Acta Math., 180 (1998), 219-245
© 1998 by Institut Mittag-Lefller. All rights reserved

The C*-convergence of hexagonal
disk packings to the Riemann map

by
ZHENG-XU HE and ODED SCHRAMM
University of California, San Diego The Weizmann Institute of Science
La Jolla, CA, U.S5.A. Rehovot, Israel

1. Introduction

Let QG C be a simply-connected domain. The Rodin-Sullivan Theorem states that a
sequence of disk packings in the unit disk U converges, in a well-defined sense, to a
conformal map from Q to U. Moreover, it is known that the first and second derivatives
converge as well. Here, it is proven that for hexagonal disk packings the convergence
is C*°. This is done by studying Mobius invariants of the disk packings that are discrete
analogs of the Schwarzian derivative.

As a consequence, the first n derivatives of the conformal map can be approximated
by quantities which depend on the positions of the centers of some n+1 consecutive disks
in the packing.

Suppose that P=(P,:v€V) is an indexed disk packing in the plane. The nerve (or
tangency graph) of P is the graph G=(F,V) on V, the indexing set of P, such that
[v,u]€E if and only if P, and P, are tangent. The Disk Packing Theorem [10] says
that given a graph G which is the 1-skeleton of a topological triangulation of U={2€C:
|z|<1}, there is some disk packing in U with nerve G, such that the boundary disks
(i.e., those disks corresponding to the boundary vertices) are all tangent to the unit
circle OU. Moreover, the disk packing is unique up to (possibly orientation-reversing)
Mébius transformations of U (see, for example, [18, Chapter 13], [12], [3] or [4] for other
proofs and extensions).

For each £>0, let H® denote the hexagonal grid with mesh €. The vertices of H*®
form the hexagonal lattice:

V&= {ne+mwe:(n,m)eZx7Z},

The first named author was supported by NSF Grant DMS 96-22068, and the second named author
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Fig. 1.1. The packings R® and P¢, and the map f¢. Several points have been marked to aid

in grasping the correspondence.
where w is the cube root of —1,
w=exp 3mi = %(\/§i+1),

and an edge connects any two vertices of H® at distance €.

Let € be a simply-connected domain in C with Q#C. Then there is a subgrid Hg
of H¢, equal to the 1-skeleton of a triangulation of a closed topological disk contained in
2 that approximates €. Let V§ denote the set of vertices in H§,. From the Disk Packing
Theorem it follows that there is a disk packing P°=(Pf:veV§) in U whose nerve is
H§ and with the property that boundary disks are tangent to OU. For each veVj,
let f*(v) denote the center of the disk P¢ (see Figure 1.1). Then the Rodin-Sullivan
Theorem [15] tells us that, assuming that the packings P¢ are suitably normalized (by a
Mobius transformation, possibly orientation-reversing), the discrete functions f¢: V§—U
converge “locally uniformly” in € to the (similarly normalized) Riemann map f:Q—U,
when £—0.

There is a natural definition for the discrete partial derivatives of functions defined
on the lattice V{§. Given discrete functions g°: V§—C, where £€(0,1), we say that
gE
uniformly in © to g, and the discrete partial derivatives of g¢ of any order converge

converge in C°(f2) to a smooth function g:Q—C as ¢—0, if g° converge locally

locally uniformly to the corresponding partial derivatives of g. The precise definitions
will be given in §2.
For each veV{, let r¢(v) denote the radius of PS. Our main theorem is:
C>°-CONVERGENCE THEOREM 1.1. The discrete functions f€:V§—U converge in

C>(Q) to the Riemann mapping f:Q—U. The discrete functions 2r°(v)/e converge in
C>=(Q) to |f].
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As a consequence, the derivatives of the conformal map up to order n can be ap-
proximated by quantities which depend on the positions of the centers of some n+1
consecutive disks in the packing.

W. Thurston [19] constructed the packings P¢, and conjectured that f¢ converges
to the Riemann mapping. The locally uniform convergence (i.e., C%-convergence) was
proved by Rodin and Sullivan [15], using a rigidity theorem for quasi-conformal deforma-
tions of Schottky groups and a length-area argument. The C!-convergence was proved
in [6], using an area estimate; and C*-convergence in [5], using the same area estimate.
The result of [5] says that the “intersticial maps” converge in C? to f. In [8] it is shown
that the method of [6] works well for general disk packings with bounded valence.

Recently, the C?-convergence of the intersticial maps has been generalized in [9]
to disk packings of arbitrary combinatorial pattern, even without the assumption of
bounded valence. This is done using methods of discrete extremal length and fixed point
index arguments. We intend to write a paper which further simplifies [9], avoids the
discrete extremal length methods, and gives estimates for the convergence rates.

Several other interesting results also appeared in [13], [14], [1] and [2]. These works
may be combined together to yield an alternative proof of the C''-convergence. We note
that K. Stephenson [17] has also given a proof of the C%-convergence using Markov chains
and electrical networks “with leaks”; and recently, L. Carleson has found a different proof
based on Rodin’s equation [13], namely,

) .
- TeTk+1

=§ :t 1 SRS & — 1.1

i = an (\/R(rk+rk+1+R)) (1.1)

where ry, k€Ze=Z/6Z, are the radii of six disks which surround a disk of radius R.
Following is a brief description of our method. First some Mdobius invariants for

finite hexagonal disk packings are defined and their elementary equations are derived.
Similar invariants and equations were introduced [16] in the setting of circle patterns
with the combinatorics of the square grid. We will then use the Mobius invariants to
define (discrete) Schwarzians (or Schwarzian derivatives). Roughly, the Schwarzians are
some appropriately scaled measure of the deformation of pairs of neighboring interstices
from their standard positions and, as the continuous Schwarzian, they are unchanged if
the packing is replaced by a Mobius image. For a regular hexagonal packing (in which
all disks have identical size), the Schwarzians are tailored to be 0. The results of [6]
will be used to show that the Schwarzians of the packings P¢ are bounded. On the
other hand, from the equations satisfied by the Mébius invariants, we will show that the
(discrete) Laplacian of the Schwarzians is a polynomial function in £ and the Schwarzians
themselves. It is then a consequence of a regularity theorem of discrete elliptic equations
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that all discrete derivatives of the Schwarzians, of any given order, are locally bounded.
The C*°-convergence of f¢ and 2r¢/e will then follow.

