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Abstract. In the first half of this article, we survey the new quasi-local and total angular
momentum and center of mass defined in [9] and summarize the important properties of
these definitions. To compute these conserved quantities involves solving a nonlinear PDE
system (the optimal isometric embedding equation), which is rather difficult in general.
We found a large family of initial data sets on which such a calculation can be carried
out effectively. These are initial data sets of harmonic asymptotics, first proposed by
Corvino and Schoen to solve the full vacuum constraint equation. In the second half of
this article, the new total angular momentum and center of mass for these initial data
sets are computed explicitly.

1. Introduction

By Noether’s principle, any continuous symmetry of the action of a physical system cor-
responds to a conserved quantity. In special relativity, integrating the energy-momentum
tensor of matter density against Killing fields in R

3,1 gives the well-defined notion of energy
momentum, angular momentum, and center of mass. In attempt to generalize these con-
cepts to general relativity, one encounters two major difficulties. Firstly, gravitation does
not have mass density. Secondly, there is no symmetry in a general spacetime. As such,
most studies of conserved quantities are restricted to isolated systems on which asymptot-
ically flat coordinates exist at infinity. However, it has been conjectured [20] for decades
that a quasi-local description of conserved quantities should exist, at least for energy-
momentum and angular momentum. These are notions attached to a spacelike 2-surface
Σ in spacetime. In [25], a new definition of quasi-local energy-momentum and quasi-local
mass was proposed using isometric embeddings of the 2-surface into R

3,1. The expressions
originated from the boundary term in the Hamilton–Jacobi analysis of gravitation action
[5, 14]. To each pair of (X,T0) where X : Σ →֒ R

3,1 is an isometric embedding and T0 is
a future time-like unit Killing field in R

3,1, a canonical gauge is chosen and a quasi-local
energy is assigned. The quasi-local mass is obtained by minimizing the quasi-local energy
seen among admissible (X,T0). For each critical point of the quasi-local energy, the isomet-
ric embedding and the canonical gauge were used to transplant Killing fields in R

3,1 back

Date: September 18, 2014.
P.-N. Chen is supported by NSF grant DMS-1308164 and M.-T. Wang was supported by NSF grants

DMS-1105483 and DMS-1405152. Both authors would like to thank Justin Corvino, Lan-Hsuang Huang,
Richard Schoen, and Shing-Tung Yau. In particular, they learned the values of the ADM angular momentum
and BORT center of mass for harmonic asymptotic initial data sets from Huang.

1



2 PO-NING CHEN AND MU-TAO WANG

to the surface of interest in the physical spacetime. In particular, this defines quasi-local
angular momentum and quasi-local center of mass with respect to rotation Killing fields
and boost Killing fields. We refer to [24] for earlier work on the definition of quasi-local
angular momentum, notably [21]. This new proposal is further applied to study asymp-
totically flat spacetime and to define new total conserved quantities on asymptotically flat
[9] and asymptotically hyperbolic [10] initial data sets. The new definition satisfies highly
desirable properties, and captures the dynamics of the Einstein equation.

In studying the dynamics of the Einstein equation, an important problem is the con-
struction of initial data sets. The initial data consists of (M,g, k) where g is the induced
metric and k is the second fundamental form of the manifold M in a given spacetime. For
vacuum spacetimes, the initial data sets satisfy the vacuum constraint equation.

Definition 1.1. We said that (M,g, k) satisfies the vacuum constraint equation if

R(g) + (trgk)
2 − |k|2g =0

divg(k − (trgk)g) =0.

Here R(g) is the scalar curvature of the metric g.

For time-symmetric initial data with k = 0, the vacuum constraint equation reduces to
the scalar curvature equation R(g) = 0, a semi-linear elliptic equation for the conformal
factor of a conformal metric g. Such initial data sets can be constructed effectively using
the quasi-spherical gauge method introduced by Bartnik [4]. This construction plays an
important role in the proof of the positivity of quasi-local mass [19, 23].

For initial data sets with non-trivial k, it is much harder to reduce the under-determined
vacuum constraint equation to a well-posed equation. One of the methods to construct
such initial data sets is the conformal method by York [28]. The conformal method is
particularly useful for numerical general relativity, for example, to construct initial data
sets representing binary black holes. A more recent method is a gluing construction based
on the harmonic asymptotic ansatz introduced in [13] by Corvino and Schoen. The ansatz
provides a way to reduce the vacuum constraint equation to an elliptic systems with four
unknowns and four equations, see (6.1). More importantly, the Arnowitt–Deser–Misner
(ADM) energy, linear momentum, angular momentum and center of mass can be read
off from the asymptotics. In [17], the harmonic asymptotic initial data sets are used to
construct counterexamples to the conjectured angular momentum-mass inequality. In this
article, we compute the new (CWY) total angular momentum and center of mass defined
in [9] for harmonic asymptotic initial data sets.

In the first half of the article, we review the definition of the quasi-local energy-momentum
in [26] and the quasi-local angular momentum and center of mass in [9] and describe how to
define the total conserved quantities for an asymptotically flat initial data using the newly
defined quasi-local conserved quantities. The important properties of the new quasi-local
and total conserved quantities are summarized in Section 5. In the second half of the arti-
cle, we compute the CWY total conserved quantities for harmonic asymptotic initial data.
The computation provides a large family of examples of non-vanishing linear momentum
on which the procedure outlined in Section 4 is carried out.
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2. ADM energy-momentum, angular momentum and center of mass

In this section, we review the ADM energy-momentum, ADM angular momentum [1] and

the Beig–Ó Murchadha–Regge–Teitelboim (BORT) center of mass [3, 22] for asymptotically
flat initial data sets.

