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Theta series and function field analogue of Gross formula

Fu-Tsun Wei and Jing Yu1

Abstract. Let k = Fq(t), with q odd. In this article we introduce
“definite” (with respect to the infinite place of k) Shimura curves over
k, and establish Hecke module isomorphisms between their Picard
groups and the spaces of Drinfeld type “new” forms of corresponding
level. An important application is a function field analogue of Gross
formula for the central critical values of Rankin type L-series coming
from automorphic cusp forms of Drinfeld type.
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Introduction

We present here a theory of “definite” quaternion algebras over the rational
function field k := Fq(t) with q odd, “definite” means that the place ∞ at
infinity ramifies for the quaternion algebra in question. Following Gross [8],
we first give a geometric translation of Eichler’s arithmetic theory of definite
quaternion algebra by introducing the so-called “definite” Shimura curves. The
geometry of these curves is simple and easy to manipulate. Basing on Eichler’s
trace computation, one is lead (via Jacquet-Langlands) to an explicit Hecke
module isomorphism between the Picard groups of definite Shimura curves
and spaces of automorphic forms of Drinfeld type over the function field k.

Automorphic forms of Drinfeld type are very useful tools for function fields
arithmetic (cf. [7], [12] and [17] for more details and applications), which
can be viewed as an analogue of classical modular forms of weight 2. To
illustrate our approach to quaternion algebras over function field, we give an
application to the study of central critical values of certain L-series of “Rankin
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type” in the global function field setting. These L-series include, among
others, L-series coming from elliptic curves over k with square free conductor
supported at even number of places and having split multiplicative reduction
at ∞. Having the extensive calculations done in [12], we obtain in particu-
lar a function field analogue of Gross formula for the central critical values
of these L-series over “imaginary” quadratic extensions of k (with respect to∞).

The structure of this article is modelled on [8]. Let D be a “definite” quaternion
algebra over k and let N0 be the product of finite ramified primes of D. We
introduce the definite Shimura curve X = XN0

over k (for maximal orders) in
§1, which is a finite union of genus zero curves. Also introduced are the Gross
points, which are special points on these curves associated to orders in imagi-
nary quadratic extensions of k. With a natural choice of basis on the Picard
group Pic(X), the Hecke correspondences can be expressed by Brandt matrices.

From the entries of Brandt matrices we introduce certain theta series. Taking
into account the Gross height pairing on the Pic(X) (defined in §1.2), we then
have at hand a construction of automorphic forms of Drinfeld type for the
congruence subgroup Γ0(N0) of GL2(Fq[t]). The main theorem of this article
in §2.3 is:

Theorem. There is a map Φ : Pic(X) × Pic(X)∨ −→ Mnew(Γ0(N0)) such
that for all monic polynomials m of Fq[t]

TmΦ(e, e′) = Φ(tme, e
′) = Φ(e, tme

′).

Here Pic(X)∨ is the dual group Hom(Pic(X),Z), Mnew(Γ0(N0)) is the space
of Drinfeld type “new” forms for Γ0(N0), tm are Hecke correspondences on X,
and Tm are Hecke operators on Mnew(Γ0(N0)). Moreover, this map induces an
isomorphism (as Hecke modules)

(Pic(X)⊗Z C)⊗TC (Pic(X)∨ ⊗Z C) ∼= Mnew(Γ0(N0)).

This theorem in fact tells us that all automorphic “new” forms of Drinfeld type
come from our theta series. The special case of our theorem when N0 is single
prime is also obtained in Papikian [10] §3, by a different geometric method
using Néron models of jacobians of Drinfeld modular curve X0(N0). In our
proof of the above theorem, we use the explicit construction of theta series
and claim the equality of the trace of the m-th Brandt matrix B(m) and the
trace of the Hecke operator Tm on Mnew(Γ0(N0)) for each monic polynomial
m in Fq[t]. This claim is essentially the Jacquet-Langlands correspondence (cf.
[9]) between automorphic representations of quaternion algebras over k and
automorphic cuspidal representations of GL2 over k. Another crucial step
in the proof is to show that the Hecke module Mnew(Γ0(N0)) is free of rank
one, which follows from the multiplicity one theorem (cf. [3]). For the sake of
completeness, we recall these results in Appendix.
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Let D be an irreducible polynomial in Fq[t] such that K = k(
√
D) is imaginary

and P is inert in K if the prime P divides N0. For each ideal class A of
Fq[t][

√
D] = OK , we construct in §2.4 an automorphic form gA of Drinfeld

type with its Fourier coefficients worked out. In §3.1 we recall Rankin product
of L-series Λ(f,A, s) associated to Drinfeld type new form f for Γ0(N0)
and partial zeta function ζA. In §3.2 we express the central critical value
Λ(f,A, 0) as the Petersson inner product of f and gA. Furthermore, when f
is a “normalized” Hecke eigenform and χ is a character of ideal class group
Pic(OK) of OK , we give the twisted critical value Λ(f, χ, 0) explicitly in terms
of the Gross height of a special divisor class ef,χ on the definite Shimura curve
XN0

. This is our analogue of Gross formula.

Let E be an elliptic curves over k with conductor N0∞ and split multiplicative
reduction at ∞. From the work of Weil, Jacquet-Langlands, and Deligne, it is
well known that there exists a Drinfeld type cusp form fE such that

L(E/k, s+ 1) = L(fE , s).

Here L(E/k, s) is the Hasse-Weil L-series of E over k. After doing base change
to the quadratic field K, one gets

L(E/K, s+ 1) = Λ(f,1D, s)

where 1D is the trivial character of Pic(OK). Our formula can certainly be
applied to these elliptic curves. An example is given in §3.4.

Notation

We fix the following notations:

k : the rational function field Fq(t), q = p`0 where p is an odd prime.
A : the polynomial ring Fq[t].
∞ : the infinite place, which corresponds to degree valuation v∞.
π∞ : t−1, a fixed uniformizer of ∞.
k∞ : Fq((t−1)), i.e. the completion of k at ∞.
O∞ : Fq[[t−1]], i.e. the valuation ring in k∞.
P : a finite prime (place) of k.
kP : the completion of k at the finite prime P .
AP : the closure of A in kP .
Ak : the adele ring of k.
k̂ :

∏′
P kP , the finite adele ring of k.

Â :
∏
P AP .

ψ∞ : a fixed additive character on k∞: for y =
∑
i aiπ

i
∞ ∈ k∞, we define

ψ∞(y) := exp
(

2π
√
−1
p · TrFq/Fp(−a1)

)
.
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We identify non-zero ideals of A with the monic polynomials in A by using the
same notation.

1 Definite Shimura curves

Let D be a quaternion algebra over k ramified at ∞ (call D “definite”). Before
introducing the definite Shimura curve for D, we start with a genus 0 curve
Y over k associated with the quaternion algebra D, which is defined by the
following: the points of Y over any k-algebra M are

Y (M) = {x ∈ D⊗kM : x 6= 0,Tr(x) = Nr(x) = 0}/M×,

where the action of M× on D⊗kM is by multiplication on M , Tr and Nr are
respectively the reduced trace and the reduced norm of D. More precisely, if
D = k+ku+kv+kuv where u2 = α, v2 = β, α and β are in k×, and uv = −vu,
then Y is just the conic

αy2 + βz2 = αβw2

in the projective plane P2. The group D× acts on Y (from the right) by
conjugation. If K is a quadratic extension of k, Y (K) is canonically identified
with the set Hom(K,D) of embeddings: for each embedding f : K → D, let
y = yf be the image of the unique K-line on the quadric {x ∈ D ⊗k K :
Tr(x) = Nr(x) = 0} on which conjugation by f(K×) acts by multiplication by
the character a 7→ a/ā. Note that yf is one of the two fixed points of f(K×)
acting on Y (K); another one is the image of the line where conjugation acts
by the character a 7→ ā/a.
Let N0 be the product of the finite ramified primes of D. Choose a maximal
A-order R of D. For any finite prime P let RP := R ⊗A AP , DP := D⊗k kP ,
and

R̂ := R⊗A Â, D̂ := D⊗k k̂.

Definition 1.1. (cf. [2] and [8]) The definite Shimura curve XN0
is defined as

XN0
=
(
R̂×\D̂× × Y

)
/D×.

We will use the notation X instead of XN0
when N0 is fixed.

Lemma 1.2. XN0
is a finite union of curves of genus 0.

Proof. Let g1, ..., gn be representatives for the finite double coset space
R̂×\D̂×/D×, i.e.

D̂× =

n∐
i=1

R̂×giD
×.

Then each coset of XN0
has a representative (R̂×gi, y) mod D× and the map

XN0
−→

∐n
i=1 Y/Γi

(R̂×gi, y) 7−→ y mod Γi



Theta series and function field analogue of Gross formula 5

is a bijection, where Γi = g−1
i R̂×gi ∩D× is a finite group for i = 1, ..., n.

Definition 1.3. Let K be an imaginary quadratic extension of k (i.e. ∞ is
not split in K). We call

x = (g, y) ∈ Image

[
R̂×\D̂× × Y (K)→ XN0

(K)

]

a Gross point on XN0
over K.

Let f : K → D be the embedding corresponding to y. Then

f(K) ∩ g−1R̂g = f(Od)

for some quadratic order Od := A[
√
d] where d is an element in A with d /∈ k2

∞.
In this case, we say x is of discriminant d. Note that the discriminant of a Gross
point is well-defined up to multiplying with elements in (F×q )2. Set Xi := Y/Γi.
If the component g of a Gross point x is congruent to gi in R̂×\D̂×/D×, then
x lies on the component Xi(K) = (Y/Γi)(K).

1.1 Actions on Gross points

Let a ∈ K̂× where K̂ := K⊗k k̂ and x = (g, y) be a Gross point of discriminant
d. Let f : K → D be the embedding corresponding to y. This induces a
homomorphism f̂ : K̂ → D̂ and we define

xa := (gf̂(a), y).

Note that xa is also of discriminant d, and it is easy to check that x = xa if
and only if a ∈ Ô×d K× where Ôd := Od ⊗A Â. Hence Ô×d \K̂×/K× ∼= Pic(Od)
acts freely on the set Gd of Gross points of discriminant d.

The orbit space Gd/Pic(Od) is identified with the space of double cosets

R̂×\E/f̂(K̂×),

where f : K → D is a fixed embedding (if any exist) and

E := {g ∈ D̂× : f(K) ∩ g−1R̂g = f(Od)}.

Note that
R̂×\E/f̂(K̂×) =

∏
P

R×P \EP /f(K×P )

where EP := {gP ∈ D×P : f(KP )∩g−1
P RP gP = f(Od,P )} and Od,P is the closure

of Od in KP := K ⊗k kP .
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Lemma 1.4. (cf. [16] or [17])

#(R×P \EP /f(K×P )) =

1 if P - N0,

1−
{
d
P

}
if P | N0.

Here
{
d
P

}
is the Eichler quadratic symbol, i.e.

{
d

P

}
=


1 if P 2|d or d mod P ∈

(
(A/P )×

)2,
−1 if d mod P ∈ (A/P )× −

(
(A/P )×

)2,
0 if P |d but P 2 - d.

