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Abstract

We construct a local Lax-Friedrichs type positivity-preserving flux for compress-
ible Navier-Stokes equations, which can be easily extended to high dimensions
for generic forms of equations of state, shear stress tensor and heat flux. With
this positivity-preserving flux, any finite volume type schemes including discon-
tinuous Galerkin (DG) schemes with strong stability preserving Runge-Kutta
time discretizations satisfy a weak positivity property. With a simple and effi-
cient positivity-preserving limiter, high order explicit Runge-Kutta DG schemes
are rendered preserving the positivity of density and internal energy without los-
ing local conservation or high order accuracy. Numerical tests suggest that the
positivity-preserving flux and the positivity-preserving limiter do not induce ex-
cessive artificial viscosity, and the high order positivity-preserving DG schemes
without other limiters can produce satisfying nomn-oscillatory solutions when
the nonlinear diffusion in compressible Navier-Stokes equations is accurately
resolved.

Keywords: discontinuous Galerkin method, high order accuracy, gas
dynamics, compressible Navier-Stokes, positivity-preserving, high speed flows

1. Introduction

1.1. Gas dynamics equations in conservative form

The compressible viscous fluid dynamics equations without external forces
in conservative form can be written as

U;+V-F*=V.F. (1)

The conservative variables are U = (p, pu, pv, pw, E)t = (p, put, E)t where p is
the density, u = (u,v,w)! denotes the velocity, F is the total energy and the
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superscript ¢t denotes transpose of a vector. The advection and diffusion fluxes
are

pu 0
F'=[pu@u+pl| Fl= T
(E + p)u u-7-—q

where p is pressure, I is the unit tensor, the shear stress tensor is

and q denotes the heat diffusion flux. The total energy can be written as
E = ip|lul|? + pe where e denotes the internal energy. The relations between
conserved variables U and temperature 1" and pressure p are given by equations
of state (EOS).

With the Newtonian approximation, the shear stress tensor is given by 7 =
n(Vu + (Vu)') + (n — 2n)(V - u)ll with coefficient of shear viscosity 7 and
the coefficient of bulk viscosity 7,. The shear viscosity coefficient 7 strongly
depends on the temperature T, e.g., Sutherland formula n = ﬁlc‘f/TT for a wide
range of temperature. The dependence of 1 on pressure p cannot be neglected
for high temperatures. The Stokes hypothesis states that 7, = 0, which can be
used for monatomic gases however no longer holds for polyatomic gases [1].

With Fourier’s heat conduction law, the heat flux is given by q = —kVT
where the thermal conductivity coefficient x is proportional to 7 in molecular
theory. Assuming the specific heat at constant pressure c, is a constant, the
dimensionless quantity Prandtl number Pr = % is a constant.

For simplicity, we will use the dimensionless form of equations for ideal gases
as an example in this paper. Assuming 7, = 0, the dimensionless stress tensor
is given by 7 = 5= (Vu+ (Vu)! — 2(V-u)I) where Re is the Reynolds number.

€

For a calorically ideal gas one has p = (7 — 1)pe and T'= = where the specific

heat capacity ¢, and ratio of specific heats v = Z—P are constants.

The following two-dimensional dimensionless cf)mpressible Navier-Stokes equa-

tions for ideal gases in [2] is considered here as an example even though the key
discussions throughout this paper do not rely on the specific definitions of shear
stress tensor, heat flux and pressure function:
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and

4 2
Tyx = gux - gvyv
Try = Tyz = Uy + Vg,
4 2
Tyy = §Uy — gux (2d)

In this paper, we will use v = 1.4 and Pr = 0.72 for air.

1.2. Objective and motivation

For numerical schemes solving gas dynamics equations (1), it is imperative
to preserve positivity of density and pressure (or internal energy). Not only is
positivity-preserving needed for physically meaningful numerical solutions, but
more importantly it is also well known to be critical for the sake of robustness
of numerical computation.

For the ideal gas equation of state (2c), the eigen-values of % contains
the sound speed \/yp/p. With the presence of negative density or pressure,
eigen-values of %LUG become imaginary thus the linearized compressible Euler
system is no longer hyperbolic, which implies ill-posedness of the initial value
problem of (1). In practice, emergence of negative density or pressure may eas-
ily result in blow-ups in numerical simulations by high order schemes. In some
demanding problems involving low density or low pressure, e.g., high Mach
number astrophysical jets, even popular robust high resolution and high or-
der schemes including Monotonic Upstream-Centered Scheme for Conservation
Laws (MUSCL) type schemes (without special positivity treatment) and clas-
sical Weighted Essentially Non-Oscillatory (WENO) schemes may blow up due
to emergence of negative pressure [3].

The simplest ad-hoc approach of truncating negative values to zero or small
positive ones may work in certain problems. But in a lot of other problems,
especially high speed flows with presence of low pressure, the brutal truncation
will eventually result in blow-ups because total mass or total energy is increased
every time a negative density or pressure value is set to zero. In other words,
both conservation and positivity must be satisfied for robustness. For example,
a conservative finite volume scheme solving (1) satisfies the global conservation
(up to proper boundary conditions) >, pi' = >, ﬁ:.”'l, where p}' denotes the cell
average of density on the i-th cell at time level n. If the scheme is positivity-
preserving, then [p?| = p! for any n and i. Thus global conservation and
positivity imply L'-stability: 3. |p?| = 3, [p | Similarly, we can have L'-
stability for total energy.

Towards robustness, it is desired to construct conservative schemes that
are positivity-preserving of density and pressure (or internal energy). We will
consider a general equation of state which satisfies p > 0 <= e > 0. Then we
will focus on the positivity of internal energy instead of pressure because the
internal energy has the same definition (2b) for any equation of state. We define



the set of admissible states as

P 1
G=qU=[pu]:p>0, /)6(U)=E—§p|\u||2 >0. . (3)
E

It is straightforward to check that the eigenvalues of the Hessian matrix 8‘9—[; pe
are nonpositive if and only p > 0. Thus pe is a concave function with respect to
U and it satisfies a Jensen’s inequality: VU1, Uy € G,VA1, A2 > 0, A1 + A2 =1,

pe(/\1U1 + )\QUQ) Z )xlpe(Ul) + )\Qpe(UQ). (4)

Therefore, G is a convex set.

The main objective in this paper is to construct conservative positivity-
preserving high order accurate schemes solving (1), which is in general a difficult
problem.

1.8. Positivity-preserving high order schemes for compressible Euler equations

Quite a few first order finite volume schemes are positivity-preserving for
compressible Euler equations with EOS (2¢), including the Godunov scheme,
the Lax-Friedrichs scheme [4], and the HLLE [5, 6] schemes and kinetic schemes
[7, 8]. Roughly speaking, to prove the positivity in Godunov and HLLE schemes,
one must take advantage of the exact solution for Riemann problems, which is
not available for a generic EOS. On the other hand, the positivity-preserving
property of the Lax-Friedrichs scheme is an algebraic fact [9, 10]. Thus it is
straightforward to show that the Lax-Friedrichs scheme is positivity-preserving
for compressible Euler equations with a generic EOS [11].

® ([ ] [ ]

[ X J ([ ] [ N

® [ ] [ ]
9 @ & @

Figure 1: An illustration of the weak monotonicity/positivity of third order finite volume
and discontinuous Galerkin schemes using quadratic polynomials on 1D, 2D rectangular and
triangular cells. Red points are quadrature points for computing the line integral of numerical
fluzes along the cell boundary. Red points and blues points form a special quadrature and
they are the points in the weak monotonicity/positivity.

To construct positivity-preserving higher order accurate schemes, there are
a handful of efforts in the literature, e.g., [4, 12, 13, 14, 15, 16]. One of the
most successful approaches is the methodology proposed in [17, 10, 18, 19]. The
details of this approach will be reviewed later. Here we first take a look at



the critical feature of this methodology, which is an intrinsic weak positivity
property of arbitrarily high order finite volume and discontinuous Galerkin (DG)
spatial discretizations. Let K be a polygonal cell with edges ¢; (i = 1,--- , E)
in a two-dimensional mesh. Consider a high order finite volume scheme solving
two-dimensional equations U; + V - F* = 0 on the cell K with forward Euler
time discretization,

E
—n+1 —n At — —n At —
U =U;, — — Fe.nds=U, — — Fe.nd 5
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where ﬁ?( is the cell average on K at time step n, n is the unit outward normal
vector to 0K, | K| denotes the area of K and Fo nisa positivity-preserving flux.
Positivity-preserving fluxes are those which make first order schemes positivity-
preserving , e.g., Godunov, Lax-Friedrichs and HLLE fluxes, etc. For simplicity,
we only consider a local Lax-Friedrichs flux for F® in this paper,

1

Fe-n(U-,U%)| = [(FY(U) +FY(UY) n—a(UT -UT)],  (6)
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where U~ and U™t denote the approximations to U on 0K from interior of K

and exterior of K respectively, and «; = max %LU‘ with the maximum being

taken over all U~, U™ along e;. Here %—%L| denotes the largest magnitude of
OF®

the eigenvalues of the Jacobian matrix %, which is equal to the wave speed

[u-n|+ , /’y% for the ideal gas EOS (2¢).
The positivity property holds for the first order Lax-Friedrichs scheme under

a CFL condition At% max %| < 2 where |0K| denotes the length of the

boundary 0K. In the high order scheme (5), ﬁ’;{H is not a monotone function
of independent degree freedoms such as p% and the boundary values of p%
along 0K for any positive At, but under a suitable CFL condition ﬁ?{"’l is a
monotone function with respect to certain dependent degree of freedoms, e.g.,
some redundant point values of reconstruction or approximation polynomials
illustrated in Figure 1. We call this property weak monotonicity, which was
first explored in [17] for scalar conservation laws. Via Jensen’s inequality (4),
the weak monotonicity can be extended to weak positivity for pressure and
internal energy: if the same set of point values as illustrated in Figure 1 for
the conserved variable vector U belong to the set of admissible states G, then
ﬁnKH € G in the scheme (5) using approximation polynomials of degree k under
the CFL constraint

1
K|~ NN -1)

where N = [(k + 3)/2], i.e., N is smallest integer satisfying 2N — 3 > k, and
a= % for rectangular cells and a = % for triangular cells in a two-dimensional
case.

The weak positivity property implies that we only need to filter or limit
negative point values as illustrated in Figure 1 to ensure the positivity of cell

At Vi, (7)



averages in forward Euler, which makes construction of a conservative positivity-
preserving high order scheme possible. A simple efficient scaling limiter can be
used to modify negative point values to small positive ones without changing
cell averages. For smooth solutions with a uniform positive lower bound on
pressure p > m > 0, high order local truncation errors in spatial discretiza-
tion of this limiter, can be rigorously justified. High order time accuracy can
be achieved by Strong Stability Preserving (SSP) Runge-Kutta and multistep
time discretizations [20], which are convex combinations of formal forward Euler
schemes thus preserve the positivity if forward Euler is positivity-preserving.

In a nutshell, the key difference of the approach in [17, 10, 18] from all
other positivity-preserving methods is the weak positivity, which allows not
only rigorous justification of high order accuracy, but also easy constructions of
explicit schemes with any order of accuracy, easy extensions to three dimensions
[21] and general shapes of computational cells [22].

1.4. From Euler to Navier-Stokes: monotonicity in discrete Laplacian

To extend positivity-preserving schemes for Euler system to Navier-Stokes
system, we only need to focus on the pressure or internal energy since the
mass conservation equations in two systems are the same. However, it is much
more difficult to guarantee positivity of the internal energy in compressible
Navier-Stokes system. Positivity-preserving discretizations must be used for
the nonlinear diffusion operator.

Consider a simple toy model u; = wu,,. The simplest finite difference scheme
solving it is ul ™" = ul + 2L (u' | — 2u? 4+ ul,,). For that the right hand side
of this scheme is a monotone function of uj' and w}, if % < 3, we call the
second order accurate central difference % a monotone approxima-
tion to wug,. By Taylor expansion, it is straightforward to prove that higher
order accurate linear finite difference approximating the second order derivative
cannot be monotone. In Appendix A, we will show that the second order central
difference is positivity-preserving for the one-dimensional form of (2). However,
it is difficult to extend positivity of this scheme to high dimensions since finite
difference approximations for mixed second order derivatives are much more
complicated.

In other words, it is already nontrivial to preserve the positivity of inter-
nal energy for second order schemes without losing conservation of total en-
ergy in high dimensions. There are few such results in the literature. In [23],
an unconditionally stable staggered pressure correction second order accurate
positivity-preserving implicit scheme was constructed for (2). The positivity in
this scheme is heavily dependent upon the monotonicity of second order discrete
Laplacian and the specific form of shear stress tensor (2d).

It is interesting to explore any weak monotonicity in diffusion discretizations.
Unfortunately, weak monotonicity holds only up to second order accuracy for
any linear finite volume scheme and most DG schemes [24], see Appendix D. Sur-
prisingly, it is still possible to construct a third order linear DG scheme satisfying
the weak monotonicity. With special parameters, the direct DG (DDG) method,



which is a generalized version of interior penalty DG method, indeed satisfies a
weak monotonicity up to third order accuracy [25, 26, 27, 28]. However, if we
use Taylor expansion to examine the local truncation error in the numerical flux
of this scheme, only second order accuracy is obtained. Nonetheless, third order
error estimate in the semi-discrete DDG scheme can be proven [29, 30, 31]. This
phenomenon of inconsistency between the orders of local truncation error and
actual error in DG methods is referred as supraconvergence [32], different from
superconvergence. To fully understand how the second order errors are canceled
out, we need the error estimate for the fully discretized scheme, which is not
available. On the other hand, the supraconvergence in DDG method satisfying
the weak monotonicity does not seem to reach beyond third order accuracy. One
possible approach to construct positivity-preserving schemes for Navier-Stokes
is to take advantage of the weak monotonicity in DDG. However, it is still quite
difficult to extend the weak monotonicity to weak positivity of internal energy
in high dimensions.

