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Abstract

For the physical vacuum free boundary problem with the sound speed being C''/2-
Holder continuous near vacuum boundaries of the compressible Euler equations with
damping, the global existence of solutions and convergence to Barenblatt self-similar
solutions of the porous media equation was recently proved in [34] for 1-d motions by
Luo and the author. This paper generalizes the results for 1-d motions to 3-d spherically
symmetric motions. Compared with the 1-d theory, besides the high degeneracy of
the equations near the physical vacuum boundary, the analytical difficulties lie in the
complexity of equations and the coordinates singularity in the center of symmetry
which is resolved by constructing suitable weights. The results obtained in this work
contribute to the theory of global solutions to free boundary problems of compressible
inviscid fluids in the presence of vacuum states, for which the currently available results
are mainly for the local-in-time well-posedness theory, also to the theory of global
smooth solutions of dissipative hyperbolic systems which fail to be strictly hyperbolic.

1 Introduction

Due to its great physical importance and mathematical challenges, the motion of physical
vacuum in compressible fluids has received much attention recently (cf. [7], [9]-[13], [20]-
23], [31]-[35], [42, 43]), and significant progress has been made on the local well-posedness
theory (cf. [7, 9, 10, 20, 21, 35]). However, much less is known on the global existence
and long time dynamics of solutions, which are of fundamental importance in both physics
and nonlinear partial differential equations. This is the main issue we address in this work
for the spherically symmetric motions of three-dimensional isentropic compressible inviscid
flows with frictional damping. Physical vacuum problems arise in many physical situations
naturally, for example, in the study of the evolution and structure of gaseous stars (cf.
[5, 11]) for which vacuum boundaries are natural boundaries. Another situation in which the
physical vacuum plays an important role is the gas-vacuum interface problem of compressible
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isentropic Euler equations with damping (cf. [31]-[33], [42, 43]). In three dimensions, this
problem is given as follows:

pt +div(pu) =0 in Q(t),

(pu): + div(pu @ u) + Vip(p) = —pu in Q(2),

p>0 in Q(t),

p=0 on I'(t) :=90(t), (1.1)
V() =u-n,

(p,u) = (po, up) on 2 :=Q(0).

Here (x,t) € R3 x [0,00), p, u, and p denote, respectively, the space and time variable,
density, velocity and pressure; Q(t) € R3, T'(¢), V(I'(t)) and n represent, respectively, the
changing volume occupied by a gas at time ¢, moving interface of fluids and vacuum states,
normal velocity of I'(¢) and exterior unit normal vector to I'(¢). We consider a polytropic
gas: the equation of state is given by

p(p) =p" for v>1 (1.2)

with the adiabatic constant set to be unity for convenience. Equations (1.1),, describe
the balance laws of mass and momentum, respectively; conditions (1.1),, state that I'(t) is
the interface to be investigated; (1.1), indicates that the interface moves with the normal
component of the fluid velocity; and (1.1)4 is the initial conditions for the density, velocity

and domain. Let ¢ = /p/(p) = \/7p"~! be the sound speed, the condition
—00 < Vyu(c?) <0 on I'(t) (1.3)

defines a physical boundary (cf. [7, 10, 21], [31]-[33]).
The compressible Euler equations of isentropic flow with damping are closely related to
the porous media equation (cf. [15, 16, 17, 31]):

pe = Ap(p), (1.4)
when (1.1), is simplified to Darcy’s law:
Vxp(p) = —pu. (1.5)

For (1.4), basic understanding of the solution with finite mass M > 0 is provided by Baren-
blatt (cf. [4]), which is spherically symmetric and given by

1

px,t) = p(r,t) = (1 +1) 5T (A ~B(1+ t)—s%—lr?)ﬁ with 7 = |x], (1.6)

where

—1
v—1 B3y=1 1 3 ! 9 oy =L
=———— and (yA)26-0D = M~ 1 (yB)>2 </ y (1—vy7) " tdy : 1.7



Clearly,

R(t) B
/ r2p(r,t)dr = M for t >0, where R(t)=+\/A/B(1+ )Y/~ (1.8)
0

The corresponding Barenblatt velocity u is defined by
a(x,t) = (x/r)u(r,t)  in the region {(r,t):0<r < R(t), t > 0},
where
_ p(p) r e = -
a(r,t) = ——=L = satisfying u(0,t) =0 and R(t) =u (R(t),t).
() (709
So, (p, ) defined in the region {(r,t) : 0 <r < R(t), t > 0} solves (1.4) and (1.5).

The vacuum boundary r = R(t) of Barenblatt’s solution is physical. This is the major
motivation to study the physical vacuum free boundary problem of compressible Euler e-
quations with damping. To this end, a class of explicit spherically symmetric solutions to
problem (1.1) was constructed in [31], which are of the following form:

Q(t) = Brw(0), A(x,t) = A(r,t) = e(t) = b(t)r* and u(x,t) = (x/r)u(r,t), (1.9)

where

R(t) = \/e(t)/b(t) and wu(r,t) = a(t)r.

In [31], a system of ordinary differential equations for (e, b, a)(t) was derived with e(t), b(t) >
0 for ¢ > 0 by substituting (1.9) into (1.1), , and the time-asymptotic equivalence of this
explicit solution and Barenblatt’s solution with the same total mass was shown. Indeed, the
Barenblatt solution of (1.4) and (1.5) can be obtained by the same ansatz as (1.9):

& (x,t) =e(t) — b(t)r* and u(x,t) = a(t)x.
Substituting this into (1.4), (1.5) and (1.8) with R(t) = /é(t)/b(t) gives
e(t) = yA(1 4 )30V D ) = yB(1 + )7 and a(t) = (3y— 1)1 +1¢)7!

where A and B are determined by (1.7). Precisely, it was proved in [31] the following
time-asymptotic equivalence:

(a, b, e)(t) = (a, b, &)(t) +O(1)(1+)'In(1 +1t) as t — oo.

A question was raised in [31] whether this equivalence is still true for general solutions
to problem (1.1). For this purpose, we seek solutions to problem (1.1) of the form:

Q(t) = BR(t)<0)> p(Xat) = p(?‘, t)a u(Xa t) = (x/r)u(r, t) with 7 = ‘X’
Then problem (1.1) reduces to

(rp)e + (r°pu), = 0 in (0, R(t)),
p(ut + UU?«) +p, = —pu in (07 R(t)) )
p > 0 in [Ov R(t>> ;

p(R(t),t) =0, u(0,t) =0, (1.10)

R(t) = u(R(t),t) with R(0) = Ry,
(p,u)(r,t =0) = (po, uo) (1) on (0, Ro),



so that R(t) is the radius of the domain occupied by the gas at time ¢ and r = R(t) represents
the vacuum free boundary which issues from r = Ry and moves with the fluid velocity. One of
motivations to study the spherically symmetric solution is that the Barenblatt solution posses
the same symmetry, and it is expected that spherically symmetric solutions will provide
insights on the local and long time behavior of solutions to the general three-dimensional
problem (1.1). Locally, at each point x in Q(t), it might be plausible to rotate a solution in all
possible ways about x and average all rotations in the spirit of spherical mean. In long time,
for a general three-dimensional problem, it is expected that the geometry of the boundary
becomes more and more symmetric due to the dissipation of damping which dissipates the
total energy.

In the spherically symmetric setting, the physical vacuum boundary condition (1.3) re-
duces to

—00 < (), <0

in a small neighborhood of the boundary. To capture this singularity, the initial domain is
taken to be a ball {0 <r < Ry} and the initial density is assumed to satisfy

po(r) >0 for 0 <r <Ry, po(Ry)=0 and —oo < (pgfl)r <0 at r= Ry. (1.11)

We require that the initial total mass is the same as that of the Barenblatt solution, that is,

Ro R(0)
/ rpo(r)dr = / 2 po(r)dr = M. (1.12)
0 0

The conservation law of mass, (1.10),, and (1.8) give

R(t) Ry R(t)
/ r*p(r, t)dr :/ r*po(r)dr = M :/ r2p(r, t)dr for t>0.
0 0 0

In the present work, we prove the global existence of smooth solutions to problem (1.10)
when initial data are small spherically symmetric perturbations of Barenblatt solutions and
they have the same total masses. Moreover, we obtain the pointwise convergence with a rate
of density which gives the detailed behavior of the density, the convergence rate of velocity
in supreme norm and the precise expanding rate of physical vacuum boundaries. The results
obtained in this article also prove the nonlinear asymptotic stability of Barenblatt solutions
in the setting of physical vacuum free boundary problems.

The physical vacuum with the sound speed being C'/2-Hélder continuous across vacuum
boundaries makes it challenging and interesting in the study of free boundary problems
in compressible fluids, even for the local-in-time existence theory, since standard methods
of symmetric hyperbolic systems (cf. [24]) do not apply. Indeed, characteristic speeds of
the compressible isentropic Euler equations become singular with infinite spatial derivatives
at vacuum boundaries which creates much severe difficulties in analyzing the regularity
near boundaries. Recently, important progress has been made in the local-in-time well-
posedness theory for the compressible Euler equations (cf. [7, 9, 10, 20, 21]). On the other
hand, it poses a great challenge to extend the local-in-time existence theory to the global
one of smooth solutions, due to the strong degeneracy near vacuum states caused by the
singular behavior of physical vacuum. Obtaining the global-in-time regularity of solutions
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near vacuum boundaries by establishing the uniform-in-time higher-order estimates is the key
to analyses. This is nontrivial due to the strong degenerate nonlinear hyperbolic nature. To
obtain global-in-time estimates, it is essential to show decay estimates, which are achieved in
the present work by introducing time weights to quantify the long time behavior of solutions.
This is in sharp contrast to the weighted estimates used in establishing the local-in-time well-
posedness theory (cf. [7, 9, 10, 20, 21, 35]), where only spatial weights are involved.

It should be noted that, as the first step to understand global solutions and their long
time behavior for physical vacuum boundary problems of the isentropic compressible Euler
equations with frictional damping, Luo and the author (cf. [34]) proved the global smooth
solutions and convergence to Barenblatt solutions as time goes to infinity in one-dimensional
case, based on a construction of higher-order weighted functionals with both space and time
weights capturing the behavior of solutions both near vacuum states and in large time,
an introduction of a new ansatz, higher-order nonlinear energy estimates and elliptic esti-
mates. In general, much more obstacles appear in the study of multi-dimensional problems
of compressible Euler equations as a prototype. Compared with the one-dimensional case
studied in [34], it is much more difficult and involved to solve the three-dimensional spher-
ically symmetric problem, (1.10), in the construction of the nonlinear weighted functionals,
nonlinear weighted estimates and elliptic estimates. Besides the difficulty of degeneracy of
the equations at vacuum states, one of the difficulties in solving (1.10) is the coordinates
singularity at the origin, the center of symmetry, which carries the true three-dimensional
nature. We succeed in constructing suitable weights to resolve the coordinates singularity in
this paper. As an intermediate step passing from one-dimensional case in [34] to the general
three-dimensional problem, (1.1), we believe the ideas and estimates including the nonlinear
weighted functionals and pointwise decay estimates developed in this paper will contribute
to a understanding of the behavior of solutions to problem (1.1).

