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ANALYTICAL VALIDATION OF A CONTINUUM MODEL FOR THE
EVOLUTION OF A CRYSTAL SURFACE IN MULTIPLE SPACE
DIMENSIONS

JIAN-GUO LIU AND XIANGSHENG XU

ABSTRACT. In this paper we are concerned with the existence of a weak solution to the
initial boundary value problem for the equation % = A(Au)_3. This problem arises in the
mathematical modeling of the evolution of a crystal surface. Existence of a weak solution
u with Au > 0 is obtained via a suitable substitution. Our investigations reveal the close
connection between this problem and the equation d;p+ p?A2p® = 0, another crystal surface

model first proposed by H. Al Hajj Shehadeh, R. V. Kohn and J. Weare in [1].

1. INTRODUCTION
Let © be a bounded domain in RY with C? boundary 9. For T > 0 set
QT:QX (O,T), ET:E?Q X (O,T)

Consider the initial boundary value problem

ou -3 .
(1.1) 5 A(Au) in Qrp,
(1.2) u = bo(x) on Xp,
(1.3) Au = bi(x) onXp,
(1.4) u(x,0) = wup(x) onQ

for given data by(z), bi(x), and ug(x) with properties:
(H1) bo(x) € WH2(Q2) N L ()
(H2) by(z) € W2(Q) N L>(Q) and there is a positive number ¢y such that

(1.5) bi(x) > ¢o a.e. on §,

and thus we also have that (b (z))™> € W22(Q);
(H3) ug(x) € W22(Q), Aug(x) > ¢ a.e. on Q, and (Aug(z)) ™ € W22(Q).
One should have the compatibility condition
bl(ZL') = AUO on Of).

We investigate the existence of a solution u to ((LI)-(L.4]) with Au > 0. Our interest in this
problem originated in the mathematical modeling of the evolution of a crystal surface. Such
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a surface below the roughing temperature consists of steps and terraces. By the Burton,
Cabrera and Frank (BCF) model [3], atoms detach from the steps, diffuse across terraces,
and reattach at new locations, inducing an overall evolution of the crystal surface. At the
nanoscale, the motion of steps is described by large systems of ordinary differential equations
for step positions ([1], [8]). At the macroscale, this description is often reduced conveniently
to nonlinear PDEs for macroscopic variables, e.g., for the surface height and slope profiles
(see [1] and [8] and the references therein). The manufacturing of crystal films lies at the
heart of modern nanotechnology. How to accurately predict the motion of a crystal surface is
of fundamental importance. In this effort, the development of continuum models has gained
momentum. A number of PDE models have been proposed. See ([I2] and [I5]) and the
references therein. They are obtained as the continuum limit of a family of kinetic Monte
Carlo models of crystal surface relaxation that includes both the solid-on-solid and discrete
Gaussian models.

If the space dimension N is 1, (LI)-(L4]) has a clear connection to a couple of existing
models. Set

(1.6) p=(Au)".

Take the Laplacian of both sides of (IL1]) and substitute Au = p~! into the resulting equation
to obtain

(1.7) Op~t = A%p.
Note that by(z) is assumed to be a function of x only. Thus by (L)), we have that
(1.8) Ap* =0u =0 on Yr.
Consequently, p satisfies the problem
(1.9) % +p?A%p* = 0 in Qp,
(1.10) p = ) onvp,
(1.11) Ap* = 0 onXp,
(1.12) p(x,0) = po(z) onQ,
where
1 1

py(x) = wa po(x) = m

In [1], (L9)-(TI2) is proposed as a continuum model for the evolution of an one-dimensional
monotone step train separating two facets of a crystal surface. In this case, z € R! is the
surface height and p the surface slope. In [7], the existence of a weak solution to (L.9) coupled
with the initial and periodic boundary conditions is established. However, the construction
of the weak solution there depends on the assumption that the space dimension is 1 in an
essential way. Another physical perspective from which to view (IL1)- (4] can be obtained
from [7]. Denote by ¢(z,t) the step location of a crystal surface as a function of the surface
height x and the time ¢. Then ¢ = 0, satisfies the equation

(1.13) 00 = Do (%) .

Thus the function w in (1)) is a second order anti-derivative of ¢, i.e., Oyt = ¢.
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As observed in [1], working with the surface slope as a function of height has its advantages,
but this can only be done in one space dimension. In [13], we investigate the problem

(1.14) % Ae™™" in Qp,
(1.15) Vu-v=Ve ™ .v = 0 onXr,
(1.16) u(x,0) = wup(x) on Q,

where v is the unit outward normal vector to the boundary, in multiple space dimensions.
This problem was first proposed in [15] to model crystal surfaces. In this case, u is the surface
height. Obviously, (ILT)) can be obtained by replacing the exponential function e~* in (L.14))
by the power function s~2. This connection is the key to our mathematical analysis of (L.1])-
(L4). In fact, we will draw many inspirations from [I3]. In spite of this, it is important to
note the difference between the two problems. In [13], we are just interested in the existence
of a solution, while in (.T)-(I4]) we must obtain a solution u with Awu > 0.

As explained in [13], the equation (ILT4]) can be recast in a variational form. Denote an
energy functional by E(u) = % [,|Vu|*dz. Equation (LI4) can be recasted as a Cahn-
Hilliard equation with curvature-dependent mobility

ou . dE e _ay
(1.17) E_dIV<Mv@)’ M=ewn =e

and it possesses an energy-dissipation relation

1
%:—/e%\vgﬁduﬂc:—él/|V65%|2d:c.

The exponential nonlinearity in the curvature-dependent mobility models the asymmetric
behavior of the convex and concave crystal surface in solid on solid interface growth. Some in
depth discussions on the exponential nonlinearity and numerical simulations were conducted
n [15]. Similarly, the equation (LI]) can also be recast in the above variational form with
the curvature-dependent mobility given by

3

M= Gauyt

Note that this curvature-dependent mobility has even more singular behavior than that of
the exponential one in ([LI7).

