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Vector bundles over classifying spaces
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In this paper, we describe the vector bundles over the classifying space BG of a compact
Lie group G, up to stabilization by bundles coming from linear representations of G. In
particular, the Grothendieck group of vector bundles over BG is expressed in terms of
the representation rings of certain subgroups of G.

Define Vect(X), for any space X, and Rep(G), for any group G, to be the abelian
monoids of isomorphism classes of complex vector bundles over X and complex finite-
dimensional G-representations, respectively; with addition in both cases defined by direct
sum. Let

ag: Rep(G) — Vect(BG)

be the homomorphism defined by sending a complex G-representation V to the vector
bundle (EGx V)] BG associated to the universal principal bundle EG|BG. This map
is already known to be bijective when G is a finite p-group [DZ] or when G is p-toral
[Nb]. (A group G is p-toral if its identity component Gy is a torus and G/Gy is a finite
p-group.) But in general, a¢ is neither surjective nor injective, and Vect(BG) can in fact
even be uncountable. The situation does, however, become much simpler after passing
to Grothendieck groups.

For each p-toral subgroup P of G, consider the composite

Vect(BG) "% Vect(BP) “2» Rep(P) C R(P),

where R(P) is the complex representation ring of G. These maps define a homomorphism
rg: Vect(BG) — Rp(G) & lim R(P),
P
where the inverse limit is taken over all p-toral subgroups of G (for all primes p) with
respect to inclusion and conjugation of subgroups.
Now let K(X), for any space X, denote the Grothendieck group of the monoid

Vect(X). Our main result (Theorem 1.8 below) is the following:
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THEOREM. For any compact Lie group G, rg extends to an isomorphism of groups
7o K(BG) = Rp(G).

Furthermore, any vector bundle over BG is a summand of a bundle (EGxcV)|BG for
some G-representation V; and thus K(BG) can be obtained from Vect(BG) by inverting
only those vector bundles coming from G-representations.

In contrast to the situation for bundles over finite-dimensional spaces, any subbundle
of a trivial bundle over BG is itself trivial. For finite G, this follows from the version of
the Sullivan conjecture proven by Miller [Mi, Theorem A}, since any summand of a trivial
bundle is classified by a map into a finite-dimensional Grassmannian. When dim(G)>0,
it follows, via a somewhat more complicated argument, from [FM, Theorem 3.1].

When G is connected, then Rp(G)= R(G), and the theorem implies that ag: R(G)—
K(BG) is an isomorphism.

When X is compact or finite-dimensional, K(X) is by definition equal to the K-
theory ring K(X). This is usually extended to a representable functor K(X), defined
for an arbitrary space X, by setting K (X ) = [X Z x BU). Here, U denotes the infinite
increasing union of the unitary groups U(n). The obvious natural transformation

Bx:K(X) — K(X)

need not be an isomorphism. In fact, the geometrically defined functor K(—) can behave
very differently from K(—). For example, K(—) is not exact, and it does not satisfy Bott
periodicity in general (see the discussion after Theorem 1.1). This helps to explain why
K(—) is more difficult to compute than K(-).

The K-theory of classifying spaces of compact Lie groups has been computed by
Atiyah and Segal [AS]. Their completion theorem says that the composite

R(G) 35, K(BG) 225 K(BG)

extends to an isomorphism a¢: R(G)™= K (BG), where R(G)" is the completion of the
representation ring with respect to its augmentation ideal. We thus have the following
commutative diagram

R(G)

R(G)”
&g ag| ™

K(BG)>22%~ K(BG),

where Ag denotes the completion homomorphism.
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One consequence of the above theorem is that 8pc is a monomorphism (Corol-
lary 1.9). Its image can in fact be described internally, using the exterior power opera-
tions on K(BG). Adams, in [Ad], defined and studied the subgroup FF(BG)CK(BG)
generated by the “formally finite-dimensional elements”; i.e., those elements z€ K{BG)
such that \*(x)=0 for k sufficiently large. Our results, when combined with his, imply
that FF(BG)=Im(8gc).

The Atiyah-Segal completion theorem also describes the groups K ~*(BG) for i>0;
i.e., the homotopy groups of the mapping space map(BG,Z x BU). Since [[.., BU(n)
is a topological monoid and commutative up to homotopy, the space of maps from X
into it (the “topological monoid of vector bundles over X”) is also a homotopy com-
mutative topological monoid. Thus, we can consider its topological group completion
£C(X), where mo(AC€(X))=K(X). When X is a finite complex, £€(X) has the homo-
topy type of map(X, Z x BU). In Proposition 2.4 below, we show that when G is finite,
the connected components of °(BG) have the same homotopy type as the components
of map(BG, Zx BU). In contrast, even when G is a (nontrivial) torus, then the compo-
nents of R&C(BG) are quite different from those of map(BG, Z x BU) (see Proposition 2.5),
and in fact their homotopy groups are nonvanishing in odd degrees.

The above discussion has focused on the case of complex bundles, but all of these
results (except for those in Proposition 2.5) are also shown to hold for real bundles.

This paper grew out of our earlier efforts to understand maps between the classi-
fying spaces of compact Lie groups. The set of n-dimensional vector bundles over BG
corresponds to that of homotopy classes of maps from BG to BU(n). Thus the starting
point for our computation of K(BG) are the theorems of Dwyer-Zabrodsky and Not-
bohm which describe up to p-completion the mapping space map(BP, BL) for a p-toral
group P and an arbitrary compact Lie group L (Theorem 1.1 below). A decomposition
of BG at any prime p as a homotopy direct limit of classifying spaces of p-toral sub-
groups of G (Theorem 1.2) provides a tool for passing to more general groups. The key
new element in the proof of the main theorem is provided by the vanishing of certain
higher derived functors of inverse limits, which in turn depends on the equivariant Bott
periodicity theorem.

In the course of the proof of vanishing higher limits, we also show the following
extension of Smith theory (Proposition 3.3). If X is a finite-dimensional G-complex with
finitely many orbit types and all isotropy subgroups p-toral, then X is also F,-acyclic,
not only for HC G a p-toral subgroup (as follows from Smith theory), but also whenever
H is a subgroup of any p-toral subgroup of G.

The main results about K(BG) and KO(BG) are shown in §1; and those about the
spaces RC(BG) and AR(BG) in §2. Also, two other algebraic descriptions of Rp(G) are
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given in §1 (Proposition 1.12 and the following discussion). The vanishing theorem for
higher inverse limits needed in the first two sections is shown in §3.

Both authors would like to thank the Mittag-Leffler Institute for its hospitality while
the idea of this work emerged and was carried out. The first author also thanks Université
Paris Nord, and the Sonderforschungsbereich 170 in Gottingen, for their hospitality dur-
ing later stages of the work. We would also like to thank Haynes Miller, Max Karoubi,
and Charles Thomas for their very helpful suggestions; and Ib Madsen for his many
comments as editor of Acta on the exposition.

Notation. All complex (real) representations of G are assumed to be equipped with
G-invariant hermitian (inner) product. For any such representation V, we let Aut(V)
denote the group of unitary (orthogonal) automorphisms of the vector space V, and
ov: G—Aut(V) the homomorphism induced by the action. Also, for any HCG, Autgy (V)
denotes the subgroup of H-equivariant automorphisms.

It will be convenient to state some of the results simultaneously for real and complex
vector bundles, or for orthogonal and unitary groups. In such situations, if F=C or R,
we write U(n, F) for U(n) or O(n), respectively. Similarly, KF(—)=K(-) or KO(—)
and RF(—)=R(-) or RO(-). And Vect"(X) denotes the monoid of F-vector bundles
over a space X, KF(X) (=K(X) or KO(X)) its Grothendieck group, and Rep”(G) the
monoid of F-representations of the group G.

Throughout the paper, Y, denotes the p-completion of a space Y in the sense of
Bousfield and Kan [BK].

1. K(BG) for a compact Lie group G

Throughout this section, G denotes a fixed compact Lie group. Rather than working di-
rectly with vector bundles over BG, we work with their classifying maps BG— BU(n, F)
(F=C or R), via the isomorphism of monoids

Vect?(BG) ~ ﬁ [BG, BU(n, F)).

n=0

Maps BG— BU(n, F) are studied using our general strategy for studying maps between
classifying spaces, as outlined in [JMO2, §3]. The first part of this section thus consists
mostly of results already shown elsewhere, and needed in the proof of the main theorem
(Theorem 1.8). The main exception to this is Proposition 1.5, where we prove the
vanishing of the higher inverse limits which occur as obstructions, using also the results
in §3.
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The starting point for understanding vector bundles over BG is the following the-
orem, which in particular implies that K(BP)=R(P) for any p-toral group P. In fact,
the theorem says that the underlying monoids are isomorphic in this case.