It should be pointed that the LP-convergence of L>*-weak solutions for the Cauchy prob-
lem of the one-dimensional compressible Euler equations with damping to Barenblatt solu-
tions of the porous media equations was given in [16] with p =2 if 1 <y < 2 and p = v
if v > 2 and in [17] with p = 1, respectively, using entropy-type estimates for the solution
itself without deriving estimates for derivatives. However, the interfaces separating gases
and vacuum cannot be traced in the framework of L*°-weak solutions. The aim of this work
is to understand the behavior and long time dynamics of physical vacuum boundaries, for
which obtaining the global-in-time regularity of solutions is essential.

There has been a recent explosion of interests in the analysis of free boundary problems
for both compressible and incompressible inviscid flows. (As for viscous flows, there have
been many results on the free boundary Navier-Stokes equations which cause quite different
difficulties in analyses from those for inviscid flows, so we do not discuss the works in that
regime here.) For incompressible inviscid flows, one may refer to [2, 3, 6, 8, 26, 28, 36, 38,
39, 47] for the local-in-time theory; while the global-in-time theory is rather recent which
is for both 2-d and 3-d water wave problems of irrotational flows (cf. [18, 19, 40, 41]).
For compressible inviscid flows, besides the aforementioned results on vacuum boundary
problems, the local-in-time existence and uniqueness for the 3-d compressible Euler equations
modeling a liquid rather than a gas were established in [29] by using Lagrangian variables
combined with Nash-Moser iteration to construct solutions. (For a compressible liquid, the
density is assumed to be a strictly positive constant on the moving boundary. As such,



the compressible liquid provides a uniformly hyperbolic, but characteristic, system.) An
alternative proof for the existence of a compressible liquid was given in [37], employing
a strategy based on symmetric hyperbolic systems combined with Nash-Moser iteration.
From the above discussions, one may see that the current available theories of free boundary
problems for invscid flows, in particular for compressible invscid flows, are mainly on local-
in-time solutions. The results obtained in this paper are among the first ones on the global
solutions of free boundary problems for compressible inviscid fluids in the presence of vacuum
states.

In a broader context, the equation we consider in this work fall into the class of hyperbolic
systems with dissipation for which most available results on the global existence of smooth
solutions are for strictly hyperbolic systems or systems endowed with strict convex entropy
(cf. [14, 27, 30, 44, 45, 46]). Indeed, the isentropic compressible Euler equations with
frictional damping fail to be strictly hyperbolic at the vacuum state p = 0, and the standard
mechanic entropy n(p,m) = p(p)/(v — 1) + m*/(2p) with m = pu being the momentum
fails to be strictly convex. The results obtained in this paper, together with those in [34],
contribute therefore to the global existence theory of smooth solutions of hyperbolic systems
which are not strictly hyperbolic.

2 Reformulation of the problem and main results

2.1 Fix the domain and Lagrangian variables

We make the initial domain of the Barenblatt solution, (0, R(O)), as the reference domain
and define a diffeomorphism 7, : (0, R(0)) — (0, Ro) by

no(r) T
/ 2 po(r)dr :/ r*po(r)dr for r € (0, R(0)),
0 0
where po(r) := p(r,0) is the initial density of the Barenblatt solution. Clearly,

1o (r)po(10(r))or (r) = 12po(r) for r € (0, R(0)). (2.1)

Due to (1.11), (1.6) and the fact that the total mass of the Barenblatt solution is the same
as that of pg, (1.12), the diffeomorphism 7 is well defined. For simplicity of presentation,

set 7 := (0, R(0)) = (O’ \/A/_B> '

To fix the boundary, we transform system (1.10) into Lagrangian variables. For r € Z, we
define the Lagrangian variable n(r,t) by

n(r,t) = u(n(r1),8) for ¢>0 and 5(r,0) = no(r), (2.2)
and set the Lagrangian density and velocity by

flr,t) = p(n(r,t),t) and o(r,t) = u(n(r,t),t). (2.3)



Then the Lagrangian version of system (1.10) can be written on the reference domain Z as

(0 f)e + 72 fo. /0. =0 in Z x (0,00),
foe+ (f")e/nr=—fv in T x(0,00),
v(0,t) =0 on (0,00),

(f,v) = (po(m0), uo(mo)) on I x {t=0}.

It should be noted that we need 7n,(r,t) > 0 for r € Z and ¢ > 0 to make the Lagrangian
transformation sensible, which will be verified in (3.3). Indeed, 1, > 0 implies n(r,t) > 0 for
r € Z and t > 0, due to the boundary condition that the center of the symmetry does not
move, v(0,¢) = 0. The map 7(-,t) defined above can be extended to Z = [0, \/A/B]. In the
setting, the vacuum free boundaries for problem (1.10) are given by

(2.4)

R(t) = 1 (R(0), t) =1 (x/A/B, t) for > 0. (2.5)
It follows from solving (2.4), and using (2.1) that
Fr 0 (r ) (r,8) = po(no(r))ng (r)mor (r) = r*po(r), v € L. (2.6)

So, the initial density of the Barenblatt solution, py, can be viewed as a parameter and
system (2.4) can be rewritten as

2 7,2 = Y ‘
ﬁontt +ﬁo77t + (g) |:(_@) :| =0 in 7 x (Oa OO),

2
n(0,t) =0, o on (0, 00), (27)
(m,m¢) = (0, uo(m0)) on I x (0,00).

2.2 Ansatz

Define the Lagrangian variable 7(r,t) for the Barenblatt flow in Z by
Om(r,t) = u(fq(r,t),t) = nr.t) for t >0 and 7(r,0) =r, (2.8)

By—1(1+1)

so that
ir, ) =r(1+t)Y® Y for (rt) e x[0,00) (2.9)

and

Poiir + (2)2 Kﬁ@yL —0 in Zx(0,00).

1 7y
Since 7 does not solve (2.7), exactly, we introduce a correction h(t) which is a solution of
the following initial value problem of ordinary differential equations:

het + hy — (0 + h)2_37/(3’7 — 1)+ e+ 76 =0, t>0,

h(t = 0) = hy(t = 0) = 0. (2.10)



(Notice that 7,, 7+ and 7,4; are independent of r.) The new ansatz is then given by

i(r, t) == q(r,t) + rh(t), (2.11)
so that
N [(r*p0\"
PoTt + Pore + (;) [(?ﬁ—) } =0 in Z x (0,00). (2.12)

It should be noted that 7, is independent of . We will prove in the Appendix that 7 behaves
similar to 7, that is, there exist positive constants K and C(n) independent of time ¢ such
that for all ¢t > 0,

(1+ t)l/(?w—l) <) <K+ t)l/(3’r—1) )
d*n,(t)
dtk

(2.13)

'Sc(n)<1+t)3wl_l_k7 k:1727 , 1.

Moreover, there exists a certain constant C' independent of ¢ such that
0<ht) <CA+8)5 T 'In(1+1t) and |h(t)] < CA+1)F 1 2In(1+¢), ¢>0. (2.14)

The proof of (2.14) will also be given in the Appendix.

2.3 Main results

To state the main theorem, we write equation (2.7), in a perturbation form around the
Barenblatt solution. Let

C(r,t) :=n(r,t)/r —n(r,t)/r.
Thus,

77(7"a t) - 77(7“, t) + TC(Tv t) and 777"(73 t) = ﬁ?“(t) + C(Tv t) + TC?"(T7 t)' (2'15)
It follows from (2.7), and (2.12) that
roGe + poGe + (7 + O[30 (B + Q)7 (e + C+G) ] = (5g), = 0, (2.16)

Denote
a:=1/(y—1), :==3+min{meN: m>a}=4+[a].

For =0,---,land 2 =0,--- ;[ — j, we set
. B . 2 » . 2 B . 2
&(t) = (L+1)¥ / 400 (910)" + 1283 |01 (G| + (L4 )t (917
I

Eja(t) = (1+ 75)2j/

[sz(l]Jr(z‘—l)(w—l) (atjaiC)Q + r4ﬁ(1)+(i+1)(v—1) (a{ai-l—l()g] dr.
7

The higher-order norm is defined by

l—j
5@y:§:(@@y+§:gﬁo>.

l
]:O =1
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It will be proved in Lemma 3.7 that

reZ

sup {Z(l + 64 |00¢r D]+ Y (1 + 5% [91¢(r, t)]z} < CE(t)

J=0 J=0

for some constant C' independent of ¢. So the boundedness of £(t) gives the uniform bound-
edness and decay of the perturbation ¢ and its derivatives. In what follows, we state our
main result.

Theorem 2.1 Suppose that (1.12) holds. There exists a constant § > 0 such that if £(0) < 4,
then the problem (2.7) admits a global unique smooth solution in Z x [0, 00) satisfying for all
t>0,

E(t) < C&(0)

and
sup {Zu R 14 o) | R S I e P T ()| R N R ) o

rel

Jj=0 j=0 i+j<l—2, 2i+j>3
QD@ 2 o | ey 2
x|pg 2 AN + D A+ gy dO(r) (2.17)

i+j=1-1

R N
T Po 8t aan(?"a t)

+ ) (1+1)¥

i+j=1

2} < C&(0),

where C' is a positive constant independent of t.

It should be noticed that the time derivatives involved in the initial higher-order energy
norm, £(0), can be determined via the equation by the initial data py and ug (see [9, 35] for
instance).

As a corollary of Theorem 2.1, we have the following theorem for solutions to the original
vacuum free boundary problem (1.10).

Theorem 2.2 Suppose that (1.12) holds. There exists a constant § > 0 such that if £(0) < 4,
then the problem (1.10) admits a global unique smooth solution (p(n,t),u(n,t), R(t)) for
t € [0,00) satisfying

o (1(r,8),8) = p (3, 1), 0] SC (A= Br) 7T (1) 575

X <\/8(0) L1+t 5 In(l+ t)> 7 (2.18)

[ (n(r,6),8) = @ (1), D] < Cr(1+ )7 (VEO) + 1+ 5T m(1 1), (219)

forallr € Z and t > 0; and for all t > 0,

(14157 < R(t) < eo(1+ )51, (2.20)



k
d ﬁét) ‘ <C+t)717F k=123, (2.21)

32 1 32 1
es(1 4+ 1) B < \(m ), (n,t)] Se(l+1) 50 when SR()<n<R().  (222)
Here C, ¢, co, c3 and cy4 are positive constants independent of t.