The objective of this paper is to develop an existence theory for (LI)-(L4). As a by-
product of our development, we shed light on the existence assertion for (L.9)-(LI2) in
high space dimensions. In particular, the existence result in [§] is a consequence of our
development.

To motivate the definition of a weak solution, we need to derive a priori estimates for
smooth solutions of (LI)-(L4) with Au > 0 on Q7. To begin, we square both sides of the
equation d;u — Ap® = 0, integrate the resulting one over €, and thereby obtain

(1.18) —2/8tuAp3 d:c+/(8tu)2dx+/ (Ap3)2 dz = 0.
Q Q

Q
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We calculate, with the aid of (IL8]), that

—2/QatuAp dr = —Q/QatuA (A~ — (b (2))™?) d:c—2/98tuA(bl(:c))_ do
_ /Q 9w (Au) ™ — (by(2))"?) de — 2 /Q O (b (2)) " dar
(1.19) = ;Zt [(Au)~ +2Au(b1(z))_3—2uA(b1(:£))_3} dx.
Note that
(1.20) \u(x,t)\g/o By, £)|de + [uo ().

Subsequently, we have
(1.21) Jolu(z, t)dx < cfQT|8tu(:)s, t)|2dzdt + c.

Here and in what follows the letter ¢ denotes a positive number depending only on the given
data. Substitute (LI9) into (L.I8)), integrate the resulting equation with respect ¢ over (0, ),
where s € (0,77, and keep in mind (I.2]]) and the assumption that b, (x) is bounded to derive

(1.22) /Q(;P +p!) do+ /Q [(8tu)2 + (Api”)ﬂ dadt < c,

where Q; = x (0,s). This is our first a priori estimate.
We can infer from the Calderon-Zygmund inequality that

T
2 _
(1.23) /0 ||,03||%V2,2(Q)dt < C/Q (Ap*)" dxdt + c||(bi () 3||%V2,2(Q) <ec.

To derive our second a priori estimate, we multiply each term in (ILI]) by Au — by (z) and
then integrate over €2 to obtain

(1.24) / Ou(Au — by (x)) dx = / A(AW) 7 (Au — by(z)) da.
Q Q
Keeping (L8) in mind, we compute

/8tu(Au—bl(:c))dx = /&VuVud:c—/atubl
Q

(1.25) = - Q( |Vu|® + uby (v )) dz.
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The right-hand side of (24) can be estimated as follows.
/Q A(Au) 7 (Au — by (2)) dz
— /Q V(Au) "V (Au — by (x)) dz
= S/Q(Au)_4|VAu|2d:c+/QV((Au)_?’—(bl(x))_s) Vb, () da
+ /Q V(b (x)) Vb (2) dz:
= 3/ |Vp|2dx—/g((Au)_3—(bl(:v))_s) Aby () da

(1.26) / V(b () "4V (z) da

Use (25l and (L20)) in (T24), integrate the resulting equation with respect to ¢, and thereby
obtain

(1.27) /|Vu\2d:c+/ |Vp\2dxdt§c/ dexdt+c/u2dx+c§c.
Q Qs s Q

The last step is due to (I23) and (L21).

For more a priori estimates, we differentiate (L)) with respect to ¢, multiply through the
resulting equation by O,u, and integrate over {2 to obtain

1d / (D) dr = / OHA(Aw) > dyu da
Q

2dt Jg
(1.28) = / dy(Au) ™ 8, Au da
Q
(1.29) = —3/ (Au)™" |9,Aul?de = —3/ 0up|* da
Q QS
Here we have used (L8] and the fact that
(1.30) 9 (Au)* =0 on Y.

Integrating (L29) with respect to ¢ gives

1 1
—/ \8tu(:c,s)|2d:c+3/ 0ip|? dx dt = —/ |Oyu(x, 0) dx
2 Ja Qs 2 Ja

(1.31) _ 1/ Aby ()22 da.
2 Ja

This together with (LI]) and (9] yields

(1.32) e IR0, T W), FAYS € 13(0y).

These a priori estimates motivate the following definition of a weak solution.
Definition 1.1. We say that a pair (u, p) is a weak solution to (ILI)-(L4) if the following
conditions hold:

(D1) p e WH2(Qr), p* € L0, T; W?%(Q)), p > 0 a.e. on Qp, and % € L>(0,T; L*(Q));
(D2) u € C([0,T]; L*(Q)), 2%, |[Vu| € L>(0,T; L*(2));
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(D3) We have
1
(1.33) Au = — + v,
p

where v, € L2(0,T; W~2(Q2)) is a non-negative, finite Radon measure on 7 whose
support is contained in the set Ag, where
(1.34) Ao ={(z,t) € Qr : p(x,t) = 0};
(D4) There hold

(1.35) 2_1: = Ap® ae. onQp,

(1.36) u = by(x) a.e. on X,
1

1.37 = a.e. on Xg.

( ) P bl(l’) T

The initial condition (L4 is satisfied in the space C([0, T]; L*(Q)).

Obviously, (D3) is the decomposition of Awu with respect to the Lebesgue measure ([6],
p.42) and % turns out to be the absolutely continuous part. According to the analysis in [13],
the possible existence of a singular part in Aw is an intrinsic property of our weak solutions.
No matter how smooth p is, as long as Ay is not empty we can have v, # 0.

Our main result is the following

Theorem 1.1. Let Q be a bounded domain in RY with C? boundary and assume that (H1)-
(H3) hold. Then there is a weak solution to (I1.1)-(17)) in the sense of Definition 1.1.
Furthermore, the uniqueness assertion holds for these solutions whose Laplacians have no
singular parts. That is, there is only one weak solution u to (1.1)-(1.4) with vs = 0.

For each T' > 0 there is a weak solution v on €27. In this sense, our weak solution is global.
For the uniqueness part of Theorem 1.1, we refer the reader to [13].

Does p obtained in Theorem 1.1 satisfy (I.9) in a suitable sense? That is, we want to find
out whether (I.35]) combined with (D3) implies (L9)). If p is continuous on {27, the answer
is yes. To see this, we first note that the set Qr \ A is open. Then we can infer from (D3)
that

1
(1.38) Au = 5 in D'(Qr \ Ap), and therefore everywhere on Q1 \ Ay.
Observe that we have
1 i~ 1,2
(1.39) 5 € Lp (O \ Ag) N WIOC(QT \ Ao).

