
(W) (Cho+hy+hy))  Hy(r) (—2))
and

8 3
(w(r) (4ho+h,+hm+hs+2 h,.)) / W) (=2))°,

i=1

converge in C* as o(r)— s. But the first case may be ruled out: The classes

8
~12hy+3h+3hg—5 D by (1<j<7),

i=1
8
3(hy+hy+h,)+5% = ~12hg+3h+3h,—~5 O b,

i=1

and

8 8
3<4ho+h,+hm+h8+z h,.> +2% = 6hy+3h+3h,+3hg— D

i=1 i=1

(1=sl<m<T7) generate the vector space Q®H, and if y(r) were to have a limit (in C*) on
all then in particular on #; but this is absurd by (6.14). This leaves only the second
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possibility. Here the classes

8
3(hy+hy+hy)+ 2= —3ho+3h+3h,~2) b,

i=1

8 8
3(4ho+h,+hm+h8+2 h,.) +5% = —3hg+3h+3h,+3hg—=2D

i=1 i=1

(Isl<m<7) span the kernel of the form
B1:=(8;3,...,3,00EHom(H, Z).

As (f,, —»x)=3 is positive the proof will be complete if we can show that some positive
multiple of 8, is in the W-orbit of 8. To this end note that (8,, —x»)=3=(i8, —x), and

that the orthogonal projections of 8, and 8 to Q are
B =—-@10,...,0,3)
and
B =—(8;3,...3).
We have (8, 8;)=—8=(8',$"), and neither } 8] nor { 8’ is a root. The result now is a

consequence of the following lemma. Q.E.D.

LEMMA 7.12. Let Q be the root lattice of a root system of type Eg, equipped with
the invariant quadratic form q that takes value 2 on each root. Then the Weyl group
acts transitively on

{x€Q|q(x)=8 but kx is not a root},
Proof. Using coordinates as above, g is minus the intersection form, and §’

belongs to the set in question. The isotropy group of 8’ (which must be a reflection
group) is the symmetric group Sym (8) generated by a,, ..., a;. Thus W' has

|W)/|Sym (8)| = 2%-32-4%-5-6 =240-72

elements. Adding the 240 double roots we obtain 240-73 vectors x with g(x) = 8. By the
theory of modular forms (see Gunning [16], § 12) there are no others. Q.E.D.

The proof of Theorem 6.2 is now quickly completed. By Proposition 6.15 the map
Y3: S— W is C*-equivariant; in particular it is an algebraic morphism. By Lemma
4.23 it is an isomorphism, and we put
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o=y HW-S.

Let r€ S’ be such that s=0(r) €D. Then the curve X, is singular, hence so is (¢*Z),=Z,.
By Demazure [11], V, Proposition 1 there exists a root 4 € H which is represented by an
effective divisor on the resolution Z, (which is contracted in Z,). Therefore y(r) (h)=1;
hence (h, ¥(r)) €Z. This implies

Y2(8) €A = A(E ] %]).

As both DcS and AcZ/W are irreducible hypersurfaces it follows that ys(D)=A, that
is, ®(A)=D. Q.E.D.

8. E;[x*]: Supplements

Theorem 6.2 has consequences for the deformations of the singularity E,[»] similar to
the D[x]-case. Still using the notation of the previous section, we have the following
analogue of Theorem 5.1.

THEOREM 8.1. Let 1€ X and put s=®(r mod W,) €ES. Assume that xi, ..., x,€X,
are the singular points of the fibre of the deformation X= S over s. Then the plane
curve singularities among the (X, x,) are of type A;_1, D;—y, or E;, with I<k. There is
at most one more singularity, and this has type D;_\[%] or E/[*}(I<k). The isotropy
group of W, at v€ X is isomorphic to the direct product My X...X M, where the factors
are defined as in Theorem 5.1.

Proof. See Theorem 5.1. Q.E.D

The deformation theory of the singularity E,[%] puts it in an intermediate position
between the simple hypersurface singularity E; and the simply-elliptic singularity Ej.
Each of the corresponding semi-universal deformations can be described by a family of
del Pezzo surfaces of degree 9—k with a distinguished anticanonical divisor. The latter
has arithmetic genus one and is a rational curve with a cusp (Ex, see Tyurina [46], or
Pinkham [40], 5); or a rational curve with a node, allowed to decompose (E,[*]); or an
elliptic curve whose j-invariant is allowed to vary (E,, see Looijenga [26], Pinkham
[39], Merindol [34]). Accordingly a description of the discriminant is obtained via an
action of the Weyl group W(E,) on a vector space, an algebraic torus, or a family of
abelian varieties.

