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ABSTRACT. We prove necessary and sufficient conditions for stable-like estimates of the heat
kernel for jump type Dirichlet forms on metric measure spaces. The conditions are given in
terms of the volume growth function, jump kernel and a generalized capacity.
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2 A. GRIGOR’YAN, E. HU, AND J. HU

1. INTRODUCTION

1.1. Historical background and motivation. The heat kernel p; (z,y) in R™ is the funda-
mental solution of the classical heat equation

ou—Au=0

that is given by the Gauss-Weierstrass formula

1 |z —y’ -
Pt($7y)—W€Xp T . ()

The heat kernel of a similar heat equation with non-local operator

u+ (—A)2u=0

is also known and coincides with the Cauchy-Poisson kernel in R"™:

g2\
mie) = S (14 250 (12
where C,, =T (2£2) /n(n+1)/2,

We are interested in estimates of heat kernels in rather general abstract setting. Let (M, d)
be a locally compact separable metric space and let u be a Radon measure on M with full
support. Let (£,F) be a regular Dirichlet form in L? (M, u). The generator £ of (€, F) is a
self-adjoint, bounded, non-negative definite operator in L? (M, u) that gives rise to the heat
semigroup P, = e *©, ¢ > 0. It is known that the operator P; is Markovian, that is, P,f > 0 if
f>0and P.f <1if f <1. These properties allow to extend P; to a bounded linear operator
in all spaces L? (M, u), q € [1, 0]

If P; as an operator in L% (M, i) has for any ¢ > 0 an integral kernel p; (x, %) then the latter
is called the heat kernel of (£, F). The heat kernel coincides with the transition density of the
Hunt process associated with (€, F).

For example, the Gauss-Weierstrass function (1.1) is the heat kernel of the Dirichlet form

e = [ IVl

where f € F := WH2 (R"). The generator of this form is £ = —A. A more general Dirichlet
form

E(S) = [ a0nf0,,1 da

with a uniformly elliptic symmetric matrix (a;; (x)) has the generator £ = —0,, (aijaxj). By
Aronson’s theorem [2], its heat kernel (equivalently, the transition density of the diffusion process
generated by L) satisfies the Gaussian estimate

(z )viex _CM
Dbt Y ’\tn/2 p t )

where C, ¢ are positive constants, and the sign < means that both < and > are true but with
different values of C, c.
Another well-known example of the Dirichlet form is

_ 2
eir.0)= [ EP Ty

where f € F = 32’6’/22 (R™), where § € (0,2) is the index of this form. The generator of
this Dirichlet form is £ = (—A)? /2 and its heat kernel (that is, the transition density of the
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symmetric stable process of index [3) satisfies the estimate

e |z — y| —(n+0)
P (@,y) = tn/8 <1+ 1/ ) '

Note that (1.2) matches this estimate with § = 1.
In the general setting, assume that the heat kernel exists and satisfies the following estimate

_ O o (d=y)

with some function ® and two positive parameters a, . Then, by a result of [25], we have either
s
P (s) < Cexp (—csﬂ) or @ (s) = C (1+5)" " In other words, either the Dirichlet form is

local and the heat kernel satisfies sub-Gaussian bounds

B
_C d(z,y)\ 71
Dt (m,y) - ta/ﬁ €xXp <_C < tl/ﬁ ) ) ) (13)

or the Dirichlet form is of jump type and the heat kernel satisfies stable-like bounds

_ C (A
Y2 (xvy) - ta/p <1+ +1/8 ) : (14)

The sub-Gaussian estimate (1.3) was proved for many fractal spaces like Sierpinski gaskets and
carpets, see for example, [3] [4] [5], [7], [13], [27], [29], [30]. The stable-like estimate (1.4) follows
from (1.3) by subordination, see [16], [33].

In the both cases « has to be the Hausdorff dimension of (M, d). Moreover, both (1.3) and
(1.4) imply the a-regularity of the volume of balls in M, that is, for any metric ball B (z,7) in
M7

p(B(z,r)) =, (1.5)

where the sign ~ means that the ratio of the both sides is bounded from above and below by
positive constants.

In the case of (1.3), the parameter 3 is called the walk dimension. In fact, the walk dimension
happens to be an invariant of (M,d) as well. It is known that in this case necessarily § > 2.
In fact, 8 > 2 for most interesting examples like Sierpinski gaskets and carpets. In the case of
(1.4), the parameter [ is called the index of the associated jump process, and it can take in
general arbitrary positive values.

The major question that arises in this area is to find some practical conditions on (M, d, )
and (€, F) that should be equivalent to (1.3) resp. (1.4). Certain equivalent conditions for (1.3)
resp. (1.4) were obtained in [18], [19], [22], but they contain a difficult to check elliptic Harnack
inequality.

If (M, d, i) is a complete Riemannian manifold and (&, F) is the standard Riemannian Dirich-
let form given by

E(f.f) = /M Vf P du,

then it is known (cf. [15], [32]) that the Gaussian heat kernel estimate that corresponds to § = 2
in (1.3), is equivalent to the conjunction of the following two properties:

e the volume regularity (1.5);
e the Poincaré inequality

2 < oY
IAZETEY N R (1.6

B(z,r)

where f is the arithmetic mean of f in B (z,7).
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In the case 3 > 2 one replaces (1.6) by the (-Poincaré inequality

dr = ~7)’d 7
[ wenz5 [ g0t (1.7

where I'(f, f) is the energy measure of f. In general, (1.5) and (1.7) are necessary for (1.3), but
not sufficient, so that one needs one more condition. The third condition was introduced for
the first time by Barlow, Bass and Kumagai in [6]. They named that condition a cutoff Sobolev
inequality (shortly, (CS)) and proved that (1.5), (1.7) and (CS) are equivalent to (1.3).

The meaning of (C'S) is that it postulates the existence of test functions with certain prop-
erties. However, (CS) is quite difficult both to state and to verify, the search for another third
condition continues.

Andres and Barlow introduced in [1] a much simpler cutoff Sobolev inequality in annuli
(shortly, (C'SA)) and used it to obtain equivalent conditions for upper bound of sub-Gaussian
type. Grigoryan, Hu and Lau proved in [23] that (1.5), (1.7) and (C'SA) are equivalent to
(1.3). Note that in [23] the authors used a slightly different version of (C'SA) that was named
a generalized capacity estimate (shortly, (Gcap)). It was conjectured in [23] that (Gcap) can be
replaced by the following much simpler capacity condition: for any ball B of radius r,

(1 (B)

cap(%B,B) < Cr—ﬁ, (18)

where cap is the capacity associated with (€, F) (see (1.12) for the definition). This conjecture
is still open.

A similar question is in place for the stable-like estimate (1.4). In this case, we assume that
(€,F) is a jump-type Dirichlet form with a symmetric jump kernel J (x,y). The answer is
known in the case < 2: Chen and Kumagai proved in [11] that in the case § < 2 the stable-
like estimate (1.4) is equivalent to the volume regularity (1.5) and the following estimate of the

jump kernel J
1

d (z,y)**?
that replaces in this case the Poincaré inequality.

The main question that we address in the present paper is obtaining equivalent conditions for
(1.4) for arbitrary values of the index 3, in particular, for § > 2. In this case, apart from (1.5)
and (1.9) one needs a third condition. Ideally, the third condition should be again the capacity
condition (1.8), but like in the diffusion case we can state this only as a conjecture.

Our main result here is that (1.4) is equivalent to the conjunction of (1.5), (1.9) and a certain
generalized capacity condition (Geap) that is stated below in Definition 1.11.

We are aware that Chen, Kumagai and Wang have obtained in [12] a similar result where they
used as a third condition a non-local version of (C'SA). We should emphasize one significant
advantage of our condition (Geap) — it can be stated in the same form both for local and non-
local Dirichlet forms, whereas other conditions like (C'SA) have to use the specific shape of
E.

We should mention that the setting of [12] is slightly more general than ours because [12] uses
the volume doubling property instead of the volume regularity (1.5) and a more general gauge
function instead of 7 here. However, our result is stated and proved in a localized form, that is,
when all assumptions are made for a restricted range of radius and the heat kernel bound (1.4) is
obtained for a restricted range of time. Consequently, our results apply to compact spaces unlike
those of [12]. Yet one more difference is that our proof is completely analytic whereas that of
[12] uses quite strongly the jump process associated with (£, F) and corresponding probabilistic
tools.

We expect that our method should work also for non-regular Dirichlet forms but this would
require a revision of a number of the previous works that we cite here. Let us emphasize that
we assume neither conservativeness of (£, F) nor compactness of metric balls, although these
assumptions are commonly used in many papers on this subject.

J(z,y) ~ (1.9)
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NOTATION. Letters C,c,c,C’, c1,C ete are used to denote positive constants whose values
are unimportant and can change at any occurrence. However, our results are quantitative in
the sense that the value of such constants depends only on the parameters in the hypotheses in
question. The letters a, 3 and R denote the global parameters that have the same meaning all
over the paper. The usage of other letters depends on the context.

1.2. Statement of the main result. Let (M, d) be a locally compact separable metric space.
We denote by B (z,r) the open metric ball in (M, d) of radius r centered at x € M. For any ball
B = B (z,r) and for any A > 0, we denote by AB the ball B (x, Ar).

Let 11 be a Radon measure on M with support and let (£, F) be a regular Dirichlet form in
L% (M, ). We assume that (€, F) is of jump type, that is, for all u,v € F N Cy(X),

(u,0) / / — u(y)) (v(z) — v(y)) di(z, ),
M><M\d1ag

where j is a jump measure defined on M x M \ diag (see [14]). Assume in addition that the
jump measure j has a density with respect to p x p, which will be denoted by J(z,y). Hence,
by [14, Lemma 4.5.4, p.184], for all u,v € F,

(u 0) / / — u(y))(v(x) — v(©)) T (@, y)du()duy). (1.10)
M><M

Let us fix two positive parameters a, 3 as well as R € (0, diam M| that will be used throughout
the paper.

Definition 1.1 (Condition (V')). We say that condition (V<) is satisfied if, for all x € M and

€ (0,00),

p(B(z,r)) < Cre,

for some constant C' > 0. We say that condition (V-) is satisfied if, for all z € M and all

€ (0,R),

w(B(x,r)) > C~ e,
We say that (V) is satisfied if both (V<) and (V>) are satisfied.
Definition 1.2 (Condition (J)). We say that condition (J<) is satisfied if, for all distinct
z,y € M,
J(z,y) < Cd (z,y)” @5,

Similarly, condition (J>) means that

T (w,y) > Cld (w,y) ")
We say that (J) is satisfied if both (J<) and (J>) are satisfied.

By the general theory of Dirichlet forms (cf. [14]), (£, F) has the generator £ that is a non-
negative definite, self-adjoint, symmetric operator on L?(M, 1). The generator gives rise to the
heat semigroup {P;},~,, where P, := et is a bounded self-adjoint operator in L2 (M, p). 1If,
for any t > 0, P; is an integral operator, that is, given by

Bf (x) = /M P (2,9) £ () da (9)

where py(z,y) is the integral kernel, then p;(x,y) is called the heat kernel of (€, F). If it exists
then, for any t > 0, p; (z,y) a non-negative measurable function of (x,y).
In this paper, we are concerned with the following stable-like estimates of the heat kernel.

Definition 1.3 (Condition (UFE)). We say that an upper estimate (UFE) is satisfied if the heat
kernel p;(x,y) exists and satisfies the following estimate

C d(z,y)\ >
pt(%y) S ta/ﬁ <1+ tl/ﬁ ) )
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for all t € (0,}_2’6) and p-almost all x,y € M.

Note that (04+5)
L + d(zy) Ly P
to/B t1/8 d(x,y)o+s

Definition 1.4 (Condition (LE)). We say that a lower estimate (LE) is satisfied if the heat
kernel p;(x,y) exists and satisfies the following estimate

¢ d(z,y)

for all t € (0,}_2’6) and p-almost all x,y € M.

)

To state the main result, we need some more definitions.
Definition 1.5. Let U C M be an open set, A be any subset of U and x > 1 be number. A
k-cutoff function of the pair (A, U) is any function ¢ € F such that
o 0 < ¢ < Kk p-ae in M;
e ¢ >1 p-ae. in A;
e ¢ =0 p-a.e. in U°.
We denote by k-cutoff (A, U) the collection of all k-cutoff functions of the pair (A, U).
Any 1-cutoff function will be simply referred to as a cutoff function. Clearly, ¢ € F is a cutoff
function of (A,U) if 0 < ¢ <1, ¢|4 = 1 and ¢|yc = 0. Also, we write
cutoff (A, U) := 1-cutoff (A4, U).
Note that, for any x > 1,
cutoff (A, U) C k-cutoff (A4, U),
and, for any ¢ € k-cutoff (A, U), we have 1 A ¢ € cutoff (A4, U).

Remark 1.6. Let us emphasize that we do not require a cutoff function ¢ to have a compact
support nor to be continuous, unlike some other papers where this notion was used.

Consider the following function space
Fli={v+a:veF, acR}.
The motivation for introducing this space is to include constant functions that are not necessarily
in F.
Definition 1.7. Let U be an open subset of M and A be any Borel subset of U. For any

function u € F' N L* and a real number x > 1, define the generalized capacity capSf) (A,U) of
the pair (A,U) by

cap{? (A, U) = inf {€ (u®¢,¢) : ¢ € r-cutoff(4,U)} . (1.11)
In the case kK =1 and uw = 1 we obtain the usual capacity:
cap(A, U) == cap{! (A, U) = inf {£(¢, 6) : ¢ € cutoff (A, U)} . (1.12)

Remark 1.8. Observe that the quantity £(u?@, ¢) in the definition of the generalized capacity
is well defined. Indeed, if u = v + a where v € F N L* and a € R then by [14, Theorem 4.2(ii),
p.28] we have

u?p = v2¢ + 2ave + a%¢? € F.

Remark 1.9. Note that if « is not a constant then & (u2¢, <b) can take negative values so
that the generalized capacity can be negative (unlike the usual capacity that is always non-
negative). Since we will be using only upper bounds for capgf) (A,U), one could have avoided
negative values by using in the definition (1.11) & (u2¢, ¢)+ instead of & (u2¢, qb) This would
make the generalized capacity non-negative, while all the results and proofs of this paper remain

unchanged.
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Remark 1.10. The notion of a generalized capacity for local Dirichlet forms was defined in [23]
in a somewhat different way. However, the main result in [23] can be also reformulated for the
generalized capacity defined by (1.11). The advantage of the definition (1.11) is that it works
equally well for local and non-local Dirichlet forms.

Definition 1.11. We say that the generalized capacity condition (Gcap) is satisfied if there
exist two constants k > 1,C > 0 such that, for any v € F' N L™ and for all concentric balls
By := B(zg,R), B:= B(xg,R+7r) withzg € M and 0 < R< R+r <R,

capi™ (By, B) < r% /B uldp. (1.13)

Clearly, (Geap) is equivalent to the existence of a number x > 1 (not depending on ) and a
function ¢ € k-cutoff(By, B) (depending on ) such that

C
£ (w6.0) < 5 [ vian

Our main result is the following theorem (it is a consequence of a more general Theorem 2.10
to be stated below).

Theorem 1.12. Let (€, F) be a regular jump type Dirichlet form on L?>(M,u) with a jump
kernel J. Assume that (M,d, u) satisfies (V). Then the following equivalence holds:

(J)+ (Geap) & (UE) + (LE). (1.14)
Moreover, under these hypotheses, the heat kernel is Holder continuous jointly in x,y and con-
tinuous jointly in x,y,t.