Take the Laplacian of both sides of (IL33]) to yield
1
(1.40) — ;@p =A% in Qp\ Ao

Thus A?p? exists as a function on Q7 \ Ag and p?A%p® = —0;p € L?(Qr \ Ap). Since Ay has
Lebesgue measure 0, we have

(1.41) Op+ p*A%p* =0 a.e. on Q.

If @ = (0, 1), then (D1) combined with Lemma 2.2 in Section 2 asserts that p is continuous
on Q. Thus our theorem implies the existence result in [8]. At the end of Section 3, we
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will briefly indicate how we can use our approximate scheme to construct a sequence of
approximate solutions that are uniformly Hélder continuous on Qp in the one-dimensional
case.

If vg = 0, the answer is also yes. In this case we can deduce from (L.35) that

(1.42) O (1) = A%p* in D'(Qr).
p

Let & be a C™ function on RY x R with the property

(1.43) € |loa,= 0.

It is not difficult to see that we can use £p? as a test function in the above equation, from
whence follows

(1.44) —/ pOypEdxdt :/ AP’ A (p*¢) dadt.
QT QT
With the aid of (L43]), we can use the preceding equation as a weak formulation for (L.9])

and (LII0).

If p satisfies the additional integrability conditions

(1.45) pdip € L*(0,T; Wy*(Q)), p* € L*(0,T; W?3(9)),
then the answer is still yes. In this case, (IL35) implies

1
(1.46) O (— + us) = A%p* in D'(Qr).

p

Let & be given as before. The function p?¢ is a legitimate test function for (IL46). Upon
using it, we arrive at

(1.47) — oy p&dxdt — / (2,08tp§ + p2at§) dvs = / ApPA (p2§) dzdt.
Qp

Qr Qr
The item (D3) asserts that the second integral in the above equation is 0. This leads to the
equation

(1.48) — [ Optdxdt = / (APPAP*E +20p°V p*VE + Ap’p? AE) dudt.
QT QT

As before, this equation can be viewed as a weak formulation for (L9) and (LII). Unfortu-
nately, we have not been able to deduce (L45]). Thus we seek to further weaken the notion

of a solution for (L9)-(TI12).

In view of the a priori estimates we have been able to derive, we give the following definition
for (L9)-(LT2).
Definition 1.2. We say that a function p is a weak solution to (LL9)-(LI2) if, in addition

to (D1), (LI0), and ([LI2]) , we have
(1.49) / (atpp - (Ap3)2> Edadt + 2/
Qp

Qp

Ap*V p*VEdrdt +/ PP ApP Aédxdt = 0

Qp
for all £ € C*° (RN X ]R) with the property
5 |2T: 0.

It is easy to see that if p is sufficiently smooth, the above equation implies (L.9) and
the boundary condition (LII]). Since p € WH3(Qyr), (II12) makes sense. We would like to
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remark that a variational inequality formulation analogous to the one given in [4] does not
seem to work well for (I.9).
In general, we have the following result.

Theorem 1.2. The function p obtained in Theorem 1.1 satisfies the inequality

(1.50) / <8tpp - (Ap3)2> Edzdt + 2/ Ap*V PV Edadt +/ PPApP AEdzdt < 0
QT QT

Qr

for all & € C (]RN X R) with the properties
5 > O, g ‘ET: 0.

It would be interesting to know that if the function p in Theorem 1.1 satisfies the equality
in (L50) in general. If it did, it would be a weak solution to (LI)-(LI2) in the sense of
Definition 1.2. Unfortunately, we have not been able to prove it under the assumptions of
Theorem 1.1.

Fourth-order nonlinear parabolic equations arise in a variety of physical settings. Two
well-known examples are the thin film equation [2] and the quantum drift-diffusion model
[11]. A well-known difficulty in the study of fourth-order equations is that the maximum
principle is no longer valid for such equations. As a result, the techniques one often uses in
the analysis of second-order equations are mostly not applicable. From the point of view of
mathematical analysis, it is a little bit surprising that (L9)-(TI2) can have a non-negative
solution. There is really not much in the structure of the equation (L9) that indicates the
existence of such a solution. One can easily see that if p is a solution, so is —p. Keep in
mind that the fundamental solution for the biharmonic heat equation changes signs, and sign
change is an intrinsic property of solutions to linear fourth-order parabolic equations. That
is to say, we have to rely on the nonlinear structure of our equation for possible existence
of a non-negative solution. In this regard, the nonlinearity in (L9)) does not seem to offer
much help. This probably explains why we have not been able to construct a sequence of
positive approximate solutions to (LI)-(TI2) directly in high space dimensions. (It can be
done in the one-dimensional case. See [8] for details.) What saves us is the discovery of the
connection between (1) and (C9), and we can study the latter via the former.

A solution to (LI)-(L4) will be constructed as the limit of a sequence of approximate
solutions. The key is to design an approximation scheme so that all the calculations in the
derivation of ([22)), (I.27), and (L3I)) can be justified. This is accomplished in Sections 2
and 3. To be more specific, in Section 2 we state a couple of preparatory lemmas and present
our approximate problem. The trick here is the introduction of a suitable substitution. This
substitution takes care of the sign issue for Au in (ILT])-(T4]), and we also obtain the existence
of a classical solution to the approximate problem. We form a sequence of approximate
solutions based upon implicit discretization in the time variable. Section 3 is devoted to the

proof that the estimates ([.22)), (L.27), (L31)), and ([I.32)) are all preserved for the sequence
except the second one in (I.32), and this is enough to justify passing to the limit.

2. APPROXIMATE PROBLEMS

Before we present our approximate problem, we collect a few frequently used elementary
inequalities in the following lemma.

