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Abstract The entanglement quantification and classification of multipartite quantum
states is an important research area in quantum information. In this paper, in terms
of the reduced density matrices corresponding to all possible partitions of the entire
system, a bounded entanglement measure is constructed for arbitrary-dimensional
multipartite quantum states. In particular, for three-qubit quantum systems, we prove
that our entanglement measure satisfies the relation of monogamy. Furthermore, we
present a necessary condition for characterizing maximally entangled states using our
entanglement measure.
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2406 Q. Lietal.

1 Introduction

Entanglement, as a significant feature of quantum mechanics, plays a vital role in
quantum information, such as quantum key distribution, quantum teleportation, quan-
tum dense coding, quantum secret sharing, quantum secure direct communication,
quantum simulation and quantum computation [ 1-14]. Mathematically, a pure state in
a quantum system is called entangled if it cannot be factorized into the direct product
of states on the subsystems; a mixed state is entangled if it cannot be written as a
convex mixture of direct products of local states.

Quantifying entanglement has attracted much attention in recent years. For bipartite
system, quantum entanglement measures have been given, such as the von Neumann
entropy of entanglement [15], the entanglement of formation [16], concurrence [17]
and the negativity [18]. In the case of multipartite states, given that there does not
exist a single measure that can successfully account for all possible entanglement
characteristics and applications, each measure usually performs better for a specific
purpose and is always needed to choose the one that better fits our needs [19-26].

One of the most important properties of entanglement is monogamy [27-37], which
quantifies the relation of entanglement between different parties in multipartite setting.
Monogamy is also a fascinating characterization related to many areas of physics, such
as quantum key distribution [38,39], the foundations of quantum mechanics [40,41],
statistical mechanics [40], condensed matter physics [42-44] and even black-hole
physics [45]. Let E be an entanglement measure for a tripartite system Ha ® Hp @ Hc.
If the entanglement of the particles A and BC satisfies the inequality

EaBc 2 EaB + Ec,

we call the entanglement measure E satisfies the monogamous relation. In this paper,
we will propose an entanglement measure which itself has the monogamous relation.
Moreover, as an application, we use our measure to establish the relation between max-
imally entangled states and single-qubit reduced states. We give a necessary condition
for characterizing maximally entangled states.

We consider throughout this paper an n-partite system H = HY Q H2? Q- - - @ H%,

where the dimension of a local space HY s di withi = 1,2,---,n. A par-
tition o7 of the system H = HY @ H®2 ® ... ® H% is called a k-partition
(2 < k < n) if it contains k disjoint nonempty subsets A, Az, ..., Ar such that

{HA, 1, HD} = A JA2 -+ U Ax. Denote by @ = Aj|Az|---|Ay the
k-partition of H. Every partition <% = A1|Az]|---|Ax corresponds to a family of
subsystems Ay, Aa, ..., Ak.

Let |/) € H be a pure state. It is called k-separable if there is a k-partition <7 =
A1|Az|-- - |Ag of H such that

V) = 1Y)A, ®V2)A, @ - ®[Yk)A,

where Wl)A, is a pure state in the subsystem A; (I = 1, 2, ..., k). An n-partite mixed

state p is called k-separable if there exist k-separable pure states |1p j> with respect to
different subsets of parties and p; > 0 with >’ j pj =1, such that
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P=ij|1/fj)(1/fj\‘

An n-partite state is called genuinely entangled if it is not 2-separable. It is called fully
separable if and only if it is n-separable.

The coefficient matrices, which are constructed through arrangement of the coef-
ficients of pure states in lexicographical order, have been used as important tools in
the research into entanglement. The mathematical connection between entanglement
classification and the coefficient matrices was established in [46,47]. In this work,
the coefficient matrices of the pure state |/) are written as My, 5, (|¥)) (see Sect. 6),
where 1 <! <nand{sy,s2,...,s1} €{1,2,...,n}.

The following theorem was proved in [48].

