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In this paperwe introducea high-orderdiscontinuoussalerkinmethodfor two-
dimensionaincompressibldlow in the vorticity stream-functiorformulation.The
momentunequations treatedexplicitly, utilizing theefficiengy of thediscontinuous
Galerkinmethod Thestreanfunctionis obtainecby astandardPoissorsolverusing
continuoudinite elementsThereis a naturalmatchingbetweerthesetwo finite el-
ementspacessincethe normalcomponenbf thevelocity field is continuousacross
elementboundariesThis allowsfor acorrectupwindinggluingin thediscontinuous
Galerkinframawork, while still maintainingtotal enegy conseration with no nu-
mericaldissipationandtotal enstrophystability. The methodis efficientfor inviscid
or high Reynoldsnumberflows. Optimalerrorestimatesreproved andverified by
numericalexperiments. © 2000AcademicPress
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1. INTRODUCTION AND THE SETUP OF THE SCHEME

We are interestedin solving the following 2D time-dependenincompressibleEuler
equationsn vorticity stream-functiorformulation;

o+ V- (Uw) =0
AY =w, u=Viy, (1.1)
u-n=givenon a2,
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wherev+ = (—0dy, dx). Notice that the boundarycondition, plus the factthatu - n= %
recoversy ontheboundary(up to a constantjn asimpleconnectediomain

Vlaa = Yb. (1.2)

We arealsointerestedn solvingthe Navier—Stolesequationsvith high Reynoldsnumbers
Re> 1:

1
wt+ V- (Uw) = R—eAa)

Ay =w, Uu=Viy, (1.3)
u = givenon a%2.

Theboundaryconditionis now (1.2) plusthe non-sliptype boundarycondition:
— = Up,z- (1.4)

For simplicity, we only considerthe no-flow, no-slipboundaryconditionsy, =0, up , =0
andperiodicboundaryconditions.

We first emphasizehat, for Eulerequationg1.1) andhigh Reynoldsnumber(Re>>> 1)
Navier-Stoles equationg1.3), it is advantageougo treatboth the corvective termsand
theviscoustermsexplicitly. Themethodgdiscussedh this paperarestableunderstandard
CFL conditions.Sincethe momentumequation(the first equationin (1.1) and(1.3)) is
treatedexplicitly in the discontinuousGalerkinframework, thereis no globalmassmatrix
toinvert,unlike corventionafinite elementmethodsThismalkesthemethodhighly efficient
for parallelimplementationseefor example[3]. As ary finite elementethodpurapproach
hastheflexibility for complicatedyeometryandboundaryconditionsThemethodsadapted
from the Runge—KittadiscontinuousGalerkinmethodsdiscussedby Cockhlurnetal. in a
seriesof paperg7-13,20].

Themaindifficultiesin solvingincompressibléows aretheincompressibilitycondition
andboundaryconditions.The incompressibilityconditionis global andis thussolved by
thestandardPoissorsolverfor thestreanfunctiony usingcontinuoudinite elementsOne
adwantageof our approachs thatthereis no matchingconditionsneededor the two finite
elemenspacedor thevorticity » andfor thestreanfunctiony,. Theincompressibilitycon-
dition, representedy the streamfunction s, is exactly satisfiedpointwiseandis naturally
matchedwith the corvective termsin themomentumrequation Thenormalvelocityu - n is
automaticallycontinuousalongary elementooundaryallowing for correctupwindingfor
the convective termsandstill maintaininga total enegy conseration andtotal enstrophy
stability.

Thereis aneasyproof for stability, bothin the total enstrophyandin the total enengy,
which doesnot dependon the regularity of the exactsolutions.For smoothsolutionserror
estimatesanbeobtained.

We usethe vorticity stream-functiorformulationof the Navier—StolesequationsThis
formulationwith thelocal vorticity boundaryconditionhasbeenrevitalized by the recent
work of E andLiu [14, 15, 23]. The mainideais to usecorvectively stabletime-stepping
procedureo overcomethe cell Reynoldsnumberconstraintexplicit treatmenbf the vis-
coustermsandthe local vorticity boundarycondition. This resultsin a decouplingof the
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computatiorof streanfunctionandvorticity ateverytimestep.Thismethods veryefficient
andaccuratdor moderateo high Reynoldsnumberflows, asdemonstratedh [14, 15, 23].