Lemma 2.1. we have:
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(L1) =~ (2 —y) = 5(|z* = [y|?) for z,y € RY;
(L2) if f is an increasing (decreasing) function on R and F' an anti-derivative of f, then

f(s)(s—t) > (L)F(s) — F(t) for all s,t € R;

(L3) (e7* — e~ ) 8 < —L(e* — ) for all s,t € R;
(L4) (a® —b*)(a™t — b~ ) < —3(a — b)?, where a,b € (0,00).

Obviously, only (L.3) and (1.4) deserve some attention. To establish (L3), we set

sp=e% sy=e "
Then we compute from (L2) that
(e75 —e e’ = (51— s9)s7°
S1
< / s 3ds = —=(s7% — 5,7)
52
1
— —5(628 - €2t>
The proof of (L4) is also rather elementary. For a,b € (0,00) we compute
b
(@ —B)a =) = (a—b)(a®+ab+ ) ab“
a b
= —(a—b?*|(-+-+1
(a—b) <b + ” + )

< —3(a—b)*

The one-dimensional existence theorem is based upon the following lemma, which is inspired
by ([5], p. 288) and [§].

Lemma 2.2. If Q7 = (0,1)x(0,T) and f € W2(Qr)NL>(0,T; W2%(Q)) with the boundary

conditions

(2.1) f(0,t) =a, f(1,t)=0, a,beR,

then there is a positive number ¢ = c(||0fl|2, || fll L0, rw22(q))) such that

(2:2) (@i, t) = flezta) S ¢ (o =2l + [t = tal ) for all (a1,t2), (@2,82) € O
Here and in what follows || - ||, denotes the norm in the space LP(dr).

Proof. Let (x1,t1), (x2,t3) € Qp be given. We calculate from the first boundary condition

that
/ 8fst1ds—/ Osf(s,ta)ds

/ |05 f(s,t1) — Osf(s,t2)| ds +

|f(z1,t1) — f(z2,t2)| =

IA

s\

|8 f(s,ta)|ds

=

(2.3) < (/0 |8sf(s,t1)—8sf(s,t2)|2ds) +c\x1—x2|%.
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Note that our boundary conditions imply f(s,t;) — f(s,t2) = 0 for s = 0 and 1. Keeping
this in mind, we apply the integration-by-parts formula to obtain

1
[ 0.5t = 0.f s, ds
0

- —/ijwxo—%J@@»uwxn—f@w»@

0
1 3
< c( |f@¢ﬂ—f@¢gfw)
0

< c(/o1 /ttl(‘9,5j'“(s,t)dt2als>é

(2.4) <ty — to2.
Plugging this into (2.3)) yields the desired result. O

To design our approximate problem, we introduce a new unknown function ¢ so that
(2.5) Au=e",
Obviously, this will force Au to be non-negative. Of course, doing so will result in other
difficulties, and we will see them later. Now (L)) becomes
(2.6) Ou = Ae3?.

We employ an implicit discretization scheme in the time variable for this equation. This
leads to the consideration of the following system of two second-order elliptic equations

(2.7) — A T = -2 inQ,
(2.8) ~Au = —e ¥ inQ
coupled with the boundary conditions

(2.9) u = bo(x) on 09,

(2.10) v = —lInbi(xz) on 01,

where 7 > 0 is the step size and v is either u or the solution obtained in a preceding step in
the scheme. The introduction of the term 7 in (2.7)) seems to be necessary for the existence
of a solution to (Z.7)-(2.10). We will have more remarks on this later. In addition to the non-
homogeneous Dirichlet boundary conditions considered here, another key difference between
our approximate problem here and the one in [I3] is due to the exponential term on the
right-hand side of (2.8). It turns out that this term renders many calculations in [I3] invalid
here. Thus we must find a new way of deriving a priori estimates. The construction of our
approximate solutions will be based upon this problem.

Proposition 2.1. Let Q be a bounded domain in RN with Lipschitz boundary.

(H4) bo(x), b1 (x) € WH(Q)NH (2), where H(Q) denotes the space of all Holder continuous
functions on Q, i.e., w € H(Q) if and only if u € C**(Q) for some a € (0,1), and
there is a positive number co with the property

(2.11) bi(z) >cy on Q

(H5) v € L>®(Q).
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Then there is a weak solution to (2.7)-(210). If, in addition, 9Q is C%, v € H(Q),bo(x), by () €
C?*2(Q) for some a € (0,1), then the solution is also classical.

Proof. The existence assertion will be established via the Leray-Schauder Theorem ([10], p.
280). For this purpose, we define an operator B from L*(f) into itself as follows: for each
g € L>™(Q) we say B(g) = v if 1 solves the boundary value problem

(2.12) —div(3MVY) 4 = ———— im0,
(2.13) Y = —lInb(z) on 0,
where u satisfies the linear problem

(2.14) —Au = —e? inQ,

(2.15) u = bo(x) on .

To see that B is well-defined, we observe from the classical existence and regularity theory
for linear elliptic equations ([10], Chap. 8) that (2.14])-(2.15) has a unique solution u in the
space WH2(Q) N H(). Since g € L>(Q) the elliptic coefficient in ([ZI2) is bounded above
and bounded away from 0 below. Thus we can conclude that (2.12)-(213)) also has a unique
solution v in the space W'2(Q) N H(Q). In view of these results, we can claim that B is
well-defined, continuous, and maps bounded sets into precompact ones. It remains to show
that there is a positive number ¢ such that

(2.16) [¥]lee < c
for all ¢p € L>*(Q2) and o € (0, 1] satisfying

b =0B(Y).
This equation is equivalent to the boundary value problem
(2.17) —div(3¢"VY) 4 7Y = —o—— i,
(2.18) —Au = —e ¥ inQ,
(2.19) u = bo(x) on 09,
(2.20) v = —olnbi(x) on IN.
Use (u — [|bo(7)]|so)™ as a test function in (2.I8)) to obtain
(2.21) u < ||bo(2)]|e on 2.
The term on the right-hand side of ([2I7) satisfies

v o ol
T T T
1 —
> —Z (minv—

(2.22) > —= <m§%nv ||b0(a:)||oo) on Q.