If R = oo and if (€,F) is conservative then it is known that (UE) + (LE) = (V) (see [20]).
Hence, in this case the statement of Theorem 1.12 can be reformulated as follows:
(V)+ (J) + (Geap) & (UE) + (LE). (1.15)

In the case § < 2 the condition (Gcap) can be derived from (V) and (J) (see Section 2.6), so
that in this case we obtain

(V)+(J) < (UE) + (LE). (1.16)
This equivalence (in a somewhat more restricted setting) was first proved by Z.-Q.Chen and
T.Kumagai [11].

Definition 1.13 (Condition (cap<)). We say that the capacity condition (cap) is satisfied if
there exists a constant C' > 0 such that, for any B := B(zg, R) with R < R,

cap(%B, B) < c%. (1.17)

It is easy to see that
(Geap) = (cap) .
Indeed, applying (Gcap) with u = 1, we obtain a function ¢ € k-cutoff (%B , B) such that
c 2, _ ~H(B)
5(¢,¢)§ﬁ/BU d#—cﬁ-

Replacing ¢ by ¢ := 1A ¢ € cutoff(%B, B), we obtain that 5(5, &) satisfies the same estimate,
which implies (1.17).
Theorem 1.12 and the condition (Gcap) are motivated by the following conjecture.

Conjecture 1.14. (V) + (J) + (cap) = (UE) + (LE).

At the time being we lack necessary technical tools to approach to this problem.
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1.3. Structure of the paper. Let us describe the main structural elements of the paper.

Section 2. In Subsection 2.1 we obtain a consequence of (Gcap) — the Andres—Barlow condition
(AB). This is a non-local version of the condition (C'SA) introduced by Andres and Barlow [1]
for local Dirichlet forms. A similar condition in [12] is called (C'SJ).

In Subsection 2.2 we discuss some properties of capacity. In Subsection 2.3 we show that
(Gcap) follows from a survival condition (S). In Subsection 2.4 we obtain a self-improved
version of the condition (AB). The latter is used later in the proof of Lemma 3.10 that in turn
is one of the ingredients of the proof of the crucial Lemma of Growth (Lemma 4.1).

In Subsection 2.5 we state an extended version of Theorem 1.12 — Theorem 2.10, and explain
a general scheme of its proof.

In Subsection 2.6 we treat a special case § < 2. We prove that in this case the hypothesis
(Gcap) can be dropped from (1.14), cf. Corollary 2.12.

Section 3. We prove here some auxiliary technical results, mostly related to the fact that
(€, F) is of jump type. The main results of this section are Lemmas 3.9 and 3.10.

Section 4. This section is central for the proof of Theorems 1.12 and 2.10. In a sequence
of Lemmas, we prove the estimates of the Holder norm for harmonic functions. The condition
(Geap) in the form (AB) is used only in the proof of Lemma 4.3, which itself constitutes the
main part of the proof of Lemma of Growth 4.1. The latter implies the Weak Harnack Inequality
of Lemma 4.5.

In the case of a local Dirichlet form, the Weak Harnack Inequality implies immediately the
Hélder continuity estimate for harmonic functions (cf. [23]). In the present non-local case, the
Weak Harnack Inequality implies a weaker statement that requires further self-improvement.
This is a quite elaborate argument that we have borrowed from the paper of Di Castro, Kuusi,
Palatucci [10] and that is implemented in Lemma 4.7. The latter implies immediately Oscillation
Lemma 4.8 containing the required estimate of the Holder norm.

Section 5 is devoted to the proof of Theorem 2.10. In Subsection 5.1 we show that (V') +
(J) + (AB) imply (S) (Corollary 5.7). In Subsection 5.2 we prove the oscillation inequality for
a weak solution u of the equation Lu = f (Lemma 5.9), based on the Oscillation Lemma 4.8.

In Subsection 5.3 we prove ultracontractive estimates for the heat semigroup PtQ and for its
time derivative (Lemma 5.10), by means of the Faber-Krahn and Nash inequalities that follow
from (V) and (J) (Lemma 3.5).

In Subsection 5.4 we prove the oscillation inequality and the Holder continuity for the heat
semigroup considering a function u = P{’f as a weak solution to Lu = —d;u and using Lemmas
5.9 and 5.10.

In Subsection 5.5 we obtain the existence of the heat kernel via the ultracontractivity of the
heat semigroup, and prove the Holder continuity of the heat kernel (Lemma 5.13).

In Subsection 5.6 we conclude the proof of Theorem 2.10. We first obtain from (S) the on-
diagonal lower bound of the heat kernel. Then, using the Holder norm estimate of the heat
kernel of Lemma 5.13, we obtain the near-diagonal lower estimate (NLFE) of the heat kernel.
Finally, we apply the following result of the companion paper of the authors [17, Theorem 2.9]:
under the standing assumption (V'),

(J) + (S) + (NLE) = (UE) + (LE), (1.18)

which finishes the proof of (UE) and (LE).

Let us also mention that the techniques for obtaining (LE) in (1.18) was developed in [17],
while the method for derivation of (UFE) came from [22, Corollary 2.7].

Section 6. In this Section we obtain some consequences of our main result: Corollary 6.2
about the equivalent conditions for (UFE) and (LFE) in terms of the Green function instead of
(Geap), and Corollary 6.3 about asymptotic behavior of the heat semigroup as t — oo.

Finally, Appendiz contains some technical results.
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2. AROUND CONDITION (Gcap)
Let us extend & from F to F' = F + {const} as follows:
E(u+a,v+b) :=Eu,v), Yu,velF, abeR.

Then £ has on F’ the same expression as in (1.10). Some properties of (€, F’) are proved in
Appendix.
To shorten the formulas, we use everywhere measure j define on M x M by

dj = J(x,y)dp(z)du(y).

/ F(z,y)dj
E1xFE>5

we always follow the convention that the variable x belongs to E; and y belongs to Fs.

In expressions of the form

2.1. Condition (AB).

Definition 2.1. Given ¢ > 0, we say that condition (AB;) is satisfied if there is C' > 0 such
that, for any u € F' N L* and for any three concentric balls By := B(zo, R), B := B(zo, R+ 1)
and  := B(x, R') with 0 < R < R+ r < R' < R, there exists ¢ € cutoff(By, B) such that

/ u2(w) (6(@) — oW)?di < ¢ [ ¢ (@) (ula) — u(@)Pdi + 5 / W (21)
OxQ ™ Ja

BxB
We say that (AB) holds if (AB;) holds for some ¢ > 0.

The condition (AB) is named after Andres and Barlow, who first introduced in [1] a similar
condition for local Dirichlet forms (although in [1] function ¢ had to be the same for all w).
They called their condition by (CSA) — a cutoff Sobolev inequality in annuli. The condition
(CSA) was a significantly simplified version of a cutoff Sobolev inequality introduced earlier by
Barlow, Bass, Kumagai [6]. Since none of all these conditions is actually related to the classical
Sobolev inequality, we have decided to give to it a more appropriate name.

To confuse the reader even more, let us also mention that a version of the condition (C'SA)
for local Dirichlet forms was used in [23] under the name (Gcap). Here we use (Geap) for a
different condition as stated above.

It follows from (Gcap) or (AB) that, for any couple of concentric balls B, By with radii
0 < Ri < Ry < R, the set cutoff(By, Bs) is non-empty. This observation will be frequently
used. In this section we establish a relation between (Gcap) and (AB) that is needed for the
proof of Theorem 1.12.

Lemma 2.2. For any measurable set E C M and for all measurable functions f,g on E, the
following inequality holds:

/ @) (g@) —gw)’di < 2/ (9@)—gW) (2 (@) g@) - () g)dj
ExXE

ExXE
[ P@U@- )]G (22)
ExXE
provided the middle integral is greater than —oo.

Remark 2.3. In general, the integrals in (2.2) can take value +o00. However, all the integrals
in (2.2) are finite provided f,g € F' N L*. Indeed, by the expression (1.10) of £(g, g9),

/ F(x) (g(z) — g(y)* dj < ||f||§o/ (9(z) —g)dj = |IfII2% E(g,9) < oo.
ExFE M

X M

Similarly, the third integral in (2.2) is finite. It follows from Proposition 6.5(ii) that f2g € F' N
L. Then, using the Cauchy-Schwarz inequality and the expressions of £(g, g) and £(f2%g, f?9),
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we obtain

/E ; l9(z) — g | F*(@)g(x) — f2()gW)| di < VE(9, 9)VE(f2g, f2g) < .

Proof of Lemma 2.2. By a direct computation, we have the following identity

% (X2 4Y?) (a—b)® = (a - b)(X%a — Y?b) - %(cﬂ _ ) (X2 — Y2

for all numbers a,b, X,Y . Let us estimate the last term here as follows:

|(a® =0*)(X? = Y?)| = [(X +Y)(a—b)|-[(a+D)(X —Y)

< %(X +Y)(a—b)?+ (a+b)*X -Y)?
< %(XQ FY2)(a—b)? +2(a® + 1) (X — V)2,

Substitution into the above identity yields
1
3 (X2 +Y?) (a—b)* < 2(a—b)(X?a—Y?) +2(a® +b*)(X - V)

In particular, for arbitrary =,y € E, setting here X = f(x), Y = f(y), a = g(x) and b = g(y),
we obtain

% (f* (=) + 2 () (9(x) = 9(y))?
< 2(g(z) = g)(fA(@)g(x) = f)?9(y)) +2(g(2)* + g(W)*)(f () = f(y))*.
Integrating this inequality over E x E against dj and symmetrizing in x,y we obtain (2.2). O

Lemma 2.4. (V<) + (J<) + (Geap) = (AB).

Proof. Let By, B, and u be as stated in condition (AB). Consider also the intermediate ball
By := B(wzg,R + r/2). Applying (Gcap) to the triple (By, By, B), we obtain that there is a
function g € k-cutoff(By, B1) such that

C
elg.g) < 5 [ uldn. (2.3
T B
Let us apply (2.2) with this g and with f =u, F = B. Since g|gc = 0, we have

/ (9() — g (0) (v (2) g () — ? (1) g () dj
BxB

= e ([ v [ Vo) - o) (Pl - ) 4
= &(u’g,9) —/chBu2(y)92(y)dj—/Bch u?(z)g* (x)dj
< E(ug,9).

Substituting this into (2.2) and using (2.3), we obtain

/ W2(x) (9(x) — 9()*dj < 2E(uPg.g) + 4 / 62 () (ulx) — u(y))? dj
BxB

BxB
<4 P -+ [ e (2.4)

Define the function
= 1A g € cutoff(By, By).
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Since for all z,y € M we have |¢(x) — ¢(y)| < |g(x) — g(y)| and g (x) < k¢ (x), we obtain from
(2.4)

[ @ -swPds 1w [ F@ ) -uw)Pe+ 2 [ e @9
BxB BxB B1
Since
OQxQ=[BxBJU[(Q\B)x (Q\B)]U[Q\B)xB]U[Bx(Q\B),
we have

/ W2 (x) (6(x) — b)) dj
OxN

(s o s o)
BxB J@\B)x(\B) J(Q\B)xB JBx(Q\B)

=0+ 12+ I3+ 14
We estimate 11, --- , I4 separately. By (2.5), we have

B¢ @) - u)d+ 1 [ P,

where ¢ = 4x2. Since ¢ =0 on Bf{ and, hence, ¢ = 0 on B¢, we have
I, =0.
Using (6.8) from Appendix (which requires (V<) and (J<)) and the fact that ¢ < 1, we obtain

e[ y ( / u2<x>¢2<y>J<x,y>du<y>) du(z)
-/ . ( /. u2<x>¢2<y>J<x,y>du<y>> ()

U2 X i X
< /Q . <>< /{y:d(mg}ﬂ ,y>du<y>> e
< 7’% u?(z)dp(x)

Similarly, we have

IN

/ W2 () ( / J<x,y>du<y>) dy(z)
B {yd(z,y)> 5}

¢ w?(z)dp(z).

< =
=~ T'ﬁ B
Adding up the estimates of Iy, --- , I4, we obtain (2.1). O

2.2. Condition (cap).

Lemma 2.5. If (V') holds, then (cap) is equivalent to the following condition: for any A € (0,1),
there is a constant C > 0 depending on A so that for any ball B := B(xo, R) with R € (0, R),
p(B)
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Proof. Indeed, (cap) follows from (2.6) by setting A = 1/2. Let us prove that (cap) implies (2.6).
AL % then this trivially follows by the monotonicity of capacity. Now, assume that \ € (%, 1)
and set a = (1 —\)/2. It follows from (V) by a standard covering argument that there exist an
integer N = N(A) > 0 and N balls B; = B(z;,aR) with the centers x; € AB, i =1,2,..., N such
that

N

AB C U B;.
=1

By the definition of a, we have 2B; C B. Using the subadditivity of capacity and its monotonicity
properties, we obtain

N N
cap(AB, B) < anp(Bi,B) < anp(Bi,QBi).

i=1 i=1
By (cap) we obtain

n(2Bi) _ o (B)
ca Bi, QBl < C C )
p( ) (2aR)? RP

whence (2.6) follows. O

<

Recall that (Gcap) = (cap). In the next statement we show that also (AB) implies (cap).
Lemma 2.6. (V<) + (J<) + (AB) = (cap).

Proof. We need to prove that, for any ball B := B(xg, R) C M with R € (0, R),

cap(%B,B) < C%, (2.7)

with some constant C' > 0 independent of R.
Applying the condition (AB) with function v = 1 for the triple %B, %B, B, we obtain that
there exists a function ¢ € cutoff (3B, 2B) such that

) B
| 6 - oy < B2,
BxB
Using this inequality together with (J<) and (V<), we obtain

E(6,6) = /MxM (6(2) — 6(v)2 dj
- / (6(z) — B(y)*dj +2 / &% (2)dj
BxB

(§B)xB°

1(B)
<Oy +2 (/(23) ¢(x)2du(x)> (xseuzpB/c J(w,y)du(y))

M—B) su €z
< C5 +2u(B) <m€g/{d(mvy)ZR/4} J( ,y)du(y))

(B) ¢

< CF5 +2u(B) @y (v (68)
SC'%7

which implies (2.7). O
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2.3. Condition (5). Given a non-empty open set 2 C M, let F (2) be the closure of FNCy (£2)
in F with respect to the norm & (u,u) := & (u,u) + |[u||32. It is well known (see [14]) that if
(€, F) is regular, then (£, F(£2)) is also a regular Dirichlet form. In this case, we denote the
corresponding generator, heat semigroup and heat kernel (if it exists) respectively by £, {P{}
and p(z,y).

Definition 2.7 (Condition (S).). We say that a survival condition (S) is satisfied if there exist
constants £,0 > 0 such that, for any ball B C M of radius r € (0, R) the following inequality
holds:

essinf PP1 > ¢,
ip
4

provided tY/8 < ér.
In this section, we will prove the following implication.
Lemma 2.8. (S) = (Gap).