Definition 2.1. (M,g, k) is said to be asymptotically flat if there exists a compact subset
K ⊂ M such that M\K is diffeomorphic to a union of complements of balls in R

3 (called
ends). The diffeomorphism provides an asymptotically flat coordinate system on each end
such that

gij = δij + aij with aij = O(rα), ∂k(aij) = O(rα−1), ∂l∂k(aij) = O(rα−2),

and
kij = O(rβ), ∂k(kij) = O(rβ−1)

on each end of M\K.

The ADM energy-momentum of asymptotically flat initial data sets is defined as follows.

Definition 2.2. Let (M,gij , kij) be an asymptotically flat initial data. The ADM energy
momentum vector (E,Pk) of an end of M is

E =
1

16π
lim
r→∞

∫

Σr

∑

i,j

(∂jgij − ∂igjj)ν
idΣr

Pk =
1

8π
lim
r→∞

∫

Σr

∑

i

πikν
idΣr,

where πik = kik − gikk
j
j . Here Σr is a coordinate sphere of radius r with respect to the

asymptotically flat coordinate system on this end and ν is the unit normal of Σr in M .

The ADM angular momentum and BORT center of mass are defined as follows.

Definition 2.3. Let (M,g, k) be an asymptotically flat initial data set. The center of mass
Ci and the angular momentum Ji with respect to Y(i) =

∂
∂xi × ~x, for i = 1, 2, 3, are defined

by

Ci =
1

16π
lim
r→∞

∫

Σr

[
xi

∑

k,j

(∂kgkj − ∂jgkk) ν
j −

∑

k

(gikν
k − gkkν

i)
]
dΣr

Ji =
1

8π
lim
r→∞

∫

Σr

∑

j,k

πjkY
j
(i)ν

k dΣr.

In the definition of the angular momentum, Y(i) plays the role of an asymptotically
Killing field, which ultimately depends on the asymptotically flat coordinate system.

The ADM angular momentum and BORT center of mass are more complicated than
the ADM energy-momentum since the corresponding Killing fields are of higher order
near spatial infinity. In particular, there exist hypersurfaces in the Minkowski spacetime
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with non-trivial total angular momentum and center of mass. Explicit examples of such
hypersurfaces can be found in [6, Theorem 4.1 and 4.7]. We describe the example for ADM
angular momentum here.

Let X̃i, i = 1, 2, 3, be the three standard −2 eigenfunctions of the Laplacian (or coor-
dinate functions of the standard embedding into R

3) of the round metric on S2. Consider

the the hypersurface defined by t = r
1
3 X̃1(X̃2)3 in the Minkowski spacetime. While the

hypersurface has vanishing ADM energy-momentum and vanishing BORT center of mass,
its ADM angular momentum is finite and non-zero.

3. Quasi-local energy-momentum, center of mass and angular momentum

We recall the definition of the quasi-local energy-momentum defined in [26] and the
quasi-local angular momentum and center of mass defined in [9].

Let Σ be a closed embedded spacelike 2-surface in a spacetime with spacelike mean
curvature vector H. The data used in the definition of quasi-local mass is the triple
(σ, |H|, αH ) where σ is the induced metric on Σ, |H| is the norm of the mean curvature
vector and αH is the connection one form of the normal bundle with respect to the mean
curvature vector

αH(·) = 〈∇N
(·)

J

|H| ,
H

|H| 〉

where J is the reflection of H through the incoming light cone in the normal bundle.
Given an isometric embedding X : Σ → R

3,1 and a constant future timelike unit vector

T0 ∈ R
3,1, we consider the projected embedding X̂ into the orthogonal complement of T0,

we denote the induced metric, the second fundamental form, and the mean curvature of

the image by σ̂ab, ĥab, and Ĥ, respectively.
Let τ = −X · T0. The quasi-local energy with respect to (X,T0) is (see §6.2 of [26])

E(Σ,X, T0) =

∫

Σ̂
ĤdΣ̂−

∫

Σ

[√
1 + |∇τ |2 cosh θ|H| − ∇τ · ∇θ − αH(∇τ)

]
dΣ,

where θ = sinh−1( −∆τ

|H|
√

1+|∇τ |2
) and ∇ and ∆ are the gradient and Laplacian, respectively,

with respect to σ.
In relativity, the energy of a moving particle depends on the observer, and the rest

mass is the minimal energy seen among all observers. In order to define quasi-local mass,
we minimize quasi-local energy E(Σ,X, T0) among all admissible pairs (X,T0) which are
considered to be quasi-local observers. A critical point corresponds to an optimal isometric
embedding which is defined as follows [26]:

Definition 3.1. Given a closed embedded spacelike 2-surface Σ in N with (σ, |H|, αH ), an
optimal isometric embedding is an embedding X : Σ → R

3,1 such that the induced metric
of the image surface in R

3,1 is σ, and there exists a T0 such that τ = −〈X,T0〉 satisfies

(3.1) − (Ĥσ̂ab − σ̂acσ̂bdĥcd)
∇b∇aτ√
1 + |∇τ |2

+ divσ(
∇τ√

1 + |∇τ |2
cosh θ|H| − ∇θ − αH) = 0.



ANGULAR MOMENTUM AND CENTER OF MASS 5

Denote the norm of the mean curvature vector and the connection one-form in mean
curvature gauge of the image of X by |H0| and αH0 , respectively. The quasi-local energy
is best described by ρ and ja defined as follows:

ρ =

√
|H0|2 + (∆τ)2

1+|∇τ |2
−

√
|H|2 + (∆τ)2

1+|∇τ |2√
1 + |∇τ |2

ja = ρ∇aτ −∇a[sinh
−1(

ρ∆τ

|H0||H| )]− (αH0)a + (αH)a.

In terms of these, the quasi-local energy is 1
8π

∫
Σ(ρ + ja∇aτ) and a pair of an embedding

X : Σ →֒ R
3,1 and an observer T0 satisfies the optimal isometric embedding equation if X

is an isometric embedding and
divσj = 0.