It is also proved that a linear combination of the discrete Schwarzians of P¢ converges
in C* to the Schwarzian derivative of the conformal mapping. Another interesting
result is that some natural “contact transformations” defined by the positions of triplets
of mutually tangent disks converge in C™. In fact, any reasonable, natural discrete
function associated to P* can be shown to be convergent in C°(Q).

It is possible to carry out our proof with an investigation of the radii in place of the
Schwarzians, and with Rodin’s equation (1.1) taking the place of the equation which the
discrete Schwarzians satisfy. But perhaps some of the details become more complicated.

The rest of the paper is organized as follows. §2 introduces some discrete partial
differential operators on the lattices V¢, and defines precisely the meaning of locally
uniform convergence and C*°-convergence. §3 gives the construction of the subgrid H§
and fixes a normalization for P¢, and hence for f© and f. §4 introduces the Schwarzians,
and derives the equations satisfied by them. These equations will be used in §5 to obtain
the formula for the discrete Laplacian of the Schwarzians. A consequence of the formula
is that if the Schwarzians are all bounded, then so are their Laplacians. In §6, we will
prove that the Schwarzians are uniformly bounded in any compact subset of Q. In §7
the Lipschitz norm of a discrete derivative of a function is estimated in terms of the L*°-
norms of the function and its discrete Laplacian. At that point, one can conclude that
the Schwarzians are uniformly Lipschitz, and therefore convergent in C%(Q2). In §8, local
uniform bounds on the partial derivatives of any order for the Schwarzians are obtained.
In §9, the contact transformations of disk patterns are defined, and it is shown that they
converge in C*°(2). Then, in §10, the main theorem is obtained as a consequence of the
C*-convergence of the contact transformations. Finally, disk patterns of more general
combinatorics are discussed in §11.

We thank the anonymous referee for valuable suggestions, which lead us to the
current formulation of the main theorem.

2. Preliminaries on discrete differential operators
and the continuous limit of discrete functions

We will need to introduce some discrete differential operators. For each £>0, recall that
the set V* is the set of vertices in the hexagonal grid HE, i.e., the points ne+mwe, where
w=exp(3mi), and n,m are integers.

For any k€Zg, let L: VE—V¢ denote the translation

cv=vtewk. (2.1)
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Let WCV*® be a subset. A vertex veW is called an interior vertez of W if for
each k, k€Zg, the neighboring vertex L{v is contained in W. Let W® =W, and for each
integer 1>1, let W® denote the set of interior vertices of W(=1).

Given a function 7: W—R, the (discrete) directional derivative 85n: W) —R is
defined by

in(v) =7 (n(Lgv) —n(v)) =~ (n(v+ew®) —n(v)). (2.2)

Let Lin denote the function which differs from 7 by the translation L:

in(v) =n(Liv) =n(v+ew®). (2.3)

Then we have
IF; =5_1[Li_1]a

where In=n.
The (discrete) Laplacian of a function 7: W —R is a function in W) defined by the
formula

Kyw)=3e72 Y ((Liv)—n(v)) =372 Y (n(v+ew®)—n(v)). (2.4)

keZg k€Zg

In other words,
N=2e723 " (Lg-D).
k€Ze
Note that the Laplacian of 2 restricted to V¢ is 2. That is the reason for the factor %5—2'
Clearly, the operators I, L%, 0; and A° commute with each other.
For any function g defined on a subset WCV*® we will use ||g||lw to denote its
L*°(W)-norm:
lgllw = sup |g(v)].
veEW

For any differentiable function G:2—R and any k€Zg, let 8;G denote the direc-
tional derivative

G(z+tw*)—G(2)
; .

Definitions. Let f: Q—C? be some function defined in some domain QCC. For each
€>0, let f¢ be some function defined on some set of vertices V§ C V¢, with values in C4.
Suppose that for each z€€ there are some 61, 62>0 such that {veVe:|v—z|<f}CV§
whenever £€(0, 61).

If for every 2€Q and every o>0 there are some 67,8, >0 such that |f(z)— f¢(v)|<o,
for every £€(0, 61) and every veV*® with |v—z|<é;, then we say that f¢ converges to f,
locally uniformly in Q.

OuG(2) = lim (2.5)
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Let n€N, and suppose that f is C*-smooth. If for every sequence ki, ..., k; €Z¢ with
j<n we have 6,§j sz_l - Ok, fe— 0k, 0k,_, ... Ok, f locally uniformly in €2, then we say that
f€ converges to f in C™(f2). If that holds for all n€eN, then the convergence is C™.

The functions f¢ are said to be uniformly bounded in C™(Q) provided that for every
compact K CS there is some constant C(K,n) such that

||alecj8;j—l O, [l kAve < C(K, n)

whenever j<n, and ¢ is sufficiently small. The functions f¢ are uniformly bounded in
C*>(Q), if they are uniformly bounded in C"(2) for every n€N.

Following are some simple lemmas about C'°°-convergence of such functions.

LEMMA 2.1. Let n be a positive integer. Suppose that the functions f¢ are uniformiy
bounded in C™(Q). Then for every sequence of €—0 there is a C™~1(Q)-function f and
a subsequence of e—0 such that f¢— f in C""Y(Q) along that subsequence.

Proof. Since f¢ are uniformly bounded in C*(f2), the standard proof of the Arzela—
Ascoli Theorem shows that there is a continuous function f defined in §2 and a sub-
sequence of e —0 such that f¢— f locally uniformly along that subsequence.

We apply the same argument to the discrete derivatives of the functions f¢ with
order at most n—1, and conclude that for some subsequence all the discrete derivatives
of order at most n—1 of the functions f¢ will converge locally uniformly in . It is then
easy to verify that f€— f in C™~1(Q). The details are left to the reader. O

LEMMA 2.2. Suppose that f€, g% h® converge in C>®(Q) to functions f,g,h:Q2—C,
and suppose that h#0 in Q. Then the following convergences are in C®(Q):

(1) fe+g°—f+g,

(2) ffe*—fy,
(3) 1/hf—1/h,
(4) if ht>0 then vVhs —Vh,
(5) [h°|=IR.

Proof. The local uniform convergence is obvious in each of these cases. Hence, by
Lemma 2.1, it is sufficient to show that these discrete functions are uniformly bounded
in C*°(Q2). Part (1) is easy. Part (2) follows from the identity

Ox(f°9°) = 0k f*) " +(LEf*) Okg”



C*°-CONVERGENCE OF DISK PACKINGS 225

and induction. Similarly, parts (3) and (4) follow from the identities,

o —OCh
%1/ = e

E LE
OV = k"

VI ke

The details are left to the reader. The convergence of |hf| is C, because |h¢|=Vhehe. O

3. The setup

This section will describe the construction of the packings P%. The notations and as-
sumptions introduced here will be adopted throughout the following.