Theorem Let |v/), |¢) be any two pure states in the n-partite system H = HY ®
HE® - @ Hb. If there exist complex square matrices A; (1 < i < n) such that

V) =41 ®A2 Q- @ Anld),
then, forany 1 <1 < n,
Mig(9) =A1® - @AM (19) A1 @ - @A),
where (Aj41 Q - - - ® AT is the transpose matrix of the matrix Aj+1 ® - -+ ® A,.
A simple and effective application of the coefficient matrices is to concretely rep-
resent the reduced density matrix that provides a way to associate a density matrix
with each component system. For i € {1, ..., k}. Denote by py, the reduced density

matrix of | ) (Y| on subsystem A;. Then pg, (1 < i < k) has a factorization in terms
of the corresponding coefficient matrix and its conjugate transpose [49],

— T
PA, = MAiMAi'

Naturally, for the reduced density matrices of two pure states, the following corollary
can be reached.

Corollary Let |y), |¢) be any two pure states in the n-partite system H = HY @
HE @ .- @ H@. If there exist unitary matrices U; (1 < i < n) such that

W) =U1®U:Q---®Ulp),

then their corresponding reduced density matrices py...(|y)) and p1..;(1¢)) (1 <1 <
n) satisfy the relation that

Pra(lYN) =U1 @@ Uipr..i(1¢) (U1 @ --- @ Up)'.

This paper is organized as follows. In Sect. 2, an entanglement monotone (denoted
by &) for n-qudit states is constructed. Furthermore, we transform our entanglement
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2408 Q. Lietal.

monotone to a three-qubit monogamous entanglement measure in Sect. 3. By our
entanglement measure, we give in Sect. 4 a necessary condition for characterizing
maximally entangled states. Section 5 contains a brief summary.

2 An entanglement monotone

Let |¢/) be an n-qudit pure state in the n-partite quantum system H = HY @ HE2 @
... ® H% . For arbitrary but fixed k(2 < k < n), we define a map & as

St (ir )

& = min , 1
K (1¥) ! 3 ey
where the minimum min is taken over all possible k-partitions <% = Aj|---|Ag of

o7
the system H.

Theorem 1 The & (|v)) defined in Eq. (1) is an entanglement monotone for any pure
state ).

Proof We will prove that & does not increase, on average, under local operations and
classical communication (LOCC).

Because any protocol consists of a series of local positive operator valued measures
(POVMs) such that only one subsystem be operated and & keeps invariant under
permutations of the particles, it suffices to consider a general local POVM in only one
part of a partition. Without loss of generality, we may assume that the local POVM is
performed on the part Aj.

We note that any local POVM can be written as a sequence of two-outcome POVMs
in analogy to the method in Ref. [50]. Let F; and F> be two POVM elements oper-
ated in the part A such that Fy + F, = 1 . Then there exist matrices P; such

that F; = P}_Pj (j = 1,2). Choose a proper unitary matrix V and decompose

P; = U;D;V (j = 1,2). Here U; (j = 1,2) are unitary matrices; D and D>

are both diagonal matrices with nonnegative real numbers 1y, 1, ..., Uy A and
1

J1 = u% 1= u% o, 1= u% A on their respective diagonals, where n A, stands
1

for the dimension of the part A;.
Let M, (I¥)) be the coefficient matrix of |/) corresponding to the part Ay, then

by the singular value decomposition Mp  (|¥)) = SS2 TT, where S, T are unitary
matrices and £2 is a matrix with the diagonal entries { WL, @2, -+ s n p }
1

Because any local unitary operations do not cause a change of the entanglement,
some local unitary operation H preceding the POVM can be implemented in the initial
state [y). We select H = VST only for simplicity of proof.
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Hence, after local actions H and POVM, the initial state |i) is transformed into
new states

(Pt © 1) 19)
NI
(Ui vviste 1) )

= , @)
Vi

nj) =

where j = 1,2; Al =Ar® - ® A is the complement of Ay; p; = (9.,~|9J-) with

6)) = (U;D;S™ @ L) s p1 + p2 = 1.
By the theorem in the introduction, the coefficient matrices of new states [n;) (j =
1,2) are

1 . 1 _
A, (Inj)) = \/_p—jUijSIMA, () = \/—p_jU,-DjQTV A3)

It follows that

trJoa, (m) = try M, (Im) Ma, (1)

= tr\/pL (U,D12T%) (U Dy 2T
1

= rr/ L (D12) (D1 £2)"
P1

I’lAl
_ 2 Wm Am )
ol VP1
and similarly that
tr /oA, (In2) Ony 1=t = ©)
m=1

We denote by (E(|¥))) the average entanglement after LOCC , then (& (|¥/))) =
P1& (M) + p2&k (In2)).