Ourmethodasit standscanonly compute2D flows.In 3D, thenormalvelocityu-nisno
longercontinuousalonganelemenboundaryhencemakingthemethodmorecomplicated
todesigrandto analyzeSimilarapproachefor thestream-functioworticity formulation,or
for the primitive variableformulation,suitablefor 3D calculationsareunderinvestigation.

Wedonotadwcateourmethodfor modesbrlow Reynoldsnumbeiflows.In suchregime
viscoustermsshouldbe treatedimplicitly for efficiengy. Thisis amuchmorechallenging
taskin termsof spacematchingcharacterizedyy the Batuska—Brezzi—Ladyzenskagon-
dition, projectiontypemethodsandglobalvorticity boundaryconditions;see for example
[4, 17-19,25, 26, 28] etc. We remarkthatthe only problemof our methodfor modestor
low Reynoldsnumberflows is the smalltime stepdictatedby the stability of the explicit
time discretizationOf coursejf the objectie is to resolvethefull viscouseffect, hencea
smalltime stepis justifiedfor accurag, thenit is still adequatéo useour method.

For cornvection-dominatediows, aswe investigatein this paper we mentionthe work
of Bell etal. [1] for second-ordeGGodunw-type upwindingmethods;seealsoLevy and
Tadmor[22] andE andShu[16]. Thisis still anactive field for research.

Wenow describehesetupoftheschemeWestartwith atriangulatiorZ, of thedomaingz,
consistingpf polygonsof maximumsize(diameterh, andthefollowing two approximation
spaces

V€= {v:ivlk € PYK), YK e Tn}, W, = VENCo(), (1.5)
wherePK(K) is the setof all polynomialsof degreeat mostk onthecell K.

For the Eulerequationg1.1), the numericalmethodis definedasfollows: find wp € Vi
andyn € W}, suchthat

(Bronv)k — (@nln - Volk + > (Un-Napv )e =0, Vo e V¥, (1.6)
ecoK
—(VYn- Vo) = (onp), Yo € Wi, (1.7)

with thevelocity field obtainedfrom the streamfunctionby
Up = VLlﬂh. (1.8)

Here (-) is the usualintegrationover eitherthe whole domain2 or a subdomairdenoted
by a subscriptsimilarly for the L2 norm]|| - ||.

Noticethatthe normalvelocity uy, - n is continuousacrossary elementoundarye, but
boththe solutionwy, andthetestfunctionv arediscontinuoughere.We take the valuesof
the testfunction from within the elementK, denotedby v~. The solutionat the edgeis
takenasasingle-\aluedflux oy, which canbeeitheracentralor anupwind-biasedwverage.
For example the centralflux is definedby

— 1

wn = 3(wf +oy), (1.9)

wherew, is the valueof wy, on the edgee from outsideK , the completeupwind flux is
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definedby

wp if up-n >0,

on = (1.10)
{a)h’“ ifu,-n <0,

andthe Lax—Friedrichsupwindbiasedflux is definedby
~ _1 + - + -
Unh - Nwp = 5[Un - N(wy + o) — a(wy — oy)], (2.12)

wherex isthemaximumof |uy, - n| eitherlocally (local Lax—Friedrichs)pr globally (global
Lax—Friedrichs).

We remarkthat, for generalboundaryconditions(1.2), the spaceW(‘)fh in (1.5) should
be modifiedto take the boundaryvalueinto considerationMoreover, additionalphysical
vorticity boundaryconditionfor ary inlet shouldbegiven.

Navier-Stolesequationgl.3)canbehandledn asimilarway, with theadditionalviscous
termstreatedby thelocaldiscontinuous$salerkintechniquen [13], andwith alocalvorticity
boundaryconditionin [14]. The detailsareleft to Section3. Section2 is devotedto the
discussionof stability and error estimatesfor the Euler equations Accurag checkand
numericalexamplesaregiven in Section4. Concludingremarksaregiven in Section5.