Remark. The above lemma tells us that the number #(Gd) is equal to

h(d)
∏
P |N0

(
1−

{
d

P

})
where h(d) is the class number of Od.
There is a natural action of Gal(K/k) on Gross points in the following way: let
x = (g, y) be a Gross point and fy : K ↪→ D be the embedding corresponding
to y. Define

xσ = (g, y)σ = (g, yσ)

where σ ∈ Gal(K/k) and yσ corresponds to the embedding fy◦σ. If x is a Gross
point of discriminant d in Xi then so is xσ. Moreover, let a ∈ Ô×d \K̂×/K× ∼=
Pic(Od) and σ ∈ Gal(K/k) one has

(xσ)a = (xσ(a))
σ.

Therefore we have an action of Pic(Od) o Gal(K/k) on the set Gd of Gross
points of discriminant d.

1.2 Hecke correspondences and Gross height pairing

Let P be a prime of A. Let T be the Bruhat-Tits tree of PGL2(kP ) as defined
in [14]. The vertices are the equivalence classes of AP -lattices L in k2

P , and two
such vertices [L] and [L′] are adjacent if there exists an integer r such that

P r+1L ( L′ ( P rL.

This is a tree where each vertex has degree qdegP + 1. For a vertex v, the
Hecke correspondence tP sends v to the formal sum of its qdegP + 1 neighbors
in the tree. Identifying PGL2(AP )\PGL2(kP ) with the Bruhat-Tits tree, we
can write the Hecke correspondence for g ∈ PGL2(AP )\PGL2(kP ):

tP (g) :=
∑

deg(u)<degP

(
1 u

0 P

)
g +

(
P 0

0 1

)
g.
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Note that XN0
can be written as(

R̂×\D̂×/k̂×
)
× Y/D×

and
R̂×\D̂×/k̂× =

∏
P

′R×P \D
×
P /k

×
P .

When (P,N0) = 1,

R×P \D
×
P /k

×
P
∼= PGL2(AP )\PGL2(kP )

and so we have the Hecke correspondence tP on XN0
.

Now suppose P divides N0, then R×P \D
×
P /k

×
P has two elements and define the

Atkin-Lehner involution
wP (g, y) := (g′, y)

where g′ is another double coset in R×P \D
×
P /k

×
P .

From the construction, these correspondences commute with each other. There-
fore we can define Hecke correspondence tm for every non-zero ideal (m) of A
in the following way:

tmm′ = tmtm′ if m and m′ are relatively prime,

tP ` = tP `−1tP − qdegP tP `−2 for P - N0,

tP ` = w`P for P | N0.

Note that X = XN0
=
∐n
i=1Xi, where n is the left ideal class number of R.

Consider the Picard group Pic(X), which is isomorphic to Zn and is generated
by the classes ei of degree 1 corresponding to the component Xi. Then the
correspondences tm induce endomorphisms of the group Pic(X). In fact, with
respect to the basis {e1, ..., en}, these endomorphisms can be represented by
Brandt matrices.
Let {I1, ..., In} be a set of left ideals of R representing the distinct ideal classes,
with I1 = R. Let wi := #(R×i )/(q − 1) where Ri is the right order of Ii.
ConsiderMij := I−1

j Ii, which is a left ideal of Rj with right order Ri. Choose a
generator Nij ∈ k of the reduced ideal norm Nr(Mij)(:=< Nr(b) : b ∈Mij >A)
of Mij . For each monic polynomial m in A, define

Bij(m) :=
#{b ∈Mij : (Nr(b)/Nij) = (m)}

(q − 1)wj

and the m-th Brandt matrix

B(m) :=
(
Bij(m)

)
1≤i,j≤n

∈ Matn(Z).
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Proposition 1.5. For all non-zero ideal (m) in A and i = 1, 2, ..., n,

tmei =

n∑
j=1

Bij(m)ej .

Proof. From the definition of tm and the recurrence relations of B(m) (cf. [16]),
we can reduce the proof to the case when m = P is a prime.
From the following bijection

R̂×\D̂× ∼= {left ideals of R}
R̂×g ↔ Ig := R̂g ∩D,

for any element g in D̂× we can identify the following set{
R̂×

(
1 u

0 P

)
g : deg u < degP

}
∪

{
R̂×

(
P 0

0 1

)
g

}

with
{left ideal I of R contained in Ig with Nr(I) = P Nr(Ig)}.

According to the definition of tP , tP ei =
∑
j αjej where αj is the number of left

ideals I of R equivalent to Ij which are contained in Ii with Nr(I) = P Nr(Ii).
It is easy to see that αj = Bij(P ) and so the proposition holds.

We define the Gross height pairing < ·, · > on Pic(X) with values in Z by
setting < ei, ej >:= 0 if i 6= j,

< ei, ei >:= wi,

and extending bi-additively. Therefore Pic(X)∨ := Hom(Pic(X),Z) can be
viewed as a subgroup of Pic(X)⊗Z Q with basis {ěi := ei/wi : i = 1, ..., n} via
this pairing. Since wjBij(m) = wiBji(m), one has the following proposition.

Proposition 1.6. For all classes e and e′ in Pic(X), we have

< tme, e
′ >=< e, tme

′ > .

Proof. Since wjBij(m) = wiBji(m), we have

< tmei, ej >=< ei, tmej > .

for all i, j and the result holds.

Let d ∈ A with d /∈ k2
∞. Assume every prime factor P of N0 is not split in

K and P 2 does not divides d (i.e. the set Gd of Gross points of discriminant
d is not empty). For any prime P | N0, one has wP (Gd) = Gd. Suppose
P1, . . . , Pr are primes dividing N0 and inert in K. We have in fact a free
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action of Pic(Od) ×
∏r
i=1〈wPi〉 on Gd. Since wPi are of order 2 for all i,

Pic(Od)×
∏r
i=1〈wPi〉 acts simply transitively on Gd.

Let a ∈ A with a /∈ k2
∞. Consider the rational divisor

ca :=
∑

a=df2,f monic

1

2u(d)

∑
xd∈Gd

xd.

Here u(d) = #(O×d ). By calculation one has

deg(ca) =
1

2

∑
a=df2,f monic

h(d)

u(d)
·
∏
P |N0

(1−
{
d

P

}
)

 .
Let ea ∈ Pic(X)⊗Z Q be the class of the divisor ca. It can be shown that

Proposition 1.7. The class ea lies in Pic(X)∨, which is considered as a sub-
group of Pic(X)⊗Z Q.

Note that we can extend the Gross height pairing to Pic(X) ⊗Z C which is
linear in the first term and conjugate linear in the second. In the next section
this pairing gives us a construction of automorphic forms of Drinfeld type.

2 Automorphic forms of Drinfeld type and main theorem

2.1 Automorphic forms of Drinfeld type

Consider the open compact subgroup K0(N∞) :=
∏
P K0,P ×Γ∞ of GL2(Ak),

where

K0,P :=

{(
a b

c d

)
∈ GL2(AP ) : c ∈ NAP

}
for finite prime P , and

Γ∞ :=

{(
a b

c d

)
∈ GL2(O∞) : c ∈ π∞O∞

}
.

An automorphic form f on GL2(Ak) for K0(N∞) (with trivial central charac-
ter) is a C-valued function on the double coset space

GL2(k)\GL2(Ak)/K0(N∞)k×∞.

Note that by strong approximation theorem (cf. [16]) we have the following
bijection

GL2(k)\GL2(Ak)/K0(N∞)k×∞
∼= Γ0(N)\GL2(k∞)/Γ∞k

×
∞
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where

Γ0(N) =

{(
a b

c d

)
∈ GL2(A) : c ≡ 0 mod N

}
.

Therefore f can be viewed as a C-valued function on Γ0(N)\GL2(k∞)/Γ∞k
×
∞.

From now on, we call f an automorphic form for Γ0(N) if f is a function on
the space of double cosets Γ0(N)\GL2(k∞)/Γ∞k

×
∞. An automorphic form f

for Γ0(N) is called a cusp form if for every g∞ ∈ GL2(k∞) and γ ∈ GL2(A)∫
A\k∞

f

(
γ

(
1 hγx

0 1

)
g∞

)
dx = 0.

Here du is a Haar measure with
∫
A\k∞ du = 1 and hγ is a generator of the ideal

of A which is maximal for the property that

γ

(
1 hγA

0 1

)
γ−1 ⊂ Γ0(N).

Note that the coset space GL2(k∞)/Γ∞k
×
∞ can be represented by the two

disjoint sets

T+ :=

{(
πr∞ u

0 1

)
: r ∈ Z, u ∈ k∞/πr∞O∞

}
and

T− :=

{(
πr∞ u

0 1

)(
0 1

π∞ 0

)
: r ∈ Z, u ∈ k∞/πr∞O∞

}
.

Definition 2.1. An automorphic form f on GL2(k∞) is of Drinfeld type if it
satisfies the following harmonic properties: for any g∞ ∈ GL2(k∞) we have

f̃(g∞) := f(g∞

(
0 1

π∞ 0

)
) = −f(g∞) and

∑
κ∈GL2(O∞)/Γ∞

f(g∞κ) = 0.

Suppose a function f :

(
1 A

0 1

)
\GL2(k∞)/Γ∞k

×
∞ → C is given. Recall the

Fourier expansion of f (cf. [18]): for r ∈ Z and u ∈ k∞,

f

(
πr∞ u

0 1

)
=
∑
λ∈A

f∗(r, λ)ψ∞(λu)

where

f∗(r, λ) :=

∫
A\k∞

f

(
πr∞ u

0 1

)
ψ∞(−λu)du.
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Here ψ∞ is the fixed additive character on k∞ in the notation table. Since
f(gγ∞) = f(g) for all γ∞ ∈ Γ∞, f∗(r, λ) = 0 if deg λ + 2 > r. Moreover, if f
satisfies harmonic properties, then

f∗(r, λ) = q−r+deg λ+2f∗(deg λ+ 2, λ)

if deg λ+ 2 ≤ r.

2.1.1 Example: Theta series

Fix a definite quaternion algebra D = D(N0) where N0 is the product of finite
ramified primes of D. Let R be a maximal order and n be the class number.
With representatives of left ideal classes fixed in §1.2, we have introduced for
each (i, j), the ideal Mij of D and chose a generator Nij of the fractional ideal
Nr(Mij). For 1 ≤ i, j ≤ n and (x, y) ∈ k×∞ × k∞, define

θij(x, y) :=
∑
b∈Mij

φ∞(
Nr(b)

Nij
xt2) · ψ∞(

Nr(b)

Nij
y),

where φ∞ is the characteristic function of O∞. It is easy to obtain the following
properties:
(1)

θij(x, y) =
∑

λ∈A,deg λ+2≤v∞(x)

B′ij(λ)ψ∞(λy)

where for each λ ∈ A,

B′ij(λ) = #{b ∈Mij : Nr(b)/Nij = λ}.

(2) θij(x, y + h) = θij(x, y) for h ∈ A.
(3) θij(αx, βx+ y) = θij(x, y) for α ∈ O×∞, β ∈ O∞.