On the boundary 02, we have
(2.23) Y =—clnby(x) > —cln||b ()]s > — (I ||by(2)]|o)™ .
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We pick a number M with the properties

(221) M2 (ol = [B(@)ll)

(2.25) M > (Inby(2)]e)”
Adding 7M to both sides of (ZI7) yields

(2.26) — div (3¢*'Ve) + T(¢p + M) = —o— - 4LrM >0 Q.

The last step is due to ([2.22) and ([222). It follows from (2:25) and (2:23)) that (¢ + M)~ =0
on 0. Use (¢ + M)~ as a test function in (2:26)) to derive

(2.27) —/ﬁéﬂvw+w@1Mx—r/K¢+A@ﬂ%xzo
0 Q

This implies

(2.28) Y >—M on (.

Consequently, the term on the right-hand of (ZI8) satisfies

(2.29) —eM < e <0 on .

This puts us in a position to apply the classical L> estimate ([10], p. 189), from whence
follows

(2.30) [ulloo < ellbo(@)[loo + el Vbo(@)ll2 + clle™ o0 < c.
Combining this with our assumption on v yields
(2.31) lu — ]| < c.

However, we can no longer use the classical L™ estimate for (2I6) because the elliptic
coefficient in (2I7) depends on the up bound of 1. Instead, we are saved by an argument
similar to the proof of (2.28)). To see this, we choose a number L so large that it satisfies

1
(2.32) ;||u—v||C>O < 7L,
(2.33) (Incy)” < L.
Note that (2.32)) implies
(2.34) o7 L <0 mnQ,
T

while (Z33)) asserts (¢ — L) = 0 on 9. Subtract 7L from both sides of ([2I7) and use
(¢ — L) as a test function in the resulting equation to derive

(2.35) / 33|V (¢ — L) |2dx + 7‘/ |(x) — L)T|*dx < 0.
Q Q
This together with (2:28) gives (2.10).

Obviously, the preceding calculations rely on the term 7¢ in (2I7)). Thus it is essential
to the existence proof.

The last part of the theorem ia s consequence of a rather standard bootstrap argument
and the Schauder estimates ([I0], Chap. 6). One bootstraps from i € L>®(Q2). We shall
omit the details. The proof is complete. O
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3. PROOF OoF THEOREMS 1.1 AND 1.2

The proof of Theorem 1.1 will be divided into several propositions. To begin with, we
present our approximation scheme. This is based upon Proposition 2.1. Then we proceed to
derive estimates similar to (L22]), (I.27), and (L31]) for our approximate problems. These
estimates are shown to be sufficient to justify passing to the limit.

Let T > 0 be given. For each j € {1,2,---,} we divide the time interval [0, 7] into j
equal subintervals. Set

T
T = —.

J
We discretize (ILT))-(T4) as follows. For &k =1,--- ,j, we solve recursively the system
(3.1) Uk 7ol N3k porp = 0 i Q

T

(3.2) Aup, = e % inQ,
(3.3) u, = boj(xz) on 09,
(3.4) Y = —Inby(x) on 01,

where the sequences {ug;(z)},{bo;(z)}, and {b1;(z)} are the respective mollifications of
up(z), bo(x), by (x). Thus {by;(z)} is bounded and convergent in W*2(Q)NL>(Q) and satisfies

(3.5) bij(x) > ¢o on € for each j.

Similar statements can be made of the sequences {ug;(x)} and {by;(z)}.
Introduce the functions

(3.6) (1) — t‘f’f—luk(@ T @), e, te (b til,
(3.7) uj(z,t) = wup(zr), x€Q, te (t,t,

(3.8) Oi(x,t) = (), e, te (th ti,

(3.9) pi(z,t) = pelz) =W, zeQ, t € (t, tl,

(3.10) pilz,t) = o PN +Me¢k71<w>, r€Q, tE (th_1,ty],

T T
where t;, = k7 and

We can rewrite (B.1))-(3.3) as
Oii - _
(3.12) % — A+ 7, = 0 in Gy,

(3.13) Az, = ¥ in Q.
We proceed to derive a priori estimates for the sequence of approximate solutions {a;, @;, %}

Proposition 3.1. We have

_ _ _\2 -
(3.14) max / <e2¢j(mvt) + e_d’j(f”’t)) dx +/ (Ae?’d’j) dxdt + 7'/ 1|V, |* dadt < c.
Q Qr Qp

0<t<T

Here and in what follows c is a positive number that depends only on the given data.
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Proof. Take the Laplacian of both sides of (B.]) and substitute (3.2) into the resulting equa-
tion to obtain

e_d}k _ e_d}kfl
(3.15) T A% A =0 in €.
T

Multiply through the above equation by (e3¥* — (by; (x))_?’) and integrate the resulting equa-
tion over € to yield

e~ Vk — g=%r-1 3
/gf (e3%% — (by;(2)) ") da
(3.16) - /Q A2 (3% — (by;(2)) ") do + 7 /Q Ay, (3% — (by;(x)) %) dw = 0.

We estimate each integral on the left-hand side of the above equation. We begin with the
first integral. This will be done via an application of (L3) as follows:

e Vk — e~ Vr1 3
/Q— (e3% — (bij(z)) ") da

-
Yk _ o~ VYr-1 Yk _ o~ VYr-1
— / S T P / T (by(e)Pda
Q T Q T
1 29K _ 20k Yk _ o~ WUk—1 B
(3.17) < ——/ £ - / T (by(2) P da
2 Ja T Q T
To estimate the second integral, we first observe from ([B1]) and (3.4]) that
(3.18) A&k |go= —7 Inby,(z).

Keeping this in mind, we compute
_ / AZEB (80 — (byy(2))7°) da
_ /v (A& + 7Inby;(z)) V (€% — (by(2)) ") da
—r / V by (2)V (2% — (byy ()" da
_ _/Q (A& + 7Inby;(z)) A (€% — (byj(2)) %) da
r / Alnby(x) (¢4 — (byy(x) ™) de

(3.19) < —c/ (Ae*r)? dx+5/ (e%)? da + c(e), &> 0.
Q

Q
The Carderon-Zygmund inequality implies

(3.20) €32 ][ fy22(0 < C/Q (Aewk)z dx + c|[by; () [fy2() < C/Q (Ae?”/”ﬂ)2 dr +c.