These distinctions also imply different adjacency relations. As is well-known the
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singularity E; deforms into configurations of simple singularities that correspond to
root systems contained in the system E, as rationally closed subsets; these are
classified by the full subgraphs of the Dynkin diagram E,.

In the other two cases adjacencies correspond to closed and symmetric subsets of
the root system E,, but not all of those need occur (du Val [48], Merindol [34], Urabe
[47]). Let us illustrate this point by one example.

(8.2) Example. The maximal number of ordinary double points that can occur in a
fibre of the semi-universal deformation is 4 for E;, 5 for E5[%], and 6 for E,.

Proof. This is clear for E; while the case of E; is treated in detail in the references
just quoted. Turning to E,[%] we first look at points in T<=Z.

Let R be the root system of type E;. Following Urabe [47] the closed symmetric
subsets of type 54, 64,, and 74, form one W-orbit each. The corresponding manipu-
lations of the Dynkin diagram are:

—-a o a a3 a4 aAs Qg
*—o—0o—0 o o0
o a7 E7
® -
A1+Dg
L &
® [ ) 3A1+D4
o
®
® ® o ® TA,
o o

Table 8.3
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By (2.12), in order to realize the configuration 74, we must try and find ¢ € RR with the
property that the roots in the last diagram together with their negatives are just those
roots of R with integral values on ¢. Let G € R denote the greatest root; it then suffices
to consider ¢ in the closed fundamental alcove

{ay=0(=1,....7, a" <1}.

Using standard coordinates as in the previous section the conditions on t=(ty;#;, ..., 7)
include

(t,ay)=t,—t3=0

(t,ay) =ta~ts=0

(t,a)) =ts—13=0

(t,ay) =tg—t,—tr—13=0

(t,a") =2ty—tr—...—t;=1

(t,8") =ty—t,—te—1;€{0,1} ™
(t,a))=1,—1,€(0,1)

(t,a)) = 13- 1,€(0, 1)

(t, a3 ) =ts—16€(0, 1))

Thus ¢ must have the form

t={(to;t1,t2, b2, tay ta, Les t6)
with
to=t1+2t,
2to =2ty +t4+1e)+1
to—t;—2t¢€{0,1} (*)
1> > 1>t
These conditions are incompatible; therefore not even the type 64, can be realized. On

the other hand, if we are looking for 54, the conditions marked (*) may be dropped,
and we have a three-parameter family of solutions
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t= (Lt ttg+) — gt b, 1, 1, L, )

with #,>1,>1t,, t,+1>2t,+}. Therefore SA; does occur as a configuration of singular
points.

It is readily verified that 64, is neither realized on any lower dimensional J-orbit
in Z. This completes the proof. We remark, though, that 54, also occurs on the two-
codimensional J-orbits as is seen from the diagram

—eo—O—0—0 0

derived from E;[%].

Quite a different, if less systematic argument can be given in terms of the geometry
of del Pezzo surfaces of degree 2. Any such surface is a double cover of the projective
plane, branched along a quartic curve—see Demazure [11] V, 4. The singularities of the
surface and the branch curve correspond as in Corollary 6.7. Thus the semi-universal
deformations of E,, E-[%], and E; may also be described by families of plane quartics
with a distinguished section *‘at infinity”’. For E-, the latter consists of a simple point
plus a triple point. Likewise, by (6.5) we have two simple plus one double point for
E;[%] while the E--case is characterized by four simple points at infinity.

By elementary geometry of the plane no quartic curve can have seven ordinary
double points while one with six double points is a complete quadrilateral. This clearly
checks with the numbers given in (8.2).

Recall from Theorem 3.10 that we have a natural presentation of the fundamental
group m;(S\\.D, 5), with a geometrically distinguished generator a,, for each vertex a of
the affine Dynkin diagram E,. The following is proved in complete analogy with
Theorem 5.6.

THEOREM 8.4. The generators a, determine a weakly distinguished basis of
vanishing cycles in the Milnor homology of the curve Ei[*], with intersection diagram
E,. Q.E.D.

Again the corresponding vanishing lattice over the field F, is determined by the
relevant dimensions and the number of mod 2 vanishing cycles. These numbers are 72,
126, and 240 (k=6,7, 8) and in the classification of integral vanishing lattices by Janssen
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[19] we arrive at the types Of(1,1,1;1), 0%(1,1,1;2; =), and Of(1,1,1,1;1), respec-
tively.