Basing on Poisson summation formula, we have the following transformation
law for θij (cf. Appendix B):

Proposition 2.2. Let (x, y) ∈ k×∞ × k∞ and γ =

(
a b

c d

)
∈ SL2(A). Suppose

v∞(cx) > v∞(cy + d) and c ≡ 0 mod N0. Then for 1 ≤ i, j ≤ n,

θij

(
x

(cy + d)2
,
ay + b

cy + d

)
= q−2v∞(cy+d) · θij(x, y).

For g∞ ∈ GL2(k∞), write g∞ as γ

(
x y

0 1

)
γ∞z∞, where γ is in Γ0(N0), (x, y)

is in k×∞ × k∞, γ∞ is in Γ∞, and z∞ is in k×∞. We introduce the theta series
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Θij for Mij :

Θij(g∞) :=
1

(q − 1)wj
· q−v∞(x) ·

∑
ε∈F×q

θij(x, εy)


= q−v∞(x) ·

 1

wj
+

∑
m∈A monic,

degm+2≤v∞(x)

Bij(m)

( ∑
ε∈F×q

ψ∞(εmy)

) .
The last equality follows from B′ij(0) = 1 and for each monic polynomialm ∈ A,

(q − 1)wj ·Bij(m) =
∑
ε∈F×q

B′ij(εm).

The transformation law of θij tells us that

Lemma 2.3. Θij is a well-defined Q-valued function on the double coset space
Γ0(N0)\GL2(k∞)/Γ∞k

×
∞.

Proof. Let g∞ be an element in GL2(k∞). Suppose

g∞ = γ1

(
x1 y1

0 1

)
γ∞,1z1 = γ2

(
x2 y2

0 1

)
γ∞,2z2,

where for i = 1, 2, γi ∈ Γ0(N0), (xi, yi) ∈ k∞ × k×∞, γ∞,i ∈ Γ∞, zi ∈ k×∞. We
need to show that

q−v∞(x1) ·

∑
ε∈F×q

θij(x1, εy1)

 = q−v∞(x2) ·

∑
ε∈F×q

θij(x2, εy2)

 .

Set γ = γ−1
2 γ1 =

(
a b

c d

)
, z = z−1

1 z2, and γ∞ = γ−1
∞,1γ∞,2. Then one has

v∞(cx1) > v∞(cy1 + d) and

γ

(
x1 y1

0 1

)
=

(
det γ·x1

(cy1+d)2
ay1+b
cy1+d

0 1

)(
1 0
cx1

cy1+d 1

)(
cy1 + d 0

0 cy1 + d

)

=

(
x2 y2

0 1

)
γ∞z.

Therefore v∞(x2) = v∞(x1)− 2v∞(cy1 + d), and the properties of θij implies

θij(x2, εy2) = θij

(
det γ · x1

(cy1 + d)2
, ε
ay1 + b

cy1 + d

)
.
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for each ε ∈ F×q . Hence the transformation law of θij in Proposition 2.2 shows

q−v∞(x2) ·

∑
ε∈F×q

θij(x2, εy2)

 = q−v∞(x1) ·

∑
ε∈F×q

θij(det γ · x1, εdet γ · y1)


= q−v∞(x1) ·

∑
ε∈F×q

θij(x1, εy1)

 .

The Fourier coefficients of Θij can be easily read off from Brandt matrices: for
each r ∈ Z and λ ∈ A with deg λ+ 2 ≤ r the Fourier coefficients

Θ∗ij(r, λ) =

q−rBij(m) if (λ) = (m) 6= 0,

q−r/wj if λ = 0.

Therefore Θ∗ij(r + 1, λ) = q−1Θ∗ij(r, λ) for all λ ∈ A with deg λ+ 2 ≤ r.

In fact, Θij are of Drinfeld type for all 1 ≤ i, j ≤ n. To show the harmonicity
of Θij , by [6] Lemma 2.13, it is enough to prove that for all g∞ ∈ GL2(k∞)

Θ̃ij(g∞) = −Θij(g∞).

Let πr∞ ∈ k×∞ and u ∈ k∞. Choose c, d ∈ A with c ≡ 0 mod N0, (c, d) = 1,
v∞(u + d

c ) ≥ r + 1, and find a, b ∈ A with ad − bc = 1. Then for ` ∈ Z with
` ≤ r + 1 the following two matrices:(

π`∞ u

0 1

)(
0 1

π∞ 0

)
and

(
d −b
−c a

)(
π1−`
∞
c2

a
c

0 1

)

represent the same coset in GL2(k∞)/Γ∞k
×
∞. Using this fact for ` = r and

` = r + 1 one obtains

Θ̃ij

(
πr∞ u

0 1

)
− q−1Θ̃ij

(
πr+1
∞ u

0 1

)
=

∑
deg µ+2=1−r+2 deg c

Θ∗ij(1− r + 2 deg c, µ)ψ∞(µ
a

c
).

Set uε := −dc + επr∞ for ε ∈ F×q . From the identity

a

c
− 1

c2επr∞
=
auε + b

cuε + d
,
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and summing over all ε we get:

(q − 1)Θ̃ij

(
πr∞ u

0 1

)
−
∑
ε∈F×q

Θij

(
π1−r
∞
c2

auε+b
cuε+d

0 1

)

= q
∑

deg µ+2=1−r+2 deg c

Θ∗ij(1− r + 2 deg c, µ)ψ∞(µ
a

c
).

Note that (
π1−r
∞
c2

auε+b
cuε+d

0 1

)
and

(
a b

c d

)(
πr+1
∞ uε

0 1

)
represent the same coset in GL2(k∞)/Γ∞k

×
∞. Thus one has

Θ̃ij

(
πr+1
∞ u

0 1

)
− Θ̃ij

(
πr∞ u

0 1

)
=
∑
ε∈F×q

Θij

(
πr+1
∞ u+ επr∞

0 1

)
.

From the Fourier expansion of Θ̃ij and Θij we have that for λ ∈ A with
deg λ+ 2 ≤ r,

Θ̃∗ij(r + 1, λ)− Θ̃∗ij(r, λ) = (q − 1)Θ∗ij(r + 1, λ),

and for deg λ+ 2 = r + 1,

Θ̃∗ij(deg λ+ 2, λ) = −Θ∗ij(r + 1, λ).

Therefore Θ̃∗ij(r, λ) = −Θ∗ij(r, λ) for λ ∈ A with λ 6= 0 and r ≥ deg λ+ 2.

To compute Θ̃∗ij(r, 0), note that

Θ̃ij

(
πr∞ 0

0 1

)
=

∑
deg λ≤r−2

Θ̃∗ij(r, λ)

= Θ̃∗ij(r, 0) +
∑

λ 6=0,deg λ≤r−2

−Θ∗ij(r, λ).

On the other hand, for any ε ∈ F×q and ` ≥ 0 the following two matrices(
πdegN0+`
∞ 0

0 1

)(
0 1

π∞ 0

)
,

(
ε−1 −1

−t`N0 ε(t`N0 + 1)

)(
π1−degN0−`
∞
(t`N0)2

ε(t`N0+1)
t`N0

0 1

)

represent the same coset in GL2(k∞)/Γ∞k
×
∞. Therefore

Θ̃ij

(
πdegN0+`
∞ 0

0 1

)
=

∑
deg λ≤degN0+`−1

Θ∗ij(degN0 + `+ 1, λ)ψ∞(λ
ε

t`N0
)



Theta series and function field analogue of Gross formula 15

=
∑

deg λ≤degN0+`−2

Θ∗ij(degN0+`+1, λ)− 1

q − 1

∑
deg λ=degN0+`−1

Θ∗ij(degN0+`+1, λ).

This gives

Θ̃∗ij(degN0 + `, 0)

=

(
Θ∗ij(degN0 + `+ 1, 0) + (1 + q)

∑
λ6=0,deg λ≤degN0+`−2

Θ∗ij(degN0 + `+ 1, λ)

− 1

q − 1

∑
deg λ=degN0+`−1

Θ∗ij(degN0 + `+ 1, λ)

)

= −Θ∗ij(degN0 + `, 0) +
1

q − 1
·

[
qΘij

(
πdegN0+`
∞ 0

0 1

)
−Θij

(
πdegN0+`+1
∞ 0

0 1

)]
.

Using the fact that Mij is discrete and cocompact in D∞ = D ⊗k k∞, it can
be deduced that for sufficiently large s one has

qΘij

(
πs∞ 0

0 1

)
= Θij

(
πs+1
∞ 0

0 1

)
.

Thus from the equality Θ̃∗ij(r + 1, 0) − Θ̃∗ij(r, 0) = (q − 1)Θ∗ij(r + 1, 0) for all
r ∈ Z one has

Θ̃∗ij(r, 0) = −Θ∗ij(r, 0).

Comparing the Fourier coefficients we obtain Θ̃ij = −Θij and hence Θij is of
Drinfeld type for any 1 ≤ i, j ≤ n.

2.2 Hecke operators

Let f be an automorphic form on GL2(k∞) for Γ0(N). For each prime P of A,
the Hecke operator TP is defined by:

TP f(g) :=
∑

deg u<degP

f(

1 u

0 P

 · g) + f(

P 0

0 1

 · g) if P - N ,

TP f(g) :=
∑

deg u<degP

f(

1 u

0 P

 · g) if P |N .

Note that the Fourier coefficients of TP f are of the form:

(TP f)∗(r, λ) = qdeg(P ) · f∗(r + deg(P ), Pλ) + f∗(r − deg(P ), λP ) if P - N ,

(TP f)∗(r, λ) = qdeg(P ) · f∗(r + deg(P ), Pλ) if P |N .
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Here f∗(πr∞,
λ
P ) = 0 if P - λ. Since TP and TP ′ commute,we can define Hecke

operators Tm for monic polynomial m in A as follows:
Tmm′ = TmTm′ if m and m′ are relatively prime,

TP ` = TP `−1TP − qdegPTP `−2 for P - N ,

TP ` = T `P for P | N .

We point out that if f is of Drinfeld type, then so is Tmf for any monic
polynomial m (cf. [7] Section 4.9).

When Tm acts on Θij , we get:

Proposition 2.4. For any monic polynomial m in A,

TmΘij =
∑
`

Bi`(m)Θ`j =
∑
`

B`j(m)Θi`.

Proof. The second identity will follow from the first, as

wjΘij = wiΘji and w`Bi`(m) = wiB`i(m).

Note that the Hecke operators Tm satisfy the same relations as the matrices
B(m). Moreover, from the recurrence relations of Brandt matrices (cf. [16])
we have∑

`

Bi`(P )B`j(m) = Bij(mP ) + qdeg(P )Bij(m/P ) if P - N0,∑
`

Bi`(P )B`j(m) = Bij(mP ) if P | N0.

Comparing the Fourier coefficients the result holds.

Remark. Let EN0 :=
n∑
j=1

Θij (which is independent of the choice of i). For

r ∈ Z and λ ∈ A with deg λ+ 2 ≤ r the Fourier coefficients are

E∗N0
(r, λ) = q−rσ(λ)N0

where
σ(λ)N0

=
∑

m|λ monic
(m,N0)=1

qdegm,

and

E∗N0
(r, 0) = q−r

n∑
j=1

1

wj
.
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Moreover, from Proposition 2.4 we have

TmEN0 = σ(m)N0EN0

for all monic polynomials m in A. This tell us that the function EN0 , which is
an analogue of Eisenstein series, generates a one-dimensional eigenspace for all
Hecke operators. We point out that suppose N0 =

∏`
i=1 Pi, by comparing the

Fourier coefficients one gets

q2EN0(g∞) = E(g∞) +
∑̀
i=1

(−1)i

 ∑
1≤j1<...<ji≤`

E

((
Pj1 · · ·Pji 0

0 1

)
g∞

)
for g∞ ∈ GL2(k∞) where E is the improper Eisenstein series introduced in [6].