THEOREM 1.1 (Dwyer-Zabrodsky and Notbohm). Set F=C or R. For any prime
p and any p-toral group P, the homomorphism of monoids

o0
of: Rep”(P) —> Vect”(BP) = [ [ [BP, BU(n, F)],
n=0
which sends a representation V to the vector bundle (EPx pV)|BP (or to the map Boy),
is an isomorphism. Also, for any P-representation V over F, which is odd-dimensional
if F=R, the homomorphism P xAutp(V) MAut(V) induces (by adjointness) a
homotopy equivalence

B Autp(V), —>map(BP, BAut(V);) g,, -

Proof. These are special cases of the following theorems of Dwyer and Zabrodsky
[DZ] (when P is a finite p-group) and Notbohm [Nb] (in the general case). For any
compact Lie group L, the map

Hom(P, L)/ Inn(L) =72, (BP, BI] (1)

is a bijection. If L is connected, then for any g: P— L, the homomorphism
(o,incl)
PxCr(e(P))——=>1L

induces a homotopy equivalence

~

BCL(e(P))p — map(BP, (BL)y) p,- (2)

Point (2) follows easily from results in {DZ] and {Nb], and is shown explicitly in [JMO,
Theorem 3.2 (iii)].

Theorem 1.1 is just the special case of (1) and (2) when L=Aut(V)=U(n) or

O(n). Note in particular that if F=R and n=dim(V) is odd, then Aut(V)=O(n)=
SO(n)x{£I}. O

Theorem 1.1 provides some simple examples of the exotic behavior of the functor
K(-). For example, if C,, denotes the cyclic subgroup of order p, for any prime p, then
the sequence

K(BSYBC,) X K(BS!) = K(BC,)



114 S. JACKOWSKI AND B. OLIVER

is not exact. More precisely, if £,|BS! (for n€Z) denotes the line bundle with Chern
class n times some fixed generator of H%(BS'), then [¢1]—[£p+1] lies in the kernel of the
above restriction map, but not in the image of K(BS?/BC,). One can also show, using
Theorem 1.1 again (and Propositions 2.3 and 2.5 below), that for any prime p and any
finite p-group P,

K(BP)>R(P)=Z" (where r=rk(R(P))),
K(Z*(BP,)) =K((S?xBP)/BP)~Z,

and
K(S?xBP)/K(BP)=Zx (Z,) "

In particular, these groups are pairwise nonisomorphic (if P#1), and so Bott periodicity
fails for K(—).

To pass from p-toral groups to an arbitrary compact Lie group G, we use a decompo-
sition of BG, at each prime p, as a homotopy direct limit of classifying spaces of p-toral
subgroups of G. This decomposition is indexed by a certain orbit category Rp(G). The
objects in Rp,(G) are the orbits G/P such that (1) PCG is p-toral, (2) N(P)/P is finite,
and (3) there is no normal p-subgroup 1#Q<IN(P)/P. The morphisms in R,(G) are
the G-maps between orbits. This is a discrete category, and is in fact equivalent to a
finite category (see Lemma 1.7 below). It is also a “directed” or “EI” category, in that all
endomorphisms of R,(G) are isomorphisms, and hence there are morphisms in at most
one direction between any pair of nonisomorphic objects. The importance of R,(G) lies
in the following theorem.

THEOREM 1.2. For any prime p, the map
gc,p: hocolim (EG/P)— BG,
G/PERL(G)

induced by the projection EG— BG, is an Fp-homology equivalence. In particular, for
any connected complez Y, qg p induces a homotopy equivalence

(—°¢g,p): map(BG,Y ) — map( hocolim (EG/P),Y7).
G/PER,(C)

Proof. The first statement is shown in [JMO, Theorem 1.4]; and the second then
follows from [BK, Proposition 11.2.8]. O

Theorem 1.2 will be directly useful only to describe maps from BG to the BU (n, F)y;
i.e., after p-completion. The next proposition will allow us to combine such maps, to get
maps to BU(n, F) itself.
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PROPOSITION 1.3. Let TCG be a mazimal torus of G, and set w=|N(T)/T|. Then
the following square is a pullback if F=C, or if F=R and n is odd:

(BG, BU(n, F)] — [1,,[BG, BU(n, F)y]

restri restrl

[BT, BU(n, F)] —— [1,1,|BT, BU(n, F); .

Proof. This is a consequence of the arithmetic pullback square for the space
BU(n, F'). For details, see [JMO3, Proposition 1.2]. O

In view of Theorem 1.2, we are faced with the problem of comparing maps defined
on a homotopy direct limit with maps defined on its pieces. This will be studied via the
obstruction theory described in the next proposition.

This obstruction theory is based on a skeletal decomposition of the homotopy co-
limit which generalizes the classical construction of obstructions related to the skeletal
decomposition if the source space is a polyhedron (or CW-complex). For each n>0, the
“n-skeleton” of hocolim(F’) is defined by setting

hocolim™ (F) = (H( H F(co)xAk)>/~,
c k=0 “co—...—ck

where one divides out by face and degeneracy relations. The space hocolim(F) itself

is just the case n=co. Note in particular that hocolim(® (F) is the disjoint union of

the F(c), taken over all ceOb(C), and that hocolim(l)(F) is the union of the mapping

cylinders of all maps induced by morphisms in C. The following result describes the

obstructions we will need to consider.

PROPOSITION 1.4. Fiz a discrete category C, and a (covariant) functor F:C—Top.
Let Y be any other space, and fir maps fc: F(c)—Y (for all c€Ob(C)) whose homo-
topy classes define an element f=([f.])cec €lim[F(~),Y] (i.e., ][] f estends to a map
hocolim™®™ (F)—-Y). Set

an(c) =m,(map(F(c),Y), fe)

for all ceOb(C). Then given a map fn:hocolimé")(F)eY (any n>1) which extends f,

the obstruction to constructing a map on hocolim("+1)(F) which extends
——C

fal hOC(c)lim("—l) (F)
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lies in li_rg"“(an). Also, given two maps f, f":hocolim (F)—Y and a homotopy Fy
defined on hocolim(")(F) (any n>0), the obstruction to constructing a homotopy on
hocolim(c"+1) (F)xI which extends

F,| (hocolim ™1 (F)xI)
c

lies in Lir_n""’l(anﬂ). Both of these obstructions are natural in Y.

Proof. This is shown by Wojtkowiak in [Wo]. Note in particular that for a, to be
well defined as a functor from C to groups or abelian groups, one must first choose a map
fi: hocolim(cl) (F)—Y which can be extended to hocolim® (F). This applies to all of the
above situations except where one wants to extend a map fi from hocolim(l)(F ) to the
2-skeleton; and in this case the obstruction set wz(al) is defined for any functor
from C to the category of groups with morphisms given by conjugacy classes of homo-
morphisms. O

When applying Proposition 1.4, we will need to deal with the higher limits of ho-
motopy groups of mapping spaces

map(EG/P, B Aut(V)3)s,, ~ B Autp(V)p

(Theorem 1.1), where Autp(V) is a product of unitary, orthogonal, and symplectic
groups. Since the higher homotopy groups of these spaces are unknown, we instead
stabilize, by taking limits over all VeRepF (G). Such limits can be made more precise by
taking them over some sequence V; CV,CV3C... of G-representations (with G-invariant
inner or hermitian product), such that each finite-dimensional G-representation is con-
tained in Vj for sufficiently large k. We can of course assume that each Vi is odd-
dimensional (in order to apply Theorem 1.1 or Proposition 1.3). Alternatively, one can
choose a “universal” G-representation U (with G-invariant inner product), i.e., a repre-
sentation which contains infinitely many copies of each irreducible G-representation, and
then take the limit over all finite-dimensional subrepresentations of U.

PROPOSITION 1.5. For each >0, let TIF :RP(G)ezp-mod be the functor defined
by setting
If(G/P)= lim m(map(EG/P, BAut(V);), Bev).
VERepF(G)
Then
nf 2Z,8KF5'(-) (1)
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as functors on Ry(G), and
lim’ IF =0 (2)
—
Rp(G)

for all i,5>0.

Proof. By Corollary 3.6, yglgzp(c)(szKFE’(—))=O for all 7,7>0. So (2) follows

immediately once point (1) has been shown.
Fix a G-representation V over F, such that dim(V) is odd if F=R. By Theorem 1.1,
for any p-toral subgroup PCG, the group homomorphism

PxAutp(V) 22D, Aug(v)
is, after taking classifying spaces, adjoint to a homotopy equivalence
cpv: B Autp(V)y — map(BP, B Aut(V)p) B,y -
So for each >0, cpy induces an isomorphism

by Zp®mi(B Autp(V)) — m;(map(BP, B Aut(V)3), Bov).

By construction, the cﬁ;w_ are natural with respect to inclusions of representations VCW
(where this means taking direct sums with the basepoints of the corresponding spaces in
the orthogonal complement of V). Hence we can take the limit over all V €Rep™(G) to
get an isomorphism

¢ Z,®lim (mi(B Autp(V))) — lim (i (map(BP, B Aut(V)), Bev)) =II{ (G/ P).
v \4

For each P and V, Autp(V)=2Aute(G/PxV |G/P): the group of G-bundle auto-
morphisms covering the identity on G/P. Thus, for each i>0,

m;(B Aufp(V)) >m;,_1(Autg(G/PxV | G/P))
can be identified with the set of isomorphism classes of G-vector bundles over
£4(G/Py) = (D'A(G/P))Usi-1n(cypy) (D'NG/Py))
with a fixed identification of V with the fiber over the base point. Hence

lim (m:(B Autp(V))) 2 KF(3'(G/Py)) = KFG*(G/ P);
\4

and this together with ¢}, defines the isomorphism KF;*(G/P)=IIf(G/P).
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It remains to show that this isomorphism is natural with respect to morphisms in
Rp(G). We do this by replacing cpy, for each V, by a homotopy equivalent map which
is clearly functorial in G/P. Regard EG and B Aut(V) as the nerves of topological
categories £G and BAut(V): £G has as objects the elements of G and has a unique
morphism between each pair of objects; while B Aut(V') has one object, and a morphism
for each element of Aut(V). Let ¢y: EGxgBAut(V)— B Aut(V) (where G acts on
B Aut(V) via gv and conjugation) be the map induced by the functor £G x B Aut(V)—
B Aut(V') which sends each morphism ([g—h],a) to v (g)-a-ov(h)™ .

