AFFINE PERIPLECTIC BRAUER ALGEBRAS

CHIH-WHI CHEN AND YUNG-NING PENG

ABSTRACT. We formulate Nazarov-Wenzl type algebras ﬁd_ for the representation theory of
the periplectic Lie superalgebras p(n). We establish a Arakawa-Suzuki type functor to provide
a connection between p(n)-representations and FJ -representations. We also consider various
tensor product representations for Iﬁd‘ . The periplectic Brauer algebra A, developed by Moon
is a quotient of ﬁd_ . In particular, actions induced by Jucys-Murphy elements can be reobtained
under the tensor product representation of ﬁd_ . Moreover, a Poincare-Birkhoff-Witt type basis
for PJ is obtained.

1. INTRODUCTION

1.1.  The periplectic Lie superalgebra p(n) is a superanalogue of the orthogonal or symplectic
Lie algebra preserving an odd non-degenerate symmetric or skew-symmetric bilinear form. In
the past three decades, there have been some related studies on p(n)-representation theory, see,
e.g., [Schl, [PS], [Gdl, [Sel], [Ch] and [Co|. However, the representation theory of the periplectic
Lie superalgebra is still not well understood. One of the main reasons is that many classical
and traditional methods in representation theory are not applicable. In particular, the center
of its universal enveloping algebra fails to provide us with information about the blocks in the
respective categories (cf. [Gd]).

1.2. In recent years, diagrammatically defined algebras naturally have appeared in numer-
ous areas of mathematics. In particular, their representation theory have recently aroused
much interest. The very first exposition in representation theory was studied by Brauer in his
celebrated paper [Br| where the Brauer algebras was formulated as centralizers:

BTd((S) — EndG(V®d),

where G ¢ GL(V') is the orthogonal or symplectic group. The method of establishing a link
between representation theories via diagram algebras have attracted considerable attention and
offers new perspectives in representation theory.

Brauer’s theory has been known to admit a generalization in the Zy-graded setting (see,
e.g., [BSR]). In particular, Moon introduced and studied a Brauer type algebra A, in [Mo] for
the first time by giving generators and relations of A;. Furthermore, the connection between
tensor product representations of p(n) and A, were established. Moon used Bergman’s diamond
Lemma to prove that the dimension of A, is identical to the Brauer algebra Bry(0) and noticed
that the generators and relations of A; bear resemblance to Brg(0). Later on, Kujawa and
Tharp provided a diagrammatically defined algebras in [KT], which gave a uniform method to

study the algebras of Brauer and Moon simultaneously.
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In a recent article [Co], Coulembier studied the periplectic Brauer algebra, which is exactly
the algebra Ay discovered by Moon, for the invariant theory for p(n). As an application, the
blocks in the category of finite dimensional weight modules over p(n) has been determined.

1.3. The degenerate affine Nazarov-Wenzl algebra We(d), introduced in [Na, Section 4], can
be regarded as an affine analog of the Brauer algebra Bry(0). In particular, Bry(0) can be
regarded as a homomorphic image of We(d), where the Jucys-Murphy elements in Bry(0)
appeared as the images of the polynomial generators in We(d).

The main purpose of this paper is to study the affine version of periplectic Brauer algebras.
We first formulate the definition of the affine periplectic Brauer algebra ﬁd* by generators and
relations, together with an action of ﬁd‘ on M @V® where M is an arbitrary p(n)-module and
V = Cnl". In particular, the construction allows us to define an Arakawa-Suzuki type functor F
from the category of p(n)-modules to the category of pd‘—modules; a similar approach appears
also in [B+9| Section 4], where the properties and applications of similar functors are studied.
In the second part, we establish a homomorphism from ?d‘ to the periplectic Brauer algebra
Ag; in particular, the Jucys-Murphy elements of Ay given in [Co] are precisely the images of
certain polynomial generators of ﬁdﬁ Finally, we give a Poincare-Birkhoff-Witt type basis for
Py

1.4. This paper is organized as follows. In Section [2] some basic definition and notation for Lie
superalgebras gl(n|n) and p(n) are introduced. Subsequently, we gives an explicit construction
of a Casimir-like element C'. The definition of the affine periplectic Brauer algebra Pd* and a
p(n)-analogue of Arakawa-Suzuki type functor F are established in Section . Particularly, we
evaluate the functor F at various p(n)-modules in Section |4} Finally, a Poincare-Birkhoff-Witt
type basis for Pd‘ is given in Section

1.5.  Throughout the paper, the symbols Z, N, and Z, stand for the sets of all, positive and
non-negative integers, respectively. All vector spaces, algebras, tensor products, et cetera, are
over the field of complex numbers C. For given nonegative integers m,n, we define a partial
ordered set I(mn) :={1<2<--<m<1<2<-<7}. Forasupersapce M = Mz ® Mz and a
given homogenous element m € M, (x € Zy), we let m= x.