2. STABILITY AND ERROR ESTIMATES FOR THE EULER EQUATIONS

For stability analysiswe take thetestfunctionv = wy, in (1.6), 0btaining

dl1l —~
gialonlk = 2(V - (@fun)) + D (un - ndney e =0,
ecdK

wherewe have usedthe exactincompressibilitycondition satisfiedby uy, for the second
term.Performinganintegrationby partsfor the seconderm,we obtain

d1l o B
aéﬂwthK + Z <Uh . n(a)ha)h — %(wh )2)>e =0.

ecdK
Now, usingthefactthat
w7=5—%[w], (0 )? = o? — o),
where
W= %(aﬁ—l—a)*), [w] =0 — o™,
we obtain

d1l - 1 _—
giolonlk + D (un-n(@nan — i)+ 5 > (un - nlen] @ — @n))e = 0.

ecoK ecdK

Notice thatthe secondterm is of oppositesign for adjacentelementssharinga common
edgee, henceit becomegzeroafter summingover all the elementsK (usingthe no-flow
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boundaryconditionon the physicalboundaryor periodicboundaryconditions).The third
termis the numericaldissipationwhenay, is takenasthe centralflux (1.9),thethird term
is exactly zero;for theupwindflux (1.10),thethird termbecomes positive quantity

3 > - nifonTe, D)

ecdK

whichis thetotal enstrophydissipation.The effect of thisis to controlthe sizeof thejump
acrossthe elementinterface and essentially“gluing” the solution there.Other upwind-
biasedfluxessuchasthe Lax—Friedrichglux (1.11)would producea positive termsimilar
to that of the total enstrophydissipation.For smoothflows thesejumpsare of the order
O(h*) within the truncationerrorof the schemeWe thusobtainthe enstrophyinequality

d 2
_ <0 2.2
at lonl® =0, (2.2)
which becomesnequalityif thecentralflux (1.9)is used.

The stability for the velocity field is now straightforvard: we take ¢ = v, in (1.7) to
obtain

(Vi - Vi) = —(on¥n) < [¥nll llonll < CIVYnll lonll
by the Poincardnequality whichimplies
unll = IVl < Cllonll. (2.3)

Indeed we canobtainatotal enegy conserationthroughthefollowing agumentsTaking
v =y, in (1.6),we obtain

(Bronym)k — (@ntn - V¥)k + > (Un - N@n¥h)e = O.

ecdK

Now the secondiermis zerosinceuy, - Vi, =0. The third term vanishesafter summing
over all elementssinceyr, is continuousFinally, noticingthat

(@ w>—dﬁwww—dﬂww
tCUhh—dt2 h hil »

T dt2

we obtainthe conserationof enegy
d
OltII hll (2.4)

evenfor aupwindflux. Thusthereis no numericaldissipationfor theenenpy.

We remarkthatthestability proofabove for thetotal enegy andtotal enstrophydoesnot
needary hypothese®n theregularity of the solutionor the mesh.

We now turnto theerrorestimateskFor thesewe would needto assumehatthe solution
is regular (w € H**1 for k > 1) andthe meshis quasi-uniform Conceptionallysincethis
is a finite elementmethod,the exact solutionof the PDE satisfieshe schemexactly. As
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usualwe definethetwo projectionoperatorsP is thestandard_? projectioninto thespace
V¥, andI is the standardprojectioninto W ,:

(V@ —TTy) - Vo) =0, Vg € Wy,
Denotethe errorfunctionsby
e=w—wh, S=Y—Yn
andtheir projectionsby
en = Pe = Pw — wy, oh =18 = Ty — Y.
Wefirst obtaina controlof 8y in termsof ¢,
(V8- Vo) =—(eg), Vo e WS,

from the schemg1.7) andthe factthatthe exact solutionalsosatisfieq1.7). Now, taking
¢ = 8h, We obtain

