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usual,wedefinethetwo projectionoperators:P is thestandardL2 projectioninto thespace
Vk

h ; and is thestandardprojectioninto Wk
0 h:

0 Wk
0 h

Denotetheerrorfunctionsby

h h

andtheir projectionsby

h P P h h h

Wefirst obtainacontrolof h in termsof ,

Wk
0 h

from thescheme(1.7)andthefact that theexactsolutionalsosatisfies(1.7).Now, taking

h, weobtain

h h h h

whichgives

h C

This leadsto aboundfor thevelocity field

u uh h h

C (2.5)

Sinceboththenumericalsolutionandtheexactsolutionsatisfy(1.6),

t K u huh K

e K

u n uh n h e 0 Vk
h

(2.6)

Take h. Thesecondtermbecomes

u huh h K u uh h K uh K uh P K

(2.7)

Noticing thatu uh is exactlydivergencefree,wemayperformintegrationby partsto the
first termon theright sideof (2.7) to obtain

u uh h K h u uh K

e K

u uh n h e
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Thesecondtermontherightsideof (2.7)isacompletederivativeandhencecanbeintegrated
to giveapureboundaryterm

uh K
1

2
e K

uh n 2
e

Pluggingall theseinto (2.6)with h, andcollectingboundaryterms,weobtain

t h h K h u uh K uh P K

e K

Ie 0

wheretheboundaryterms

Ie u uh n h e
1
2 uh n 2

e u n uh n h h e

uh n ˆ h
1
2

2
e

uh n ˆ 1
2

2
e

uh nˆ P e

Usingthestabilityanalysisin (2.2),weareleft with

d

dt

1

2
h

2

K

h u uh K uh P K

e K

uh nˆ P e (2.8)

Assumingfor themoment

uh C (2.9)

wecanfirst estimatetheboundaryterm,usingthefactthatthemeshis quasi-uniform:

K e K

uh nˆ P e

K e K

C [ P ] e ˆ e

2 C

h
K e K

[ P ] 2
e

Usingtheaboveinequalitytogetherwith (2.5)and(2.8),wenow obtain(with theregularity
assumption H k 1)

d

dt
h

2 C h
2 2 P 2

H1

1

h
K e K

[ P ] 2
e

Herewe understandthe normsasa summationof the samenorm on eachK Using the
standardinterpolationtheory[6], weobtain

d

dt
h

2 C h
2 Ch2k

whichyields

h Chk
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Togetherwith (2.5),wehave

u uh h Chk (2.10)

Usinganinverseinequality, wehave

u uh Chk 1

with theassumptionk 1, this justifiesthea priori assumption(2.9).
Theestimate(2.10)is optimal in termsof thespaceWk

0 h, which is importantsincethe
maincostfor theschemeis in thePoissonsolver in Wk

0 h. Thevorticity estimatein (2.10)
is,however, suboptimalwith respectto thespaceVk

h . Ifw euseWk 1
0 h insteadfor thestream

function and usethe upwind flux (1.10), then a more detailedanalysiswill producean
orderO hk 1 2 for theerrorin ; see[13,21] for details.However, wedonotrecommend
this choicein practice,as the increaseof half-orderaccuracy is obtainedwith the price
of one degreehigher polynomialsin the most expensive part of the algorithm,namely
the Poissonsolver. In our numericalexperimentsin Section5, we observe that closeto
k 1 th orderof accuracy isgenerallyachieved whenkth degreepolynomialsareusedin

both thediscontinuousspacefor andthecontinuousspacefor , both for uniform and
for non-uniformmeshes.

3. THE SCHEME FOR THE NAVIER–STOKES EQUATIONS

For theNavier–Stokesequations(1.3), therearetwo additionalingredientsthat require
ourattention:

1. Theviscoustermscannotbedirectly implementedin thediscontinuousspaceVk
h .

Instead,the stresstensoris first obtainedlocally usingthe samediscontinuousGalerkin
framework.

2. Vorticity boundaryvaluesarenot known physically. We obtainvorticity boundary
conditionslocally from thestreamfunctionusingthekinematicrelationin (1.3).