Proof. We will prove a slightly stronger statement: there exists a number s > 1 such that,
for any pair of balls By := B(zo, R), B := B(zo, R + r) with R+ r < R, there is a function
¢ € k-cutoff (By, B) such that, for all u € F' N L,

£6,6) < /B w2y (2.8)

The construction of ¢ is motivated by the argument of [1, Lemma 5.4]. Set A = =% and consider
the function

o
h=GB1p ::/ e M PP1pgdt.
0

It follows from [14, Theorem 4.4.1] that h € F(B). We first obtain two-sided bounds of h and
then construct a x-cutoff function ¢ using h. By the definition of h, we have h = 0 in B¢. Hence,
for any 0 < f € L' N L%*(B),

<h,f>—/0 e‘”(PtBlB,f)dts/O e Mt |\ flly =AMl =0 U D

which implies that
h<r® pae on B.

Let us now obtain a lower bound of & in By. Fix 2 € By and consider the ball B := B(z,r) C B.
By the definition of h and condition (S), we have, for any 0 < f € L'(3B),

(h, f) = / TN (PP1g, f) dt

0

(6r)° A\t B
/0 e (Pt 17, f) dt
(67)8
> / e Nt < | £y
0

=X (1= < s

_58
=L —e)eflly,

v

where the constants £, are those from (S). Since By can be covered by a family of countable
balls like B and f is arbitrary, we obtain that

h > kP p-a.e. on By.

where £ 1= e (1 — 6—55)—1‘



14 A. GRIGOR’YAN, E. HU, AND J. HU

Now consider the function L
K

¢ =,
B
r
which satisfies the conditions ¢ € F (B), 0 < ¢ <k, ¢|g, > 1 and ¢|ge = 0. It remains to prove
that ¢ satisfied (2.8). Let us use the notation

g)\(w’ U) = g(wu U) + )\(’LU, U)v
where w,v € F. If u € /' 1 L*> then u?¢ € F. By [14, Theorem 4.4.1], we obtain

5(’11,2@57 ¢) < EX(UQQZ)a d)) = _5>\( 2¢7 GBlB) (’U, d)v 1B)

_ b5 2 K 2
= TB/BU(bdMSTﬁ/BUdN,

which finishes the proof of (2.8). O
2.4. Self-improvement of (AB).
Lemma 2.9. If (V<) and (J<) hold then (AB) = (AByg).

The difference between (AB) and (ABjjs) is that the constant ¢ in (AB) may be large,
whereas in (A31 /8) we have ¢ = i. In fact, the value % is chosen for convenience of application,
while in the statement and proof of Lemma 2.9 it can be replaced by arbitrarily small positive
number.

The proof below follows essentially the argument of Andres and Barlow [1] that was done for
the local Dirichlet forms. We have to overcome two new difficulties, though: the non-locality and
the fact that the test function ¢ in (AB) is allowed to depend on u, which makes the derivation

of (A31 /8) much more involved.

Proof of Lemma 2.9. Let By := B(zo, R), B := B(zo, R+ r) and Q := B(xo, R') be as in the
definition of (AB). Fix a function u € F' N L>®. We need to find ¢ € cutoff(By, B) such that
1
| @@ -ow)?d< g [ F@ue -l [l (20
QxQ BxB
If u=0in Q then any ¢ will do. Assume in the rest of the proof that HuH r2() > 0. Fix some

e > 0 to be specified below in (2.10), and set u. := |u| 4+ €. Note that u. € .7-"' ﬂ L.
Let ¢ > 1 be a parameter also to be determined later. Define the sequences {rp} ., and

{Sn}fzo:l by

co

= (1 - q_”) ry Sp=Tn—Tpn-1=(q—1)qg "r
and set
B, := B(xzo, R+ 1ry),
U, := Bpt1 \ By,
Obviously, r, T r and, hence, B, T B as n — +oo, and U2 ,U,, = B\ By (see Fig. 1).

Applying (AB) to the function u. and to each triple (Bn, By +1,), we obtain that there exists
¢,, € cutoff(B,,, Bp+1) such that,

| @@ -awrds ] -y .
QxQ Brn4+1xBnt1 n+1
Note that
ue (2) — ue ()| < fu(z) —u(y)|
and

In particular,
/ uldp < 2/ wldp + 2620 (Q) .
Q Q
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FIGURE 1. Sets B,, and U,

£:= <]é quuy/Z , (2.10)

Choosing

we obtain that

/ugdu < 4/ u’du.
Q Q
It follows that

2 2 5. 2 .. C 9
| @ @@ -y a< ¢ | ) )+ [wdn @)

1 Sn+1

Consider the sequences {a,},-; and {b,},~, defined by
bo=q ", an=by1—by= (¢ —1) g,

so that
o0
o=t
n=1

and define the following function
5= and, (2.12)
n=1

We will prove the following two claims:
(i) ¢ € F (which will implies that ¢ € cutoff(By, B) because by construction ¢|p, = 1 and

¢lge = 0);
(ii) if ¢ is close enough to 1 then ¢ satisfies (2.9), which will finish the proof of (ABl /8).

To verify (i), observe first that ||¢,[|;2 < u (B)"/? and, hence,

o0 o0
> landnlle < w (B3 ay < oo,
n=1 n=1

which implies that ¢ € L? (M). Since F is complete with respect to the norm ||-||;» + & (-, )2

in order to prove that ¢ € F, it suffices to verify that

Z & (an¢nv and)n)l/Q < 0.

n=1
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Since u. > €, we obtain from (2.11) that

)
[ G- ai< e + S [ g
QxQ Q

Sn—i—l

Since ¢,, is supported in B, we obtain

(60(z) — ()2 dj +2 / b (2)2d).

BxQe°

€ @i = [

MxM

(6n(@) — ()2 dj = /

QOxQ

Since d (B,Q°) > R'— (R+r) > 0 and qﬁi < 1, the last integral here is bounded from above by
a constant independently of n, which follows from (6.8) that in turn is based on (V<) and (J<).
Absorbing also € (u,u) and [, u?dy into constants, using s, = (¢ — 1) ¢~™r and combining the
above two lines, we obtain

E ($ns by) < O™,

where the constant C' depends on all variables in question except for n. Since a,, = (qﬁ — 1) g,
we obtain that

Z g (an¢n? an¢n)1/2 = Z ang (¢n7 ¢n)1/2 S O Z q—ﬁnq%ﬁn < 0,
n=1

n=1 n=1

which finishes the proof of (7).
For the proof of (ii), we consider the partial sums of the series (2.12):

N
(I)N = Z an¢n>
n=1

Clearly, ® T ¢ pointwise as N — oo. It suffices to prove the following inequality

| @ @@ - o)< [

2 2 . C 2
[ 6@ ) —uw) i+ 5 [P (213)

because (2.9) will follow then from (2.13) as N — oo by means of Fatou’s lemma.
Set

N 2
Sn(u) = /Q QUQ(w)(<I>N($)—<PN(y))2dj=/ u?(z) (Zan(%(fﬂ)—%(y))) dj.
X n=1

QxN

Since ¢,, = 1 on By, for all n > m + 1, and ¢,,, = 0 on By, , |, we obtain, for all z,y € M and
foralln > m + 2,

= O (@) (1 = 0,(y) + ¢ (W) (1 — & ().



TWO-SIDED ESTIMATES 17

It follows that

N 2

N-1 N

S
—

I
WE

n=1 m=1n=m+1
N N-1
= Z agz (qbn(x) - ¢n(y))2 +2 Z AmGm+1 (Qbm(l‘) - ¢m(y)) (¢m+1($) - ¢m+1 (y))
n=1 m=1

N-2 N
+23° 3 anam (D (2) — 6, (1)) (6(2) — 6, (1)),

m=1n=m+2
N N-2 N

<3) a2 (0u@) )P 123 Y aman(9n@)1 - Gu1)) + ()1 - B, (2)).
n=1 m=1n=m++2
whence
al 2
2 2 B -
Sv) <33 a2 /Q PRGOICRORTRO

I

+23° 3" aman | wF(@)d(x) (1 - 6,(1) dj

m=1n=m+2 axQ

Iz

#2350 Y anan [ @) (1 6,(2) d

m=1n=m+2

I3
We estimate I, I3, I3 separately. By (2.11) we have
B Ya [ ) 6, - 00)
n=1 QXQ
o0 o0 1
<N a2 / (u() —u(y)?dj +C / w2 () dp(x)
TLZ:I Bn+1 x B ’n,E:l 35+1 Q
— > a / (u(a) —u()?dj +CS a2 / (ule) — u(y)) dj
; BixB ngl (Bn+1\B1)xB
I T2
0 2
+CY O / u?(x)dp(z) = ¢y + Cha + Cls. (2.15)
n=1 5§+1 Q

I13

Next, we estimate separately I, I19, I13. Since

3 2 =(q"—1)? P iV
Gy, q q qQﬁ_l qﬁ‘i‘l

n=1 n=1
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and ¢ =1 on By, we obtain

> o ¢P -1 .
=2 [, w@—era <t [ e —wwd e

Before we estimate [12, which is the main term, observe that by (2.12) the function ¢ on each
annulus U, satisfies the estimate

o0 (o9}
6> > ardp= Y ar=bm,
k=m+1 k=m+1
which implies
am < biam = (¢° = 1)¢ on Uy,,. (2.17)
m

Using (2.17) and a,, = ¢~ "~™8q,,, we obtain

” r; (Bn+1\Bl)XB( %) Z Z m><B —uw)

n=1m=1
— o\ —2(n—m)g a2 (ulz) — u 2 ;.
> /UMB 2 (ula) = u(w) d
- (Zq o )/U a2 (ule) ~ ) d
= mzzz q2ﬂ —1 /UmxB(qﬁ —1)%6%(x) (u(x) — u(y))® dj
28(gB —
T [ 30 ) - ) ds 218)

In order to evaluate I3, observe that, by the definitions of a,, and s,,

o0 B _ 1) —26n B_1)% = B (B 1
Z Z q q q Z_ q” (q

s o (g — 1) g Bnt B (¢—1)7 78 = (g—1)°r8

B (P —1
Lz = Zan 7 / dp = %/Qzﬁdu. (2.19)

n+1 Q (q_ 1) r
Substitution of (2.16), (2.18), and (2.19) into (2.15) yields an upper bound of I;.
Now let us estimate I2. Using that ¢, =0 in B}, .4, 1 — ¢, =0 on B, and

which 1mphes that

d(Bm+1, By) > — Tmg1 = Sm42, provided n > m + 2,

we obtain

IA IA
Q

M ]
M ]

)

S 3
S S
ERG
A .
S~

:l\'.)

&

T

2
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where we have used (6.8). Computing

g
a q
Z Z (mn—5— ﬁ Z tn = b1 = ———5—,
m=1n=m+2 m+2 m=1 m+2n m+2 m= 1Sm+2 (q_l) r
we obtain
<o 1 1/ 24 (2.20)
2= -3 | wap .
(@—1)°" Jo

We estimate I similarly:

o0

B=3" 3 anan [ @)on) (1~ 6,(0)d

m=1n=m+2

f: i aman/ uQ(x)dj

m=1n=m+2 (Q\Bn)XBmt1

IN

< Z Z aman/ (z) (/ J(fmy)du(y)) dp(a)
m=1n=m+42 {d(z,y)>sm+2}
B
q 1 / 2
< C———— [ vw*(z)du(x). 2.21
<Ot [ @ (2:21)
Combing (2.14), (2.15), (2.16), (2.18), (2.19), (2.20) and (2.21), we obtain
28(,8 _
97 (q 1) 2 2 .. Clg) 2
Sy(u) < 2(——— o°(z) (u(z) —u(y))” dj + u“dp. 2.22
(u) S L e ) —uw)?d - 5| (2.22)
Finally, by choosing ¢ close enough to 1, we can make the coefficient in front of the first integral
arbitrarily small, in particular < i, which finishes the proof of (2.13). O

2.5. Main theorem. Now we formulate our main result that contains Theorem 1.12 from
Introduction.

Theorem 2.10. Let (€, F) be a reqular jump type Dirichlet form on L*(M,u) with a jump
kernel J. If (M,d, 1) satisfies (V') then the following equivalences hold:

(UE)+ (LE) < (J)+(S)
< (J)+ (Geap)
< (J)+ (AB)
< (J)+ (ABys).

Under any of these conditions, the heat kernel p; (x,y) is Hélder continuous jointly in x,y and
continuous jointly in x,y,t.

In the proof we use the following condition.
Definition 2.11 (Condition (NLE)). We say that a near diagonal lower estimate (NLE) is
satisfied if the heat kernel p;(z,y) exists and satisfies the following estimate
c
p(@,y) 2 5
for all t € (O,Rﬁ) and p-almost all 2,y € M such that d(z,y) < §'t'/?, with some positive
constants ¢, §'.

In order to prove Theorem 2.10, we will use the following result of [17, Theorem 2.9], under
the standing assumption (V),

(UE)+ (LE) & (J)+ (S)+ (NLE). (2.23)

Note that the main contribution of [17] was the proof of (LE) under (J) + (S) + (NLE), while

for the other implications the results of the following papers were used: [17, Lemma 4.6], [8,
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Theorem 1.2(a) = (¢)], [22, Theorem 2.1]. Combining (2.23) with the results obtained earlier
in this section, we obtain

(UE)+ (LE) = (J)+(S5) by (2.23)

= (J)+ (Geap) by Lemma 2.8

= (J)+ (4B) by Lemma 2.4

= (J)+ (ABys) by Lemma 2.9.

Hence, in order to close the circle of implications in Theorem 2.10, it remains to verify that
(J) + (ABy3) = (S) + (NLE), (2.24)

and then combine (2.24) with (2.23).
The proof of (2.24) will take the rest of the paper and will be concluded in Section 5.6. The
existence and the continuity of the heat kernel are proved in Lemma 5.13.

2.6. Case [ < 2. In this section we make two mild additional assumptions:

(i) all the metric balls in (M, d) of radii < R are precompact;
(74) F contains all functions f € Cp (M) such that £ (f, f) < oo.

The main result of this Section is the following consequence of Theorem 2.10.

Corollary 2.12. Let (£,F) be a regular jump type Dirichlet form on L*(M,u) with a jump
kernel J. Assume in addition that (i) and (i) are satisfied, and that 5 < 2. If (V') holds then

(J) < (UE)+ (LE). (2.25)
If in addition R = oo then we have the equivalence
(V)+(J) < (UE)+ (LE). (2.26)
This result was first proved by Chen and Kumagai [11], although in a more restricted setting.
Proof. We will prove that in the case 8 < 2 we have
(V<) + (J<) = (ABo), (2.27)

which will then imply (2.25) by Theorem 2.10.
Fix a point ¢y € M, numbers 0 < R < R+ r < R and consider the function

(R+ 7 = d@o,2)

r

d(z) =1A

Clearly, the function ¢ is continuous, supp ¢ C E(mo,R +r) and hence, supp ¢ is compact.
Observe also, that 0 < ¢ < 1 and ¢ = 1 on B (x¢, R). We will prove below that ¢ € F, which
will imply that ¢ is a cutoff function of the pair B (zg, R), B (xo, R+ ). We will also prove
that, for any open set Q D B (zg, R+ r) and for any u € F' N L,

C
[ @) (60 = 0)* T o) duta)du) < 5 [ P (2.28)
QxQ ™ Ja
which is equivalent to (ABy).
Let us start with the proof of the following inequality
| (06@) = 66?7 (@) duty) < €77, (229

for any x € M. Because of (J<), it suffices to prove (2.29) with J (z,y) = d (=, y)f(oﬁﬁ). Let us
split the integral in (2.29) into the following two parts:

._ (6(x) — o(y))? ) e (p(x) — p(y))?
nee= [ A, b= [ T )
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As follows from the definition of ¢, we have

[¢(z) — o(y)| < , Va,y e M. (2.30)

For any k > 0, set By, := B(z,27%r), so that

S (@(z) — ¢(y))*
Il (ﬁ) - kZO/Bk\Bk+1 d(l‘,y)aJﬁB d/‘(y)

Observe that, for any y € By, \ Br+1,
2=+ < d(z,y) < 27
and, by (2.30)

(¢(x) — o(y))? d(z,y)* 9—k(2—a—F)
d(z, y)* 0 Srzd(x,y)”ﬁ S arE

where ¢ = 2975=2, By (V<) we have

p(Bi\ Birn) < n(Bi) < € (27r)"

whence it follows

204[3)

€ (S, en) _ C

k=0

where C’ < oo because 2 — 3 > 0.
Since 0 < ¢ < 1, we obtain by (V<) and (6.7), that

du(y) _
I (z §/ — — <ecr B,
2(2) {d(ay)>r}y A@, )0

Combining the estimates of I; and I2, we obtain (2.29).
Let us show that ¢ € F. Since ¢ € Cy (M), it suffices to verify that

£(6) = /MxM (6(2) — d(u))* T (2, ) du(z)duly) < oo.