We define the quasi-local angular momentum and center of mass for each optimal iso-
metric embedding. Let (x0, x1, x2, x3) be the standard coordinate of R3,1. We recall that
K is a rotational Killing field if K is the image of xi ∂

∂xj − xj ∂
∂xi under a Lorentz trans-

formation. Similarly, K is a boost Killing field if K is the image of x0 ∂
∂xi + xi ∂

∂x0 under a
Lorentz transformation.

Definition 3.2. The quasi-local conserved quantity of Σ with respect to an optimal iso-
metric embedding (X,T0) and a Killing field K is

E(Σ,X, T0,K) =
(−1)

8π

∫

Σ

[
〈K,T0〉ρ+ j(K⊤)

]
dΣ,

where K⊤ is the tangential part of K to X(Σ).
Suppose T0 = A( ∂

∂x0 ) for a Lorentz transformation A, then the quasi-local conserved

quantities corresponding to A(xi ∂
∂xj − xj ∂

∂xi ), i < j are called the quasi-local angular mo-
mentum integral with respect to T0 and the quasi-local conserved quantities corresponding
to A(xi ∂

∂x0 +x0 ∂
∂xi ), i = 1, 2, 3 are called the quasi-local center of mass integral with respect

to T0.

4. Total conserved quantities for order 1 data

In this section, we review the definition of total conserved quantities using the limits of
quasi-local conserved quantities (see Section 6 of [9]).

First we recall the definition of asymptotically flat initial data set of order 1.

Definition 4.1. (M,g, k) is said to be asymptotically flat of order 1 if there is a compact
subset K of M such that M\K is diffeomorphic a union of ends. In the asymptotically flat
coordinate system on each end, we have the following decay condition for g and k.

gij = δij +
g
(−1)
ij

r
+

g
(−2)
ij

r2
+ o(r−2)

kij =
k
(−2)
ij

r2
+

k
(−3)
ij

r3
+ o(r−3).
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On each level set of r, Σr, we can use {ua}a=1,2 as coordinate system to express the
geometric data we need in order to define the quasi-local conserved quantities:

σab = r2σ̃ab + rσ
(1)
ab + σ

(0)
ab + o(1)

|H| = 2

r
+

h(−2)

r2
+

h(−3)

r3
+ o(r−3)

αH =
α
(−1)
H

r
+

α
(−2)
H

r2
+ o(r−2)

where σ̃ab is the standard metric on a unit round sphere S2. σ
(1)
ab and σ

(0)
ab are considered

as symmetric 2-tensors on S2, h(−2) and h(−3) are functions on S2 and α
(−1)
H and α

(−2)
H

are 1-forms on S2. We shall see that all total conserved quantities on (M,g, k) can be
determined by these data.

Using the result of [7], there is a unique family of isometric embeddings X(r) and
observers T0(r) which minimizes the quasi-local energy locally. The embedding X(r) =
(X0(r),Xi(r)) has the following expansion

X0(r) = (X0)(0) +
(X0)(−1)

r
+ o(r−1)

Xi(r) = rX̃i + (Xi)(0) +
(Xi)(−1)

r
+ o(r−1)

T0(r) = (a0, ai) +
1

r
(0, (ai)

(−1)) + o(r−1).

(4.1)

Using these, we compute

|H0| =
2

r
+

h
(−2)
0

r2
+

h
(−3)
0

r3
+ o(r−3)

αH0 =
α
(−1)
H0

r
+

α
(−2)
H0

r2
+ o(r−2)

and the expansion for ρ and ja

ρ =
ρ(−2)

r2
+

ρ(−3)

r3
+ o(r−3)

ja =
j
(−1)
a

r
+

j
(−2)
a

r2
+ o(r−2).

The isometric embedding equation gives

−∂aX
0∂bX

0 +
∑

i

∂aX
i∂bX

i = σab.

By the expansions ofX0 andXi in equation (4.1) , we obtain the following two equations:
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∂aX̃
i∂b(X

i)(0) + ∂a(X
i)(0)∂bX̃

i =(σab)
(1)(4.2)

∂aX̃
i∂b(X

i)(−1) + ∂a(X
i)(−1)∂bX̃

i +
∑

i

∂a(X
i)(0)∂b(X

i)(0) =(σab)
(0) + ∂a(X

0)(0)∂b(X
0)(0).

(4.3)

On the other hand, the optimal embedding equation reads divσj = 0. From the expansion
of metric and ja, we have divσ̃j

(−1) = 0 which determines (X0)(0) and (a0, ai). The equation
reads

(4.4) divσ̃(ρ
(−2)∇̃τ (1))− 1

4
∆̃(ρ(−2)∆̃τ (1))− 1

2
∆̃(∆̃ + 2)(X0)(0) + divσ̃(α

(−1)
H ) = 0

where τ (1) = −∑
i a

iX̃i.
We recall the definitions in [9].

Definition 4.2. Suppose T0(r) = A(r)( ∂
∂x0 ) for a family of Lorentz transformation A(r).

The CWY total center of mass integral is defined to be

Ci = lim
r→∞

E(Σr,X(r), T0(r), A(r)(x
i ∂

∂x0
+ x0

∂

∂xi
)),

and the CWY total angular momentum integral is defined to be

Ji = lim
r→∞

ǫijkE(Σr,X(r), T0(r), A(r)(x
j ∂

∂xk
− xk

∂

∂xj
))

where Σr are the coordinate spheres and (X(r), T0(r)) is the unique family of optimal
isometric embeddings of Σr such that X(r) converges to a round sphere of radius r in R

3

when r → ∞.

5. Properties of the CWY total conserved quantities

In this section, we summarize the properties of the CWY total conserved quantities.

(1) The definition depends only on the geometric data (g, k) and the foliation of surfaces
at infinity, and in particular does not depend on an asymptotically flat coordinate
system or the existence of an asymptotically Killing field.