Note that p1 + p> = 1and pp, (1V) = pa, (Im) = pa, (In2), i =2,3,... .k,
it follows that

P1&(m)) + p2& (In2)

[ (o foa, Gm)’
= p1 {min

<y k

@ Springer



2410 Q. Lietal.

S (ir foa, ()

+p2 II;}kn r
[t (oo ) L (o (m))”
S 2 K

nA 2 nA 2
(Zmzll wm,“«m) + (Zm 1la)m\/ 1 - lbl‘]%1)

X
~

+ - . (6)
Because
"A, 2 N 2
Zwmﬂm + zwm\/ 1 —Mg,,
m=1 m=1
"A "A
= Z Wp by + z gkl A+ Z w;, (1 - Mi)
1<k,l<nA m=1
1
k#l

+ Z a)k\/l — /L%a)l\/l — Mlz

lgk,lgnAl

k£l
n
A,
—Zwm+ > wsz(ukuz+\/1 [ - \/1 Mz>
l<kl<nA
k£l
"A, 2 2
<ot Y wkwl/wu(,/l-uz) -\/M12+(,/1—M12)
m=1 lgk,lgnAl
k£l
nA] }’lAl 2 5
—Zwm + > ao=(>on)| =(rfoa, ). O
l<kl<nA m=1
k£l
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it is obtained that

> ("\/m)2

. = &Y. ®)

(E(y)) < Igjikn

So the average entanglement (£ (]¥))) does not increase after LOCC, and then
Er(J¥r)) is an entanglement monotone.
This completes the proof of Theorem 1. O

We now turn to consider the mixed states. For an n-qudit mixed state p in the
n-partite quantum system H, we define

£ (p) = inf Z P& (1)), ©)

where the infimum is taken over all possible pure state decomposition p =
> pi |¥i) (¥il . On the basis of Theorem 1, it can be straightforwardly verified that
E(p) defined in Eq. (9) is an entanglement monotone for any n-qudit mixed state p.

The entanglement monotone & has an physical interpretation in terms of the fidelity,
which is defined by F(p, o) = tr/p'/20p'/2. When p and o are both pure states,
the square of fidelity is the transition probability from o to p [51]. In the general case
of mixed states, a simple operational interpretation of the fidelity is also provided in
Ref. [52]. If we re-write & as

i . 1 1/2 1 1/2 7]
st (n(ma) on (iion)

k

E(ly) = Ig{ikn

2
k 1
) zi:l nA,F (KIV!A”'OAI)
= min

P k '

1
n .
1

2
where F (XI,, A KPA,” P Ai) is the square of fidelity for the reduced state p A,

and its system’s totally mixed state *ln A and I, A denotes an identity matrix on

subsystem H 5. Then the &y can be expllained as the minimum of all weighed averages
of the square of fidelity, corresponding to all possible k-partitions (2 < k < n) of the
system H.

@ Springer



2412 Q. Lietal.

3 A monogamous entanglement measure

Monogamous relation is an important criteria for the judgment of good measures of
multipartite entanglement, because the entanglement measures that satisfy this relation
can show us that quantum entanglement, differing from classical correlation, is not
shareable at liberty when distributed among three or more parties. For an n-qudit pure
state ) in the n-partite quantum system H = H4 @ H? ® - -- @ H%, let

2
| > (e A
) = min min\/c? : 1( Al) —1

2<k<n o k ’

EM(ly) (10)

where the minimum n:}n is taken over all possible k-partitions @ = Aj]---|Ay of
Ke73

the system H and d= # It is clear to see that EM (]¥)) = 0 for any pure state
[) and EM (]4)) = 0if and only if |/) is separable. By corollary in the introduction,
EM (|4/)) keeps invariant under local unitary transformations. Then, by the proof of
Theorem 1, we know that £M is an entanglement monotone. Therefore £M becomes
an entanglement measure.