The group 7,(S\D, s) also acts, though in a different way, as a monodromy group
on the Milnor homology of the family of affine surfaces

Zy , 5S\D

where Z'=Z\Z.., see (6.3). This action may be identified as follows. Note that in fact
s€85'\.D, and look at the exact homology sequence (with integral coefficients) of the
rair (Z,, Z}):

Hy(Z)— Hy(Z,, Z;) —— HAZ})— H)Z,)— HAZ,, Z))

ll II

Hi(T, 87) Pic(Z,) HA(T,dT)

8.5)

T is a compact ‘‘tubular’’ neighbourhood of the singular curve Z., ; in Z;, that is, a
compact four-manifold with boundary in Z; of which Z. , is a deformation retract. A
simple way to construct such retractions is shown in Pickl [37], II, §4. '

By Lefschetz duality we have

Hy(T,8T) =~ H\(T) = H'(Z...,)
Hy(T,8T) = HXT) = HXZ..,).

Zs s is obtained from the 2-sphere by identifying two points p and g. Poincaré duality
in the sphere yields (with ZT 8 =C* the regular locus of Z.. ,):

H'Z.,)=H'S {p.q}) =~ H(S*\{p, q)) = H(ZZ)

and H*(Z,, )=H,(Z=2). Thus the sequence (8.5) reads

0— H\(Z32)— Hy(Z))— Pic(Z)— H(Z3E)
n " 0 8.6
7 Zk+ 1 A
where all homomorphisms have a simple geometric meaning: the retraction
r7T—Ze.;

may be chosen so as to restrict to a disk bundle projection over Z.*, and the first non-

15868286 Acta Mathematica 157. Imprimé le 12 novembre 1986
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La

W(s)
oC

Figure 8.7

trivial arrow of the sequence sends a cycle to its inverse image in 7. The next arrow is
induced by the inclusion, and the last assigns to each class its intersection number with
the anticanonical curve Z., ;.

For each of the generators a, €Em;(S\D, s) (a=ay, ..., a, —d) let us construct a
vanishing cycle v, in Z!. Recall the definition of a, (see Figure 8.7). The base point s is
the bairycentre of CNRQ, the intersection of the fundamental alcove with the hyper-
plane spanned by the roots. The defining representative a,: [0,1]— L¢ is the path
which follows the real segment from s to w,(s), avoiding the fixed hyperplane of w, on
a small positively oriented semi-circle in L.

We identify S with /W via the isomorphism y;=®~! constructed in the previous
section. Note that the function u restricts to a non-zero constant on RQ; therefore the
curve Z,, ,does not vary with 1€ L and we may put W:=Z_, .

The dual root o may be conceived of as an element of
H = Hy(Z,)=Pic(Z,).

By Demazure [11] II, 2, the root a¥ € H is the difference of a pair of exceptional
curves. We pick one such pair, say a¥=e,—f;. As t1€[0, 1]} and hence a,(r)ES vary
these curves vary in smooth families ¢ and f; we have e, (,=f; and vice versa. The
point of intersection e N W thus forms a smooth path

aq:[0,1]—> W,
joining e, N W to f,N W. This path lifts to a path @, in the universal cover
C— ClZ=W*E,

By definition of the characteristic mapping y—see (6.10)—this path is linear, and the
difference a.(0)—ad.(1) is just (s,a" ). In particular 4, is actually an embedding.
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Figure 8.8

Let v,cZ; be the sphere
(e, \TYu(r"'(a,00, 1)) naT)u(f,\T)
as shown in the (real) Figure 8.8.

We give v, the orientation which restricts to the natural orientation of e,\T.

TueoreM 8.9. (1) v, is a vanishing cycle with respect to the path that linearly
Joins s to Ys+w,(s)).

Q) (val, cer Ugps v_g) represents a basis of the homology group H\(Z).

(3) This basis is a root basis of affine type E; (with respect to the intersection form
on HyAZy)), and nt,(S\D, s) acts as the affine Weyl group.

Proof. All this is clear by construction but the claim that the v, (a=ay, ..., ar, —4d)
generate H,(Z;). They clearly generate the kernel of

Pic(Z)— H(Z:2),

and in view of the exact sequence (8.6) it suffices to exhibit a generator of the cyclic
group H,(W) as a linear combination of the v,. To this end let

be the representation of the greatest root in the finite root system E,, with basis
ay, ..., a;. Then the linear combination
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k
v_g+ Y, 60, EH,(Z)
j=1

j=

maps to zero in H,(Z,), and, therefore, is represented by a sum of arcs in W%, Lifting
these to the universal cover C— C/Z=W"8 we obtain segments of total length

k .
—(s,@" )+, ¢ 5.6y = 1. Q.E.D.