Weusethesamefinite elementspacesVk
h andWk

0 h definedin (1.5) for thevorticity and
streamfunction, respectively. Denoteby Vk

0 h the subspaceof Vk
h with zerovalueat the

boundary. Let Wk
h be the finite elementspaceextendedfrom Wk

0 h with generalnon-zero
valuesat theboundary. Thenumericalmethodnow becomes

t h K huh K

e K

uh n h e

h K

e K

h n e Vk
0 h (3.1)

Notice that the testfunction is now in Vk
0 h, (see[23]), andthestresstensor h Vk

h
2 is

obtainedfrom thevorticity h by thesamediscontinuousGalerkinframework:

Re hv K h v K

e K

hv n e v Vk
h

2
(3.2)



HIGH-ORDERDISCONTINUOUSGALERKIN METHOD 585

We remarkthat(3.2)gives a local solutionfor thestresstensor h, giventhevorticity h;
neitheraglobalinversionnoraglobalstorageisneeded.Thefluxes h and h canbechosen
ascentralaverages

h
1
2 h h h

1
2 h h (3.3)

or betterstill, asalternateone-sidedfluxes,namely, at eachedgee with anarbitrarilyfixed
orientation,oneof h and h is takenastheleft valueandtheothertakenastheright value.
It canbe verified that, for k 0 anda rectangulartriangulation,the centralfluxes (3.3)
producea wide stencilcentralapproximationto thesecondderivatives ( i 2, i and i 2

areusedfor approximating xx), while thealternateone-sidedfluxesproducea compact
stencilcentralapproximation( i 1, i and i 1 areusedfor approximating xx). Also,
numericalandtheoreticalevidenceshow that thealternateone-sidedfluxesproducemore
accurateresults[13]. In thispaperweuseonly thealternateone-sidedfluxesfor theviscous
terms.

For periodicboundaryconditions,theschemeis now well defined.For thenon-periodic
case,we advocateusingthe approachin [23]. Although the basicideain computingthe
vorticity boundaryconditionis similar to thatof thestandardfinite elementmethodin [23],
thereis somedifferencedueto thefactthattheapproximationspacefor thevorticity in the
discontinuousGalerkinmethodis largethanthatin acontinuousfinite elementmethod.We
outlinethedetailedstepsherefor completeness.

Since(3.1)is treatedexplicitly andthelocaldiscontinuousGalerkinmethodisused, n 1
h

in theinteriorelementscanbedirectlycomputed.However, for theboundaryelements,we
needto compute n 1

h in threesteps.
First,for all testfunctions Vk

0 h, wecancomputetheinnerproduct n 1
h K directly

from (3.1) thanksto theexplicit timestepping.
Second,sinceWk

0 h is asubspaceof Vk
0 h, from (3.1),theinnerproducts, n 1

h K for all
Wk

0 h hasalreadybeencomputed.This is sufficient for obtainingthestreamfunction
n 1
h from

n 1
h

n 1
h Wk

0 h (3.4)

with thevelocity field obtainedfrom thestreamfunctionby

un 1
h

n 1
h (3.5)

Finally, weareableto computethevorticity n 1
h atboundaryelementsdirectly from

n 1
h

n 1
h

for all thetestfunctions Vk
h thanksto thefactthat n 1

h hasalreadybeencomputed.
For problemswith periodicboundaryconditions,theformulationabove admitsthefol-

lowing stability results,

d

dt
h

2 2 h 0 (3.6)
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which in turn impliesstability for thevelocity field (2.3).Theproof is similar to theEuler
case;see[13] for thedetails.With thevorticity boundaryconditionmentionedabove, we
areunableto obtainastabilityestimate.However, this typeof vorticity boundarytreatment
for conventionalfinite differenceandfinite elementsis stable;see[15, 23]. Without such
a stability estimate,thereis anissueabouttheuniquenessof thesolutionto themethodof
linesdiscretizationwith theboundaryconditiontreatmentmentionedabove. However, the
full discretizedversionworkswell in thenumericalexperiments;seeExample1 of thenext
section.