For an n-qudit mixed state p in the n-partite quantum system 7+, we define

M _ oM .
£ (p)-{pg’rﬁgmzi‘,pls (1¥:)) (11)

where the infimum is taken over all possible pure state decomposition p =
> pi lWi) (¥il . According to the analysis of the preceding context, we can draw
a conclusion that £M (p) defined in Eq. (11) is an entanglement measure for any n-
qudit mixed state p. Obviously, EM satisfies the subadditivity [53]. In addition, we
can verify that £ satisfies the convexity by its definition :

1

eM (Z PiPi) <D piEM (o).

Next we prove that £¥ is monogamous for three-qubit systems.

Theorem 2 For a three-qubit system Ha @ Hp ® He, EM satisfies a monogamy
inequality

M M M
Eap T Eac < Exjpes

where 5%3, Sg’lc, and S%BC mean the entanglement of the respective parts of the
system.

@ Springer
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Proof First, analogously to Eq. (7) in [54], we use the Schmidt decomposition for a
general pure state [{) spc in the system H4 ® Hp ® Hc,

V) aBc = /P 190)aB 10)c + 1 = plédi)ag I1)c,

with 0 < p < 1, |¢o)ap and |¢1) g being the orthonormal states of biqubit system
Ha ® Hp and |0)¢ and | 1) being the orthonormal basis of qubit system H¢. When
p =0or p =1, |Y¥)aBc is separable, the inequality holds clearly. Now we assume
that 0 < p < 1. According to the Schmidt number of |¢g) og and |¢1) op, they can be
categorized into three classes:

1. there is no Schmidt rank-2 state,
2. there is only one Schmidt rank-2 state,
3. there are two Schmidt rank-2 states.

Case 1 There is no Schmidt rank-2 state in |@o) s and |$1) sp-
With a proper basis {[0)4, [1)4}. {I0)5, [1)} and {|0)c. |1)¢c} of Ha, Hp and
Hc, respectively; |1) apc can be expressed as

[¥)aBc = /P10)410)510)c
+V/1=pMaWal0)s +v1T—al)p)l)c,

where 0 < p < 1 and 0 < a < 1. A direct calculation implies that

Extae = EM [pa (W) aBo)] = 4/2p(1 - p),
Xy = EM [pag (1Y) aBc)] = 0.

It remains to calculate £ /Q”C.
For the sake of simplicity, we write

10)410)¢c = leoo),
0)all)c = leor).
1) al0)c = le1o).
Mall)c = lerr)

Then the reduced density matrix of the subsystem H4 ® Hc can be represented as

pac (1¥)ac) = pleoo) (eool + ap(1 — p)lego) (e11]
+vap(l — p)lerr){eool + (1 — p)lerr){enl.

Consider a pure state decomposition of pac
pac (I¥)aBc) = rile) (@1l + r2le2) (@2l
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2414 Q. Lietal.

where

ri=p+a(l—p),
rn=1-a)-p),

1
= et

lp2) = le1r).

(vPleoo) +aT=plen))

Then we have

5%3 = EM[pac (1¥)aBc)]
<&M (1o1)) + M (192))

= [2] (sson ) 1]}

JP+Jad=p) p))2
=[p+a(l— 2 -1
[p +a( p)][ [( PR —
=4yap(1 —p)

<4/2p(1 = p) = EXle.

This leads us to the conclusion that £ %3 +£& AMC <& %'BC.
Case 2 There is only one Schmidt rank-2 state in |¢g) o and [¢1) og. Without lose of
generality, we might as well assume that |¢g) g is @ Schmidt rank-2 state.