The pointwise behavior of the density and velocity for the vacuum free boundary problem
(1.10) to that of the Barenblatt solution are given by (2.18) and (2.19), respectively. It is
also shown in (2.18) that the difference of density to problem (1.10) and the corresponding
Barenblatt density decays at the rate of (1 4 ¢)~%(0+1D in L>° while the density of the
Barenblatt solution, p, decays at the rate of (1+¢)=* 0+ in L> (see (1.6)). (2.20) gives the
precise expanding rate of the vacuum boundaries of the problem (1.10), which is the same
as that for the Barenblatt solution shown in (1.8). Furthermore, it verifies in (2.22) that the
vacuum boundary R(t) is physical at any finite time.

3 Proof of Theorem 2.1

The proof is based on the local existence of smooth solutions (cf. [35, 9, 20]) and continuation
arguments. The uniqueness of the smooth solutions can be obtained as in section 11 of [35].
In order to prove the global existence of smooth solutions, we need to obtain the uniform-in-
time a priori estimates on any given time interval [0, 7] satisfying sup;eo 7 €(t) < oo. For
this purpose, we use a bootstrap argument by making the following a priori assumption: Let
¢ be a smooth solution to (2.16) on [0, 7], there exists a suitably small fixed positive number
€0 € (0,1) independent of ¢ such that for ¢ € [0, 77,

2 1
L+ P A + DA+ 0P RGO+ > (A1)
=0 j=0

ij<l—2, 2i4+j>3

’ , ) (3.1)
_Gonee=y) L o || JomnEms )
X 1|Po atarC(7t> + Z (1 +t> TPo agar((ut) < €o-
Lee =11 Lee

This in particular implies, noting (2.13), that for 0 < 6;,0, < 1,

1 1

S+ )57 < (i, + 0.C + 020G (r, 1) < 2K(1+ )71, (r,t) € T x [0,T]. (3.2)
Moreover, it follows from (2.15) and (3.2) that

1 1 1

(L4057 <no(r,t), 7 'n(rt) <2K(1+ )57, (rt) € Zx[0,T). (3.3)

2
Here K is the positive constant appearing in (2.13);.
Under this a priori assumption, we prove in section 3.2 the following elliptic estimates:

£i(t) SCY E(t), when j>0, i>1, i+j<L,

10



where C' is a positive constant independent of ¢. With the a prior: assumption and elliptic
estimates, we show in section 3.3 the following nonlinear weighted energy estimate: for some
positive constant C' independent of ¢,

J
E(t) <CY E(0), j=0,1,--- 1

=0
Finally, the a priori assumption (3.1) can be verified in section 3.4 by proving

2

S+ 0P |00+ YA OF A+ Y (L

§=0 §=0 i+j<I—2, 2i+j>3

+ ) (1+p)¥

Lo iyj=1—1

(=D@itj-3 2

) .
po ° 001

(=D (2i+j—3) i

X 7“160 : alzar (’t)

LOO

(=1 (2i+i—3) 2

+ Y (0P|, P Ao < CE).

itj=l

for some positive constant C' independent of ¢. This closes the whole bootstrap argument
for small initial perturbations and completes the proof of Theorem 2.1.

3.1 Preliminaries

In this subsection, we list some embedding estimates for weighted Sobolev spaces which will
be used later and introduce some notations to simplify the presentation. For any bounded
interval I, set d(r) = dist(r,0I). For any a > 0 and nonnegative integer b, the weighted
Sobolev space H**(I) is given by

H*(I) = {d“/QF c L*(I) : /da|aij|2dr <oo, 0<k< b}
I

with the norm

b
1F sy = 3 / &°0F F|2dr.
k=0

Then for b > a/2, it holds the following embedding of weighted Sobolev spaces (cf. [25]):
H(I) < H"%*(I)
with the estimate
1Ell—orzy < ClIF oo (3.4)

for some positive constant C' depending on a, b and 1.

The following general version of the Hardy inequality whose proof can be found in [25]
will also be used often in this paper. Let £ > 1 be a given real number and F' be a function
satisfying

§
/ rk (F? + F?) dr < oo,
0

11



where 0 is a positive constant; then it holds that
5 5
/ rF 2 F2dr < O(8, k) / r* (F? + F?) dr,
0 0

where C'(0, k) is a constant depending only on § and k. As a consequence, one has

\/A/B

/“m <\/A/—B—r>k_2Fer§C/

A/(4B)

(\/A/—B . r)k (F2+ F?)dr, (3.5)

A/(4B)

where C' is a constant depending on A, B and k.

Notations:

1) Throughout the rest of paper, C' will denote a positive constant which only depend
on the parameters of the problem, v and M, but does not depend on the data. They are
referred as universal and can change from one inequality to another one. Also we use C(/3)
to denote a certain positive constant depending on quantity (.

2) We will employ the notation a < b to denote a < Cb, a ~ b to denote C~1b < a < Cb
and a > b to denote a > C'~1b, where C' is the universal constant as defined above.

3) In the rest of the paper, we will use the notations

/::/f - =: 11 2@ and [} flzee =2 [ - llzoe(2)-

o(r):=p) "(r)=A—-Br?, rel.

4) We set

Then &; and &;; can be rewritten as
&)= (1+1)% / (110 (910)" + 120 |0 (Cr )|+ (1 + )rto” (91)"|
E4(t) = (1+1)¥ / 120 (01010) + 1o (9010) (r, )

5) We set

T, := (o, A/(4B)> and 7, := <\/A/(4B), \/A/B>.

Then
T=7,U7,.

Moreover, it gives from the Hardy inequality (3.5) that for £ > 1,

/ "2 (r)F?dr < C(A, B, k;)/ o"(r) (F*+ F?) dr, (3.6)

Ly

provided that the right-hand side of (3.6) is finite.

12



3.2 Elliptic estimates

In this subsection, we prove the following elliptic estimates.

Proposition 3.1 Suppose that (3.1) holds for suitably small positive number ¢y € (0,1).
Then it holds that fort € [0,T7,

Ei(t) S E(t) when j>0, i>1, i+j<L (3.7)

=0

The proof of this proposition consists of Lemma 3.2 and Lemma 3.3.
3.2.1 Lower-order elliptic estimates
Dividing equation (2.16) by po, one has

G+ 16+ 0 (i + O [ + O 7 (G + C+1¢) ],
o [+ O (il + C+1¢) T =i = 0.

—1
Note that
@+ O [ + O™ (i + ¢ +1¢) 7],

= =2y (7 + C)l 2 (e +C+1¢) 76— (7 + C)Q 2 (M +C+7¢) i (2¢ +1¢0)
'777; o (4Cr + TCT‘T) + \517

e + O (i + CH+76) 7 =327 = =i (rG) + (2= 390+ Ja,
where
Ji=—29 [+ O (@ + r@) ¢
— [+ O (e + C+1G) T ﬁi (26 +1C) (3.8)
Jo = + O (A CHG) T =BT i (rG) — (2= 3y)i ¢
Then,
7% —37 ro(e + 40(, + ro.C,
—1
2—37) (3.9)
=rCy + 1 + %Uﬂli ?WC +o31 + - 7 107«32-

Lemma 3.2 Assume that (3.1) holds for suitably small positive number ¢y € (0,1). Then,

Son(t) S &) + &), 0<t<T.

13



Proof. Multiply equation (3.9) by 727 "1ra%/? and square the spatial L?>-norm of the product
to obtain

[P0 3G + 4105 + (14 @) 080, ||
S+ ([Po3Gall” + 036" + ro™ 33" + lroto,3ell%) + [ro¥c| (3.10)

SEH 02 (re 530+ [lro o3 7) + [lros ]

where we have used (2.13) and the definition of &. It follows from the Taylor expansion,
(3.2) and (3.1) that

(1+ t>—33”1 (IrGe 161 (rGorl +161) < (14675 T (1ol + 16,1,
(L+6) 77 (IrG 2+ ) S (148776 (Ir¢] +1¢)).-

|31

S
3| S
Thus,

A+ 02 ([[re** 53" + [roo,3])

(3.11)
set (146, P+ [ro™ 56 | + rofo.6 | + [lrafoc]?)

Note that
”TU%CHQ = / r2o*Cidr +/ r?o*Cdr < / riottCdr +/ ro®Cdr < &. (3.12)
Zo Ib Zo Ib
Then, it yields from (3.10), (3.11) and (3.12) that

HTQ 1+2Crr+47"0'1+2<7,, (1—1—04)7’20%%(7«”2

3.13
Seo+ &+ & (0 36, | + Jro ™6 P + [P0t o). (3.13)
In what follows, we analyze the left-hand side of (3.13), which can be expanded as

[P0t 86y + 4056+ (14 ) oo ||
o5 |+ 160t (4 0 [t o

+ / [4r%c*™ + (14 a)ric' %0, ] (CE)T dr + 8(1 + «) /T301+a0r§3dr.
With the help of the integration by parts and the fact 0, = —2Br, one has
/ [4r°0% + (1 + a)r'e' ™0, ] (¢F), dr
= / [47“3 e (1+ a)r401+aJTL Cdr
> — 12/r202+a(3d7“ — (14 a)? /r40°‘afgfdr - C’/r401+°‘§3dr.

14



Substitute this into (3.14) and use o, = —2Br to give
HrzaH%Crr +4ro' 26 4 (14 a) TQU%UTCTHQ
> ||7’201+2QTH +4 HTUH2QH C’/ tolta2dr,
In view of (3.13), we then see that

[P0 2G| + 4 ro 56|

(3.15)
<o+ 8+ (I 6+ ot 36 + et
On the other hand, it follows from (3.13) and (3.15) that
|1+ a) ng%arC}HQ
<2 HrQGH%Crr +4ro' 26 4+ (14 ) 7‘20%04}“2 +2 HrQUH%Qr + 4r01+%<}||2
o+t ([P 26 + o 56+ rotond ).
This, together with (3.15), gives
L R ] e e -
Seo+ &t ([rPo 5G]+ lro 56 | + ot ) |
which implies, with the aid of the smallness of ¢y, that
o 56 + ot G + oo S 6+ &
In view of 0, = —2Br, we then see that
Iro 56+ ot S 4 o S 6+ &
which implies
||TO'%CT||2 :/ r2c®Cdr + / r2c®2dr
To g (3.17)
< / r2o?tCdr + / rooCldr S &+ &1
Z, T
This finishes the proof of Lemma 3.2. O
3.2.2 Higher-order elliptic estimates
For i > 1 and j > 0, it yields from &/&*~'(3.9) and o, = —2Br that
Vi [redl 0+ (i 4 3)0 8] 0i¢ + (a + i) ro,0] 0, (3.18)