For each non-zero ideal N of A, recall the Petersson inner product, which is a
non-degenerate pairing on the finite dimensional C-vector space S(Γ0(N)) of
automorphic cusp forms of Drinfeld type for Γ0(N),

(f, g) :=

∫
G0(N)

f · g.

Here G0(N) = Γ0(N)\GL2(k∞)/Γ∞k
×
∞. The measure on G0(N) is taken by

counting the size of the stablizer of an element (cf. [7] §4.8). More precisely,
let Γ be a congruence subgroup and e ∈ GL2(k∞)/Γ∞k

×
∞. We denote StabΓ(e)

the stabilizer of e in Γ, which is a finite subgroup in Γ. One takes the measure
d([e]) of each double coset [e] in Γ\GL2(k∞)/Γ∞k

×
∞ where

d([e]) :=
#(Z(Γ))

#(StabΓ(e))
.

Here Z(Γ) is the subgroup of scalar matrices in Γ. When Γ = Γ0(N), for f and
g in S(Γ0(N)),

(f, g) =
∑

[e]∈G0(N)

f(e)g(e)d([e]).

Definition 2.5. An old form is a linear combinations of forms

f ′

((
d 0

0 1

)
g∞

)

for g∞ ∈ GL2(k∞), where f ′ is an automorphic cusp form of Drinfeld type for
Γ0(M),M |N ,M 6= N , and d|(N/M). An automorphic cusp form f of Drinfeld
type for Γ0(N) is called a new form if for any old form f ′ one has

(f, f ′) = 0.

If f is a new form which is also a Hecke eigenform, then f is called a newform.
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It is known that the dimension of Drinfeld type cusp forms for Γ0(N0) is equal
to the genus of the Drinfeld modular curve X0(N0) (cf. [7]). Let Snew(Γ0(N0))
be the space of new forms for Γ0(N0) and hN0 be the number of left ideal classes
of the maximal order R. As in the classical case, we can deduce that

hN0
=

1

q2 − 1

∏
P |N0

(qdegP − 1) +
q

2(q + 1)

∏
P |N0

(1− (−1)degP ).

From the genus formula of X0(N0) in [5], the dimension of Snew(Γ0(N0)) is
equal to hN0

− 1.
In the next subsection we will give our main theorem, which is essentially a
construction of the space Snew(Γ0(N0)) of new forms for Γ0(N0) via the theta
series Θij .

2.3 Main theorem

Consider the definite Shimura curve X = XN0 introduced in §1. Recall the
height pairing

< e, e′ >=
∑
i

aia
′
i

where e ∈ Pic(X) with e =
∑
i aiei and e

′ ∈ Pic(X)∨ with e′ =
∑
i a
′
iěi.

LetM(Γ0(N0)) be the space of automorphic forms of Drinfeld type for Γ0(N0).
Define Φ : Pic(X)× Pic(X)∨ →M(Γ0(N0)) by

Φ(e, e′) := q2
∑
i,j

aia
′
jΘij

for any e ∈ Pic(X) with e =
∑
i aiei and e

′ ∈ Pic(X)∨ with e′ =
∑
i a
′
iěi. Then

for r ∈ Z and u ∈ k∞ we have the following Fourier expansion

Φ(e, e′)

(
πr∞ u

0 1

)
= q−r+2

(
deg e · deg e′ +

∑
m monic,

degm≤r−2

< e, tme
′ >

∑
ε∈F×q

ψ∞(εmu)

)
.

Since
< tme, e

′ >=< e, tme
′ >

for any monic polynomial m ∈ A, by Proposition 2.4 one has

Tm
(
Φ(e, e′)

)
= Φ(tme, e

′) = Φ(e, tme
′).

In fact, the image of Φ is in Mnew(Γ0(N0)) := Snew(Γ0(N0)) ⊕ CEN0
. To see

this, we need the following claim.

Claim: for any monic m in A, consider tm as in End(Pic(X)) and restrict Tm
to the subspace Mnew(Γ0(N0)). We have

Tr tm = Tr Tm.
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This claim tells us that the C-algebra TC generated by all tm is isomorphic to
the C-algebra generated by all Hecke operators Tm. Moreover, Pic(X) ⊗Z C
and Mnew(Γ0(N0)) are isomorphic as TC-modules.
According to multiplicity one theorem, which will be recalled in the Ap-
pendix §A.2, Mnew(Γ0(N0)) is a free rank one TC-module. More precisely,
Mnew(Γ0(N0)) is generated by the element f whose Fourier coefficients are

f∗(r, λ) = q−r+2 · Tr(Tm)

for all 0 6= λ ∈ A, (λ) = (m), deg λ + 2 ≤ r. Therefore Pic(X) ⊗Z C is also a
free rank one TC-module. This shows

dimCM
new(Γ0(N0)) = dimC

[(
Pic(X)⊗Z C

)
⊗TC

(
Pic(X)∨ ⊗Z C

)]
.

Moreover, since
n∑
i=1

< ei, tměi > = Tr(B(m)) = Tr(tm),

we get
∑n
i=1 Φ(ei, ěi) = f , which generates Mnew(Γ0(N0)). This

also tells us that
∑n
i=1 ei ⊗ ěi is a generator of the cyclic TC-module(

Pic(X)⊗Z C
)
⊗TC

(
Pic(X)∨ ⊗Z C

)
.

The above argument gives us the main result:

Theorem 2.6. There is a map Φ : Pic(X) × Pic(X)∨ −→ Mnew(Γ0(N0))
satisfying that for r ∈ Z and u ∈ k∞

Φ(e, e′)

(
πr∞ u

0 1

)
= q−r+2

(
deg e · deg e′ +

∑
m monic,

degm≤r−2

< e, tme
′ >

∑
(λ)=(m)

ψ∞(λu)

)
,

and for all monic polynomials m in A

TmΦ(e, e′) = Φ(tme, e
′) = Φ(e, tme

′).

Moreover, this map induces an isomorphism

(Pic(X)⊗Z C)⊗TC (Pic(X)∨ ⊗Z C) ∼= Mnew(Γ0(N0))

as TC-modules.

Remark. 1. When N0 is a prime,Mnew(Γ0(N0)) = M(Γ0(N0)) and so the theta
series Θij gives us a construction of all automorphic forms of Drinfeld type for
Γ0(N0). This case was proven by Papikian [10] via a geometric approach.
2. Since the theta series Θij are Q-valued, the map Φ in Theorem 2.6 in fact
induces an isomorphism

(Pic(X)⊗Z Q)⊗TQ (Pic(X)∨ ⊗Z Q) ∼= Mnew(Γ0(N0),Q)
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where TQ is the Q-algebra generated by tm for all monic m in A and
Mnew(Γ0(N0),Q) is the space of Q-valued functions in Mnew(Γ0(N0)).
3. The Claim above is essentially Jacquet-Langlands correspondence over the
function field k, which will be recalled in the Appendix §A.1.

2.4 Example: The function gA

Having Theorem 2.6, we exhibit automorphic forms of Drinfeld type with nice
arithmetic properties. Let D ∈ A − k2

∞ be a square-free element with the
quadratic Legendre symbol

(
D
P

)
6= 1 for all P | N0. Let K be the imaginary

quadratic field k(
√
D) and OK be the integral closure of A in K. Recall that

in §1.1 one has a free action of Pic(OK) on the set GD of Gross points of
discriminant D in the definite Shimura curve X = XN0

:

GD × Pic(OK) −→ GD

(x,A) 7−→ xA.

Suppose a Gross point x of discriminant D in X is given. For each ideal class
A in Pic(OK), denote eA to be the divisor class (xA) in Pic(X). Define

gA :=
∑

B∈Pic(OK)

Φ(eB, eAB).

We have a nice formula for the Fourier coefficients of gA in terms of Hecke
actions: for monic m ∈ A with degm+ 2 ≤ r,

g∗A(r,m) = q−r+2 ·
∑

B∈Pic(OK)

< eB, tmeAB >,

g∗A(r, 0) = q−r+2 · hOK .

Here hOK = # Pic(OK). Note that gA is independent of the choice of the
Gross point x.

From now on we assume D is irreducible with
(
D
P

)
= −1 for all primes P | N0.

According to Dirichlet’s theorem there exists a monic irreducible polynomial
Q prime to N0 and ε0 ∈ F×q − F2

q such that degN0QD is odd and ε0N0Q ≡
1 mod D. Then there exists j ∈ D with j2 = ε0N0Q so that D = K +Kj and
j−1αj = ᾱ for α ∈ K.
Let d = (

√
D) be the different of OK , which is a prime ideal in OK . Since

ε0N0Q ≡ 1 mod D, one has
(
εN0Q
D

)
= 1. From the reciprocity law we get(

D
Q

)
= 1 and so the prime ideal (Q) is split in K. Suppose (Q) = qq̄ and set

R := {α+ βj : α ∈ d−1, β ∈ d−1q−1, α− β ∈ Od}.
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Here Od is the localization of OK at d. It is clear that R is an A-lattice in D

containing 1. In fact, R is a maximal A-order and K ∩R = OK . To show R is
an A-order, let α1 + β1j and α2 + β2j be two elements in R. Then

(α1 + β1j)(α2 + β2j) = (α1α2 + β1β̄2ε0N0Q) + (α1β2 + β1ᾱ2)j.

For i = 1, 2, write βi as αi + δi with δi ∈ Od. Then

α1α2 + β1β̄2ε0N0Q = α1(α2 + ᾱ2) + (δ1β̄2 + β1δ̄2 + δ1δ̄2)ε0N0Q.

Since α2 ∈ d−1 = A+
√
D−1A, one has

α2 + ᾱ2 ∈ A.

Hence
α1α2 + β1β̄2ε0N0Q ∈ d−2 ∩

√
D
−1
Od = d−1.

Similarly,
α1β2 + β1ᾱ2 ∈ d−2q−1 ∩

√
D
−1
Od = d−1q−1.

From the condition that ε0N0Q ≡ 1 mod D, one can check that

α1α2 + β1β̄2ε0N0Q− (α1β2 + β1ᾱ2) ∈ Od.

Therefore R is an A-order. The discriminant of R is (N0)2, which can be
checked locally. This implies that R is maximal.

Let x be the Gross point in the definite Shimura curve X = XN0
which

corresponds to the trivial ideal R and the embedding K ↪→ D. Then x is
of discriminant D. Using this particular Gross point we can get an explicit
formula for the Fourier coefficients of gA.

Note that there is a one-to-one correspondence between the irreducible com-
ponents of X and the left ideal classes of R. Let a ∈ A, b ∈ B. Then Ra and
Rab are representatives of the left ideal classes of R corresponding to eA and
eAB respectively. Therefore

< eB, tmeAB >=
1

q − 1
#{b ∈ b−1Rba := (Nr(b))/Nr(a) = (m)}.