Set B = B (9, R+ r) and split the domain of integration in & (¢) as follows:

fow bt o o
MxM BxM B¢xB Bex B¢

The third integral vanishes because ¢ = 0in B¢. The first integral is estimated just by integrating
(2.29) over B which yields that it is finite. The second integral is bounded by [, 5 and the
latter is equal to the first integral by the symmetry in z,y. Hence, £ (¢) < co and ¢ € F.

Finally, multiplying (2.29) by u? and integrating over 2, we obtain (2.28), which finishes the
proof of (2.25).

Assume that R = co. In the view of (2.25), in order to prove (2.26) we need only to ensure
that (UE) + (LE) = (V). This implication was proved in [20], although under the additional
assumption that (£,F) is conservative. However, the conservativeness of the Dirichlet form
(€, F) with the jump kernel J (x,y) ~ d(x,y)_((”ﬁ) with 8 < 2 follows from a result of [24],
which finishes the proof. O
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3. AUXILIARY ESTIMATES
3.1. Subharmonic functions.

Definition 3.1. Let © be an open subset of M. We say that a function u € F’ is subharmonic
(resp. superharmonic) in € if

E(u,0) <0 (resp. € (u,p) >0) (3.1)

for any 0 < p € F(Q). A function u € F' is called harmonic in € if it is both subharmonic and
superharmonic in €.

Lemma 3.2. Let u € F'.

(i) Suppose that a function f € C%(R) satisfies f” > 0 and supg |f'| < oo, supg f” < o0o.
Then, for any non-negative function ¢ € F N L, we have f (u) € F', f'(u)p € F and

E(f(u),¢) < E(u, f'(u)g). (3.2)

(i1) Let Q be open subset of M. If u € F' is subharmonic in Q, then uy. € F' and uy is also
subharmonic in §2.

Proof. (i) By Proposition 6.5 (see Appendix), we conclude that f(u) € F' and f'(u)p € FNL™.
In order to prove (3.2), we use the following elementary inequality: for all X, Y € Rand a,b € R

(fX)=f)(a=b) <(X=Y)(f(X)a—f(Y)D). (3-3)
Indeed, substituting here X = u (z),Y =u(y),a = ¢(x),b = ¢ (y), we obtain

E(f(u),¢) = /MxM (f (u(x)) = f(u(y))) (¢(z) — &(y)) dj
< / (u(@) = u(y) (f (u(@)) ¢(z) — [ (u(y)) 6(y)) &j = E(u, ' (u)9),
MxM

which proves (3.2).
To prove (3.3) we can assume without loss of generality that a > b (otherwise switch a, b and
X,Y). We have

f(X)a—f¥)b=f(X)(a=b)+ (f(X)-f(¥))b
whence

(X =Y) (af" (X) = bf' (V)

(X -Y)f(X)(a=b)+ (X -Y) (f (X) - f(¥))b
(X -Y)f(X)(a—0),

v

where we have used the monotonicity of f’ and b > 0. Finally, it remains to observe that

(X =Y)f'(X) = f(X)-f(Y),

which follows from the monotonicity of f.
(73) Let w = v+ a with v € F and a € R. Consider the function

g(t)=(t+a)y —aq.

Since g (v) is a normal contraction of v, we obtain g (v) € F and, hence, uy = g(v) + ay € F'.

Since v is subharmonic in 2, v is also subharmonic in {2. In order to prove that uj is
subharmonic in €2, it suffices to verify that g(v) is subharmonic in Q. It is easy to see that there
exists a sequence {gi}3°, of C*-functions on R such that

gr =g as k — oo.

and
gr(0) =0, g, >0, g, >0, supgy < oo, supsup g < oo.
R E R
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Fix a function 0 < ¢ € F(Q2) and prove that £(g(v), ¢) < 0. By [14, Theorem 1.4.2(iii)], we can
assume in addition that ¢ € L>. Then g; (v)¢ is non-negative and, by Proposition 6.5(i7)-(74%),
g (u)¢p € F(). Applying (3.2) and using that v is subharmonic in €2, we obtain, for any k > 1,

E(gr(v),¢) < E(v, gi,(v)¢) < 0.
It remains to verify that

klggog(gk(v)a¢) = 5(g(’l)),¢), (3'4)

which will imply that ¢ (v) is subharmonic in €.
Since C' := supy, supg g5, < o0 and g (0) = 0, we have

gk (v)| < Clo].

Setting wy, := gx (v) € F, and w := g (v) € F, we obtain by dominated convergence theorem,
that

L2
wr = w as k — oo. (3.5)

On the other hand, since C~'g; (v) is a normal contraction of v, we have

sup &(wg, wg) < ¢, (3.6)
k

where ¢ = C?€ (v,v) < co. We claim that (3.5) and (3.6) imply that

& (wy, ¢) — & (w, ), (3.7)

which is exactly (3.4). Indeed, by [14, p.20, (1.3.9)] and (3.5) we have, for any f € L? and
k — oo
gl(wka Glf) = (wk’7 f) - (w7 f) = 5l(wa Glf),
which proves (3.7) for functions ¢ of the form G; f. Since functions of type G f are £;-dense in
F and, by (3.5) and (3.6),
s%pé’l(wk,wk) < 00,

it follows that (3.7) holds for all ¢ € F. O

3.2. Inequalities of Nash and Faber-Krahn. Let us set

V= —.
o

Definition 3.3. We say the Nash’s inequality (Nash) holds for (£, F) if there exists a positive
constant C' > 0 such that

2(14v -8 v
el < € (Euw) + B Jull3) flull?
for all u € FN L.

Given a non-empty open set Q C M, let £ be the generator of the Dirichlet form (&, F(f2))
(cf. Section 2.3). Denote by i (Q) the bottom of the spectrum of £ in L? (Q, u). It is known
that
E(u,u)

A (Q) = in .
D= Ao ]2

Definition 3.4. We say the Faber-Krahn inequality (FK) holds if there exist o € (0,1) and
¢ > 0 such that, for any ball B := B(zg, R) C M with R € (0,0R) and for any non-empty open

set Q C B,
c (B)\"
vz g ()

Lemma 3.5. (V) + (J>) = (V<) + (Nash) = (FK).



24 A. GRIGOR’YAN, E. HU, AND J. HU

Proof. The first implication (V') + (J>) = (Nash) follows from the argument in the proof of
(28, Theorem 3.1]. Although the result of [28, Theorem 3.1] was stated and proved in the
case R = diam M, this argument works also for any R < diam(M). Let us prove the second
implication:

(V<) + (Nash) = (FK).
Let © be any open subset of a ball B := B(xg, R) with R € (0,0R), where ¢ > 0 is a number
to be determined later. We need to prove that, for any non-zero function u € F (2)

f) | e (uB)Y’
T <u<ﬂ>> '

It suffices to prove this for any non-zero u € F(2) N L'(Q). By the Cauchy-Schwarz inequality,
we have

2 2
lully < Jlull3 ().
Substituting this into (Nash), we obtain

3 < € () + 7 ful3) ful”
< C (&@w) + (0 B) 7 fully) (Jul} n@)

where we have also used that R > ¢~ 'R. Dividing by |Ju/|3”, we obtain

v Q Y
Jul} < CE @ uu@) + o a2

By 2 C B and (V<) we have
WO < p(B) < (CROYI" = CRP,
whence
lull5 < CE(u,w)u(R)” + C o ||ulf3 .
Choosing o from C'*"o? = 1 we obtain
lull3 < 2C€ (u, u)u(92)",

whence

E(wu) _ (20070 (20)71 (uB)\" _ e (u(B))"
ul3 = @)~ (B <M(Q)> "W (M(Q)> 7
which proves (FK). O

3.3. Some energy estimates. The main results of this section are Lemmas 3.9 and 3.10 that
will be used in the next sections.

Lemma 3.6. For all u,v >0 and a,b € R, we have

(u—v) (a_zﬁ) gfl (ln%>2(a2/\b2)+3(afb)2. (3.8)

U v 2
Proof. We start with the following elementary inequality that is true for any € > 0:
a?= (b+a—-0?< (1+e)b?+ (1+e 1) (a—b)? (3.9)
By the symmetry of (3.8), we can assume without loss of generality that v < u. Setting

v
ti=—€(0,1
U E (07 ]7
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substituting v = tu into (3.8) and using (3.9), we obtain
2 b2
(u — v) (‘L— - —) =(1-1t) (> —t7?)

<1-t)[Q+e)*+ (1+e ) (a—b)?—t1V?]
I-t)(I+e—t P+ (1 —-t)(1+e 1) (a—b)%

Set ¢ = %(1 — t) in the above inequality. Then 0 < € < % and, hence,
(I-t)(1+e!)=2¢(1+e ) =2e+2<3.

Since b2 > a? A b2 and

3 1 1 1 Y
1-t)(l+e—t)=Q-t)(=—zt—t1 )=t - —2t+=
the inequality (3.8) will be proved if we verify that
1, 1 5 1,
—t*— - =2t4+ - < —=(Int)". 3.10
l Aty s gl (8.10)

Since the both sides of (3.10) vanish at the endpoint ¢ = 1, it suffices to prove the following
inequality between the derivatives of the both sides of (3.10):

t+1 9> Int
12 - t’

which is equivalent to
1
t2—i—¥—2t2 —Int. (3.11)

Again, since the both sides of (3.11) vanish at ¢t = 1, it suffices to prove the following inequality

between their derivatives:
1 1

2t— = —2< ——
t2 t
which is equivalent to
26 — 2t +t—-1<0
and which is true because 2% — 2t* +¢ — 1= (t — 1) (2t* + 1) . O

Lemma 3.7. Let a function u € F'NL>® be non-negative in an open set B C M and ¢ € FNL>®
2
be such that ¢ =0 in B¢. Fiz any A > 0 and set uy :=u+ A. Then % e F and

2 w 2
ey -5 [ @@nde)| g
#(a)
3800 =2 [ s (312)

Proof. We first prove that % € F N L*>®. Indeed, the function

1
F(t) :=
®) [t] + A

is a bounded Lipschitz function on R. Since u is non-negative in B and ¢ = 0 in B¢, the function
2 2
% is well defined on M and % = F(u)¢?. Hence, by Proposition 6.5(ii),

& _ F(u)¢? € FNL™.
uy
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Now we prove (3.12). We split the integral in the definition of £(u, g) into four parts as follows:

¢? ( ) <¢2(ﬂf) ¢>2(y)>
E(u,—) = — — - ——=|d
(U, UA) /B><B+/;><BC—i_/;ch—i_/chBC (u@:) U(y)) ’U,)\(:L’) u)\(y) g
=: Lh+1L+ I3+ 14
Since ¢ = 0 in B¢, we have that Iy = 0 and, by symmetry,
¢*(z) ..
d
ur(@)?
¢*(x)

o 2 z . u .
B 2/B><Bc¢ ( )dj 2/B><BC )\(y)u)\(l')dj

= x)— 2dj — U B
S5 GO Oy BENee =

In order to estimate I, we use Lemma 3.6 that yields

() — ) (£ - 2 <y, 000)

uxr(z)  ua(y) u(z)

Integrating this inequality over B X B against dj, we obtain

Rti=2 [ (i) = u)

2

(6*(2) A B (y)) + 3 (d(x) — B(y)°.

1 200y n 2 Iy 2@ 4 ) — SN di
ne 5[ @@ade)| 28 g vs [ o - o)

Combining the estimates of Iy, Is + I3 and 14, we obtain

2
e, Ty< -1 /B (@F@new)

2
e3([ 4 Y- owra
2wt

whence (3.12) follows. O

Lemma 3.8. Let u € F' N L be non-negative and superharmonic in a ball 2B, where B is an
arbitrary ball in M. Fix any A > 0 and set uy := u + A. Then the following inequality holds:

. 3 (ua(y))-
/BXB dj §6cap(B,§B)+4/ e

3Bx(2B)° ux()
Proof. If cap(B, %B) = 00 then (3.13) holds trivially. Hence, assume that cap(B, %B) < 00, and
let ¢ be a cutoff function for the pair (B, 3B).
Observe that g € F(2B). Indeed, since ¢ vanishes outside 3B, we have ¢ € F(2B). By the

same argument as in the first part of the proof of Lemma 3.7, we conclude that % € F(2B).

2
Since u, 1s non-negative and u is superharmonic in 2B, we obtain that

u(y) [°

uy(x)

In dj, (3.13)

&(u, ¢—2) > 0. (3.14)

(5
Applying Lemma 3.7 with B replaced by 2B and using (3.14), we obtain

2 2
v @@asw) \m “A(y)] 4 <350,0) 2 [ un(y) 22
2Bx2B

2 ux () (2B)x (2B)° ux(z)

dj.
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Since ¢ =1in B, ¢ =0 in (3B)° and ¢ < 1 in 2B, it follows that
u(y) [°

/BxB ux(z)

Minimizing the last inequality over ¢ € cutoff (B, %B), we finish the proof. O

In

@565w¢o+4/ w)- .

8px(2p)°  UA(T)

Fix a reference point xg € M. For any measurable function v on M and for any ball B =
B (9, R) on M, define the tail of v outside B by

To(w)i= [ o)l TCeo,)du(y). (3.19
Lemma 3.9. Assume that (V), (J), and (cap) are satisfied. Let a function u € F' N L™ be

non-negative and superharmonic in the ball 2B, where B := B(xg, R) and R < %}_2. Fiz three
positive numbers a,b, X\ and consider the function:

a
= (1 b.
v <nu+)\>+/\

V2du(z)duly) < Bplw)-)) (3.16)
][][ ()d()<C<1+ ﬂTZB)(\(U)\) ))

where the constant C' depends only on the constants in the conditions (cap), (J) and (V<).