Acknowledgement. We are grateful to Weiqiang Wang and Shun-Jen Cheng for their
suggestion which triggered this collaboration, and for the crucial questions/advice they have
given during this project. We thank Yongjie Wang for providing us with the references [KT)
Mo]. Peng is partially supported by MOST grant 105-2628-M-008-004-MY4 and NCTS Young
Theorist Award 2015. At almost the same time that we posted the first version of the present
article, Balagovic et al also posted [B+9] on the arxiv, which contains results overlapping with
ours. We are grateful to Vera Serganova for communication.

2. LIE SUPERALGEBRAS gl(m|n) AND p(n)

2.1. Basic setting and notation for gl(n|n) and p(n). Let m,n € Z,. Let C™" be the
complex superspace of superdimension (m|n). The general linear Lie superalgebra gl(m|n) may
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be realized as (m +mn) x (m +n) complex matrices:

x-(47) 2.)

where A, B,C and D are respectively m x m, m xn,n xm,n xn matrices. Let Str: gl(m|n) - C
denote the supertrace function given by Str(X) =tr A —tr D.

In the rest of this paper, we fix m = n and let I := I(n|n) = {1,2,---,n,1,2,---,7} and let
10 := {1,2,--,n}. Let {e;}i.s be the basis of the standard gl(n|n)-representation V := Cl*,
where (C™")g = Y0 Ce; and (C"")g = ¥,;c7 0 Ce;. For each i € I\I°, we set i = i.

Throughout this paper, let

g=0907
denote the periplectic Lie superalgebra p(n) defined in [Ka]. Recall that g admits a Z-gradation
g9=0.1g®g,1 where go = g5 = gl(n), g_1 =2 A*(C™), and g,; = S2(C") as go-modules. The
standard matrix realization is given by
A U ) i : .
p(n) = oA ,where U is symmetric and L is skew-symmetric ; c gl(n|n).

It is well-known that gl(n|n) % g @ g* as g-modules, and the Z-gradation of p(n) is compatible
with the Z,-grading of gl(n|n).

2.2. A Casimir-like element. As explained in the introduction of [B49], one of the difficulties
in the study of the representation theory of p(n) is the lack of quadratic Casimir elements in
U(p(n)). However, a key observation is that the embedding p(n) c gl(n|n) = g ® g* allows one
to construct a Casimir-like element, see [B+9, Section 4.1]. As a result, some of the classical
approaches can be applied after suitable modifications if necessary.

Proposition 2.1. [B+9, Lemma 4.1.2], [Co| Let {z;} be a basis for g and let {z}} be the dual
basis for g* with respect to the supertrace form given by Str(x}x;) = 6;;. Then we have T; = x_j,
for all 1 <1 <dim g. Moreover, let

dim g

C= > z;®x; eg®gl(nn). (2.2)
i=1

Then for each g-module M, we have C' € Endg(M ® V).

Proof. Set ¢ = dimg. For each 1< a,b < {, write [x4, 23] = Zgzl C%xy. It is a well-known fact
that the supertrace form is an even supersymmetric invariant bilinear form on gl(n|n), and
hence we have T; = x_i*, V1<i</.

Since Str(zy Zf,=1 Cl (-1)Taxt) = CF = (=1)"Str([g, xa]xy) = (-1)"Str(ax[2q, 27 ]) for all
1 <a,bk <l we have that [z,,2]] = Zgzl Cga(—l)mlt*Ea:;, forall 1<a,b<f. Nowfix 1<k</
and homogenous elements m € M, v e V. By using the fact that Cf; = (-1)"*%% C;, together
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with the fact that C; # 0 implies 7 + 7; = 7, we have

C(zr(m®v))) = (Z ;@2 ) (zpem @ v+ (=1)""m ® 13,0)
¢
=>{((-1) (@+m)a] [T,z Mm@ xfv) + ((- 1)””‘” Mm@ [2F, 1 ]v)} + 2. (C(mew))
i=1

¢
= Z{(( 1 (z“m)maC’kxm@x v)+((- 1)‘“’"” T TR bz o] 1Chaim e ziv)} + i (C(m e v))
i,7=1

= S () T+ ()T L) (1m @ 250)) + 4(Cm 910)
ij=1

=1, (C(mev)).

The last equality follows from the following fact:

If C’;k # 0 then we have T; + Ty + 7; =0 (mod 2), and so

(x—k+m)x_;z (T +M)(Ti + Tx) = Tg + T T + Tpm + M

=T, + T + 2] T + Tpm + 27 m (mod 2).