Assume N0d and a are relatively prime. Then

b−1Rba = {α+ βj : α ∈ d−1a, β ∈ d−1b−1b̄q−1ā, α− (−1)ordd(b)β ∈ Od}.

We can express the Fourier coefficients of gA in terms of sums of the counting
numbers

rA((λ)) := #{a ∈ A : a integral with Nr(a) = (λ)},

for ideals (λ) of A, by the following proposition:
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Proposition 2.7. Suppose D ∈ A − k2
∞ is irreducible with

(
D
P

)
= −1 for all

primes P | N0. Then for any monic polynomial m in A,

∑
B∈Pic(OK)

< eB, tmeAB >=
1

2(q − 1)

[
2rA((mD))(q − 1)hOK

+
∑

µ∈A,µ6=0
deg(µN0)≤deg(mD)

rA((µN0 −mD))(t(µ,D) + 1)(1− δµN0(µN0−mD))
∑
c|µ

(
D

c

)]
.

Here t(µ,D) = 1 if D divides µ and 0 otherwise, and δz is the norm residue
symbol of z for z ∈ k×∞ : δz = 1 if z ∈ Nr(K×∞) and −1 otherwise.

Proof. Let a ∈ A which is a proper ideal of OK and prime to N0d. Fix
a generator λ0 of Nr(a) = aā. Given B ∈ Pic(OK). Let b ∈ B. For
b = α + βj ∈ b−1Rba, i.e. α ∈ d−1a, β ∈ d−1q−1b−1b̄ā, α − (−1)ordd bβ ∈ Od,
define:

(1) c := (β)dqb̄−1bā ∈ [q]B2A,
(2) ν := −Nr(α)Dλ−1

0 ∈ A,
(3) µ := −ε0 Nr(β)DQλ−1

0 ∈ A.

Here [q] ∈ Pic(OK) is the ideal class containing q. Then c is integral and

Nr(α+ βj) = Nr(α)− ε0N0QNr(β) = (−ν +N0µ)D−1λ0.

Thus (Nr(α + βj)) = (mλ0) if and only if ν = N0µ − εmD for a uniquely
determined ε ∈ F×q .
Since β = 0 if and only if b = α ∈ a, one has

#{b ∈ b−1Rba : Nr(b) = (mλ0)}
= #{b = α+ βj ∈ b−1Rba : β 6= 0,Nr(b) = (mλ0)}

+#{α ∈ a : Nr(α) = (mλ0)}.

It can be shown that #{α ∈ a : Nr(α) = (mλ0)} = (q − 1)rA((mD)). Note
that β 6= 0 if and only if µ 6= 0. In this case, β is uniquely determined by the
integral ideal c up to multiplying elements in O×K .

Conversely, given 0 6= µ ∈ A and ε ∈ F×q and set ν = N0µ− εmD. The number
of elements α ∈ d−1a with Nr(α) = −νD−1λ0 is ra,λ0(N0µ− εmD). Here

ra,λ0
(λ) := #{a ∈ a : Nr(a) = λλ0} for λ ∈ A.

In the case of ra,λ0
(N0µ−εmD) 6= 0, choose an element α ∈ d−1a with Nr(α) =

−νD−1λ0. Let c be an integral ideal which lies in a class differing from the
ideal class A[q] by a square [b]2 in the class group Pic(OK) and with ideal norm
(µ). Then

c · b−1b̄āq−1d−1 = (β)
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for some β ∈ K×. Suppose we can find β so that µ = −ε0 Nr(β)DQλ−1
0 ∈ A.

Since ε0N0Q ≡ 1 mod D, the equality εmλ0 = Nr(α) − ε0N0QNr(β) ∈ A
implies

α± β ∈ Od.

Choose ` ∈ {0, 1} and replace b by bd` so that α−(−1)ordd(b)β ∈ Od. Therefore
b = α + βj ∈ b−1Rba with Nr(b) = εmλ0. Note that if β is not in Od (i.e.
D - µ), then ` is uniquely determined. If β ∈ Od (i.e. D | µ), then we have
two choices ±β. The existence of β is equivalent to that −ε−1

0 DµQ−1λ0 is
in Nr(K×). Since Nr(

√
D) = −D and (ε−1

0 µQ−1λ0) = Nr(cq−1ā), we have
ε−1
0 µQ−1λ0 ∈ Nr(K×) if and only if δε−1

0 µQ−1λ0
= 1. Therefore combining the

above arguments we have∑
B∈Pic(OK)

#{b = α+ βj ∈ b−1Rba : β 6= 0,Nr(b) = (mλ0)}

=
∑

06=µ∈A

∑
ε∈F×q

ra,λ0
(N0µ− εmD) · (t(µ,D) + 1) · R{A[q]}((µ)) ·

1 + δε−1
0 µQ−1λ0

2
.

Here R{A[q]}((µ)) is the number of integral ideals c, which lie in a class differing
from the class A[q] by a square in the class group Pic(OK) and with ideal norm
(µ). Following the proof of Lemma 3.4.9 in [12] one has

Lemma 2.8. For 0 6= µ ∈ A,

R{A[q]}((µ)) ·
1 + δε−1

0 µQ−1λ0

2
=

1

q − 1

∑
c|µ

(
D

c

)
·

1 + δε−1
0 µQ−1λ0

2
.

Since δε−1
0 µQ−1λ0

= 1 if and only if δN0µλ0
= −1, with Lemma 2.6 we have∑

B∈Pic(OK)

#{b = α+ βj ∈ b−1Rba : β 6= 0,Nr(b) = (mλ0)}

=
∑

06=µ∈A

∑
ε∈F×q

ra,λ0
(N0µ− εmD)(t(µ,D) + 1) · 1− δN0µλ0

2
· 1

q − 1

∑
c|µ

(
D

c

)

=
∑

µ∈A,µ 6=0
deg(µN0)≤deg(mD)

rA((µN0 −mD))(t(µ,D) + 1) ·
1− δµN0(µN0−mD)

2
·
∑
c|µ

(
D

c

)
.

Therefore∑
B∈Pic(OK)

< eB, tmeAB >=
1

2(q − 1)

[
2rA((mD))(q − 1)hOK

+
∑

µ∈A,µ6=0
deg(µN0)≤deg(mD)

rA((µN0 −mD))(t(µ,D) + 1)(1− δµN0(µN0−mD))
∑
c|µ

(
D

c

)]
.
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3 Special values of L-series

3.1 Rankin product

To an automorphic cusp form f of Drinfeld type for Γ0(N) one can attach an
L-series L(f, s): let m be an effective divisor of k, which can be written as
div(λ)0 + (r − deg λ)∞ for a nonzero polynomial λ (= λ(m)) in A, with

div(λ)0 :=
∑

finite prime P

ordP (λ)P.

Denote

f∗(m) :=

∫
A\k∞

f

(
πr+2
∞ u

0 1

)
ψ∞(−λu)du = f∗(r + 2, λ).

The L-series L(f, s) attached to f is

L(f, s) :=
∑
m≥0

f∗(m)q− deg(m)s, Re s > 1.

Let D ∈ A − k2
∞ be a square-free element. Consider the imaginary field K =

k(
√
D). Let OK be the integral closure of A in K and Pic(OK) be the ideal

class group of OK . Given an ideal class A ∈ Pic(OK) and a polynomial λ in
A. The number of integral ideals a in the class A with NK/k(a) = (λ) leads to
the partial zeta function attached to A:

ζA(s) :=
∑
m≥0

rA(m)q− deg(m)s, Re s > 1.

Here for each effective divisor m = div(λ)0 + (r − deg λ)∞,

rA(m) := #{a ∈ A : a integral with NK/k(a) = (λ)}.

Let f be an automorphic cusp form of Drinfeld type for Γ0(N). For each ideal
class A ∈ Pic(OK), we are interested in the Rankin product:

L(f,A, s) :=
∑
m≥0

f∗(m)rA(m)q− deg(m)s, Re(s) > 1.

To study the analytic continuation and the functional equation of L(f,A, s),
consider the function Λ(f,A, s) which is defined by:

Λ(f,A, s) :=

L
(N,D)(2s+ 1)L(f,A, s) when degD is odd,

1
1 + q−s−1L

(N,D)(2s+ 1)L(f,A, s) when degD is even.
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Here L(N,D)(s) is the following L-series indexed by effective divisors supported
outside ∞

L(N,D)(s) :=
1

q − 1

∑
d∈A,(d,N)=1

(
D

d

)
q−s deg d, Re(s) > 1,

where
(
D
d

)
denotes the Legendre symbol for the polynomial ring A. Note that

L(N,D)(s) = LD(s) ·
∏

prime ideals P |N

(1−
(
D

P

)
q−s degP )−1

where LD(s) is the Dirichlet L-series:

LD(s) :=
1

q − 1

∑
d∈A,d 6=0

(
D

d

)
q−s deg d, Re(s) > 1.

It is known that LD(s) can be extended to a polynomial in q−s with the func-
tional equation (cf. [1]):

LD(2s+ 1) = qs(−2 degD+2)− 1
2 degD+ 1

2LD(−2s)

if degD is odd, and

LD(−2s+ 1) =
1 + q1−2s

1 + q2s
qdegD(2s− 1

2 )LD(2s)

if degD is even.
When f is a new form and D is irreducible, Rück and Tipp ([12]) prove the
following functional equation of Λ(f,A, s):

Λ(f,A, s) = −
(
D

N

)
q(5−2 degD−2 degN)sΛ(f,A,−s)

when degD is odd, and

Λ(f,A, s) = −
(
D

N

)
q(6−2 degD−2 degN)sΛ(f,A,−s)

when degD is even.

3.2 Central critical values of Λ(f,A, s)

We are interested in the special value of Λ(f,A, s) at s = 0. Note that if(
D
N

)
= 1, then Λ(f,A, s) has a zero at s = 0. We focus here on the special case

when
(
D
P

)
= −1 for all primes P | N0. Adapting Rankin’s method (cf. [12]),

we can establish the following theorem.
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Theorem 3.1. Let f be a Drinfeld type new form for Γ0(N0) and let D be an
irreducible polynomial in A − k2

∞ with
(
D
P

)
= −1 for all primes P | N0. One

has

Λ(f,A, 0) =


(f, gA)

q
1
2 (degD+1)

when degD is odd,

(f, gA)

2q
1
2 degD

when degD is even.

Here (·, ·) is the Petersson inner product and gA is the Drinfeld type automor-
phic form for Γ0(N0) canonically attached to A in §2.4.

3.2.1 Review of Rankin’s method

Given A ∈ Pic(OK). Choose a0 ∈ A−1 and λ0 ∈ k such that NK/k(a0) = (λ0)
Recall the counting number

ra0,λ0(λ) = #{µ ∈ a0 : NK/k(µ) = λ0λ}.

Note that ra0,λ0
(λ) = ra−1

0 ,λ−1
0

(λ), and for effective divisor m = div(λ)0 +

(degm− deg λ)∞ we have

rA(m) =
1

q − 1

∑
ε∈F×q

ra0,λ0(ελ).

We consider the following theta series θa0,λ0
(introduced in [11]) defined on

k×∞ × k∞:
θa0,λ0

(πr∞, u) :=
∑

deg λ+2≤r

ra0,λ0
(λ)ψ∞(λu).