With the proper choice of basis sets, |/) Apc can be expressed as

¥)asc = /P(Vb[0)4[0) 5 + VT =51 al1)5)10)c
+/1T—p@i0)a + a2l 1)4)(B110) s + B2T) )| 1)c,
where 0 < b < 1 and the complex numbers «; (i = 1,2) and B;(i = 1, 2) satisfy

Zle |ot,~|2 = 1 and Zle | ,81~|2 = 1, respectively. Similarly to the discussion in
Case 1, we get

EXpe = €M [pa (1Y) aBC)]

= 4/2[b(1 = b)p2 + p(1 = b)(1 = p) lea 2 + bp(1 — p) e ],

EM = EM [pap (1Y) aBC)] < 4p/b(1 — b),
EAL = EM [pac (1) aBO)]

< A4lazpBil v pb(1 — p) +4 a1 B2l vV p(1 — p)(1 — D).

It can be directly checked that £ %3 + 5% < E%BC.
Case 3 Both |¢o) op and |¢1) op are Schmidt rank-2 states.

@ Springer
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By choosing a proper basis, we can get the expression of |{/)ABc

[¥)aBc = /P(/cl0)al0) g + 1T —c|T)al1)5)10)c
+V/1 = p(@10)410) 5 + a2(0)41T) 5
+a3|1)al0) g + asT)alT)p)[1)c,

where 0 < ¢ < 1 and Z?:l |a;|?

that

= 1. A similar discussion just as in Case 1 implies

Extpe = EM [oa (1¥)aBo)]

= 4v2{e(t = ap? + p1 = p) [(1 = )l + @) + c(las? + lasl)

£ = e Plas + a1 Plasl + axPlasf? + laallaa) )
EXs = €Y [paB (1Y) ABC)]
<4 [(1 — p)laraq — azas| + P\/C(l——c)] :
Exc = EM Lpac (1Y) aBc)]

< Aazly/p( = p)A =) + 4las|V/p(1 — p)c;

which entails that £ %3 + & ﬁ{: <€ %BC' The proof of Theorem 2 is complete. O

4 Application

In Ref. [55], the authors conjecture that for an n-qubit state maximally entangled
with respect to their entanglement measure, all single-qubit reduced states are totally
mixed. In this section, by our entanglement measure, we prove that all single-qubit
reduced states of a maximally entangled state are totally mixed. In order to do this,
we first gives the boundedness of the entanglement measure £V

Theorem 3 Let |y) be an n-partite pure state in the system H" @ H2 ® - - - @ H%,
then

0< EM(ly)) < @ - DWar,

= Y4
with d = %

For a rigorous proof of this theorem the reader can refer to Sect. 7.

It can be seen from the theorem above that £ is a bounded entanglement measure
for any given system. For a pure state |/), it is separable if and only if M (|v/)) = 0;
if it is a genuine entangled state, then £ (|y/)) > 0; if its entanglement degree
reaches the upper bound of EM e, EM(II/f)) = (Elv — 1)\/2’7, then we say that it is
maximally entangled. Recall that a state is totally mixed if its density matrix is the
scalar multiplication of an identity matrix.
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2416 Q. Lietal.

Theorem 4 If an n-qubit pure state V) is maximally entangled with respect to EM,
then all single-qubit reduced states of | ) are totally mixed.

Proof We assert that

2
> (1o 2
in mi ’—1='(tﬁ)—1, 12
1ehn k I%n[ "VPA ] (12)

Otherwise, it can be assumed that the minimum on the right side of Eq. (12) is obtained
at a certain k’-partition with 2 < k' < n, i.e.,

2 , 2
> (iry7m)) > (iryPmy)
min min -1 = —

2<k<n o, k k'

Without loss of generality, we may as well assume that
tr./pa, = min {tr /oAl =1,2,..., k’} .
Then we have

2
2 (ryeR) »
— t —
,min min : [(ryom) 1]

WV

WV

we|(evm) ]

> (o)
:

2
k
R D (”«/PA,-)
= min min —
2<k<n o, k

This leads to a contradiction. )
So EM(|yr)) = mingy, vV d" [(rrm) — 1]. For an n-qubit pure state |y),

assume that it is maximally entangled. Then
M) = V2"
and

g;}zn[(trm)z— 1} ~ 1.