Jj=1

Recall that the family of projective surfaces Z-> S is given by the equation

0=Aw,x,y,2)=pw, y)+qw, 2)+u*w 2+ 20w ' x—2xyz,

compare (6.4). It is clearly induced from the family
X5T={@p,q,t,v)=C"!

given by
0=g(w,x,y,2)=pw,y)+qw, 2)+w ' +2vuwf* x—2xyz,
via the sub;titution t=u?. For k=6 this latter family carries the fixed divisor
W= {202=y+7}

at infinity. The fibre of y over the point (Y3,Z73,0,0)ET is the cone over W, and the
whole family is naturally interpreted as the semi-universal projective deformation of
that cone with fixed divisor W, compare Pinkham [38] Chapter 1. The singularities of
the fibres of y are either rational double points or isolated line singularities in the sense
of Siersma [41]. Our description of S as a quotient A E¢[*])/W(E¢[%]) also provides a
description of the locus of singular fibres of y. In fact the method of Section 6 still
applies if k+6, and serves to prove the following result which will only be stated.

Let W be a rational curve with node, and let X, be the projective cone over W with
respect to a degree 9—k line bundle —that is,

X, = Proj @ H' (W, £Hw], weight (w)=1.
=0

Let X% T be the semi-universal projective deformation of X, with fixed divisor
W={w=0}, and let D=T be the locus of singular fibres.
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THEOREM 8.10. There is a C*-equivariant isomorphism
T— HEYNE) W(E)
which takes D to the discriminant of the quotient map
Z— ZIN-W.

Here the extended Dynkin diagram E, is read as a diagram in the sense of Chapter 1,
with the added root the unique white vertex.

Note that D is reducible as all fibres of y over {r=0} are singular at infinity.

9. Mixed root bases

In this section we generalize the notion of diagram from Section 1; we will allow a
generalized root system in the sense of Looijenga [28] to play the role of the classical
root system associated with the Dynkin diagram %,,..c%. Using a recent construc-
tion of Looijenga [33] we shall see that in this situation there still is a naturally defined
quotient Z/W. Rather than an affine space, Z/W will be a Stein manifold, equipped with
a stratification that may be described combinatorially in terms of the root data.

We also include proofs of Theorem 1.2 and Proposition 1.5.

Let V be a real vector space of finite dimension. We study triples (A, d, B) where A
and B are disjoint subsets of V, and

;A=A VY
a—aY

is an embedding of A in the dual space V. This data is subject to the following axioms.
(R1) AUB is a basis of V.
(R2) The pair (A, ) is a (generalized) root basis, see Looijenga [28].
(R3) (B,av)=<0for all a €A, BEB.
Thus (a,a")=2 for €A, while (y,a") is a non-positive integer for all a €A,
yEAUB, a¥y. In case this number vanishes for some y € A then so does (a,y").
The matrix

«y, av>)aEA,y€AUB

is called the Cartan matrix of (A,6,B). The corresponding Dynkin diagram
@=9(A, d, B) is, by definition, the Dynkin diagram of the root basis (A, 6), extended by
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one white vertex for each B€B; this vertex and a vertex a €A span an edge in & if
—(B, a¥)>0, this number being the weight of the edge. Recall that two distinct black
vertices a and a’ span an edge of weight (a,a’v)-(a’, a") unless this is zero.

Thus if the root basis (4, d) is known to satisfy

(a,a’V)y=z-1 or (a',a¥)=-1, foralla,a’€A, .1

then the Cartan matrix of (A4, d, B) may be recovered from the Dynkin diagram. In
particular the construction described in Section 1 assigns to a diagram 9 the (essential-
ly unique) triple (A, d, B) that has 9 as its Dynkin diagram, and satisfies (9.1).

In analogy with Section 1 we define: (A, 6, B) is a mixed root basis if:

(R4) Each connected component of the Dynkin diagram 9%(A, J, B) contains a white
vertex. '

If (A, 9, B) is a mixed root basis we let Q=ZAcV be the root lattice, and put
A=Q+ZB as usual. The Weyl group WcGL(V) generated by (A, ) may now be
infinite, and K, the convex cone spanned by the set WBcV, need not be closed in V.

The fundamental chamber

C={x€V|(x,av)>0forall aEA}

defines the Tits cone I=WCcV, see Looijenga [28], (1.1). We have Bc—C, therefore
Kc—1I, as well as

WB<B+Z.A
(lloc. cit.], (1.11)).

LEMMA 9.2, K has non-empty interior, so dim K=dim V.