4. ACCURACY CHECK AND NUMERICAL EXAMPLES

Weimplementourmethodontriangulationsbasedonrectangles.Whena Pk Qk resultis
referredto it isobtainedwith Pk elementsfor thevorticity andQk elementsfor thestream
function , whereQk refersto thespaceof tensorproductsof 1D polynomialsof degree
upto k. Weremarkthatsomeof thetheoreticalresultsin previoussectionsdonotapplyfor
thesechoicesof meshandspaces.For example,Qk elementsshouldalsobeusedfor the
vorticity for theexactenergy conservation(2.4)to hold;however, to savecostweusePk

elementsfor thevorticity instead.Energy stability (2.3)andenstrophystability (2.2)still
holdin thiscase.Wehaveusedboththeupwindflux (1.10)andthe(global)Lax–Friedrichs
flux (1.11)for thecalculations;however, we will only show theresultsobtainedwith the
Lax–Friedrichsflux to save space.The time discretizationis by the third-orderpositive
Runge–Kuttamethodsin [27].

EXAMPLE 1. This exampleis usedto checktheaccuracy of our schemes,both for the
Euler equations(1.1) andfor the Navier–Stokesequations(1.3) with Re 100, for both
the periodicandthe Dirichlet boundaryconditions,andwith both a uniform meshanda
non-uniformmesh.The Dirichlet boundaryconditionsusethe datataken from the exact
solution.Thenon-uniformmeshis obtainedby alternatingbetween0 9 x and1 1 x for
themeshsizesin thex direction;similarly for themeshsizesin they direction.Theinitial
conditionis takenas

x y 0 2sin x sin y (4.1)

whichwas usedin [5]. Theexactsolutionfor this caseis known:

x y t 2sin x sin y e 2t Re (4.2)

Weusethedomain[0 2 ] [0 2 ] for theperiodiccaseand[0 ] [0 ] for theDirich-
let caseandcomputetheerrorsat t 2 for theperiodiccaseandat t 1 for theDirichlet
case.We list in Tables5.1 (uniform mesh)and5.2 (non-uniformmesh)the L1 and L
errors,at t 2, measuredat thecenterof thecells, for theperiodicboundaryconditions.
Tables5.3(uniformmesh)and5.4(non-uniformmesh)containtheresultswith theDirichlet
boundaryconditionsat t 1. We remarkthat,becauseof thedifferencein thesizesof the
domainsof theperiodicandDirichlet cases,theerrorswith thesamenumberof cellsareof
differentvalues,but theordersof accuracy aresimilar. Wehavealsocomputedtheerrorsof
therelevantderivatives at thecentersof thecells,which helpin giving ustruly L errors
throughoutthedomain.Wewill notshow themto savespace.To getanideaabouttheeffect
of theviscoustermsonthetimesteprestrictionandCPUtime,wepointoutthatfor P3 Q3
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TABLE 5.1

Accuracy Test,Uniform Meshes,Periodic Boundary Conditions

Euler Navier–Stokeswith Re 100

Mesh L1 error order L error order L1 error order L error order

P1 Q1

162 7.77E-03 — 1.80E-02 — 7.65E-03 — 1.82E-02 —
322 1.01E-03 2.94 2.46E-03 2.87 1.03E-03 2.89 2.55E-03 2.83
642 1.28E-04 2.99 3.14E-04 2.97 1.36E-04 2.92 3.44E-04 2.89

1282 1.60E-05 3.00 3.94E-05 2.99 1.80E-05 2.92 4.63E-05 2.89

P2 Q2

162 6.26E-04 — 1.58E-03 — 2.06E-04 — 5.85E-04 —
322 5.52E-05 3.50 2.75E-04 2.52 1.37E-05 3.90 3.24E-05 4.17
642 4.82E-06

�
3.52 3.81E-05 2.85 2.40E-06 2.51 4.10E-06 2.98

1282 4.04E-07
�

3.58 4.96E-06 2.94 4.05E-07 2.57 6.44E-07 2.67

P3 Q3

162 9.74E-05 — 2.31E-04 — 9.68E-05 — 2.33E-04 —
322 6.81E-06 3.84 1.67E-05 3.79 6.22E-06 3.96 1.50E-05 3.96
642 4.36E-07

�
3.96 1.05E-06 3.99 3.82E-07 4.02 9.25E-07 4.02

1282 2.71E-08 4.01 6.59E-08 3.99 2.33E-08 4.04 5.70E-08 4.02

with a 162 mesh,theNavier–Stokescodetakesabouttwice asmany time stepsandabout
threetimesasmuchCPUtimeastheEulercodeto reachthesamephysicaltime.Wehave
alsomadeseveral runswheretheperiodicandnon-periodiccaseshave thesamephysical
domain,mesh,andphysicaltime. Theerrorsarevery close,indicatingthat theboundary
effectonaccuracy is small.