(2) All CWY total conserved quantities vanish on any spacelike hypersurface in the
Minkowski spacetime, regardless of the asymptotic behavior. In fact, all the quasi-
local conserved quantities vanishes for surfaces in the Minkowski spacetime since
the definition uses comparison of physical Hamiltonian with reference Hamiltonian.
As pointed out in Section 2, this is not true for the ADM angular momentum and
BORT center of mass.

(3) For the ADM angular momentum and BORT center of mass, there are issues of
finiteness since the rotational and boost Killing fields are of higher order. On the
contrary, the CWY total angular momentum and total center of mass are always
finite on any vacuum asymptotically flat initial data set of order 1. See [9, Theorem
7.4].
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(4) The CWY total angular momentum satisfies the conservation law. In particular,
the CWY total angular momentum on any strictly spacelike hypersurface of the
Kerr spacetime is the same. Namely, for any spacelike hypersurface in the Kerr
spacetime defined by t = f(r, ua) for r >> 1 where f = o(r), its CWY total angular
momentum is the same as the stationary hypersurface t = 0. See [9, Theorem 8.4].

(5) Under the vacuum Einstein evolution of initial data sets, the CWY total angular
momentum is conserved, ∂tJi(t) = 0, and the CWY total center of mass obeys the

dynamical formula ∂tC
i(t) = P i

E
where (E,P i) is the ADM energy-momentum four

vector.
In [9], the following theorem was proved:

Theorem 5.1. Let (M,g, k) be a vacuum asymptotically flat initial data set of
order 1. Let (M,g(t), k(t)) be the solution to the initial value problem g(0) = g and
k(0) = k for the vacuum Einstein equation with lapse function N = 1+O(r−1) and
shift vector γ = γ(−1)r−1 + O(r−2). Let Ci(t) and Ji(t) be the the total center of
mass and total angular momentum of (M,g(t), k(t)) respectively. We have

∂tC
i(t) =

P i

E
,

∂tJi(t) =0

for i = 1, 2, 3 where (E,P i) is the ADM energy momentum of (M,g, k).

In fact, the dynamical formula was proved for initial data sets with much weaker
asymptotics. See [9, Theorem 10.2].

(6) The CWY quasi-local angular momentum and center of mass can also be used
to define total conserved quantities for asymptotically hyperbolic initial data sets
[10]. They can be defined using the limit of quasi-local conserved quantities in
the same fashion since the data on the coordinate spheres admit expansion of the
same form. The main difference is that the defined total conserved quantities is
finite only for the foliation with vanishing linear momentum. Assuming the total
energy-momentum is timelike, there exists a foliation with vanishing linear momen-
tum by applying coordinate boost. The limit of quasi-local conserved quantities
is evaluated for such foliation in terms of the expansion of the metric and second
fundamental form. See [10, Theorem 7.3].

6. harmonic asymptotic initial data sets

In the remaining part of the article, we consider the total conserved quantities for har-
monic asymptotic initial data sets. Recall that

Definition 6.1. An initial data set (M,g, k) is said to be of harmonic asymptotics if it is
asymptotically flat and on each end there is a function u and a vector field Y on M such
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that

gij =u4δij

kij =u2(Yi,j + Yj,i −
Yk,k

2
δij)

where u tends to 1 and Y tends to 0 at infinity.

For simplicity, let

(LY ) = Yi,j + Yj,i − (Yk,k)δij .

For a harmonic asymptotic initial data, the vacuum constraint equation is reduced to
the following elliptic system for u and Yi:

8∆δu =u(−|LY |2 + 1

2
(Tr(LY ))2)

∆δYi =2u−1uiTr(LY )− 4u−1uj(LY )ji ,
(6.1)

where ∆δ is the Laplacian with respect to the flat metric δij on R
3.

Suppose u and Yi admit expansions of the following form:

u = 1 +
A

r
+

u(−2)

r2
+ o(r−2)

Yi =
Bi

r
+

Yi
(−2)

r2
+ o(r−2).

(6.2)

We show that u(−2) and Y
(−2)
i can be determined explicitly by (6.1) in the following lemma.

Lemma 6.2. Let (M,g, k) be a harmonic asymptotic initial data satisfying the vacuum
constraint equation where u and Y have expansion as in equation (6.2). Then

u(−2) =ciX̃
i − 9

64

∑

i

(Bi)
2 +

1

64

∑

i,j

BiBjX̃
iX̃j

Y
(−2)
i =dijX̃

j − 5

2
Bi +

1

2
(
∑

k

BkX̃
k)X̃i.

Proof. Expanding ∆δ into spherical and radial parts and matching the leading coefficients
of both sides of (6.1) give the following equations for u(−2) and Yi

(−2):

(∆̃ + 2)u(−2) =
−1

16
(
∑

k

BkX̃
k)2 − 1

4

∑

i

(Bi)
2

(∆̃ + 2)Yi
(−2) = −2X̃i(

∑

k

BkX̃
k)− 4Bi.
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The right hand sides of the equations are linear combination of constant functions and
−6 eigenfunctions. General solutions of the equations are

u(−2) =− 9

64

∑

i

(Bi)
2 +

1

64
BiBjX̃

iX̃j + ciX̃
i

Yi
(−2) =− 5

2
Bi +

1

2
(BkX̃

k)X̃i + dijX̃
j ,

where ci and dij are constants. �

Remark 6.3. For harmonic asymptotic initial data sets, the energy-momentum, center of
mass and angular momentum are determined by the coefficient A, Bi, ci and dij respec-

tively. The ADM energy-momentum vector is (2A, Bi

2 ) and the ADM angular momentum
and BORT center of mass are

Ci
BORT =2ci

J i
ADM =

ǫijkdjk

2
.

(6.3)

The exact coefficients in the above formula are from the calculations in [16].

Next, we compute the data (σ, |H|, αH ) for coordinate spheres of harmonic asymptotic
initial data sets. Sometimes it is more convenient to express g and k in terms of the
spherical coordinate system associated with the asymptotically flat coordinate coordinate
on each end. Therefore

g = u4(dr2 + r2σ̃abdu
adub)

and

k = krrdr
2 + 2kradrdu

a + kabdu
bdub.