Proof. By induction on the cardinality |A|. For A= the set B spans V, and the
assertion is trivial. If A+@ then each black vertex a in 9 may be joined to the
subdiagram PDynire by a path in 9. We let d(a, Dynire) be the distance between a and
Dwnite, that is, the number of edges needed to set up such a path. Choose a €A so that
d(a, Dyhite) is maximal, and let A’=A\ {a}. Then the triple (A’,5|A’, B) is a mixed
root basis in the hyperplane V'V which is spanned by A’ UB. By induction hypothesis
the corresponding cone K’ = K4, 5|4, 5y has non-empty interior in V'. As the dual
root a¥ does not vanish identically on V’ it cannot vanish identically on K’. Thus
w, K’ is not contained in V’, and the assertion follows. Q.E.D.

As the notion of root basis is self-dual we also have the dual Tits cone IVcVY.
Our aim is to describe the dual of K, the cone
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KV={xYeVV|x¥=00on K} V",
which is closed by definition. We first prove:
ProrositioNn 9.3. KVl

Proof. Assume there exists an x¥ €KY\ I". We let 'cR be the additive subgroup
generated by the finite set {(a,x")|a€A}. Inductively, we construct a sequence of
linear forms x/ (j=0, 1, ...) with the following properties.

(D) x;' € Wx" n(x"+TAY)
(i) 5}, —x; = y;a/ for some ;€ A, and some y,€ET, y,>0.

We may start with xy=xv. If x; has been defined then (i) implies that
x €I". In particular x; € C¥, and we find an ;€A with (a;, x;')<0. We put
X1 = waj(xly) =x - <aj’ x; ) a'.
Then y;=~(a;, x;’) is positive and in T, for by (i) we have
v;=-(a;, %) =—(a;,x")modT.
This completes the induction.
As K has non-empty interior by Lemma 9.2, and is a W-invariant subset of —1I it

meets the chamber —C. Thus we may pick some x € KN (-C). By (ii) the values (x, xj")

tend to — as j— o. In view of (i) this contradicts the assumption x¥€K¥. Q.E.D.

Let XcAUB be any subset. We shall have to distinguish various types of such,
recognizable by the corresponding full subgraphs @, of the Dynkin diagram
D=D4ys.

X is a mixed subset of AUB if each connected component of Py contains a white
vertex. In this case (XNA, 6|(XnA), XNB) is a mixed root basis in the vector space
RX.

X is a special subset of AUB if it is contained in A, and is special in the sense of
Looijenga [28], that is, if each connected component of Py generates an infinite Weyl
group.

The subset X< A UB is admissible if each connected component of @y corresponds
to a subset of X which is either mixed or special.
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Clearly, each subset XcAUB contains greatest mixed, special, and admissible
subsets; we denote these X™, X*, and X* respeg:tively.
For XcA UB we put

X*={a€A|(y,av) =0 for all yEX]}.
Let us study the decomposition of the dual cone KV into facets, defined as follows:
xV,y¥ €KY belong to the same facet if and only if Kn{x" =0} =Kn{y¥ =0}.

LeMMA 9.4. Let ®<K" be a facet. Then ® is open in its supporting vector space
R®.

Proof. Let x¥ €® and let V'V be the subspace spanned by the set Kn {x¥=0}.
We choose a Euclidean norm on the quotient V/V’; this norm lifts to V as a semi-norm o
that vanishes exactly on V', As xV is zero on V’ it takes a positive minimum ¢ on the
set Kn{o=1}. If y¥ ER @ is sufficiently close to the origin then |y" |<c on Kn{o=1}.
It follows that

x+y¥=0 onV’,
and
xV+y¥>0 onK\V'.
Therefore x¥+y" €®, and the lemma follows. Q.E.D.

Lemma 9.2 implies that {0} is a facet of K. For any subset XcAUB we have a
unique facet ®(X) which contains the linear form xV with

(y,x")=0 ify€X
(y,x")=1 ifyEAUB)\X.
Thus {0}=®(AUB).
We classify the facets of K as follows.

THEOREM 9.5. There is a bijection X— ®(X), between the set of admissible
subsets of AUB, and the set of W-orbits of facets of K~.

As a first step we prove:

LeEMMA 9.6. Let x¥E€EKY. Then the orbit WxV meets ®(X) for some subset
XcAUB.



TORUS EMBEDDINGS 231

Proof. By Proposition 9.3 we may assume that x” belongs to the closed dual
fundamental chamber CV, so (a,x")=0 for all a€A. As xYEKY we also have
(B,x¥) =0 for all BEB. We put

X={y€AUB|(y,x") =0}

and let y¥ be the linear form that defines ®(X); (y,yV)=0if y€EX and {y,y")=1if
yE(AUB)\X. As K is contained in R, - (A UB) it follows that

Kn{ﬁ:o}:{ 2 cy-y€K| ¢, =0 if(y,xv)>0}=li'n{yv=0},

yEAUB
Thus x¥ € ®(X). Q.E.D.
ProrosiTiON 9.7. ®(X) = ®(X?) for any subset XcAUB.