It satisfies the following transformation law:

θa0,λ0

(
πr∞

(cu+ d)2
,
au+ b

cu+ d

)
= δcu+d

(
d

D

)
q−v∞(cu+d)θa0,λ0(πr∞, u)

for all γ =

(
a b

c d

)
∈ Γ

(1)
0 (N) := Γ0(N)∩SL2(A) with v∞(cπr∞) > v∞(cu+d).

Here δ is the local norm symbol at ∞, i.e. δz = 1 if z ∈ k×∞ is a norm of an
element in K∞ = k∞(

√
D) and −1 otherwise.

Viewing θa0,λ0 as a function on

H∞ :=

(
1 A

0 1

)∖(
k×∞ k∞

0 1

)/(
O×∞ O∞

0 1

)
,

one can write

L(f,A, s) =
q

q − 1

∞∑
r=2

[ ∑
u∈π∞O∞/πr∞O∞

f · θa0,λ0

(
πr∞ u

0 1

)
q−r(s+1)+2s

]

=
q

q − 1

∫
H∞

f(h)θa0,λ0
(h)q−r(s̄+1)+2s̄dh.
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For every monic polynomial M in A, the canonical map

H∞ −→ G(M) := Γ
(1)
0 (M)\GL2(k∞)/Γ∞k

×
∞

is surjective. Following [12], we consider the “Eisenstein series”

Es

(
πr∞ u

0 1

)
:=

∑
c,d∈A,c≡0 mod D

v∞(cπr∞)>v∞(cu+d)

(
d

D

)
δcu+dq

v∞(cu+d)(2s+1)

and let Hs

(
πr∞ u

0 1

)
:=


q−r(s+1)+2sEs

Nπr∞ Nu

0 1

 when degD is odd,

(
(−1)r−deg λ0+1

2

)
· q−r(s+1)+2sEs

Nπr∞ Nu

0 1

 when degD is even.

Then θa0,λ0Hs̄ can be viewed as a function on G(ND). By [12] Proposition
2.2.2 and Proposition 2.3.2

Λ(f,A, s) =
q

2(q − 1)

∫
G(ND)

f · θa0,λ0
Hs̄.

Given M ∈ A. Let F(M) be the space of functions on G(M). The trace map
from F(ND) to F(N) is given by

f −→ TrNDN f(g) :=
∑

γ∈Γ
(1)
0 (ND)\Γ(1)

0 (N)

f(γg).

Set Φs := TrNDN (θa0,λ0
Hs̄). Then

Λ(f,A, s) =
q

2(q − 1)

∫
G(N)

f · Φs̄.

From the harmonicity of f one has

Λ(f,A, s) =
q

4(q − 1)

∫
G(N)

f · Fs̄

where for g ∈ GL2(k∞),

Fs(g) :=
q

q + 1

(
Φs(g)− Φ̃s(g)

)
− 1

q + 1

∑
β∈GL2(O∞)/Γ∞,

β 6=1

(
Φs(gβ)− Φ̃s(gβ)

)
.

Note that Fs depends on the choice of a0 and λ0.



28 Fu-Tsun Wei and Jing Yu

3.2.2 Proof of Theorem 3.1

Let Ψ be the average map from functions F on G(N) to functions on G0(N):

Ψ(F )(g) :=
1

q − 1

∑
ε∈F×q

F (

(
ε 0

0 1

)
g).

Define
ΨA := Ψ(F0).

Note that ΨA now depends only on A.

Taking the formulas in Proposition 2.7.2 and Proposition 2.7.5 in [12] and
specializing at s = 0 we deduce that for any λ ∈ A with deg λ+ 2 ≤ r

Ψ∗A(r, λ) =
3− (−1)degD

4
· q−r+1−d degD

2 e ·

[
2rA((λD))(q − 1)LD(0)

+
∑

µ∈A,µ6=0
deg(µN)≤deg(λD)

rA((µN − λD))(t(µ,D) + 1)(1− δµN(µN−λD))
∑
c|µ

(
D

c

)]
.

Moreover, one has

Proposition 3.2.

Λ(f,A, 0) =
q

2(q − 1)

∫
G0(N)

f ·ΨA.

Let N = N0. Note that LD(0) = hOK . Comparing the Fourier coefficients of
ΨA with that of gA we obtain

ΨA = gA ·

q−
1
2 degD+ 1

2 · q−2 · (q − 1) · 2 when degD is odd,

q−1 · q− 1
2 degD · (q − 1) when degD is even.

Therefor Theorem 3.1 holds. �

3.3 A function field analogue of Gross formula

Now given a character χ : Pic(OK)→ C×, define

Λ(f, χ, s) :=
∑

A∈Pic(OK)

χ(A)Λ(f,A, s).

When χ is the trivial character and f is a newform which is “normalized” so
that the Fourier coefficient f∗(0) = 1, one has

Λ(f, χ, s) = L(f, s)L(f ⊗ εD, s)
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where εD is the following quadratic character on divisors of k:

εD(P ) =

(
D

P

)
and εD(∞) =

−1 if degD is even,

0 if degD is odd;

and L(f ⊗ εD, s) is the twisted L-series of f by εD:

L(f ⊗ εD, s) :=
∑
m≥0

f∗(m)εD(m)q− deg ms.

From the definition of Λ(f, χ, s) and Theorem 3.1 one has

Λ(f, χ, 0) =

 ∑
A∈Pic(OK)

χ(A)(f, gA)

 ·


1
q

1
2 (degD+1)

if degD is odd,

1
2q

1
2 degD

if degD is even.

Note that∑
A∈Pic(OK)

χ(A)−1gA =
∑

A∈Pic(OK)

 ∑
B∈Pic(OK)

χ(A)−1Φ(eB, eAB)


= Φ(eχ, eχ)

where Φ is the map in Theorem 2.6 and

eχ =
∑

A∈Pic(OK)

χ(A)eA.

Suppose f is a normalized newform. Then from Theorem 2.6 f corresponds to
a particular element ef ∈ Pic(X)⊗Z R such that

f = Φ(ef , ef ).

Let ef,χ be the projection of eχ to the ef -isotypical component in the
space Pic(X) ⊗Z C with respect to the Gross height pairing. Then the f -
eigencomponent of Φ(eχ, eχ) is equal to

Φ(ef,χ, eχ) = Φ(ef,χ, ef,χ) =< ef,χ, ef,χ > f.

The last equality holds as f is normalized (i.e. f∗(0) = 1) and the Fourier
coefficient Φ(ef,χ, ef,χ)∗(0) =< ef,χ, ef,χ >. Therefore we obtain

Theorem 3.3. Let f be an automorphic cusp form of Drinfeld type for Γ0(N0)
which is also a normalized newform. Then

Λ(f, χ, 0) =


(f, f)

q
1
2 (degD+1)

· < ef,χ, ef,χ > if degD is odd,

(f, f)

2q
1
2 degD

· < ef,χ, ef,χ > if degD is even.
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Remark. 1. If χ is non-trivial, then deg eχ = 0 and so Φ(eχ, eχ) is a cusp form.
2. When χ is trivial, then ∑

monic m|N0

tmeχ = 2eD

where eD is the divisor class introduced in Proposition 1.7.
3. The special case when N0 is a prime and degD is odd, the above formula
coincides with the result in [10] §4 (be aware of the different choices of measures
for the Petersson inner product).
4. When irreducible D ∈ A−k2

∞ satisfies
(
D
N0

)
= 1, the derivative of Λ(f, χ, s)

at s = 0 is given by Néron-Tate height of Heegner points on the Drinfeld
modular curve X0(N0), and an analogue of Gross-Zagier formula has been
proved by Rück and Tipp in the case D is irreducible (cf. [12]).

3.4 Example and application to elliptic curves

Let E be a non-iso-trivial elliptic curve over k (i.e. E is not defined over the
constant field Fq). From the work of Weil, Jacquet-Langlands, and Deligne,
one knows that there exists an automorphic cusp form fE such that

L(E/k, s+ 1) = L(fE , s).

Here L(E/k, s) is the Hasse-Weil L-series of E over k. Suppose the conductor
of E is N0∞, and E has split multiplicative reduction at ∞. Then the
automorphic form fE is of Drinfeld type for Γ0(N0), which is a normalized
newform (cf. [7]).

Consider the Hasse-Weil L-series L(E/K, s) of E over the imaginary quadratic
field K = k(

√
D) where D ∈ A with

(
D
P

)
= −1 for all primes P | N0. One has

L(E/K, s+ 1) = L(fE , s)L(fE ⊗ εD, s)

where L(fE ,⊗εD, s) is the twisted L-series of fE by the quadratic character
εD. Since

L(fE , s)L(fE ⊗ εD, s) = Λ(fE ,1D, s)

where 1D is the trivial character on Pic(OK), from Theorem 3.3 we obtain a
formula for the special value of L(E/K, s) at s = 1 when D is irreducible.

Now, let k = F3(t) (i.e. q = 3). Let E be the following elliptic curve over k:

E : y2 = x3 + (t2 + 1)x2 + t2x = x(x+ 1)(x+ t2).

The conductor of E is (t)(t + 1)(t − 1)∞. More precisely, E has split multi-
plicative reduction at (t) and ∞, and has non-split multiplicative reduction at
(t+ 1) and (t− 1). Let N0 = t(t+ 1)(t− 1) = t3− t. Let fE be the normalized
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Drinfeld type cusp form for Γ(N0) associated to E. Since the L-series L(E/k, s)
of E over k is a polynomial in q−s of degree (degN0 + 1) − 4 with constant
term 1, this implies that L(E/k, s) = L(fE , s− 1) = 1.
Let D = t3 − t− 1 and K = k(

√
D). Then(

D

t

)
=

(
D

t+ 1

)
=

(
D

t− 1

)
= −1.

The twist ED of E by D is the following elliptic curve over k:

y2 = x3 + (t2 + 1)Dx2 + t2D2x.

The conductor of ED is (D)2(t)(t + 1)(t − 1)∞2, and the L-series L(ED/k, s)
is

1 + q−s + 4q−2s + 108q−5s + 243q−6s + 2187q−7s.

Since L(E/K, s) = L(E/k, s) · L(ED/k, s), we have

L(E/K, s) = 1 + q−s + 4q−2s + 108q−5s + 243q−6s + 2187q−7s

and L(E/K, 1) = 32
9 .

On the other hand, from a formula of Gekeler (cf. [13] Theorem 1.1) we imme-
diately get

(fE , fE) = 32.

We point out that our choice of the measure is twice of the one in [13]. Such
computation can be also checked via the algorithm in [15].

The only remaining term is the Gross height of the corresponding point efE in
Pic(XN0

) ⊗Z Q. Let D be the definite quaternion algebra over k ramified at
(t), (t+ 1), and (t− 1). Then

D = k + kα+ kβ + kαβ

where α2 = −1, β2 = N0 = t3−t, and βα = −αβ. Let R = A+Aα+Aβ+Aαβ,
which is a maximal order inD. The cardinality of R× is 8, and the class number
(of left ideal classes of R) is 4. We choose the following representatives of left
ideal classes of R:

I1 = R,
I2 = At+Atα+Aβ +Aαβ,
I3 = A(t+ 1) +A(t+ 1)α+Aβ +Aαβ,
I4 = A(t− 1) +A(t− 1)α+Aβ +Aαβ.
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Note that these ideals are in fact two-sided, and the norm form on each of them
can be easily written down. We calculate the following Brandt matrices:

B(t) =


0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0

 , B(t+1) =


0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

 , B(t−1) =


0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

 .