First we work with for any conformally flat metric.

Proposition 6.4. Suppose an initial data set (M,g, k) has conformally flat metric g = u4δ,
then the geometric data on Σr are

σ = u4r2σ̃

|H| =
√

h̄2 − p2

(αH)a =
h̄∂ap− p∂ah̄

h̄2 − p2
− u−2kra,

where

h̄ = 2r−1u−2 − 2∂r(u
−2) and p = u−4kij(δ

ij − X̃iX̃j).

Proof. The unit outward normal in the spatial direction is e3 = u−2 ∂
∂r

and the mean
curvature of Σr in M is

h̄ = u−2∂r ln
√

det σab,

where
√
detσab = u4r2

√
det σ̃ab.
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On the other hand, p = σabkab where kab = r2kij(∂aX̃
i)(∂bX̃

j). Thus

p = u−4r−2σ̃abr2kij(∂aX̃
i)(∂bX̃

j) = u−4kij(δ
ij − X̃iX̃j).

Recall from [27],

(αH)a = −k(e3, ∂a) + ∂a sinh
−1 p√

h̄2 − p2
.

Using e3 = u−2 ∂
∂r

again, we conclude

(αH)a =
h̄∂ap− p∂ah̄

h̄2 − p2
− u−2kra.

�

Proposition 6.5. On a harmonic asymptotic initial data set with the expansion (6.2), the
data on Σr are

σ = r2σ̃ab + 4Arσ̃ab + (4u(−2) + 6A2)σ̃ab + o(1)

|H| = 2

r
− 8Ar−2 + r−3[−12u(−2) + 18A2 − 1

4
(
∑

k

BkX̃
k)2] + o(r−3)

(αH)a =
3

2
r−1∂a(

∑

k

BkX̃
k)− r−2[A

∑

k

6Bk∂aX̃
k − 5

2
dij(∂aX̃

i)X̃j +
1

2
dijX̃

i∂aX̃
j ] + o(r−2).

Proof. The induced metric is σab = u4r2σ̃ab. Therefore

σab = r2σ̃ab + 4Arσ̃ab + (4u(−2) + 6A2)σ̃ab + o(1).

We recall that from Proposition 6.4, |H| =
√
h̄2 − p2 where

h̄ = 2r−1u−2 − 2∂r(u
−2)

p = u−4kij(δ
ij − X̃iX̃j).

For a harmonic asymptotic initial data set, we have

h̄ =
2

r
− r−2(8A) + r−3(−12u(−2) + 18A2) + o(r−3).

Therefore, h̄(−2) = −8A and h̄(−3) = −12u(−2) + 18A2. Let

p = r−2p(−2) + r−3p(−3) + o(r−3).

We have

Yi,j = r−2(−BiX̃
j) + r−3[−2Y

(−2)
i X̃j + ∇̃Y

(−2)
i · ∇̃X̃j ] + o(r−3).
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and

p = −u−2(2Yi,jX̃
iX̃j −

∑

k

Yk,k) + o(r−3)

= −u−2[r−2(−
∑

k

(BkX̃
k) + r−3(−2Y

(−2)
i X̃i − ∇̃Y

(−2)
i ∇̃X̃i)] + o(r−3)

= r−2
∑

k

(BkX̃
k) + r−3[2Y

(−2)
i X̃i + ∇̃Y

(−2)
i ∇̃X̃i − 2A

∑

k

(BkX̃
k)] + o(r−3).

Therefore p(−2) =
∑

k(Bkx̃
k) and

p(−3) = 2Y
(−2)
i X̃i + ∇̃Y

(−2)
i ∇̃X̃i − 2A

∑

k

(BkX̃
k).

We obtain

|H| =2

r
+ r−2h̄(−2) + r−3[h̄(−3) − 1

4
(p(−2))2] + o(r−3)

=
2

r
− 8Ar−2 + r−3[−12u(−2) + 18A2 − 1

4
(
∑

k

Bkx̃
k)2] + o(r−3).

Finally, we compute αH . In general, with

h̄ =
2

r
+ r−2h̄(−2) + r−3h̄(−3) + o(r−3)

p =r−2p(−2) + r−3p(−3) + o(r−3),

we have

(αH)a =
h̄∂ap− p∂ah̄

h̄2 − p2
− u−2kra.

For harmonic asymptotic initial data sets, h̄(−2) = −8A, p(−2) =
∑

k(BkX̃
k) and

p(−3) = 2Y
(−2)
i X̃i + ∇̃Y

(−2)
i · ∇̃x̃i − 2A

∑

k

(BkX̃
k).

Hence,

h̄∂ap− p∂ah̄

h̄2 − p2
=
1

2
r−1∂ap

(−2) +
1

4
r−2[2∂ap

(−3) − h(−2)∂ap
(−2) − ∂ah̄

(−2)p(−2)] + o(r−2)

=
1

2
r−1∂ap

(−2) + r−2(
1

2
∂ap

(−3) + 2A∂ap
(−2)) + o(r−2)

u−2kra =r−1(−
∑

j

Bj∂aX̃
j) + r−2(X̃i∂aY

(−2)
i − 2Y

(−2)
i ∂aX̃

i) + o(r−2)

and

(αH)a =
3

2
r−1∂a(

∑

k

BkX̃
k)+r−2[A

∑

k

∂a(BkX̃
k)+3Y

(−2)
i ∂aX̃

i+
1

2
∂a(∇̃Y

(−2)
i ·∇̃X̃i)]+o(r−3).
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Using Lemma 6.2, we have

3Y
(−2)
i ∂aX̃

i +
1

2
∂a(∇̃Y

(−2)
i · ∇̃X̃i) = −7Bk∂aX̃

k +
5

2
dij(∂aX̃

i)X̃j − 1

2
dijX̃

i∂aX̃
j .