We decompose gl(n|n) into a direct sum of g-submodules g and g* as follows:

. A U
gl(njn)=geg :gEB{(L At )‘Ut:—U, Lt:L}_

Let ¢ =dimg. A choice of basis {x;} for g and its dual basis {z}} for g* is given as follows with
respect to the supertrace form (z;, x%) := Str(z}z;).

(i 2 Yo 5 o
(e 5 (2 )

1( e 0 1 0 0
0 . * o_ ts * . _ T
{ZEJ J=1-" {Est T 2 ( 0 €st )}U{Xst : 2 ( Cis + st O )} U
* . 0 0 * . 1 0 €st ~ Ets
P (ol o Jula (0 o))

where 1 < s #t <n. Here ey denotes the elementary n x n matrix with (s,t)-entry 1 and zero

elsewhere. Throughout this article, we shall consider the element C' with respect to the above
choice of bases.



AFFINE PERIPLECTIC BRAUER ALGEBRAS 5

3. AFFINE PERIPLECTIC BRAUER ALGEBRAS

3.1. Generators and Relations. In this section, we give the definition of the affine periplectic
Brauer algebra P , which is the main object studied in this article. It can be regarded as an
affine analogue of the periplectic Brauer algebra A, discussed in [Col [Mo] (also known as the
marked Brauer algebra in [KT]), or a periplectic analogue of the affine Nazarov-Wenzel algebra
studied in [ES, Nal.

Definition 3.1. Let d € N. The affine periplectic Brauer algebra, denoted by P is the
associative algebra over C generated by the elements

Sa; €a> Yjs 1<a<d-1,1<75<d,
subject to the relations (for all 1 <a,b,c<d-1and 1<4,j<d):
(P.1) sz=1
(P.2) (a) sqsp=8pSq for [a—b|>1

( ) ScSc+1Sc = Sc+1S¢Serl
(¢) Sq¥i = yiSq for i ¢ {a,a+ 1}
(P.3) e2=0
(P.4) erye; =0 for ke N
(P.5) (&) Se&p = €pSq and g,6p = p&, for [a—b|> 1
b
(c
(

)
(b) eayi = yicq for i ¢ {a,a+ 1}
) Yy = yjyz
(P.6) (a) €48, = = —S5,€4
(b) Sc€er18e = =Scr16c aNd EcEcr15e = EcSes
(C) Ec+1€cSe+1 = —Ec+1Sc and Sc+1€c€c+1 = Sc€e+l
(d) Ec+1€c€e+1 = —Ect1 and Ec€c+1Ec = —E¢
(P.7T) S4Ya — Yas1Sa = €a — 1 and Y484 — Sq¥Yar1 = —€a — 1
(PS) (a) ga(ya _ya+1) =¢&q
(b) (ya - ya+1)€a =&

Note that the relations without the appearance of any y; are precisely the defining relations
of the periplectic Brauer algebra Ay studied in [Col [Mo]. On the other hand, these relations
appeared in [ES| Definition 2.1] (see also [Na]) by setting all wy = 0 there, except for few
differences in signs.

3.2. An Arakawa-Suzuki type functor F. Let M be an arbitrary g-module. Denote by
Cuy,v € Endg(M ® V') the corresponding image of the Casimir-like element C' (see Proposition
in the action C'~ M ® V. Denote by s € Endy(V®2) the super-permutation

s(ea®ep) = (-1)"%¢, ®e,, fora,bel. (3.1)
Furthermore, define € € End,(V®?) by
g = QCV,V - S. (32)

Lemma 3.2.

i w0 ifa#b,
€(ea®€b)—(€a7€b);(ez®ei €i®€1)—{ Yir(1)%(e; ®e;), ifa= b.
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By abusing notation, we define the following elements in End(M ® V'®9):
5, =1d*" @ s@Id®* "', £,=1d*" ®e®1d® ", y;=2Cypyei1y ® 1A, (3.3)

for1<a<d —1,1<j<d. It shall be clear from the context when we regard these elements as
elements in P; and when as elements in End(M ® V®4).
Moreover, for 1 <i< j <d and homogenous m € M , we define €, ; € End(M ® V®4) by

Qi7j(m® €ty ® €, ® --- ®€td)
dimg I S
= 2 Z (_1)%(23:1 et5+m)+wk(25:1 et5+m)(m ® etl R R xketi R R :L‘]:etj R R etd)’
k=1

Qg7j(m® et ® e, -+ ®€td)
dim g il —
=2 3 ()T ) (m @ ey, ® €y, ® ®@Tpey, ® - ®€y,).
k=1

We may observe that
yi= Y. Oy, (3.4)

forall 1 <j<d.

Lemma 3.3. The elements s,, €4, y; defined by commute with the natural g-action on
M @ Ve, In other words, they belong to Endy(M @ V&?).