Then

Proof. 1t follows from the definition of v that, for all z,y € M,

u(y)
”U(.’Ij) - U(y)’ < [ln ’LL)\(.Z')

For all z € 3B, y € (2B)°, we have d (z0,2) < 3R < 3d (z,y) and, hence,

d(.%'(), y) < d(.’IJ(), x) + d<m7 y)
d(z,y) ~ d(z,y)
It follows from (J), that, for the above range of x,y,

J(z,y) < CJ (20,y).
Using the above three inequalities, (V'), (J), (cap) and Lemma 3.8, we obtain

# £ (@) = o) Pduto)inty

B M(B) /B><B(U(x) - Q)(y))z%du(w)du(y)

9

<3+1=4

In

1
§C2me——/
(2R) R%* Jp.p

< 00t+BRA—a (6 cap(B, gB) + 4%’3 oy %J (x,y)dp () p (y))

< C'RF° (Ra‘ﬂ + /3 Bdu(w) /( - (w))- ; (wovy)du(y)>

3 ux()

covomuln) [ 6 )

(25)°
< ¢y or B n(w)-)
— )\ )

which finishes the proof. O
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Lemma 3.10. Assume that (AB)g) is satisfied. Let By := B(zo, R), B := B(wo, R+ 1) and

Q := B(xg, R') be three balls so that 0 < R < R+r < R' < R. Then, for any u € F' N L>,
there exists ¢ € cutoff(By, B) such that

&) < 28wud?) + 5 [ wPdues [ u(u)o?d (3.17)

QxQe
where the constant ¢ > 0 depends only on the constant in the condition (ABg).

Proof. We first prove the following identity

E(ug) = E(u,ug®) + / u(z)u(y) ($(z) — ¢(y))* dj, (3.18)

MxM

for all u, ¢ € F'NL>®. Note that, by Proposition 6.5()-(ii), both u¢ and u¢? belong to F'NL>.
By a direct computation, we have the following identity for all numbers a,b, X,Y,

(Xa—Yb)? = (X -Y)(Xa®> - Yb?) + XY (a—b)°.

Setting here X = wu(z),Y = u(y),a = ¢(x) and b = ¢(y) and integrating this identity in
(z,y) € M x M with respect to dj, we obtain (3.18).
Assume further that ¢ € cutoff(By, B). Since

MxM=(QxQ)U(Q xM)U(QxQ), (3.19)

and @|ge—g, by (3.18), Cauchy-Schwartz inequality and symmetrization, we obtain
o) = swue?)+ ([ 4 [ a6 - o) by (3.19)
QxQ QexQ QxQe

< E(u,ud?®) + / u*(z) (¢(x) — d(y))*dj (by Cauchy-Schwartz and symmetrization)
QxQ

+ 2/ u(z)u(y)? (z)dj. (by symmetrization) (3.20)
QxQe

By condition (AB ), there exists ¢ € cutoff(By, B) such that

o1 . C
| @ -swrd<g [ (@ -uw) P 5 [ e @)

Let us estimate the middle integral in (3.21). Applying (2.2) and observing that ¢|qc = 0, we
obtain

—u(y))? ¢*(x)dj
/Q (o)~ u)* P < 2 /

Fdj + 4 / () (6(x) - )i, (3.22)
QxQ QxQ

where

F (2,y) = (u(@) = u(y)) (u (@) $*(z) — u(y) 6°(v)),
and all the integrals are finite by Remark 2.3. Note that

/ Fdsz(u,u¢2).
M xM

Using (3.19) again, we obtain

Fdj = / Fdj — / Fdj — / Fdj. (3.23)
QxN MxM Qex M QxNe

Since ¢ (z) = 0 in Q°, we have

_ / Faj — / (u() — uly)) uly)6*(y)dj
Qex M QexQ

IN

| u@uw e
QexQ
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Similarly, we obtain

- / Fdj < / u(yuly)d (o) dj.
QxNe QxOe

Symmetrizing the former integral and substituting into (3.23), we obtain

| Fai<euu) 2 [ u@um)d.
QxQ

Qx Qe

Substitution into (3.22) yields

/ (u(@) — u®)? P@)dj < 26 (u,ud?) +4 / w(wyu(y)d (x)dj
QxN QOxNe

4 /Q (@) (00a) = 90 .

Substituting this into (3.21), we obtain

< fwu)+3 [ @@y

1 . C
by [ e 6e) -~ ow)Pdi+ 5 [ utdn,
QxQ rJa
which implies that
2 2 .01 2 2 -, 2C 2
u”(z) (¢(z) = d(y))" d&j < SE(u,ug”) + w(@)u(y)e™(z)dj + —5 [ u’dp.
axQ QxQe e Ja

Finally, substituting the above inequality into (3.20), we obtain (3.17). O

4. SUPERHARMONIC AND HARMONIC FUNCTIONS

In this section we establish estimates of the Holder norm of harmonic functions. The main
result is stated in Lemma 4.8.

4.1. Lemma of growth. Recall that, by Lemma 3.5, the hypotheses (V') and (J) imply the
Faber-Krahn inequality (FK). Let o and v = g be the constants from (FK). Without loss of

generality, we can always assume that o € (O, %)

Lemma 4.1 (Lemma of growth). Assume that (V'), (J) and (AB) are satisfied. Then there
exists g € (0,1) depending only on the constants in the above conditions, such that the following
is true: if a function u € F' N L™ s superharmonic and non-negative in a ball 2B, where
B = B (xg, R) has radius R < oR, and if, for some a > 0,

—a/p
w(BN{u < a}) R°Typ(u_)
< 14 ——= 4.1
p(B) B S ’ 4
then
einf u > a (4.2)
52
(see Fig. 2).

Recall that the tail function Ts (v) was defined by (3.15). Observe also that if u > 0 on M
then Top (u—) = 0 and the condition (4.1) simplifies.
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FIGURE 2. Level sets {u < a} and {u < a/2}

Remark 4.2. The term “Lemma of growth” was introduced by E.M. Landis [31] in the context
of second order elliptic PDEs in R™. In order to understand this terminology, let us reformulate
the statement assuming that infopu = 0 and a = %supQB u. Then, for the function v := 2a —u,

)

we have infop v = 0, supyp v = 2a, and the smallness of % implies that

3
supv < —a,
iB

which can be rewritten in the form

supv > —supv.
2B %B

The latter means that sup v exhibits a growth by a factor > % > 1 when passing from %B to
2B, which gives the name to this type of statements. In the context of local Dirichlet forms, a
similar Lemma of Growth was proved in [23, Lemmas 7.2, 7.6].

The most essential part of the proof of Lemma 4.1 is contained in the following lemma. We
use the notation B, := B (zg,r).

Lemma 4.3. Assume that (V)), (J) and (AB) are satisfied. Let a function u € F' N L> be
superharmonic and non-negative in a ball Bog, where R < oR. Fix some (0 < a <b,r1 <rs < R
and set

o (B N {u<a})
1% (Bn)

2 «@ a+p3
my < C’A( b > (T—2> <—T2 > m;+6/a,
b—a 1 ro —T1

r5Tp,, (1)
b )
and the constant C > 0 depends only on the constants in (AB), (J) and (V).

(B, N {u < b})
1% (Brz) '

(4.3)

and mo =

Then

where

A=1+

Proof. We use in the proof the following facts from [14]:

(1) any function u € F admits a quasi-continuous version u [14, Theorem 2.1.3, p.71];
(2) for any u € F and any open subset 2 of M, we have v € F (Q) if and only if v = 0 q.e.
in Q¢ where q.e. means quasi-everywhere [14, Corollary 2.3.1 p.98].
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Let us fix a quasi-continuous modification of a given superharmonic function u and denote it
also by the same letter u. Set v := (b —u), and

mi = p(Br, N{u < a}), ma:= pu(Br, N{u < b}).

Let ¢ be any cutoff function of the pair (B,,, B1 ( without loss of generality, we can
2

7"1+7“2));
assume that ¢ is quasi-continuous. Then we have

~ b—u 2 1
my = / Pdp < / ¢? <(b—)+> dp = s / (¢v)2dp. (4.4)
By, N{u<a} By, —a (b—a)? /g,
—_—
>1 on {u<a}
Consider the set
FE = B%(T1+T2) N {'LL < b}
By the outer regularity of u, for any € > 0 , there is an open set {2 such that £ C 2 C B,, and
p() < p(E) +e<mp+e (4.5)

(see Fig. 3).

FIGURE 3. Sets E and (2

On the other hand, since ¢ =0 q.e. outside Bi(, .,y and v =0 outside {u < b}, we obtain
2
that ¢v = 0 g.e. in E°. Hence, since ¢v € F and ¢v = 0 q.e. in Q¢ C £, we conclude that

pv € F(Q). (4.6)
By the definition of A1 (©2), we obtain

2 5(¢“)
/Q(‘z’”) =@

Using again that ¢v vanishes outside € and combining this inequality with (4.4), we obtain

~ 1 E(pv
my < b—ay /Q(¢’U)2d,u < %- (4.7)

By (FK) (Lemma 3.5) and (4.5), we have

A (Q) > é (Méﬁgf;)y > :_53 <7‘%(f+22>y (4.8)

where v = [3/a.
Let us now estimate £(¢v) from above. Since u is superharmonic in Bsg, the function b — u
is subharmonic in By and, by Lemma 3.2(ii), the function v = (b — u) is also subharmonic in
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Bsg. Furthermore, by Proposition 6.5(iii) and (4.6), we have v$? = v¢ - ¢ € F(Q) C F(Bag).
Hence, by the definition of subharmonic functions, we obtain
E(v,v9%) < 0. (4.9)

By Lemma 2.9, we have (ABl/g). Applying Lemma 3.10 to function v and the triple (B,,, By 1ry) /2 B,,),
we see that there exists ¢ € cutoff(B;,, B(;,4+r,)/2) such that

£w0) < 2ot + 5 [ durs [ v’y

T2
where 7 = ro — 71, ¥ € B, and y € By,. Applying here (4.9) and using that ¢ = 0 outside
By, 4ry) /2, We obtain

c
ewo < S [ Paprs [ v@dn) essw [ o)
"B, B(ry+rg)/2 TEB(ry 4ry) /2 / BY,
c 3ry\
<3 U2dﬂ+3/ vdp - C? (—2> / v(y)J (o, y)dp(y)
™ JB,, B, r B,
C 2 2 3T2 Oé+ﬁ .
< r_ﬁb (B, N {u < b}) 4+ 3C* bu(By, N {u < b}) T Tp,,(v) (using v < bly,cpy)
_ b ro\ B Tg 79\ a8 . _
< — (2 2 (22
< cma rg (( " ) + ) ( " ) (TB,,(d) + Tp,,(u-)) (by definition of mg and v)
_ b o\ B ro\ o8 rg 7o\ @ tp
< —_ (2 2 2 (2 .
_Cm2r2ﬁ ((r) +<r) + b (T) TBT?(U_) (by (6.8))
~ b2 79\ +08 TgTB (u_)
< (2 270 i >
< cm2r2ﬁ ( . > <1 + 2 (using ry > r)
b 79\ @8
< iy .
_Cm27“g (7“) A, (4.10)

C
T27?

d($0,y) < d(.%'o,.%’) +d($,y) < d(anx) +1< @ +1< %7
d(z,y) d(z,y) d(z,y) r r

which implies by (J) that

where in the second line we used that, for all z € B(;, 1,,)/2 and all y € B

) 3ry a+f
J(z,y) <C - J (z0,y) -
Combining (4.7), (4.8), (4.10) and letting € — 0, we obtain

_ b \? Wby [ry\a+B
< —= A
m _C<b—a> (B, ) (r)

Dividing this inequality by p (B,,) and observing that

mi ma

we obtain

which finishes the proof. ([l
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Proof of Lemma 4.1. Let uw € F' N L> is superharmonic and non-negative in Bor with R < o R
and let a > 0. Consider the following sequences

1 1
Ry = 5(1 +27MR, and ay:= 5(1 +27F)a,

where k is a non-negative integer. Clearly, Ry = R, ag = a, R \, %R, and ag "\, %a as k — oo.

Set also

o o 1B, 0 {1 < 1))

M(BRk)

(see Fig. 4).

FIGURE 4. Sets Bg, N{u < a;} and B, , N{u < apy1}

Applying the inequality (4.3) of Lemma 4.3 with a = ax, b = ax_1, 11 = Ry and ro = Ri_1,
we obtain, for any k > 1,

2 a a+
ak—1 Ry Ry 148/a
< CA
M < CA <ak1 - ak) ( Ry, > <Rk1 — Rk) M-t

RfflTBRk_l (u-)

ak—1
Since u is non-negative in Bor and Bg, , C Bar we have

TBRk_l (u-) = Th,p (u-).

Since Ri_1 < R and ai_1 > %a, we obtain

where

Ap =1+

Ak: < 2A7
where
A= BBl
a
Using that
—(k—
Ry_1 <9 k-1 _ 14 2~ (k=1) < 9k+1 4nd L < 2k+17
Ry, ap_1 — Qg 2—(k=1) — 90—k Ry_1 — Ry,

we obtain that
my, < C-2A . 22(k+1) 9o o(k+1)(a+0) ,m}:?/a — 'A% . md_,
where C' := 220t843C ¢ =a + f+ 2, and
g=1+p/a.
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Applying the above inequality inductively, we obtain,
my, < (C'A) - 2. mji_,
2

S (C/A)lJrq . 2ck+cq(kfl) . mZ )

< (O A)ratetadt T gelbra(b=) kgt
Note that
k+1
a_a¢ T —(k+l)g+k q
k+qk—1)+---+¢"1= < q,
(g—1)? (q—1)
k k
_ -1 q 1
1 k-1 _ 4 — _ )
+q+-+g =T "7—1 g1
Hence, we obtain that
—y e ¢ I oA —
my < (26707 - (C'A)TT mg ) (C'A) T
It follows from the last inequality and from ¢ > 1 that if
—cq__ 1 1
2602 . (C"A)a-1 .my < 3 (4.11)
then
lim my = 0. (4.12)
k—o00
Note that (4.11) is equivalent to
B — 1
mo <2 (@-1)? -(C’A) a1,
that is, to
p(Br N {u < a}) < 2*#*1 (C/)*qfll (1 4 RBTBQR(U—)>_6 ,
1(Br) a
which is equivalent to the hypothesis (4.1) with
__ca __1
g =2 @02 (C) T (4.13)

Assuming that &g is defined by (4.13), we see that (4.11) is satisfied and, hence, we have (4.12).
It follows that

1B N{u < 3})
1(Bry2)
which implies (4.2). O

=0,

Corollary 4.4. Assume that (V), (J) and (AB) are satisfied. There is a constant € > 0
depending only on «, B and such that, for any ball B := B(xo, R) with R € (0,0R), and for any
function u € F' N L that is superharmonic and non-negative in 2B and satisfies

ROTyp(u) < ¢ <]{B %d@ o (4.14)

1 -1
es§infu > = <][ —du) .
5B 2 BU

the following is true:
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Proof. We will apply Lemma 4.1 with a suitable constant a > 0. Indeed, for any a > 0, we have
1 1 1 1
Bn{u<a}=pBN{—>-}< —dp = ap(B)4 —dpu.
uBN{u<at=nBN{ a}_a/Buu ap( )]éuﬂ

In order to fulfill the condition (4.1) of Lemma 4.1, the constant a should satisfy the inequality:

1 BT B —a/B
a][ —dp < e (1 + RQ—B(“)> . (4.15)
B u a
Let us set
g:=2"Bg.

Assuming that (4.14) holds with this e, we claim that (4.15) holds with the following value of a:
1 -1
a:=¢ (][ —d,u> .
Bp U

RﬂTQB(u_) <a

1 _a Flop(u_)\ "~
a][ —dp=¢=2 580§60<1+R2—B(U))
B

RU a

Indeed, for this a we have by (4.14)

and, hence,

IR

Therefore, by Lemma 4.1, we conclude that

. a
essinfu > —
Br/2 2

which finishes the proof. U

DN ™

4.2. Weak Harnack inequality.

Lemma 4.5 (Weak Harnack inequality). Assume that (V'), (J) and (AB) are satisfied. Then
there exists € € (0,1) depending only on the constants in the above hypotheses, such that the
following is true: if a function u € .7-"_ﬂ L 1is superharmonic and non-negative in o ball 2B,
where B = B (xg, R) has radius R < o R, and if, for some a > 0,
u(B{u>a}) 1
u(B) ~ 2

(4.16)
and

R°Thp(u_) < ea, (4.17)

then

essinf u > ea.
iB

Proof. Let A\, b be two positive parameters to be determined later. Consider the functions u) :=

u + A and
V= <1na+)\> Ab.
ux )

Note that 0 < v < b and

A
v=0 <& at <1 & u > a,
ux
A
v="> ot > o w<(a+Nelb=q
ux

We will apply Lemma 4.1 to u) instead of u. Set

o BB {uza) pB{o =0} w1s)

u(B) u(B)




36 A. GRIGOR’YAN, E. HU, AND J. HU

and
e w(BN{uy <q}) _ wW(BN{v="0})
a u(B) 1(B)
(cf. Fig. 5).
(u>a}={v=0} {ur < q)={v="nb}

FIGURE 5. Sets {u > a} = {uy > a+ A} and {u) < ¢}

By Lemma 4.1 we know that if

then

Clearly, we have
A= RﬂTgB(U_) > RﬁTQB ((u,\)f) .