For any G/P in R,(G), let

ev:G/Px B Autc(G/PxV | G/P), — B Aut(V),

be the evaluation map: for each gPeG/P, ev(gP,—) is induced by restriction to the
fiber over gP. Define

Ypv = (v)po(Idxev): EG/Px B Autg(G/PxV | G/P),
=FEGxg(G/PxBAutg(G/PxV | G/P)p) — BAut(V)p;

and let
cpy: B Autg(G/PxV | G/P); —map(EG/P, B Aut(V)y)

be its adjoint map. The restriction of ypy to BP x B Autp(V) is just the map induced by
(ov,incl) and multiplication. So c},,v is homotopy equivalent to the map cp,y constructed
earlier, and is natural in G/P by construction. 0O

In general, of course, direct and inverse limits cannot be switched. The following
lemma. describes one case where this can be done.

LEMMA 1.6. Fiz a finite category C and a directed category D, and let M: CxD—Ab
be any functor to abelian groups. Then for any 120,

Proof. For any functor M’:C-—Ab, the higher limits ;inZ(M "} are the homology
groups of a cochain complex

0—>HM’(C)—+ H M'(c;) — H M'(cg) — ...
ceC cg—cy co—C1—C2

(cf. [BK, XI.6.2] or [O2, Lemma 2]). In particular, this applies when M’'=M(—,d) for
any d in D, and when M’=lim M (—,d). Since C is a finite category, all of the products
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are finite, and hence commute with direct limits over the directed category D. And since
direct limits over D commute with taking homology, we now see that they commute with
inverse limits over C. a

Using Lemma 1.6, one can show that under certain conditions, homotopy direct
limits and homotopy inverse limits commute for functors CxD—Top. An example of
this is shown in the next section (in the proof of Proposition 2.4), but the conditions for
a general result seem too complicated to be worth stating here.

The following properties of the category R,(G) will be needed in the proof of The-
orem 1.8.

LEMMA 1.7. For any prime p, Ry(G) is equivalent to a finite category, in that it
has finitely many isomorphism classes of objects and finite morphism sets. Also, there is
an integer d=d(G,p) >0, with the property that for any functor F:Ry(G)—Z-mod,
p—n—l;zp(a)(F)=O for all x>d.

Proof. The finiteness of R,(G) is shown in [JMO, Proposition 1.6}, and the second
statement in [JMOZ2, Proposition 4.11]. O

We are now ready to prove the main theorem. Recall that RFp(G)=lim, RF(P),
where the inverse limit is taken over all p-toral subgroups of G (for all primes p) with
respect to inclusion and conjugation of subgroups; and that

r&: Vect?(BG) — RFp(G) and 75:KF(BG)— RFp(G)

are defined to be the inverse limits of the restriction maps Vect?(BG)—KF(BG)—
KF(BP)~RF(P).

THEOREM 1.8. For any compact Lie group G,
7S:K(BG) = Rp(G) and 7B:KO(BG)— ROp(G)

are isomorphisms of groups. Furthermore, any vector bundle over BG can be embedded
as a summand of a bundle (EGxgV)|BG for some G-representation V; and KF(BG)
(F=C or R) can thus be obtained from Vect™(BG) by inverting only those vector bundles
coming from G-representations.

Proof. Upon applying the universality properties of the Grothendieck construction
to the homomorphism r£: Vect?(BG)— RFp(G) of monoids, we are reduced to proving
the following two statements:

(1) For each X € RFp(G), there exist a vector bundle £ BG and a G-representation
V such that r£(&)=X+rE(EGxcV).
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(2) For each pair of bundles &,¢&| BG such that 75 (&)=rE(¢'), there exists a G-
representation V' such that £ (EGxeV)=E'®(EGxcV).

To see that each bundle over BG can be embedded in one coming from a G-
representation, fix n| BG, and apply (1) to the element X =—r&(n). Then r&(n)+r&(€)=
rE(EGx V) for some bundle £{ BG and some G-representation V; and by (2),

1REB(EGx V') 2 (EGxg(VaV))

for some V.

Throughout the proof, we will be dealing with maps BG— BU(n, F') rather than
n-dimensional vector bundles over BG. For such a map f, it will be convenient to write
&y for the pullback via f of the universal vector bundle. The proof of points (1) and (2)
will be given below for complex bundles. The proof in the real case is similar, except
that one has to restrict to odd-dimensional bundles when applying Proposition 1.3.

Fix a maximal torus TCG, and let Wg=N(T')/T denote the Weyl group. For each
prime p|{Wg|, fix a subgroup N,(T)CG such that N,(T)/T is a Sylow p-subgroup of
N(T)/T. This subgroup N,(T) is a mazimal p-toral subgroup in the sense that any other
p-toral subgroup of G is conjugate to a subgroup of Ny(T') (cf. [JMO, Lemma A.1}).

Proof of point (1). Fix any element X =(vp)pes,(c)ERp(G), where Sp(G) de-
notes the set of p-toral subgroups of G for all primes p. For each prime p||Wg/|, write
un, () =[Vp]—[Vy'], where V, and V' are N,(T')-representations. Since each V' is con-
tained in the restriction of some G-representation (cf. [Br, Theorem 0.4.2]), we can add
a G-representation to X to arrange that each UN,(T), and hence each vp, is an actual
representation. We are thus reduced to the case where

X=(Vp)€ lim Rep(P).
PeSp(G)
Set n=dim(Vp) (and note that this is independent of P).
Fix a prime p||Wg|. Let IIZ(X): R,,(G)—»i,,—mod be the functor
1)(G/P) = mi(map(EG/P, BU(n);), Bovy ).

By Proposition 1.4, the successive obstructions to the existence of a map

f» €[BG,BU(n),]% [ hocolim (EG/P), BU(n);]
G/PER,(G)
such that f,|BP~Bgy, for each p-toral PCG lie in the groups @2-1( &) ng) (for all
i>0), Also,

im O™ m 1™ =n¢
WeRep(G) W eRep(G)



VECTOR BUNDLES OVER CLASSIFYING SPACES OF COMPACT LIE GROUPS 121

(isomorphic as functors on R,(G)), since there is a G-representation which contains
Vi, (1) (and hence each Vp) as a summand (by [Br, Theorem 0.4.2] again). Since R,(G)
is equivalent to a finite category (Lemma 1.7), Lemma 1.6 and Proposition 1.5 apply to
show that

lim (w7 > i ( im IO = liwd (MC)=0  (3)
— = — — —
WeRep(G) Rp(G) Rp(G) WeRep(G) Rp(G)

for all i, 7>0. In other words, each successive obstruction vanishes after adding a suffi-
ciently large G-representation to X. Also, by Lemma 1.7, all of the higher limits vanish
in degrees above some fixed d(G,p) (which is independent of X); and so there are only
finitely many obstructions to constructing f.

After carrying out this procedure for each prime p||Wg|, we can arrange, by sta-
bilizing further, that the same G-representation has been added for each prime p. In
other words, we find a G-representation W, and maps fp: BG—BU(m);, (for each prime
p||Wel), such that f,|BP~(Bgv,ew)p for each p-toral subgroup PCG. In particular,
Jo|BT~(Bov,aw)p for each p. So by Proposition 1.3, there is a map f: BG—BU(m)
whose completion at each prime p is homotopic to fp. Since [BP, BU(—)| injects into
[BP, BU(—)p] for each p-toral PCG (by Proposition 1.3 again), this implies that f|BPx
Bov.gw for each P; and hence that

re(éf) =X +rg(EGxcW).

Proof of point (2). The proof of (2) is similar, but shorter. Fix maps f,g: BG—
BU (n) such that rg(€f)=rc(€§y)=X, where X=(Vp)pes,(c)- In other words, for each
p and each p-toral subgroup PCG, f|BP~g|BP~Bgy,. We must show that there is a
G-representation W for which f@Bow~g®Bow. The same argument as that used in
Step 1 (but using the injectivity obstructions of Proposition 1.4) shows that there is a
G-representation W such that

(f®Bow)p ~ (9®Bow )p
for all p||Wg|. And then f@&Bow ~g®Boew by Proposition 1.3. |

As a first corollary to Theorem 1.8, we note:

COROLLARY 1.9. For F=C or R, Bpa: KF(BG)— KF(BG) is injective.