1.5. A different perspective: a positivity-preserving flux for nonlinear diffusion

In all approaches mentioned in the previous subsection, we regard V - F% as
a diffusion term when seeking monotonicity. Unfortunately, monotonicity and
the weak monotonicity hold for finite difference, finite volume and most DG
discretizations approximating Laplacian only up to second order accuracy. On
the other hand, we can regard F = F® — F¢ as a single flux and formally treat
V - F as a convection. This is perhaps a more natural perspective since the
system (1) is derived from integral equations in the first place: [| e UrdV =
- ox F -nds. A finite volume scheme with forward Euler approximating this
integral equation takes the form,

—n—+1 —-—n At
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fF nisa positivity-preserving flux, then (8) would satisfy the same weak posi-
tivity of pressure as for (5). The major challenge now boils down to construction
of a positivity-preserving flux F n

In this paper, we introduce a simple positivity-preserving flux for the non-
linear diffusion in the Navier-Stokes system, for which the design is inspired
by the positivity-preserving property of the Lax-Friedrichs flux for Euler equa-
tions. Recall that the local Lax-Friedrichs flux (6) is positivity-preserving with

a; = max (|u~n| + 4 /7%) for the ideal gas EOS (2c). For a generic EOS,

2 el s .
we can use ; > max (\u ‘n|+ 1/&) to ensure positivity of internal energy,

which will be reviewed.

Since the shear stress tensor and heat flux in the diffusion flux F¢ are depen-
dent on the derivatives of conserved variables U, we introduce an auxiliary vari-
able S as an approximation to VU. Now consider the following Lax-Friedrichs



type flux for the diffusion in Navier-Stokes equations,

— 1

F?.n(U",S™,U",8T) :75KFdanS’)+FdﬂIﬂS+»»an@(U+A—U’ﬂ,
(9a)

where ; is a nonnegative number. We will show that this flux is positivity-

preserving if
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(VPla-nP +2p%rnlP +pla-nl),  (9b)

where the maximum is taken over U~,S~, U™, ST along e;. Here a positivity-

preserving flux F? - n means that a first order finite volume scheme with such
a flux for solving the formal diffusion system U, = V - F¢(U,S) is positivity-
preserving.

Then we have a positivity-preserving flux in (8): Fn=Fin_ Fln
w/he\re Fo . nis any positivity-preserving flux for compressible Euler system and
F¢ . nis given in (9). Another slightly different positivity-preserving flux will be
introduced in Section 2.4. Following the results in [10, 18], it becomes straight-
forward to show exactly the same weak positivity as illustrated in Figure 1 holds
for (8) thus it is straightforward to construct positivity-preserving arbitrarily
high order finite volume and DG schemes for (1).

1.6. Positivity-preserving DG schemes for compressible Navier-Stokes equations

In this paper, we discuss the construction of positivity-preserving DG schemes.
For solving the compressible Navier-Stokes system (1), there are quite a few DG
type schemes, e.g., the pioneering work by Bassi and Rebay [33, 34], the scheme
by Baumann and Oden [35], Compact DG [36], correction procedure via recon-
struction (CPR) [37, 38], Hybrid DG [39] and Embedded DG [40], etc. The
major differences among these DG methods include how to approximate the
derivatives of the solution and the choice of numerical fluxes, which are derived
from various perspectives.

As a demonstration, we focus on one of the most popular approaches in [33].
For the derivatives of U, an auxiliary variable S = VU is introduced. After
multiplying the following system by test functions and integration by parts on
a polygonal cell K,

S-VU=0
U, +V-FYU)-V-FY(U,8) =0’

we obtain the following general form of a DG scheme,
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where Uy, and S; are vectors of polynomials of degree k£ on K and ¢; and

1, are the polynomial of degree k test functions. The advection flux Foonis
the same ones as mentioned above, e.g., the local Lax-Friedrichs flux. Central

—

fluxes were used for the other two fluxes in [33], F¢-n(U~,S~, Ut ST) =
3 [F4(U~,87) +F4U*,S")] -n and

Un(U~,U") = %(U‘ +U')n, (11)

where — and + denote the approximations on K from interior of K and exterior
of K respectively.
To render this high order DG scheme satisfying the weak positivity property,

we can simply replace the central flux F¢ - n by (9). Compared to the central
flux, the extra term 33(U* —U~) in (9) contributes to the DG scheme (10)
as an interior penalty term. In other words, we can add a nonlinear penalty
defined by (9b) to the DG scheme in [33] so that it satisfies a weak positivity
property under some CFL constraint. A slightly different positivity-preserving
flux discussed in Section 2.4 can also be used to achieve the weak positivity

property.

1.7. CFL constraints, implementation, and numerical performance

For the positivity-preserving flux (6) and (9) solving (1) with a generic EOS,
the following time step constraint is a sufficient condition to ensure the weak
positivity in a high order finite volume scheme (8),

Bl < =
T4 max {a;, 5;} a

At SNV 1)

Vi, (12)

where a = % for rectangular cells and a = % for triangular cells.

To better understand (12), consider DG schemes solving a very smooth so-
lution of one-dimensional form of (2). The linear stability on a simplified model
up = éum would require At = O(Re Az?) for an explicit scheme where Az
denotes the mesh size in the spatial discretization, whereas (12) roughly re-
duces to At = O(Az). When shocks are present, (12) are roughly around
At = O(ReAx?). The inconsistency between the linear stability CFL and a
nonlinear stability CFL (12) for smooth solutions implies that we also need to
enforce the linear stability CFL beyond a positivity induced CFL. After all,
the weak positivity property is a very weak stability, i.e., only cell averages are
guaranteed to be positive in one time step in (8).

Numerical tests suggest that the linear stability CFL constraint At = O(Re Az?)
must be satisfied. Otherwise errors may grow exponentially even though the L'
stability for density and total energy is still valid. There is no contradiction
since stability itself does not guarantee convergence for nonlinear equations. In
this paper, we only pursue nonlinear stability by enforcing positivity of density
and internal energy in high order schemes for Navier-Stokes equations. Another
approach towards nonlinear stability of high order schemes is to enforce entropy



bounds [41, 42, 43]. For convergence of high order schemes, entropy inequalities
should be considered, which is in general a much harder problem than stability.
Nonetheless, positivity is the first step towards entropy stability and entropy
inequalities.

On the other hand, (7) and (12) should be not strictly enforced in Runge-
Kutta time discretizations for several reasons:

1. The constraint (12) is hardly a necessary condition for ﬁ}}“ € G in (8)
in practice.

2. It is very difficult to accurately predict wave speeds for all stages in a
Runge-Kutta time discretization. For example, to enforce (7), we need to
estimate max(|u| + \/vp/p) in all inner stages before computing them in
a high order Runge-Kutta time discretization. Similar difficulty arises in
(12).

3. Artificial stiffness may arise in low density or low pressure problems. For
instance, if density and internal energy are numerically close to zero, it is

difficult to accurately evaluate the sound speed , /7% due to the round-

off errors. The wave speed computed in a low density region might be
significantly larger than the actual one, which results in a much smaller
time step numerically computed by (7) than a necessary time step for
positivity. Similar difficulty arises in (12) due to the presence of density
and internal energy in the denominator in (9b).

Instead, we can enforce the time step constraint (12) only when larger time

steps give ﬁ}“ ¢ G. For each time step of Runge-Kutta discretization, we can
start with a usually used time step for explicit schemes, e.g., At = O(Re Ax?).
If density or internal energy of the cell average becomes negative, then we restart
the computation with a smaller time step, e.g., a time step halved. The suf-
ficiency of CFL (12) for the weak positivity excludes the possibility of endless
loops. This ad hoc implementation was used in [44] for Euler equations with
chemical reactions and works well in practice.

To implement an explicit positivity-preserving high order DG scheme for (1),
we can do the following simple modifications to the scheme in [33],

1. Use SSP Runge-Kutta time discretizations.

2. Use a positivity-preserving flux for the advection, e.g., (6). Use the
positivity-preserving flux (9) for the nonlinear diffusion. In other words,
add an interior penalty term to the scheme in [33] with nonlinear penalty
parameter defined by (9b).

3. Add a simple limiter to filter negative point values at quadrature points,
e.g., Gauss quadrature, for computing all integrals in the DG scheme (10).
We emphasize that we do not use the quadrature in Figure 1 to compute
any integral in the actual implementation. The blue points in Figure 1
are highly redundant in high dimensions and are not used explicitly in the
implementation.

4. Time stepping will be discussed in detail in Section 5.3.
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(a) Without other limiters. Re = co. (b) With TVB limiter. Re = oo.

Figure 2: Mach 10 shock passing a sharp corner. The DG scheme with positivity-preserving
local Lax-Friedrichs flux (6), the positivity-preserving limiter, and the third order SSP Runge-

Kutta on unstructured triangular meshes solving compressible Euler equations with ideal gas
EOS. The mesh size is g5. P? basis.
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(a) Without other limiters. Re = 100. (b) Without other limiters. Re = 1000.

Figure 3: Mach 10 shock passing a sharp corner. The DG scheme with positivity-preserving
fluxes (6) and (9), the positivity-preserving limiter, and the third order SSP Runge-Kutta on

unstructured triangular meshes solving Navier-Stokes equations (2). The mesh size is L
basis.
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To have a glance at the numerical performance of the high order DG scheme
implemented as above, we consider the problem of Mach 10 shock diffracted at
a sharp corner in [18]. This is quite a representative test problem since shocks,
low density/pressure and fine structures from Kelvin-Helmholtz instability are
all involved. See Figure 2 for the results of compressible Euler equations. The
positivity-preserving RKDG scheme may produce oscillations, which is not a
surprise because only positivity is guaranteed. To reduce oscillations, other type
of limiters towards a non-oscillatory property should be used. For instance, a
TVB limiter was used in [18]. We emphasize that other types of high order
accurate limiters without the positivity-preserving limiter cannot stabilize the
DG scheme for this low pressure problem. On the other hand, we can observe
that the TVB limiter also smears out some interesting features such as roll-
ups due to the Kelvin-Helmholtz instability, which is an indication of excessive
numerical viscosity of the TVB limiter. For compressible Euler equations, the
RKDG scheme with only the positivity-preserving limiter may produce excessive
oscillations affecting the shock locations on finer mesh or with higher order basis
for this problem. WENO type limiters [45, 46, 47] are less diffusive thus more
suitable for reducing oscillations with a better resolution.

However, a very interesting observation is that no other limiters are
needed to reduce oscillations for positivity-preserving DG scheme
solving Navier-Stokes equations. See Figure 3 for results of DG with only
the positivity-preserving limiter solving compressible Navier-Stokes equations
(2). In Figure 2 (a), we can see that the local Lax-Friedrichs flux for advection
and positivity-preserving limiter do not contribute excessive artificial viscosity.
In Figure 3 (a), the main source of additional artificial viscosity is the extra
term 23(UT — U~) in (9). On the other hand, the result for higher Reynolds
number in Figure 3 (b) is a strong evidence that the flux (9) does not contribute
excessive artificial viscosity either. With these observations and numerical evi-
dence, we may conclude that the physical nonlinear diffusion starts to smooth
out the numerical oscillations in high order positivity-preserving DG schemes
when it is accurately resolved.

1.8. Contributions and organization of the paper

The main contributions of this paper include the construction of positivity-
preserving flux (9) for the nonlinear diffusion in (1) and the construction and im-
plementation of the very first high order schemes for compressible Navier-Stokes
equations (1) in two dimensions, which can preserve positivity of internal energy
without losing the conservation of total energy. For implementing positivity-
preserving DG schemes, it is straightforward to add a nonlinear penalty term
and the positivity-preserving limiter to the DG scheme in [33]. The interior
penalty plays an essential role in stabilizing DG method solving diffusion prob-
lems. We have revealed how it may affect the nonlinear stability in terms of the
positivity-preserving property for compressible Navier-Stokes equations.

An interesting and important observation is that only the positivity-preserving
limiter is needed for high order DG schemes to produce non-oscillatory solutions

12



for compressible Navier-Stokes equations (2) even when strong shocks are in-
volved, which is not the case for compressible Euler equations.

The high order positivity-preserving scheme in this paper has the following
advantages and features:

e The construction of the positivity-preserving flux (9) depends on neither
the specific form of the shear stress tensor 7, heat flux q and equations of
state nor how the derivatives VU are approximated in a scheme.

e Extensions to arbitrarily high order polynomial basis, multiple dimensions
and unstructured meshes are straightforward.

e The full scheme is explicit with the time step constraint At = O(Re Az?)
thus it is more suitable for high Reynolds number flows.

e For compressible Navier-Stokes equations, only positivity-preserving fluxes
and the positivity-preserving limiter are needed to stabilize the high order
DG scheme producing non-oscillatory solutions. Numerical evidence sug-
gests that the proposed high order positivity-preserving DG scheme does
not produce excessive artificial viscosity.

The paper is organized as follows: we review the weak positivity property
of high order finite volume schemes solving compressible Euler equations in
one dimension then introduce two positivity-preserving fluxes for compressible
Navier-Stokes equations in one dimension in Section 2. We discuss the weak pos-
itivity property of high order finite volume schemes with a positivity-preserving
flux for compressible Navier-Stokes equations in two dimensions in Section 3.
For compressible Euler equations, the CFL condition for triangular cells derived
in Section 3 is slightly better than the one in [18]. Then we review the positivity-
preserving limiter and an efficient implementation in Section 4. We emphasize
that all the discussions in Sections 2, 3 and 4 apply to any finite volume type
scheme including the scheme satisfied by cell averages in DG methods. Imple-
mentation details for DG schemes are discussed in Section 5. Numerical tests
are given in Section 6. Section 7 consists of concluding remarks.