Proof. The root basis (Y:=X\X¢, §|Y) generates a finite Weyl group WycGL(V).
Let n#: V— RY be the projection along the Wy-fixed space

V= (x€V|(x,a")=0 forall a€Y).

Composing x with a Wy-invariant Euclidean norm on RY we obtain a semi-norm
o: V— R which is Wy-invariant and vanishes exactly on v,

Let BEB, and consider any y in the W-orbit of 3,

y=ﬁ+zyaa-

aEA
We put c:=max¢ 4\ x0(a) and claim that
o) <oB)tc: D, Yo 9.8)
a€AN\X

To prove this we choose an element w € W of minimal length [(w), such that w8=y. If
l(w) is zero then y=p and (9.8) holds trivially. If /(w) is positive we argue by induction:
for some ap€A we have (y, ay )>0,and the inductive hypothesis applies to

Y =w, ) =y—(y, ) a.

Writing y'=E ., v, a we thus have
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Yo=Yy, ifaz*aq
Yo, = Yo, 7 (¥ @5 )-

We now distinguish three cases:

(i) If ay € X* then (ay, a¥)=0 for all a €Y, hence a,€ v™" and o(y)=0(y'); this im-
plies (9.8).
(i) If ap € Y then o(y)=0(y’) because o is Wy-invariant, and the assertion follows
again. :
(i) If ag€ AN\ X then

o) < o(y")+(y, ag ) o(ay)
<o@+e X, it (v, o)) o(ag)

a€ANX

< oB)+c: ( E yo+(y, aov))

a€ANX

< o(f)+c: 2 Yo

a€EANX

This establishes the estimate (9.8). As to the proof of the proposition, let x€EK
converge to £ €K, with #=Z,exX,y. We must show that , =0 for y€Y. Now x may
be written

x= Z ljym
€I
with y? € WB,; (8;€ B), and A;=0. Thus
x= > 48+ Ayla,

JE€J JjE€J
a€A

and the assumption of convergence implies

2 4;—0 for each SEB\X,
JEJ
ﬂj.:ﬂ

while

leyfj’—ao for each a EANX.

Je€J
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Note that BEBNX implies (B, a")=0 for each a€ Y, so B€ v"" and o(8)=0. The
estimate (9.8) therefore implies

o< Y, 4,607
Jj€J
< 2 AoB)+c- z Ly,
j€i JET
BEBNX a€ANX
Taking limits we conclude o(¥)=0 and € V¥ nRX=RX". Q.E.D.

Let X< A be special. Recall that a positive X-root is an element

zxaaE—C

a€X

with (strictly) positive integral coefficients. The existence of positive X-roots character-
izes the special subsets X of A, see Looijenga [28] (1.18).

LeMMA 9.9. Let x¥ € ®B(X). Then Kn {x¥=0} contains the positive X*-roots.

Proof. As Kc—1I has non-empty interior we find a point yE(—K°)NC. Let x be a
positive X*-root. By (2.4) of [loc. cit.] the convex hull of the orbit Wy intersects C in
the set (y—R, A)nC. The latter set contains y—tx for all £>0, hence so does —K. Thus
K contains x—¢ "'y for all 7>0, and taking the limit as 7—% we obtain x € K. Clearly
(x,xY)=0 and the lemma follows. Q.E.D.

(9.10) Example. Consider the mixed root basis given by
A= {alsaz}a B={B},

{a;,a)) =(ay,a]) =-2,

(B,ayy=—-1, (B,ay)=0.

Its Dynkin diagram is:

o—e—-e

The root basis A is of affine type ([loc. cit.] Section 5), and the positive A-roots are the
multiples of a;+a,. The roots are ma,+na,, m, n€Z, |m—n|=1 while the orbit of 8
consists of all points f+x,a;+x2a With x,x,€Z, and (x;—x;)*=x,. Thus K is as
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RA®®®eoo R, (a1+ay)

2 R

Figure 9.11

shown in Figure 9.11. The Tiis cone [ is the union of the open lower half space bounded
by RA, and the line R(a,+a5). Note that in accordance with the lemma, the closure of
K contains the ray spanned by the positive A-root a;+as.