Proof. For ¢,, the statement follows from Lemma 3.2} For s,, a similar operator is defined in
[CW], Section 5.1], which is known to commutes with the action of gl(n|n) and hence commute
with the action of g. For y;, replacing M by M ® V®~! in Proposition and the lemma
follows. U

Proposition 3.4. The elements {S4,¢4,y;|1 <a<d-1,1<j<d} in Endg(M ® V®) satisfy
the relations (P.1)—(P.3) and (P.5)-(P.8).

Proof. We check by definition that these relations hold in End,(M ® V®?). Relations (P.1),
(P.2), (P5)(a), (P.5)(c), (P.6) are straightforward to check, where some of them can be found
in [Cd, Mo]; (P.3) is an immediate consequence of Lemma [3.2} (P.8)(a) and (P.8)(b) are
somehow involved and they are verified in Appendixes and [A.3]

Consider (P.5)(b). The proof is similar to [ES, Lemma 8.4]. If i < a + 1 then it obviously
holds. Assume that 7 > a + 1. Since the parity of the basis element z; € g and its dual basis
element x7 € g* must be the same, we may conclude that

Qgi0e,=6408),, forall s+ a,a+1.

Consequently, (P.5)(b) is equivalent to
(Qa,i + Qa+1,i) 0&qG=€g©° (Qa,i + Qa+1,i)'
The last equality follows from Lemma and (P.5)(b) is verified.
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We now check (P.7). Let m e M ® V®! and v € V®¥-2-1 he homogenous elements. Then for
all 7,7 € I, we have

(Yas1(sa(m @ €; ® €, ®0))) = yar1((-1)“mee; ®e€; ®v)
= Y ((-1)FG )Ty (m @ e)) ® Tje; ® V)
Ic

S (-7 E Ty m e e; @ xpe; @ v) + 9. ((-1)F7 5 m @ whe; ® The; ® v)
k k

SaYa(m®e; ®e; ®v) + Y ((-1)%5" "k m @ wie; ® zje; ® V)
z

SaYa(m®e;®@e; ®v) +me ((-1)%92Cyy(e; ®e;)) ® 0.
SaYa(Mm®e; ®e; V) +me ((s+¢c)os(e; ®e;)) @v.
(SaYa+1d+e,)(Mm®€; ®e; ®V),

where the last equality comes from (P.6)(a). The other equality of (P.7) can be proved in a
similar method. 4

Lemma 3.5. For any highest weight g-module M and any k € N, the operator e1y¥e; acts as
zero on M ® V&4,

Proof. By relations (P.8)(a), (P.5)(c) and (P.3), we have

eryzer = e1ya(yeer) = erge(yier +e1) = ewyi(yier +e1) +er(yier +€1) = eryier + 2a1yier.
On the other hand, by (P.8)(b), (P.5)(c) and (P.3), we have

erser = (e1y2)ye1 = (1y1 — €1)ye1 = (e1y1 — €1)y1e1 — (€191 — €1)e1 = 1yier — 2e1y1€1.
Therefore, e1y161 = 0. The general case follows from a similar argument and induction on k. [J

Remark 3.6. One may actually exclude (P.4) from the defining relations. We keep it here so
that one can compare with the relations in [ES, Definition 2.1].

As a consequence, we have the following p(n) analogue of the Arakawa-Suzuki functor;
cf. JAS].

Theorem 3.7. Let M be a highest weight p(n)-module. Then we have the following right action
of Py on M @ V®:

V- Sq = 8,(V), v-gqi=e,(v), v-y;=y;(v), (3.5)
forallve Mo Ve 1<a<d-1,1<j<d. In other words, there is an algebra homomorphism
Wy : Py — Endy(M @ V&4)orp, (3.6)

Proof. By Lemma , Proposition , and Lemma , all defining relations of ﬁd‘ are preserved
under W,,. O

Let p\d‘—mod denotes the category of ﬁd‘—modules. Observe that Theorem |3.7|defines a functor
F(e) :=e® V® from the category of highest weight g-modules to Pd‘—mod.
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4. TENSOR PRODUCT REPRESENTATIONS

In this section, we evaluate the functor F in Theorem at various g-modules M = V®* for
k € Z, to give a connection between tensor product representations of p(n) and P;.

4.1. Periplectic Brauer algebras. We start with the simplest case where M = C, the trivial
representation. Tt turns out that We(P;) is in fact the periplectic Brauer algebra in [Col, Mo].

Firstly we recall the Brauer (d,d)-diagram realization of A, in [Col [KT), Mo|. A Brauer
(d,d)-diagram is a graph with two rows of d vertices {1,2,...,d} and {I,2,...,d}, i above 7
for all 1 <i<d, and d-edges such that each vertex is connected to precisely one edge. That is,
Brauer (d,d)-diagrams correspond to all partitions of 2d-dots into pairs. The set G(d) of all
Brauer (d,d)-diagrams forms a basis of Brauer algebra originally defined by Brauer in [Br].

