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1. Introduction

In this note, we deal with the refined hyper-contractive property and the uniqueness to the following
classical two dimensional Keller—Segel equations,

pr = Ap —div(pVe), = €R? t>0,
—Ac = p, reR2 t>0, (1.1)
p(x70) :p()(x)v $€R2,

where the initial detwm—py € L}‘_(Rz). Here p denotes the density of cells, ¢ represents the chemical
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concentration. The noﬁ&:q&@g&g@g@%@@pomes rom the Newtonian potential, i.e.,
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The solution of Eqs. (1.1) conserves the mass, i.e., [o, pda = [po podae = My. If p € LY (R?) N Llog L(R?),
then the associated free energy of the model (1.1) is given by

1
Fp(-, 1) = / plog pdx — 7/ ped. (1.3)
R2 2 Jpe
Formally the following entropy-dissipation equality holds
d 2
—f(p(-,t))+/ p‘V(logp—c)‘ dz = 0. (1.4)
dt R2

It is well known that M. = 8m is the critical mass for the global existence by utilizing the logarithmic
Hardy-Littlewood Sobolev inequality, see [1,2]. If My < 87, [s polog podz < co and My(0) == [g. |z|* po
dx < oo for some real number k& > 0 (for simplicity, we will take k = 1 below), then for any T' > 0, there
exists a global weak solution p satisfying the following estimate in [0,T) (c.f. [3, Lemma 2.4])

/ plx,t)|log p(z,t)| dx < Cr, (1.5)
R2

where the constant C'r depends on T', My, the initial entropy fR? polog po dx and My (0). If My > 87 and the
initial second moment is finite, then weak solutions to (1.1) blow up in a finite time. For the case My = 8,
weak solutions exist globally and tend to a steady state in L' norm provided that the initial relative entropy
is finite [3].

The main motivation for writing this short note is from some researches on the uniqueness for the
2D-Navier-Stokes equations with L' initial vorticity. The 2D-Navier-Stokes equations in the vorticity-stream
function formulation read

wi = Aw — div(wV*tey), = €R? t>0,
A = w, zeR? t>0, (1.6)
W(I,O):LUO(I), IER27

where the notation V* := (—0,,,0,,). When initial vorticity wy € L', the global existence is first proved
by Giga et al. in [4], and the results are improved in [5] and [6]. Kato [6,7] and Ben-Artzi [5], Brezis [8]
proved that the solution is existent and unique if wy € X, where X is a relatively compact subset in L'.
The following hyper-contractive property plays an important role in the proof of the uniqueness for the
2D-Navier—Stokes equations

tl_%||w||Lp —0, ast—0. (1.7)

Notice that for 2-D Keller—Segel equations (1.1), the standard hyper-contractive estimate is given by (for
completeness, see Appendix for a proof)

% |ploe < C(p,T), for0<t<T, p>1. (1.8)

Since (1.8) only shows the bounds, we need a refined hyper-contractivity as (1.7) to ensure the uniqueness
for the global weak solutions to the 2D-Keller—Segel equations. This is the task of this note. Our main results
are stated below.

Theorem 1.1 (Refined Hyper-Contractivity). Assume initial density po € LY (R?), My, < 8, Jzz2 Po
log po dxr < o0 and fR2 |z|po dx < oo, then for any fixed T > 0,0 < e < 1, ¢ > 1, there exists some C =
C(T;Cr;q;e) > 0, where Cp is defined in (1.5), such that the following refined hyper-contractive estimate
holds

177 g t| 1= 4||pl| e < C,  for any t € (0,1]. (1.9)

Combining (1.9) with the standard semigroup theory and some uniform estimates (3.9) and (3.10), we
have the following uniqueness theorem.
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Theorem 1.2 (Global Existence and Uniqueness). Assume initial density py € Ll+ (R?), My < 8, fw po log po
dr < oo and fR2 |z|podz < oo. Then there is a unique global weak solution for the Keller—Segel
equations (1.1).