Let © be a simply-connected domain in C with Q#C. Fix two arbitrary distinct
points 2g, 25 in €. We now describe a standard construction of a triangulation of a
simply-connected subregion of {2 that approximates ). For every small €>0, consider
the subset of vertices of VeN{z€C:|z|<1/e} such that their distance to C—£ is bigger
than e; and let 175 be the set of vertices which are either an interior vertex of this subset,
or shares an edge with an interior vertex. Let V{ be the connected component of 175
which contains some vertex with distance at most € to zp, and let H§ be the subgraph of
H? spanned by the vertices in V5. Then for small ¢, H§ is equal to the 1-skeleton of a
geometric triangulation (with equilateral triangles of side length £) of a closed topological
disk contained in 2 that approximates €.

As we stated in the introduction, it follows from the Disk Packing Theorem that
there is a disk packing Pf=(Pt:veV§) in U whose nerve is H§ and with the property
that boundary disks are tangent to OU. We normalize P¢ by a (possibly orientation-
reversing) Mobius transformation, so that (1) for a vertex vp€V§ that is closest to zp the
center of the disk P; is 0, (2) for a vertex vy €V{; that is closest to z; the center of the
disk P56 is on the positive real ray, and (3) the six disks Pfi » k=0,1,..., 5, surround P]
in positive circular order. Let f*: V§—U be the function that maps every ve€V{j to the
center of the disk P;. Then the Rodin—Sullivan Theorem [15] tells us that f* converges
locally uniformly in €2 to the Riemann map f: Q—U satisfying f(z0)=0 and f(z4)>0.

Let R° denote the regular hexagonal disk packing whose disks are centered at the
vertices in the hexagonal grid H. The disks of R® all have radius 3e. Let R be the
subpacking corresponding to the subset of vertices V.

For any triplet of mutually tangent disks Py, P, P3 in P¢ or Rf, there is a disk D
whose boundary dD passes through the intersection points P,NPs, P,NP3; and PsNP;.
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The disk D is called a dual disk of the packing. Note that 8D is orthogonal to each of
the circles 0P}, j=1,2,3.

4. The discrete Schwarzians

Let f be a complex analytic function defined on a domain in the plane C, such that f’(z)
never vanishes. The Schwarzian derivative of f is defined by

f(2) )’_ 1 (f”(z) >2 _f"(z) _3(f"(2))? (4.1)

ss0=(53)-3(55) = 7o s

The Schwarzian derivative of f is itself a complex analytic function. It is elementary
to check that for a Mébius transformation T'(z)=(az+b)/(cz+d) we have S(T'>f)(z)=
Sf(z). Moreover, Sf=0 if and only if f is equal to the restriction of a Mobius transfor-
mation. These and some further properties of the Schwarzian can be found in [11, §1],
for example.

In the same spirit, we will define the Mébius invariants of hexagonal disk packings,
and derive their immediate equations. Analogous invariants and equations were worked
out in [16] in a similar way for circle patterns based on the square grid, where applications
were found to the study of global properties of immersed patterns in C. Here, we will
use Mobius invariants as an intermediate means in the study of the convergence problem;
and the Schwarzians will be defined as some suitably scaled measure of deformation of
the Mébius invariants from their regular values. As an important step, we will derive a
formula for the Laplacian of the Schwarzians in the next section.

Our method will yield the same result if Rodin’s equation (1.1), which the radii
satisfy, is used instead. Thus, the use of Mdbius invariants is not essential. We have
chosen to work with the Mobius invariants as they yield relatively easier equations.

For any edge e=[v, u] in H§, we let p. denote the point of tangency of the two disks
P, P:. Let e=[v, u] be some edge in H§, let wy, w, be the two vertices of V¢ that neigh-
bor with both v and u, and suppose that wy, wz€V{§. Let T be a Mobius transformation
that sends the tangency point p. to infinity. Then the two circles P,, 9P, are mapped
to lines. It follows that the four points T(py,w,])> T(Ppw,wa])> T Ppu,wi])s T (Pluw,]) are at
the corners of a rectangle, see Figure 4.1.

Since T is well-determined up to post-composing by a similarity, the aspect ratio of
the rectangle,

T (Plo,w1)) = T(Plo,ws))|
T (Plo,u11) =T Pru,un DI’
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N

TP, TP,

TP,,

Fig. 4.1. The configuration after applying 7"

is independent of the choice of T'. It also does not change if we modify P¢ by a Mdbius
transformation. Set s. to be this aspect ratio divided by v/3,

8(6) — |T(p[vaw1])—T(p[v,wz])l
\/g IT(p[v,'uu]) _T(p[u,uu])l

(4.2)

and let
h(e) =& ?(s(e)—1) (4.3)

be called the (discrete) Schwarzian derivative, or Schwarzian of P¢ at e. The factor 1/v/3
in (4.2) is justified by the fact that when the disks P,, P,, P,,, P.,, are all the same size,
we get s(e)=1 and h(e)=0. The factor =2 is reasonable, because of the behavior of the
Schwarzian derivative under rescaling, namely, (Sg)(2)=¢%(Sf)(ez) when g(z)=f(ez).
(This is also justified by the estimate of §6.)

For a vertex v in V¢, denote ex(v)=[v, L5 (v)]. See Figure 4.2. Let s, hx: (VS)(V —R
be defined by si(v)=s(ex(v)) and hi(v)=h(ex(v)). Clearly, si(v)=sk+3(Lrv) and
hi(v)=hgys(Lyv).

LEMMA 4.1. Let v be an interior vertex in V§. Then,
sk(V)+Sk+2(v) +8k14(v) = 35k (V) k41(v) Sk42(v) (4.4)

is valid for any k€Zg.

Although we will not prove it here, the equations (4.4) are sufficient to guarantee
that a positive function s on the edges of H® corresponds to an (immersed) hexagonal
circle pattern (cf. [16]).
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Fig. 4.2. The edges around a vertex.
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Fig. 4.3. The special points of a flower.

Proof. For any k€Zg, let pi be the point of tangency P; ﬂPfiU, and let gx be the
point in P¢ : vﬂPgi »- See Figure 4.3. There is no loss of generality, because the packing
+1
P* may be reflected about a line.