ProproSITION 9.12. Let X and Y be admissible subsets of AUB. If ®(X) and ®(Y)
are in one W-orbit then X=Y. The stabilizer of ®(X) is the direct product
Wy xe=WxX Wy,

Proof. Let x¥ € ®(X) be the defining form;

( xv>_{0 ifyEX,
PEIE1 ify€(AUBNX.

Then x¥ €CY, and wx¥=x" for w€ Wy. On the other hand, as K is contained in
R (AUB) each w€Wy. must leave Kn{xV=0} pointwise fixed; therefore
wx" €P(X). This shows that Wy x« is contained in the stabilizer of ®(X).

To prove the opposite inclusion, let w € W send ®(X) to ®(Y). By what is already
proven we may assume wx" € CY,,y,, y; that is,

(e, wxV)=0 foralla€(ANY)UY*.

We show that this inequality holds, in fact, for all a € A. Thus let a EAN (YU Y*). We
distinguish two cases.

If Y”U{a} is a mixed subset of AUB then the cone K strictly contains

Y*u{a}

K,.—see Lemma 9.2. Thus we find some y€ K, with (y,a") <0. As wx" is in ©(¥)
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we have (y, wx")=0 but (w,y, wx")>0. From the relation

<way» wxv) = (y’ wxv>_<y,av> (ar wxv)

we conclude (a, wx" )>0.

In the second case a €EAN(YUY*) is such that Y"U{a} is not mixed. Then
Y*U{a} is a special subset of A. By Lemma 9.9 the form wx" € ®(Y) vanishes on the
positive Y*-roots, and as (a’, wx¥)=0 for all a’ EANY this implies (a’, xw")=0 if
a’'€ Y. Now let

y= 2 Yo' +y,a
CEY
be a positive (Y°U {a})-root. On y € K forms in ®(Y) must be positive, and we obtain
0<(y,wxV) =y (a,wx").

As y,>0 we have {(a, wx")>0 too.

We now know that both x¥ and wx" belong to the dual fundamental chamber CV,
and conclude that x¥=wx" and that w € Wy. Thus ®(X)=®(Y), and the stabilizer of
®(X) is exactly Wy, x+ as claimed. Finally, we have X=Y, for Lemma 9.9 and the
following lemma allow to recover X from the set Kn {x"=0}. Q.E.D.

LeEMMA 9.13. Let XcAUB be a mixed subset, and let x¥ € &(X). Then
Kﬂ{xv =0} =Kx.
In particular Kn {x"=0} spans the vector space RX.

Proof. We may assume that x is the standard linear form given by (y,x")=0
(YEX), (7,x")=1 (yE(AUB)\X). Let BEB, x€ WS such that (x,x")=0. Then BEX
and x€E Wx 8. In fact, choosing among the w € W with x=wg one of minimal length (w)
we may argue by induction: the case l(w)=0 is trivial, and if {(w)>0 then

X=wex'=x'+(x,a")a

where l(w,w)=I(w)—1 and (x,a")>0. The inductive hypothesis applies to x' and it
follows that a €EX.

Now let x€ KN {x¥=0}. Then x=X;;-w;B; with 1;>0, w;€EW, B;€B, and neces-
sarily (w;B;, x¥)=0. Therefore w;€ Wx and 8,€ X whence x € Kx. This proves
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Kn{x¥=0} =Ky,

the other inclusion being obvious.
The last clause of the lemma holds because Ky has non-empty interior in RX, by
Lemma 9.2. Q.E.D.

Note that Theorem 9.5 now follows from Lemma 9.6 and Propositions 9.7 and 9.12.
Likewise we have established the unproven statements made in Section 1. We need
only remark that the cone K is closed if the root basis (4, d) has a finite Weyl group.
Thus Theorem 1.2 follows from Lemma 9.13, Lemma 9.2, and Theorem 9.5 while
Proposition 1.5 follows from Proposition 9.12.

In Section 1 we have assigned to each diagram @ a torus embedding T=Z. In the
present more general context & is obtained by a recent construction of Looijenga [33].
The object & will be a mere topological space with W-action, but the quotient /W will
carry a natural analytic structure and will turn out to be a Stein manifold.

We briefly recall Looijenga’s construction as far as it is relevant to the problem.

The place of the torus 7=V /A is now taken by

T =(V=il)/A;

P is the topological interior of the Tits cone I so that J is an open subset of an algebraic
torus. By Looijenga [28], (1.14) and (2.17), the Weyl group W acts properly discontinu-
ously on 7, with finite reflection groups as isotropy groups. By Chevalley’s Theorem
the quotient J/W is an analytic manifold. In order to describe the partial compactifica-
tion Z of 7 we need some preparatory notation.

Let AY<VY be the dual of the lattice AcV.