(Vdh - Vén) = (V3 - Vdn) = —(edn),
which gives
Vénll < Cllell.
This leadsto a boundfor the velocity field

u—unll = IV =yl = VW = IIY) | + [IVITY — )|
= IVG@ =Tyl + Clell. (2.5)

Sinceboththe numericalsolutionandthe exactsolutionsatisfy(1.6),
(dev)k — ((WU — wpUp) - Vo) + Z (U-Nw —Up-Nopv )e=0, Voe VK
ecdK
(2.6)

Take v = ¢. Thesecondermbecomes

{((wU — wnhUp) - Véen)k = (@(U — Up) - Ven)k + (€Un - Ve)k — (eUn - V(o — Pw))k.
2.7)

Noticingthatu — uy, is exactly divergencefree,we may performintegrationby partsto the
first termon theright sideof (2.7) to obtain

(w(U—up) - Ven)k = —(en(U—Up) - Vo)k + Z ((U—Uup) - Nwey e
ecdK
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Thesecondermontherightsideof (2.7)isacompletederivativeandhencecanbeintegrated
to give apureboundaryterm

1
(sUn - Ve)k = E%zajK(uh “n(E)?)e

Pluggingall theseinto (2.6) with v = &y, andcollectingboundaryterms,we obtain

(drenenk + (en(U — Un) - Vo) + (eUn - V(@ — Po)lk + > le=0
ecdK

wheretheboundarnterms
le = —((U—Up) - Nwey, e — 5((Un - N(e")?)e + ((U-Nw — Up - N@R)E e
= (un-n(Bey — 3%,
= (Un-N(8e” — 3(e7)?)), — (Un - NE(@ — (P®) ))e.
Usingthe stability analysisn (2.2),we areleft with

dil
__||€h||2 = Z{—(sh(u —Up) - Vo)k — (eUp - V(o — Pw))k
K

+ Z (Up - Né(w — (Pw)))e}. (2.8)

ecdK
Assumingfor themoment
lunlleo < C, (2.9)

we canfirst estimatethe boundaryterm, usingthefactthatthe meshis quasi-uniform:

DD un-nd@—(Pw) e < Y Y Cl[Pw]lelizlle

K eedK K eedK

< lel®+ % > > Pl

K eedK

Usingtheabove inequalitytogethemith (2.5)and(2.8),we now obtain(with theregularity
assumptiony € Hk*1)

d 1
gellenl® < C(||<9h||2 IV =)+ o = Pollf+ > > ||[Pw]||§).

K eedK

Herewe understandhe normsasa summationof the samenorm on eachK. Using the
standardnterpolationtheory[6], we obtain

d
—|lenll? < Cllenll® + Ch*,
dt

whichyields

llenll < Ch'.
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Togethewith (2.5),we have
U — unll 4 lo — on]| < Ch. (2.10)
Usinganinverseinequality we have

Iu—Unlle < ChY;
with theassumptiork > 1, thisjustifiesthea priori assumptior{2.9).

The estimate(2.10)is optimalin termsof the space\N(';h, which is importantsincethe
main costfor the schemds in the Poissorsolverin W(‘;h. The vorticity estimatein (2.10)
is, however, suboptimalvith respecto thespaceVv,¥. Ifw euseW(‘)‘};1 insteador thestream
function and usethe upwind flux (1.10), then a more detailedanalysiswill producean
orderO(h*+1/2) for theerrorin w; se€[13, 21] for details.However, we do notrecommend
this choicein practice,asthe increaseof half-orderaccurag is obtainedwith the price
of one dggree higher polynomialsin the most expensve part of the algorithm, namely
the Poissonsolwver. In our numericalexperimentsin Section5, we obsene that closeto
(k 4+ 1)th orderof accurag is generallyachieved whenkth degreepolynomialsareusedin
boththe discontinuouspacefor » andthe continuousspacefor vy, both for uniform and
for non-uniformmeshes.

3. THE SCHEME FOR THE NAVIER-STOKES EQUATIONS

For the Navier—Stolesequationg1.3), therearetwo additionalingredientghatrequire
our attention:

1. Theviscoustermscannotbe directly implementedn thediscontinuouspaceV)X.
Instead the stresstensoris first obtainedlocally usingthe samediscontinuousGalerkin
framework.