Using this in (819]) and then choosing ¢ sufficiently small, we arrive at

(3.21) _ / A3 (0 — (by(2))") do < —c / (A¥)? da + c.

Q
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Now we have reached the last integral in (8I6]). For this, we have
T /Q Aty (3% — (bij(2))7°) da
= —7 /Q ViV (3% — (byj(2)) %) do
= -7 /Q Vi Veds do + 7 /Q V (Y + Inby;(2)) V(by;(2)) "> da
—T/QVlnblj(x)V(blj(:L’))_gdx
< —37/§Ze3¢k|v¢k|2 dx — 7‘/9 (¢r, + Inbyj(x)) A(blj(:)s))_3 dr +c
(3.22) < —37'/963¢’f|vwk\2dx+/ﬂ(¢k)2 dr +c.

Using (3.17), (3:21), and (3:22)) in (B.16), multiplying through the resulting inequality by

—1, we deduce
1 2 _ 20,1 Yk _ o~ k-1
—/ de/  (by(2)Pda
2 Ja Q

T T
+/ (Aer)? dx+r/e3wk\wk|2dx
Q Q
(3.23) < c/ (Ve)® dz + c.
Q

Multiply through this inequality by 7 and sum up the resulting inequality over k to derive

/Q (eﬂj + e_%) dr + /Qs <Ae3¥j)2 dx dt

—1—7'/ 63@|Vﬂj\2d:cdt
Qs

(3.24) < c/ (@,)" dwdt +c.

Here we have used the assumption (3.5]). It is not difficult to see that the above inequality
holds for each s € (0,7]. We easily conclude that there is a positive number K such that

e+ e+ K > 3% for each s € R.
That is,

(3.25) /Q (@) dx < /Q (62% + e—%) dr +c.

Using this in (3:24), we deduce

(3.26) /Q (ewi + e_%) dr < C/Q <62¥j + 6_%) dz dt + c.

An application of Gronwall’s inequality yields tshe proposition. The proof is complete. [

Note that we cannot mimic the calculations leading to (L.22) to prove this proposition.
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Proposition 3.2. There holds

(3.27) max / |V, |? dx +/ |V6¢j|2 dxdt — T /_ @je_wj dxdt < c.
Q Qr {1 <0}

0<t<T

Obviously, this proposition is the discretized version of (L27]).
Proof. Multiply through (3.1 by Auy and then integrate over €2 to obtain

(3.28) / Bk = Bt Ay, dor — / Aek Ay, dx + 7 / UrAuy, dz = 0.
Q T Q Q
Note that
(3.29) (uk — uk_l) |aQ: 0.
The first integral in ([B.28)) can be estimated as follows:
/°ﬂi:ﬁtiAuk¢x _ __/’Yﬁz:jﬁﬁzl.Vuk¢x
Q T Q T
1
(3.30) < ——/ (IVur? = |Vug_y|?) da.
2T QO
Recalling (3.2]), we compute the second integral in ([B.28) as follows:
— / AeVe Ay dr = —/ AedVee™Vr dy
Q Q
- - / A (€3 — (by; (x))_3) e vk dy — / A(by(x) eV dx
Q

-/ v (6% — (by () ™) Ve da
B / Albr (@)™ (7 = by (@) do
_ /Q A(by;(x)) by () da

= =3 [ Ve - [ Viby) v ds
4 /Q V(b (2) 7V (7% = by () do

(3.31) —/ A(by(x) by (2) do < —3/ Vel |2 dx + c.
0 0
Use (33T and (330)) in (3:28) and multiply through the resulting equation by —1 to derive
1
(3.32) Z/ (IVuk|* = [Vug-1|?) dz + 3/ Vel [*dz — 7 [, pwe” P da < c.
0 Q

Multiplying through the above inequality by 7, summing up the resulting one over k, and
taking a note of the fact that

Eje_wj < e~ ! on the set where Ej >0,

we obtain the proposition. O
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Now we are ready to present the next proposition.

Proposition 3.3. We have

(3.33) max / (0yi1;)” da + / (0yp;)° daxdt < c.
Q

0<t<T Qr

Proof. First we claim

(3.34) /Q (m%“”(x)y dr < c.

To see this, we let £ =1 in (B.1]) to obtain

(3.35) = uo(2) Ae*" + 1¢p; =0 on Q.
T
Multiply through this equation by w and integrate the resulting equation over () to
deduce
uy — ug;(x) ) 3y U1 — Ugj(T) uy — ug;(z)
(3.36) ——= ) doe— | Ae’'—————dr+71 | y—————Fdx =0.
Q T Q T Q T
Note that
/ A3 th ~ Yo \%) to; () dr = / A (esd’l - ewo) U Yo \t) (z) dx
Q U Q T
[ A te),
Q T
_ / (e&pl _63w0) Al — ug;() da
Q T
+/ A(blj(g;))—?’w du
Q T
< 1/ (e3¢1 _ 631110) (6—1111 _ e—wo) dx
T Jo
2
+€/ (w) dz + c(¢)
QO T
2
(3.37) < 5/ (ulfw) dz + c(e), &> 0.
Q

Here we have used the fact that
(63% _ 631110) (6—1111 _ e—wo) <0.

By Proposition 3.1 and (3.25), we have

‘T/leiul_f”(z) d:c' < g/Q <7“1_f°j(9’)>2 dx+c(a)7'2/9(w1)2d:c
(3.38) < e/ﬂ (w)z dx + c(e).

T

Our claim is an easy consequence of (3.36), (3.37), and (3.38)).
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For k =2,3,---,7, we derive from (B]) that

1 — U U 3 _ p3%k—1
(3.39) - (“’“ S 2) ~A (%) + (Y — Y1) =0 in Q.