Hence, in order to have (4.20), it suffices to ensure that

A\ 5
mo < €g 1—|—E .

Using (4.19), (4.18), and Lemma 3.9, we obtain

1
b2mw——/ / brdu(x)du(y
" u(B)? Jpnu=0y JBnfo=ny (@)duly)

_ 1 o — o(e Nl
= u(B)? /BO{U:O} /Bm{v:b}( (z) — v(y))*dp(z)du(y)

< ]i ][B (0(x) — v(y))2dpa() duy)

RﬁT2B((UA))>
A

<c <1 + (by (3.16))

A
< — .
_c(1+/\>

It follows that

(4.19)

(4.20)

(4.21)

(4.22)
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where we have used that w > 1/2, which is true by (4.16). Hence, the condition (4.22) will be

satisfied provided
2 (142 <o (144 K
b2 ) =" q ’

o

b22%<1+§> <1+é>5. (4.23)

which is equivalent to

€o q
Fix € > 0 to be determined later, and specify the parameters A, b as follows:
1
Ai=c¢ca, b:=In +6.
4e

Then we have
qg=(a+Ne b =4eq,
and the inequality (4.23) is equivalent to

1+e\%_ 2 A AN\?B
1 >— (14— 1+— . 4.24
(n 46) _50<+6a><+4€a> ( )
Since by (4.17) we have A < ea, the inequality (4.24) will follow from
2 a/B
RS
4e €0 4

and the latter can be achieved by choosing & small enough. With this choice of £ we conclude
that (4.21) holds, which implies

essinfuzg—)\:%a—aa:&?a,
B2

thus finishing the proof. O

4.3. Oscillation inequalities. In this section we frequently use the notation B, := B (xq,T)
assuming that zg is a fixed point on M.

Lemma 4.6 (Oscillation Inequality). Assume that (V), (J) and (AB) are satisfied. Let u €
F'NL>* be harmonic in a ball B = B(xo, R) with R < oR. Then, there is a constant € € (0,1)
depending only on the constants from the hypotheses and such that, either

osc u < (1 —¢)oscu, (4.25)
Brja Br
or .
oscu < —A, (4.26)
Br 5
where

A= BTy ((u—m)_ + (M —u)_),

m = essinfp, u and M = esssupp,, u.

Proof. Set a = M 5. Consider the function u —m € F' N L*, which is non-negative and

harmonic in Bg. By the weak Harnack inequality of Lemma 4.5, there is a constant ¢’ € (0,1)
such that if

1(Brpa N {u—m > a}) > 1 (4.27)
1(Bry2) 2
and
Ay = RTg, (u—m)_) <€a, (4.28)
then,

essinf(u —m) > €a.
Brya
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The latter implies that

, 54 54
gszu—gsz(u—m) <(M—-—m)—¢ca= (1—5> (M —m) = (1—5> %ssu,
that is (4.25) with ¢ = £’/2. Similarly, if
#(Brja N{M —u > a}) >1 (4.20)
1(Bry2) 2
and
Ay = RPTy, (M —u)_) < a, (4.30)
then
essinf(M — u) > ¢a,
Brja
and, hence,

/ /
oscu<M—m—¢ea= (1—6—> (M —m) = (1—6—>oscu,
Brys 2 2 ) Bg

that is (4.25) with e = £//2. Since

M+m
u—m==a < uU> 5

M
M-u>a & u< —2i—m’

we see that either (4.27) or (4.29) is always satisfied. Hence, if both (4.28) and (4.30) are
satisfied, then we obtain (4.25). On the other hand, if one of (4.28) and (4.30) is not satisfied,

then

M-m £
= — oscu,
2 2 Bgr

which is equivalent to (4.26) with e = £'/2. O

A=A+ Ay >ca=¢

Lemma 4.7 (Iterated Oscillation Inequality). Assume that (V), (J) and (AB) are satisfied.
Let u € F' 0 L be harmonic in a ball Bg = B(xg, R) with R < oR. Set Ry := ¢~ *R, where
qg>4, k>0 and

Q) := osc u.
Br,

If q is large enough then, for all k > 0,
Qr < Cog " A, (4.31)
where
A= RTp(|u]) + l[ull oo () »

and the constants Cy,y,q depend only on the constants in the hypotheses.
Proof. We prove (4.31) by induction in k. For k = 0 and k = 1 it is trivial, because

Q1< Qo= gscu < 2 [ull oo () < 24 =247 (¢774),
so that (4.31) holds provided Cp > 2¢".

Assuming that k > 1, let us make the induction step from < k to k + 1. Since ¢ > 4, we can
apply Lemma 4.6 and obtain the following:

Qi1 <(1—e)Qr, or Qp<e A,
where € € (0,1) is the constant from Lemma 4.6,
Ay = R Tp,, ((w—my)- + (Mg —u)_),

and

my ;= essinfu, M} := esssupu.
Bry, Bg,
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In the first case, that is, when
Qi1 < (1 —¢)Qx,
we obtain by induction hypothesis
Qit1 < (1 —€)Cog A = (1 —€)q"Coq " A < Cog 1) 4,
provided
(1-¢e)g" <1. (4.32)
Below we will make sure that (4.32) is satisfied as follows: we will first determine (a large) ¢

and then specify v to be small enough (and then choose Cj large enough).
Consider now the second case when

Qr < e Ay (4.33)
We will show that, by choosing suitable values of ¢, Cy, v we can ensure that
Qi < Cog~ k74, (4.34)

which will imply the same estimate for Qi1 < Qg, thus finishing the induction step.
For that, set v := (u — myg)— + (M} — u)_ and estimate the quantity Ay = RfTBRk (v) from
above by using the induction hypothesis

Qj < C(]q_’yjAa ] = 07 17 U 7k' (435)
Decompose T, (v) as follows:

Tp, (v) = /B o(y)J (x0,y)d(y)

c
Ry

(see Fig. 6).

FIGURE 6. Balls Bg,

Observe that the following inequality holds in Bg, with i < k:
v=(u—my)-+ My —u)- < Qi — Q. (4.37)
Indeed, if my, < u < M}, then v = 0 and (4.37) is trivial. If u < my, then we have in Bp,
v=my —u < mg—m; <my—m;+ M — M = Qi — Q,
and the same argument works if u > My:
v=u— My <M; — My <Q; — Q.
Using (J<), (V<) and (6.8), we obtain, for any i < k,
[ wendnt) £ @i- Q) [ Jeody <
Br\Br, |,

8
Brg Ripy
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where ¢ is the constant from (6.8); we take ¢ > 1.
On the other hand, since everywhere

J

v < Ju| + max ([mg], [My]) < fuf + [lull oo 5 »

we obtain

0 a0 )dn(w) < [ ()] + 50 (0. 5) )

R B
cllull poo (s cA
< Tpp(lul) + —p5 2 < 75
Hence, we obtain from (4.36), that
k—1
Qi—CQr  cA
Tpy, (v) Sc) 5=+ 5,
* =0 Rerl R
which implies that
k=1 B 8
R R
A= BT, () ey @i Qu+e(B)
i=0 141

k—1
=c> "HRQi - Qr) + g A
i=0
Assuming that v < § and using the induction hypothesis (4.35), we obtain

k—1 ) k—1 . .
Zqﬁ(ﬁ—l—k)Qi < qﬂ(z—l-l—k) . Coq—'yzA
=0 =0
k—1 A
= A —(k=1)y q(ﬁ—v)(wl—k)
=0
k—1
= COAq_(k_l)’y q_(ﬂ_"/).j
=0
C A q_(k_l)fy
= QAT

On the other hand, since k£ > 1, we have

k—1
Zqﬁ(wkk) > 1.
i=0

It follows that

A A e kB A
< g _
< cCy - cQr + +cq .
Substituting into (4.33), we obtain
Ay cCoA ¢ =1 c C _kg
<—= - = - A
Qk_ e = c 1_q_(/6_,y) 5Qk+5q )
which is equivalent to
—(k=1)y
C q —kB
< C A.
Qk_c+5( Ol—q*(ﬂ*ﬂ—i—q >

To ensure (4.34), it suffices to have

—(k=1)y
€ 4 —kB ) A < Cpg— R+t 4
cte <CO 1— qi(ﬁi,y) + q > ~ CO(] )
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which is equivalent to
2y 1
B T P

Let us now choose ¢ > 4 big enough so that

5
_ <14 -
1—q 2 ¢
Then we choose v € (0,3/2) small enough such that (4.32) is true and
2y
T <1+
1—q 2 ¢
Since 8 — v > /2, it follows that also
2y
q €
T <t
Finally, we choose C so big that (4.38) is satisfied, which finishes the proof. O

Lemma 4.8 (Oscillation Lemma). Assume that (V), (J) and (AB) are satisfied. Letu € F'NL*>®
be harmonic in a ball B = B(zo, R) with R < oR. Then, for any p € (0, R),

P\ ( pp
gscu < C (1) (RTwa(lul) + e sy ) (4.39)

where v > 0 is the constant from Lemma 4.7 and C depends only on the constants from the
hypotheses.

Proof. We use the notation from Lemma 4.7. Since p € (0, R], there exists an integer k£ > 0 such
that

—(k+1) P - —k
q R= q

Hence, by Lemma 4.7,

v = g w= () = () a i (5)

which is exactly (4.39) with C' = Cyq”. O

5. HEAT SEMIGROUP AND HEAT KERNEL
In this section we develop techniques for the proof of the implication (2.24), that is,
(V)+(J)+ (AB) = (S)+ (NLE),
which will conclude the proof of Theorem 2.10.

5.1. Green operator and conditions (£) and (S). The main result of this Section is Corol-
lary 5.7 containing the implication

(V)+(J)+ (AB) = (S5).
The proof uses condition (E) stated below in terms of the Green operator.
For any open set 2 C M, the heat semigroup {PtQ} was defined in Section 2.3. Note that, for

any f € L?(Q), the function ¢t — P{f is continuous as a mapping from [0, 00) to L? (), which
allows to integrate P{’f in t as as an L?-valued function. Define the Green operator G by

Gf ::/ P dt,
0

where f so far is any non-negative function from L? (Q2). The function G f takes values in [0, oc].
The monotonicity of G*f in f allows to extend this operator to all non-negative f € LZQOC (Q),
in particular, to f = 1.
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By [26, Lemma 3.2, p.1232]1, if G*1 € L> (Q2) then G® can be extended to a bounded operator
on L2() that satisfies the identity G = ([,Q)*l .

Lemma 5.1. If G*1 € L> (Q) then, for any f € L* (), the function uw = G2 f belongs to F ()
and satisfies the identity

E(u,0) = (f,0) Yo eF(Q).

If in addition f > 0 then wu is superharmonic in Q.
Proof. Indeed, for any non-negative ¢ € F (), we have
E(u,0) = E(GOf ) = (LG, 0) = (£, ),

where we have used that £2G® = Id. Consequently, if f > 0 then & (u,¢) > 0 for any non-
negative ¢ € F () which means that u is superharmonic in €. O

Definition 5.2 (Condition (F).). We say that condition (FE<) holds if there exist ¢ € (0,1) and
C > 0 such that, for any ball B = B (x, R) of radius R € (0,¢R),

esssup GP1 < CRP. (5.1)
B
We say that condition (E>) holds if, for any ball B of radius R € (0, R),
essinf GP1 > C~'RY. (5.2)
ip
4

We say that condition (E) holds if both (E<) and (E>) are satisfied.

Remark 5.3. Using the monotonicity of G®1 in B, it is easy to prove that the condition (E>) is
equivalent to the following: there exist €, € (0,1) such that, for any ball of radius R € (0, eR),

essinf GP1 > C~'RP.
6B

Lemma 5.4. Let (£, F) be a regular non-local Dirichlet form with a jump kernel J. Then
(V) + (J2) = (E<).

Proof. Fix a ball B (zo, R) of radius R < R and first assume that there exists another ball
B (yo, R) of the same radius such that B (xg, R) and B (yo, R) are disjoint. By [17, Lemma
4.4], for any ¢t > 0 and for any non-negative function f € L' N L? (M), we have the following
inequality:
t
(L= PY15) 2 2Bl ) int  J(r) | PVam)ds (5.3)
R 0

x€B(xo,
y€B(yo, 1)

where B = B (z9, R) and V = M \ B (yo, R). Observing that
(1=P"1,f) < fllp s

and letting in (5.3) t — oo, we obtain

11l =20 (B (yo, R))  inf  J(z,9) (f,G"1p).
IEB($O7R)7
yE€B(yo,R)
Since f is arbitrary, it follows that
-1

esssup GPlp < |2u (B (yo,R)) inf  J(z,y)
B z€B(z0,R),
yeB(yo,R)

1Although this lemma was stated for local Dirichlet forms, its proof goes through also for general Dirichlet
forms.
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Assume in addition that
d(zo,y0) < CR. (5.4)
Then by (J>)

inf  J(z,y) > cR~(+0),
z€B(zo,R),
y€B(yo,R)

and by (V>)
% (B (y(]aR)) 2 CRaa
whence it follows that

ess sup GP1g < CRP.
B

Hence, in order to prove (E<), we should, for any ball B = B (zq, R) of radius R < €R, find a

ball B (yo, R) such that the balls B (z¢, R) and B (yo, R) are disjoint and (5.4) is satisfied.
To that end, observe the following consequence of the condition (V). Let C' be the constant
from (V). Then, for any r € (O,R), A€ (0,1) and z € M, we have

1 (B (2, r)) < CX*r® and u (B (z,7)) > C re,

which implies
(B (2, Ar)) < p(B(z,r))
provided A is small enough, for example, A = (20)72/0‘. For this A, the annulus B (z,7)\ B (x, Ar)
is non-empty.
Set € = A\/3. Then R < €R implies that r := 3M\ 'R < R, and we obtain that the annulus
B (:Eo, 3)\_1R) \ B (zg, 3R) is non-empty. Let yo be any point from this annulus. Then the balls
B (z0, R) and B (yo, R) are disjoint and (5.4) holds, which finishes the proof of (E<). O

Lemma 5.5. Let (€, F) be a regular non-local Dirichlet form with jump kernel J. Then,
(V) +(J) + (AB) = (E>).