�

7. CWY total conserved quantities for harmonic asymptotic initial data

In this section, we evaluate the CWY total conserved quantities for harmonic asymptotic
initial data sets.

Lemma 7.1. For a harmonic asymptotic initial data set with the expansion (6.2), the
solution of the optimal isometric embedding equation (3.1) has the following expansion:

Xi =rX̃i + 2AX̃i + r−1(2u(−2) +A2)X̃i + o(r−1)

X0 =r−1(X0)(−1) + o(r−1)

T0 =(a0, ai) + r−1(a
(−1)
0 , a

(−1)
i ) + o(r−1)

where
ak

a0
=

Bk

4A
.

Remark 7.2. The terms (X0)(−1) and a
(−1)
0 , a

(−1)
i , i = 1, 2, 3 can be solved from the second

order terms of the optimal isometric embedding equation. However, the total conserved
quantities do not depend on them.

Proof. First we solve (Xi)(0) from equation (4.2). For a harmonic asymptotic initial data,
the equation reads

∂aX̃
i∂b(X

i)(0) + ∂a(X
i)(0)∂bX̃

i = 4Aσ̃ab

and we have (Xi)(0) = 2AX̃i. Since h
(−2)
0 is given by

h
(−2)
0 = −X̃i∆̃(Xi)(0) − σ̃abσ

(1)
ab ,

we compute h
(−2)
0 = −4A. On the other hand, h(−2) = −8A. We also have

(αH)(−1) =
3

2
∂a(B

kX̃k).

Next we solve (X0)(0) from equation (4.4). With harmonic asymptotics, we have τ (1) =

−∑3
i=1 aiX̃

i and

ρ(−2) =
h
(−2)
0 − h(−2)

a0
=

4A

a0
.

Equation (4.4) becomes

3(
4A

a0
ak −Bk)X̃k − 1

2
∆̃(∆̃ + 2)(X0)(0) = 0.

The solvability condition demands that ak

a0
= Bk

4A and (X0)(0) can be chosen to be zero.
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Next, we solve (Xi)(−1) from equation (4.3). With harmonic asymptotics, the equation
becomes

∂aX̃
i∂b(X

i)(−1) + ∂a(X
i)(−1)∂bX̃

i = ∂a(X
0)(0)∂b(X

0)(0) + (4u(−2) + 2A2)σ̃ab

With (X0)(0) = 0, we can take (Xi)(−1) = (2u(−2) +A2)X̃i. �

We have the following expansion for the data on Xr(Σr) obtained in Lemma 7.1.

Lemma 7.3. For the solution of the optimal embedding equation obtained in Lemma 7.1,

|H0| =
2

r
− 4Ar−2 + r−3(−2∆̃u(−2) − 4u(−2) + 6A2) + o(r−3)

(αH0)a =r−2[∂a(X
0)(−1) +

1

2
∂a(∆̃(X0)(−1)] + o(r−2).

Proof. We compute H0 = (∆X0,∆Xi), where ∆X0 = ∆̃(X0)(−1)

r3
and

∆Xi =r−1∆̃(Xi)(1) + r−2[∆̃(Xi)(0) +∆(−3)(Xi)(1)]

+ r−3[∆̃(Xi)(−1) +∆(−4)(Xi)(1) +∆(−3)(Xi)(0)] + o(r−3).

For harmonic asymptotic initial data sets, σab = u4r2σ̃ab and ∆ = u−4r−2∆̃. Therefore

∆(−3) =− 4A∆̃

∆(−4) =(10A2 − 4u(−2))∆̃.

Using the expansion of Xi from Lemma 7.1, we have

|H0| =
2

r
− 4Ar−2 + r−3(−2∆̃u(−2) − 4u(−2) + 6A2).

The expansion for (αH0)a follows from (X0)(0) = 0. �

Next, we compute the expansion for ρ and ja in the following lemmas.

Lemma 7.4. For the solution of the optimal embedding equation obtained in Lemma 7.1,
we have ρ = r−2ρ(−2) + r−3ρ(−3) + o(r−3) where ρ(−2) = 4A

a0
and

a30ρ
(−3) = a20(−

19

16

∑

i

B2
i +

9

16
(
∑

BiX̃
i)2+12ciX̃

i−12A2)−4A2(
∑

i

aiX̃
i)2−4A

∑

i

aia
(−1)
i .

Proof. With τ = −〈X,T0〉 = r(−aiX̃
i) + (−2Aai − a

(−1)
i )X̃i + o(1), we compute

(∆τ)2 =r−24(
∑

i

aiX̃
i)2 + r−3(−16AaiajX̃

iX̃j + 8aia
(−1)
j X̃iX̃j) + o(r−3)

1 + |∇τ |2 =a20 − (
∑

i

aiX̃
i)2 + r−1(2aia

(−1)
i − 2aia

(−1)
j X̃iX̃j) + o(r−1).
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It follows that

ρ =
4A

a0
r−2 + r−3a−3

0 [a20(h
(−3)
0 − h(−3))− 4A2(

∑

i

aiX̃
i)2 − 4A

∑

i

aia
(−1)
i ] + o(r−3).

By a direct computation, we obtain

h
(−3)
0 − h(−3) = −19

16

∑

i

B2
i +

9

16
(
∑

BiX̃
i)2 + 12ciX̃

i − 12A2.

�

Lemma 7.5. For the solution of the optimal embedding equation obtained in Lemma 7.1.

Set g = BiX̃
i. We have ja = r−1j

(−1)
a + r−2j

(−2)
a + o(r−2), where

j(−1)
a =− 3

2
∂ag + (α

(−1)
H )a

j(−2)
a =

1

2
A∂ag −

6A

a0
a
(−1)
i ∂aX̃

i +
57

128A
(
∑

i

B2
i )∂ag −

25

128A
g2∂ag −

9

2A
(ciX̃

i)∂ag

+
3

8Aa0
(
∑

i

Bia
(−1)
i )∂ag −

3

2A
g(ci∂aX̃

i)− (α
(−2)
H0

)a + (α
(−2)
H )a

Proof. Recall that

ja = ρ∂aτ − ∂a[sinh
−1(

ρ∆τ

|H0||H| )]− (αH0)a + (αH)a.