T T T

Multiply through this equation by “*—*=L and integrate the resulting equation over Q to
obtain

1 Up — Up—1  Up—1 — Up—2 \ Uk — Up—1
— — dz
7 Ja T T T

3tk _ o3Yk—1 _ _
(3.40) —/ A (6 c ) e +/ e
Q Q

T T T

Note that
(63wk _ e3¢k—1) |8Q: (Uk _ Uk—l) |6Q: 0.
The second integral on the left-hand side of (B.40]) can be evaluated from (L4) as follows:

B / A ek _ 3%k Up — U_1 I
Q T T
()
Q T T
ek _ o3k e~ Vk _ o= ¥k
- L= ) és
Q T T
Ve oPeo1 )\ 2
(3.41) > 3/ (676) dz.
Q T

Invoking Proposition 3.1 and (3:28), we have

/Mw ) dz| < /(M)de+c/<¢ ) o
0 k k—1 ~ 0 - 0 k k—1

—
2
(3.42) < / (M) dx + c.
Q T
Using (3.41)) and (3.42) in (3.40) yields

2 2

1 Up — Ug—1 Up—1 — Up—2

— _ ) - — dx

21 Jq T T

Ui _ o1\ 2 _ 2
e e U Up—
(3.43) 3/ () dz< “EEL) e e
Q T Q T

Multiply through the inequality by 7, sum up the resulting inequality over k, and thereby
derive

1
(3.44) 5 /Q (0y1;)” da + 3/ (8ip;)? da dt < / (0yi1;) da dt + c.
An application of Gronwall’s inequality establishes the desired result. O

In summary, we have:

Proposition 3.4. There hold:
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(C1) the sequence {p,°} is bounded in L>(0,T; W**(Q));
(C2) {a;} and {p;} are both bounded in W'*(Qr).

Proof. (C1) is an easy consequence of the preceding proposition and the equation

P
(3.45) Aéwj:-é%-+r¢j in Qr

To see that {p;} is bounded in W'?(Q7), we estimate

_ 5 0
P =) = [ gotani=2 [ pwogneod

< /0 pi2 (1) dt—l—/os <%ﬁj($,t))2 dt.

Integrate this inequality over (2 and then apply Gronwall’s inequality to obtain

(3.46) max / 1p;?dr < c.

0<t<T |

Next we compute

/ V5|2 dudt
Qp

t— 1t t— 1t

2
Vet + (1 — )Ve=1| dxdt

T

k=1 tk—1

Q
J n
k=17 tk-1 T Q

J
— ZT|:/ ‘V6¢k‘2dx+/‘Vewkl‘2dat}
k=1 Q Q

b

The last step is due to Proposition 3.2. The proof of the boundedness of {a;} in WH2(Qr)
is entirely similar. The proof is completed. U

IN

\2dx}dt

Vevi

zdmﬁ+r/ﬂv&wﬂm}sa
Q

Proposition 3.5. We have:
(R1) {w;} and {p,} are both precompact in L*(Qr);
(R2) the sequence {p,;*} is precompact in L*(0,T; W'2(12)).

Proof. For t € (ty_1,tx], we calculate from (8.6) and (B.7) that

t—1t
a(,t) —wy(z,t) = — £ (g — wps)
0 .
= (t—tk)auj(:c,t).

Consequently, we derive, with the aid of Proposition 3.3, that

g [ @t w0 s |

2
(%@@w0<mgc#,temH¢A
Q
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Similarly, we have

) J bk ) e¥r — p¥r-1 2
p; — p;|"dxdt = / t—1 / <7) dzdt
| 13- S wnr [

_ 2/ (&[,J)de

=1

2
o, \ Ot

This implies (C1).
We can infer from (C1) and (R1) that {p;*} is precompact in L*(Q2r)). Then we compute

| V@ -t = [ (@ - A - p) dud
QT QT

1

(3.49) < ¢ (/QT (p,° — 1) dxdt) ’

for each ¢, 7. This implies the desired result.

We are ready to prove Theorem 1.1.
Proof. Passing to subsequences if necessary, we may assume
(3.50) a; — wu weakly in W%(Qyr) and strongly in L*(Qr),
(3.51) p; — pweakly in W?(Q7) and strongly in L*(Qr).
In view of (347) and ([B48]), we immediately have
p; — pweakly in L*(0,T;W"*(Q)) and strongly in L*(Qr),

(3.52) and therefore a.e. on Q7 (pass to a further subsequence if need be),
p;° — p° weakly in L2(0,T; W2%(Q))

(3.53) and stronly in L*(0,T; W3(Q)) ,
u; — wuweakly in L?(0,T; W'%(Q)), strongly in L*(Q7),

(3.54) and a.e. on Q.

Proposition 3.1 also asserts that

(3.55) Ej — 9 weakly in LP(Q)r) for each p > 1.

Thus we can easily pass to the limit in (3:12]) to obtain

(3.56) du = Ap® a.e on Qp.

The key question to our development is how to justify passing to the limit in (Bjﬁl) The
difficulty lies in the fact that we do not have enough controls over the sequence { } In

fact, we only have an L' bound for the sequence (Proposition 3.1). With the aid of F atou’s
Lemma, we deduce from Proposition 3.1 that

1 1
/ —dzdt < lim inf/ — dxdt < c.
Qr P J=o0 Jar Py
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Therefore, the set
Ay = {(x,t) € Qp : p(x,t) =0}
has Lebesque measure 0. This combined with (3.52]) asserts that

(3.57) _i — ! a.e. on Q.
p; P
Recall (313) to obtain
(3.58) Au; — % a.e. on Q.
Observe from Proposition 3.2 that
(3.59) the sequence {ATw;} is bounded in L*(0,T; W—12(Q)).
Hence we have
(3.60) Au; — Au=p  weakly in both M(Qr) and L? (0, T; W=12(Q)).
The key issue is: do we have
Au=p= 1?
p

The following proposition addresses this issue.