2. Vorticity boundaryvaluesarenotknown physically We obtainvorticity boundary
conditionslocally from the streamfunction usingthe kinematicrelationin (1.3).

We usethe saméfinite elementspaced/ andW(')f y definedin (1.5)for thevorticity and
streamfunction, respectrely. Denoteby ngh the subspacef th with zerovalue at the
boundary Let WY be the finite elementspaceextendedfrom W&h with generalnon-zero
valuesatthe boundary The numericalmethodnow becomes

(Brwnv)k — (@nUn - Volk + _ (Un - N@pv e
ecdK

=—(on-Vo)k + »_(On M7 )e, Vv Vg, (3.1)

ecdK

Notice thatthe testfunctionis now in V{,,, (see[23]), andthe stresstensoroy, € (Vi¥)? is
obtainedfrom thevorticity wy, by the samediscontinuousGalerkinframework:

Re(onV)k = —(@nV -V)k + D@V -Ne, W e (V)2 (3.2)

ecdK
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We remarkthat(3.2) gives a local solutionfor the stresgensoroy, giventhe vorticity wp;
neitheraglobalinversionnoraglobalstorages neededT hefluxesay, andwy, canbechosen
ascentralaverages

Oh=31(oy +o), &n=3i(o, +o) (3.3)

or betterstill, asalternateone-sidedluxes,namely at eachedgee with anarbitrarily fixed

orientationoneof oy, andwy, is takenastheleft valueandtheothertakenastheright value.
It canbe verified that, for k=0 and a rectangulartriangulation,the centralfluxes (3.3)

produceawide stencilcentralapproximatiorto the secondderivatives (wj 2, w; andwj 2

areusedfor approximatingwyx), while the alternateone-sidedluxes producea compact
stencil centralapproximation(w; _1, wj andwj,; areusedfor approximatingwyy). Also,

numericalandtheoreticalevidenceshav thatthe alternateone-sidedluxesproducemore
accurateesultg13]. In this papemwe useonly thealternateone-sidedluxesfor theviscous
terms.

For periodicboundaryconditions the schemas now well defined.For the non-periodic
case we adwcateusingthe approachn [23]. Althoughthe basicideain computingthe
vorticity boundaryconditionis similar to thatof the standardinite elemenimethodin [23],
thereis somedifferencedueto thefactthattheapproximatiorspaceor thevorticity in the
discontinuou$salerkinmethods largethanthatin acontinuoudinite elemenimethod We
outlinethedetailedstepsherefor completeness.

Since(3.1)istreatedexplicitly andthelocaldiscontinuougalerkinmethods usedpoﬂ+l
in theinterior elementsanbedirectly computedHowever, for theboundaryelementsye
needto computewl ™ in threesteps.

First,for all testfunctionsv € ngh,wecancomputetheinnerproduct(wﬂ“v)K directly
from (3.1) thanksto the explicit time stepping.

SecondsinceW(',‘,h is asubspacef Véfh, from (3.1), theinnerproducts (o] v)k for all
v € W&h hasalreadybeencomputed This is sufiicient for obtainingthe streamfunction
Yt from

—<V¢,T+l . V¢J> = <a)ﬂ+l¢)>, Vo € Wg,h, (3.4)
with the velocity field obtainedfrom the streamfunction by
uptt = vyt (3.5)

Finally, we areableto computethevorticity a)ﬂ*l atboundaryelementgirectly from

(opte) = =(Vyptt- Vo)

for all thetestfunctionsg € V¥ thanksto thefactthaty ™ hasalreadybeencomputed.
For problemswith periodicboundaryconditions the formulationabore admitsthe fol-
lowing stability results,

d
am%w+2wmso, (3.6)
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whichin turnimplies stability for the velocity field (2.3). The proofis similar to the Euler

case;see[13] for the details.With the vorticity boundaryconditionmentionedabore, we

areunableto obtaina stability estimate However, thistype of vorticity boundarytreatment
for corventionalfinite differenceandfinite elementds stable;see[15, 23]. Without such
a stability estimatethereis anissueaboutthe uniqguenessf the solutionto the methodof

linesdiscretizatiorwith the boundaryconditiontreatmenmentionedabove. However, the

full discretizedrersionworkswell in thenumericalexperimentsseeExamplel of thenext

section.