Let mi=m(v) be the orientation-preserving Mobius transformation that takes
Dk, Pk—1,qk—1 to 00,0, 1, respectively. Then, by the definition of the si’s,

M () (Pr11) = —V3 ki,
me(v)(gx) = 1—v/3 s,
m(v)(pr) = oo
Consequently, setting Mk:mkHom;l, we get
M, (—\/§ Skt) = 00,

Mk(l'\/gSki) =1,
Mk(oo) =0.
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Therefore,

Mkz((,) i ) (4.5)

1 —v3s

where the usual matrix notation for Mébius transformations is used. Note that the com-
position Mso MyoMszoMyo Mo My is the identity. Hence, MsoMgo Ma= Mg o My to My,
which evaluates to

( V34 3is384—1 ) _ (\/g(so+82—3soslsg) 1—318081 ) (46)

3isss5—i V3 (sa+s5—3535485) ) i—3is182 V3s1 /) '

This is an equality of M6bius transformations, and is therefore valid up to a scalar factor.
However, both sides have determinant 1, because the matrix in (4.5) has determinant 1,
and therefore (4.6) is valid up to sign. From the upper left entries, we get

+54 = 8¢+82—3505182. (47)

Because s4 is never zero, and since the set of configurations of 6 disks in a ‘flower’ around
a given disk is connected, the sign in (4.7) does not depend on the configuration. When
all circles have the same radius, sy =1, so the correct sign is minus. This proves (4.4) for
k=0. The equations for the other values of k are valid by symmetry. O

5. The Laplacian of the discrete Schwarzians

In this section, we will use the equations of the sx’s of §4 to obtain the equations
for the hy’s, and these will be used to show that A°hyg(v) is equal to a polynomial in
&, hjo(v), Lj, hj, (v); Jo, J1,j2€Z6. We consider only € in the range (0,1), and therefore,
if all hy’s are uniformly bounded in a vertex subset W, then so are the A®hg’s in the
set Wb,
We substitute si(v)=1+¢2ht(v) in equation (4.4), simplify, and get
hic(v)+higyo(v) +hira(v) =3hie(v) +3hkr1(v) +3hk+2(v)
+36% (Pt (v) Pt 1(0) + P41 (V) B2 (v) +hat2(0) B (v)) (5.1)
+364hk(v)hk+1(v)hk+2(v).

S
* t1(v) = —(hie(V) R4 1(v) +hior1(0) hi42(0) +hi2(v) hi (v))

—&%hg (V) ey 1(v) hrga (V).
Then equation (5.1) becomes
2k, (V) +3hp11(V) +2hi12(V) — iy a(v) =36 Upya(v). (5.3)
Replace k by k+2, multiply by 2, add to (5.3), and get
3R 1(v)+6hgy2(v)+6he3(v)+3heya(v) =362Tp 1 (v)+662Ty3(v). (5.4)

(5.2)
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Fig. 5.1. The numbers mark the coefficients of the h-values in the identities (5.5) through (5.8).

LEMMA 5.1. &hg(v) is equal to a polynomial in the variables €, hj,(v), L5 hj, (v);
Jos 31, j2€Zg. More specifically,

Nhp=3L5 1 Urra+ 5051 Wkrs+ 205 s Wi+ 5 L5 sWhia—2L5Vhys—20y.

It is quite fortunate that A°hy(v) is a polynomial in €, b, (v), L3 hy, (v); Jo, J1, J2 € Zs,
since that simplifies many of the arguments that follow. However, the proof could be
made to work if A°hg(v) was only a C*-function of these variables. This might be
important for generalizing the methods of this work to other settings. See §11 for further
discussion.

Proof. We work on the case k=0. Fix some voe(V5)(2). Let vi=Lgug, u=Lsvg
and w=Ljvy. To understand the following computation, the reader is advised to consult
Figure 5.1.

Apply equation (5.4) with v replaced by u and k replaced by 5, then use the relations
hi(v)=hk+3(Liv), to get (after division by 3)

ho(w)+2h4(v1)+2hs(ve) +ho(Lavo) = €2Wo(u) +262 Uy (u). (5.5)
Similarly, apply equation (5.4) with v replaced by w and k replaced by 2, and obtain
ho(Lavo)+2hi (vo)+2h2(v1) +ho(w) = €2 ¥3(w) +26> U5 (w). (5.6)
The substitution vy for v and 5 for £ in (5.3) gives
2hs (vo) +3ho(vo) +2hi1(vo) —ho(Lave) = 3e*Uo(up). (5.7)
Similarly, the substitution v; for v and 2 for k in (5.3) gives

2h2(v1)+3h0(v0)+2h4(v1) —ho(vh) = 382\113(’[)1). (58)
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Now subtract the sum of equations (5.7) and (5.8) from the sum of equations (5.5) and
(5.6), and get

%62A5h0(’l]0) = 62\113(10) +2E2\I/5 (w)+€2\1’0(’u)+262\1/2 (u) -—382\1/3(’()1) —352‘110(’00).

This proves the lemma for the case k=0. For other values of k the lemma is also valid,
by symmetry. O

6. The discrete Schwarzians are bounded

In this section, we will recall the result of [6] which essentially says that the discrete
Schwarzian derivative is uniformly bounded in any compact subset of the domain 2.
The bound is independent of . Precisely, we have the following lemma.

LEMMA 6.1. Let vy be a vertex of VS, and suppose that the distance & from vg to
{z€C:|z|>1/e}—Q is greater than 2e. Then

[hk(vo)|:5_2|sk(vo)—1|<C, keZsg, (6.1)

for some constant C=C(6), which depends only on 6.

The proof is quite similar to the proof of Lemma 1.5 in [5]. The boundedness of
the Schwarzians is equivalent to the boundedness of the third order derivatives of f=.
It is an open problem whether the above lemma can be proved directly using Rodin’s
equation (1.1) for the radii, or from the formula for the Laplacian of the Schwarzians.

Proof. By [6], there is a homeomorphism g¢° from the carrier of R onto the carrier
of P¢ with the following properties:

(1) For each veV{, the image of the disk R¢ under ¢¢ is the corresponding disk Pg.

(2) The restriction of g° to a dual disk of the packing R§ is equal to a Mdbius
transformation.

(3) There is a universal constant Cy>1 such that for each ve(VE)?), the map g°
restricted to R is C;-quasiconformal.

(4) For each ve(V5)®), there is a constant Cy=C,(6(v)) >0, which depends only on
the distance §(v) from v to {z€C:|z|>1/e} -, such that the area of the subset of R
where g° fails to be conformal is bounded by Coe*. (Note that the area of RS is we?.)