2. The weak positivity of high order schemes in one dimension

We will first review the positivity-preserving flux and the weak positivity for
high order finite volume schemes solving compressible Euler equations. Then we
construct two positivity-preserving fluxes for compressible Navier-Stokes equa-
tions and discuss the weak positivity for high order finite volume schemes.

2.1. The positivity of first order schemes for compressible Fuler equations

For the one dimensional compressible Euler system U; + F*(U), = 0 with
U = (p,pu, E)! and the flux function in one dimension defined by F¢ =

13



(pu, pu® + p, (E + p)u)t, we first consider a first order finite volume scheme

onacell Ij = [z;_ 1,2, 1] with cell size Az,
n+1 n At a n n n n
S [F (U7, U, — Fe(Ur_ 1,Uj)} ,
with the local Lax-Friedrichs flux defined by
a n n 1 a n a n n n
FH (U}, Ujy) = 5 [F(UD) + F(UY,) — a0 (U, —07)), (19)

where U7 is the approximation to the average of U on I; at time level n and
o1 is a positive number dependent upon U} and U7 ;. With the assumption
U7, U7, € G, we want to find a proper Q1 and a CFL condition so that

U?H € (G. The scheme can be rewritten as

1 At 1 At 1 At
n+1l __ n n 71 a n
Y= (1_ %37z 2%t Az )U T %A, <UJ“ yF(U
1 At o C cagaon
50 (U Lar P j_l)). (14)

By Lemma 6 in Appendix B, if we set a; 1 > e (|u\ + /252 e), e.g.,

i+

1= U;Ln%%( <|u| + 4 /’yg) for the ideal gas EOS (2¢) with v > 0, then we

have U7, —1 Fa(Uyﬂ) €G,and U7, + aj_j%Fa(U;Ll) € G. Under the

CFL condltlon L max; o i1 <L U”Jrl in (14) is a convex combination of
three vectors in G thus U;H’l €G.

2.2. The weak positivity of high order schemes for compressible Euler equations

Consider a (k + 1)-th order finite volume type scheme with reconstruction
polynomials or approximation polynomials of degree k. For one dimensional
compressible Euler system with forward Euler time discretization on I, it takes
the form,

n+1 —n At

U :U.——[ﬁ(ui U

a +
! A Fi(U,_ .U,

J+2) )| (153)

_1
2

where ﬁrf is the cell average on I; at time level n, U7 1 and UJr 1 are approxi-

mations to the point value of U at x; 1 and time level n from the left and from
the right respectively. The local Lax Friedrichs flux is

Ta + a a + . + 71—
F (UJ é’UJ+2) 2 F (UJ )tF (U ) j+ 2(U3+2 Uj+%) )
(15b)
p?
Q1> —I?i}(+l |u| + 3% | (15¢)
i+37 T+t

14
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Let N = [(k+3)/2], i.e., N is smallest integer satisfying 2N — 3 > k. We
consider an N-point Legendre Gauss-Lobatto quadrature rule on the interval
I; = [xj_%,xj+%], which is exact for integrals of polynomials of degree up to
2N — 3. Denote these quadrature points on I; as

Sj ={z; ;—x;,f?,~-~,ij_l,ﬁs\éy:xj+%}. (16)

N

Let &, be the quadrature weights for the interval [—3, 1] such that Y &, = 1.
p=1

Let P;(z) be the reconstruction or approximation polynomials of degree k in

the high order scheme (15a) on I; with cell average ﬁ? and nodal values U~

Ji+3
and U+ 1 at two cell ends, then

2

—=n 1 N ~ ~
U; = E/ P;(z)dz = w0, P; (@) = w0, P; (] )—|—w1U 1 —|—wNU
I;

(17)
By plugging (17) into the scheme (15a), we obtain

O =@y ) (U 30, @ - g a1 T
1At 1At 1At e
+ON — 5 A, %) ( 1 T A OF a0 F (Uj+;)>
1 At R
+530 ,,%(U.%jta LF9( 7)
1 At + —1 a
+aapet (Ul — gy P (U,))
N-—1
+ Y B,P;E). (18)

n=2

Let @ denote the smallest weight in ‘Dm i.e., 0 =W, = Wy. For Gauss-Lobatto
quadrature with N points, @ = N(N - Notlce the fact that Ata < @ if and

only if 0 < 1 At (0 - éﬁ‘t a)~! < a7l for positive numbers % a and @. By

Lemma 6 in Appendlx B, under the CFL COHdlthIl maxj a1 < @, we have

S U++é €G=U_, + ;j%F(U;_%),UL% ]le(U+ ,) €G,
1 At 1 At
+ + + ~ T ) 1xpa +
Uj_% GG:>UJ,_% + 2—Az(w1 5 AL a]") F (U ) G,
_ -1 At 1 At e

Moreover, (18) is a convex combination under the same CFL condition. Thus
we get the weak positivity for the high order scheme (15),

15



Theorem 1. A sufficient condition for U e G in the scheme (15) with
reconstruction or approximation polynomzals of degree k is

UL, €G and Py@)eG (n=2,--,N-1), Vj (19)
under the CFL condition
At 1
Az Yty =Y T NN 1) R 2

Remark 1. If using Zu 5 wMPJ(Ey) (1-&—Wy) Zg;; %PJ(@‘) =

(1-2w) Zg 21 lw’é@P (%) in (18), we obtain a weaker sufficient condition than

(19) for Uj ' € G in the scheme (15),

N— ~

+ (A)
Uji%EG and Z

) eaq, Vi, (21)

under the same CFL constraint (20).

2.8. A positivity-preserving flux for the nonlinear diffusion

It is straightforward to construct a first order positivity-preserving scheme
for the one-dimensional form of (2) since mixed second order derivatives do
not appear in the one-dimensional equations. As a matter of fact, the sim-
plest second order finite difference scheme is positivity-preserving for the one-
dimensional compressible Navier-Stokes equations, see Appendix A. However,
it is difficult to extend such a result to two dimensions due to the mixed second
order derivatives. In this subsection, we introduce a simple positivity-preserving
flux for the diffusion flux F¢ which can be easily extended to high dimensions.

We first formally consider the diffusion system U; — F¢(U,S), = 0 with
S = U, and the flux function in one dimension defined by F¢ = (0,7, ur — ¢)*.
Let S7 denote the approximation U, on I; at time step n. Consider a first
order finite volume scheme on I,

n At n d n
Uyt = U7 + T [FUUSL 87, U, .87 = FUUT ST, U787

Consider a Lax-Friedrichs type flux defined by
d n n n n 1 n n n n n
F4(U},87,U7,,,87,) = [Fd(U S7) + FI(U}, 1, S}4y) + Biv1(Ufy, — Uj )] )

(22a)
where 3,1 is positive number dependent upon U7, 8%, U}, | and S} ;. With
the assumption U7, U7, € G, we want to find a proper ﬁﬁ% and a CFL

condition so that U}LH € G. By Lemma 6 in Appendix B, if we set

(\/p q* + 2p2e|r|? +pIQ\) (22b)

Bir1 >
It T unse UJJr1 J+12pe
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then we have U, +B i1 Fd(U;l+17 S

?.1) € G,and U;’_l—ﬁjf_léFd(Un

j=b

S? )€
G. The scheme can be rewrltten as
1 At 1 At 1 At
n+1 __ n n —1 d n n
ot = (1- 304 - 26j+%Ax> U7+ 5Pt g (Ui + 70T (U0, 8520)
1 At (

58y (U — 8L FU7 .87 )).

Under the CFL condition % max; ﬁj+% <1, U?H in the scheme above is a
convex combination of three vectors in G thus U?H € G.

For the compressible Navier-Stokes equations U; +F*(U), —F4(U,S), =0
it is straightforward to construct a first order positivity-preserving scheme,

1 o At
n+1 __ n a n n n n
Uit =2 (Uj - [F (Uy,Up,,) - Fa(U 1,Uj)D

s U7.87)] ).
where Fé is any positivity-preserving flux for Euler system, e..g, Godunov and
HLLE fluxes, and F¢ is the flux constructed above. The right hand side of
this scheme is an average of the two formal schemes for U; + F¢(U), = 0 and
U; — F4(U), = 0. If Fe is (13) and F9 is (22), then the positivity-preserving

. . A 1 .
CFL constraints are £% max aji1. B4 < g forallj.

1 n A d n n n n n
T3 <Uj +2Fm [Fd(Ujvsjan+lvsj+1) Fi (U1,

2.4. Another positivity-preserving flux for compressible Navier-Stokes equations
By treating two fluxes F¢ and F¢ separately, we surely overlook the in-
teraction of two fluxes, which may give more information thus possibly better
CFL constraints. To this end, consider the following finite volume scheme for
the compressible Navier-Stokes equations in the form U; + F(U, S), = 0 with

F =F* - F,
At

Ut = Uy - 2 [F(U7LS), U7, ST - B(US

Consider a Lax-Friedrichs type flux defined by

1077

Jj—1

F(U}.8], ULy, 81) = 5 [F(UJS)) + F(UL 1, S30) — By (U - U]

(23)
where 5j+% is a positive number dependent upon U7} ,S%, U%,, and S7 ;.
With the assumption U7, U7, € G, we want to find a proper BjJr% and a CFL

condition so that U;-’H € GG. The scheme can be rewritten as

1 1 At 1 At
+1_ n n
Yi ( 2" zAx_25j+5Ax)Uj+2ﬁj+5Ax( o = 6,0 F (U0, 8,0))
+is
2

At
By xe (U + 6,1, F(UL ST_)) (24)
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By Lemma 6 in Appendix B, if we set

—pl2
Pits > vy s 6 s [I [+ (\/pq +2p%|r — +pq|)}

Jj+1Y5+1
then we have U7, — 4! L F( JH,S?H) € G,and Uj_;+5 F(US 87 ) €
G. Under the CFL condltlon L max; Bivr < 1, U"+1 in (24) is a convex

combination of three vectors in G thus U;“”l € G.

Jj=b

2.5. The weak positivity of high order schemes for compressible Navier-Stokes
equations

Consider a (k + 1)-th order finite volume type scheme for one dimensional

compressible Navier-Stokes system with forward Euler time discretization on 3,

Tl og & [ﬁ(U—

- + U~ - + +
j i Ar S,,Uf .S F(U l,S];%,Ujf%,sjié),

Gty Titg Tty a+2)7 i3
(25a)
where F is a positivity- preservmg flux. We can use elther F=Fo— 1':71 with any
p051t1V1ty preserving flux Fe for the Euler system and Fd as defined in (22a), o
the flux F as as defined in (23). For simplicity, we only discuss the latter one,

=~ 1
- - + V- - + +
F(Uj+%7sj+%7U]+17S]+2) §|:F(U+17S )+F(U+1as+é) ﬂj+%(U]+%
(25b)
Bjry > max [Iu + 27 (\/,0 q> +2p%e|T — p|? +P|Q)]
j+%’sj+%’ i+5 i+ pre
(25¢)

Plugging the cell average decomposition (17) into the scheme (25a), we ob-
tain

1 1A L 1AL 1A et
Ui =@ iy <Ua';+2m~(”1 sag -8 FU 8 )
1At 1At 1At ) _
# O o) (U~ 3 ar @y ) P ))
1 At _
+§Ixﬂ],%(U 1 +ﬁ F(U éasj_%))
§Eﬁj+%(Uj+% _BJ+2F(UJ+“SJ+§))
N—-1
+ D 0uP;(T). (26)
n=2

By Lemma 6 in Appendix B, under the CFL condition % max; ﬁj+% < W, we
have

U, UﬂeG;sU 1+/J’1F(U S )U;l -8
2 2

1 + +
J— J+3 ]+1F(U Sj+%) EGa

+17
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)'E(UT .S ) ed,

i-3 j 2 Az 2 A i 3
B 1At 1A e

Moreover, (26) is a convex combination under the same CFL condition. Thus
we get the weak positivity for the high order scheme (25),
Theorem 2. A sufficient condition for U;L—H € G in the scheme (25) with
reconstruction or approximation polynomials of degree k is

U].ii%ec and P;(a¥)€G (u=2,---,N—1), Vj, (27)

under the CFL condition

At 1

A Tax j+%§@=m7 N=[(k+3)/2]. (28)

Following Remark 1, a weaker condition to replace (27) is

+
Uji%

N-1 ~
Wy o .
€G wd 30 TERE e Vi (29)

Remark 2. For a very smooth solution, |u|+ﬁ (\/p2q2 + 2p2e|lT — p|? + p|q\>

O(1) thus the CFL constraint (28) implies At = O(Ax), which is inconsistent
with the time step constraint suggested by a linear stability analysis. For explicit
schemes solving (2), we should take At = O(Re Az?) as implied by the linear
stability analysis on a toy model u; = éum. The weak positivity property
is a very weak nonlinear stability, which does not necessarily imply the linear
stability. In numerical tests, if (28) is satisfied but At = O(Re Az?) is violated,
we observe that errors may grow exponentially in time for smooth solutions of
(2), even though the weak positivity still holds.

3. The weak positivity of high order schemes in two dimensions

As we have seen in the previous section, the discussion of positivity of first
order schemes and weak positivity of high order schemes for Euler equations is
similar to the ones for the diffusion operator and the Navier-Stokes equations.
For simplicity, we only discuss the positivity of the Lax-Friedrichs type flux
(23) for the Navier-Stokes equations U; +V -F(U,S) = 0 with S = VU in two
dimensions in this section. All discussions in this section also apply to the flux
(13) for Euler equations U; + V- F%(U) = 0 and the flux (22a) for the diffusion
equations U; — V- F4(U,S) = 0.
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K
(a) A rectangular mesh. (b) An unstructured triangular mesh.