4. ACCURACY CHECK AND NUMERICAL EXAMPLES

Weimplementbourmethodontriangulationsbasednrectangleswhena P¥/ QK resultis
referredoit is obtainedwvith PX elementgor thevorticity w andQX elementgor thestream
function v, where QX refersto the spaceof tensorproductsof 1D polynomialsof degree
upto k. We remarkthatsomeof thetheoreticakesultsin previoussectionslo notapplyfor
thesechoicesof meshandspacesFor example, QX elementsshouldalsobe usedfor the
vorticity o for theexactenegy conseration(2.4)to hold; however, to save costwe use Pk
elementdor thevorticity  instead Enegy stability (2.3) andenstrophystability (2.2) still
holdin thiscaseWe have usedboththeupwindflux (1.10)andthe (global) Lax—Friedrichs
flux (1.11)for the calculationshowever, we will only shav the resultsobtainedwith the
Lax—Friedrichsflux to save space.The time discretizationis by the third-orderpositive
Runge—Kittamethodsn [27].

ExamMPLE 1. This exampleis usedto checkthe accurayg of our schemeshothfor the
Euler equationg1.1) andfor the Navier—Stoles equationg1.3) with Re= 100, for both
the periodicandthe Dirichlet boundaryconditions,and with both a uniform meshanda
non-uniformmesh.The Dirichlet boundaryconditionsusethe datataken from the exact
solution.The non-uniformmeshis obtainedby alternatingbetweer0.9Ax and1.1Ax for
themeshsizesin the x direction;similarly for themeshsizesin they direction.Theinitial
conditionis takenas

(X, Y, 0) = —2sin(x) sin(y), (4.2)
whichwas usedin [5]. Theexactsolutionfor this caseis known:
(X, y,t) = —2sin(x) sin(y)e 2/Re, (4.2)

Weusethedomain[0, 2] x [0, 2] for theperiodiccaseand[0, ] x [0, x] for theDirich-
let caseandcomputethe errorsatt = 2 for the periodiccaseandatt = 1 for the Dirichlet
case.We list in Tables5.1 (uniform mesh)and 5.2 (non-uniformmesh)the L; and L o
errors,att =2, measuredt the centerof the cells, for the periodicboundaryconditions.
Tables5.3(uniformmesh)and5.4(non-uniformmesh)containtheresultswith theDirichlet
boundaryconditionsatt = 1. We remarkthat, becausef the differencein the sizesof the
domainsof theperiodicandDirichlet casesthe errorswith the samenumberof cellsareof
differentvaluesbut theordersof accurag aresimilar. We have alsocomputedheerrorsof
therelevantderivatives at the centersof the cells, which helpin giving ustruly L., errors
throughouthedomain Wewill notshav themto save spaceTo getanideaabouttheeffect
of theviscoustermsonthetime steprestrictionandCPUtime, we pointoutthatfor P2/ Q3
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TABLE 5.1
Accuracy Test,Uniform MeshesPeriodic Boundary Conditions

Euler Navier—-Stoleswith Re= 100
Mesh L* error order L*> error order L* error order L error order
PY/Q!
16 7.77E-03 — 1.80E-02 — 7.65E-03 — 1.82E-02 —