Consider the restriction of g° to R; . Let Dy, be the dual disk bounded by the circle
which passes through the tangency points of pairs of the disks Ry , ii v, and Rii+1vo'
See Figure 6.1.

Let 21, 23, 23, 24 be a quadruple of points on the circle dR; which are: (1) sufficiently
spaced out, say, |2;, —2;,|2 165¢, for any j1#j2; (2) away from the points of tangency
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Fig. 6.1. The six dual disks.

{wr}=RS NRS, ., say, |z; —wk|> 155¢; and (3) cyclicly ordered in the counter-clockwise

direction. We claim that for any such quadruple,

|lg° (21), 9% (22); 9°(23), 9 (24)] —[21, 225 23, 24]| < 0362, (6.2)

where [-,-;-,-] denotes the cross ratio, and Cs depends only on é.
In fact, there are positive numbers m and m* such that the quadrilaterals
(R5,; 21, 22, 23, 24) and (g°(RE ); g% (21), 9% (22), 9°(23), g°(z4)) are conformally homeomor-

phic to the standard rectangles
(@m=1[0,m]x[0,1];(0,0), (m,0), (m, 1), (0, 1))
and

(Qm- =[0,m"]x[0,1]; (0,0), (m*,0), (m*, 1), (0, 1)),

respectively. The map g° will then be translated to a C;-quasiconformal map F*© between
the standard rectangles

(Qm;(0,0),(m,O),(m, 1)’(0’ 1)) and (Qm-;(0,0),(m*,O),(m*,1),(0,1)).

The relations |z, —2j,|> 155 €, j1#J2, imply that m and m*€[m/Cy, mC)] are bounded
from above and below by some universal positive constants. On the other hand, since
|2; —wk| > 155, by property (2) above we deduce that g° is conformal in the 55e-
neighborhood of the points z;, 1<j<4. Outside the ﬁs—neighborhoods of the z;’s,
the conformal homeomorphism from R® onto Q,, is clearly Lipschitz, with Lipschitz con-
stant bounded by Cse~!, where C; is a universal constant. Thus, using property (4),
it follows that F* is conformal except on a subset of area bounded by C?Cze2. It then
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follows by a standard Grotsch argument (compare [6, §2]) that [m*/m—1|<Cse?, where
Cs depends on €y and C3. Then (6.2) follows as m and m* are related to the cross
ratios [21, 22; 23, 24] and [¢°(21), g%(22); 9°(23), g% (24)], respectively, by the same smooth
function.

Let T} be the Md&bius transformation which agrees with ¢g° on Dy, Since a Mdbius
transformation is uniquely determined by its values at three points, it follows from (6.2)
that for any k€Zg,

e T Yo Th1(2)—e 12| < Coe?, Vz€RS

vo?

(6.3)

where Cg depends only on Cs, and consequently, on 6.
It is then elementary to check that (6.3) implies that |sg(vo)—1|<e2Cr, with Cr
depending only on §, which gives (6.1). O

7. Regularity of solutions of discrete elliptic equations
REGULARITY LEMMA 7.1. Let W be a subset of V¢, let voeW 1), and let 6 be the
Euclidean distance from vp to VE—W. Let n: W —R be any function. Then

8165 (vo)| < Tlinllw + 36| 7]l w o (7.1)

holds for any k€Zg.

This lemma is known in the continuous setting, and may certainly also be known in
the discrete setting. The estimate is not sharp. For lack of a good reference, we include
a proof.

Proof. Note that both sides of (7.1) are scale invariant; i.e., if we define j:a " !W >R
by 7i(v)=n(av), where a>0, then (7.1) for 7 is equivalent to (7.1) for % at a~1vy. Hence,
we assume with no loss of generality that §=1. Also assume for convenience, k=3, vg=c¢.
Again, there is no loss of generality.

Let R(z+iy)=(e—z)+iy be the reflection in the line z=1¢, and set

g9(v) =n(v)—n(Rv).
As L§vo=vo+(—1)e=0=Ruy, what we need to prove is that

l9(vo)l=lg(e) <e(Tlnllw + 32 nllww)- (7.2)

This is obvious if 2<7e, so assume 7e<2. Also assume, with no loss of generality, that
g(e)>0.
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Let
Wo={a+iyeVe:y/ (e~ 1ef+y2 <1-fe},
Wy = {z+iye Wo:z > 1e}.

Since Wo=R(W}) is contained in W, the function g=n—noR is well-defined in Wj.
Denote z=x— %5. Consider the “comparison” function §: Wo—R defined by

§(z+iy) = §(&+se+iy) = (1(F2+y%) +14E - 2%)) Inllw +(E-2°) | Enllww,  (7.3)

and note that §20 on Wi.
At any interior vertex of Wy, we have A°(g—§) >0, because

& g(v) = &n(v)-&n(Rv) > 2| Xnllww,

and &°9(v)=—2[5nllwaw.

In particular, A°(g—§)>0 at any interior vertex of Wi. Then it is elementary to see
(from (2.4)) that the maximum of g—§ on W is attained at some boundary vertex, say
Vy=Tx+1Ys, of W1 (the maximum principle). We claim that

(9=3)(w) < {2 Inllw+ 2|1 8 nllwa. (7.4)

Clearly, the set of boundary vertices of W, is contained in the union of the subsets

By ={z+iyeW;:z = 1e},
By ={z+iyeW;:z=¢},
B3 = {z+iy€W1: (:1:—%6)2-+-y2 > 1—%6}-

If v,=4e+iy,€B1, then Rv,=v,, g(v.)=0, and g(v.)=0<§(v.), hence (g—37)(v.)<0.
If v, € B3 then

(za—1e) +42) Inllw > 7(1—Lef Inllw
(1= 2V |nllw = 2lnllw = g(v.)],

§(va) 27
=7
and therefore again (g—§)(v.)<0.

Now let v.=e+iy, € By~ Bs. In this case, e+iy, is an interior vertex of Wy. Since

&(g—§)(vs) 20, and (g—§)(e+iy,) is the maximum of g—g in W1, and iy, is the only
neighbor of v,=e+1iy, outside of W, it follows that

(9—9)(iy.) = (9—9)(e+iy.).
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As g(iy.)=g(R(e+iy«))=—g(e+iy.), we deduce that g(e+iy.)—G(iy.) >2g(e+iy«), and
then

(9—9)e+iys) < —5(@(e+iys) +§ (i) < g% Inllw + 1% &nllwa.