Figure 4: An illustration of a computational cell K in two dimensions.

3.1. The positivity of first order schemes

Let K be a polygonal cell with edges e¢; (i = 1,---,F) in a mesh and
K; be the adjacent cell which shares the edge e; with K. For simplicity, we
only consider a rectangular mesh or an unstructured triangular mesh, e.g., as
illustrated in Figure 4. Let |e;| denote the length of the edge e;. For the two
dimensional compressible Navier-Stokes system U; + V - F(U,S) = 0, consider
a first order finite volume scheme on the cell K,

At SN —
Uje = Uge = 7 D 6P n(Uk. Sk U k..
i=1
with the numerical flux defined by

N | =

where U}, S% are the approximation to the average of U, S on K at time level
n, n; is the unit vector normal to e; pointing outward of K, and ; is a positive
number dependent upon Uj and Ul . With the assumption U%, Uy € G,
we want to find a proper §; and a CFL condition so that U}’(‘H €q.

We have Zil F(U%,S%) - n;le;| = 0 due to the fact that ZZE:1 f - n;le;| =
Jor f-nds= [[,, V-£dV =0 for any constant vector f. Thus the scheme can
be rewritten as

1 At 1 At
n+1 __ n n — n n i
o ( zmzlez'@) K*mmziezww P (UL, S%) 0]

which is a convex combination of U and U, — B; 'F(U% ,S% ) - n; under

the CFL constraint At% max; f; < 2 with |0K| = EIE:1 le;]. We emphasize
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that the CFL condition At% max; 5; < 2 derived here is better than the one

derived following discussions in [4, 18], which is At ‘?Ifl [ max; 8; < 1.

By Lemma 6 in Appendix B, we have U — 3 o %, Sk,) n; € G if we
take

B; > max [u n;| —|— (\/p2|q n;|? + 2p%e||T - n; — pnt||2 + plq - nz|>} ,
where the maximum is taken over U%, S%, U, Sk .

3.2. High order schemes for the compressible Navier-Stokes equations

Consider a (k + 1)-th order finite volume type scheme with reconstruction
polynomials or approximation polynomials of degree k. For the two dimensional
compressible Euler system, with forward Euler time discretization on K, it takes
the form (5). Assume we use the L—point Gauss quadrature for integrals along
each edge e;. Let w, (V = 1,--+,L) denotes the L-point Gauss quadrature
weights on interval [—1, 1], so that Z _,w, = 1. Let x,; denote the v-th
Gauss quadrature point on the i-th edge. Replacing the integrals by the Gauss
quadrature, we obtain

Tl T v, v, v, v,
U, =Uj— |K|Z|ez|ZwVF n(Uy, Sy, U S, (30a)

where Ul is the cell average on K at time level n, U%* and U%, % ' are approxima-
tions to U(x,4,t") from K and from K; respectively. The local Lax-Friedrichs
flux is

F-n(U}, S, UKL 83 = 5 [(FOUR, 1) + F(UR, 83 - mi — B,(UR - U]
(30b)
Bi > max [u n;| —|— <\/p2|q n;|? + 2p%e||T - n; — pnt||2 + plq - nz|>} ,
(30c)

where the maximum is taken over U%", S%", U%,S% forv=1,---,L.
Next, assume there exists a quadrature on K satisfying the following prop-
erties:

1. It is exact for integrals of polynomials of degree k on K.
2. The quadrature points include x, ; for all v and 1.
3. The smallest quadrature weight must be strictly positive.

This quadrature will play the same role in two dimensions as the Gauss-Lobatto
quadrature in Section 2.2 so that we can decompose the cell average as a convex
combination of certain point values. The existence of such a quadrature rule is
not obvious due to the third constraint above. For rectangular cells, we can use
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the tensor product of Gauss quadrature and Gauss-Lobatto quadrature [17, 10].
For triangular cells, we can construct it by a Dubinar transform from rectangles
to triangles [18]. For more general polygonal cells, see [22]. In [21], a more
straightforward construction was discussed, but the quadrature weights for x,, ;
on triangles are smaller.

Assume we have a M-point quadrature rule satisfying the three constraints
above. Letx,; (w=1,---,L,i=1,--- ,FE)and x) (A= EL+1,--- , M) denote
the M quadrature points on K. See Figure 1 for an illustration, where the red
points are x,,; and blue points are x). Let w, ; and wy denote the corresponding
normalized quadrature weights so that Zle Zf;l Wy + ZQ/[:EL_H wy = 1.

Consider a rectangular cell K with sides parallel to z-axis and y-axis. As-
sume lengths of sides are Az and Ay. To construct a suitable quadrature,
we use Up = A;pA-s-szﬁnK + AwﬁyA U). Following [17, 10], for the integral in

AHAy Uy = Aw+Ay |K| [ P (x)dxdy, we can use the tensor product of L-
point Gauss quadrature for z-variable and N-point Gauss-Lobatto quadrature
for y-variable. For the integral in ﬁayﬁz = ﬁ%yﬁ [Jx Pr(x) dedy, we
can use the tensor product of L-point Gauss quadrature for y-variable and
N-point Gauss-Lobatto quadrature for z-variable. Take the union of these
two tensor products, we get a quadrature rule needed and we have w, ;/w, =

leil o~ le:]

— 1 =1 i
AtAy®Y = AatAy NONCT) for any v = 1,---, L. For a triangular cell, we can

use the quadrature constructed in [18], which is also based on N-point Gauss-

Lobatto quadrature and w, ;/w, = %@ = gm for any v = 1,--- , L. For

E L
both cases, we have > > w,; = 20.
i=1v=1
Let P (x) be the reconstruction or approximation polynomial of degree k
in the (k 4 1)-th order finite volume type scheme (30a), i.e., the cell average of

Pk (x) is Uy and U;’i = Pk (x,,;). Then we have

E L M
—n 1 v,J

j=1lv=1 A=FEL+1
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Plugging the cell average decomposition above into (30a), we obtain,

M E L
Uil = Y wnPulo) + 13 [ U - At S Fa(Uy sy Ug 53|
A=FEL+1 i=1rv=1
M 1 on o el
B i ) y’ii —1 v, 7% . .
_ MPK(XA)+5ZZN|K| (Ui~ 57 RUY 85) - n)
A=FEL+1 =1 v=1

E L

M:

WPk (xx) + Z Z AviBi (U?{z - B F(UR,SE) - Hz‘)

A=EL+1 i=1v=1

E L
+ Z Z (Wy,i — AviBi) {Ulﬁ — Ay (Wi — Au,zﬂz’rl F(U?7 SVKz) : ni:| )
i=1v=1

(31)

where A, ; = 1At|‘§§‘|
Notice the fact that A,,i(w,,i A,iB) 1t < B ifand only if 0 < At{‘;;} Bi
Dt By B <

mlnl v T we have

IN

UY € G=UY — Ay (woi — Aiff) F(UY,SY) -n; € G,
Uy e G=UY — B 'F(UY,SY) n; €G.
Thus we obtain the weak positivity for the high order scheme (30).

Theorem 3. Consider the scheme (30) with reconstruction or approximation

polynomials of degree k. Let N = [(k + 3)/2]. A sufficient condition for U?—H
G in is

U U €G and Pr(xy) €G(A=EL+1,--, M), (32)
under the CFL condition
At L—I—L ,6~<A—¥ t l K
AL Ay l_w_N(Nfl)’ on a rectangular cell K,
i 2 1 .
|§(|| Bi < = gm, on a triangular cell K. (33)

Following Remark 1, with the fact

M w M w
A A
> — 5 Pr)= D =Prx),
A=EL+11 — 3 S w,; A=EL+1
i=1v=1

23



we get a weaker sufficient condition to replace (32) as,

M
v, v, Wi
Uy > P . 4
x:Ug €G and E T k(xy) €G (34)
A=EL+1

Remark 3. The discussion of weak positivity in this section, i.e., (31), is dif-
ferent from the one in [18] for triangular cells. Following the discussion in [18],

E .
we would get a constraint At%ﬂi < %&7 for a triangular cell. The CFL

condition (33) is certainly a better one, even though these CFL constraints are
sufficient rather than necessary conditions for the weak positivity.

4. Review of the positivity-preserving limiter

To enforce the sufficient conditions for the weak positivity in Theorem 1,
Theorem 2 and Theorem 3, we can use the simple positivity-preserving limiter
in [17, 10, 18, 44]. In this section, we review this limiter in one dimension but
all discussions can be extended to higher dimensions in a straightforward way.
We will describe the limiter for DG schemes in two dimensions in Section 5.

4.1. A simple limiter to enforce bounds

We first discuss a simpler case of enforcing bounds of a piecewise polynomial
approximation to a scalar function. Consider piecewise polynomials p;(x) on
each interval I; = [z;_1,2;, 1] approximating a smooth function u(z). Let m
and M be the minimum and the maximum of u(x), i.e., u(z) € [m, M] for any x.
Assume the cell averages p; = A%Ej flj pj(x)de € [m, M]. If p;(z) ¢ [m, M] for
some € I;, then we seek a modified approximation polynomial p;(z) satisfying
pj(z) € [m, M] for any z € I;, with the same cell average - [, p;(z)dz =

J J

ﬁ flj p;(z)dx. For instance, if p;(x) is the L? projection of u(z) onto the
vector space of polynomials of degree k on the I;, then we have p; € [, M] but
not necessarily p;(z) € [m, M] for any = € I;.

The following limiter was first discussed in [48]:

pi(x) =0 |pi(z) —D;| +D;, G_min{l, = ~ }7 35a
(2) = 0 [pi(2) = B,] + B, M, p, | |my ) G5
M; :I;éali;pj(a:),mj Zgéigpj(x) (35b)

It is straightforward to see that p;(z) € [m, M] for any « € I; and the cell
average of pj(z) is still p;. On the other hand, this simple limiter does not
destroy the approximation accuracy of p;(z).

Theorem 4. For the modified polynomial of degree k in the limiter (35), we
have |pj(x) — pj(x)| < Cpmaxees, [pj(x) — u(z)|, where Cy is a constant de-
pending only on the polynomial degree k.
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PROOF. We only need to discuss the case that p;j(x) is not a constant and

0= ]C;[j;j . The other cases are similar. Since p; < M and p; < M;, we have
i—Pj .
0 = (M —p;)/(M; — ;). Therefore,
pi(x) —pj(x) = Olp;(z) —p;] +P; — p;(2)
= (0= Dlp;(=) -1y
M — M;
- I pi(z) —
V5 @ B
pi(r) — P,
= (-
J Mj _pj
Thus [p;(z) — p;(z)| < |M — M;| p’(m . The assumption 6 = ‘M Pi | im-

plies the overshoot M; > M. Suppose pj( *) = M; for some z* € IJ, then
uw(z*) < M < M; = pj(:lc*). Thus we have |M — M| < Ju(z*) — pi(a*)] <
pj(®)— PJ‘ < C

MJ

maxgey, |p;j(z) —u(z)|. We need to show
Consider a new polynomial ¢(z) = p; (mAw—!—x %) — p;- Then 7 =
fol q(z)dz =0, zrél[%,)i} q(z) = gleag(pj( r) —p; and min ¢(r) = minp;(z) — p;.

z€[0,1] zel;
We have
_ max T max ¢(z) — min g(x
p;j(z) —D; lg(z)] < €01 la(=)] R we[O,l]q( ) 2€[0,1] a(@)
M, -7, | max ¢(z) — max q(z max ¢(z)’ max q(z
i P z€[0,1] a(@) z€[0, 1]q( ) me[o,l]q ) we[O,l]q( )
Jmax lg(z)| lg(ijnl] q(x)
Thus we only need to prove W < Cy or W < C%. For quadratic

polynomials £ = 2 in one dimension, Cj = 3 was proven by explicit calculations
in [48]. For general k and higher dimensions, see Appendix C.

Remark 4. The proof above can be easily extended to any kind of cells in any
dimensions.

In practice, the limiter (35) is not very interesting since evaluating the maxi-
mum and the minimum of a high order polynomial in (35b) is computationally
demanding in high dimensions. A practical limiter is (35) with M; and m;
redefined as

_ M—p;| | m—Dp

pj(z) =0 [p;(z) — p;] + D, 9=min{1, =1, = } 36a

HORAIORSARS? s M e SRS
M; =ggg;pj( ), m; = Helglpj( x), (36D)

where S; are Gauss-Lobatto quadrature points (16). The simplified limiter (36)
was first used in [17] to enforce the sufficient conditions for the weak monotonic-
ity in any high order finite volume schemes with monotone fluxes solving scalar
conservation laws. Since (35) is a more stringent limiter than (36), Theorem 4
also applies to the simplified limiter (36).

25



4.2. A simple limiter to enforce positivity

To enforce the condition (19), we can apply the limiter (36) to the density and
extend such a limiter to enforce the positivity of internal energy. Let P,(z) =
(pj(z), puj(z), Ej(x))" be a vector of polynomials of degree k on I; with the
cell average P; = (ﬁj,mj,Ej)t. Define pe; = E; - %pﬁ?/ﬁ] Assume P; has
positive density and internal energy, i.e., p; > 0,p€; > 0. Let € be a small
positive number as the desired lower bound for density and internal energy,
eg,c=10"%ore=10"13

Numerically the set of admissible states is

p
G =qU=|[pu|:p>eg, pe(U)>e.
E

Assume P; € G, If Pj(@-‘) ¢ G° for some p = 1,---, N, then we seek a

modified polynomial P;(z) with the same cell average so that P; (@) € G* for
all p.
We first modify density to enforce the positivity by,

~ _ _ . pj—€
5(2) = 0,(py(2) = P;) + 7y, O, =min{ 1, ——3 (37a)

; =h
pj = min pi (T5)
Then let B, (2) = (5 (x), pu; (2), B;(2))". Let fe;(x) = Ej(x) — L pu; (2)?/p; ().
To enforce the positivity of internal energy, we can use the simplified limiter in
[44],

pe; — €

Pj(z) = 0c(Pj(x) —P;)+P;, 0 =min{ 1, 7~ min_7e,@)
p=ty NI

. (37b)

N o~ N .
=1 0P (%) and the Jensen’s inequal-

ity (4), we have M:rlr}i.r.l7N (@) < p; and H:rlr}.igN pe;(Z) < pe;, which implies

By the convex combination P; = >

0 <0,,0. <1. By the Jensen’s inequality (4), it is straightforward to check
that ]_3](53\5) eGeforp=1,---,N.