Let A be the periplectic Brauer category in which objects are positive integers and morphisms
are (d,d)-Brauer diagrams, see, e.g., [Cdl, Section 2.1]. Then

Ay =End(d).

We recall the generators 3; and g; for A,. For each 1 <i<d-1, denote by §; := (i,i+1) € Ay the
Brauer diagram with a line connecting the upper vertex i to the lower vertex i + 1, and with a
line connecting the upper vertex i + 1 to the lower vertex 7, and a line connecting j to j for each
Jj#i,i+1. Also, let & := (i,i+ 1) € Ay corresponds to the Brauer diagram which consists only
non-crossing propagating lines except for one cup and cap, connecting {i,i + 1} and {7,7 + 1},
respectively. The other elements (4, ) and (i,5) in Ay are defined analogously (see, e.g., [Ca,
Section 2.1.5]).

In [Mo], Moon proved that there is a tensor product representation for A, acting as a sub-
algebra of centralizer:

@D : Ad - Endp(n)(V@)d)‘ (41)

The homomorphism (4.1)) is an isomorphism provided n > d [Md, Theorem 4.5]. Tt is announced
by Serganova in [Se2, Theorem 3.5] that homomorphism (4.1)) is surjective for all n,d € N.

Set M = C, the trivial representation, in Theorem and we have the tensor product
representation of ﬁd‘ on C® Ved = Ved [n particular, b, Ue(sq), We(e,) coincide with
the image of the generators 3, g, in (4.1)). That is, we have W¢(s,) = ¥(5.), Ye(ea) = ¥(E,).

Next we consider the image W¢(y;). By again, Uc(€Qp ;) = 0 for all j. In particular,
Uc(yp) is the zero operator. Using the defining relations in A; [Mol Proposition 2.1], we have
the following identities for any 1 <i< j < d:

D (i) ) = (@i + 1)) =2, = 1)) (G =1,5) ) - (G = 2,5 = 1)) (6,0 + 1))
This implies that We () = ¥((2,5)) +¥((i,5)), for all 1<i<j <d. By , we have

Ue(y) = >, Uely)= >, (k) +v( (k,4) ).

0<k<j-1 1<k<j-1
Recall that the Jucys-Murphy elements {z;|1 < j < d} of A, are defined in [Col 6.1.1] by
setting z; = 0 and

zi= oy (i) + (i)).

1<i<j-1
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Our discussion above shows that U (y;) = ¢(z;) for all 1 <j<d.

In fact, Ay is a homomorphic image of ?d‘, where the Jucys-Murpy elements z; € Ay are pre-
cisely the image of the polynomial generators y; € ]/5d‘. This is parallel to the same phenomenon
appeared in the degenerate affine Hecke algebra and the group algebra of the symmetric group.
A similar phenomenon also appeared in the degenerate affine Nazarov-Wenzel algebra and the
Brauer algebra, see [Nal Section 4].

Theorem 4.1. The map 7 : Pd‘ — Ay given by

7(Sa) =Su, m(a) =Euy 7(Y;) = 2, (4.2)
1s an algebra epimorphism.
Proof. We check that the map 7 preserves the defining relations (P.1)—(P.8). It suffices to
check only the relations (P.2)(c), (P.4), (P.5)(b), (P.5)(c), (P.7), (P.8)(a), (P.8)(b). Relations
(P.2)(c) and (P.5)(b) follow from |Col Lemma 6.3.3]; (P.5)(c) follows from [Co, Lemma 6.1.2];

(P.4) follows from |Col Corollary 6.3.4]; (P.7) follows from [Co, Lemma 6.3.1] together with
(P.6)(a); P.8(a) and (P.8)(b) follow from [Col Lemma 6.3.1]. O

Remark 4.2. When n > d, the homomorphism (4.1) is an isomorphism [Mol Theorem 4.5]. In
this situation, the map 7 = (¢»)~! o U¢ gives a simple proof of the above theorem.

4.2. General tensor product representations. We are concerned in this subsection with
more general tensor product representations of Iﬁd‘ . Namely, we consider W, with M = V®mn,
m € N. The following is a p(n)-analogue of results in [Nal Section 4]. In particular, the map
is exactly the map 7 in Theorem [4.1]

Theorem 4.3. For each m € Z, there is an algebra homomorphism m,, : ﬁd‘ —> A,,1q such that

71-m(sa) :§m+a7 7Tm(‘c’:zz) = ngra; 71-m(yj) = Zm+j, (43)

foreach1<a<d-1and1<j<d.