=rd{ 20+ 1ol 0TI+ B + Po

15



where

J
By = — Z [6‘ ( 7 37)} o [TU@,Z;-HC + (i + 3)00 ¢ + (o + 1) rar@’;d
=1

—’y@f{~1 3y

i—1

§: L [0ro)] O +4) DG (0k0) ¢
=1

(3.19)
a+1§: 1&rm-ﬁbc}%%v—ndz(%“<+@“o
= (?y__?)_Bai [ (roiC+ (1 - 1)87%¢) ]
By =0 (00]31) + (1 + )0 (0,0/3) - (3.20)

(Recall that J; and J, are defined in (3.8).) Here and thereafter CY, is used to denote the
binomial coefficients for 0 < j < m,

m!
"o m =)

and summations Zz_} and 21_; should be understood as zero when 7 = 1 and ¢ = 1,2,
respectively. Multiply equation (3.18) by 727~ 'ra(@+=1/2 square the spatial L?-norm of the
product and use (2.13) to give

HT20a+§+1aﬂ’8i+1C+ (i + 3o+ 30 + (a+ i) o™ 0,000
[+ rtosorae])

Similar to the derivation of (3.16) and (3.17), we can then obtain

<(1+1)? (H 2 _atic a]+28z I

+(1+1)?2 (Hm Py

o

2 a+7,+1

. 2
.C
2 D‘Jﬂ a]Jrla'L 1<—

a]awrlc

(1+1)7%,,(t) = ‘

‘2+(1+t)2(

[

2 a+i—

o 00
- 2
+(1—|—t)2(ra+ )

We will use this estimate to prove the following lemma by the mathematical induction.

o ai i 2
< [2o 3 aiaic |+ |

) ) (3.21)

Lemma 3.3 Assume that (3.1) holds for suitably small positive number ¢y € (0,1). Then
forj>0,i>1and2<i+j <I,

gj,i(t) 5 Zgb(t)a le [OvT] (3.22)
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Proof. We use the induction for i + j to prove this lemma. As shown in Lemma 3.2 we
know that (3.22) holds for ¢ +j = 1. For 1 < k <1 — 1, we make the induction hypothesis
that (3.22) holds for all j > 0,7 > 1 and i + j < k, that is,

Eat) SD &), §>0, i>1, i+j<h (3.23)

=0

It then suffices to prove (3.22) for 7 > 0,47 > 1 and i + j = k + 1. (Indeed, there exists an
order of (i, ) for the proof. For example, when i + j = k + 1 we will bound &4, from
t=1to k+ 1 step by step.)

Before going to the estimate, we notice a fact that £ S & for j =0,--- 1. Indeed, it
follows from (3.6) that

/ o (84¢)* dr 5/ oot [(GK)Q + (agfr)z} dr
T Ly
S/ O_a+l [7“2 (agC)Q + ?"4 (agcr)2:| dr S (1 + t)_QJ'Sj(t)a
Ty
which implies

E;olt) =(1 +t)¥ / 120 (9)" + 1o (91G)° ()

<(1+1t)% [/ e (90¢)" (r, t)dr—i—/z r2o°” l(ajc)Q(r,t)dT} +&(1)

: 3 (3.24)
s o | [ 2o @40 o+ [ o+ @10 (0| + &0
<E(t), J :f;,l,--- A ;
This, together with the induction hypothesis (3.23), gives
(]
Et) SY &), j=0, i>0, i+j<k (3.25)
1=0

In what follows, we assume j > 0,7 > 1 and i+j = k+1 < [. First, We estimate 3; and
Py given by (3.19) and (3.20), respectively. For By, it follows from (2.13) and o, = —2Br
that

J J_i—l
Pl D U+ (Jrwd! o + [T 0ic]) + D) (1 + 1) o o]
=1

=0 m=1

J
+(i—1) <|ag'+28ﬁ2g| oo+ ()T }ag”a;”q)
=0

J
+Y () ro 0

=0

17



which implies

2 a+1+1

a] Laz+1< raa+5_1 ag—LaiC

BN ([

L=

+2j:(1 +1) (
+(i - 1) (Z o= 8$3i_2CH2+Zj:(1+t)_2‘2L
=0

i—1

’ ’2>
a+z

oo s oo

m“zi_laﬁ‘ba};—?gHQ) .

t=7+1
So,
( j-1 j
14¢) 2% Ei+D) &), i=1,
T (Z Y )()
Hra < = o . (3.26)
(14¢)">% ( Eit > Y Emt ZSL,M) (t), i>2.
=0 =0 m=1 =0
For Py, it follows from (2.13), (3.1), (3.2) and o, = —2Br that
'j i1 . . . .
92| SZ Knm (‘ag_nafilim (UTCM)‘ + |ag_na7l~717m (JCr‘)‘
n=0 m=0
+1017m 0T (0nrG) |+ [0 (000))
jooi-1 i—m jooi-1
DY K (\arag'"a:;—m“q +)° \a{”aﬁc\) =Y > Bowm,
n=0 m=0 t=0 n=0 m=0

where
Koo = eo(1 ) "o
Ko = eo(1+1)2 51, Ko = (141757 (e + [r%]) ;
Koo = eo(1 4+ ) 2751 4+ (1+4)7 7571 [rd?0,¢],
Ky = (14872757 (e + [ro?¢|) + (14 £) 7751 |r0,07
Koy = (14 8) 7751 ([02¢] + [rdP¢|) + (1 4+ )75 <e§ + |r83g]2) .

We do not list here K, for n+m > 3 since we can use the same method to estimate s,
for n +m > 3 as that for n +m < 2. Easily, Bago and PBaio can be bounded by

3 )
Seo(1+4)727% <5j,z‘ + i@ﬁ) (t),

=0

7’20'

il
a é az—l—l

7’0’

2
fJeg(l + t)_2 (

18



oo

\Ziumw
=0

)

i1
ro

‘ <E(1+1)" (H 2o g oI

<14t Zej,u(t)

=0
For Pyo;, we use (3.1) to get |01/20%¢| < € and then obtain

+3

ati g
r?cz 9)0C ro™r §oC

2
‘ <e(1+1)72 (
1—1

Se(l+0)777 Y &)

)

For Py90, we use (3.1) again to get |ro/2020,¢| < eo(1 +1)~2 and then achieve

Hra e H Ser(l+1)” (Hr o 251+1CH —i—ZHra 070 ‘2>
Sep(1+4)7* fgj—m(t)
=0

because it can be derived from (3.6) that

]2: / 2ot 2|20 dr + / r2oo 2 9] 20i¢ | dr
To L

e 20k

5/ rloatil |8{725’id2 dr + / goti=2 |8,f'728f;<|2 dr
° Ty

5/ T20_a+i—1 |@t]_2a:«<

0

5/ 2 ortic] Iaf_Qé’iC\Q dr +/ 5Ot <7"2 |ag—ga;~<,|2 g |8f_20ﬁ+1<’|2> dr
o Lo

> dr +/ ot (|0 20| + |00 ") ar
Iy

</T20a+z 1 ’85_23iC‘2dT+/T20a+i|ag_28i+lq2dr,

~

Similar to the estimate for PBa9g, we can obtain

+i—1
ro

0]7'0i¢

)

2 ati—1
[ e (oo 5 oot

S+ & (1)
=0

2 (e 11—

§eg(1+t)_2< 20%5 8](9@ ! ‘ —i—Z ro’ ‘)
i—1

Se(L+6)777) ().
=0
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It should be noted that Ps1; and Py appear when ¢ > 2 and ¢ > 3, respectively. This
ensures the application of the Hardy inequality (3.6). Other cases can be done similarly,
since the leading term of K, is

n

Sy oy i) + o eare|)

q=0

and

[y

J - n

ati—1

(1407272 o ™5 (|rap~0m+i¢| + op~ac|) (|orof o+ 1¢|

0 g=0
+ Z 0]~ ”abg\)
(Estimate (3.27) will be verified in the Appendix.) Now, we may conclude that

H H Sep(1+1)727% <5J,i + Z 5L,p) (t). (3.28)

Substitute (3.26) and (3.28) into (3.21) gives, for suitably small €, that

n=0

3
Il

(3.27)

< e(1+t)2Y <5j,i + > 5L7p> (t).

0<u<g, p20, t4p<i+j—1

J
EM+EnM+ D EL)+ Y &), =1,
E.) < 120, p>0, 1+p<j 1=0 (3.29)
Ejima(t) + Ejpaia(t) + Ejpria(t) + Z &,p(t), 02> 2.

>y PZY

Now, we use estimate (3.25), derived from the induction hypothesis (3.23), and (3.29) to
show that (3.22) holds for i + j = k + 1. First, choosing j = k and i = 1 in (3.29) gives

k+1 k+1
Ea(t) S &) + Y G S &) (3.30)
=0 >0, p>0, ++p<k =0

We choose j =k — 1 and i = 2 in (3.29) and use (3.24)-(3.25) to show

Eh-12(8) S Ep-11(8) + Ekr0(t) + Ero(t) + > Ep(t) S &)

0<t<k—1, p>0, t+p<k =0

For &y 3, it follows from (3.29), (3.25) and (3.30) to obtain

Eroa(t) S Enan(t) + Exalt) + Exra(t) + > Ep(t) S D &)

0<e<k—2, p>0, t+p<k =0

The other cases can be handled similarly. So we have proved (3.22) when i+ j = k+ 1. This
finishes the proof of Lemma 3.3. O
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3.3 Nonlinear weighted energy estimates

In this section, we show that the weighted energy &;(t) can be bounded by the initial date
for all t € [0, 7.

Proposition 3.4 Suppose that (3.1) holds for suitably small positive number ¢, € (0,1).
Then it holds that fort € [0,T],

J
=0
The proof of this proposition consists of Lemma 3.5 and Lemma 3.6.

3.3.1 Basic energy estimates

Lemma 3.5 Assume that (3.1) holds for suitably small positive number ey € (0,1). Then,

&olt) + /0 t / (L4 875200 (o (hG)?) + (14 s)r*poc?] drds < E(0), ¢ € [0,T]. (3.32)

Proof. Multiplying (2.16) by 73(;, and integrating the product with respect to the spatial
variable, we obtain, using the integration by parts, that

d 1
% §T4ﬁ0Ct2dT + /7’4[)0@2617“ + /pgﬂldr =0 (333)

where
L= — (i + Q) (A CHrG) T [P0+ O G, + T (PPG), = —Li + i

For £;1, note that

[ (i + ¢)* ¢,
=3r% (i, + )2 G+ 2r* (7 + Q) () G + 7% (7 + €)% (1)
=2r° (ﬁr + C) (ﬁr +¢+ TCT) G + r’ (ﬁr + C)Z (C + Tgr)t )

thus,

L1 =27 (7, + O (e + CH1G) T G+ (e + O (4 ¢+ 1G) T (CH+1G),
2

e =0+ 07 G+ C+16) T,

—r? [2 (ﬁr + C)l_z’y (ﬁr +C+ TC'r)l_FY + (ﬁr + 02_27 (777" +C+ TCT)_’Y] Mrt-

Clearly, £15 can be rewritten as

L1 =1 (3¢ +7G), 1 =17 [(BC+1G) ], — (2= 37)r% (3¢ +7G) 1 i
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Substitute these calculations into (3.33) to give

d 1

dt <§T4ﬁo<t + 170 @fo) o / rpoidr + / PPyl dr =0, (3.34)
where

~ 1 B _ N B o

@ i= 7 [+ O (@ CHrG) T =7 4 (v = D) B 7]

§ =20+ O (@ +CHrG) T+ (0 + O (@ + )T
— 307 — (2= 3y) B¢+ r¢) 0.