Now consider the polynomial P ;(z) approximating a smooth solution U(x) =
(p(z), pu(z), E(x))" € G¢ for all z. If p(x) > € for any x, then the accuracy of
the limiter on density (37a) can be understood in the sense of Theorem 4.

Suppose the smooth solution U(z) satisfies pe(z) = E(z)—3pu(x)?/p(z) = ¢
for some z, then the limiter (37b) may induce at least a second order error
O(Az?) around the minimum of pe(z), see [43] for a discussion on a similar
issue when enforcing entropy bounds. In other words, (37b) is a crude limiter if
the smooth solution U(z) lies on the boundary of the convex set G¢ for some z.

If the internal energy of U(z) is uniformly bounded away from e, then (37b)
is still a high order accurate limiter as Ax goes to zero. Assume pe(z) > m
for any z and m > 2¢. Assume |P;(z) — U(z)|| = O(Az*FT!) for any z, then
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||f’j(x) —U(z)| = (’)(Awk‘H) for any x by Theorem 4. Since ||P;(z) — U(z)|| =
OAct), we bive e, — 2 [, pee)ds + O(Aa4*?). Thus 7, > b > o
N L
T e —pe;(a})’

then pe;(Z}) < e thus pe; — pe;(Z;) > m/2 —e > 0. Therefore, 1 — 0. =

ert (@) < poy(@))—e On the other hand Hf’(w) — U(z)|| = O(AzF*)
5, —pe,; @D = mji-c > 11

implies the undershoot pAeJ(fjl) —e = O(AzF1) thus 1 -0, = O(AzFH1) if Az is
small enough. So we get ||1~)J(x)fPJ(:v)H = |(1—-0,)[P;(z)—P;]|| = O(Az*+1).
In a nutshell, for smooth solutions without vacuum, i.e., the internal energy or
pressure is uniformly bounded away from zero, the limiter on internal energy
(37b) is a high order accurate limiter.

We remark that it is straightforward to define an optimal limiter in terms
of accuracy as an optimization problem, i.e., ﬁnding a polynomial P ( ) to
minimize ||P;(z) — P;(x)|| under the constralnts f] x)dr = fl r)dz

if Az is small enough. Without loss of generality, assume 6,

and f’j (z%) € G°. But accurately solving such a convex optlmlzatlon problem
is much more computationally demanding.

4.3. An efficient implementation of the positivity-preserving limiter

In the limiter (37), we have to evaluate P;(2%) for = 2,--- , N — 2, which
are the blue point values as illustrated in Flgure 1 In two and hlgher dimensions,
these blue point values are not needed in any standard finite volume and DG
schemes. It will be a more efficient implementation if we can avoid evaluating
these redundant point values in the limiter. To this end, we can enforce (29)
instead of (27).

Given polynomials P;(z) with cell averages ?j € G*, we seek polynomials

P, (x) with the same cell averages so that P, @), P; @), Zﬁ[ - 1“‘2‘aP @) €
GE
By the Mean Value Theorem, the convex combination Z p 2 T p; (T} ) is

equal to p;(x ) where 27 is some point in the cell J;. The convex combmatlon

N
p; = Zuzl wupj(xj) 1mphes p; = wp;(T ) + WPJ( M +@a- 20)pj(z ) Even
though the value of z is unknown, we can compute the point value of pi(z) at

x} as pj(z;) = ﬁ(ﬁj — Op;(T}) — ©p; (7] N)). We first modify density by,

p;—€

— min X
:EE{:L’J,:E] ,a:*} ( )

pi(x) =6,(p;(x) —P,;) +P;, 6, =ming 1, = (38a)

Pj
Notice that we have the convex combination p; = ©p;(Z}) + Op; (T} ) + (1 —

20)p; (%), so p; = min{p;(Z}), p; (TY), pj(2})} thus 6, € [0,1]. Tt is straightfor-
ward to see that the limiter (38&) is a more relaxed one than (37a), thus Theorem
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4 also applies to the limiter (38a). Moreover, we have p;(Z}), p;(Z}) > € and

N—-1 ~ N-1

Wi s mpy Wy (A _ 5 =
Z 1_2[&10](1']') = 1_2w[ep(p]($j>_pj)+pj]
=2 =2
N-1 (,Au
= HP(Z 1H20/\Jp_7</\5)_p]> +p]
=

Let P;(2) = (5;(x), pu; (@), Bj(2))" and fe;(z) = E;(x) — épug( )?/pi ().

By the Mean Value Theorem, the convex combination Zu o 1‘”‘2‘@P @) is
equal to (p; (] ), puj (e 2),Ej(x; ))t, where 5 a xy 2,96;’3 are three dlfferent

points in the cell I;. We abuse the notation by using 13J( **) to denote the

~ *,2 *,3 D sk N-1 @, "
vector (pj( ) pu]( ),Ej(xj ))t. Then Pj(z}*) = ZM y T ‘QQP ( *) and
we compute its value by Pj(z}*) = 255 (P; — &P, (z}) — 0P, (z))). For any
vector U = (p, pu, E)*, define the internal energy function as,

The internal energy of the vector f’j (z7*) is denoted by pe; (25*) = ¥ (].?’j (x**)) .
To enforce the positivity of internal energy, we define a limiter as,

pe; — ¢

P;(z) =60.(P;(z) —P;)+P;, 6.=min 17@;" mip =@
z€{Z}, 7] ,.L**}
(38b)
Since the cell average of f’j (z) is still P;, we have the convex combination
P, =Y, 5,P;(@) =0P;(@}) + &P;(EY) + (1 — 20)P,(2}*). The Jensen’s
inequality (4) implies,

Py > Dy (31) + 0y (BY) + (1 - 20)3, (27")

So pe; > min{pe;(T}), pe; (Y ), pe;(x5*)} thus 6, € [0,1]. Tt is straightfor-
ward to see that the hmlter (38b) is a more relaxed one than (37b) because of
pe; (") > Zu 5 1“2wpe (@ ) implied by the Jensen’s inequality (4). There-
fore, (38b) is also a high order accurate limiter for approximating a smooth
solution U(z) with pe(z) having a positive uniform lower bound.

Moreover, it is straightforward to check ISJ(E;),ISJ@;V) € G*. Let lsj(x) =
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(ﬁj(x),ﬁﬂj(m),ﬁj(x))t and pe;(r) = EJ(,T) — 3pu;(2)?/p;j(x). Then we have

N-1 N—1
1} (Z : “_”umf?j(fﬁ»‘)> = v (Z - f/;@[ae(ﬁj@f) -P)) +Pj]>

p=2

Therefore, the limiter (38) returns a P () satisfying the condition (29) without
evaluating the point values at 555 foruy=2,---,N—2.

5. Implementation of positivity-preserving high order DG schemes

5.1. DG schemes

For solving the compressible Navier-Stokes system (1), there are quite a few
very different DG type schemes, e.g., the pioneering work by Bassi and Rebay
[33, 34], the scheme by Baumann and Oden [35], Compact DG [36], correction
procedure via reconstruction (CPR) [37, 38], Hybrid DG [39] and Embedded
DG [40], etc. In this paper, we focus on the mixed finite element formulation

—

(10) used in [33, 34]. Let F = F* — F% and F-n = Fo - n — F¢- n, then (10)

becomes
// Shop dV = — // U,VéndV + [ TUngyds
K K OK

/ iUwth:// Fv-wth—/ F - niy ds
K dt K 0K

where Uj, and Sy, are vectors of polynomials of degree k and ¢, and v, are the
polynomial of degree k test functions defined on K, which is a two-dimensional
cell as illustrated in Figure 4.

For evaluating the flux F¢(U, S) in (2), we need to compute the derivatives of
velocity and internal energy based on the derivatives of the conserved variables,
which can be done by the following formulas obtained from applying product

and quotient rules to pu and e = % (E — %qu — %pv2) = % — %u2 — %02:
1 1
Uy = ;[(pu)L — pzu], ey = ?[EL,O — poE] — uuy — vu,. (39)

Assume we use the L-point Gauss quadrature for each edge e; in integrals
along OK. Let w, (v =1,---, L) denotes the L-point Gauss quadrature weights
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on interval [—1, 1], so that Zle w, = 1. Let x,,; denote the v-th Gauss
quadrature point on the i-th edge. Let Ug (x) and Uk, (x) denote the solution
polynomials restricted on the elements K and K; respectively, i.e., Ug(x) =
U (x)|x and Uk, (x) = Up(x)|x,. Let UR' = Ug(x,;) and U’ = Uk, (x,).

Replacing the line integrals by Gauss quadrature, we obtain

E L
/ / Spon dV = — / / UnVondV + 3 Jeil S w, Un(UY, UL on(x,0)
K K i=1 =1

E L
d = X v,i v,t v,
//K LU dV = //K BV dV = 3] 3w (VR S UYL S )

(40)
Following [33], the numerical flux Un in (40) can be taken as a centered one

TT v,i v,i 1 v,i v,i
Un(Uy 7UK1») = §(UK' + UKi)n'

To render the high order DG scheme satisfying the weak positivity property,
the numerical flux F-n = F¢.n — F? . n should be positivity-preserving. For
instance, F¢-n can be any positivity-preserving flux for compressible Euler

equations and F¢-n can be taken as one similar to (22). For simplicity, we
simply use the local Lax-Friedrichs type positivity-preserving flux (30b) and
(30c).

By setting the test function v, = 1 in the scheme (40), we obtain the
scheme satisfied by the cell averages, the forward Euler discretization of which
is precisely (30a). Thus Theorem 3 also applies to the high order DG scheme
(40) with the flux (30b) and (30c).

5.2. The positivity-preserving limiter in two dimensions

To enforce the condition in (34) in Theorem 3, we can use the limiter as
described in Section 4.3 to avoid evaluating point values at highly redundant
blues points as illustrated in Figure 1. Let Px(x) = (px (X), puk (x), Ex(x))!
denote the DG polynomial on the element K. Assume its cell average Px =
(Pre, PUy, Ex)t € G°. Let x™ (m = 1,---, P) be quadrature points used for
computing integrals ffK FV - ¢, dV in the scheme (40). In practice, it is also
preferred to have Py (x™) € G¢. To this end, we can include the points x™
(m=1,---,P) in the positivity-preserving limiter.

By the Mean Value Theorem, there exists x* € K such that

M ~
‘ @)
pr(x) =) T o5 PE o).
A=EM+1



In other words, the set S, contains x* and all quadrature points for comput-
ing line integrals along 0K and double integrals over K in the DG scheme
(40). Given only point values of pg(x) at x,, (v =1,--- ,L;i=1,--- , E) and
x™(m=1,---,P), we can compute

E L
x 1 _
pK(x ) == \|Prx — Zzwu,ipK(Xu,i) y
-2 i=1 v=1
and
= _ = - o Pr — €
P (x) =0,(pr(x) —Ppg) + P, 0, =min< 1, = . (41a)

P~ min P (x)

Let P (x) = (7 (%), pux (x), B (x))". Let fege(x) = Exc(x)=} [l pur (x)?/ 7 (x)

where || - || denotes the standard [? norm of a vector. By abusing the notation,
we define
~ M Oy o~
Pr(x*) = —Pr(x
K (xX™) > — 55 P i (%),
A=EM+1

even though the point x** may not exist. Let
Se={xy;,:v=1,--- Lyi=1,--- ,E}U{x" :m=1,--- ,P}U{x"™}.

Define pe; = Ex —3||pug|?/px. Given only point values of ey (x) at x,,; (v =

1,---,L;yi=1,--- E) and x™(m =1,--- , P), we can compute
R 1 . E L R
o) = L (P L3Pt
and
- . . , peg —e
Pi(x) =0.(Px(x)—Pg)+Pg, 6.=min< 1, . (41b)

pex — min pe(x)

5.8. Time discretizations

We discretize the semi-discrete DG scheme (40) in time by a SSP Runge-
Kutta method. Let %U, = L(U,) denote (40), then the third order SSP
Runge-Kutta method used in this paper is given by,

Ul = Uy + Atc(uy),
U = 3up + Lo + Aacc(uy), (42)
Ut = lup 42U + AL (o).
By Theorem 3, the DG scheme with forward Euler is positivity-preserving
under the suitable CFL condition (33) with 3; defined in (30c). But we should

not simply use a time step suggested by (33) for compressible Navier-Stokes
equations due to the following reasons:
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1. The constraint (33) may not be a necessary condition for ﬁ?jl € Gin
practice.

2. To enforce (33) for three stages in (42), we need to estimate max; §; for
each stage. Given DG solutions U}, at time step n, it is hard to accurately

estimate max; 8; with §; defined in (30c) for the two inner time stages Ug)
and Uf) in a third order Runge-Kutta method.

3. Artificial stiffness may result in unnecessarily small time steps. The wave
speed \/% for the ideal gas EOS may not be accurately evaluated nu-

merically for low density or low pressure problems as explained in the
introduction. Another type of artificial stiffness may emerge near a very
strong shock. Notice that 7 and q defined in (2) contains the derivatives
of U, which are not well defined near discontinuities of U. Numerically
7 and q could contain huge numbers near strong shocks, thus (3; com-
puted in (30c) might be a huge number, which is still necessary in the
preserving-positivity flux though. But the time step computed by (33)
could be unnecessarily small for preserving positivity.