@ Springer



Study of a monogamous entanglement measure for three-qubit... 2417

Assume that there is a single-qubit reduced state p4, satisfying that (trr /ps)> —1 > 1.
We might as well assume that p4 has eigenvalues A and X,; then,

Vi + Vi) =11
and
AM+A=1.

This implies that

1\2
(X] — —) < 0.
2
Butitis impossible. So for all single-qubit reduced state p 4, we have (tr./pa)>—1 = 1
and hence pg = %I , namely, p4 is totally mixed. The proof is finished. O

It should be pointed out that Theorem 4 is not sufficient for maximal entanglement.
In fact, there exists a separable state whose single-qubit reduced states are all totally
mixed. For example, the state

1 1 1 1
lor) = (ﬁmm + ﬁm) ® (EIOW + EIIU)

is separable. However, all single-qubit reduced states of |«) are
! |00) (00| + 1|11)(11|
2 2 '

which is a totally mixed state.
In Ref. [56], the authors conjecture that the following state in four-qubit system
Ha®Hp ® He ® Hp

_ 1 2
1B) = NG [|oo11> +]1100) 4+ w(|1010) + [0101)) + w?(|1001) + |0110))]

is maximally entangled, where v = e 3. Under our entanglement measure £V, this
conjecture is true. A straightforward calculation shows that

1 1
pa(lB)) = pa(1B)) = pc(1B)) = pp(IB)) = 5100)(00] + —|11){11],
1 1 1 1
paB(IB)) = EIOO)(OOI + §|01)(01| + 6|01)(10| + BIIO)(OII

1 1
=[10)(10] + —|11)(11
+ 3110101 + =11 (11]
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2418 Q. Lietal.

and

1 1 1 1
pac(1B)) = pAn(IB)) = £100){00] + 2101)(01] — Z[01)(10] — ~[10)(01]|
1 1
+§|10)(10|+8|11>(1”'

Then,

(irv/onBD)” = (ir/os1BD) = (1rv/octB)) =2

and

(tr\/pAB(LB)))Z = (nm)z = (zr\/pAD(m)))2 =243,

Hence,
2
5M(|ﬂ)):%n4[(tr pa, (B)) —1}:4.

This means that the entanglement degree of |8) reaches the upper bound of M in
four-qubit system; namely, |8) is maximally entangled with respect to EM.

5 Conclusion

In this paper, we propose an entanglement measure £ for arbitrary-dimensional
multipartite quantum states, starting with the entanglement monotone &. Our
entanglement measure is equipped with useful properties for any states, including
boundedness, convexity and subadditivity. It vanishes for and only for the separa-
ble states. Furthermore, it satisfies the monogamous relation for three-qubit quantum
systems. We hope that this result can be generalized to entanglement monogamy of
n-qubit quantum states. We also establish a connection between a maximally entan-
gled state and its single-qubit reduced states. A necessary condition to characterize
maximally entangled states is obtained as an application of measure M.

6 Appendix 1

Here we introduce the concept of the coefficient matrix. Every pure state |/) in system
HY @ H? ® --- ® H% can be represented as

[Tizi di—1
)y = D Alt).
j=0

where,forj =0, 1, ..., HZ:] di — 1, coefficients A ; are complex numbers satisfying

Hz=1 di—1

> =1

j=0
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and |t j) are the basis states in H.