We compute

sinh−1(
ρ∆τ

|H||H0|
) =

1

4
r−1ρ(−2)(∆τ)(−1)

+
1

4
r−2[ρ(−2)(∆τ)(−2) + ρ(−3)(∆τ)(−1) − 1

2
(h(−2) + h

(−2)
0 )ρ(−2)(∆τ)(−1)] + o(r−2)

Since ∆τ = r−1(2aix̃
i) + r−2[2(a

(−1)
i − 2Aai)x̃

i] and ρ(−2) = 4A
a0
, we obtain

∂a sinh
−1(

ρ∆τ

|H||H0|
) =r−1∂a(

2A

a0
aiX̃

i) + r−2∂a(
2A

a0
a
(−1)
i X̃i +

8A2

a0
aiX̃

i +
1

2
ρ(−3)aiX̃

i) + o(r−2)

ρ∂aτ =− r−1(
4A

a0
ai∂aX̃

i)− r−2[
4A

a0
(2Aai + a

(−1)
i ) + ρ(−3)ai]∂aX̃

i + o(r−2).

Collecting the terms gives the desired expansion for the lemma. �

Recall that the conserved quantities are the limit of

E(Σr,X, T0,K) =
(−1)

8π

∫

Σ

[
〈K,T0〉ρ+ j(K⊤)

]
dΣ,

where K is a Killing vector field in R
3,1 of the form

K = K β
α xα

∂

∂xβ
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with Kαβ being skew-symmetric. We first compute the conserved quantities for such K

in general and then specify the choice of Kαβ corresponding to angular momentum and
center of mass later.

Lemma 7.6. We have
∫

Σr

〈K,T0〉ρ
√
σ =

∫

S2

[Kαγ(X
α)(1)(T γ)(0)ρ(−3)]dS2 + o(1)

∫

Σr

〈K,
∂X

∂ua
〉σabjb

√
σ =

∫

S2

[Kαγ(X
α)(1)

∂(Xγ)(1)

∂ua
j
(−2)
b ]σ̃abdS2 + o(1).

Proof.
∫

Σr

〈K,T0〉ρ
√
σ

=

∫

S2

(r〈K,T0〉(1) + 〈K,T0〉(0))(r−2ρ(−2) + r−3ρ(−3))(r2
√
σ̃ + r

√
σ
(1)

) + o(1)

=

∫

S2

[〈K,T0〉(1)ρ(−3) + 〈K,T0〉(0)ρ(−2) +
1

2
σ̃abσ

(1)
ab 〈K,T0〉(1)ρ(−2)]

√
σ̃ + o(1).

On the other hand,

σab
√
σ =σ̃ab

√
σ̃ + r−1[

1

2
σ̃ab(σ̃pqσ(1)

pq )− σ̃apσ(1)
pq σ̃

qb]
√
σ̃ + o(r−1)

=σ̃ab
√
σ̃ + o(r−1)

since σ
(1)
ab = 1

2 trσ̃σ
(1)σ̃ab. Therefore,

∫

Σr

〈K,
∂X

∂ua
〉σabjb

√
σ

=

∫

S2

(r2〈K,
∂X

∂ua
〉(2) + r〈K,

∂X

∂ua
〉(1))σ̃ab(r−1j

(−1)
b + r−2j

(−2)
b )

√
σ̃ + o(1).

We have
∫

Σr

〈K,T0〉ρ
√
σ =

∫

S2

[〈K,T0〉(1)ρ(−3) + 〈K,T0〉(0)ρ(−2)]
√
σ̃ + o(1)

∫

Σr

〈K,
∂X

∂ua
〉σabjb

√
σ =

∫

S2

[〈K,
∂X

∂ua
〉(2)j(−2)

b + 〈K,
∂X

∂ua
〉(1)j(−1)

b ]σ̃ab
√
σ̃ + o(1)

since X(0) = 2AX(1). Moreover,

〈K,T 〉 =rKαγ(X
α)(1)(T γ)(0) +Kαγ [(X

α)(1)(T γ)(−1) + (Xα)(0)(T γ)(0)] + o(1)

〈K,
∂X

∂ua
〉 =r2Kαγ(X

α)(1)
∂(Xγ)(1)

∂ua
+ rKαγ [(X

α)(1)
∂(Xγ)(0)

∂ua
+ (Xα)(0)

∂(Xγ)(1)

∂ua
] + o(r).
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Hence,
∫

Σr

〈K,T0〉ρ
√
σ =

∫

S2

[Kαγ(X
α)(1)(T γ)(0)ρ(−3)]

√
σ̃ + o(1)

∫
〈K,

∂X

∂ua
〉σabjb

√
σ =

∫

S2

[Kαγ(X
α)(1)

∂(Xγ)(1)

∂ua
j
(−2)
b ]σ̃ab

√
σ̃ + o(1),

since Kαγ [(X
α)(1) ∂(X

γ)(0)

∂ua + (Xα)(0) ∂(X
γ )(1)

∂ua ] = 0 and X(0) = 2AX(1).
�

The following computational lemma is useful in the evaluation of CWY total conserved
quantities.

Lemma 7.7. We have

1

8π

∫

S2

X̃kρ(−3)dS2 =
2ck

a0

1

8π

∫

S2

X̃kX̃ l
aσ̃

abj
(−2)
b dS2 =

clBk − ckBl

4A
+

dlk − dkl

4
.

Proof. Recall that ∫

S2

(X̃1)a(X̃2)b(X̃3)cdS2 = 0

unless a, b and c are all even. On the other hand,

∫

S2

X̃iX̃jdS2 =
4πδij

3
.