This proves estimate (7.4).
Since (g— §)(wv«) is the maximum of g—§ in W1 and since e€ Wy, we have (g—§)(v.) =
(g—§)(¢), and then by (7.4),

|9(e)| = g(e) = 4(e) +(g—)(e) <9(e) +(g— ) (vy)
<)+ 1l Inllw + 32180l wa =14(3¢) Inllw + zell Anllwe,

which implies (7.2), and proves the lemma. O

8. The discrete Schwarzians converge

In this section, we show that for some sequence of e—0, the Schwarzians h; converge
in . In a later section, the limit will be identified, and it will follow that the limit
exists even without restricting to a subsequence.

We shall sometimes write hf for hg, to stress the dependence on e. From Lemma 6.1
we know that the functions hj, are bounded on compact subsets of 2, with a bound
independent of . Lemma 5.1 then shows that the functions A°hj, are also uniformly
bounded on compact subsets of 2. Applying Lemma 7.1, we see that also 05hf have
such a bound. It then follows, by Lemma 2.1, that for some sequence of ¢ tending to 0
the continuous limits

Hy = lim hj, (8.1)
e—0

exist, and are locally Lipschitz functions on .
Note for future use that
Hi+3="Hk, (8.2)

because hi(v)=h}_ 3(L;v). Using this together with (5.4) gives
Ho+H1+H2=0. (8.3)
For each 6>0 let Vi denote the set of vertices of V* whose Euclidean distance to
{z€C:|z|>1/e} - is at least 6.

LEMMA 8.1. Let §>0, and let n be an integer. Then there are constants C=C(n,$),
a=a(n,§)>0 such that
0%, 0%,._, -+ 0%, hi, llve <C (8.4)
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holds whenever e<a, and ko, ki,...,kn€Zg. In other words, the functions h;, are uni-
formly bounded in C> ().

Proof. The proof will be inductive. The case n=0 is handled by Lemma 6.1. So
assume that n>0, and that the lemma holds for 0,1,2,...,n—1. Set
g=0%, _, - Ok hi,-
Then,

£ AEQE € LE _ Qf €LE
Ng=L0, | ... Ok hty=0k, - O &hg,.

1

From Lemma 5.1 it now follows that A°g is a linear combination of functions of the form
O, _, - Ok, AV,

with A=L? or A=I, the identity operator. Recall, from (5.2), that ¥; is a polynomial
in £ and the hi’s. Also note the rule for discrete differentiation of a product,

Ok (V1%p2) = (Oxth1) Y2 + (L 3h1) O e,

which is easy to verify. From this rule, it follows that 0;,¥;, is a polynomial in e and

the Ah;’s, where A ranges over the operators I, 5

.+ Lj,- By induction, it follows that

0%, , 0% Uk
is a polynomial in € and expressions of the form

LS, . LS, 8, 8 o, (8.5)

Js4+1 " Js "

where m<n—1. If v€Vy),, m<n, and 4ne<§, then v'=L ...L5  (v) is in vEVS),.

Therefore, the inductive hypothesis with v/ =L% ...L;sﬂ(v), n'=s, & :ié applies, and
provides a bound for (8.5) at v. Since A°g is a polynomial in £ and the expressions of the

form (8.5) with m<n,s<n—1, it follows that there is a constant C;=C(8) such that
[1&g(v)llve, <Ci.

Because |g| is also bounded on 1/35/2, the Regularity Lemma 7.1 provides a bound for
|8,"§n gl, on V£, which completes the induction step and the proof. ]
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COROLLARY 8.2. hi—Hy; in C°(Q2) as e—0.

Proof. 1t follows from Lemma 8.1 and Lemma 2.1 that this is true for some sequence
of e—0. The general statement will follow later, when (8.1) is proved in full generality. O

Remark 8.3. It can be shown that the rate of convergence in Corollary 8.2 depends

only on n and §; i.e., there is a function A(n,§,€) such that

6%, - Ok, hk =0k, - Ok, Hilve < A(n,6,6) and A(n,6,e) >0 ase—0.

The following proposition will not be used below, but is interesting in itself, and
would probably prove useful for studying the rate of convergence in Corollary 8.2.

PROPOSITION 8.4. Let 60, let kcZg, and suppose that 26 <8. Then
“Ashk“VEe S 520*,

where C*=C*(6) depends only on 6.

We will need the following notation. Write

n

a=bh

when a—b is a polynomial in ¢, and in the functions hy and their discrete derivatives
of arbitrary order, which is divisible by €*. We also use a similar notation for discrete
operators. For example, the relations L;_ L}, =L and Li;=1I+¢€0; give

AR AR (8.6)

2
Proof. We will prove that A°h,=0. This actually proves more than the proposition;
it shows that the discrete derivatives of A°hy, are also O(g?).
Use Lemma, 5.1 and the identities L=I1+¢d; to write
%A‘Ehk = Li+1‘Pk+3+2L2+1\Pk+5 +LZ+5\I’k+2L2+5\I’k+2_3Li\1’k+3‘3\1}k
=W 342Uy 5+ U +2Ug 50— 3, 33T
+€(8i+1\1'k+3 +28]EC+1\I/]€+5 +8,§+5\Ilk+28,§+5\11k+2—38,§\I!k+3) (87)
=2Wp+2Wp 0 — 2y 3+2W 5
+&(0k 41 Vnh+3+205 11 U5 +05, s Ui +20% 15 Wir2— 30, Ui13).

Recall that (5.3) gives ¥;=2e72(2h;_,+3h;+2h;j+1—h;13). This relation implies that
W+ W0 — Ve i3+ Py 5=0. Therefore, (8.7) reduces to

%Ashk = E(ai+1\11k+3 +26,6€+1\11k+5+6i+5‘11k+28i+5\11k+2~38,€c\11k+3). (8.8)
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The relation hyio=L§ ohx_1=hr_1+€05 ,hx_1, and the definition (5.2) of ¥ give

52

Uis1=—hihei1 —hgy1hero—hiei2hi

= ~hihirr—hici (heo1 + €08 ohim) = (R +edk phi )i (89)
= —hihiy1 —hkr1hr—1—he—1hy = Uy

This means that
v; £, foreach j,keZg,

which also implies that 3fn\Iljéafn\Ilk, for m, j,k€Zs. So (8.8) further reduces to
2
3N, =e(305,,+305,5—305) Vs (8.10)

Now the relation (8.6) shows that gAE hkio, and the proof is complete. a

Remark 8.5. Another interesting identity is
3.9 ¢
3 sBj hj+3 = hj +hj+2 +hj+4.