Since we have TtfE = fE , Tt+1fE = −fE , Tt−1fE = −fE , and the Gross height
< efE , efE >= f∗E(0) = 1, the corresponding point efE in Pic(XN0

) ⊗Z Q can
only be

±[1/4, 1/4,−1/4,−1/4].

The class number of OK(= A[
√
D]) is 1. Choose the Gross point x in the first

component of XN0 corresponding to the embedding K ↪→ D which maps
√
D

to α+ β. Then ex = [1, 0, 0, 0] in Pic(XN0)⊗Z Q. Therefore

< efE ,1D , efE ,1D >=< efE , ex >
2= (4 · 1/4)2 = 1

and
(fE , fE)

q
1
2 (degD+1)

< efE ,1D , efE ,1D >=
32

9
= L(E/K, 1).

Appendix

A Jacquet-Langlands correspondence and multiplicity one the-
orem

Let $ be a Hecke character on k×\A×k . Let D be a quaternion algebra over k
and set DAk := D⊗k Ak. We embed Ak into DAk by a 7−→ 1⊗ a. A C-valued
function f on D×\D×Ak is called an automorphic form on D×Ak (for K) with
central character $ if f is a function on the double coset space

D×\D×Ak/K

for an open compact subgroup K of D×Ak satisfying that for all g in D×Ak and a
in A×k

f(ag) = $(a)f(g).

Suppose D = Mat2(k). Then D× = GL2(k) and D×Ak = GL2(Ak). f is called a
cusp form if for all g in GL2(Ak)∫

k\Ak
f

((
1 u

0 1

)
g

)
du = 0.
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We denote A0($) to be the space of automorphic cusp forms on GL2(Ak) with
central character $.

We recall Jacquet-Langlands correspondence in §A.1 and use newform theory
to explain the claim in §2.3. In §A.2 we use multiplicity one theorem to show
that the space Mnew(Γ0(N0)) in §2.3 is a free TC-module of rank one.

A.1 Jacquet-Langlands correspondence

Let D = D(N0) be a definite quaternion algebra over k where N0 is the product
of finite ramified primes of D. Let A′($) be the space of automorphic forms
on D×Ak with central character $. Jacquet-Langlands correspondence describes
the connection between A′($) and A0($):

([9] Chapter 3, Theorem 14.4 and Theorem 16.1) If an irreducible admissible
representation ρ′ = ⊗vρ′v is a constituent of A′($) and ρ′P is infinite dimen-
sional for all finite primes P which are prime to N0, then there exist an irre-
ducible admissible representation ρ(=: ρ′JL) which is a constituent of A0($)
so that

L(s,$′ ⊗ ρ) = L(s,$′ ⊗ ρ′)

for all Hecke characters $′.
Note that ρ = ⊗vρv where ρv = ρ′v for finite primes v not dividing N0. More-
over, for the ramified primes v of D, ρv is determined from ρ′v via theta corre-
spondence.
Conversely, suppose ρ = ⊗vρv is a constituent of A0($). If for every ramified
primes v of D the representation ρv is special or supercuspidal, then there is a
constituent ρ′ = ⊗ρ′v of A′($) such that ρv = ρ′JLv . In particular, ρ′v is one
dimensional for ramified prime v if and only if ρv is special.

Let R be a fixed maximal order of D. From Jacquet-Langlands correspondence
one has an isomorphism Ψ between

{ C-valued non-constant functions on R̂×\D̂×/D×}

and {
Drinfeld type new forms on Γ0(N0)\GL2(k∞)/Γ∞k

×
∞
}

which satisfies
Ψ(tmf) = TmΨ(f)

for all non-constant functions f on R̂×\D̂×/D× and monic polynomials m in
A. We briefly recall the argument in the following and refer the reader to [9]
for further details.

Fix $ = ⊗v$v to be the trivial Hecke character on k×\A×k . Let v be a prime
of k, Ov be the valuation ring in kv, and πv a uniformizer in Ov. Recall that an
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irreducible admissible infinite-dimensional representation (ρv, Vv) of GL2(kv)

with central character $v has conductor vc(v) if πc(v)
v Ov is the largest ideal of

Ov such that the space of elements u ∈ Vv with

ρv(gv)u = u for all gv ∈ K
c(v)
0

is non-empty. In fact, it is one dimensional. Here

K
c(v)
0 =

{(
a b

c d

)
∈ GL2(Ov) : c ∈ πc(v)

v Ov

}
.

It is known that

c(v) =


0 if ρv is an unramified principal series,

1 if ρv is an unramified special representation,

≥ 2 if ρv is supercuspidal or ramified.

Let (ρ, V ) =
⊗′

v(ρv, Vv) be a constituent of A0($). The conductor of ρ is:∏
v

vc(v).

The space of elements f ∈ V with

ρ(g)f = f for all g ∈
∏
v

K
c(v)
0

is one dimensional, and called the space of new-forms of ρ. Any new-form f of
ρ is a Hecke eigenform, i.e. Tvf = avf for all v where av ∈ C.
Recall that L(s, ρ) =

∏
v L(s, ρv), where

L(s, ρv) =
(
1− χv,1(πv)q

−s deg v
)−1 ·

(
1− χv,2(πv)q

−s deg v
)−1

if ρv is an unramified principal series π(χv,1, χv,2);

L(s, ρv) =
(
1− χv(πv)q−(s+1/2) deg v

)−1

if ρv is an unramified special representation sp(χv| · |1/2v , χv| · |−1/2
v );

L(s, ρv) = 1

if ρv is supercuspidal or ramified. Here χv,1, χv,2, and χv are unramified
characters of k×v with χv,1 · χv,2 = 1 = χ2

v. It is known that

av =

q
1
2 deg v(χv,1(πv) + χv,2(πv)) if ρv ∼= π(χv,1, χv,2),

χv(πv) if ρv ∼= sp(χv| · |1/2v , χv| · |−1/2
v ).
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Suppose ρ = ⊗vρv is of conductor N0∞ and ρ∞ ∼= sp(| · |1/2∞ , | · |−1/2
∞ ). Then

new-forms of ρ are functions on

GL2(k)\GL2(Ak)/K0(N0∞)k×∞.

From the bijection in §2.1

GL2(k)\GL2(Ak)/K0(N0∞)k×∞
∼= Γ0(N0)\GL2(k∞)/Γ∞k

×
∞,

new-forms of such ρ can be viewed as newforms of Drinfeld type for Γ0(N0). In
fact, the space Snew(Γ0(N0)) of Drinfeld type new forms for Γ0(N0) is spanned
by the new-forms of such ρ with conductor N0∞.

Since ρ is of conductor N0∞, ρP ∼= sp(χP | · |1/2P , χP | · |−1/2
P ) for all P | N0

where χP is an unramified character of k×P with χ2
P = 1. By Jacquet-Langlands

correspondence we can find an irreducible constituent (ρ′, V ′) = ⊗vρ′v of A′($)
so that ρ = ρ′JL. In this case, ρ′P = χP ◦ Nr for P | N0 and ρ′∞ is the trivial
representation. Therefore we can find a subspace of elements f ′ ∈ V ′ which
are non-constant functions on

D×\D̂×/R̂×.

This subspace is also one dimensional, called the space of new-forms of ρ′. Any
new-form f ′ of ρ′ is also a Hecke eigenform, i.e. tvf ′ = a′vf

′, where a′v appears
in the local factor Lv(s, ρ′v). Since for any place v

L(s, ρv) = L(s, ρ′v),

we have av = a′v.

In fact, the space of non-constant functions on D×\D̂×/R̂× is generated by
new-forms such that ρ′ = ⊗vρ′v where ρ′∞ is trivial and for P | N0, ρ′P = χP ◦Nr
for an unramified character χP of k×P with χ2

P = 1. By taking congugate, we
identify functions on D×\D̂×/R̂× with functions on R̂×\D̂×/D×. From the
dimension formula at the end of §2.2 we have a bijective map Ψ from

{ C-valued non-constant functions on R̂×\D̂×/D×}

to {
Drinfeld type new forms on Γ0(N0)\GL2(k∞)/Γ∞k

×
∞
}

so that for each monic polynomial m in A,

Ψ(tmf) = TmΨ(f).

Since constant functions on R̂×\D̂×/D× are eigenfunctions of tm with eigen-
value σ(m)N0

, we extend Ψ by mapping constant functions into the one
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dimensional subspace CEN0
of Mnew(Γ0(P0)).

Consider the definite Shimura curve X = XN0 . We have a canonical bijection
between components of X and ideal classes of R and this gives the canonical
isomorphism

{ (C-valued) functions on R̂×\D̂×/D×} ∼= Hom(Pic(X),C) ∼= Pic(X)∨ ⊗Z C.

Therefore one has:

Theorem A.1. Ψ : Pic(X)∨⊗Z C ∼= Mnew(Γ0(N0)) is an isomorphism so that
Ψ(tmf) = TmΨ(f) for any monic polynomial m in A. Moreover,

Tr(tm) = Tr(Tm)

and so the C-algebra TC generated by Hecke correspondences tm on X is iso-
morphic to the C-algebra generated by Hecke operators Tm on Mnew(Γ0(N0)).

A.2 Multiplicity one theorem

Let $ : A×k /k× be a Hecke character. Let ρ1 = ⊗vρ1,v and ρ2 = ⊗vρ2,v be two
irreducible admissible representations which are constituents of A0($). The
multiplicity one theorem (cf. [3]) tells us that ρ1 = ρ2 if and only if

ρ1,v
∼= ρ2,v

for all place v.
Fix $ to be trivial. Choose two irreducible admissible representations ρ1 =
⊗vρ1,v and ρ2 = ⊗vρ2,v of conductor N0∞ which are constituents of A0($)
satisfying

ρ1,∞ ∼= ρ2,∞ ∼= sp(| · |1/2∞ , | · |−1/2
∞ )

and ρ1,P and ρ2,P are unramified special representations for P | N0. Let f1

and f2 be new-forms of ρ1 and ρ2 respectively. Then TP fi = aP,ifi where
aP,i ∈ C for i = 1, 2 and all prime P in A. If aP,1 = aP,2 for all P , then
LP (s, ρ1,P ) = LP (s, ρ2,P ) and so

ρ1,P
∼= ρ2,P

for all P . By multiplicity one theorem we have ρ1 = ρ2 and so f1, f2 are
linearly dependent.

Recall that Mnew(Γ0(N0)) = Snew(Γ0(N0)) ⊕ CEN0
. for Γ0(P0). As a TC-

module, the space Mnew(Γ0(N0)) is a direct sum (⊕iCfi) ⊕ CEN0
of one di-

mensional submodules and each fi is a new-form of an irreducible admissible
representation ρi = ⊗vρi,v which is a constituent of A0($) with

ρi,∞ ∼= sp(| · |1/2∞ , | · |−1/2
∞ )
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and ρi,P is an unramified special representation for P | N0. According to
multiplicity one theorem, each pair of these one dimensional submodules are
non-isomorphic. Therefore Mnew(Γ0(N0)) is a cyclic TC-module, which is gen-
erated by EN0

+
∑
i fi. Viewing TC as a subring of EndC

(
Mnew(Γ0(N0))

)
, we

have
dimC TC ≤ dimCM

new(Γ0(N0)).