Proof. By [Se, Proposition 3.10], R(P) injects into R(P)~ (and hence RO(P) injects
into RO(PY"), for any p-toral group P (more generally, for any P such that mo(P) has
prime power order). The composite

KF(BG) 225 KF(BG) ™% lim (KF(BP)) 2 lim(RF(P)")
P P
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is thus a monomorphism, since KF(BG)=lim ,(RF(P)) by Theorem 1.8, and hence Spa
is a monomorphism. O

The next corollary summarizes what we know about the relationship between
RF(G), KF(BG), and KF(BG). It is mostly a matter of combining Theorem 1.8 with
the Atiyah—Segal completion theorem [AS], as well as with some results of Adams in
[Ad].

COROLLARY 1.10. Set F=C or R, and consider the commutative diagram

-%¢, KF(BG)~25% KF(BG)

RFp(G)—> RF(G)".

Here, Ker(ag)C RF(G) is the subgroup of elements whose characters vanish on all con-
nected components of G of prime power order in mo(G). Also, &g is surjective if G is
finite or if mo(G) has prime power order.

Proof. The diagrams commute by construction, F¢ is an isomorphism by Theo-
rem 1.2, and KF(BG)=RF(G)" by [AS, Theorems 2.1 and 7.1].

Since Bpg is injective, Ker(ag)=Ker[rsg: RF(G)— RFp(G)], and this by definition
is the set of elements whose characters vanish on the union of all p-toral subgroups
(for all primes p) in G. Clearly, each p-toral subgroup is contained in the union of
connected components of G of prime power order in my(G). Conversely, assume that
z€G is contained in a connected component of p-power order for some prime p, and let
S be the subgroup generated by = and a maximal torus in the centralizer Cg(z). This is
a Cartan subgroup as defined by Segal [Se, §1]. Let S, be the maximal p-toral subgroup
of S, choose /€S, in the same component of G as z, and let 8’285, be generated by
7’ and a maximal torus of Ce(z’). Then §’ is p-toral and a Cartan subgroup, and z is
conjugate to an element of S’ by [Se, Proposition 1.4]. This proves the description of
Ker(ag).

Adams, in [Ad, Theorems 1.8 and 1.10], showed (in the complex case) that
Becac(R(G))=Bpc(X(BG)) whenever G is finite or mo(G) has prime power order;
and the surjectivity of &g then follows from the injectivity of Spg. Another proof of
the surjectivity of ag for such G, for real as well as complex bundles, is given in [03,
Propositions 3.2 and 3.4]. Other conditions for &8 to be surjective are given in [O3,
Corollary 3.11]. [
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In general, if dim(G) >0 and 7,(G) does not have prime power order, then the maps
@ need not be surjective. One example of this was constructed by Adams [Ad, Exam-
ple 1.4]: for the group G=(5"x¢,Q(8))xC s, he constructed a 2-dimensional complex
vector bundle £]BG such that [{]¢ac(R(G)). The cokernel of &g for arbitrary G is
described in [O3, Lemma 3.8 and Theorem 3.9).

Note that ag: RF(G)—KF(BG) is surjective if and only if bundles over BG have
the following property: for each £|BG there exist G-representations V,V’ such that
ED(EGxcV)X(EGXgV).

We now adopt the notation of Adams in [Ad], and let FF(X)CK(X) (for any
space X) denote the subgroup of “formally finite” elements; i.e., the subgroup gener-
ated by those elements x€ K(X) such that A"(z)=0 for n sufficiently large. Similarly,
FFO(X)CKO(X) will denote the subgroup of formally finite elements in the real K-
theory of X.

COROLLARY 1.11. For any G,

Bec(K(BG))=FF(BG) and Bsc(KO(BG))=FFO(BG).

Proof. For each prime p, let G, CG be a subgroup of finite index such that 7 (Gp) is a
Sylow p-subgroup of mg(G). By [Ad, Theorem 1.11], FF(BG) is the set of those elements
of K(BG) whose restriction to K(BG)p) (for any prime p) lies in the image of R(Gp).
By Theorem 1.2 (and the definition of Rp(G)), Bec(K(BG)) is the set of elements of
K (BG) whose restriction to K (BN,(T)) (for any prime p) lies in the image of R(N(T)).
Thus, fpa(K(BG))2 FF(BG); and the opposite inclusion follows immediately from the
definitions.

To prove the corresponding result in the orthogonal case, the first step is to show
that KO(BG) is torsion free. This follows exactly the same lines as the proof in [Ad,
Lemma 1.12] that K'(BG) is torsion free (by showing that KO(BG) is detected by p-adic
characters). Hence, since the composite

KO(BG) £, K(BG) %% KO(BG)

is multiplication by 2, we can regard KO(BG) as a subgroup of K(BG). It is then
clear that FFO(BG)=FF(BG)NKO(BG). So given any element z€ FFO(BG), we
must show that z|BP€Im(RO(P)) for any p-toral subgroup PCG; and we know that
z|BPelm(R(P))NKO(BP). Also, any representation of a p-toral subgroup P whose
restriction to all finite p-subgroups of P comes from real representations is itself a real
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representation. Thus, it remains only to show, for any finite p-group P, that the square

RO(P) —= KO(BP)= RO(P)"

R(P)

K(BP)=R(P)

is a pullback square. And this follows since the only torsion in R(P)/RO(P) is p-torsion
(and only when p=2); and since the I-adic completions are the same in this case as the
p-adic completions of the augmentation ideals (cf. [AT, Proposition III.1.1]). O

The groups Rp(G) and ROp(G) have been defined rather abstractly. We note here a
couple other simple characterizations of these groups. As before, let TCG be a maximal
torus, set Wg=N(T)/T, and for each prime p||Wg| let Np(T) be the extension of T by
a Sylow p-subgroup of Wg. Let RF(N,(T))¢™ be the set of elements ve RF(N,p(T))
such that x.(9)=x.(9") if 9,9’ € Np(T) are conjugate in G (the “G-invariant elements”).

PROPOSITION 1.12. Set w=|Wg|. For F=C or R, RFp(G) sits in a pullback
square
RFp(G) 125 [, RE(Np(T) 5™

restr restrl

RF(T) —& 1, RF(T).

Proof. By [JMO, Lemma A.1], every p-toral subgroup of G is conjugate to a sub-
group of N,(T'). Hence the projection

lim RF(P)— RF(Ny(T))
P p-toral
is injective. Its image clearly contains RF(N,(T))%™, and is equal to this group by
[JMO3, Proposition 1.6] (and the fact that elements of p-power order are dense in Np(T')).
The formula for RFp(G) now follows upon combining these inverse limits for all p. [J

For another description of RFp(G), let Gp denote the union of the connected com-
ponents of G of prime power order in 7y(G), and let C1(Gp) denote the space of con-
tinuous functions Gp— C which are constant on conjugacy classes. As seen in the proof
of Corollary 1.10, Gp is the union of the p-toral subgroups of G (taken over all p). So
given any element (vp)pes,(c)€RFp(G), the characters of the vp can be combined to
give a conjugation invariant function y: Gp —C, which is not hard to show is continuous.
Thus,

RFp(G)x{f€Cl(Gp)| f|P is a character of P, all p-toral P C G, all p}.
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For more details, see [O3, Lemma 3.1].

If G is finite, then the relation between K(BG) and K (BG) can be made even more
explicit. For each p||G]|, let r, denote the number of conjugacy classes of elements geG\1
of p-power order. Then by Corollary 1.10 or Proposition 1.12,

K(BG) = R(G)/Ker(ag)=Zx [] 2™
plIG
In contrast,
K(BG)=R(G) 2Zx [] (Z,)™;
iG]
this follows from [Ja, proof of Theorem 2.2].

It is not hard to construct examples to show that the monoid Vect®(BG) is very
far from having any general cancellation property. To finish this section, we note that
in contrast, a complex bundle £| BG splits off a trivial summand if and only if r([¢])€
lim P(RepC(P)) does so; and that this splitting (if it exists) is unique up to isomorphism.
Let € denote the 1-dimensional trivial bundle over BG.

PROPOSITION 1.13. Two complez vector bundles £1,£2| BG are isomorphic if &, ®e=
E2Pe. A complex vector bundle £| BG splits as a sum £22E'®e if for each prime p and each

p-toral subgroup PCG, the P-representation Vp for which {{BPX(EPxpVp) contains
a trivial summand.

Proof. Let Sp(G) denote the set of p-toral subgroups of G (for all p). The rough
idea of the proof is to show, for any

X =(Vp)pesp(c) € lim Rep®(-),
Sp(G)

that the obstructions (from Proposition 1.4) to the existence and uniqueness of a map
f: BG—BU(n, F) which “realizes X” (in the sense that f|BP~Bpy, for each P) are
the same as those for a map which realizes X ®e.