32 1.01E-03 2.94 2.46E-03 2.87 1.03E-03 2.89 2.55E-03 2.83
64 1.28E-04 2.99 3.14E-04 2.97 1.36E-04 2.92 3.44E-04 2.89
128 1.60E-05 3.00 3.94E-05 2.99 1.80E-05 2.92 4.63E-05 2.89
PZ/ QZ
16 6.26E-04 — 1.58E-03 — 2.06E-04 — 5.85E-04 —
32 5.52E-05 3.50 2.75E-04 2.52 1.37E-05 3.90 3.24E-05 4.17
64 4.82E-06 3.52 3.81E-05 2.85 2.40E-06 2.51 4.10E-06 2.98
128 4.04E-07 3.58 4.96E-06 2.94 4.05E-07 2.57 6.44E-07 2.67
P3/ Q3
16 9.74E-05 — 2.31E-04 — 9.68E-05 — 2.33E-04 —
32 6.81E-06 3.84 1.67E-05 3.79 6.22E-06 3.96 1.50E-05 3.96
642 4.36E-07 3.96 1.05E-06 3.99 3.82E-07 4.02 9.25E-07 4.02
128 2.71E-08 4.01 6.59E-08 3.99 2.33E-08 4.04 5.70E-08 4.02

with a 16 mesh the Navier-Stolescodetakesabouttwice asmary time stepsandabout
threetimesasmuchCPUtime asthe Eulercodeto reachthe samephysicaltime. We have

alsomadesereralrunswherethe periodicandnon-periodiccaseshave the samephysical
domain,mesh,andphysicaltime. The errorsarevery close,indicatingthatthe boundary
effectonaccurag issmall.

TABLE 5.2
Accuracy Test,Non-uniform Meshes,Periodic Boundary Conditions

Euler Navier—Stoleswith Re= 100
Mesh L error order L error order Lt error order L error order
P'/Q*
16 8.49E-03 — 2.85E-02 — 7.77E-03 — 2.80E-02 —

32 1.44E-03 2.56 5.56E-03 2.36 1.16E-03 2.75 5.45E-03 2.36
64 2.81E-04 2.36 1.13E-03 2.29 2.17E-04 2.42 1.03E-03 2.40
12¢& 5.90E-05 2.25 2.59E-04 2.13 4.13E-05 2.40 1.94E-04 241
P?/Q?

16 7.88E-04 — 2.77E-03 — 3.37E-04 — 1.18E-03 —
32 7.82E-05 3.33 4.11E-04 2.75 1.78E-05 4.24 6.40E-05 421
64 7.66E-06 3.35 5.15E-05 3.00 2.63E-06 2.76 6.97E-06 3.20
12¢& 7.43E-07 3.37 6.11E-06 3.07 4.34E-07 2.60 1.00E-06 2.80
P%/Q?

16 1.03E-04 — 3.26E-04 — 1.01E-04 — 3.24E-04 —
32 7.18E-06 3.84 2.60E-05 3.65 6.52E-06 3.96 2.14E-05 3.92
64 4.60E-07 3.96 1.77E-06 3.88 4.01E-07 4.02 1.28E-06 4.06
128 2.86E-08 4.01 1.09E-07 4.02 2.44E-08 4.03 7.70E-08 4.06
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TABLE 5.3
Accuracy Test,Uniform MeshesDirichlet Boundary Conditions

Euler Navier—Stoleswith Re=100
Mesh L error order L error order L error order L*> error order
PY/Q!
16 5.92E-04 — 1.23E-03 — 5.75E-04 — 1.32E-03 —

32 8.19E-05 2.85 1.92E-04 2.68 7.52E-05 2.94 1.78E-04 2.89
64 1.06E-05 2.94 5.35E-05 1.84 9.63E-06 2.96 3.76E-05 2.25
128 1.35E-06 2.98 1.42E-05 1.92 1.25E-06 2.94 8.06E-06 2.22
PZ/QZ
16 4.76E-05 — 2.57E-04 — 1.51E-05 — 4.05E-05 —
32 4.28E-06 3.47 3.57E-05 2.85 2.49E-06 2.60 6.09E-06 2.73
64 3.74E-07 3.52 4.65E-06 2.94 4.11E-07 2.60 9.42E-07 2.69
128 3.17E-08 3.56 5.92E-07 2.97 6.16E-08 2.74 1.34E-07 2.81
PS/Q3
16 6.80E-06 — 1.58E-05 — 6.34E-06 — 1.53E-05 —
32 4.22E-07 4.01 1.06E-06 3.90 3.90E-07 4.02 9.45E-07 4.02
642 2.66E-08 3.99 6.90E-08 3.94 2.38E-08 4.04 5.81E-08 4.02
128 1.66E-09 4.00 4.25E-09 4.02 1.46E-09 4.03 3.59E-09 4.02

We canclearlyseefrom thesetablesthatcloseto (k 4+ 1)th orderof accurag isgenerally
achieved whenkth degreepolynomialsareusedin boththe discontinuouspaceor » and
for the Poissorsolver, bothfor the uniform andfor the non-uniformmeshes.