This follows from (5.3) with k=j+2.

9. The contact transformations

Let veV{§ be some interior vertex, and let k€Zg. Define the contact transformation
Zg=Z%(v) to be the Mdbius transformation that takes each of the three points ¢, ew?, ew?
to the three points in P¢ ﬂPfi v Pzi vagiH and P;NFP; € respectively.
We now derive expressions for the discrete derivatives of Z;(v) with respect to v.
These will enable us to show that the Mobius transformation Zf converge C* as ¢ —0.
Let R be the rotation R(z)=w?z. It is clear that

2§ o(Liw) = ZE(v)-R. (9.1)

2

Let A= A® be the Mobius transformation taking e, ew?, ew? to 0, 1, 0o, respectively. Using

the Mobius transformations my(v) from §4, we may write
ZE(v) = mis1 (v) 1A,
With the notation Mk=mk+1-m,:1, we then have
A-ATN M- A=ZE- AT M- A

€ a1 A __.n—1
Zi_1=my A—mk+1
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Set
Qr=A""-M;-A. (9.2)

Then the above relation can be abbreviated
Zk =2k Q- (9.3)

Equations (9.1) and (9.3) will allow us to write the expression for Z5(L{v) in terms of
Z3(v) and the transition matrices Qy, R:

LiZ; = Li(Z5 2 Qry2- Qri1) = Ly Zk 4 o L5 Q2 L Qk41

(9.4)
=Z; R- L3 Q2 LiQri1-

Matrix representations of R and A are

R:(w ?1 ’ A= —w Ew2>,
0 w 1 Ew

and the expression (4.5) for M can be written

M= (S - z':),sk) - (? —\/§(li+52hk))' (9:5)

This gives the following expression for Qg:

Q _(iw(1+e2hk) iw25(2+62hk))
k= eiwhy, iw2(1+€2hk) .

Observe that Qi is polynomial in € and hg. A direct computation gives the leading terms
for R-LiQx+2- L5 Qr+1 88

0 2iv/3

R'LE ,LE = I+E
$Qrr2 Ly Qri1 <w5Lihk+1+w4Lihk+2 0

) +£20(1), (9.6)
where I is the identity matrix, and O(1) denotes some matrix that is polynomial in
€, Lihgy1, Lihg2. The equations (9.4) and (9.6) give an expression for the discrete
derivative 0; Z; as

0 2iv3

8EZ€=ZE-( )+5Z5-0 1). 9.7

An entirely similar computation gives

0 3—v/3i

e _ge_ gt
k—=2%k k (whk_1+hk 0

>+sz,§-0(1). (9.8)
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(Of course, the O(1)-matrix here is not necessarily the same as in (9.7).) Because of the
relations 0, 3 =—0; L}, 3 and 0§_,=0;+05_,Lj, the expressions for all the derivatives
95 Z§, j€Zg, can be obtained from (9.7) and (9.8).

Recall that z5 denotes an arbitrary but fixed point in . For each small €>0 let
vp=v§ be some vertex in V{§ which is closest to z. Let

Zk(v) = Z5(v0) T Z;(v).
Then we have from (9.7) and (9.8) and the similar expressions for the other 85 Z,
L5Z; = Zg-(I+e0(1)).

Since the absolute values of the entries in (I+£0O(1))™ are bounded by e“", for some
constant C, and since Z t(vo)=1I, it follows that the matrices 2,‘5 are bounded in compact
subsets of 2, independently of €. From the similar relations for Z;, we have for each
j € Zﬁa

05 Zy = Z§-0(1). (9.9)

Note that the O(1)-term is bounded in C*°(§2). Therefore, repeated differentiation of
(9.9) shows that 2;2 is bounded in C*°(2) uniformly in e. By Lemma 2.1, it follows that
for some sequence of e—0, the limit

Z,=lim Z¢
e—0

exists, and the convergence is C*°(2).
Multiply equation (9.7) on the left by Z£(vo)™?, and take a limit as e—0, to obtain

~ A 0 2iV3
OpZr = Zg- . 9.10
R (wsHk+l+w4Hk+2 0 ) (410)
Applying a similar procedure to (9.8) gives
~ A 0 3—3i
Ox_2Z2; = Z- . 9.11
k—2Lk k (LUHk_1+Hk 0 ) (9.11)

The identities (9.10), (9.11), (8.2) and (8.3) now imply
22k =w 20 2k,

which shows that Zj(2) is a (matrix-valued) analytic function of z.

Observe that the equations (9.10) and (9.11) show that the determinant of Z(2) is
constant in 2. At zg this determinant is 1. Therefore, fk(z) is a M6bius transformation
for every ze.
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The next step is to show that there is also convergence of a subsequence of Zj
as e—0. For this, all that is needed is to show that the transformations Zg(vo) are
bounded independently of €. Let Zi(2)(w) denote the image of w under the Mébius
transfromation é\k(z). Since 2k(zo):I , we find from (9.10),

91 Z(2)(0)=2iv3 0.

0z,

It follows that for a sufficiently small >0, the three points wo=_Zg (20)(0), w1=
Zo(20—)(0), wa=Z(20+)(0) are all distinct. Set z1=z0—a and z3=2z+a.
From the Rodin-Sullivan Theorem and the definition of Z§, it follows that

lim Z5(2)(e) = 1 (2)

where f is the Riemann map f:Q2—U. For each £>0, let v, v2 be vertices of V® closest
to 21, 22, respectively. The Mobius transformation Z§(vg) takes each of the three points
78 (vo)(e), ZE (v1)(€), ZE (v2)(€) to a point close to f(z0), f(z1), f(z2), respectively. The
former triplet of points are close to wg, w1, wa, respectively. Consequently, lim._,q Z§(vo)
exists, and is the M&bius transformation that takes wp,w;, ws to f(20), f(21), f(22), re-
spectively. It is easy to see that the same must hold for the other transformations Z(vo).
Consequently, there is C'*°-convergence,

2=l 7
along some subsequence of £—0.
THEOREM 9.1. Let f be the Riemann map from Q to the unit disk U. Then
S(f) = 4(Ho+w*H; +w’Haz). (9.12)
Using (8.3), this also gives
6Hr, =Re(w?*S(f)),

for k€Zg. The theorem then implies that Corollary 8.2 and (8.1) are valid for every
sequence of £—0, not just for one particular sequence.