It follows from the Taylor expansion, the smallness of ( and r(, which is a consequence of
(3.1), and (2.13) that

& =i 30y -2+ (31 - 206+ 3 (6]
L0 (4] + 176 (¢ + (1)
~i (G ~ ()7 (G)7),
52 i 367 =26+ (3 - 2000 + ] (6]

— Ci (¢ + ¢ (6P + (r¢)?)
>(1+6)571 (C+(r¢)?) >0

Here and thereafter the notation O(1) represents a finite number could be positive or nega-
tive. We then have, by integrating (3.34) with respect to the temporal variable, that

/(%r FoC? + 1250 @0) / /r poCdrds < 0

/ [r*poC + (1 +4)7'r%p) (¢ + (r¢)%)] (r t)dr + / / 5o C2drds
S / [ p0C? + 253 (¢ + (r¢.)%)] (r, 0)dr

and

(3.35)

Multiplying (2.16) by r3¢, and integrating the product with respect to the spatial variable,
we have, using the integration by parts, that

d 1
pr 5o <§(2 + CQ) dr + /ﬁgﬂgdr = /r4ﬁoct2dr, (3.36)

where

€5 1= = (7 + )7 ( + CHrG) 7 [P+ O, (50,
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which can be rewritten as
L =2 (0 + )"l + CH+16) = (B + O e+ 1)
X (C41¢) + a2 (3¢ +1¢,)
[3772 T2 )T (e A CHrG) T = (e + O (e CH+G) ¢
+r2 [ = (@ + O+ (G 7] 7,

Again, we use the Taylor expansion, (3.2) and (3.1) to obtain

szzﬁu+w*Bwv—m&+a@v—m@9+vvgﬂ
— O+ )77 (¢ + 1G] (G (rG)?)
r2(14+ )7 [3(3y — 2)C2 +2(37 — 2)Cr¢G + 7 (1G)° — Ceo (2 + (rG)?)]
7"2(1 + t)_l (C2 + (TQ)Q) ,

provide that ¢, is suitably small. It then follows from (3.36), the Cauchy inequality and
(3.35) that

/(r poC?) rtdr+/ / (1+s)"'r?py (¢ +(r§})2) drds

< | (r*po (CC+¢P)) (r,0)dr 4 poC?) (r,t)dr t r poCidrds 3.37
S [ 0w (@) o+ [ (n@) o+ [ [ (3.7
S [ [t (€24 Q)+ 97 (¢4 06))] (,0)dr = £0(0),

Next, we show the time decay of the energy norm. Multiply equation (3.34) by (1+t)
and integrate the product with respect to the temporal variable to get

1 t
1+t —rtpo(? e) t)d 1 4poCdrd
( )/(27”P0C +7"P o (r )7’+/0( —i—s)/rpoC rds

n
S/ (%7”4%@}2 + 7"2P3é0) (r,0)dr + /t/ (17"4/)0432 + @0) drds
1
S

~r*poC? + 1°py 60) 7,0) dr—i—/ / [ poCZ + (14 s) "' 7%py (¢ + (r¢,)?)] drds

where estimates (3.35) and (3.37) have been used to derive the last inequality. This means

r'po (C+ () + 1255 (C+ (r¢)?)] (r,0)dr = &(0),

[ 0rtmG 2 @+ 06 ar+ [+ [ ricins < &),

which, together with (3.37), gives (3.32). This finishes the proof of Lemma 3.5. O
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3.3.2 Higher-order energy estimates
Equation (2.16) reads

rpoCee + P0G + (25 (e + QP72 (i + C+1G) ] — 27 (B),
- Qﬁg (ﬁr + C)li}y (ﬁr +(¢+ TCT) G =0.

Let £ > 1 be an integer and take the k-th time derivative of the equation above. One has

P00y Gt + o0y G + [3 (w10) ¢ + wardf G, + K1)| 4 Y [(Bws — wn)0f ¢, + K]

3.38
—2p3 (w3GOFC + K3) + OF ™ { it [wy — (2 = 373}, — 25008 (w3 ) = 0. (3:38)

Here

wy =(2 = 27) (e + ) (e + C + r@)‘” =y (@ + O [+ )T
w2:_7(ﬁr+C)2 27(77T+C+7‘§r) )
=(1—-127) (ﬁr+o (77T+C+TCT) = (7 +C)1 2 (77T+C+TCT) 3

and

=0 (w1 + warGey) — (w107 ¢ 4+ wordy¢,)
=0y M [(Bwy — w1)Cu] — (Bwy — w1)I}¢,
KS :af_l(lU3€rCt) - w3<ratkC

It should be noted that K, Ky and K3 contain lower-order terms involving 0;((, () with
t=20,---,k—1; and wy, we and w3 can be expanded, according to the Taylor expansion
and the smallness of ¢ and r(,. which is a consequence of (3.1), as follows

w =(2 — 37)ﬁi’3” + (37 = 1), [(3y — 2)¢ + (] + Wy
= — iy + 427 [y = D+ (v + 1)r,] + o, (3.39)
w3 —(1 — 37)7, % + ws.

Here w; satisfies
1| + o] S 7377 (ICP+ [rG?), and [ws| S 73,7 (€] + ) (3.40)
In particular, K1 = Ky = K3 =0 when k£ = 1.

Lemma 3.6 Assume that (3.1) holds for suitably small positive number ¢y € (0,1). Then
forallj=1,---1,

t
+ / / (14 5)*1r?p] ‘8§ (¢, r(r)f + (1 + 5)% g, (8§CS)2] drds
j (3.41)

<Y &), telo,T).

=0
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Proof. We use induction to prove (3.41). As shown in Lemma 3.5, we know that (3.41)
holds for j = 0. For 1 < k <[, we make the induction hypothesis that (3.41) holds for all
7=0,---,k—1, that is,

t
t +/ / [(1 + 5)%~ 17‘2,03 ‘Gg (C,TCT)‘z + (1 +8)2tptp (8]Cs) ] drds
j " (3.42)
<>» &(0) for all j=0,1,--- k—1.
=0

It suffices to prove (3.41) holds for j = k under the induction hypothesis (3.42).
Step 1. In this step, we prove that

% V %7’ po (9F¢)” dr+@k} + /r4ﬁ0 (0F¢)" dr

k-1 (3.43)
Sleo+8) (L4 2E () + (0 +67) (L4+1) 7> 22&
=0

for any positive number 6 > 0 which will be specified later, where &, := f r%%ékdr + Ms.

Here €, and M, are defined by (3.49) and (3.47), respectively. Moreover, we show that &
satisfies the following estimates:

k—1

&> (140" / P23 08 (¢ rG)|  dr — C(1+ )21 3 (1), (3.44)
=0
k—1
& S+t / P20y |08 (CrG) P dr + (14 )72 13T E,(8). (3.45)
=0

We start with integrating the production of (3.38) and r®9F(; with respect to the spatial
variable which gives

d [1
7 —7’ 00 (8;“@})2 dr + /r4ﬁ0 (5’5@)2 dr + N1+ Ny =0, (3.46)

where
Ny = — /ﬁg (wlﬁf’g + wgrﬁfg) (T%f(t)r dr + /T2ﬁg(3w2 — wy) (r@fg) oF Cudr

9 / P2 53w () (0FC) Cudr,

N2 = /ﬁg {Kl +8f_1 [ﬁrt( (2_37) e 37)]} (Tg@fCt)rdT

+ / P28 (98G) [r(Ky — 2Ks) — 208 (wgrG,)] dr
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Note that N; and N5 can be rewritten as

N, = _% /7“2/73 [(3101 + 21037"Cr) [(35()2L + 2w, [(Q{CC) Tafgr]t + wWo [(TafCr)Q]J dr

= _%% rpg [(3101 + 2wsr(;) (@%)2 + 2wy (07C) rOf ¢ + wo (r@fg)z] dr + Ny,
d
Mo =gt / po { B+ OF [iine (w1 = (2= 39)0, )]} (r°05C), dr
d ~
_ /7«203 (@kf) [r(Ky — 2K3), — 20 (Trewsrd,)] dr = %MQ + No,
where
~ 1
M ::i /T2’58 |:(3w1 + 2w37"Cr)t (&kC)Q + 2wy (E)f() TatkCT + way (ré)fgr)ﬂ dr,

My = — / Py LK+ OF ! il (wn = (2= 39)iy )]} (r*0k¢), dr

+ / r° oy (05¢) [r(Ka — 2K3) — 20, (flwsr¢,)] dr.

It then follows from equation (3.46) that

(3.47)

% { / <%r4ﬁ0 (0F¢)” + r%gék) dr + Mg} + / 90 (0F¢) dr = =Ny — Ny, (3.48)
where
¢ = —% [(Sw1 + 2wsr(,) (afg)2 + 2wy (07C) rO ¢, + wo (rafg,,)ﬂ (3.49)
which satisfies
& =i 337 - 2) 0£0)" + (37 - 2) (ok) robe + ] (ot
+ O (I + Ir¢. D) ((9)° + (rok¢)’) (3.50)
~iE (08 + (r0FG)?| ~ (07 [(950) + (06

Here we have used (3.39), (2.13) and the smallness of ¢ and r(, which is a consequence of
(3.1) to derive the above equivalence. We will show later that M, can be bounded by the
integral of & and lower-order terms, see (3.65).

In what follows, we analyze the terms on the right-hand side of (3.48). Clearly, — N can
be bounded by

~Fs-3) [t (51-3) 040+ 61 -2 @0 (ot
43 0086Y] dr+C [ 153 [ e 1]+ 116,
(U i 6+ 16 D) (Gl + 1G] (@50)° + (08¢ d
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It should be noted that the first integral on the right-hand side of the inequality above is
non-positive due to 7,; > 0. Thus, we have by use of (2.13) and (3.1) that

N S (14 8) / w25 (050)° + (r9kG,)?) di: (3.51)
To control Ny, we may rewrite it as
N, = / 20 { (B¢ +10EG) OF [ (w1 — (2= 39)i )] + 2 (95 Q) OF (rwsr,) } dr
+ / 25y (K (30FC 4+ 10F¢,) — (Ko — 2K3), (95¢)] dr =: Noy + Noo.