Recently, there are many results on the uniqueness for the Keller—Segel equations using the classical
PDE theory (see papers [9-11]), and using the Lagrangian coordinates method (refer to [12-15]). However
these uniqueness results are all in the class of the bounded solutions except works [13,16]. In [13], Egafia
and Mischler proved the uniqueness of the entropy weak solution for the 2D Keller—Segel equations in
L>([0,T); L'NLlog L(R?))NC([0, T); D'(R?)) by DiPerna-Lions renormalizing argument. In [16], Bedrossian
and Masmoudi prove a local existence and uniqueness of mild solutions for initial measure only satisfying
max,er p{xr} < 8m. This note provides a simple proof of the uniqueness by utilizing the refined hyper-
contractive result in (1.9). This method is generalized to the higher dimension Keller—Segel equations in
Section 4.

2. Refined hyper-contractivity

Proof of Theorem 1.1. Using interpolation inequality for fRQ p?dx and taking p = 2= we have

[ otz = [ P+ logpl)/7pr 17 (1 4 logpl) 07 da
R R

b—q

q/p a(p—1) __q P
< ([ pt+nogplyde) " (| o5 (14 logpl) 7 dz) 7. (2.1)
R2 R2

Hence, (2.1) and (1.5) imply

a(p—1) (p—q)/ap
lollze < (Mo + )7 / o5 (1t [log pl) 7 da) |

(2.2)
Noticing < (p 1) > 1 due to ¢ > 1, we know that there is a universal constant C' such that for any R > 1,
0<r <R, 1tholds

alp—1) ¢ ap—1) 4
pP—q ~ R pP—q

4 —<C — (2.3)

(1+ |logr|)7=s (1+log R)7a

Indeed, there is an Ry such that for any R > Ry and r < R

a(p—1) a(p—1)
T P—4q 1 R r=a 1

— < -
(1+ |logr|)r=ad (1+logR)r—<

Hence if Ry < 1, we directly obtain (2.3) with C=1.1f Ry > 1, there is a CR, such that for any 1 < R < Ry,
0<r<R

(2.4)

ap=1) ¢ =l 4 ap=1) _q
p—q R, P ¢ R »=4q
: —— =< . —— < Cpy—————— (2.5)
(4 [logr)75 (1 +log Ro)7 ™ (1+ log )7
a(p—1)

Here the first inequality is from (2.4) with R = Ry and Cr, = R,"™* - . Combining (2.4) and (2.5), we can
obtain (2.3) by taking C' = max{1,Cg, }. Applying (2.3), we get

tq;pfql)’l/ p"F (14 | log pl) 75 da

q(p 1)
</{p<R} /{p>R}>

(1 + |log p|) 77 da
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alp—1) 4

el = i / pde+ ——— q‘f-"q”—l/ o= de
(1 + [log R|)7=7 J{p<r) (1+ [log R)7= {p>R}
a(p—1)
S étq(::ql)71 R P—a ! ; A C(M07 CT? q?f)
(14 |log R|)7=4 (14 |log R|)7=a
where we have used (1.8) in the last inequality.
Let R = 1 in t € (0, 1], we have
alp=1) a(p—1) __a_ C(Mo,CT,q,€)
pP—q pP—q P—q < .
[ gl e < GRS (26)
Substituting (2.6) into (2.2), we deduce
a(p=1) a(p—1) 4 (P—@)/ap _ ap=1) \p—q
Iollzs < Mo, Croase) (155 [ 58 4 togpl) 7 an) ™ R0
R2
< C(Mp, Cr,g.€)|logt| "3t~
Noticing that p = 2, then it holds
t log t|"~%lplld < C(Mo,Cr,q.¢), te(0,1]. (2.7)

This is a complete proof of Theorem 1.1. [

3. Uniqueness of solution

We recall that the heat semigroup operator ' is defined by e'? f := G(z,t) * f, where G(z,t) is the heat
|z

kernel in R? and is given by G(x,t) = ﬁe 2. Tt follows immediately from the Young’s inequality for the

T
convolution that

_(i_1 _1_(1_1
e flze < Apgt™ TP fllze, (Ve fllze < Bpgt™2 =7 £ s (3.1)

for any 1 < ¢ <p < 400, f € LY(R?) and all ¢t > 0. Here A, ,, B, , are two universal constants.