Using the above formula and the expression of ρ(−3) from Lemma 7.4, we get

1

8π

∫

S2

X̃kρ(−3)dS2 =
2ck

a0
.

For the second identity, recall that from the second order term of the optimal embedding

equation, j
(−2)
b is divergence free. Hence,

∫

S2

X̃kX̃ l
aσ̃

abj
(−2)
b dS2 =

1

2

∫

S2

(X̃kX̃ l
a − X̃ lX̃k

a )σ̃
abj

(−2)
b dS2.

Moreover,
∫

S2

(X̃kX̃ l
a − X̃ lX̃k

a )σ̃
ab[∂b(X

0)(−1) +
1

2
∂b(∆̃(X0)(−1)]dS2

=−
∫

S2

∇̃a(X̃kX̃ l
a − X̃ lX̃k

a )̃[(X
0)(−1) +

1

2
(∆̃(X0)(−1)]dS2 = 0
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and
∫

S2

X̃kX̃ l
aσ̃

abj
(−2)
b dS2

=
1

2

∫

S2

(X̃kX̃ l
a − X̃ lX̃k

a )σ̃
ab
[1
2
A∂bg −

6A

a0
a
(−1)
i ∂bX̃

i +
57

128A
(
∑

i

B2
i )∂bg

− 25

128A
g2∂bg −

9

2A
(ciX̃

i)∂bg +
3

8Aa0
(
∑

i

Bia
(−1)
i )∂bg −

3

2A
g(ci∂bX̃

i)

−A
∑

k

6Bk∂bX̃
k +

5

2
dij(∂bX̃

i)X̃j − 1

2
dijX̃

i∂bX̃
j
]
dS2

=
1

2

∫

S2

(X̃kX̃ l
a − X̃ lX̃k

a )σ̃
ab
[−3

A
(ciX̃

i)∂bBjx̃
j +

3

2
dij [∂b(X̃

i)X̃j − (∂bX̃
j)X̃i]

]
dS2

=
3

2

∫

S2

1

A
[X̃ lX̃iciBjδ

kj − X̃kX̃iciBjδ
lj ] + [dijX̃

jX̃kδli − dijX̃
jX̃ lδkj ]dS2

=
2π(clBk − ckBl)

A
+ 2(dlk − dkl)π.

�

Theorem 7.8. For a harmonic asymptotic initial data set, let X(r), T0(r) be the solution
of optimal embedding equation on Σr obtained in Lemma 7.1. Let T0(r) = A(r) ∂

∂x0 where

A(r) = Aαβ +O(r−1).

The CWY total angular momentum and center of mass are

Ci =
2ci
a0

+
(ciBj − cjBi)A0j

4A
+

(dij − dji)A0j

4

Ji =
∑

j,k,l

ǫijk

4
[
Akl(cjBl − clBj)

A
+Akl(djl − dlj)].

Proof. Recall that the definitions from Definition 4.2 and we compute

1

8π
E(Σr,X(r), T0(r), A(r)(x

i ∂

∂x0
+ x0

∂

∂xi
))

=
1

8π

∫

Σr

Xiρ− (XiA0α(r)X
α
a +X0Aiα(r)X

α
a )σ

abjbdΣr

=
1

8π

∫

S2

X̃iρ(−3) − (X̃iA0jX̃
j
a)σ̃

abj
(−2)
b dS2 + o(1)

=
2ci
a0

+
(ciBj − cjBi)A0j

4A
+

(dij − dji)A0j

4
+ o(1).
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Similarly,

1

8π
E(Σr,X(r), T0(r), A(r)(x

j ∂

∂xk
− xk

∂

∂xj
))

=
−1

8π

∫

Σr

(XjAkα(r)X
α
a +XjAkα(r)X

α
a )σ

abjbdΣr

=
−1

8π

∫

S2

(X̃jAklX̃
l
a + X̃jAklX̃

l
a)σ̃

abj
(−2)
b dS2 + o(1)

=
Akl(cjBl − clBj)

4A
+

Akl(djl − dlj)

4
+ o(1).

�

Remark 7.9. By comparing (6.3) with the above theorem, we conclude that for a harmonic
asymptotic initial data set with vanishing linear momentum (Bi = 0 and Aαβ = δαβ), the
CWY total angular momentum and center of mass are the same as the ADM angular
momentum and BORT center of mass, respectively. When the linear momentum is non-
zero, the CWY total angular momentum and center of mass become linear combinations of
the ADM angular momentum and BORT center of mass, where the coefficients depend on
the ADM energy-momentum vector.
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[3] R. Beig and N. Ó Murchadha, The Poincaré group as the symmetry group of canonical general relativity,
Ann. Physics 174 (1987), no. 2, 463–498.

[4] R. Bartnik, Quasi-spherical metrics and prescribed scalar curvature, J. Differential Geom. 37 (1993),
no. 1, 31–71.

[5] J. D. Brown and J. W. York, Jr., Quasilocal energy and conserved charges derived from the gravitational

action, Phys. Rev. D (3) 47 (1993), no. 4, 1407–1419.
[6] P.-N. Chen, L.-H. Huang, M.-T. Wang, and S.-T. Yau, On the validity of the definition of angular

momentum in general relativity, arXiv:1401.0597.
[7] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Evaluating quasilocal energy and solving optimal embedding

equation at null infinity, Comm. Math. Phys. 308 (2011), no.3, 845–863
[8] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Minimizing properties of critical points of quasi-local energy,

Comm. Math. Phys. 329 (2014), no. 3 919–935
[9] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Conserved quantities in general relativity: from the quasi-local

level to spatial infinity, arXiv:1312.0985
[10] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Conserved quantities on asymptotically hyperbolic initial data

set, arXiv:1409.1812
[11] D. Christodoulou, Mathematical problems of general relativity. I, Zürich Lectures in Advanced Math-
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