Proposition 3.6. The restriction of u to the set Qr \ Ag is a function. This function is
exactly %. That is, the Lebesgue decomposition of p with respect to the Lebesgue measure is

% + v, where vy 18 a measure supported in Ay, and we have
1

(3.61) — = on the set Qr \ Ap.
P

Proof. The proof is almost identical to that in [I3]. For the reader’s convenience, we
reproduce it here. Keep in mind that since p € L?(0,7;W~12%(Q)) each function in
L? (O,T; VVO1 2(9)) is p-measurable, and thus it is well-defined except on a set of y mea-

sure 0. Furthermore, fOT(,u,v) dt = [, vdp for each v € L*(0,T; Wy%(Q)), where (-,-)

denotes the duality pairing between L2(0,T; W~12(Q)) and L?(0,T; W,*(€2)). For & > 0 let
0. be a smooth function on R having the properties

1 if s> 2,
65(8)_{ 0 ifs<e and

0<6.<1 onR.
Then it is easy to verify from (B.53]) that we still have
(3.62) 0-(p,°) — 6-(p°) strongly in L?(0, T; W2(Q)).
Pick a function ¢ from C*(RY x R) with £ |g,= 0. Multiply through 3.I3) by £ 6.(p;*) and

integrate the resulting equation over €2 to obtain

(3.63) /Q A6.(5,%) € ddt = / ~0.(5,") € dadt

Qr Pj
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For each fixed € the sequence {ﬁL 0-(p;*)} is bounded in L>(Qy). This, along with (3.52),
i

gives

/ L o.p ededt = [ 6.7 € dudt.
Q P

T Pj Qr

Observe from (3.62) and (3.60) that

T
oy [ Auep)cdd = [ (800500~ [ o) ¢dn

Qr

Taking 7 — oo in (B.63)) yields
(3.65) / 6.(0%) € dp = / 0.(p%) L € dudt.
Qr Qr P

Remember that p* € L (0,7; W?2?(Q)), and thus it is well-defined except on a set of p
measure 0. We can easily conclude from the definition of 6. that {0.(p*)} converges every-
where on the set where p is defined as ¢ — 0. With the aid of the Dominated Convergence
Theorem, we can take ¢ — 0 in (3.65) to obtain

/ Edp = / E & dxdt.
Qr\Ag Qr\Ao P

This is true for every £ € C*°(RY x R) with & |5, = 0, which means

1
(3.66) pw=— onQp\ Ap.
P
The proof is complete. O
With Proposition 3.6, we have concluded the proof of Theorem 1.1. O

Proof of Theorem 1.2. Let ¢ be a function in C®°(RY x R) with the properties
=0 onXprand §>0 on Qp.

We multiply each term in (B.I5) by e*¥*¢ and integrate the resulting equation over Q to
obtain

6_wk — e_d}kfl
(3.67) / ek dr — / A3V e dr +T/ Apped¥ré dx = 0.
Q T Q Q
Note that
e Yk
(e—wk _ e—iﬁka) 621/% < / s_2ds
o e ¥r—1

(368) - _ (61/% _ 61%71) )
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Keeping in mind (BI8), we calculate
— / A263¢k€3¢k£dx
Q
= / V (A + 7Inby;(2)) V (e3%%€) da
Q
—7'/ Vinby;(2)V (e3%:¢) du
Q
= —/ (A’ + 7Inbyj(z)) A (e3%%€) da
Q

(3.69) +7’/ (Alnbyj(z)) e¥¥ € dr.

23

Use ([3.68) and ([3.69) in (3.67), multiply through the resulting equation by —7, and sum up

over k to obtain

8,p;p;Edwdt + / (Ap,%)° edwdt

QT QT

+ / Ap;® (2Vp,°VE + 9, AL) dadt
Qr

< —r | VBV (i) dudt — 7

V ln by (z)A (é’%g) ddt
Qr

Qr
(3.70) +7 / A (Inby;(z)) e¥iedadt.
Qr
We estimate from Proposition 3.1 that
—r / VY (7€) dudt
Qr

< -7 / iV, Vedudt
Qr

< ﬁ<T / 63%\w7|2dxdt) ( / 63%|v5\2dxdt)
QT QT

(3.71) < /T </ e3@j\vg|2dxdt)2.
Qr

Use this in ([3.70) and take 7 — 0 (or equivalently, 7 — oo ) in the resulting inequality to

obtain

Otppfd:)sdt—l—/ (Ap3)2§da7dt

Qp Qr

(3.72) + / Ap* (2Vp*VE + p*A€) dzdt < 0.
Qr
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Here we have used the fact that the norm in a Banach space is weakly lower semi-continuous,
ie.,

(3.73) lim inf / (Ap,%)? edwdt > / (Ap*)* edudt.
We conclude (LH0) from (B.72). This completes the proof of Theorem 1.2.

If {p,°} is precompact in L*(0,T; W*2(€2)), then we can easily show that the equality in
(L350) holds. This does not seem likely because the sequence {p,*} is not bounded away
from 0 below uniformly:.

If the space dimension is 1, then p? is continuous on Q. Unfortunately, our approximate
solutions ﬁjg are not continuous in the t-variable. It is natural to ask if we can construct
a sequence of approximate solutions that are Holder continuous on Q. In this regard, one
immediately thinks of the sequence {p;}. However, it does not seem possible that we can
show the sequence {p;°} is bounded in W12(Qp) N L°(0, T; W22(2)). It turns out that the
sequence {d,} defined by

- t— Tk tr—1
(3.74) Gj(w,1) = ——p(a) + T ——p . € (ot
will do the trick. To see this, we derive from (C1) that
(3.75) 15 e < ¢, 110:7,%]1s0 < c.
It immediately follows from (C1) that
(3.76) {6,} is bounded in L>=(0,T : W22(Q)).
For t € (t;_1, 1] we compute
-1 Pk — P—
(3.77) 00 = ;(Pk?’ — Pi1) = %(Plg + prPE-1 + PF-1),
from whence follows
(3.73) 19,551 < 310,517, 2.
This together with (C2) and (B.75]) implies that
(3.79) {6,} is bounded in W2(Qr).
Now we are in a position to use Lemma 2.2, from which we calculate for ¢ € (¢;_1, ;] that
L t— 1
5 =77 = | (" = piir)
t—1k . -
= ‘ - k(aj(a:,tk) —0j(z, th—1)
(3.80) < ori
Subsequently, we have
(3.81) {5;} converges uniformly to p* on Qr.
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