Proof of Theorem 1.2. Let p; and ps be two weak solutions to the Keller—Segel equations (1.1) with the
same initial data, and let p = p; — p2 and ¢ = ¢; — c2. Then p and ¢ satisfy the following equation

ﬁt = Aﬁ - diV(ﬁvcl) - diV(pQVE).

By the fundamental solution representation of the heat equation, we have
t t
p= _/ Vel=I2 - (p(s)Vea(s))ds —/ Vel™2 - (py(s)Ve(s))ds = I + I. (3.2)
0 0

Next we will prove p =0 1in t € [0,¢1], ¢ is a constant only dependent of My and Cr. For r > 1, ¢ > 1
and 0 < k < %, denote

-1
Fy, o(t) = sup s*|pllrs Gy g(t) = sup s"7 |lpslla, i=1, 2.
0<s<t 0<s<t

A computation for I; shows

LT

t
N e = tkH /0 Velt=9)4 . (p(s)vcl(s))ds(
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By Bochner Theorem (see [17, p. 650]), we know
t
Pl < ¢ [ 19002 s Vs (s ds. (33)
0
Hence, for any 1 < o < r, (3.3) together with (3.1) implies
¢
il < Brot / (t = 5) 72 p(s) Ver(s) | o ds.
0

For any r’ > 1 satisfying + = 1 + 1, we have

t
Il < Brot* / (t =) 2= 5(s) o [ Ver (s)]] e ds. (34)
0
Using the weak Young’s inequality for Veq(s) = —iﬁ % p1(x, s), and taking r’ > 1 with 14+ L =1 + %,
we deduce
1) = - - 1)
v “’<7H7’ 2 < Cllp1 |l e, 0:7“7’ . 3.5
IVer(s)le < g | e les < Clanle o ] (35)
Thus (3.4) and (3.5) tell us
t
1
L < C(T,U)tk/o (t—=s)"7lp(s)l[Lrlpr(s)l Lads
t —_
< Clr,0)F (£G4 (01 / (t— ) hsF S ds.
0
Let u = s/t, we easily know
! 1
e < Ctno)Fi (06 4f0) [ - rdu (3.
0 (1 — u)Eu +5
Similarly, we obtain
! 1
Fll sl < C(r,0) o +()G, q(t)/ rdu (3.7)
0 (1 — u)Eu +

Using
1 —
/ (1— u)_%u_(’”%)du = B(a, 8) < o0,
0

where a = é —k>0dueto0< k< %, and f=1— é > 0 by ¢ > 1, one has from (3.2), (3.6), (3.7) and the
definition of Fy, ,(¢)

Fy, 1(t) < C(r,0)B(a, B)Fy, +(8) (G, o) + Ga, 4(1)). (3.8)
By (2.7), we know that for any ¢ € (0, 1]
g-1 g-1 e—1
G, ¢(t) + G2, 4(t) = Jnax s o1l e + fax s @ lp2llze < 2C (Mo, Cr,q,¢)|logt| @ .
Hence taking
t = exp{ ~ (4C(r, 0)B(a, )C (Mo, Cr,0,)) 7 |, (3.9)
then for any 0 < ¢ < ¢;, we have
1
Fk, r(t) S iFk, r(t)a (310)

which implies F, »(t) = 0 in the interval [0, ¢1].
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Finally, since t; is a constant only depending on T, q,e, My and Cp. Taking ¢; as a new initial time,
repeating the above process, we have that the model (1.1) has a unique weak solution in ¢ € [t1, 2¢;]. We can
continue this process and obtain a unique global solution in [0,T). That is the proof of Theorem 1.2. O