TABLE 5.2

Accuracy Test,Non-uniform Meshes,Periodic Boundary Conditions

Euler Navier–Stokeswith Re 100

Mesh L1 error order L error order L1 error order L error order

P1 Q1

162 8.49E-03 — 2.85E-02 — 7.77E-03 — 2.80E-02 —
322 1.44E-03 2.56 5.56E-03 2.36 1.16E-03 2.75 5.45E-03 2.36
642 2.81E-04 2.36 1.13E-03 2.29 2.17E-04 2.42 1.03E-03 2.40

1282 5.90E-05 2.25 2.59E-04 2.13 4.13E-05 2.40 1.94E-04 2.41

P2 Q2

162 7.88E-04 — 2.77E-03 — 3.37E-04 — 1.18E-03 —
322 7.82E-05 3.33 4.11E-04 2.75 1.78E-05 4.24 6.40E-05 4.21
642 7.66E-06 3.35 5.15E-05 3.00 2.63E-06 2.76 6.97E-06 3.20

1282 7.43E-07 3.37 6.11E-06 3.07 4.34E-07 2.60 1.00E-06 2.80

P3 Q3

162 1.03E-04 — 3.26E-04 — 1.01E-04 — 3.24E-04 —
322 7.18E-06 3.84 2.60E-05 3.65 6.52E-06 3.96 2.14E-05 3.92
642 4.60E-07 3.96 1.77E-06 3.88 4.01E-07 4.02 1.28E-06 4.06

1282 2.86E-08 4.01 1.09E-07 4.02 2.44E-08 4.03 7.70E-08 4.06
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TABLE 5.3

Accuracy Test,Uniform Meshes,Dirichlet Boundary Conditions

Euler Navier–Stokeswith Re 100

Mesh L1 error order L error order L1 error order L error order

P1 Q1

162 5.92E-04 — 1.23E-03 — 5.75E-04 — 1.32E-03 —
322 8.19E-05 2.85 1.92E-04 2.68 7.52E-05 2.94 1.78E-04 2.89
642 1.06E-05 2.94 5.35E-05 1.84 9.63E-06 2.96 3.76E-05 2.25

1282 1.35E-06 2.98 1.42E-05 1.92 1.25E-06 2.94 8.06E-06 2.22

P2 Q2

162 4.76E-05
�

— 2.57E-04 — 1.51E-05 — 4.05E-05 —
322 4.28E-06 3.47 3.57E-05 2.85 2.49E-06 2.60 6.09E-06 2.73
642 3.74E-07 3.52 4.65E-06 2.94 4.11E-07 2.60 9.42E-07 2.69

1282 3.17E-08 3.56 5.92E-07 2.97 6.16E-08 2.74 1.34E-07 2.81

P3 Q3

162 6.80E-06 — 1.58E-05 — 6.34E-06 — 1.53E-05 —
322 4.22E-07 4.01 1.06E-06 3.90 3.90E-07 4.02 9.45E-07 4.02
642 2.66E-08 3.99 6.90E-08 3.94 2.38E-08 4.04 5.81E-08 4.02

1282 1.66E-09 4.00 4.25E-09 4.02 1.46E-09 4.03 3.59E-09 4.02

Wecanclearlyseefrom thesetablesthatcloseto k 1 th orderof accuracy isgenerally
achieved whenkth degreepolynomialsareusedin boththediscontinuousspacefor and
for thePoissonsolver, bothfor theuniformandfor thenon-uniformmeshes.