4. For smooth solutions, (33) is inconsistent with a time step implied by the
linear stability analysis. See Remark 2.

Instead, we can use the following simple time-stepping strategy: for each
Runge-Kutta step, start with some desired time step, then restart the computa-
tion with a time step halved when negative cell averages emerge in any stage of
Runge-Kutta. This ad hoc approach can be applied to any scheme, but Theo-
rem 3 ensures that there will be no endless loops for such a positivity-preserving
scheme. In other words, the recomputation will be ended at least when At is
small enough to satisfy (33) for each of the three time stages. For high order
schemes, it is nontrivial to find the largest time step for positivity to hold, see
[49] for such an effort.

We implement the positivity-preserving high order DG scheme (40) using the
flux (30b) and (30c) with the third order SSP Runge-Kutta (42) for equations
(2) as follows:

1. At time level n, in each cell K, we are given DG polynomials U’ (x)
with the cell average ﬁ?( € G°, where € be a parameter of desired

lower bound for density and internal energy, e.g., ¢ = 10713 or ¢ =
min{10713 o, pex}. Apply the limiter (41) to U%(x) and we obtain
U (x).

2. Compute the wave speed o; = max  max (\u ‘gl + /73) for the
v=1,---,L Uyt uyt P

ideal gas EOS (2¢), and ; > max max [|u~ni| + ,/sz for a
y:17..‘7LU;i’U;'% pce

generic EOS based on INJ?( (x) for each edge in the mesh. Let o* = max; oy

where the maximum is taken over all edges in the mesh. For each cell K,

let ex denote its longest edge. By abusing notation, let Az = ming I‘elzil\
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in a triangular mesh. Set the time step
. 1 2
At = min { a—Axz,bRe Az” ¢, (43)
@

where a and b are two parameters. For instance, (33) implies we can set
a = %@ for a triangular cell K. Since we do not enforce (33) by using
(43), we may use larger a, e.g., a = 20. We choose not to use a time step
dependent on S3; defined in (30c) mainly because of the artificial stiffness
for strong shocks.

. Compute the first stage based on INJ"}((X), denoted by U(I?.

o If the cell averages ﬁﬁ? € G¢, then proceed to next step.

e Otherwise, then recompute the first stage with either a halved time
step or the stringent CFL (33), e.g., At = %%Am for a triangular

mesh where * = max; 5; with §; defined in (30c). Notice that
Theorem 3 guarantees that the cell averages ﬁi? e G° if (33) is
used.

. Given the DG polynomials Ug) (x) with cell averages ﬁﬁ? € G°, apply
the limiter (41) to Ug) (x) and we obtain fjﬁ? (x). Compute the second
stage Ug) based on fj(li) (x).

o If the cell averages ﬁﬁ?) € G¢, then proceed to next step.

e Otherwise, then return to Step 3 and restart the computation with
a time step halved. Notice that even if the time step (33) is used in

. ==(2 .
Step 3, there is no guarantee that UEK) € G° because (33) is based

on INJ}L( rather than fjg)
. Given the DG polynomials Ug) (x) with cell averages ﬁg) € G*, apply
the limiter (41) to U(I?)(x) and we obtain INJ';?) (x). Compute U (x).
e If the cell averages ﬁ?:l € G¢, then computation to time step n + 1
is done.

e Otherwise, then return to Step 3 and restart the computation with
a time step halved.

6. Numerical tests

6.1. Preliminaries

We test the high order DG schemes (40) with the positivity-preserving local

Lax-Friedrichs type flux (30b) and (30c) and the third order SSP Runge-Kutta
(42) for the two-dimensional compressible Navier-Stokes equations with the ideal
gas EOS (2) and its one-dimensional version (A.1). We use P* or Q* basis on
rectangular cells and P* basis on triangular cells, where P* denotes polynomials
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of degree k and QF denotes tensor products of one-dimensional polynomials of
degree k.

In the equations (2) and (A.1), we set the parameters as v = 1.4, n = 3 and
Pr=0.72.

In the evaluation of the flux function F, we need to compute u = % and
(39) with density in the denominator, we may encounter numerical problems
if density is close to zero. To this end, if p < €* where €* is a small positive
number, we need to modify the definition of velocity and (39). In the following
numerical tests, we use ¢* = 10~® and an ad hoc modification by setting velocity,
internal energy and their derivatives as zero when p < €*.

In all numerical tests in this section, only the positivity-preserving limiter
(41) is used. For the compressible Euler equations, i.e, (2) with Re = oo,
high order DG schemes with only the positivity-preserving limiter in general
may produce highly oscillatory numerical solutions, thus other type of limiters
[45, 46, 47] should also be used to reduce oscillations. For the compressible
Navier-Stokes equations, as we will see in the following examples, high order
DG schemes with only the positivity-preserving limiter can produce satisfying
non-oscillatory solutions when the mesh size is small enough or polynomial basis
order is high enough so that the nonlinear diffusion is accurately resolved.

6.2. One-dimensional case

Example 1. Accuracy test of the positivity-preserving flux for com-
pressible Navier-Stokes equations. We test the accuracy of one-dimensional
DG scheme with the positivity-preserving flur (25b) and (25¢) for the equations
(A.1) with Re = 100. We compare it with the central flux for the diffusion F¢
used in [33], i.e., we can use the local Laz-Friedrichs flux for convection (15b)
and (15¢), and the central fluz for diffusion f‘d(U;+%,S;+%,U;'+%,S;‘+%) =
%[Fd(Uj;%,Sj;%)+Fd(Uj++%,sj++%) . The initial data is p = 1, u = 0,
FE = % + %exp(fél cosx?). Boundary conditions are periodic on the inter-
val [0,27]. Reference solution was generated by a Fourier collocation spectral
method using 1024 points. L error over k+1 Gauss-Lobatto quadrature points
in each cell at time T = 0.1 is listed in Table 1. The difference in L* errors
between the two schemes is less than 0.1%.

Table 1: Example 1. L error in total energy for DG schemes with P* basis. The mesh size

— 27
h=15.

central fluxes for diffusion positivity-preserving flux for diffusion
h h/2 order h/4 order h h/2 order h/4 order
1.92E-2 343E-3 249 445E-4 294 || 1.92E-2 343E-3 249 445E4 294
2.10E-3 4.78E-4 2.13 3.67E-5 3.70 || 2.10E-3 4.78E-4 2.13  3.67E-5  3.70
151E-3 529E-5 484 1.73E-6 493 | 1.51E-3 529E-5 484 1.73E-6 493
249E-4 5.53E-6 549 9.39E-8 5.88 || 2.49E-4 5.53E-6 549  9.39E-8  5.88

Y | W N =
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Example 2. The Lax shock tube problem. We test the performance of
the positivity-preserving DG scheme for the Lax shock tube problem. The initial
condition can be found in [50]. See Figure 5 for the numerical solutions for
compressible Euler equations, where oscillations can be observed. See Figure 6
for the numerical solutions for compressible Navier-Stokes equations, where the
reference solution was generated by the second order finite difference scheme
discussed in Appendiz A using a fifth order positivity-preserving WENO flux
for F® in [51] with the second order approzimation for diffusion on a mesh of
64000 grid points. For compressible Euler equations, the time step (43) for this

example is replaced by At = im%Ax For compressible Navier-Stokes

equations, the two parameters in the time step (43) for this example are set as
a= jy— ondb=0.001.

Example 3. Double rarefaction. This is a Riemann problem with the initial
condition as

p 7 0 7
ul|=1-1 if x<0; ul =11 if x>0.
p 0.2 P 0.2

The exact solution for the compressible Euler equations contains zero density
and zero pressure, see [10, 44]. See Figure 7 for the numerical solutions for
compressible Navier-Stokes equations with Re = 1000, which contains low den-
sity and low pressure. The reference solution was generated by the second order
finite difference scheme discussed in the Appendixz Appendiz A on a mesh of
32000 points. The two parameters in the time step (43) for this example are set
as a = im and b = 0.001.

6.3. Two-dimensional case

Example 4. An accuracy test of the positivity-preserving limiter. Con-
sider an isentropic vortex evolution problem for 2D Euler equations, i.e., (2) with
Re = oo, and the following exact solution: pO~1 =1— (’g;jr);z exp(1—172),p=
prou=1—5=exp0.5(1—r?)(y—5—1),v =1+ 5= exp0.5(1 —7r?)(x —5—1),
where r2 = (x —5—1t)2 4 (y—5—1t)? and the vortex strength € is a constant. We
test the accuracy of the positivity-preserving limiter (41) on DG schemes at time
T = 0.1 on uniform rectangular meshes and unstructured triangular meshes for
a square [0,10] x [0,10]. The vortex strength is taken as e = 9.5 and the low-
est density and pressure of the ezact solution is 4.22 x 1073 and 4.74 x 104
respectively. We check the error for the a-optimized nodal values [52] in each
triangular cell and (k + 1)% uniform grid point values in each rectangular cell
in the region [2,8] x [2,8] for polynomials of degree k. See Table 2 and Table 3,
where L' error is defined as the average of the magnitude of errors over these
points.

Example 5. An accuracy test of the positivity-preserving flux for com-
pressible Navier-Stokes equations. Consider the compressible Navier-Stokes
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Example 2. DG using P* basis with only the positivity-preserving limiter on 200

uniform cells for compressible Euler equations. Only cell averages are plotted.

Figure 5:
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Figure 6: Example 2. DG using PF basis with only the positivity-preserving limiter on 200
uniform cells for compressible Navier-Stokes equations. Only cell averages are plotted.
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Figure 7: Example 3. DG with P* basis for 1D double rarefaction wave, Re = 1000. Only
cell averages are plotted.
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Table 2: Example 4. L! error in total energy for positivity-preserving DG schemes with P*
basis on unstructured triangular meshes. The mesh sizes of three unstructured triangular
meshes are around h, h/2 and h/4 respectively, where h = }—g.

k | Meshl Mesh2 order Mesh3 order
2.86E-3 3.70E-4 295 5.11E-5 2.86
3.87TE-4 2.30E-5 4.08 1.49E-6 3.94
5.29E-5 1.68E-6 4.98 5.92E-8 4.83
7.68E-6 1.20E-7 6.00 1.84E-9 6.03

[SAI TSN OV B )

Table 3: Example 4. L' error in total energy for positivity-preserving DG schemes with P*

basis on uniform rectangular meshes. The mesh size h = %.

k h h/2 order h/4 order
2 | 3.35E-3 4.35E-4 295 5.51E-5 2.98
3| 1.61E-3 5.19E-5 496 2.79E-6 4.22
4 | 5.11E-4 4.88E-6 6.71 1.64E-7 4.90
5 | 2.50E-5 4.76E-7 5.71 8.58E-9 5.79
equations (2) with the initial condition: p = 1, u = v = 0, E = % +

z

5 exp(—4 cos(%)? — 4 cos(4)?) and periodic boundary conditions. on the domain
[0,27] x [0,2%]. The reference solution was generated by a Fourier collocation
spectral method on a 512 x 512 grid.

For compressible Euler equations, the time step (43) for this example is

replaced by At = %ma—ﬂAx on uniform rectangular meshes with Ax =

Ay, and by At = %m%Ax on unstructured triangular meshes (Ax =
|K

ming eT(l) For compressible Navier-Stokes equations, the two parameters in
the time step (43) for this example are set as a = %m and b = 0.001
) and b = 1 on unstructured

2 1
3N(N-1

on uniform rectangular meshes, and a =
triangular meshes.

For P* basis and QF basis on rectangles, L™ error is defined as the mazimum
pointwise error for uniform (k+1)2 points in each cell. For P* basis on triangles,
L™ error is defined as the mazimum pointwise error for the a-optimized nodal
values [52] in each triangle. See the errors at time T = 0.1 in Table (4).

Example 6. Sedov blast wave. We use a uniform 160 x 160 rectangular
mesh for the domain [0,1.1] x [0, 1.1]. The initial condition is set up as piecewise
constants: density is constant 1 and velocity is zero everywhere; the pressure is
1075 on all cells except the one in the lower left corner; the total energy in the
cell of lower left corner is 0.244816/Ax? where the mesh size Ax = %. The
physical meaning of this initial condition for compressible Navier-Stokes system
1s very limited. Nonetheless, this is a good low density and low pressure test for
a positivity-preserving scheme.

The boundary conditions for the left and bottom edges of the domain is re-
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Table 4: Example 5. L error in total energy for DG schemes with the positivity-preserving
flux (30b) and (30c) on uniform rectangular meshes and unstructured triangular meshes. The
mesh size for the coarsest uniform rectangular mesh is h = 2%. The maximum edge length in
three unstructured triangular meshes are around h, h/2 and h/4 respectively.