Fix X=(Vp)pesy(c) as above. For each prime p, consider the functors
0™, 1¥%9): R, (G) — Z,-mod,
where
1%¥)(G/P) = m;(map(EG/P, B Aut(Vp)), Bov, ) = (B Autp(Ve))p

(Theorem 1.1), and similarly for HZ(X@E) . For each P, the automorphism groups Autp(Vp)
and Autp{Vp@C) are both products of unitary groups, and differ only in the factor
corresponding to the trivial summand. In particular,

o =n{*®)=o. (1)
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By [JMO, Lemma 5.4 and Proposition 5.5], for any functor F': Rp,(G) —Z,-mod such

that N(P)/P acts trivially on each F(G/P), Lan;z @) (F)=0 for all j>0. In particular,
P

this applies to the kernel and cokernel of the maps ng)(G / P)—>H§X€BE)(G /P); and so

lim? (Ker[IIEX) — ng@e) ]) =0=lim’ (Coker[Hz(-X) — Hl(X@E)])
— —

for all j>0. It follows that

(X@E) . (2)

%

I/ T 2 lim/ I *®) (all j>2) and lim' T - lim' 1T
— pa— P —
Assume now that f, g: BG— BU(n) are maps such that f@Be~g®Be. Set

X =(Vp)pesp(c) € lim Rep®(-),
S»(G)

where the Vp are such that f|BP~g|BP~Bygy,. By Proposition 1.3, it will suffice to
show that fp=~gp for each prime p. Fix p, and fix a homotopy F: BGxI—BU(n+1).

We will construct a homotopy F: BGxI-—BU(n),, and simultaneously a homotopy F’
between F@Be and F which fixes the “edges” f5 and gp. Since

[BG, BU(n),]2 [ hocolim (EG/P), BU(n);]
G/PeRL(G)

by Theorem 1.2 (and similarly for [BG, BU(n+1),]), the obstructions to constructing
F lie in ;in;z © Hl(X) for i1 (Proposition 1.4); and the obstructions to constructing
P
/ il LR T (X®e)
the homotopy F” between F@Be and F lie in lian @ Iy

constructing F (i.e., on each successive skeleton of hocolim(EG/P)), the first obstruction

vanishes by (1) or (2) and the existence of F’; and the second vanishes since hgl‘ Hifl)

surjects onto lim* 29 by (1) or (2) again.

for i>0. At each stage in

The proof of the second statement (that a bundle over BG can be destabilized

under certain assumptions) is similar. In this case, we need to know that lér_nj HEX =

}_iglj HEXGBE) whenever j=i+1 or j=4, and this follows from (1) or (2) again. O

2. The K-theory space of BG

Again, throughout this section, we fix a compact Lie group G with maximal torus T and
Weyl group Wg=N(T)/T, and let F=C or R. For any space X, we write

Pect? (X) =map(X, BU(n, F))
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for each n>0, and set

Bect! (X) = ﬁ Bect! (X) 2 map (X, ﬁ BU(n, F)).

n=0 n=0

We think of Yect”(X) as the “space of F-vector bundles over X”.
Since [, BU(n, F) is a topological monoid and commutative up to homotopy (via
conjugation by an appropriate matrix

0 I,
I, 0
in U(n+m) or SO(n+m)), Vect'(X) is also a homotopy commutative topological

monoid. It thus has a classifying space Bect’(X). So we can define the “K-theory

space” of X by setting

&F(X) QB (®ect™(X)),

the topological group completion of ect”(X) (cf. [MS]). By the group completion
theorem of McDuff and Segal [MS], mo(&F(X))=KF(X) for any X, and &F(X)~
map(X, Zx BU(oo, F)) if X is a finite complex.

We now want to describe the individual components of the group-like topologi-
cal monoids &F(BG), by comparing them with the direct limits of the mapping spaces
map(BG, B Aut(V))p,, taken over all V cRep(G). We will also have to consider the
spaces of maps to localizations and completions of the BU(n, F), and so the following
notation will be useful.

Fix a G-space X. For any V €Rep”(Q), set

Bect5(X)y ¥ map(EGx X, BAut(V)) 5,y
(the connected component of the composite EG xgX il Te LAY Aut(V)),

Bect(X; Q)y & map(EGx¢X, BAut(V)q)Bov
Vects(X; Zp)v G-léfmap(EGxGX, BAut(V)p)Boy, (p any prime),

Bectf(X; Z)v © map(EGx 6 X, BAut(V) ) gy, & [ [ Beeth(X; Z,)v
P

(where B Aut(V)"=[[, B Aut(V),), and

Vect5(X; Q)v &' map(EGx X, (BAut(VY")Q)Boy-



128 S. JACKOWSKI AND B. OLIVER

Finally, define
Becta(X; —)oo 2f hocolim (Vects(X; —)v),
VERepF(G)
where (as in Proposition 1.5) the limit over VERepF (G) can be made more precise
by taking it over a cofinal sequence V; CVoCV3C... of representations. We will see in
Proposition 2.3 that AF(BG)o~Dect&(pt)oo. We first check that the obvious arithmetic
pullback square holds for these spaces.

PROPOSITION 2.1. The space Bects(pt)oo sits in a homotopy pullback square

VectE(pt) oo — VectE(pt; Z)oo

T

DBecte(pt; Q)oo —> BectS(pt; Q) oo

Proof. We prove this in the orthogonal case. The unitary case is similar, but slightly
simpler since BU(n) is simply connected for each n.

If n is odd, then BO(n)~BSO(n)x B{+I}. Hence, the arithmetic pullback square
for the simply connected space BSO(n) (cf. [BK, VI.8.1]) induces a homotopy pullback
square

map(BG, BO(n)) —— map(BG, BO(n)")

| |

map(BG, BO(n)q) — map(BG, (BO(n)")q)

of mapping spaces. Also, the top row in (2) induces an injection on mo(—) (cf. [JMO,
Theorem 3.1 |). Hence for any n-dimensional orthogonal G-representation V, (2) restricts
to a homotopy pullback square involving the components of Boy. Upon taking the
homotopy direct limit over all (odd-dimensional) representations, and using the exactness
of direct limits (and the 5-lemma), the square in (1) is seen to be a homotopy pullback. [

We next analyze the term Bects(pt; 2)00 in the above pullback square. As in the
proof of Theorem 1.8, this is done using the decomposition of BG at each prime p,
switching direct and inverse limits, and using Proposition 1.5 to show that the appropriate
higher inverse limits all vanish.

PROPOSITION 2.2. Set w=|Wg|. For each prime p,

Decth(pt; 2,,)00 ~ holim Vect5(—; 2,,)00. (1)
Ry (G)
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And for each i>0,

7 (DectE(pt; 2,,)00)% lim 7 (BeetE(—; Zp)oo) 22 lim (Z,©KF3 () (2)
Rp(G) Rp(G)

and

i (Beets(pt; 2)(,0) = H i (VectS(pt; Zp)w) X KH 2,,) QKFZHG/TYe).  (3)
plw

plw
Proof. By Theorem 1.2 (the approximation at p of BG as a homotopy direct limit),

Bects(pt; Zp)v ~ holim (VeetE(—; ip)v)
Rp(G)

for each V. By Lemma 1.6 and Proposition 1.5, for each {,j>0,

lim  (lim? my(Bectf(—; Z,)v)) = lim? mi(Beeth(—; Zp)oo) =0. (4)
VeRepF(G) Rp(G) Rp(G)

By Lemma 1.7, there is an integer d>0 such that ;g_n% ( G)ﬂi(mectg(—;ﬁp)v)zi) for
P
all V and all j>d. The obstruction theory of Wojtkowiak (Proposition 1.4) now applies

to prove that

mi(BectG(pt; Zp)oo) = lim  mi(VectG(pt; Zp)v)

VERepF(G)

= lim  (lim mi(Bectd(—; Z,)v))
VERepf(G) Rp(G)

= lim ( lim 7r,~(QIect§(~; 2p)V))
Rp(G) VERepf(G)

= lim mi(Bectd(—: Zp)oo)-
Rp(G)

This is the first isomorphism in (2), and the second follows from Proposition 1.5.

By (4), again, the space holim %ectg(—; 2,,)00 is connected, and

R (G)

m(holimi[]ectg(-;ip)w) & lim rr,;(i!]ectg(—;zp)oo).
Rp(G) Rp(G)

Together with (2), this proves point (1).
It remains to check formula (3). For each plw=|Wg|, Rp(G) contains only the one
orbit type G/T. Hence by (2},

m(Bect&(pt; Zp)oo) = Z,@(KF5H(G/T)™)
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in this case. Also, for each V' (and each pjw),

i (BectE(pt; Zp)v ) 2w (map(BT, B Aut(V)7) g, )We = [Z,®m;(B Autr(V))]Ve

Bov

is finitely generated; and so

Velii:rfF(GKpI}g mi(Beet&(pt; 2p)v)) ~ (H 7 ) ‘(G/T)™).

Since direct limits commute with finite products, it now follows that

s (Becth(pt; Z) oo) & lim (H 7 (Vect&(pt; Zp)v))

VeRepf(@)

= TJru(ectptiZp)eo) (T2 ) KF5(@/1)" )
plw plw
and this finishes the proof. a

It remains to describe the identity component of &7(BG) as a homotopy pullback
of these spaces Lect5(pt, —)oo

PROPOSITION 2.3. The natural map
VectE(pt) oo — [2BVect”(BG)]o = &R (BG)o (1)
is a homotopy equivalence.