For Ngl, note that

OF [ (w1 — (2 = 39)7 )]
=(3y = 1)) [l ((3y = 2)C +4r¢)] + O (fjretr)
=(3y — 1)ty > (37 — 2)05¢ + y707¢,)

k
+01) Y |0y (et ™) [ |05 (¢ 7G| + OF (et -
=1

and

OF (MrwsrGy) = (1 = 39)0f (7l rcr) + 0f (7 037¢,)
= (1= 39)77, " (rd7¢,) + 01 Z|ab (et ") | 108G + OF (raivgr(y) -
Thus,
N <(1=39) [ 5 e [(97 = 6) (9£)" + (67— 4) (210) (rokG)
4 (086 dr+C [ 17 (oke] + |1t (3.5
[ZIé‘L iy )| |07 (Cr )| + |0 (et iiDsrGy) ||

For Ngz, note that

k
Ky =(k — 1) (wudy¢ + wyrdf¢,) + O(1 Z| (wi, wa)| |07 (¢ G

1=2

Y

k
rKy =(k — 1) 3wy — wy), (rd;¢) + O(1 Z (wr, w2)[ |07 (r¢,)
=2

rKy =(k — 1) (wsr¢), (85¢) + O(1 Z 108 (wsrGy)| |0F 1
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Thus,

N 22(k = DR, = C [ 173 (oke[ + 12,
! (3.53)
X Z |8tL (wla W3, wSTCr)l ‘8f+1_L (Cv TCT‘)‘ dr.

=2

In a similar way to dealing with N; shown in (3.51), we have, with the aid of (3.52) and
(3.53), that

_N2 <eo(1 —l—t) 3y-1 /7" pO ((akc‘) (rafgf) dr

(3.54)
+ / w253 (|08¢| + |rote,|) Qar.
where
Q Z |8L ﬁrtnr_gv ‘ ‘8f_b (Ca T<T)‘ + |af (ﬁrtwla ﬁrtw3rgr)|
k (3.55)
D 10; (wrwa, wsr G OF ()|
=2
Therefore, it produces from (3.48), (3.51) and (3.54) that
% {/ <%T4ﬁo (afCt) +12p] ka) d7’+M2] + /7’4/70 (afgt)zdr
(3.56)

Sep(141t) >3 l/r s !0’“ ¢,r¢) ’ dr—i—/rng‘af (C,r@)‘@dr.

We are to bound the last term on the right-hand side of (3.56). It follows from (2.13)
and (3.1) that

Q Seo(1+ )75 |9F (¢,r¢)| + @, (3.57)

where

k
Q=3 (L +6)27 |0 (CrG)| + (L + )75 |92 (¢, G| | P (¢, G|
=1

+ (14 8)7275 |02 (¢, G| |OF2 (Corgo)| + (L 4+ )75 82 (¢, 1) |9F 2 (¢, )|
+ [(1+t)—1—3w+1\a4 G| + (1467251 |92 (CrG) | + (14125

X [02(C,r¢)] + (1+ 1) 751 |92 (¢, Q)|]|8t’“‘3(§,r§,,)\+l.o.t.. (3.58)

Here and thereafter the notation l.o.t. is used to represent the lower-order terms involving
Oy (¢,r¢,) with e =2,---  k—4. It should be noticed that the second term on the right-hand
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side of (3.58) only appears as k — 1 > 2, the third term as k — 2 > 2, the fourth term as
k — 2 >3, and so on. Clearly, we use (3.1) again to obtain

k
Q<Y (L + )23 (¢ rG)| + oo 2 (L 4+ )35 |9F 1 (G,
=1

+ e (L + )T |OF 2 (¢ rG) | + oo 2 (14 8) 7T |0F (¢ G| + Lot
if k£ > 7. Similarly, we can bound l.o.t. and achieve

; ((h-1)/2)
QISD (+0) o (Cre)| +e0 >, o 2(1+8) 27751 |0f (¢ r¢)]

=1 =1
which implies

k

/ 2oy |0F (¢, r¢) | Qdr S (1417 / 0y |0 (¢, rG)| |08 (¢, 7G| dr
=1

[(k=1)/2] L
+ep Y, (L4177 / r*poo 2 [0F (CrG)| |08 (¢orG )| dr = Q1+ Qo (3.59)

=1

Easily, it follows from the Cauchy-Schwarz inequality that for any ¢ > 0,
~ 2 a 2
G o+ [ a0t (Cr6)f dr+ 57 S [ ok (corg)|ar
=1

SE(L+8) 228 () + 6 (1 +1) 2% i E(1) (3.60)

and

3y Seo(1+ 1) / r250 |0k (¢ )| dr
k—1)/2

(( ]
+ € Z (14+t)27% / G A r@})f dr. (3.61)
=1
In view of the Hardy inequality (3.6), we see that for . = 1,--- [ [(k —1)/2],

2
ar < ---

[ o o ars [ oo €6
Ly

Ty
+1 +1

S [ orat o ar £ 3 [ rtor ok ol an
i—0 Y Zb i=0 /T

L k
<(14t)2% (5,“ +) &) () S L+ FD &),
=0

i=1
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due toa+1—1> a—|[([a]+1)/2] > 0 for k <[, which ensures the application of the Hardy
inequality. Here the last inequality follows from the elliptic estimate (3.7). Thus, we can
obtain for t =1,--- ,[(k —1)/2],

/ r2pjo ™ |oF (¢rg)| dr = / Pt of (Gorg)[ dr
:/ 7,20_£¥+1—L {afl—b (C?TC’V‘)’2 dr + / T20_a+1—L ‘8f—b (<7 TCT> 2 dr

o b

5/ 7“20_o¢—|—1 ‘af—b (CaTCr)‘er‘l‘/ O_Ot-‘rl—L‘atk—L (Cacr)‘Qd’l“
o Ty

k
SA+*7*N &), (3.62)
This, together with (3.61), implies

D Se(l+1)72H N &(1). (3.63)

So, it yields from (3.57), (3.59), (3.60) and (3.63) that for § > 0,

k—1
[ 10t (€6 Qar £ (1407 (e + (D) + (ca+57) 3 &)
=0

Substitute this into (3.56) to give (3.43). N
To prove (3.44) and (3.45), we adopt a similar but much easier way to dealing with Ny
as shown in (3.54) to show

0l 5 [ 175 (05¢) + vk ) P, (3.64)
where
k—1
P = ‘aé (ﬁrtﬁ;g’y) | |atkiliL (C: rCr)‘ + |atkil (ﬁrtu_)b ﬁrtw?)rCr)}
=0
-1
+ Z |aé (w17 Wa, U)37’Cr)’ ‘afib (Cv TCT‘)‘ :
=1

In view of (2.13) and (3.1), we have

kol
—_

PSS 407 |0 ()| 082 (GG (L )77 (02 (Gr6)

L=

A

OOO

(6| [+ 07755 107 (¢ )| + (L 725 |7 (¢ 16| + Lot

30



which implies

o
—

[k/2]
P<Yy (142 ‘af_l_L (C,TQ)| —i—eOZal

1=2

)T ()]

Il
=)

L

Similar to the derivation of (3.62), we can use the Hardy inequality (3.6) and elliptic estimate
(3.7) to obtain

k-1 [k/2]

/rzﬁgPer S+ )2k Z E(t) + 6(2) Z(l 1) / r*pgot Tt |8f’b (¢, T’CT)|2 dr
=0 1=2

(14 t) 22 z_: E(1)

It then gives from the Cauchy inequality and (3.64) that for any § > 0,

| M| <o(1+t)1 /T Y |8k TCT)|2d7" + 511+ /7’2/38’P2dr
. (3.65)
<51+ 1)! /ﬁp’g 08 (CrG)|Pdr + 6711+ 172 S &)

This, together with (3.50), proves (3.44) (by choosing suitably small §) and (3.45).

Step 2. To control the fist term on the right-hand side of (3.43), we will prove that

iQEk—i—/[(let 250 08 (¢, r¢)|” + (afg)z} dr

dt
- (3.66)
SA+077 Y (10" / (7223 105 (¢, rG) P + (L4 t)rpo (9;6,)°] dr,
=0

where
4 E -\ 2 k k Lo 2
¢ = /7' Po [(at Ct) + (8t C) 0y G + 2 (at C) ] dr + 2.

We start with integrating the product of (3.38) and r39F¢ with respect to r to give

% 5o (( ') OFG + ( 7 () )d —/7’4/30 (8fct)2dr+M1+M2:0, (3.67)

where
M, =— / Py (w107 ¢ + wardy¢,) (ﬁafg)T dr + / r’pg (3ws — wy) (rof¢,) 85 Cdr
~2 [ Pgun o) (9F)" ar
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and M, is defined in (3.47). A direct calculation shows that M; is positive and can be
bounded from below as follows

My =— / P2 | Bu + 2wsrG) (95C)° + 2wy (95C) (rOFG) +wa (101G, dr
> [ g {7 0) (0£0)" + (67~ 4) (01) (2l + 7 (1016,
—C (¢ + 16D [ (0F)" + (rk¢.)"] b ar
2 [ (000 + (rote)dr 2 o [ [(000) + (r0kG) ] ar

due to (3.39), the smallness of ¢, and r¢, and (2.13). We then obtain, by making a summation
of 2 x (3.43) and (3.67), that

Lot [t @) arv et [ [(@k) + (r0k¢)?] ar
<5(1+ 1) / 250 |08 (¢ G |P dr + (eo + 6) (1 + 1)~ 22E,(1) (3.68)
—1(1+t)—1—2’“i&(t)+(eo+6 (14 t)72k= 2%&
~ s

because of (3.65). Notice from the Hardy inequality (3.6) that for j = 0,1, - ,,

/ 50 (90) dr = / o (09¢)" dr + /I o (09¢)" dr < /Z 2ot (90¢)” dr

] o (9¢)% dr < / r2o° L (91¢)” dr + [ o (@70)" + (90¢)"] ar

< / P2t (300) dr + /I o 12 (940) 4+t (0916,)] dr / 203101 (C,r¢,) [ dr
Thus, b

E(t) < (1+1)¥ / [r2ﬁg|ag (Cr6)|* + (1 + )y (a{g)Q] dr, j=0,--- 1. (3.69)

This finishes the proof of (3.66), by using (3.68) and (3.69), choosing suitably small ¢ and
noting the smallness of ¢y. Moreover, it follows from (3.44) and (3.45) that

[ zc—lfr%o!@f <<7<t)|2dr+0‘1(1+t)‘1/r2ﬁ8!8? (¢, r¢)| dr

ro1 (3.70)
C(1+ )72 12&
=0
() s/r“po 0F (¢, ¢)[* dr + <1+t)‘1/r2p3|8£“ (¢, 7G| dr
(3.71)

k—1
(14 t)" % 12&

L=
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Step 3. In this step, we show the time decay of the norm. We integrate (3.66) and use
the induction hypothesis (3.42) to show, noting (3.70) and (3.71), that