EXAMPLE 2. Thedoubleshearlayerproblemtakenfrom[1]. WesolvetheEulerequation
(1.1) in the domain[0 2 ] [0 2 ] with a periodic boundarycondition and an initial

TABLE 5.4

Accuracy Test,Non-uniform Meshes,Dirichlet Boundary Conditions

Euler Navier–Stokeswith Re 100

Mesh L1 error order L error order L1 error order L error order

P1 Q1

162 1.12E-03 — 4.35E-03 — 9.93E-04 — 4.25E-03 —
322 2.44E-04 2.20 9.79E-04 2.15 1.95E-04 2.35 8.74E-04 2.28
642 5.61E-05 2.12 2.39E-04 2.04 3.90E-05 2.33 1.75E-04 2.32

1282 1.36E-05 2.04 6.29E-05 1.92 7.76E-06 2.33 3.54E-05 2.31

P2 Q2

162 7.54E-05 — 3.31E-04 — 1.98E-05 — 6.63E-05 —
322 8.15E-06 3.21 4.33E-05 2.93 2.61E-06 2.93 7.03E-06 3.24
642 8.46E-07 3.27 5.35E-06 3.02 4.35E-07 2.59 1.02E-06 2.79

1282 8.31E-08 3.35 6.56E-07 3.03 6.52E-08 2.74 1.49E-07 2.78

P3 Q3

162 7.17E-06 — 2.49E-05 — 6.65E-06 — 2.18E-05 —
322 4.46E-07

�
4.01 1.66E-06 3.91 4.09E-07 4.02 1.31E-06 4.06

642 2.80E-08 3.99 1.04E-07 3.99 2.50E-08 4.03 7.86E-08 4.06
1282 1.75E-09 4.00 6.89E-09 3.92 1.53E-09 4.02 4.77E-09 4.04
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condition

x y 0
cos x 1sech2 y 2 y

cos x 1sech2 3 2 y y
(4.3)

wherewe take 15and 0 05.

Thesolutionquickly developsinto roll-upswith smallerandsmallerscales,soon any
fixed grid the full resolutionis lost eventually. We usefixed uniform meshesof 64 64
and128 128 rectanglesandperformthe calculationup to t 8. We plot the time his-
tory of the total energy (squareof the L2 norm of velocity u) and the total enstrophy
(squareof the L2 normof vorticity ) in Fig. 5.1,aswell ascontoursof thevorticity at
t 6 in Fig. 5.2 andat t 8 in Fig. 5.3 to show theresolution.We canseefrom Fig. 5.1
thatthenumericaldissipationdecreasesroughlyin theorderof P1 Q1-642, P1 Q1-1282,
P2 Q2-642, P3 Q3-642, P2 Q2-1282, and P3 Q3-1282. We remarkthat dueto the dis-
sipationfrom Runge–Kutta time discretizationand the choiceof finite elementspaces,
the total energy in Fig. 5.1, left, decaysratherthanstaysat a constantasproved in (2.4).
The decayrate of total energy or total enstrophyin Fig. 5.1 is an indication of the ac-
tual resolutionof the schemesfor the given mesh.The higher-ordermethodshave better
resolutionsandin generalthe resolutionis quitegoodjudging from thecontours.We re-
mark that when the numericalviscosity becomestoo small with higher-order methods,
sincethe schemesare linear, numericaloscillationsare unavoidablewhen resolutionto
sharpfronts is lost, leadingto instability. This is commonfor all linear schemes.How-
ever, the discontinuousGalerkin methodwe usehereis able to get stablesolutionsfor
muchsharperfrontswith thesamemeshthancentraltypefinite differenceor finite element
methods.

FIG. 5.1. Thetimehistoryof energy (squareof theL2 norm� of thevelocityu) andtotalenstrophy(squareof
the