Proof. By the group completion theorem in [MS] (and since bundles coming from
representations are cofinal by Theorem 1.8), the map in (1) is an equivalence of homology
with any twisted coefficients. In particular, it induces a surjection on 71 (—), whose kernel
is perfect. But the pullback square of Proposition 2.1, together with points (2) and (3) in
Proposition 2.2 (and the fact that BU(n, F)q is a product of Eilenberg-Maclane spaces
when F=C or n is odd), show that 71 (Becti(pt)oo) is solvable. Hence 1 (Yects(pt)oo)
is abelian, and so (1) is a homotopy equivalence. O

The pullback square of Proposition 2.1 will first be applied to study the components
of AF(BG) when G is finite.

PROPOSITION 2.4. If G is finite, then the natural map
£F(BG)y — map(BG, BU (0, F))o
is a homotopy equivalence.

Proof. We prove this in the unitary case; the orthogonal case is identical. Upon
comparing the pullback square in Proposition 2.1 with the arithmetic pullback square
for map(BG, BU), we see that it will suffice to prove that

‘Bectg(pt; 2)00 ~map(BG, BU )y, Qlectg(pt; Q) oo ~map(BG, BUq)o,
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and similarly for Q?ectg(pt; Q)oo This is clear for the Q-local terms, since BG is ratio-
nally a point.

Since G is finite, K;*(G/T)=K~*(T)=K*(pt) is finitely generated for all i, and
hence DectS(pt; Z)oo is the product of the BectS(pt; 2;,)00 by Proposition 2.2(3). So it
remains only to show that

BectS(pt; Zp)oo —map(BG, BU3)o (1)

is a homotopy equivalence for each p. By Proposition 2.2 (1) and Theorem 1.2, it will
suffice to show this when G is a p-group.

By the Atiyab—Hirzebruch spectral sequence for K-theory (and the fact that
K~*(BG) is finitely generated for each i and each finite skeleton BG(™)),

7i(map(BG, BU)o) 2 (K *(BG))p.
Also, by Proposition 2.2 (2),
7(BectS(pt; Zp)oo) o 2p®K5i(pt).

And by the Atiyah-Segal theorem [AS], K—*(BG)=K;'(pt)": the completion with re-
spect to the augmentation ideal IR(G)C R(G).

It remains only to check that Z,®R(G)=R(G); is complete with respect to its
augmentation ideal; or equivalently that IR(G)™CpIR(G) for some m. And this is
shown in [AT, Proposition III.1.1]. (The corresponding result for IRO(G) is not shown
directly in [AT], but it follows by the same proof.) d0

We now turn to the case dim(G) >0, and consider only the complex case. As will be
seen, the components of C(BG) are in this case very different from the components of
map(BG, BU).

As in Proposition 1.12, for each prime p, we let N,(T') be the extension of T by some
Sylow p-subgroup of Wg=N(T)/T, and let R(N,(T))¢" ™" C R(N,(T)) be the subgroup of
elements whose characters are constant on G-conjugacy classes. The arithmetic pullback
square of Proposition 2.1 (and 2.3) for my;(RC(BG)) can be simplified in a way which
parallels that for Rp(G)=K(BG) in Proposition 1.12.

PROPOSITION 2.5. Set w=|Wg|. For each i>0, my;(RC(BG)) sits in a pullback
square
m2:(RC(BG)) — lew Zp@RF(Np(T))G'inV

o

R(T) diog M, Zo®R(T).

Also, w2;—1(RC(BG)) is an infinite-dimensional rational vector space if dim(G)>0.
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Proof. The proof will be carried out in three steps. The homotopy groups of
BectS(pt; 2)00 and of ‘Bectg(pt; Q) will be computed in Steps 1 and 2, respectively.
The homotopy groups of £(BG) will then be computed in Step 3, using the homotopy
pullback square of Proposition 2.1.

Step 1. Set w=|W| for short. By Proposition 2.2,

i (BectG(pt; Z)oo) = [ | mi(BectS(pt; Zp)oo) x ((H 2,,) @Kgi(G/T)WG) ,

plw ptw

where for each prime p|w,

i (DectG(pt; Zp)oo) = lim (Z,®@K 5 (—))

Rp(G)

Z,®R(N,(T))% ™ if i is even,
0 if 4 is odd,

by Proposition 1.5 (and the finiteness of R,(G)). In other words,

P 1} Z,®R(Np(T))S ™ @[ ([0 Zo) ®R(T)] if i is even,
i (Bects(pt; Z) oo ) = :
0 if 7 is odd.

Step 2. We now consider the homotopy groups ﬂzi(mectg’(pt; Q)x). For any Ve
Rep(G) and any @€y (BectS(pt; Q)v), let &: S% x BG— B Aut(V)q denote its adjoint
map, and set

0i() = 5]~ [Bov] € [$% x BG, BUq).

Since B Aut(V)q MH?:(V)K (Q,27) is a homotopy equivalence, there is an isomor-
phism

8i,v: mai (Bect(pt; Q)v) —— H* (BG; Q)<2m(V)=9),
defined via the formula C(Z)=C(V)+(5%)-8; v (p). Here, (S%)ec H*(5%) is the dual
orientation class, and C(—) denotes the total Chern class of a bundle or representation.

Furthermore, ©;(yp) is invariant under stabilization by adding representations. So if we
set

8i,c() =i,y (0)/C(V)
so that
C(8i(p)) =1+(5%)-6;,c(p),

then this defines an isomorphism

= 1 * im —1
5i,c:7r2i(‘l3ectg(pt;Q)°°)——+ U E'—V—H (BG; Q)<2(dim(V) )
VERep(G) ( )
1 def

" oo B BEQA=A0).
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(The degree restrictions disappear since the Chern class of any representation with trivial
action is 1.) We regard A(G) as a subring of [[re, H?*(BG; Q)=my;(map(BG, BUg)).
Note that A(G)=A(T)We, since H*(BG; Q)= H*(BT;Q)"¢, and the restrictions of G-
representations are cofinal among T-representations. There is an analogous isomorphism
of 135 (BectS(pt; Q)oo) with Q@Q A(G).

We defined 6; ¢ using the Chern class C(8;())=C(%)/C(V), in order to more easily
identify the image of my;(VectS(pt; Q)oo), but of course it is much easier in general to
work with the Chern character. The relation between the two is quite simple in this case.
Since ¢;{0;(¢))ck(0;(p))=0 for all j, k>0,

(610 = zsk(cl,c2,c3, Z( 1)k ”;:!k( @) _ o). Bsiole) Q)

by Newton’s formula (cf. [MSt, Problem 16-A)}), where

z k-1 O oo

k=0 k=0

It remains to describe ﬂgi(mectg(pt; Z)W)argi(%ectg(pt; Q)oo) in terms of these
identifications. Since A(G)=A(T)W¢, it will suffice to describe the composite homomor-
phism

7t R(T) & K7 %(pt) 25 mps(BeetS (pt; Q)oo) 5 A(T),

where ®r is the isomorphism of Proposition 1.5. Let 7€ K(S2) be the generator with
ch(n)=(S?). Then ch(n™)=(S2)®"=(5%)e H%($%). For any T-representation V, let
[V]s € K72 (pt) be the element induced by V via Bott periodicity. Then €;(®r([V];)))=
[ ®[EG®cV] (in K(S*xBG)), and this element has Chern character (S%!)-ch(V).
So by (1),

%([VD)=6:,7(21([Vw)) = B (ch(V)).
In particular, if V is irreducible (so that ch(V)=exp(c1(V))), this takes the form

1

(V)= (_1)1_1(1'"1)! ’ C(V)i

)

These elements are linearly independent, so v;: Q®R(T)— A(T') is injective.

Step 3. Since the odd-dimensional homotopy groups of

BectS(pt; Q)oo, VectS(pt; Z)oo, and BeetS(pt; Q)oo
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all vanish, the homotopy pullback square of Proposition 2.1 induces for each i>0 an
exact sequence

0 — 724 (RC(BG)) — 724 (VectS(pt; Z)oo) @i (VectS(pt; Q)oo)
— o5 (TectS(pt; Q)oo) — Mai—1(RE(BG)) — 0

After substituting the groups computed in Steps 1 and 2, this takes the form

0— m:(RS(BG)) — [H Z,®R(N,(T) )c-mv] [(Hz )@R Wg}@A(T)WG o

@2, QoQA(T)e —mi 1(RO(BG)) — 0.

The short exact sequence O—»Z—>2€BQ—>Q——>O is still exact after tensoring with the free
Z-module R(T)W¢, and hence induces an exact sequence

0— R(T)We L) (ZoR(T)We) o A(T)Ve 2729 Qe A(T)We
—(Q/Q)®q(A(T)/%(QBR(T))) —0.