Proof. By Lemma 5.4, under the present hypotheses we have (E<) with some ¢ > 0. Without
loss of generality, we can assume that € < 0/2 where o is the parameter from the Faber-Krahn
inequality that was used in Corollary 4.4.
Fix a ball B = B (zo, R) with R € (0,¢eR) and set u = GP1. By Remark 5.3, it suffices to
prove that
essinfu > cRP (5.5)
iB
By (E<) we have GP1 € L>®. Hence, by Lemma 5.1, the function u = GP1 is superharmonic in
B. Applying Corollary 4.4 to function u in B (instead of 2B) and observing that Tg (u_) = 0,

we obtain that )
1
essinfu > ¢ <][ —du) . (5.6)
%B lpu

2
On the other hand, by Corollary 2.6, the condition (cap) holds under the present hypotheses.
By (cap) and (V<), there exists ¢ € cutoff(Bg/o, B3p/s) such that ¢ € F(B) and

E(¢.¢) < CR*.

For any A > 0, we have by Proposition 6.5(i7i) that % € F(B), whence by Lemma 5.1
¢2

w4+ A

1 ¢ | om0
/BR/Q du < (15, =25) = £GP 15, —25) = £u, 25,

u+ A\ w4\

By Lemma 3.7, we obtain

) < 3E(p,p) < C'RYP.
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Combining the two previous lines, passing to the limit as A — 0 and using (V>), we obtain
1
][ —du < CR7P.
Bprs ¥

Finally, substituting this into (5.6), we obtain (5.5). O

Lemma 5.6. Let (£, F) be a regular non-local Dirichlet form with the jump kernel J. Then
(E) = (5).

Proof. Recall that (S) means the following: for any ball B = B (z¢, R) with R € (0,}_%),

essinf PP1 > ¢, (5.7)
iB
provided t1/8 < ér.

We first prove (5.7) assuming R < ¢R where ¢ is the parameter from (E<). The ball B can
be exhausted by an increasing family of precompact open sets {€,} -, such that Q, C Qi1
for each n > 1. Since (€, F) is regular, for each n > 1, there is a cutoff function of the pair
(Qn, M). On the other hand, the function G”1 is bounded by (E<). Hence, it follows from the
arguments in the proof of [22, (6.34) p.6429] that, for all ¢ > 0 and for p-a.a. z € ,,

PtBl(:E) > %

> . 5.8
1GP1,~ 5:8)

Since n > 1 is arbitrary, this inequality holds also for p-a.a. x € B. By (F) we have

1671 e < CR

and

essinf GP1 > O~ RA.
iB

Substituting into (5.8) and assuming that ¢t < R®/(2C), we obtain

C 'R0 —t _ C7'RP/2 1
: PB
esifgn FR7L = CRP = CRP 202’

(5.9)

which proves (5.7) in the case R < €R. -

Now let us prove (5.7) for any R € (0, R). Assume without loss of generality that ¢ < 1 Since
M is separable, the ball %B can be covered by at most countable family of balls B(z;, {R) where
T € %B. Applying (5.9) to each ball B; = B (x;,eR), we obtain that if ¢ < (eR)’g /2C' then

1
. B;
es;;ﬁ'Pt 1> oTezh

Since PP1 > PPi1 and the union of %BZ- covers %B , we obtain

. 1
es;lgnf PP1> 302
which proves (5.7) with € = (202)71 and § = ¢ (20)_1/5. 0

Corollary 5.7. Let (€,F) be a regular non-local Dirichlet form with the jump kernel J. Then
(V)+(J)+ (AB) = (S).

Proof. Indeed, this implication follows from the three previous Lemmas 5.4, 5.5 and 5.6. O
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5.2. Oscillation inequality for Lu = f. We use here the results of Section 4.3 in order to
prove the existence of a Holder continuous heat kernel of (€, F), under appropriate hypotheses.
For a non-empty open set Q@ C M and f € L?(Q), we say that a function u € F solves weakly
the equation
Lu=f in §,
if, for any ¢ € F(Q),
E(u,¢) = (f, ).

Proposition 5.8. Let u € F solves the equation Lu = f weakly in Q for some f € L? (Q). Let
B C Q be an open subset.

(a) If v € F solves the equation Lv = f weakly in B, then u — v is harmonic in B.

(b) If HGBlHLOO < oo then uw — GPBf is harmonic in B.

Proof. (a) By definition of a weak solution, we have, for any ¢ € F(B) C F(Q2),

E(u,0) = (f,¢) and E(v,0) = (f,9),
which implies that
E(u—wv,9)=0.
Hence, u — v is harmonic in B.
(b) If HGBlHLOO < oo then, by Lemma 5.1, the function v = GPf belongs to F (B) and
satisfies € (v, ¢) = (f, ¢) for any ¢ € F (B), that is, v solves the equation Lv = f weakly in B.
Hence, we conclude by (a) that « — GB f is harmonic in B. O

Lemma 5.9. Assume that (V), (J) and (AB) are satisfied. Let Q0 be any open subset of M
containing a ball B := B(xg,7) C Q of radius r € (0,0R), where ¢ € (0,1) depends on the
constants from the present hypotheses. If f € L?> N L>®(Q) and if u € F(Q) N L>® solves the
equation Lu = [ weakly in ), then, for any 0 < p <,

P\7 8
< - .
poe w < C(2) ull ey + O 1w (5.10)

where v is the constant from Lemma 4.8 and C depends only on the constants in the condition
(V). (J), (AB).

Proof. So far we have denoted by ¢ the parameter from the Faber-Krahn inequality (cf. Lemmas
3.5 and 4.8). Let us reduce the value of o to ensure that o < e where € is the parameter from
(E<) (cf. Lemma 5.4), and use in what follows the reduced value of o.

By (E<) and r < o R we have HGBlﬂLOO < 00. Consider the function

vi=u—GBf,
that by Proposition 5.8 is harmonic in B. Besides, v € F(2) N L*°. Hence, by Lemma 4.8,
P\
0SsC vSC’(—) <7ﬁT V) + V]| o0 ) 5.11
pse 0= O (E) (1P T5(0) + ol (511)

Since u = 0 in €, by (J>), (V<) and (6.8), we obtain

To@) < [ Ieo.)(u)] + G Huty

< (ulieioy + 162 gy [ I w)dto)
< C(Hu||L°°(Q) + HGBfHLoo(B))Tiﬁ‘
Substituting this estimate into (5.11) and using that
10l o3y < Nl gy + G2 £l ey

we obtain

P\
s 0% € (8) (ull oy + 167 ) (512
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By (E<) we have

1GZ Fll ey S NGPH e 1l ooy < C77 1 fll oo
Combining this with (5.12), we obtain

osc u< osc v+ osc GPf
B(z0,p) B(zo,p) B(zo,p)

)

< C(2)" (Wl oy + 1627 | gy ) + 2N GZ | ey
.

< C(8) ull gy + €7 1 e ey

which proves (5.10). O

5.3. Estimates for the heat semigroup.

Lemma 5.10. Suppose (V) and (J>) are satisfied. Let 2 be an open subset of M. Fix f €
L' N L2(Q) and set w = Pt f. Then u satisfies the following inequalities, for any t > 0:

E’ﬁt
e ey < € 11 (5.13)
and
eﬁ_ﬁt
[0cu(-, )] ooy < Ctl+—a/ﬁ PRIV (5.14)

where Oyu(-,t) is the Fréchet derivative of the L? (Q)-valued function t — u (-,t). Besides, for
allt >s>71>0,

R s

e
[u(st) =u(8)|[ ooy S C(E—s) gy 1l Ly - (5.15)
The constant C' depends only on the constants in the hypotheses (V') and (J<).

Proof. By (V)+(J>) and Lemma 3.5, we have the Nash inequality (Nash) for (£, F). Therefore,
we have the Nash inequality also for (€, F (2)). Since in what follows we will use only the Nash
inequality, we can assume without loss of generality and for the sake of simplicity of notations
that Q = M, so that u = P,f. Applying [9, Theorem 2.1], we obtain

=0
Celt 1
1Bl 1 oo < “alB (5.16)

whence

7—[‘3
Ce R
HBfHLOO = ta/'B ||f||L1 )

which proves (5.13).
To prove (5.14), let us first obtain an upper bound of ||P;||z1_,z2. By Markov property, P; is
a contraction in L', that is,

[Pigllzr < llgllz: for all g € LY. (5.17)
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Using (5.16) and (5.17), we obtain, for any h € L' N L? and ¢ > 0,
sup |(FPth,g)| = sup |[(h, Pig)| < |[Allr> sup [|Pgllz

lgllL1=1 lgll1=1 lgllL1=1
< |l sup VIIPigllpel| Prgll o1
gl 1=1
Ceﬁ’ﬁt
< [|h]lz sup \/—||g||L1||g||L1
lalli=1 V277
R P12
e
= \/Eta/ (25) [Al -
It follows that
R /2
HPtHL2—>L°° < \/— ta/(26) (518)
whence by the duality
oR t/2
HPtHL1—>L2 ”PtHL2—>L°° < \/_ 1o/ (20) (5.19)
Since, for any s € (0,t),
Pif = Pshf
and P, is a bounded operator in L?, we obtain
Ok (Pef) = Ps (OtPr—sf) -
Using this identity and the following inequality (see [26, Lemma 5.4])
105 (Psf) [z < —|| s/2.f 12, (5.20)
we obtain
10 (B f) | zoe = [[PsO (Pe—s ) [loo
< [Psllp2— oo 10 (FPi—sf) [| 2
2
S M Bsllzz— oo = 1Bu—s) 2l 2
2
< EHPSHLQHLOOHp(tfs)/Z”L1—>L2 Il
Setting here s = t/2 and using (5.18), (5.19), we obtain
Rt
10 (Pef) |z < CtHa/ﬁ 11l 1

which proves (5.14).
Finally, let us prove (5.15). For simplicity let us rename 7 into 27, so that t > s > 27. We
have

1Pef = Psfllpee = 1Pr (Peer f = Psr )l o < N Prllpzpoo 1Bo—rf = Psr fll 2 -
Next, using (5.20), we obtain

t—T1
/ ¢ (Pe f) dg

—T

t—1

t—1 2
I / 0 (Pepllad < [ Z |1 Pead] e

-7 s—T

\Prf = Porflye — \

IN

(t — S - HPT/2fHL2 >~ t - S - HPT/2HL1—>L2 ||f||L1 '
Hence, it follows that

2
1Pf = Pufllioe < (6= 8) = 1Pl oo [ Proll o 11
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Substituting the estimates (5.18) and (5.19), we obtain (5.15). O
5.4. Oscillation inequality and Hoélder continuity for the heat semigroup.

Lemma 5.11. Assume that (V'), (J) and (AB) are satisfied. Let Q be a non-empty open subset
of M. Fiz a function f € LY Q)N L3(Q) and set u(x,t) = PZf(x). Then, for any ball
B(zo,R) C Q of radius R € (0, R), for any t > 0 and p < n(t"? A R), the following inequality

holds:
——8

- et 't p 0
pose ul0) < O () Iz (5.21)
where 5
- —_ BN/
Gy 1=°

and the constant C > 0 depends only on the constants in the condition (V'), (J) and (AB). Here
~v and o are the constants from Lemma 5.9.

Proof. Tt is known that, for all ¢ > 0, the function w(-,t) belongs to dom (EQ), is Frechet
differentiable in ¢ as a path in L? (Q), and satisfies dyu(-,t) = —L%u (-, t). It follows that, for
any ¢ € F(Q) and t > 0,

& (u (?t) 7¢) = (‘Cﬂu (7t) 7¢) = (atu (7t) )¢) )
which means that u is a weak solution in 2 of the equation
Lu(-,t) = —0wu(-,t).

By Lemma 5.10, we have u(-,t) € L*°(Q) and Oyu(-,t) € L*°(Q2) for all ¢ > 0.
Note that p < n(t'/® A R) < oR. Chose some r € [p,0R] to be specified below, and set
B := B(zg,r). By Lemmas 5.9 and 5.10 we obtain, for any ¢ > 0,

osc u(-,t) < C ((g)v llull oo ) + r’ ”8tuHL°°(B)>

B(zo,p)
R 8
e P\ T
< ((E A
<o (&) + %) Wl

7t 3
e J AN &
<C—— | (= — ) :
<0 (Q + T)Hfuﬂ (5.22)
where
r=tARP.

Let us now specify r from the equation

that is .
r= (g

Note that

p < n(tl/ﬁ AR) = 777-1/5
whence it follows that )

r= (0 (o/m)”) ™ > p
and e

r < ((7771//6>WT> S nﬁiﬂTl/ﬂ < nﬁ%vR =oR.

Hence, r € [p,oR] as required. For this choice of r, we have

By
—Zl(pVT)%:p%T*ﬁiﬂ:( p ) =N
T T -
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Therefore, inequality (5.21) follows from (5.22). O

For any set U C M, denote by U, the open r-neighborhood of U, that is,
U= U B(z,r).

zelU
Lemma 5.12. Assume that (V), (J) and (AB) are satisfied. Let Q be an open subset of M.
Fiz a function f € L' N L?(Q) and set u (-,t) = P*f.
(a) For any t > 0, the function u(-,t) has a locally Hélder continuous version u(-,t) in Q0 with
the Holder exponent 0. Moreover, the function u (x,t) is jointly continuous in (z,t) € Q% (0, 00).
(b) For any open subset U of ), we have, for all z,2’ € U,

Rt AN
~ ~ e d(z,z)
e,t) ~ (a0 = € (S50 ) Wl (5.29
where
R=sup{re[0,R):U, C Q} (5.24)

and 0 is the same constant as in Lemma 5.11.
(¢) In the case Q = M, the function u (xz,t) is Holder continuous in x € M, jointly continuous
in (z,t) € M x (0,00), and (5.23) holds for all x,2’ € M and with R = R.

Proof. (a) The fact that u (-, t) has a Holder continuous version u(-,t) follows from (5.21) by a
standard argument.
By (5.15), we have, for allt > s >7 >0,

R r

~ ~ e
_ < —g) —
sup i ,8) = (0,9 £ C (4= 8) T Loy
which implies that the function ¢ — u (x,t) is continuous in ¢ € (0, co) uniformly in = € €. Since
the function = — u(x,t) is continuous in x € 2, we conclude that u (x,t) is jointly continuous
in (z,t). _

(b) It suffices to prove (5.23) for any R < R such that Ur C . Then we have B(z,R) C Q
for any x € U. Set 7 =t A R®. By Lemma 5.11, we obtain
N Eiﬂt p 0
e T < O (=75) 1120y (5.25)

provided p < nr/8. If p > nr/8 then we obtain by Lemma 5.10

R P
. e
B(zicp)u(-,t) < 2ul = < C—z5 1 fllae)
R P —0 0
—ot (P _r
= C5arp (71/5) (71/ﬁ> Il @)

R 0
-0¢ P
< Cn e (m) 1l -

Hence, by adjusting the constant C, we obtain that (5.21) holds for all p > 0. Choosing
p=d(x,2'), we obtain (5.23).