Proof. In Ay, we have & zF& =0 forall 1<i<m+d and k € N (see, e.g., [Co, Corollary 6.3.4]).
It implies that defining relations of ﬁd‘ are all preserved under 7, for any m € Z. U

5. PBW BASIS THEOREM FOR P:;

In this section, we give a PBW type basis for I/D\d‘ by adapting the approach in |[Nal, Theo-
rem 4.6].

5.1. Regular monomials. We first recall the notion of regular monomials defined by Nazarov
in |[Nal (4.18)]. Recall that A, is a diagram algebra with basis G(d) of Brauer (d, d)-diagrams.
In the rest of this article, adapting the notation in Ay, we set (i,i+ 1) :=s;, (i,i+ 1) := &; to

be the generators of P;, while the general elements (4, ) and (i,j) for 1<i<j <d in P; are
defined analogously.
A monomial u € P in s4,&,y; is called regular if

i1, 02, J1, .92,

w =Yty oy gty eyl (5.1)
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where 7 € G(d) such that
if ke {ry,...r,} then i, =0, (5.2)
if ji #0 then t € {r],... 77}, (5.3)

where 71,79,...,rq € {1,2,...,d} (vesp. r{,...77 € {1,2,...,d}) are all upper (resp. lower) right
ends of horizontal edges of v. The following theorem is the main result in this section.

Theorem 5.1. The set of all regular monomials forms a basis for Fd‘.

The rest of this section is devoted to the proof of Theorem . We first equip ﬁd‘ with a
filtration by setting degrees of the generators as follows:

deg(s,) = deg(e,) =0, deg(y;) =1.

Denote by w, the image of y, in the corresponding graded algebra grpd‘. The following identities
in grP; come from (P.2)(c) and (P.7):

TwaT_l =Wra), TE Sy (5.4)
By (5.4) and (P.4), it follows that
(ij)wf(ij) =0, (5.5)

for all ke N and 7 # j. Again, by (5.4), (P.2)(c), (P.5)(b), (P.7), (P.8)(a) and (P.8)(b), we
obtain the following identities:

(i) we = wa(ij), for a+1i,7, (5.6)
@(wi—wj) =0= (wi—wj)@, for i+ j. (5.7)
The identities (5.4), (5.5)), (5.6) and (5.7) provide all ingredients for the following lemma.

Lemma 5.2. Pd‘ is spanned by the set of all reqular monomials.

Proof. The proof of this lemma is obtained by calculation on (d, d)-Brauer diagrams, which is
quite similar to that given in [Nal Lemma 4.4] and |[Na, Lemma 4.5], and we omit the details. [

To prove Theorem [5.1], it suffices to prove the linear independence of regular monomials. By
induction on degrees, it suffices to prove the linear independence of those terms having maximal
degree in a linear combination of regular monomials. This can be obtained by a similar method
as employed in the proof of [Nal, Lemma 4.8]. The major difference is the possible occurrence of
minus signs, which does not affect the validity of the proof. A heuristic argument, the details
of which we omit, will be given below. The key point for understanding arguments in the proof
of [Na, Lemma 4.8] is to use dots tracing from the upper row and the lower row.

As had been explained in the proof of [Nal Lemma 4.8], we may only consider a linear
combination F' € ﬁd* of regular monomials satisfying the following two assumptions:

(L1) F =¥}, axFy, where oy, € C\{0}, F} are regular monomials, and deg Fj, = m € N for all

k.
(L2) the number of horizontal edges of corresponding graphs in these terms are the same,
say 2r, for some r € Z,.
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We proceed our argument by considering the tensor product representation m,, in Theo-
rem [£.3] Consider the distinguished set G ¢ G(m + d) consisting of (m + d,m + d)-Brauer
diagram I" satisfying the following three conditions:

(i) T has exactly 2r horizontal edges. 3
(ii) There are no vertical edges in I' of the form {k,k} with 1 <k <m.
(iii) There are no horizontal edges in ' of the form {k,{} or {k,(}, with 1 <k, I <m.

Let F' = Y}, apF), satisfy the hypotheses (L1) and (L2) above. Suppose that F' = 0, then
definitely we have 7,,(F') =0 in A,,,4 for any m € Z,. Let CG be the subspace of A,,,4 spanned
by G. Recall the leading terms defined in [Nal Section 4] are those terms of the following form:

Iy (Nea,m+ 0)++(Negy,me+ 0) -y - Ty (N m+ 0)-++(Ng 5, m + 0),

where Ny1, Nea, ..., Neg, and Ny, Nyy, oo Ny (¢ =1,2,...,d) run over the set of all permu-
tations of {1,2,...,m}. As had been observed in the proof of [Na, Lemma 4.8], the projection
Pm of Apvg on CG classifies all terms in the expression of 7,,(F},) into leading and non-leading
terms.