Upon comparing this with sequence (3), we see that

m2i-1(8C(BG)) = (Q/Q)®q(A(T)/%(QeR(T)) ", (4)

and that the sequence
0—m(5%(56)) — (T] 2RO (1) ) OR(T)™e
plw
—=[[Z,®R(T)* -0

plw

is exact. This proves the formula for m,; (€ (BG@)). If dim(G)>0 (and hence T'#1), then
by (2), 1/C(V)*+1¢~;,(Q®R(T)) for any T-representation V with nontrivial action; and
s0 m2i—1(RC(BG)) is an infinite-dimensional Q-vector space by (4). d

In the case when G is connected and nontrivial, Proposition 2.5 says that for >0,
72:(A€(BG)) 2 R(G) (since R(G)XR(T)"<), and m2;—1(RC (BG)o) is a nonzero Q-vector
space. In contrast, m2;(map(BG, BU)¢)~2R(G)™ and my;—1(map(BG, BU)y)=0. Note
that when G is a torus, R(G) is a polynomial ring and R(G)~ a power series ring.
When G is not connected, a comparison of the pullback squares of Propositions 1.12
and 2.5 shows (roughly) that 72;(RC(BQ)) differs from Rp(G)=2mo(&C(BG)) by p-adic
completion on certain subgroups.



VECTOR BUNDLES OVER CLASSIFYING SPACES OF COMPACT LIE GROUPS 135

In the remarks after Theorem 1.1, we noted some counterexamples to Bott period-
icity for the functor K(—), which in part came from the difference between 7 (&€ (BG))
and 7o (RC(BG)). Proposition 2.5 shows a more subtle failure of Bott periodicity, in that
the natural map

(R%(BG)) 15 miy.2(RE(BG)),

induced by multiplication by a generator ne K—2(pt)=K(S2), is not an isomorphism
for odd i>0. To see this, note that this “periodicity” map commutes with the isomor-
phisms involving o, (‘Bectg(pt; Z)oo) in Step 1 of the proof of Proposition 2.5. But Bott,
periodicity does not commute with the maps §; ¢ defined in Step 2. Instead, we get a
commutative diagram

724 (BectS(pt; Q)oo) —oZ> A(G) Eim [, H2(BG; Q)
nA — 120 (i4k) | =B} Es Id

oi+2(BVectG(pt; Q)oo) —=> MG A(G) S == [Tise H**(BG; Q),

where, for example, 1/C(V)€A(G) (for irreducible V) is not in the image of E;} o E;.
Formula (4) in the proof now shows that the periodicity map is not an isomorphism.

3. Acyclicity of Mackey functors via Smith theory

It remains to show the vanishing result for certain higher inverse limits which was needed
in the proof of Proposition 1.5. A general vanishing result, for higher limits of Mackey
functors on R,(G), is given in Theorem 3.5; and then the special case used in §1 is
shown in Corollary 3.6. The proof is based on the interpretation, in [JM1] and [JMO,
Theorem 1.7}, of higher limits of functors defined on orbit categories as equivariant
cohomology groups of certain spaces with group action. For this reason, we begin by
considering results related to Smith theory and equivariant cohomology.

Throughout this section, we fix a compact Lie group G and a prime p. One source of
difficulties when working with actions of positive-dimensional groups is that (in contrast
to the situation for finite groups) not all subgroups of a p-toral group are p-toral. Smith
theory implies, among other things, that if G acts on a finite-dimensional Fj-acyclic
space X with finitely many orbit types, then for any p-toral subgroup PCG, the fixed
point set X ¥ is also F,-acyclic. Here, we show (Proposition 3.3) that under the additional
assumption that all isotropy subgroups of the G-action are p-toral, then X is F,-acyclic
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for any subgroup QCG which is contained in a p-toral subgroup of G, whether or not Q is
itself p-toral. Simple examples of circle actions make it clear that this extra assumption
about the isotropy subgroups is necessary.

For convenience, a sub-p-toral subgroup of a group G is defined here to be a subgroup
of G which is contained in a p-toral subgroup. In the following lemma, we collect for
later use various results about such subgroups.

LEMMA 3.1. The following hold for any sub-p-toral subgroup QCG.

(a) There is a unique “singular” subgroup Qs<1Q with the properties that [Q:Qs] is
a power of p, and that Q, is a product of a torus with ¢ finite abelian group of order
prime to p.

(b) For any p-toral subgroup P2Q in G, Np(Q)/Q is p-toral and nontrivial.

(c) Let @ CG be any subgroup such that Q<Q’ and [Q":Q) is a power of p. Then
Q' is also sub-p-toral.

(d) If G acts smoothly on a compact manifold M, then x(M%)=x(M) (mod p).

Proof. Fix a p-toral subgroup PCG such that QCP. Let S=P, be the identity
component of P (a torus).

(a) Set A=QNS, a normal abelian subgroup of p-power index in @, and let @, be
the minimal subgroup of p-power index in A. Then Q, is abelian, p{|mo(Qs)], and [Q:Qs]
is a power of p. And, @, is the unique such subgroup, since it is the intersection of all
subgroups p-power index in Q.

(d) By (a), Qs<S, Q/Q; is a finite p-group, and S/Q; is a torus. So for any compact
manifold M with smooth G-action,

X(M) = x((MI)9/9) = x (M) = x((MF)/%) = x(M%) = x(M) (mod p).

(b) Note that Np(Q,) is p-toral since it contains the identity component of P, and
that Np(Qs)2Np(Q) by the uniqueness of Q. Hence

Np(Q)/Q=Nnp(Q.)/q.(Q/Qs)/(Q/Qs)

is p-toral since the normalizer of one p-toral subgroup in another is p-toral [JMO,
Lemma A.3]. Finally, if QG P, then

X(Np(Q)/Q)=x((P/Q)?)=x(P/Q)=0 (mod p)

by (d), and so Np(Q)/Q#1.

(c) Let Np(T)CG be a maximal p-toral subgroup; i.e., an extension of a maximal
torus T by a Sylow p-subgroup of N(T')/T. Then a subgroup @’ CG is sub-p-toral if and
only if (G/N,(T))? is non-empty. So by (d), Q' is sub-p-toral if and only if

X((G/Np(T)?) =x(G/Np(T)) #£0  (mod p).
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Hence, if Q<Q’ and Q'/Q is a p-group, then
X((G/Np(T))?) =x((G/N,(T))?) (mod p),

and Q) is sub-p-toral if and only if Q' is sub-p-toral. 0

It will be convenient here to write O,(I'), for a finite group I and a prime p, to denote
the intersection of the Sylow p-subgroups of ' (or equivalently, the maximal normal p-
subgroup of I'). As in [JMO], a subgroup PCG will be called p-stubborn if P is p-toral,
N(P)/P is finite, and O,(N(P)/P)=1. In other words, P is a p-stubborn subgroup of
G if and only if the orbit G/P lies in the category R,(G).

LEMMA 3.2. Let QCG be a sub-p-toral subgroup such that N(Q)/Q is finite and
O,(N(Q)/Q)=1. Then Q is p-toral.

Proof. Let Q,<1Q be the singular subgroup of Lemma 3.1 (a). Set H=(Cs(Qs))o
(the identity component of the centralizer), and Q'=QNH <Q.

Recall that @, is characterized by the property that p{[Qs:Qo], while Q/Q; is a
p-group. Since @ is sub-p-toral, this means that Q; is contained in some torus SCG,
and

Qs CSC(Ca(Qs))o=H. 1)
In particular, @’ 2@Qs, and so Q/Q’ is a finite p-group.

Consider the group

K={geH|[g,Q]CQ}IN(Q).

Here, K/Q' is finite (since |[N(Q)/Q|<o0); and so K/Q'=Ch/q (Q/Q') is a p-group
by [JMO, Proposition A.4] (the group of components of the centralizer of a p-toral
subgroup is a p-group). Thus, K/Q' CO,(N(Q)/Q')=Q/Q by assumption. It follows
that K=Q'=@QNH; and so

x(H/Q)=x((H/Q)%/?) (where Q/Q’ acts by conjugation)

=x(K/Q)=1 (mod p).

In particular, x(H/Q')#0, and hence dim(H/Q’)=0. By (1), this implies that Q,=S is
a torus, and hence that @ is p-toral. g

We are now ready to look at fixed point sets of sub-p-toral subgroups.
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PROPOSITION 3.3. Let X be any finite-dimensional Fp-acyclic G-complex, having
finitely many orbit types, and such that all isotropy subgroups are p-toral. Then for any
sub-p-toral subgroup QCG, X9 is Fp-acyclic.

Proof. Let S(G) be the compact space of all closed subgroups of G with the Haus-
dorff topology (cf. [tD, Proposition IV.3.2 (i)]). Let T CS(G) be the subset of all sub-
p-toral subgroups @CG such that X is not F,-acyclic. Assume that 7#@. We first
show (Step 1) that 7 contains a maximal element, and then apply that in Step 2 to get
a contradiction.

Step 1. Set k=max{dim(Q)|Q€T}. If T does not contain a maximal element, then
there exists an infinite chain

GRR5QE ..

of k-dimensional sub-p-toral subgroups for which X% is not Fp-acyclic. Let @ be the
closure of the union of the ;. Then dim(Q)>k, and we will get a contradiction upon
showing that Q€7 . Since X has only finitely many orbit types, X9=X% for i suf-
ficiently large [tD, Proposition IV.3.4], and hence X< is not F,-acyclic. It remains to
show that @ is sub-p-toral; then Q€7 , and this contradicts the definition of k.