/ [7‘4@] |af (¢, Ct)f +(1+t)""*p] |8k TCT)|2:| (r,t)dr

// 1+s)""?pg | 0% (,TQ} +7r1p (8;‘(3)2] drds

A
Mw

£.(0) + Z/O (1+ 3)2“1‘2’“/ [r223 105 (GG )* + (1 + 8)rpo (9:65)°] dr

=0

= |l

A
o
=

=0
Multiply (3.66) by (1 + ¢)? and integrate the product with respect to the temporal variable
from p = 1 to p = 2k step by step to get
_ 2
(0 [ [0k @l + (07810 € r6)] )

+ /0 (14 5)* / (14 )73 05 (€6 + 7 (94¢.)7] drds
(3.72)
S

E0)+ i/o (1+ 5)2‘_1/ [72pg 105 (¢ G+ (1 + 8)rtpo (8§§s)2] dr

~
E| ES
o

AN
™
=

=0

With this estimate at hand, we finally integrate (1+t)%*1(3.43) with respect to the temporal
variable and use (3.69), (3.42) and (3.72) to show

(1+t)2k/ (L 00 |0 " + 20 |08 (¢ rG[] (o tyar
tl 2k+1 45 8k52dd
—l—/o(—l—s) /rpo(sg) rds

kgt (3.73)
5L<0>+Z/0 (1+S)2L_1/ 25010 (C,rG )P + (14 s)rpo (8:G.)7] dr

A
E

=0

|

AN
™
=

=0

It finally follows from (3.72) and (3.73) that

t
+/ /(1+s)%_1 oy |05 (¢,r¢) | + (14 )% po (9%¢,) } drds < ZS
0
This completes the proof of Lemma 3.6. O
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3.4 Verification of the a priori assumption
In this subsection, we prove the following lemma.

Lemma 3.7 Suppose that £(t) is finite, then it holds that

2

ST+ 0700+ S A+ 07 Ao+ > Y

=0 =0 i+j<I-2, 2i+j>3
2itj-3 i 2 9 2i4j-3 i 2
XHO’ 2 %arg(,t)HLoo—i—‘Z (14+t)¥ ||re” 2 9]0.((,t) .
i+j=l—1
, s 2
+ > [ o0 s ew. (3.74)

i+j=1

Once this lemma is proved, the a priori assumption (3.1) is then verified and the proof of
Theorem 2.1 is finished, since it follows from the elliptic estimate (3.7) and the nonlinear
weighted energy estimate (3.31) that

E(t) < E®0), telo,T).

Proof. The proof consists of two steps. In Step 1, we derive the L*-bounds away from the
boundary, that is,

j i (]2 j i - |2 9|1
2 N0y + Do IO iy + Do 1700,

itj<l—2 itj=l—1 itj=1—2

S(L+1)7HE®). (3.75)

Away from the origin, we show in Step 2 the following L*°-estimates:

3 1
i . 2 . : 2
L+ 0| ez + DA+ O[O ez S €D, (3.76)
j=0 Jj=0
2iti3 . . ||2 .
‘a%agaﬁct ) S D ER) when 204 >4 (3.77)
> (Zy

We obtain (3.74) by using (3.75)-(3.77) and noting the facts [ > 4 and Z = Z,UZ,. It suffices
to show (3.75)-(3.77).

To this end, we first notice some facts. It follows from (3.24) that £;9 S & forj =0,--- 1,
which implies

> (@-(t) + i 5j,i(t)> < E(t). (3.78)

The following embedding (cf. [1]): HY?**9(Z) — L>(T) with the estimate

[E @) < CONFizssz) (3.79)
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for 6 > 0 will be used in the rest of the proof.
Step 1 (away from the boundary). It follows from (3.78) that for j =0,1,--- 1,

I—j l—j
(14t)% Z/ r? (a{aﬁg)QdH/ L A0) dr S &) <E(),  (3.80)
=0 o =0

which implies, using (3.4), that for j =0,1,--- ,{ — 1,
l=j
1071z S NP rnaszy = D /I dist™(r, 0L,) (910;C)" dr
i=0 /Zo

< _]/ P2 (8]01¢) dr < (1+ 1) YE(). (3.81)

0

Il
o

In view of (3.79) and (3.81), we see that for j =0,1,--- ] — 2,

1—j—2 1—j—2

> N30y < D2 10005 iy SNOHCIrs v,y S A+ PE(D). (382)
- @)~ L () ()
It gives from (3.79), (3.80) and (3.81) that for j =0,1,--- ,1 —1,
o
170087 ey SPB0E TG sy S N000E 7 g,y + 170 0E ¢
S+ 1) 7YE(t) (3.83)
and for j =0,1,--- 1,
10 sz, SN200 T sy S PR O g,y + 1720007
S(L+6)77E(). (3.84)

So that we can derive (3.75) from (3.82)-(3.84).
Step 2 (away from the origin). We set

dy(r) := dist(r,0L,) < JA/B—r So(r), r €. (3.85)
It follows from (3.4) and (3.85) that for j <5+ [a] —

Il e gy = 1A 555 gy S 1EC sy
l—=j+1 A

_ Z /I da+1+l ] |8k8]C|2dT < Z / a+1+l—j|8fﬁgg|2d7’
- ]+1 bl

Z/ a+k|aka] ‘dT< Z/ a+k|8f8{§]2dr
Ty

<(1+t)7¥ (&(t) + ZJ Sj,k(t)> < (14+1t)"2E(1).

k=1
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This, together with (3.79), gives (3.76).
To prove (3.77), we denote
=0T O
In what follows, we assume 27 + j > 4 and ¢ + 7 <[ and show that
Wl Gz, S (L+8)7YER). (3.86)

The estimate (3.86) will be proved by separating the cases when « is or is not an integer.
Case 1 (o # [a]). When « is not an integer, we choose g(!~i=9)+e~lel a5 the spatial
weight. A simple calculation yields

16,4)] f,‘ 2ty 3ajaz+1 +‘ 2043 18]81C

020] S [0 F 0foirc| + |0 ojait | + o™ 20001,
A

k] S 3 | o dor k=12, 41— - (3.87)
p=0

It follows from (3.87) that for 1 <k <Il+1—i—j,

k
2(1~i—j)+a~lo] | gk 2d < / atl—j+1-2p | i gith—p 2d
| ol s | o oio; e[ ar

AN

/ al i—j+1— kzaa+z+k 2p}a]az+k pd dr—f‘Z/ a+l—j+1— 2p|a]az+k pd dr

p=0

/ 4 a+i+k—2p|8gai+k—pc|2dr+2/ aa”_j“_Qp‘@f@j*k_pC!er
Iy p=2 Ty

1

N

p=0
SA+1)75E ik 1+Z / o= gl ke .

To bound the 2nd term on the right-hand side of the inequality above, notice that
a+l—74+1-2p
=2(+1—-t—j—k)+2k—p)+(a—[o])+2i+j—4)—-1>-1

for p € [2,k], due to o > [a] and 2i + j > 4. We then have, with the aid of the Hardy
inequality (3.6), that for p € [2, k],

(3.88)

1
, o 2 i § : j 2
/ Ua+l_]+1_2p }agai-s-kz—pd dr S / 0a+l—J+1—2p+2 ‘agaiﬁ-k—pﬂd dr S NN
7, L

/ UaH j+1 ‘ajaerk p+e | dT_E :/ (I+1—i—j—k)+(p— L) a+i+k— p+L‘ajaz+k p+e ‘ dr
Ty

P i+k—1
< / dgostithpte | g gtk ’ dr < Z (141)7%¢;,.
=0 Ty t=i+k—p
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That yields, for 1 <k <Il+1—17—j,

i+k—1

/ 2= +a~lo] gy 2 dr <(1+ ) 28,41 1+Z S (1+1)7Yg,

Ly p=2 1=i+k—p

i+k—1
S+ D&
Therefore, it follows from (3.85) and (3.78) that
+1—i—j
l—i—j)+a—[a
9] 320t ate, 11-5-s(z,) Z / &\ TrreTled gy 2 gy
l+1 i—7 9 l—j
Z / 2(l—i—j)+a—|q] ‘akw‘ d?“</ a+lfj+1|aga7z;<ﬂ| dT—F(l—i—t)iszgj’L

L=1

5/ r4a“+i+1‘8f8i§‘2dr+(1+ szgﬂg (1+1) 2]25“3 (1+1)"2E().

b =1

When « is not an integer, a — [a] € (0,1). So, it follows from (3.79) and (3.4) that

T T SN aimsrato, sy S (LD 7PED). (3.89)

' (Ib)

Case 2 (a = [a]). In this case a is an integer, we choose ¢2(="=9)+1/2 a5 the spatial weight.
As shown in Case 1, we have for 1 <k <[l+4+1—1i— 7,

k
/ O,Q(l*ifj)+1/2 ’afwf dr < (1 4 t)*?](c/’] k1 + Z/ O,a+l*]'+172p+1/2 }8gai+kfp<=‘2 dr.
T =2
Note that for 1 <k <[l+4+1—i—jand 2 <p <k,
1 1 1
Oz+l—j+1—2p+§:2(l+1—i—j—l{:)+2(k—p)—l—(2i—|—j—4)—52—5.
We can then use the Hardy inequality (3.6) to obtain

i+k—1
/ oD gy P dr S (14175 3 & k=12, 1= j+ 114,
Ty

L=t

which, together with (3.85) and (3.78), implies that

-7
[y — i) S (L+1) 2325“ < (L+6)7%E(1).
Therefore, it follows from (3.79) and (3.4) that
||¢||ioo(zb) S ||¢||§{3/4 (Ty) N [ iy S (L+H1)7HE(). (3.90)

In view of (3.89) and (3.90), we obtain (3.86) or equivalently (3.77). This completes the
proof of Lemma 3.7. O
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4 Proof of Theorem 2.2

In this section, we prove Theorem 2.2. First, it follows from (2.3), (2.6), (1.6), (2.9), (2.2)
and (2.8) that for (r,t) € Z x [0, 00),

rpo(r)
n?(r, (1) 7%(

P(U(ﬁ t)vt) - ﬁ(ﬁ(r, t)’ t) =

and
u<77<7n7 t)v t) o ﬂ(ﬁ(?”, t)? t) = nt(ra t) = N (T’, t)'
Then, we have, using (2.15), (2.11), (2.9), (3.2), (2.14) and (2.17) that

Ip(n(r,),) = pi(r,0), )] S (A= Br) T3 (1+ 1) 57 [VEQ) + (1+1) 57 n(1+1)|

and

[u(n(r,6),6) = @l ), D] S 1+ [VED) + (14655 (1 +1)]

This gives the proof of (2.18) and (2.19).
For the boundary behavior, it follows from (2.5), (2.15), (2.11) and (2.9) that

R(t) =n (VA/B.t) = (i+1¢) (VAB.t) = (1+rh+7¢) (VA/B.1)
=17 (e + b+ O] (VATB, 1) = VATB [(1+ 050 4+ h(t) + (1)
which, together with (2.17) and (2.14) that
R(t) > /A/B [(1 4f)Fe cm]

and

R(t) < /A/B [(1 FOFT 4 C(L+t) P In(l+ 1) + c\/g(())] .
Thus, (2.20) follows from the smallness of £(0). Notice that for £ = 1,2, 3,
d*R(t N
Té) = 9 (\/A/B,t) + (rokc) (\/A/B,t> .