LEMMA 9.14. The convex hull of K¥NAY is K.

Proof. As K" is closed in VV it is the convex hull of its extremal rays. The non-
zero points of such a ray must form a one-dimensional facet of KV, for by Lemma 9.4
each facet is open in its support. By Theorem 9.5 each ray is spanned by a lattice point,
and the lemma follows. Q.E.D.

If ® is a facet of K¥ we put
V® = {x€V|{x,x") =0 for each x¥ € D}.
We let 4 denote the projection

ne: Vo VIVE,
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or, ambiguously, the induced epimorphism
7ot ViIA— VI(VE+A).

Finally, we let T,V AVE+A) be the image of I under 4.

Then Zis, by definition, the disjoint union of the J4 where ® runs through the set
of facets of KV. The set & is topologized as in Looijenga [33]. The group W acts
naturally on Z. In fact, by Proposition 9.12 the stabilizer of a typical facet ®(X)
(XcA UB admissible) is

WCI)(X) = WXX WX*’

and as g, (I°) is contained in I3.cV/V®®_see Looijenga [28], (2.7)—the W-action

permutes the strata Jo=&. Thus the quotient Z/W is the disjoint union of the analytic
manifolds

gq;(x)/Wq)(X) (XCA UB admiSSible).

Let x¥ €K". Then for any facet ®<K" the Fourier series

Y
2 eZmy

yEWxVnd

converges on compact subsets of V—il°, and these series define a W-invariant function
S . on Z as follows: if £€ T, is represented by x € V—il° then

UNGEIED YN

yYEWxVN®

Looijenga shows that the topological quotient /W admits a unique normal analytic
structure such that the functions S . induce holomorphic functions on Z/W. In fact Z/W
is a Stein space—see Looijenga [33].

The formal invariant theory of the situation still is virtually the same as that
described in Looijenga [28], Section 4. One has to study the ring & consisting of
complex-valued functions f on A nK"Y which have finitely dominated support in the
sense of [loc. cit.]. Thus each f€ R is a formal sum

f= D 5e (fE0),

PEAYNKY
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and there exists a finite subset DcCV such that f,=0 unless d—p€Z, A" for some
dED.

The lattice AV is spanned by the basis
{r*ly€EAUB}cVY

which is dual to AUB. The ring & contains the W-invariant functions
S,= D ¢ (YEAUB).
PEWY*

As the y* are linearly independent the functions S, are algebraically independent in %,
and the embedding

C[Xy]yEAUB'_) gtW

X, -8,
makes ®Y an algebra over the polynomial ring C[X,],e 4. In general, though, this
fails to be an isomorphism. We let

AUB=A°UY
be the decomposition of A UB into its greatest special subset and its complement. Note

that the function S, has finite support in A¥NK" if y € Y while it is an infinite formal
series for yEA®.

LEMMA 9.15. The set
a={f€ R| each p € Supp(f) is positive on some a €A’}
is an ideal in R.

Proof. Let x be a positive A-root. By Proposition 9.3, KV is contained in 1Y, and
by Looijenga [28], (2.2) each p €IV is either positive on x or vanishes on each a €A*.
Thus

if p,g€EKY, and (a,p)>0 for some a €EA* then (x,p+q)=(x,p)>0,
so {(a, p+q)>0 for some a € A*. This implies the assertion. Q.E.D.

The following is the proper generalization of Theorem 2.14,
THEOREM 9.16. (a) The embedding

C[Xy]y €EAUB™ %W
X, S,
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induces an isomorphism of C[X,], ¢ y-algebras between the formal power series ring

CLX ][ Xal)e v aenr

and the completion of RY with respect to the ideal a%.
(b) The RY-module %Y of anti-invariant functions in R is freely generated by

J= (detw)e™

weEW
where p*=X, ¢ 4 a*.

Proof. The proof of Looijenga [28], (4.2) applies with only minor changes. Q.E.D.

The formal functions S, and J? actually correspond to holomorphic functions on
¥/W, and the theorem has consequences for the geometry of Z/W similar to those of
Theorem 2.14.

COROLLARY 9.17. () W is smooth, and so is the closure of each stratum
Touo/Waen.

(b) The discriminant of #— % W—the set of orbits with nontrivial isotropy group
—is the analytic hypersurface defined by J>.

Proof. Similar to Looijenga [28], (5.5), (5.6). , Q.E.D.

As in the case of finite W, the quotient #/W carries natural C*-actions induced by
lattice points w€AY. The weights (w,y*) (yEAUB) need no longer be positive,
though. The discriminant is still quasi-homogeneous of degree 2 L, c 4 (w, a*).
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