Proof. Write
a(z) b(z) )
Zo(z)= .
o= (2
It follows from f(z)=2,(2)(0) that f(z)=>b(z)/d(z). Equation (9.10) is also valid for the
matrix Zg, and therefore b(2) and d(z) both satisfy the differential equation

w” = 2iV3 (WH1+wHz)w. (9.13)
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Consequently, we have (b'd—bd’)' =0, and therefore b'd—bd’ is a constant, say a. Hence,
(b/d)’=ca/d?. Using the fact that d satisfies (9.13), the definition (4.1) of S(f), and the
identity (8.3), it is easy now to verify that S(f)=8(b/d) is the same as the right-hand
side of (9.12). g

10. C®°-convergence of disk packings

Let the situation be as described in §3. For each veV{, let g*(v) be the contact point
of P; with Pf,. We recall that f (v) denotes the center of the disk P¢, and r¢(v) the
radius of P:. Clearly, Theorem 1.1 follows from the following theorem.

THEOREM 10.1. In the setting of §3, f¢ and g® converge to the conformal map
f:Q-U in C(Q), and 2r%/e converges in C*(Q) to |f'].

Proof. Let us start with g°. We have g°(v)=Z§(v)(¢). Write Z§(v) as a matrix,

(28 20)

Similarly, let the entries of Zy(z) be a(z),b(z),c(2),d(2). Then ec®*+d* converges C™
to d and ea®+b° converges C™ to b. Note that d is nonzero in 2, because b(z)/d(2)=
Zy(2)(0)=f(z), and the determinant of Zy(z) is nonzero. Consequently, by (2) and (3)
of Lemma 2.2, it follows that (ea®+b%)/(ec*+d®)—b/d in C*°. But that is the same as
g —f.

Let ¢; be the circle that contains the three points ¢, ew?

,ew?. Because Z§(v) maps
the three points ¢, ew?, ew? to PfNPf,, Pie,NPfs,, P NPy, Tespectively, it maps c;
onto the dual circle of the triangular interstice. Consequently, Z§(v) maps the circle c;
passing through ¢ and ew* which is orthogonal to c; onto 8P5. Let ep, be the center,
and €gs be the radius of c2. Then p; and g, are constants.

How can we find a formula for f¢(v), the center of P¢, in terms of Z§(v)? The
inversion of f¢(v) in GP¢ is 0o, obviously. The preimage of that inversion under Z§(v)
is the pole of Z§(v). Let g be the inversion in ¢ of the pole of Z§(v). Note that when
a point 25 is the image of a point z; under an inversion in a circle ¢, then any M&bius
transformtion m will take 25 to the inversion of m(z;) in the circle m(c). Consequently,

§(v)(g)=/f%(v). The pole of Z§(v) is just the point —d®(v)/c(v). This gives
203 e203c*(v)

RO/ O N O O)

It is therefore clear from Lemma 2.2 that f¢(v)=25(v){(q) converges C* to f.




C*.CONVERGENCE OF DISK PACKINGS 243

Note that
¢ (w)+r°(Lyw) = | f*(w) — f*(Liw)| =¢€[05 f*(v)].

The three instances of this relation, (w=v,k=0), (w=v,k=1) and (w=L§v, k=2), give

re(v) = 5e(105 % (v)|+101 £ (v)| - 105 £* (Lov)])- (10.1)
Because 5 f¢ converges C* to f’ it follows from Lemma 2.2 that |95 f| converges C™
to |f'|. Similarly, |8 f|—|f’|. Consequently, 27¢/e converges C* to |f’|. O

11. Remarks: More general combinatorics and disk patterns

Consider a locally finite disk packing R in the plane, which is invariant under two linearly
independent translations, and assume that all the interstices are triangular. It is well
known that one may use the rescaled packings RE=eR={eD: D€ R}, £>0, to construct
approximations to conformal mappings, and that the derivatives up to the second order
converge (see, e.g., [8] or [9]). We now discuss the definition and convergence of the
Schwarzian in this general case.

We will use G° to denote the embedded graph of the packing ¢R, and denote by
2* the domain which approximates ; R§, the subpacking of e R contained in €; G§, the
graph of Rg; and V{j the vertex set of G,. Let P be the disk packing in U whose graph
is equivalent to G§,, such that the “boundary” disks are all tangent to the unit circle oU.
We may then define f° to be the map which maps the centers of disks in R§, to the
centers of the corresponding disks in P¢. The problem is, does f¢ converge in C*°? The
meaning of the convergence is that the restriction of f¢ to the intersection of V§ with
any lattice converges.

For each interior edge e in the graph G§, we may define two Mobius invariants
s'(e) and s”(e), corresponding to the packings R§, and P¢, respectively. (The invariant
s'(e) is obtained by comparing the conﬁguration of the four circles in Rg, related to e
to a configuration of four circles related to an edge in the hexagonal combinatorics, and
similarly for s”(e).) Then the Schwarzian derivative on the edge may be defined by
h(e)=e"2(s"(e)—s'(e)). The equations of s’(e) and s”’(e) can be derived similarly.

The proof of the uniform boundedness of A(e) (Lemma 6.1) is almost identical in
this case. In fact, the proof of [6] works even better in the general abstract setting (see [8]
for the necessary modifications). However, except for a few nice cases, it seems difficult
to derive the equation for the “Laplacian” of the Schwarzians from the equations of the
Moébius invariants.

One may consider disk patterns instead of disk packings. In this case, C°-convergence
follows by a compactness argument using the rigidity theorem of [7] and the topological
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lemma of [9]. In the special case of the square grid pattern (or in short SG pattern),
the Mobius invariants and their equations have been worked out in [16], as we remarked
earlier. One may define the discrete Schwarzians and find a similar formula for their
Laplacians as in §5 of the present paper. On the other hand, because the angles of inter-
section between pairs of disks in a square grid pattern are either O or %71', the inversions
on the circles generate a Kleinian group. Thus the method of [6] can be extended, al-
though some nontrivial modifications are needed. This implies the boundedness of the
Schwarzians. So the technique of this paper does generalize to SG patterns. The general
case is still open.

There is an alternative method, which has been successful in proving the rigidity of
locally finite disk patterns in the plane (see [7]). Using a refinement of that argument,
it is possible to study the logarithm of the ratio of radii of a pair of disk patterns, and
show that they converge to the harmonic function log|f’(z)|, where f(z) denotes the
conformal mapping from Q to U. We conjecture that the convergence is C*°. If true,
it would then be an elementary matter to deduce the C>°-convergence of the discrete
function which maps the center of a disk to the center of the corresponding disk.
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