4. Extension to high dimension case

It is well known that the Keller—Segel model (1.1) is critical for two dimension, and it is super-critical
for higher dimension. In two dimension, the critical mass 87 gives sharp condition on the initial mass for
the global existence and the finite-time blow-up. For n > 3 however, to our knowledge, there is not an
exact criteria to distinguish the global existence and the finite-time blow-up for (1.1). Some results on global
existence and blow-up can be found in [18, Section 5]. For the uniqueness in the class of bounded solutions,
see [14]. Notice that the diffusion term and the aggregation term are exactly balanced in the L™/?-invariant
scaling. In this section, we will show a uniqueness result under a natural condition for the initial data:
lpollLnre < 2= where S, is the best constant of Sobolev inequality, see [14,18,19]. The main result is as

follows

Theorem 4.1 (Refined Hyper-Contractivity and Uniqueness). For any given 0 <e < 1,n>3,p> § +¢, if

the initial density po € L1 (R™) and satisfies ||pol|pn/2 < %,

global weak solution for the Keller—Segel equation in R™, and there is a C' > 0 such that the following refined

and ||po||pn/2+e < 00, then there is a unique

hyper-contractivity holds

n

tpfaf%up”ip <C, foranyt>D0. (4.1)

Proof. The proof is similar to the proof for two dimension case. We only give a sketch here. First, a hyper-

contractive property can be obtained for any p > 4, i.e., if || po|
/2 such that it holds

e < %, then there is a positive constant

C only depending on p,n and ||po|

=%l < C.

18,
P )
rn/2+e. Using the boundedness of the |p(-,?)]

and |[po|

Next, for any given ¢ > 0, p > § + ¢, if [/po] n/2te < 00, we can show
that [[p(-, 1)l Ln/2+e < lpol

method to the proof of Theorem 1.1, one can obtain the refined hyper-contractive property (4.1) for the

Ln/2 <

rns2+e and following the same

high dimension Keller—Segel model (1.1). Finally, the proof of the uniqueness is exactly the same as the
proof of Theorem 1.2. O
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Appendix

To prove (1.8), for K > 0 to be determined later, taking p(p — K)’:l7 p > 2, as a test function in the
first equation of Egs. (1.1), we have

d 4(p—1 )
pn R”(p—K)ﬁdx: _(p)/” |V(P—K)i|2dx+(p—1)/n(p_K)zjr+1dx

+K(2p—1)/ (p—K)ﬁdeer?/ (p— K)2~ " da. (A1)

n n
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Using the interpolation inequality and the Young’s inequality for the last two terms on right-hand side, we
deduce

d 4(p—1 p
dat Rn(p_K)ﬁ-dx < —%/n |V(p_K)j_|2dx+2(2p—1)/n(p_K)g_+1dm

+ (K(2p - DC1(1/K) + pK2Cy(1/K2) ) My, (A.2)

Utilizing (1.5) and the inequality

/ |u\27dx§72/ |u\2(7*1)d:c/ |Vul|? dx

with u = (p — K)i/Q7 v = pp#, we can get

C(p,T) P
_ _ p+1 < ’ _ 212
220-1) [ (- < 2D [ G- K)iP as. (A.3)
pC(p,T)
Taking K = e 2@-D | then (A.2) and (A.3) imply
d 2(p—1 »
R e M\ SHTEYel X} (A.4)
dt Jgn D n
On the other hand, by interpolation inequality and (A.3), we have
p/(p—1) P
([ o-rpar)™" <co.n [ 1vo-K)iP . (A5)
Therefore, (A.4) and (A.5) imply
d ~ p/(p—1)
G [ e-rrao([ o-rpa)" <cw. (A.6)
dt Jgn n
Solving the ordinary differential inequality (A.G), it holds
tp_l/ (p—K)! dxe < C(p,T), foranyte (0,T). (A.7)

Hence for above fixed constant K, (A.7) gives the following hyper-contractive property
= Hipll, < C(p,T), for any p>2. (A-8)

Finally, we show below hyper-contractivity for the case 1 < p < 2. For any r > 2, a simple interpolation
inequality implies

Ipllze < lpllz=lel % (A.9)
where 0 = ijﬁ Thus (A.8) and (A.9) give
P pllh, <C(p,T), foranyl<p<2. (A.10)
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