(c) If © = M, then applying the first statement with U = M we obtain by (5.24) that R = R.
Hence, (5.23) holds with R = R for all 2,2’ € M, which implies that @ is Hélder continuous in
M. ]
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5.5. Existence and the Holder continuity of the heat kernel. Recall that the heat kernel
pt (z,y) is the integral kernel of the heat semigroup { P;}. In particular, for any ¢ > 0, the function
pt (z,y) is a measurable function of (z,y) € M x M. By Lemma 5.12, under the hypotheses
(V),(J),(AB), the function P,f (x) has a continuous version for any f € L' N L? (M). From
now on let us use the notation P, f (x) for this continuous version. In particular, the semigroup
identity
P)t+sf (x) =5 (Psf) (33)

holds for all x € M and t,s > 0.

We say that a function p; (z,y) of t > 0, x,y € M is a continuous heat kernel if, for any t > 0,
the function x,y — p; (z,y) is continuous in (z,y) € M x M and, for any f € L* N L? (M),

Bf (z) = /Mpt (.9) f () dpe (1)

for all t > 0 and x € M.
If p¢ is a continuous heat kernel then the properties of the heat semigroup {P;} imply the
following properties of p;, for all z,y € M and t,s > O:

(1) pe (2,y) = 0 and [|p; (z, -)[| 1 < 15
(2) pe(2,y) =pe (y, v);
(3) prgs (@, y) = [yt (m,2) s (2,y) du (2) -
All these apply to the heat semigroup {PtQ}, where 2 C M is any open set. We use the
notation P{?f (z) for the continuous version, and define the notion of a continuous heat kernel
P (2,%) in the same way.

Lemma 5.13. Let (€, F) be a regular Dirichlet form with jump kernel J. Assume that (V'), (J)
and (AB) are satisfied.

For any non-empty open set Q C M, there exists a (locally Holder) continuous heat kernel
pit(x,y). Moreover, the function pi® (x,vy) is jointly continuous in (x,y,t) € Q x Q x (0,00) and
satisfies the upper bound

E*ﬂ
e
to/B

t

sup p;’ (,y) < C (5.26)

z,y€ef)
In the case M = Q, the function pi(x,y) satisfies the following estimate: for all x,x',y,y € M

and t >0,
R %t / 0 / 0
o o € d(l‘,l‘) d(y’y)
‘pt(ﬂhy) Pt(x Y )‘ <C /B <<t1/ﬁ /\R) + (m s (527)

where 0 is the constant of Lemma 5.11 and the constant C > 0 depends only on the constants
in the condition (V), (J) and (AB).

Proof. For simplicity we restrict ourself to the heat kernel p; (x,y), while the claims related to
pit(x,y) are proved in the same way.

By Lemma 5.12, for any f € L' N L? (M) and t > 0, the function P, f is Holder continuous
and satisfies the following estimate, for all ¢ > 0 and z,2’ € M,

R_ﬁt d / 0
5@ Pse)] < O (AT gl (5.29

Furthermore, by Lemma 5.10, we have, for all ¢ > 0 and z € M,
eﬁfﬁt
[P f(z)] < Carm 1Al (5.29)

It follows from (5.29) that the mapping f — P;f(z) (for any fixed ¢t > 0 and z € M) extends to
a bounded linear functional on L!'(M). Hence, there exists a function ¢, € L°(M) such that,
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for any f € L' (M),

Puf(x) = /M Gt di = (Geo ) (5.30)
and
eﬁ_ﬁt
latallze < C—75 (5.31)

By the Markov properties of P, we have
Gtg >0 prae. in M and ||z < 1. (5.32)

In particular, ¢, € L N L' and, hence, ¢, € L.
For any 0 < s <t and x,y € M, let us define the function

Dt,s (.’L‘, y) = /M Qt—s,:pQS,ydﬂ = Pt—st,y(JU) = Pth—s,x(y)' (533)

Let us prove some properties of p; s(z,y).
(i) For any f € L' and 0 < s < t, we have

(pt,s(vra ')7 f) = (PSQtfs,za f) = (Qtfs,xa Psf) =P (Psf) (l') = Ptf(x) = (Qt,a:a f) .
It follows that

Pts(T,-) = qrp pae in M. (5.34)
(1) Applying (5.28) with f = g5, and using that ||gsy[/,;1 < 1, we obtain, for all z,2',y € M,
‘pt,s (1’, Z/) - pt,s(x/7 y)‘ = ‘Pt—SQS,y(x) - Pt—s‘]s,y(xl)‘
R (t—s) d / 0
< c= (@) _ (5.35)
(t—s)/B \(t—s)V/PAR
Similarly, we have, for all 2/,y,y’ € M.
R "s / 0
’ ro € d(y,y')

— < — . .

el =~ /)| < s (S5 (5:36)

Adding up the above two inequalities, we see that p; s(z,y) is jointly Holder continuous in (z,y)
with the Holder exponent 6.
(i) Tt follows from (5.34) that, for all z € M and s',s” € (0,1),

Prs (2,9) = pr,sr (2, )

for p-a.a. y € M. By the continuity of p; s (x,y) in (z,y), we conclude that this identity holds
for all y € M. In other words, pt s(z,y) is independent of the choice of s. Hence, we set, for all
z,y € M and t > 0,

bt (.ZE, y) = DPt,s (l’, y) (537)
It follows from (5.30), (5.34) and (5.37) that p; (x,y) is a continuous heat kernel.

By (ii), the function p(x,y) is Holder continuous in (x,y) with the Holder exponent 6.
Moreover, letting s — 0 in (5.35) and s — ¢ in (5.36), and then adding up the two inequalities,
we obtain (5.27).

The estimate (5.26) follows from (5.31), (5.34) and (5.37).

Finally, let us show that p; (x, y) is jointly continuous in (z,y,t). For that, it suffices to verify
that the function ¢ — p; (z,y) is continuous in ¢ uniformly in (x,y). Indeed, by (5.33), (5.15)
and (5.32), we obtain, for all t > s > 27 >0

R_’BQT
e
|pt (JI, y) — Ds (557 y)‘ = ’Pt—TQ’T,y(x) - Ps—TQT,y (:E)| S C (t - 5) 7—1+—a/ﬂ’

whence the claim follows. ]
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5.6. Proof of Theorem 2.10. As we have already mentioned in Section 2.5, in order to com-
plete the proof of Theorem 2.10, it remains to prove (2.24), that is, to derive (S) and (NLE)
under the standing assumptions (V), (J), (AB).

Condition (S) holds by Corollary 5.7. By Lemma 5.13, we obtain that there is a continuous
heat kernel p;(x,y). Moreover, for each ball B C M, the heat kernel pf (x,7) also exists and is
continuous.

Let us now prove (NLE). Let €, be the constants in condition (S). Fix x € M, t € (0, Rﬁ)
and consider the ball B = B(z, 5(t/2)1/5) By conditions (.S) and (V<), we have

2
pe(z, @) = /Mpt/z(:c,y)Qdu(y) > / pio(x,y) duly ( Bpt/g z,y)du(y ))

(e) e
T uB) T O AT el

By the inequality (5.27) of Lemma 5.13, we have, for all x,y € M and ¢ € (O,Eﬁ),

(6] d(ﬂf,y) ‘
Ipe(z,2) — pe(z,y)| < 1o/ ( +1/8 >

It follows that

0
pe(@,y) 2 pi(@, 2) = |pe(@, @) = pel, )| = ta% (Cl — ¢ (dif/§)> ) .

1/6
Therefore, if d(z,y) < (2%) t1/8 then

which is equivalent to (NLE) and thus finishes the proof.

6. SOME CONSEQUENCES

In this section we prove some consequences of Theorem 2.10.

6.1. Green function. Let © be an open subset of M. If the Green operator G (cf. Section
5.1) has an integral kernel then the latter is called the Green function in Q and is denoted by
g (z,y). In other words, g% (x,y) is a p-measurable function in z,y that satisfies the following
identity

G2f (2) = | o) ()dto)
for all non-negative f € L? (Q) and p-a.a. x € Q.

Definition 6.1 (Condition (g>)). There exist constants d,0 € (0,1) and ¢ > 0 such that, for
any ball B := B(zg,r) of radius r € (0,0 R), the Green function g?(z,y) exists and satisfies

g2 (x,y) > P, for p-a.a. x,y € B(xg, or).

Corollary 6.2. Let (£, F) be a reqular jump type Dirichlet form on L*(M, ) with a jump kernel
J. If (M,d, ) satisfies (V) then the following equivalence holds

(J) + (92) & (UE) + (LE).

Proof. Let us first prove that
(/) + (92) = (UE) + (LE)
By Theorem 2.10, it suffices to prove the implication:

(V) + (J2) + (92) = (9). (6.1)
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Indeed, for any ball B := B(zq,r) of radius r € (0,0R), and for pu-a.a. € §B, we have, using
(9>) and (V>),

GP1(z) = /B o8 (2 y)duly) > /5 " @)dn(y) > € u6B) = o

which together with Remark 5.3 implies the condition (E>).
By Lemma 5.4, we have

V) + (Jz) = (E<),
and by Lemma 5.6 (E) = (5), which finishes the proof of (6.1).
Let us prove the opposite implication

(UE) + (LE) = (J) + (g>)-
By Theorem 2.10, it suffices to prove that
(UE) + (LE) = (g>)-

Let us first verify the existence of the Green function g? for any ball B := B(zq,) be a ball of
radius 7 € (0,0R), where o € (0,1) is to be specified. By Theorem 2.10, (UE) + (LE) imply
(J) whence by Lemma 3.5 we obtain (F'K). Setting o to be the constant from (F'K), we obtain
that A1 (B) > 0. Recall that the heat kernel pP (z,y) is continuous jointly in t,x,y. Since
HPtBH2H2 < e~ MB) it follows that pP (x,y) decays exponentially as ¢t — co. Combining this
with (UE), we see that the integral

/ pP (z,y)dt
0

converges for all distinct z,y € B and, hence, determines the Green function ¢ (z,y).

Let us now verify the lower bound (g>). Let 6 € (0,1/4) be a small number to be determined
later. Let B be the ball as above and f € L' N L°°(6B) be an arbitrary non-negative function.
By [21, (4.1), p.2626], we have, for all ¢ > 0 and p-a.a. z € B,

PP f(z) > Pif(x) — sup ||Psfllzo(xe), (6.2)
0<s<t

where K = (%_B) Since P,f and PP f are continuous by Theorem 2.10 and Lemma 5.12, this
inequality holds for all z € B. Since f is arbitrary and the heat kernels p? and p; are continuous
functions (cf. Lemma 5.13), it follows from (6.2) that, for all =,y € B and t > 0,

e (2,y) > pi(z,y) = sup  sup  py(z,w). (6.3)
0<s<t 2€K°,wesB

By (LE) we obtain, for all ¢t < (57")6 <R’ and z,y € 0B, that

t ct
>c(t/B A = : 6.4
bt (wvy) ZcC < (257‘)a+5) (2(57")a+ﬁ ( )
For all z € K¢, w € §B, we have
1 1
d(z,w) >d(xo,2) — d(xg,w) > <§ —5) r> 1"

where we have used that § < %; By (UFE), we obtain, for all such z,w and 0 < s <t that

( ) < Cs < Ct
Ps\Z, W) = d(z,y)a"‘ﬁ < (Lll'r)a‘f‘ﬁ'

(6.5)

Combining (6.3), (6.4) and (6.5), we obtain, for all ¢ < (67)° and z,y € 6B,

B (3.y) > ct o . t
Pe 54 = (20r)a+B  (dp)ats — Tpats
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assuming that § = 0 (¢, C) > 0 is sufficiently small. It follows that

00 (57")ﬁ ¢ c (57,)25
B _ _ - _ 1.«
g (ﬂ%y)—/0 pt(x,y)dtZ/o ot =5 o = %
which finishes the proof of (g>). O

6.2. Asymptotic behavior of the heat semigroup. If the heat kernel p; (x,y) exists then
the operator P; extends to all measurable functions f on M by

Pf (z) = /Mpt (.9) f () du (v)

provided the integral converges.

Corollary 6.3. Let (£,F) be a regular, jump type Dirichlet form on L?(M, 1) with a jump
kernel J. Assume that (V), (J) and (Gcap) are satisfied with R = co. Fiz some xg € M. Then,
for any measurable function f on M such that

/M (1 + d(y»$0)6> |f ()l dp (y) < o0

we have

P.f (z) = Kpt (z, x0) (1 +0 (t_9/6)> as t — oo, (6.6)
where K = fM fdup and 6 > 0 is the exponent from Lemma 5.11.
Proof. Using the definitions of P;f and K, we obtain

PBif (2) - Kpy (z,70) = / (e (@,9) — pr (2,20)) £ (1) dpu(y).

M
By Lemma 5.13, we have

c d(y,.l'(]) ’
o) = (o) < o (1)

which implies

C
‘Ptf(x) — Kpi (x,20)] < W/Md(y;%)e ’f(?/)‘dﬂ (y)
< C
= to/BH0/8°

Finally, it remains to observe that, by Theorem 2.10 with R = oo,
S ¢
pe (@, m0) > 1a/B
for large enough ¢, whence (6.6) follows. O
APPENDIX

The inequalities in the following proposition are frequently used in this paper.

Proposition 6.4. If (V<) is satisfies then, for all v >0 and x € M,

dp(y) c
—_— < 6.7
/%(a:,r)c d(xjy)a-i-ﬂ P (6.7)
Consequently, if (V<) and (J<) are satisfied, then, for all 7 >0 and z € M,
C
[ gt < 5 (63
B(z,r)c r

The constant C > 0 depends only on «, 3 and the constants in the conditions (V<) and (J<).
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Proof. Set rj, = 2Fr for all non-negative integers k and By, = B (x, 7). Using (V<), we obtain

/ dp(y) i / _dply)
B(z,r)° d(z,y)>+h k=0 ¥ Br+1\Bk d(xvy)a—i_ﬁ
= du (y)
s
;) Br+1\Bk Tk+ﬂ
<

i t (By1)
a+p3
k=0 Tk

< C’Zrk_ﬂ < C'r P,
k=0
which proves (6.7). Clearly, (6.8) follows from (6.7) and (J<). O

Proposition 6.5. Suppose that u = w + a € F' with w € F and a € R, v € F N L™ and that
F:R— R is a Lipschitz function. The following is true:

(i) F(u) — F(a) € F and so, F(u) € F'.
(#9) If in addition F(u) € L™, then F(u)v € F N L.
(131) Let Q2 be an open subset of M. If in addition v € F(Q), then, F(u)v € F(2).
Proof. Denote the Lipschitz constant of F' by L and define

wo) = Pt aj)_J— Fla)

() Since F(u) — F(a) = Lh(w), it suffices to prove h(w) € F. By (6.9), h satisfies
|h(t) — h(s)| < |t—s| and h(0)=0.
Hence, h(w) is a normal contraction of w. By the Markov property of (£, F), h(w) € F and so,
F(u) = Lh(u —a) + F(a) = Lh(w) + F(a) € F'.

(73) By (i), the fact that F'(u) € L* implies h(w) € FNL>*. Hence by [14, Theorem 1.4.2(ii)],
h(w)v € FN L, since v € F N L*. Consequently,

F(u)v = (Lh(u — a) + F(a))v = Lh(w)v 4+ F(a)v € F N L.

teR. (6.9)

—

(7i7) Let h(w) and v be the quasi-continuous modifications of h(w) and v respectively. Then,

f/LE\’L_U/)E is the quasi-continuous modification of h(w)v. Since v € F(Q),

—~

h(w)v =0, q.e. in Q°.
Hence, h(w)v € F(2) and so, F(u)v = Lh(w)v + F(a)v € F(Q). O
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