�
L2 normof vorticity ). P1 Q1 with 642 meshin solid line, P1 Q1 with 1282 meshin dashedline, P2 Q2

with 642 meshin dash–dotline, P2 Q2 with 1282 meshin dottedline, P3 Q3 with 642 meshin longdashedline,
andP3 Q3 with 1282 meshin dash–dot–dotline.
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FIG. 5.2. Contourof vorticity at t 6.Thirty equallyspacedcontourlinesbetween 4 9 and 4 9.
Left: resultswith 642 mesh;right: resultswith 1282 mesh.Top: P1 Q1; middle: P2 Q2, bottom:P3 Q3.
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FIG. 5.3. Contourof vorticity at t 8.Thirty equallyspacedcontourlinesbetween 4 9 and 4 9.
Left: resultswith 642 mesh;right: resultswith 1282 mesh.Top: P1 Q1; middle: P2 Q2, bottom:P3 Q3.
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FIG. 5.4. Contourof vorticity at t 8. Thirty equallyspacedcontourlinesbetween 15and 15.
Left: resultsof thethin shearlayer, 50,Re 70 000 2 , P2 Q2 methodwith a 2562 mesh;right: results
of theultra thin shearlayer, 100,Re 20 000 2 , P1 Q1 methodwith a5122 mesh.

In [2], shearlayersaredistinguishedbetween“thick” and“thin” ones,with the latter
producingspuriousvortices.The result above correspondsto the “thick” shearlayer in
[2]. We show in Fig. 5.4, left, a “thin” shearlayercaseasdefinedin [2], correspondingto

50with aReynoldsnumberRe 70 000 2 , simulatedwith auniformrectangular
meshof 256 256cellswith P2 Q2 methodat t 8. Noticethatthis is at a muchhigher
Reynolds numberthan that usedin [2], where the Reynolds numberis Re 2000 2
anda second-orderGodunov upwind projectionmethodwith 256 256 pointsproduces
spuriousnon-physicalvortices.We alsocomputea ultrathin shearlayer with 100
with ReynoldsnumberRe 20 000 2 . Thesimulationresultwith auniformrectangular
meshof 512 512 cells with P1 Q1 methodat t 8 is shown in Fig. 5.4, right. More
extensive numericalresolutionstudy for this examplecan be found in [24], wherewe
explore thoroughlythe resolutionboth for the “thick” andfor the “thin” shearlayers.In
[24] we alsoplot the time history for theenergy andenstrophyduringa meshrefinement
to show that the physical viscosity is dominatingthe numericsat suchhigh Reynolds
numbers,accordingto thedecayof energy andenstrophy. This indicatesthat thebuilt-in
numericalviscosityof themethodsis verysmall.Wereferthereaderto [24] for details.For
acomparisonwith nonlinearENOschemes,we referto [16].

EXAMPLE 3. Thevortex patchproblem.Wesolve theEulerequation(1.1) in [0 2 ]
[0 2 ] with theinitial condition

x y 0

1 2 x 3
2 4 y 3

4

1 2 x 3
2

5
4 y 7

4

0 otherwise

(4.4)

andperiodicboundaryconditions.Thecontourplotsof vorticity , with 30equallyspaced
contourlinesbetween 1 1 and 1 1, aregiven in Fig. 5.5for t 5 andin Fig. 5.6
for t 10. We canseethat the schemegives stableresultsfor all runs,andhigher-order
schemesgivebetterresolutionsfor vorticity.
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FIG. 5.5. Contourof vorticity at t 5.Thirty equallyspacedcontourlinesbetween 1 1 and 1 1.
Left: resultswith 642 mesh;right: resultswith 1282 mesh.Top: P1 Q1; middle: P2 Q2, bottom:P3 Q3.
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FIG. 5.6. Contourof vorticity att 10.Thirty equallyspacedcontourlinesbetween 1 1and 1 1.
Left: resultswith 642 mesh;right: resultswith 1282 mesh.Top: P1 Q1; middle: P2 Q2, bottom:P3 Q3.



HIGH-ORDERDISCONTINUOUSGALERKIN METHOD 595

5. CONCLUDING REMARKS

WehavedevelopedahighorderdiscontinuousGalerkinmethodfor thetwo-dimensional
incompressibleEulerandNavier–Stokesequationsin thevorticity stream-functionformu-
lation,coupledwith a standardcontinuousfinite elementsolutionof thePoissonequation
for thestreamfunction.A naturalmatchingbetweenthetwo finite elementspacesallows
usto obtaintotalenergy conservationandtotalenstrophystability. Numericalexamplesare
shown to demonstratetheaccuracy andresolutionof themethods.
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