PF basis on rectangular meshes

Euler equations, i.e., Re = 0o Navier-Stokes equations, Re = 100
k h h/2 order h/4 order h h/2 order h/4 order
2 | 1.19E-2 2.72E-3 213 3.57E-4 293 1.17E-2 258E-3 218 3.42E4 292
3 | 5.14E-3 3.01E4 4.09 249E-5 3.60 5.01E-3 291E-4 4.11 234E-5 3.64
4| 6.34E-4 4.17E-5 393 1.29E6 5.01 || 6.01E-4 3.87E-5 3.96 1.23E-6 4.98
5| 1.91E4 3.62E-6 5.72 7.48E-8 5.60 || 1.90E-4 341E-6 580 6.50E-8 5.71

QF basis on rectangular meshes

Euler equations, i.e., Re = 0o Navier-Stokes equations, Re = 100
k h h/2 order h/4 order h h/2 order h/4 order
2 | 6.52E-3 1.49E-3 213 2.22E4 2.75 6.61E-3 1.48E-3 2.16 221E-4 274
3 | 2.76E-3 1.23E-4 448 946E-6 3.70 2.59E-3 1.17E-4 4.46 891E-6 3.72
4 | 1.04E-4 1.09E-5 3.24 3.89E-7 4.82 1.07E-4 1.10E-5 3.28 3.88E-7 4.83
5| 4.66E-5 5.54E-7 6.39 1.05E-8 5.72 || 4.47E-5 4.84E-7 6.53 8.78E-9 5.78

PF basis on unstructured triangular meshes

Euler equations, i.e., Re = 00 Navier-Stokes equations, Re = 100
k | Meshl  Mesh2 order Mesh2 order || Meshl  Mesh2 order Mesh3 order
2 | 1.29E-2 1.54E-3 3.06 1.32E-4 3.54 1.25E-2 144E-3 3.12 1.33E4 3.43
3| 1.52E-3 1.30E-4 355 832E-6 396 || 1.54E-3 1.21E-4 3.67 7.26E-6 4.05
4 | 3.28E-4 1.10E-5 490 233E-7 5.56 3.15E-4 1.03E-5 4.93 295E-7 5.12
5| 3.90E-5 8.56E-7 551 1.09E-8 6.30 || 4.06E-5 840E-7 5.60 9.99E-9 6.39

flective, defined as follows: we extend the density, total energy and tangential
velocity of Uy, in (40) as an even function across the boundary and extend the
normal velocity of Uy, as an odd function across the boundary. For the auziliary
variable Sy, in (40) approzimating derivatives of the conserved variables, we also
need to specify the boundary conditions. We extend the tangential derivatives
of conserved variables as an even function across the boundary. Then we ex-
tend the normal derivatives of density, total energy and tangential component of
momentum as an odd function and extend the normal derivatives of the normal
component of momentum as an even function. The reflective boundary condi-
tions mimic the symmetry of the solution across the left and bottom edges of the
domain in this example.

We test the DG scheme with only the positivity-preserving limiter for solv-
ing compressible Euler equations and compressible Navier-Stokes equations with
Re = 200. For compressible Navier-Stokes equations, the two parameters in
the time step (43) for this example are set as a = %m and b = 0.002.
For compressible Euler equations in this example, we replace (43) by At =
max{%mﬁAa:,QAﬁ}. The ezxact solution of Sedov blast wave for com-
pressible Euler equations contains zero density, thus we do encounter the issue
of artificial stiffness due to low density/pressure since the wave speed /vp/p
may be a huge number numerically, which results in a much smaller time step
than a necessary one for positivity. The mazx with 2Ax? in the time step above
s used to avoid this artificial stiffness.
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See Figure 8 for the plots of density for DG schemes with P2, P3 and P*
bases.

Example 7. Shock diffraction. The initial condition is a pure right-moving
shock of Mach number 5.09, initially located at x = 0.5 and 6 <y < 11, moving
into undisturbed air ahead of the shock with a density of 1.4 and a pressure of 1.
See [53] for a more detailed description of the set up. The boundary conditions
are inflow at x =0, 6 < y < 11, outflow at x = 13, 6 < y < 11, reflective at
0<z<l,y=6andatx=1,0<y <6. See Example 6 for the description of
the reflective boundary condition, which mimics a weakly imposed no-penetration
boundary condition in this example.

We use uniform rectangular meshes with Ax = Ay. For compressible Fuler
equations, the time step (43) for this example is replaced by At = %m%Ax
For compressible Navier-Stokes equations, the two parameters in the time step
(43) for this example are set as a = %m and b = 0.005.

No special treatment is done at the corner which is a singularity of the solu-
tion. It is well known that the diffraction of high speed shocks at a sharp corner
may result in low density and low pressure. See the plot of density at T = 2.3
in Figure 9 for DG using P* and Q% bases solving compressible Euler equations
and compressible Navier-Stokes equations with Re = 200. For Fuler equations,
We can observe that high order DG schemes with only the positivity-preserving
limiter may produce highly oscillatory solutions and such oscillations may affect
the shock location. For instance, see DG with P3 basis for compressible Euler
equations in Figure 9.

Example 8. Double Mach reflection of a Mach 10 shock. The set up of
the initial condition and boundary conditions are exactly the same as those in
[53], i.e., a Mach 10 shock initially making a sizty degree angle with a reflecting
wall. The same reflective boundary conditions as described in Erample 6 are
used for the reflecting wall.

We use uniform rectangular meshes with Ax = Ay. For compressible Fuler
equations, the time step (43) for this example is replaced by At = %ﬁaiAx
For compressible Navier-Stokes equations, the two parameters in the time step
(43) for this example are set as a = %m and b = 0.0001.

For compressible Euler equations, see Figure 10 for DG schemes with only the
positivity-preserving limiter. Compared to the numerical results of DG schemes
with high order TVB limiter in [53], DG schemes with only the positivity-
preserving limiter can capture more detailed structure in the blown-up region
shown in Figure 10 (e), which suggests the low numerical dissipation of the
positivity-preserving limiter. However, the solutions for DG schemes with only
the positivity-preserving limiter solving compressible Fuler equations are more
oscillatory on a finer mesh or with a higher order basis. Figure 10 (c) sug-
gests that other type limiters must also be used to reduce oscillations
for compressible Euler equations.

On the other hand, the performance of the DG schemes with only the positivity-
preserving limiter for compressible Navier-Stokes equations is somehow the op-
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(a) P2 basis. Re = co.

(c) P3 basis. Re = oo. (d) P3 basis. Re = 200.

(e) P* basis. Re = oo. (f) P* basis. Re = 200.

Figure 8: Sedov blast wave in Example 6. DG schemes using P* basis with only the
positivity-preserving limiter on a 160 X 160 rectangular mesh. 50 exponentially distributed
contour lines of density from 0.001 to 6. Left column are results for compressible Euler
equations. Right column are results for compressible Navier-Stokes equations with Re = 200.
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Figure 9: Example 7. DG schemes using P¥ and QF bases with only the positivity-
preserving limiter on a uniform rectangular mesh with mesh size 6%1. Plot of density: 20
equally spaced contour lines from 0.066227 to 7.0668. Left column are results for compressible
Euler equations. Right column are results for compressible Navier-Stokes equations with
Re = 200. From top to bottom: P2 basis, P3 basis, Q2 basis and Q3 basis.
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posite: solutions are less oscillatory on a finer mesh or with a higher order
basis. This is a strong numerical evidence that the physical diffusion starts to
smooth the numerical solutions when it is marginally resolved on a fine enough
mesh or by an accurate enough scheme. See similar observations in [54]. It
also indicates that no excessive artificial viscosity is added to high order DG
schemes by the positivity-preserving local Laz-Friedrichs type flux (30b) and
(30c) and the positivity-preserving limiter. See Figure 11 for numerical solu-
tions for Re = 100, and Figure 12 and Figure 13 for numerical solutions for
Re = 500.

Example 9. Mach 10 Shock reflection and diffraction. The domain is
a wedge is bounded by segments connecting the points (0.1,0),(0.2,0), (1.2, ?),
(1.2,0),(2.8,0),(2.8,2.0),(0.1,2). See Figure 14 for an illustration of the do-
main. The initial condition is a right-moving Mach 10 shock located at the line
x = 0.2. For the area where x > 0.2, (p,u,p) = (1.4,0,1). The boundary condi-
tions are set up as follows: the exact solution of a right-moving Mach 10 shock
for compressible Fuler equations is used for the top edge; inflow and outflow
boundary conditions are used for the left and right edges respectively; reflec-
tive boundary conditions as described in Example 6 are used to weakly impose a
no-penetration boundary condition for the rest of boundary.

The right-moving shock will be first reflected by the wall making sixty degree
to the shock, which is exactly the same setup as in Example 8. After the shock
passing the sharp corner, diffraction happens, which is similar to the set up
in FExample 7. In a nutshell, this test case is a combination of Erample 8
and Example 7 involving not only shocks but also low density, low pressure
and complicated fine structure due to the Kelvin Helmholtz instability generated
in the shock reflection. These features make this test quite a representative
numerical test for a positivity-preserving high order scheme.

For compressible Euler equations, the time step (43) is replaced by At =
max{mﬁAax 10Az2} where the maz with 10Ax? is to avoid artificial
stiffness induced by the low density/pressure. For compressible Navier-Stokes
equations, the two parameters in the time step (43) for this example are set as
a= m and b = 0.01.

See Figure 2 first for the effect of the TVB limiter. The TVB limiter suc-
cessfully reduces the oscillations, even though DG schemes with only the TVB
limiter are mot stable for this example due to emergence of negative density
or negative pressure. On the other hand, the TVB limiter induces more ar-
tificial viscosity than the positivity-preserving limiter, which smears interesting
fine features generated by the Kelvin-Helmholtz instability on the relatively coarse
mesh in Figure 2. See Figure 15 for more results of DG schemes with only the
positivity-preserving limiter on an unstructured triangular mesh for compress-
ible Euler equations. As we have seen in previous examples, the solutions are
more oscillatory on a finer mesh or with a higher order basis.

See Figure 16 for the results for compressible Navier-Stokes equations with
Re = 100. We observe no Kelvin-Helmholtz instability and consistent numerical
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Figure 10: Double Mach Reflection in Example 8. DG schemes using P* basis with only the
positivity-preserving limiter on a uniform rectangular mesh with Ax = Ay for compress-
ible Euler equations. Plot of density: 30 equally spaced contour lines from 1.3965 to 22.682.
The solutions are more oscillatory on a finer mesh or with a higher order basis.
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Figure 11: Double Mach Reflection in Example 8. DG schemes using P* basis with only
the positivity-preserving limiter on a uniform rectangular mesh with Az = Ay for com-
pressible Navier-Stokes equations with Re = 100. Plot of density: 30 equally spaced contour
lines from 1.3965 to 22.682.

46



0 05 1 15

3 . . . _ 1
(c) P? basis. Mesh size is Az = go5.

0.5

0.4

0.3

0.2

T T T T

22 24 2.6 2.8 22 24 26 28

(d) P? basis. Mesh size is Az = Fio‘ (e) P3 basis. Mesh size is Az = Téo‘

Figure 12: Double Mach Reflection in Example 8. DG schemes using P* basis with only
the positivity-preserving limiter on a uniform rectangular mesh with Az = Ay for com-
pressible Navier-Stokes equations with Re = 500. Plot of density: 30 equally spaced contour
lines from 1.3965 to 22.682.
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results from DG schemes using different polynomial bases on different meshes.
A higher order scheme on a finer mesh produces less oscillatory solutions.

See Figure 17 for the results for compressible Navier-Stokes equations with
Re = 1000. The numerical results from different DG schemes are at least quali-
tatively comparable. A higher order scheme on the same mesh also produces less
oscillatory solutions.

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 1012 14 16 18 20

05 . . 05 1 15 2 25
2 . . . 1 2 . . . 1
(a) P basis. Mesh size is 155- (b) P# basis. Mesh size is 155-
0 2 4 6 810121416 18 20 0 2 4 6 8 1012 14 16 18 20

0.5 1 E . 05 1 1.5 2 25

(c) P* basis. Mesh size is %. (d) P* basis. Mesh size is %.

Figure 15: Example 9. DG schemes using PF basis with only the positivity-preserving
limiter on an unstructured triangular mesh for compressible Euler equations. Plot of density:
50 equally spaced contour lines from 0.05 to 25. Compared to Figure 2, the solutions are more
oscillatory on a finer mesh or with a higher order basis.

7. Concluding remarks

In this paper, we have constructed a positivity-preserving local Lax-Friedrichs
type flux for compressible Navier-Stokes equations. Finite volume and DG
schemes with this flux satisfy the same weak positivity property as in [10, 18, 19],
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Figure 16: Example 9. DG schemes using P basis with only the positivity-preserving
limiter on an unstructured triangular mesh for compressible Navier-Stokes equations with
Re = 100. Plot of density: 50 equally spaced contour lines from 0.05 to 25.
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Figure 17: Example 9. DG schemes using P basis with only the positivity-preserving
limiter on an unstructured triangular mesh for compressible Navier-Stokes equations with
Re = 1000. Plot of density: 50 equally spaced contour lines from 0.05 to 25. Solutions of
higher order schemes are less oscillatory.
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i.e., the cell averages in a forward Euler time discretization will have positive
density and positive internal energy if certain initial point values have posi-
tive density and internal energy under a suitable time step constraint. Higher
order time discretizations are achieved by SSP Runge-Kutta methods. The
weak positivity property makes it possible to construct a conservative positivity-
preserving high order scheme.

We demonstrate that a high order DG scheme with a simple positivity-
preserving flux and an efficient positivity-preserving limiter is conservative,
positivity-preserving and high order accurate. This approach of constructing
positivity-preserving high order schemes has the following features:

e The scheme is fully explicit and in practice time step must be not larger
than O(Re Ax?), which makes the scheme more suitable for high Reynolds
number flows.

e It applies to arbitrarily high order polynomial basis on cells of general
shapes.

e The construction of the positivity-preserving flux does not depend on how
derivatives of solutions are approximated in numerical schemes or specific
forms of the equations of state, the stress tensor and the heat flux.

Numerical tests suggest that the proposed DG scheme does not induce ex-
cessive artificial viscosity even if strong shocks are present. In particular, for
compressible Navier-Stokes equations, a higher order positivity-preserving DG
scheme is less oscillatory, which is an indication that the physical diffusion may
properly smooth numerical solutions.

Appendix A.