Choose p-toral subgroups P; 2@Q;. Since the space S(G) of closed subgroups of G is
compact, as noted above, we can assume (after restricting to a subsequence if necessary)
that the P; converge to a closed subgroup P2Q. Then mo(P) is a p-group, since mo(F;)
surjects onto it for ¢ sufficiently large (by definition of the Hausdorff topology). Also,
by a theorem of Jordan (cf. [tD, Proposition IV.6.4]), there exists some integer j such
that each finite (hence each p-toral) subgroup of P contains a normal abelian subgroup
of index <j. In particular, P contains a normal abelian subgroup of finite index, and
hence has torus identity component. Thus, P is p-toral, and so @ is sub-p-toral.

Step 2. Now let Q€7 be a maximal element. In other words, ¢} is sub-p-toral in
G and X9 is not Fp-acyclic, but X Q' is F,-acyclic for any sub-p-toral subgroup Q’ QQ.
Also, Q is not p-toral, since otherwise X< would be Fp-acyclic by Smith theory (cf. [Br,
Chapter III}). So by Lemma. 3.2, either dim(N(Q)/Q)>0, or O,(N(Q)/Q)#1.

Now, for each isotropy subgroup H2Q of the action on X, H is p-toral by as-
sumption, and hence X is Fy-acyclic. So by [JMO, Lemmas 2.4 and 2.3, there is
a finite-dimensional G-complex X'2X such that (X’)9 is Fp-acyclic, and all orbits of
X"\X are of type G/Q. The N(Q)/Q-action on (X’)? has finitely many orbit types,
since the action of N(Q) on any G-orbit has finitely many orbit types. Also, for any
z€XY, its isotropy subgroup (N(Q)/Q).=Ne,(Q)/Q is a nontrivial p-toral subgroup
by Lemma 3.1 (b). In other words, X© is the singular set (the set of elements in nonfree
orbits) of the finite-dimensional (N(Q)/Q)-complex (X')? with finitely many orbit types



VECTOR BUNDLES OVER CLASSIFYING SPACES OF COMPACT LIE GROUPS 139

and p-toral isotropy subgroups. Thus, X is itself F,-acyclic: by [JMO, Lemma 2.12] if
dim(N(Q)/Q)>0, or by [JMO, Lemma 2.13] if O,(N(Q)/Q)#1. O

In order to translate this to a result about higher limits over orbit categories, we
consider, for any full subcategory C of the orbit category O(G), the G-space

EC £ hocolim (G/H).
—_
G/HecC
By [JMO, Theorem 1.7], the higher inverse limits of a functor F:C—Ab can be inter-
preted as equivariant ordinary cohomology groups HE(EC; F). See, e.g., [JMO, appen-
dix] for more details on equivariant ordinary cohomology.

PROPOSITION 3.4. For any contravariant functor F:O(G)—Zyy-mod, and any
mazimal p-toral subgroup N,(T') of G,

) F(G/N,(T if i=0,
H;VP(T)(ERP(G);F)Z{O( (™) z;i>0 (1)

Proof. Let X be a finite-dimensional F,-acyclic G-complex, all of whose isotropy
subgroups are p-stubborn: as constructed in [JMO, §2]. By [JMO, Proposition 1.1},
ER,(G) is characterized by the properties that all isotropy subgroups are p-stubborn,
and that ER,(G)F is contractible for each p-stubborn subgroup PCG. So there is a G-
map f: X — ER,(G) which induces an F,-homology equivalence on the fixed point set of
any isotropy subgroup. Then by [JMO, Lemma A.10}, f# is an F,-homology equivalence
for all subgroups HCG. For each QCN,(T), X9 is Fy-acyclic by Proposition 3.3,
) E’RI,(G)Q is also Fy-acyclic, and hence is Z-acyclic since its homology is finitely
generated in each dimension (cf. [JMO, Proposition 1.1]). Formula (1) now follows from
[JMO, Lemma A.13]. O

We now consider the stable orbit category O%(G): the category whose objects are
the orbits of GG, and where

Moros(q)(G/H,G/K)=lim [SYA(G/H,),SVNG/KL)S.
VERepR(G)

Here, [—, —]¢ means pointed homotopy classes of pointed G-maps. Following the notation
of Lewis, May, and McClure [LMM], the term “Mackey functor” will be used here to
denote an additive contravariant functor defined on O%(G). We want to show that
p-local Mackey functors (i.e., Mackey functors which take values in Z,)-modules) are
acyclic over R,(G). For finite G, this follows from [JM2, Proposition 5.14].
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THEOREM 3.5. Let F: O%(G)°? —Z,)-mod be any p-local Mackey functor. Then

lim* (F)=0 for all i>0.
Ry(G)

Proof. Set N=Np(T), for short. By [JMO, Theorem 1.7,

lim*(F) = H(ER,(G); F),
Rp(G)

where H(—; F') denotes ordinary equivariant cohomology with coefficients in F'. Also,
HE((G/N)XERy(G); F) 2 Hy (Gx NER,y(G); F) = Hy (ERy(G); F) =0

for >0 by Proposition 3.4. So the theorem follows from [LMM], which says that the
homomorphism
HE(ER(G); F) = HG((G/N)XER,(G); F)

(induced by projection) is a split monomorphism.
We sketch here one simple way to see this. Choose an embedding G/N—V, for
some G-representation V', and let

f:8V—=SVA(G/Ny)

be the map given by the Pontrjagin-Thom construction. By [O1, Lemmal, fAER,(G)+
is homotopic to a map

9: SYAER,(G), — SYA(G/NxER,(G)) +

which preserves the skeleta of the spaces (under any G-C'W-structure on the prod-
uct space G/NxER,(G)). Thus, since F is defined on the stable category, any map
SY(G/Hy)—SY(G/K,) induces a homomorphism F(G/K)— F(G/H), and so g induces
a chain homomorphism

9%: C&(G/NXERy(G); F) — C5(ERy(G); F).

Here, C&(—; F) denotes the cellular cochain complex, which in degree k is the product
of one copy of F(G/H) for each orbit G/H x D* of cells in the complex. The composite

HE(ER,(G); F) 220 Hz (G/N)xER,(G); F) 22 He(BR, (G F) (1)
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is induced by ¢xId, where ¢: SV —SY is the composite
SVL SVA(G/N,) B2 sV,

We claim that for any p-toral subgroup PCG, ¢|P is invertible in the localized
P-equivariant stable homotopy ring (wg )(p)- To see this, note that ¢ corresponds to the
class of the orbit G/N under the isomorphism of w{’ & l_iLnV[SV, SV]P with the Burnside
ring A(P) (see [tD, §II.8]). Here, A(P) is the ring of equivalence classes of finite P-

complexes X, where [X|=[Y] if x(X#)=x(Y ) for all HCP. By [tD, Theorem IV.4.2],
any prime ideal of A(P) has the form

2(Q,p) ={[X] | x(X?)€p}
for some prime ideal p CZ and some QC P. Also, by Lemma. 3.1 (d), q(Q, pZ)=q(1, pZ) for
all QCG. So A(P)(y) is a local ring with maximal ideal ¢(1,pZ), and (since p{x(G/N))
[G/N] is invertible in A(P))-
Hence, for each p-toral subgroup PCG,
oAId: SYA(G/PL) — SYA(G/P) = (G xpSY)/(Gx p*)
is an isomorphism in Morpst(g)(G/P,G/P)(y). In particular, this applies to each orbit
in ER,(G), and so the composite in (1) is an isomorphism. O

Note that it does not necessarily follow, under the conditions in Theorem 3.5, that

R,
The vanishing result needed in §1 is the following:

lim® @) (F)=F(G/G). The functor Kg(—) provides a simple counterexample.

COROLLARY 3.6. For all i€Z and all j>0,
lim’ (Z,®K(-)) = lim’ (Z,@KO4(-)) =0.
Rp(G) Rp(G)
Proof. By the Bott periodicity theorem for equivariant K-theory [At, Theorems 4.3
and 6.1], for any compact G-space X,
Ka(X)2Ka(VxX)=Kg(EV(X4))
for any complex G-representation V', and
KOg(X)2KOg(VxX)=KO0a(Z¥(X4))

for any real Spin G-representation V' of dimension a multiple of 8. Since any real represen-
tation is a summand of a Spin representation, this shows that for any G-representation V,
a continuous G-map f: V(X )—Z¥(Y,) induces homomorphisms K% (Y)— K&(X) and
KOL(Y)— KOL(X). The functors K5(—) and KOF(—) are thus defined on the stable
category, and the result follows from Theorem 3.5. a

We also note the following, second corollary of Theorem 3.5:
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COROLLARY 3.7. Let h*(—) be any p-local cohomology theory. Then for all i>0,

lim*  h*(EG/P)=0.
G/PERLH(G)

Proof. For any G-representation V', and any pair of finite G-complexes X and Y, a

G-map ¢: V(X )—XY(Y,) induces a map

ldge, Acw: SYAG((EGx X)) — SYAG((EGXY)L)

between the Thom spaces of bundles over EG'x¢ X and EG x Y. Upon restricting to fi-

nite skeleta of EG and adding complementary bundles, we get a map °((EGxgX)4+)—

TL°((EGxgY)+) between the suspension spectra, which in turn induces a homomor-
phism h*(EGxgY)—h*(EG xgX). The functor h*(EG xg—) is thus defined on the

stable category, and so its higher limits vanish by Theorem 3.5. W]
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