Furthermore, p,, preserves all information of leading terms of each Fj, and all shape of the
non-leading terms do not coincide with that of leading terms. This forces that all a; must be
zero. Theorem [5.] follows from this observation.

Along with the proof of Theorem [5.1] we obtain a p(n) counterpart of [Na, Theorem 4.7].

Theorem 5.3. We have
() Ker(my,) = 0.

m>0

We conclude this article by a similar result in [Nal, Corollary 4.9]. Recall that the degenerate
affine Hecke algebra Hy (see e.g. [Di]) is generated by the group algebra of the symmetric group

C[64] and the polynomial generators vy, vs, ..., v subject to the relations
(1) s;v; =v;s; for j ¢ {i,i+1},
(2) siv; = V18 = —1, SiViy1 — V;S; = L.

The following corollary can be observed from the defining relations of ﬁJ .

Corollary 5.4. The map s, = Sq, €4 = 0, y; = v; defines a homomorphism from ﬁ; to Hy.

APPENDIX A.

A.1. We need some preparations to prove the relations (P.8) in Proposition . Note that we
may assume the relations (P.1)-(P.3), (P.5)(a), (P.5)(c), (P.6)-(P.7) hold in End,(M @ V&%),
since their proofs do not involve (P.8).

Lemma A.1. For each v e V&1 gnd w e V&4-(+D) e have

S (-1)Fmeve (zje, e+ (-1)7%e, @ vjer) @ w =0, (A1)
kel

ei(meve (zje,®ey+(-1)7%e, ® 7j6,) ® W) = 0. (A.2)
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Proof. Observe that e(V ® V') is a trivial g-module, and (A.1]) follows.
Consider (A.2).

ei(meve (zje,®ey+(-1)7%e, ® Tj6,) @ W) (A.3)

=g (m ®v® ((wjeq, er)e; ®ep + (-1)"%e, ® (xj€p,€4)€a) ® w) (A.4)

=meUe® (((a:jea, ep) + (—1)7% (zjep,€4)) D (-1)%e, ® ek) ®w = 0. (A.5)
kel

The equation (A.5)) follows from the following two facts
(i) (-1)%i*® = (-1)%* and so (-1)%% = (-1)%i% if (x;ep, e,) # 0.
(i) (zjep,eq) = —(=1)%%(z €4, €p).

The following lemma is an analog of [ES, Lemma 8.4].
Lemma A.2. For k>i+1 and >0, we have
(g + Q)i =0=e;(Qig + Qiv1x)- (A.6)
Proof. We first prove for i =1 and k = 3. We may observe that
((3+3)e1)(MBe, ®e;®e.)
=(Qs+Q23) D (-1)* meer @ e Qe

kel
=22 (FD)Fme e @ ep@xjec+ )] ) (-1)F UM @ ey © zier © T
7 kel J kel
=2 2. (-1)%*me (Ijek ®ept+ ) (-1)%%e; ® :Ejek) ® Tjee,
j kel kel

which is zero by Lemma
We now consider the right hand side of identity (A.6) as follows:

(81(9173 + 9273)) (m ®e, ®ep® 60)

=£ (Z(—l)ximm ® (xjea ®ep+ (—1)"ie, ® a:jeb) ® (—1)3”;(6‘”6“"1)95;66) ,
J

which is zero by Lemma [A.T]
Similar calculations hold for general i and k by using Lemma [A.T] This completes the
proof. O

A.2. Proof of equation (P.8)(a). This subsection is devoted to the proof for (P.8)(a).
Lemma A.3. We have
Y ()% zfer @ e — Y (-1)* % e, @ afer =0, (A.7)

kel kel
for all 1 <7< dimg.
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Proof. The proof is completed by the following calculations.
(i) Set s €% and z? := E7, in (A.7), we obtain

(es®es+es®es—es®es—e;®eg) =0,

DN | —

(i) Set s,t € I° with s #¢, and «} := E, in (A.7)), we obtain
1
5((es®eg—eg®es)—(—e;®65+es®eg)) =0.
(iii) Set s,t €I with s #¢, and z} :=Y}; in (A.7)), we obtain
-1
7((—es®et—et®es)—(—et®es—es®et)) =0.

(iv) Set s,t € 1% with s #¢, and z} := X7 in (A.7)), we obtain
-1
2
(v) Set s €% and 2z} := X, in (A.7), we obtain

((es®@ez—(-1)(-1)ez®ez) + (@ ez —es®e;)) = 0.

—(ez®es—(-1)(-1)es®ez) = 0.

Lemma A.4. (Equation (P.8)(a)) €4(Ya = Yar1) = €a, for all1<a<d -1,

Proof. Let m € M ® V&1 and v € V®4-2-1 he homogenous elements. Then for all 7,5 € I we
have the following calculation.