We denote the n systems by numbers 1,2, ..., n, respectively. Let ¢; (i =
1,2,...n) be positive integers such that 0 < ¢g; < d; — 1, then the state |¢) can
be rewritten as

di—1dy—1

dy—1
|¢)ZZZ"'Zaq1,q2 ..... an |6]1Q'2---61n),

@1=0q2=0  ¢,=0
which induces the following (Hi:l di) X (Hf’:l 11 di) coefficient matrices whose

entries dg, ¢, ...q, are arranged according to the subscript g1g> . . . g, in lexicographical
ascending order

Mi.qi41..2(¥))

an...00---0 ao"'0d1+1_]"'dn_1
———— ~——

1 n—l ! ol
apn...10---0 aOldH—l_ldn_l
———— ~———

= 1 n—l ! ol

Ady —1---dy—10---0 "4y —1---dj — 1dyy; —1---dy — 1
—_—

1 n—l 1 n—I

We abbreviate the coefficient matrix Mj...; j41...,(|¥)) as M1...;(]y)) by omitting the
column subscripts [ + 1 - - - n. Each realignment of the » particles, described simply as
S182 - - 818141 - - - S, a permutation of the set {1, 2, ..., n}, generates correspondently

a (Hﬁ:l dAgl.) X (H:’Z 41 ds,-) coefficient matrix where / is an arbitrary but fixed positive
integer satisfying 1 </ < n,

My, (1Y)
ap...00---0 a0...0dy,, —1---ds, — 1
~———— ~——
1 n—l ! e
apn...10---0 a()...]dslJrl 1 'ds,, 1
———— ~——

— i n—l 1

dg —1---dy —10---0 " dy —1---dy — 1d

[ S S —
! n—l !

7 Appendix 2

This appendix is devoted to prove Theorem 3. In order to prove this theorem, we need
the following lemma.
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Lemma 1l Let S = {dy, d>, ..., d,} be a set of n positive numbers withd; > 1 (i =
1,2,...n). Divide S into any k (1 < k < n) subsets S; = {dlj d%, el d,{j}, where
1<j< kandzljzlnj = n. Then,

k nj i
Z:lzl di < zj:l (Hm]:l d}i) )

n k

Proof 1t is sufficient to verify that for any k(1 < k < n—1)subsets §; =
{d{,d'zj,.. d,{,} of the set § with 1 < j < k and Z]  nj = n, there exists k + 1

subsets 7} = {cll,clz,...,chl} of theset Swith1 </ < k+1and ZkH h; = n,
such that

S () 3 (T )

k+1 h k

For k subsets §; = {dlj,d{, . ..,d,{j} with1 < j < kand Zl | nj = n, without
loss of generality we assume n| > 2. Suppose that

=)~ ().
I = {c%,c%...,cﬁz} = {d%,d;,...,d,{l}
n={c el =5 ={ai T dl

with3 </ <k+ 1.
It is apparent from the condition that

i >1,

ni

[Tan=1

m=2

k nj )

Z(H d,{,) >k— 1.
Jj=2 \m=1

A routine computation gives rise to

ko/ni ko/ni
<k+1>z(ndzl) ¢ dl+Hd1+Z(den)
j=1 \m=1

j=2 \m=1
ni k nj )
Gt s ([ 1) [l (1) o
m=2
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n
(kdl—i—dl)(Hd‘ —1)—kl_l[d,}1+k—1+dll

m=2

(al =1)+ [(d1—1)+d](£[2d,},—1)

> 0.

Rearranging the preceding inequality leads to

k P k P
it T ab e 3, (T ), (T )

k+1 = k

Thus we arrive at the conclusion that

S () 3 (T )

k+1 = k

This completes the proof of Lemma 1. O
Now we turn to prove Theorem 3.

Proof of Theorem 3 It can be immediately seen that £ (|v/)) > 0 for any pure state
[¥). It remains to show that the upper bound of EM(|1//)) is (d — 1)vd". For any

n;-partite component system A = HI @ HE @ - @ H™ (d’,dz, d’ €
{d1,d>, ..., d,}), let pa has the eigenvalues A1, Az, ..., A i, Therefore,

)L]+)\2+ ~|—)\, "t d’ :1

m 1%m

and

d!

7 z Vi <

Consequently, we infer that
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Meanwhile, Lemma 1 tells us that

k n; i )
min min Zi:l (Hm=1dm 1| = 2io1di 5

2<k<n o, k n

Hence,

2
X (”v )
min min v d" = PA;

2<k<n o, k

—1| <@d-nar,

which means that EM (|y)) < (;i — 1)v/d". Thus Theorem 3 is completed. O
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