Consider the one-dimensional compressible Navier-Stokes equations in the
nondimensional form:

P pU 1 0
pu| + | pu*+p | = e T ,
EJ, (E+p)u N TU + p-€y -

with

1 1 1
e= (E - gpu - 2pv2) , p=(y—1)pe, and T =1nu,,

and ~y, Pr,n are positive constants. It can be rewritten as

p puU . 0
pu| + | pu?+p = To | s U . (A1)
E t (E+p)u T %+P;{n6 e
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We will show that the standard second order central difference for the diffusion
term in the right hand side can preserve the positivity under a suitable time

step constraint.
Consider the equation

n
K Rer

(A.2)

where U = (p, pu, E)! and r = (0, u, “72 + pry;e)'. With forward Euler in time
and central difference for the spatial derivative, we obtain a finite difference

scheme,
At
LAt

n+1 _ n
v =u Az? Re

(ri 4

n n
—=2r] + 1),

(A.3)

where the superscripts denote the time step and the subscripts denote the spatial
index. For convenience, we drop the superscript n in the right hand side. Let

= QAA;Q %, then we have
0 [ 0 0
U?+1 = pU +g . -9 . u
E i L %—’— P’Zne i—1 %—1—1):/7’8
I 1 1
_ P\ L m
— U -|—5 , u -2 ) u
E i %—’— P’Zne i—1 %_FPZWB
1 1
P
u? + P;/ne i—1 % - Pzne i+1 B

For any vector U = (p, pu, E)?, define the function

1
X(U) = pE = 5 |pul*.

0

2
o
5 +

~
Prne

Thus a vector U € G if and only if its first component and x(U) are positive.

ed.

Con-

1
Assuming U; € G for all 4 then it is obvious that , U
u? ol
z T Prn/ i1
p 1 p
sider V= |pu|—p u with | pu | € G, then the first component
E . E
2 Prn
of Visp—pu>0if
A .
Az?Re = 0P

]

(A4)

i+1 ]

i+1 ]




For the internal energy, we have

V)=(p-n(E- (ujJrie) —l(u— u)?
X -k 5 Prn g U H
u? v u? ¥ 1 1
= oF — — 4+ L) —uE 2 o -.2,2 - 2.2 2
p up(2+Pme) I +u(2+Prne) SP7ut = Sutu® + ppu
y 2 v 2
= — —_— 1 [
Py (+Pm)peu+pe

=e(p— p)(%ﬁu = p)

With (A.4), we now have x(V;) = 0if U; € G and 51— pi <0, ie.,

At v

— ——— < minp;. .
Az2PrRe — i/t (A.5)

We have proved the following fact,

Lemma 5. For the second order finite difference scheme (A.3) solving (A.2),
if U} € G for all i, then U;H'l € G under the CFL constraint,

1 1P
At < min{,r}mjnpiReAxQ.
2 no i

Unfortunately, the proof of Lemma 5 heavily relies on the special structure
of the one-dimensional equations and second order finite difference operator.
It is highly nontrivial to extend it directly to higher dimensions or higher or-
der accuracy if not impossible. Nonetheless, it allows us to easily construct a
positivity-preserving scheme for (A.1). Let F¢ = (pu, pu® + p, (E + p)u)! and
consider any finite difference scheme in the form of

At — = At
Uit =up - E(Fawl —Fe_ )+

2

TCCQ(I‘?;I = 2rf +riyy), (A.6)
where F4 is a positivity-preserving numerical flux, e.g., (13). See [51] for how to
construct a fifth order accurate positivity-preserving numerical flux Fa by high
order WENO reconstruction. With third order SSP Runge-Kutta in time (42),
we can easily construct a positivity-preserving finite difference scheme that is
fifth order accurate for the advection and second order accurate for the diffusion.
We have used this scheme to generate some reference solutions in Section 6.2.

Appendix B.

Lemma 6. Consider any U = (p, pu, pv, pw, E)t = (p, pu', E)t € G, and

pu 0
F (U)=[pu@u+pl | ,FYU) = T 7
(E + p)u u-7T-—q

o4



where p, T and q are not necessarily dependent on U. Let e = %(E — 2p[[ul?).

For any unit vector n = (ny,n2,n3)t, letv=u-n,q=q-nand 7=n-7.
Then we have the following
(a) U +£F*(U)-n € G if and only if a > |v| +

p2
2p2e’

(b) BU L FHU) -n € G if and only if B > 2;)126 <\/p2q2 + 2p%e|| 7|2 +p\q|),

(c) BU + (F¢(U) — F4(U)) -n € G if and only if

1 =
8> vl + 5g (ViPa? + 27 —pal + plal)

PROOF. For any U = (p, pu?, E)?, define the function
1 2
X(U) = pE = Sllpul*.

Thus a vector U € G if and only if its first component and x(U) are positive.

(a) First we have

pu Y
F'(U) n=|pu®@u+pl| -n=|pvu+pn |,
(FE + p)u (E+p)v
thus
p 0 p 0 ap
aUtF*(U)n=(axv) |pu|L£|pn| =a|pu|L|pn | = |aputxpn
E PV E PV aF + pv

where @ denotes « = v for convenience. Finally we have

1
x(aU £ F*(U) -n) = a’pE + appv — §\|6pu + pn|?

1 1 1
_ 52 _t 2y_t.2__—22 Lo
=ap(E = 5plul]”) - 5p” =a°pe — 5p°.
(b) First we have
0 0
F4(U) n= T n= 7 ,
u-7—q u-7—q
thus
p 0 Bp
BULFLU) - n=4pu]| £ 7 = Bpu+ T
E u-7—q BE+u-7TFq
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Then we get
X(BU £ F(U) -m) = §%pE + fpu - 7% fpu — 5 |Bpu = 7]
= B°p(E — Spllul®) = Bou — 117
= el % pup — L7,
which are two quadratic forms of 3. Since p?e is assumed to be posi-
tive and ||7]|2 > 0, either quadratic equation has at least one nonneg-

ative root. Let By be the largest root among the four roots for two
quadratic equations, then p?eB3? F pgfB — % |7I? > 0 if B > By. And

o = sz (VPP + 2077 + plal)

(¢) First we have

0 0

BU + (F*(U) —F4U)) -n= (f+v) | pu ] + pn — 7
E pv —u-T+q
Bp

=|_ Bpux(pm-7)
BE+ (pv—u-T+aq)

where 8 denotes 3 + v for convenience. Then we get
X(BU £ (F*(U) — F*(U)) - n)
= 5" pE & Bppv ¥ Bpu - 7 & Fpa — %Ilﬁpu + (pn — 7|
= B (B ~ L pljal) = Bpa — 3 lpm — 7
= P+ puf — L lpm 7%
Following the same arguments as in (b), we obtain the conditions on 3

such that x(AU £ (F¢(U) — F¢(U)) - n) > 0.

Appendix C.

Lemma 7. Let g(x) be a non-constant polynomial of degree k with fol q(z)dx =
0, then
min q(z
z€[0,1
| < (K k- DA [0, 1],
max_q(x)
z€[0,1]
where Ak11[0,1] is the Lebesgue constant for the (k + 1)-point Gauss-Lobatto
quadrature points on the interval [0, 1].
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PrROOF. Let M’ = max ¢(z) and m’ = min g¢(z), then M’ > 0 and m’ < 0.
366[071] 326[0,1]

If M’ < —m/, then ‘%

Let z; (j =1,---,k+1) denote the (k+1)-point Gauss-Lobatto quadrature
points for the interval [0,1] and &; (j = 1,--- ,k + 1) denote the correspond-
ing weights. Let lj(xz) (j = 1,--- ,k + 1) denote the Lagrange interpolation
polynomials at points z; (j =1,---,k+ 1). Then

< 1. Next we consider the case M’ > —m/.

k+1

q(x) = qlx;)l;(x).

=1

Let M" = max;q(x;) and m” = min; g(z;). If g(x;) = 0 for all j, then
k41

q(z) = > q(z;)l;(x) = 0, which is impossible for a non-constant polynomial
j=1

q(z). On the other hand, Zfill Wiq(z;) = fol q(z)dx = ¢ = 0. Thus we have
m/ <0< M".
Then

k+1 k+1

a(z) <Y la(e))|ll ()] < max{M", —m"} Y |I;(x)].
j=1 j=1

k41
Thus M’ < max{M",—m"} max Y |l;(z)| = max{M", —m" } A0, 1] where

z€[0,1] ;=1
k+1
Ag+1[0,1] = m[%x] > |;(x)] is the Lebesgue constant. So we have
xe|0,1 j=1

m' <m"” <0< M <max{M",—m"}Ap1[0,1].

k+1
Without loss of generality, assume ¢(z1) = max; g(z;) = M". Since )" @;q(z;) =
j=1

R R k41 k+l k41
0, we get Wi M" =wWiq(z1) = — Y, Wiq(z;) < — > wym’ =—m" > &, thus
i= i=2 i=2
M 1 k+1A g 1 k+1A § 1-— rnjlnwj
—m = o Wi : Wi = :
14 min W; < min W,
j=2 J Jj=2 J
Therefore,
1 —minw
M’ max{M", —m"}A,1[0,1 M i
0< < { } k+1[ ] < max ;1 Ak+1[0, 1] < - j,\ Ak+1 0,1
—m/ —m/! " min w;
J
Moreover,
1 — min; R
E+1)k
A [0,1) = — AL 1]0,1) = (k2 & — 1) Aga [0, 1],
L) Dk

o7



< (k*+k—1)As41[0,1]. By replacing g(z) by —q(z)
< (k2 + k — 1)Ayi1]0, 1.

’
Thus we have proved ‘%

’
3 m
in the proof above, we can get ‘W

Remark 5. To extend Lemma 7 to multiple dimensions, one would need a
quadrature rule with positive weights for Lagrangian interpolation points on a
multidimensional cell, which is in general nontrivial.

The following result can be easily extended to any cells in multiple dimen-
sions, the proof of which is similar to the proof of the equivalence of any two
norms of a finite dimensional vector space.

Lemma 8. Let q(x) be a non-constant polynomial of degree k with fol q(z)de =
0, then

e lg()] 0
Jmax, q(z)

where Cy, is a constant depending only on k.

PROOF. Let V denote the k—dimensional vector space consisting of all poly-
nomials of degree k whose averages on the interval [0,1] are zero. For any

q(z) € V, define three functionals on V by fi[q] = | max ¢(x)| = max g¢(x),
z€[0,1] z€[0,1]
folgl = | min q(z)| = — min g(z) and fo[q] = max |q(z)| = max{fi[q], f2[q]}.
z€[0,1] z€[0,1] z€[0,1]
Let e; (i =1, -+ ,k) be a basis of V. For any vector ¢ = [cl ck]T € RF,

define fi(c) = f; {Z ciel} for j = 0,1,2. Notice that fo[-] is a norm of V' and

can be denoted as fo[q] = ||¢|lco on the interval [0,1].
For any p(z),q(z) € V, fi satisfies the following properties (similar ones
hold for f3):

L Va >0, filag(e)] = max aq(z) = afilq(a)).

z€[0,1]
Jil—dl max, q(x) max, q(x) Join q(z) = fa[q]
3. = < ot .
filp + 4] Irg[gﬁ](p +4q) < nax P + max ¢ filpl + fildl

4. fi[gl=0=¢g=0.
Thus, for any ¢,d € R*, we have

Fie) < fHd) + fHe—d) < f1(d) + fOe—d),

and

Fie) = fi(d) = fid =) = f1(d) = f2(c—d) = f1(d) = f(c —d),
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which implies

[ e)=fH(d)] < fle—d) = fo lZ(Ci - di)ei] < Z lci—dillleillee <[> lei = dil>\/]ei]|%.

7 %

Therefore, f1(c) is uniformly continuous w.r.t. the variable c. Notice that the
unit sphere S = {c € R¥ : ||| = 1} is a compact set, so f! attains its maximum
and minimum values on S*:

Dy < f'(d) £ Dy, Vde S,

where Dy and Ds are constants. If there exists d € S! such that f1(d) = 0,
then d = 0 by Property 4 above, which is a contradiction to d € S'. So we have
Dy > 0. By Property 1, we get f1(c/|lc|) = f1(c)/||c||, thus we have

0 < Dile|| < f'(c) € Dy|c||, Vce R* ¢ #0.

Notice that f9(c) is a norm of R¥, thus by the equivalence of any two norms of
RF, we get
0 < Ds|lc|| < f°(c) < Dy4||c||, VeeRF c¢+#o0.

Therefore, for ¢ =, ¢;e;, we have

R L
max q@)  fild S0 " Dy

Appendix D.

We briefly explain why the weak monotonicity holds only up to second order
accuracy in a local truncation error analysis for explicit linear finite volume type
schemes solving the heat equation. Consider a uniform mesh with grid points
z; and a finite volume type scheme with forward Euler in time for us = uz, on
an interval I; = [z;_1, @, 1],

At
T ~ ~
u; —U?‘f‘ﬂ(qjur% —q-1), (D.1)

where @} is the cell average on [; and qAJ +1 approximates u, at ;. 1. For a

linear scheme, without loss of generality, consider z’jj 41asa linear function
Qi1 = @ujrtai—1uj—p1+HarujorHaou b+ b tjpm, (D.2)

where u; is the approximation to the solution at x; at time step n and the
coefficients a; and b; are constants. Then

Q-1 = @uj—1—1+ Q141+ F a1tz + aouj—1 + b1ty 4 A bntm—1,
(D.3)
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We rewrite the right hand side of (D.1) by plugging (D.2) and (D.3) in and
rewriting u} as a linear combination of point values of u on the interval I}, e.g.,
Gauss-Lobatto quadrature points on I;. The scheme (D.1) is said to be weakly
monotone if the rewritten right hand side of (D.1) is a monotonically increasing
function of all point values involved. By requiring the right hand side of (D.1)
to have nonnegative partial derivatives with respect to all point values involved,
we get

by >2by>--2bp_12b, 20, a1 <ay < <o <y <0.

With the constraint above, it is straightforward to check that g; 1 in (D.2) can
be at best a second order approximation to u, at x, 1 by Taylor expansion.
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