Therefore

Proposition A.2. The space Mnew(Γ0(N0)) is a free TC-module of rank one.

B Transformation law of theta series

Fix a definite quaternion algebra D = D(N0) where N0 is the product of finite
ramified primes of D. Let R be a maximal order and n be the class number.
In this section we deduce the transformation law of the theta series θij for
1 ≤ i, j ≤ n introduced in §2.1.1. Recall that for each (i, j), theta series θij is
a function on k×∞ × k∞:

θij(x, y) =
∑
b∈Mij

φ∞(
Nr(b)

Nij
xt2) · ψ∞(

Nr(b)

Nij
y),

where φ∞ is the characteristic function of O∞ and ψ∞ is the fixed additive
character on k∞.

B.1 Fourier Transform

Let D∞ = D⊗k k∞,. For α, β ∈ k×∞ with v∞(α) > v∞(β)− 2, let

Φα,β : D∞ −→ C
w 7−→ φ∞

(
Nr(w)α

)
ψ∞
(

Nr(w)β
)
.

Define [·, ·] : D∞ × D∞ → C× by [w,w∗] := ψ∞
(

Tr(ww∗)
)
. The Fourier

transform of Φα,β is given by:

Φ∗α,β(w∗) :=

∫
D∞

Φα,β(w)[w,w∗]dw, for all w∗ in k∞

where dw is a Haar measure on D∞.

We define

S(α, β, dw) :=

∫
D∞

φ∞
(

Nr(w)α)ψ∞(Nr(w)β
)
dw.

Then Φ∗α,β(w∗) is equal to

S(α, β, dw)φ∞
(

Nr(w∗)
α

β2

)
ψ∞
(

Nr(w∗)
−1

β

)
.
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More generally, take h ∈ k×∞, ρ ∈ D∞. For α, β ∈ k×∞ with v∞(α) > v∞(β)−2,
let Ψα,β(w) := Φα,β(ρ+ hw). Then Ψ∗α,β(w∗) is equal to

q4v∞(h) · S(α, β, dw)φ∞
(

Nr(
w∗

h
)
α

β2

)
ψ∞
(

Nr(
w∗

h
)
−1

β

)
ψ∞
(

Tr(−ρw
∗

h
)
)
.

B.2 Poisson summation

Let OD∞ be the maximal order of D∞. For v∞(α) > v∞(β)− 2, we have

S(α, β, dw) = −q2v∞(β)−3 · dw(OD∞).

For the pair (i, j), 1 ≤ i, j ≤ n, we choose Haar measure dw with
dw(D∞/Mij) = 1 and denote the integral S(α, β, dw) by S(α, β,Mij). Then

S(α, β,Mij) = −q2v∞(β)−deg(N0) · q2v∞(Nij).

Let M̃ij be the dual lattice of Mij , i.e.,

M̃ij = {w ∈ D∞ : Tr(wµ) ∈ A for all µ ∈Mij}.

We apply the Poisson summation formula∑
µ∈Mij

Ψα,β(µ) =
∑

µ∗∈M̃ij

Ψ∗α,β(µ∗)

and get

Proposition B.1. Let α, β ∈ k∗∞ with v∞(α) > v∞(β)− 2, h ∈ k×∞, ρ ∈ D∞.
Then ∑

µ∈Mij

φ∞
(

Nr(ρ+ hµ)α
)
ψ∞
(

Nr(ρ+ hµ)β
)

= q4v∞(h)S(α, β,Mij)
∑

µ∗∈M̃ij

φ∞
(

Nr(
µ∗

h
)
α

β2

)
ψ∞
(

Nr(
µ∗

h
)
−1

β

)
ψ∞
(

Tr(
ρµ∗

h
)
)
.

Let x ∈ k×∞, y ∈ k∞, M ⊂ D∞ a discrete A-lattice, NM ∈ k such that NM · A
is the fractional ideal of A generated by Nr(µ) for µ ∈ M . For h ∈ A with
h 6= 0, ρ ∈M , define “partial theta” series:

θ(x, y,M,NM , h, ρ) :=
∑

µ∈M,µ≡ρ mod hM

φ∞

(
Nr(µ)xt2

NMh

)
ψ∞

(
Nr(µ)y

NMh

)
.

Note that θij(x, y) = θ(x, y,Mij , Nij , 1, 0), and

θ(x, y,M,NM , h, ρ) =
∑
µ∈M

φ∞
(

Nr(ρ+ hµ)α
)
ψ∞
(

Nr(ρ+ hµ)β
)

where α = xt2

NMh
, β = y

NMh
.
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Proposition B.2. Let x, y ∈ k×∞, v∞(x) > v∞(y), 0 6= h ∈ A, κ ∈ M̃ij. Then

θ(
x

y2
,
−1

y
, M̃ij , N

−1
ij N

−1
0 , h, κ)

= S(
xt2

NijN0h
,

y

NijN0h
,Mij)

−1
∑

ρ∈Mij/hMij

ψ∞
(

Tr(
ρκ

h
)
)
θ(

x

N0
,
y

N0
,Mij , Nij , h, ρ).

Proof. By Proposition B.1 we have

θ(x, y,Mij , Nij , h, ρ)

= q4v∞(h)S(α, β,Mij)
∑

µ∗∈M̃ij

φ∞
(

Nr(
µ∗

h
)
α

β2

)
ψ∞
(

Nr(
µ∗

h
)
−1

β

)
ψ∞
(

Tr(
−ρµ∗

h
)
)
.

Multiply this by ψ∞
(

Tr(ρκh )
)
for κ ∈ M̃ij and sum over ρ ∈ Mij/hMij , we

obtain ∑
ρ∈Mij/hMij

ψ∞(Tr(
ρκ

h
)) · θ(x, y,Mij , Nij , h, ρ)

= q4v∞(h)S(α, β,Mij)
∑

µ∗∈M̃ij

{
φ∞
(

Nr(
µ∗

h
)
α

β2

)
ψ∞
(

Nr(
µ∗

h
)
−1

β

)
·
[ ∑
ρ∈Mij/hMij

ψ∞

(
Tr
(ρ
h

(κ− µ∗)
))]}

.

Since

∑
ρ∈Mij/hMij

ψ∞(Tr(
ρ

h
(κ− µ∗))) =

0 if µ∗ − κ /∈ hM̃ij ,

q−4v∞(h) if µ∗ − κ ∈ hM̃ij .

The proposition follows by replacing x with x
N0

, and y with y
N0

.

B.3 Transformation law

Let (x, y) ∈ k×∞ × k∞. Suppose a matrix γ =

(
a b

c d

)
∈ GL2(A) is given such

that cy + d 6= 0. We define

γ ◦ (x, y) :=

(
x(ad− bc)
(cy + d)2

,
ay + b

cy + d

)
.

Lemma B.3. Suppose γ =

(
a b

c d

)
∈ SL2(A), c ≡ 0 mod N0, v∞(x) > v∞(y),
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and v∞(cx) > v∞(cy + d). Let 1 ≤ i, j,≤ n. Then

θij
(
γ ◦ (x, y)

)
= S(

Nijxt
2

y2
,
−Nij(cy + d)

dy
, M̃ij)

−1 · S(
xt2

Nij
,
y

Nij
,Mij)

−1

·

 ∑
κ∈Mij/dMij

ψ∞
(Nr(κ)b

Nijd

) θij(x, y).

Proof. Put u = x
y2 , v = −1

y . Then

θij
(
γ ◦ (x, y)

)
= θ

( u

(c− dv)2
,
b

d
+

1

d(c− dv)
,Mij , Nij , 1, 0

)
=

∑
κ∈Mij/dMij

θ
( du

(c− dv)2
, b+

1

c− dv
,Mij , Nij , d, κ

)
=

∑
κ∈Mij/dMij

ψ∞
(Nr(κ)b

Nijd

)
θ
( du

(dv − c)2
,
−1

dv − c
,Mij , Nij , d, κ

)
.

Since v∞(cx) > v∞(cy + d), we have v∞(du) > v∞(dv − c) and

θij
(
γ ◦ (x, y)

)
= S(Nijut

2, Nij(v − c/d), M̃ij)
−1 ·

∑
κ∈Mij/dMij

[
ψ∞
(Nr(κ)b

Nijd

)
·

∑
ρ∈M̃ij/dM̃ij

ψ∞
(

Tr(
ρκ

d
)
)
θ
( du
N0

,
dv − c
N0

, M̃ij , N
−1
ij N

−1
0 , d, ρ

)]
.

Since −c/N0 ∈ A, we have

θij(γ ◦ (x, y)) = S
(
Nijut

2, Nij(v − c/d), M̃ij

)−1

·
∑

ρ∈M̃ij/dM̃ij

[
θ
( du
N0

,
dv

N0
, M̃ij , N

−1
ij N

−1
0 , d, ρ

)
·

∑
κ∈Mij/dMij

ψ∞
(Nr(κ)b

Nijd
+

Tr(ρκ)

d
− Nr(ρ)cNij

d

)]
.

Note that cNij ρ̄ ∈Mij . Replacing κ by κ+ cNij ρ̄ the last summand equals to

Nr(κ)b

Nijd
+ aTr(ρκ) +NijacNr(ρ).

Since aTr(ρκ) +NijacNr(ρ) ∈ A, we have

θij(γ ◦ (x, y)) = S(Nijut
2, Nij(v − c/d), M̃ij)

−1 ·

 ∑
κ∈Mij/dMij

ψ∞(
Nr(κ)b

Nijd
)


·θ( u
N0

,
v

N0
, M̃ij , N

−1
ij N

−1
0 , 1, 0).
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Recall that u = x
y2 , v = −1

y . By Proposition B.2 we have

θij
(
g ◦ (x, y)

)
= S

(Nijxt2
y2

,
−Nij(cy + d)

dy
, M̃ij

)−1 · S
( xt2
Nij

,
y

Nij
,Mij

)−1

·

 ∑
κ∈Mij/dMij

ψ∞(
Nr(κ)b

Nijd
)

 θij(x, y).

Note that

S
(Nijxt2

y2
,
−Nij(cy + d)

dy
, M̃ij

)
· S
( xt2
Nij

,
y

Nij
,Mij

)
= q2v∞(cy+d)+2 deg d.

By standard argument we get
∑

κ∈Mij/dMij

ψ∞(Nr(κ)b
Nijd

) = q2 deg(d). Since

θij(x, y) = θij(x, y + h) for any h ∈ A, we can drop the assumption v∞(x) >
v∞(y) and obtain the transformation law of θij :

Theorem B.4. For 1 ≤ i, j ≤ n. Let x ∈ k×∞, y ∈ k∞, γ =

(
a b

c d

)
∈ SL2(A).

Assume v∞(cx) > v∞(cy + d), and c ≡ 0 mod N0. Then

θij(γ ◦ (x, y)) = q−2v∞(cy+d) · θij(x, y).
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