Therefore, (2.21) follows from (2.13) and (2.17).
We are to verify the physical vacuum condition, (2.22). It follows from (2.3), (2.6), (2.15)

that
(P%l)n(n,t) _ ) 1 [p’gl( 22 )7_]

0y (r,t) s %1,

1 r2 )7—1 ( r2 )7—1
-1 | y—1
P P, — 2Br
o { ’ [ ’ (772777« ) U
2—2y

—(1 =" [2 () e () g <2<r+r<w)} —28r (1),
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which implies, with the aid of (3.3) and (2.17), that
[(771), .0)] S0+ 07 VED) +r(1 4 1) (41)

and

2-2

(1), 0] 2280 (1) g7 = e+ ) VED
>C7r(1+6) 7 F — C(1 4 6) 71 /E(0).
In view of (3.3), we see that 1
n(r,t) ~ (1 +t)»-1r,
which, together with (2.20), (4.1) and (4.2), gives for R(t)/2 <n < R(t),
3y—2

CTH 1+ 675 — O+ ) VED) < (077, )] S (1 0 VED) + (14 675

Thus, (2.22) follows from the smallness of £(0). This finishes the proof of Theorem 2.2. O

5 Appendix

Proof of (2.13),. We may write (2.10) as the following system

ht:Z,

2= —Z — ["73737 — (7 + h)ziw} [(3y = 1) = fu (5.1)
(h,2)(t =0) = (0,0).

Recalling that 7,(t) = (1 + ¢)"/®=Y, thus 7,4 < 0. A simple phase plane analysis shows
that there exist 0 < ty < t; < to such that, starting from (h, z) = (0,0) at t = 0, h and =
increases in the interval [0, 9] and z reaches its positive maxima at to; in the interval [to, 1],
h keeps increasing and reaches its maxima at t;, z decreases from its positive maxima to 0;
in the interval [t1, 5], both h and z decrease, and z reaches its negative minima at ty; in
the interval [ty, 00), h decreases and z increases, and (h, z) — (0,0) as ¢t — oo. This can be
summarized as follows:

z(t) To, h(t) To, t € [0,20]
z(t) Jo, h(t) T, tE€ [to,t]
2(t) 1%, h(t) |, tE€ [ti,ta]
2(t) 1%, h(t) lo, t € [ta,00).
It gives from the above analysis that there exists a finite constant C' = C'(y, M) such that

0<h(t)<C for t>0. (5.2)
In view of (2.9) and (2.11), we then see that

(1 + t)l/(3’7*1) < ﬁr(t) < K(l + t)l/(37*1) .
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On the other hand, equation (2.10) can be rewritten as

Tote + 7t — 7700 /(3y —1) =0, >0,

2.3
It = 0) = 1t = 0) = 1/(3 1) o
Then, we have by solving (5.3) that
~ 1 —t 1 ! —(t—s) =2—3y
Mre(t) = 3 G +37 [/ e n.77(s)ds > 0. O (5.4)
- —1Jo

Proof of (2.13),. We use the mathematical induction to prove (2.13),. First, it follows from
(5.4) that

t

t/2
(37 — 1)iin(t) =" + / I (s)ds + / eI (5)ds
0 t

/2
t/2 . =5
<e '+ e_t/2/ (1+ 8)%&9 + (1 + E) ’ / e~ =945
0 2 t/2 (5.5)

£\ 7T =
<e '+ Ce (14 +(1+=

2 2

2-3y

<C(1+4+t)s=1, t>0,

for some constant C' independent of ¢. This proves (2.13), when k£ = 1. Suppose that (2.13),
holds for all kK =1,2,--- ,m — 1, that is,

d*n,(t)
dt*

’SC(m)(lth)Svl—l_k, k=1,2-- m—1. (5.6)

It suffices to prove (2.13), holds for &k = m. We derive from (5.3) that form =1,--- |k,

dm+1 ~ dm ~ 1 dmfl o
Wnr(t) + dt—mm(t) T3y 1 dtm_m? () =0, t>0,
so that
dm ~ B dm ~ 1 t s dm—lﬁ?—i’w
dt—mnr(t) = € tdt_mnr(0> + 37_ 1/ (& (t )W<S)d8, t Z 0, (57)
0

where (d™/dt™),.(0) is finite, which can be determined by the equation inductively. In view
of (2.13), and (5.6), we see that

d ~2—3y
— 1) S

1 d _ IR
0 (0] (14 mT

2

d 1
i s1=3y ) 5 < 37-13
< [0 30 0] S 003

2
d° 55, (1) ’ <

im0 (30
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dm— 1 Y 37
dtm 1777‘

(0] < Ctnmya -+ 59
Similar to deriving (5.5), we can obtain, noting (5.7) and (5.8), that

™, (t)
dtm

' <Cly,m)(1+t)m1 ™,
This finishes the proof of (2.13),. O

Proof of (2.14). We may write the equation for h, (2.10), as

hy +

1 2—-3

Notice that

(2-37)(1—-3y)

5 (1+¢) 5 1h?,

L \2-3 .
(1+(1+t)*3?1h> <14 @23yt FaR

due to h > 0. We then obtain, in view of (2.13),, that

—2 —2 .
Bt 2040 < 220 4w £ (1 4 1) E
3y—1 2
Thus,
_me2 ff 2 4 _1
h(t) < C(1+ 1) / (<1+s) FThY(s) + (1 + 5) )ds. (5.10)
0

We use an iteration to prove (2.14). First, since h is bounded due to (5.2), we have
h(t) < C(1+1t)” o= 1/t(l—l—s) Foids < C(L+1) 1. (5.11)
0
Substituting this into (5.10), we obtain
h(t) < C(1+1) 5= ?/t ((1+s)—ﬁ+(1+s)—1) ds;
0

which implies

Cl+6) T In(l+1) if v<5/3,
oy < [ COHTF Iy it <5/
C(1 + ) 5 if ~v>5/3.

If v < 5/3, then the first part of (2.14) has been proved. If v > 5/3, we repeat this procedure
and obtain

h(t) < C(1+1t)” - 1/t ((1+s)*%1+(1+s)—1> ds;

0
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which implies

3y—2
C(l+¢t) 3 1In(l+1¢t) if <3,
ht) < ( )711( ) if v <
C(l—l—t)_?wi—l if v> 3.

For general 7, we repeat this procedure k times to obtain

3

h(t) < C(1+1) 51 In(1 +¢).
This, together with (5.2), proves the first part of (2.14), which in turn implies the second
part of (2.14), by virtue of (5.9) and (2.13),. O

Proof of (3.27). Recall that j > 0,7 > 1and i+ j <I. Let n € [0,j], m € [0,i — 1] and
q € [0,n] be integers. Denote

2

H =

ro 5 ([rop 0| + or oy c|) (loraz‘”ai‘m+1<! 21 _”w)

=0

Case 1. Assume 2n + 4m > 2i + j + q. We first note that

-1
a+(2m+n)—(z‘+j)+22a—%+g+22a—7+220, (5.12)

i+j—(n+m)<l-2. (5.13)

(Indeed, if i + j — (n +m) = [, then ¢ + j = [ and n +m = 0, so that it is a contradiction
due to
O=4(n+m)>2n+4dm >2i+j+q>i+j=1;

ifi+j—(n+m)=I01—1,theni+j=Il—1landn+m=0ori+j=Ilandn+m=1, so
that it is also a contradiction because of
O=4(n+m)>2n+4m >2i+j+q>i+j=1—1>0
or
4=4n+m)=>22n+4m>2i+j+q>i+i+j>14+1=5+[a] >5.

So, (5.13) holds.)
When 2i 4+ j < 2m + n + 3, it follows from (3.1) and (5.13) that

a+ti—1

H SE(1+ )7 ||ro™3 (jrop-1am+ic] + |op1ar¢]) H2
Seo(14-)%7% (En—gm+1 + Engm) -

(5.14)

When 2i 4+ j > 2m + n + 4, it follows from (3.1) and (5.13) that

ati=1_ j+2i—(n+2m)-3
2 2

H S (1 + )22 (Irapoapie| + [arrapc)) |

ro

2
;

atm(ntm—(i+5)+2)
: (

—2(1 4 )2 ||ro [rop 1 tic] + [opiome)) ‘
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which implies for n +m — (i +j) +2 >0,

at+m

, 2
H (1 + 0273 [ro ™5 (|rap 1o +ic] + oo
553(1 )2 (En—gm+1 + En—gm)
and for n +m — (i +j) +2 < —1,

H SR+ 07 (2007 gy + 1100,

LQI))

~opi0 mg]

(5.15)

a+m+(n+m—(i+5)+2)
2

+||o (Jop=tar+ic| +|a” o))

2 D¢+m+1

<E(1 4 1) (‘r o~ Qaerl( 2
L2(Z,)

i+j—n+q—1 i+j—ntq—1

L+ Y L S+t Y L

+ HTO’

> (5.16)

Here we have used (5.12) and the Hardy inequality (3.6) to derive

H at+m+(n+m—(i+j)+2)
2

R

(lor—*or=ic] + o

2(1y)

2
at+m+(n+m—(i+5)+2)+2
§ ” o 5 8” Qam-i-hc ‘
L2(z,) 0

1
a+m+(n+m (i4+7)+2)
§ HO. an Qam-‘rhg‘

h=0 L@
i+j—(n+m)+q o o
<. < Z "O—a+m+(n+mf(z+J)+22)+2(z+]f(n+m)+q 1) an qam+h<’
~ ~ L2 Zb
h=0
i+j—(n+m)+
=S orearapen|
— L2(T)
i+j—(n+m)+q . i+j—ntq-1
< Hrzo‘a i ] n qan qam+h ‘ 14 ¢ 2q—2n gn_ by
S ,; oy S+ h; 0
which implies (5.16). Therefore, it gives from (5.14), (5.15) and (5.16) that
i+j—n+qg—1
H S (1) <5n_q,m +Enqmi1 + Z Sn_qﬁ) . (5.17)
h=m

Case 2. Assume 2n+4m < 2i+ j+q. In this case, we can use the similar way to dealing
with Case 1 to obtain
i+n—j
HS L+ > & nnlt). (5.18)
h=0
In view of (5.17) and (5.18), we prove (3.27). O
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