((ya_ya+1)5a)(m®ei ®ej ®U) (AS)

=20;5(Ya = Yas1) (m ® kz;(—l)aek Qer® v) (A.9)

=260 ame Y (-1)F T e @ ep@v -y a;m @ Yy (-1)F TR e @ per @ v (A10)
J kel J kel

Y me Y (1) e @ xjer ®@v) = 20,5 ) me Yy (1) % e @ xjer@v.  (Al)
7 kel 7 kel

The last equation follows from Lemma[A.3] We now observe that the last term above can be
rewritten as follows:

~20,5) . m® Y (1) % e @ xjep@v =-0,m® (2Cy,y(c(e; ®¢j))) ® v. (A.12)
j kel

By definition of ¢ in (3.2)) and (P.6)(a), we have 2Cy,y o = (¢+5) 0c = soe = —¢ in Endy(V#2).
This completes the proof. Il
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A.3. Proof of equation (P.8)(b). In this section, we prove the equation (P.8)(b).
Lemma A.5. We have

e(zfe,®e,— (-1)"e, ® xie,) =0, (A.13)
for all 1 <i < dimg and p,qel.

Proof. Recall that (e, ® ¢,) = 0, if both p,q € I\I%, or both p,q € I°. Therefore, the proof
reduces to the following calculations:

(i) Set s € I° and 2z := E* in (A:13)), and assume that p = s, ¢ = j for some j € I° with
j # 5. Then we obtain
€ (es ® e;) =0.
(ii) Set s € I° and =} := E, in (A.13), and assume that p = j, ¢ =5 for some j € I° with
7 #s. Then we obtain
c(ej®es)=0.
(iii) Set s € 1% and x} := EZ, in (A.13), and assume that p=s, ¢ =5 (resp. p=73, ¢ =s). Then
we obtain
c(es®es—e;®ez) =¢(0) =0.
(resp. e(es®es—es®e5) =€(0) =0)
(iv) Set s,t€ 1% s #t and x} := E}, in (A.13)), and assume that p=t, ¢ = j. Then we obtain
£ (65 ® €5~ (5j,36t ® Gg)) =0.
(v) Set s,t €% s+t and 2} := E in (A.13)), and assume that p=7, ¢ = j. Then we obtain
c(ez®e;—(dje5®e€;)) = 0.
(vi) Set s,t €% s#t and x := £}, in (A.13), and assume that p = j, ¢ =5. Then we obtain
€ (5j7t65 ®es—€;0 eg) =0.
(vi) Set s,t€ 1% s+t and x} := E}, in (A.13)), and assume that p = j, ¢ = ¢. Then we obtain
€ (5‘7'756{ ®e—e;® es) =0.
(vii) Set s,t €% s+t and x} =Y} in (A.13)), and assume that p,q € I\I°. Then we obtain
e(Opres®e, — (—1)e, ® 051€5) — € (0556t ® e, — (—1)e, ® 07 s€4)
= (65,356715 - 515,5(55@) Z(—l)aek ® QE = 0

kel
(viii) Set s,t€ 1% s#tand 2} := X, in (A.13)), and assume that p,q € I°. Then we obtain

£ (0pres ® ey — e, ® 0y 165) + € (0p 57 ® €4 — €, ® Oy s€5)
= (§q’s5p7t - 5s,p5t,q + 5p,s(5q,t - 5p,t5q,s) Z(—l)aek ® €L = 0.

kel
(vili) Set s € I° and 2} := X, in (A.13), and assume that p,q € I°. Then we obtain

£ (0psep ® eq—0g5€p ® €7) = (0p.s0pg — 0q.50p.q) Z(—l)aek ® e = 0.
kel
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Lemma A.6. (Equation (P.8)(0)) (Ya — Ya+1)Ea = —€a, for all 1 <a<d-1.

Proof. Let m € M ® V&1 and v € V&%=l he homogenous elements. Then for all 7,5 € I we
have the following calculation.

(ca(Ya = Yar1))(Mm®e; ®€; @) (A.14)
=2e,(> pm ® (-1)" e, @ e; @ v — Y (1) m @ e; @ we; ® v (A.15)
k: k:
=Y (1) m @ zpe; ® The; ® v) (A.16)
k
= -2, ) (-1)"™““m @ ze; ® The; ® v. (A.17)
k

The last equation follows from Lemma [A.5] We now observe that the last term above can be
rewritten as follows:

-2, 2 (1) m @ xe; @ wie; ®v=-m® (e(2Cy v (e; ® ¢5))) ® v. (A.18)
z

By definition of ¢ in (3.2)) and (P.6)(a), we have c02Cyy =co(e+s) =cos=¢ in Endy(V#?).
This completes the proof. U
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