ExamPLE 2. Thedoublesheatayerproblemtakenfrom[1]. WesolvetheEulerequation
(2.1) in the domain|[0, 2] x [0, 2] with a periodic boundarycondition and an initial

TABLE 5.4
Accuracy Test,Non-uniform Meshes Dirichlet Boundary Conditions

Euler Navier—Stoleswith Re=100
Mesh L* error order L error order L error order L error order
PY/Q*
16 1.12E-03 — 4.35E-03 — 9.93E-04 — 4.25E-03 —

32 2.44E-04 2.20 9.79E-04 2.15 1.95E-04 2.35 8.74E-04 2.28
642 5.61E-05 212 2.39E-04 2.04 3.90E-05 2.33 1.75E-04 2.32
128 1.36E-05 2.04 6.29E-05 1.92 7.76E-06 2.33 3.54E-05 2.31
PZ/QZ
16 7.54E-05 — 3.31E-04 — 1.98E-05 — 6.63E-05 —
32 8.15E-06 3.21 4.33E-05 2.93 2.61E-06 2.93 7.03E-06 3.24
64 8.46E-07 3.27 5.35E-06 3.02 4.35E-07 2.59 1.02E-06 2.79
128 8.31E-08 3.35 6.56E-07 3.03 6.52E-08 2.74 1.49E-07 2.78
P/Q?

16 7.17E-06 — 2.49E-05 — 6.65E-06 — 2.18E-05 —
32 4.46E-07 4.01 1.66E-06 3.91 4.09E-07 4.02 1.31E-06 4.06
64 2.80E-08 3.99 1.04E-07 3.99 2.50E-08 4.03 7.86E-08 4.06
128 1.75E-09 4.00 6.89E-09 3.92 1.53E-09 4.02 4.77E-09 4.04
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condition

scogx) — zsech((y—n/2)/p)  y=<m

w(X,y,0) = { (4.3)

scosx) + Lseck(@r/2—-y)/p) > i

wherewe take p = /15ands = 0.05.

The solutionquickly developsinto roll-ups with smallerandsmallerscalesso on ary
fixed grid the full resolutionis lost eventually We usefixed uniform mesheof 64 x 64
and 128 x 128 rectanglesand performthe calculationup to t = 8. We plot the time his-
tory of the total enegy (squareof the L2 norm of velocity u) and the total enstrophy
(squareof the L2 normof vorticity w) in Fig. 5.1, aswell ascontoursof the vorticity » at
t=61inFig.5.2andatt =8 in Fig. 5.3to shav theresolution.We canseefrom Fig. 5.1
thatthe numericaldissipationdecreasesoughlyin theorderof P/Q!-64?, P1/Q*-128,
P2/Q?-64%, P3/Q3-64%, P2/Q2-12&, and P3/Q3-128. We remarkthat dueto the dis-
sipationfrom Runge—HKitta time discretizationand the choice of finite elementspaces,
thetotal enepgy in Fig. 5.1, left, decaysatherthanstaysat a constantasproved in (2.4).
The decayrate of total enegy or total enstrophyin Fig. 5.1 is an indication of the ac-
tual resolutionof the schemedor the given mesh.The higherordermethodshave better
resolutionsandin generalthe resolutionis quite goodjudging from the contours.We re-
mark that when the numericalviscosity becomestoo small with higherorder methods,
sincethe schemesre linear, numericaloscillationsare unasoidable when resolutionto
sharpfrontsis lost, leadingto instability. This is commonfor all linear schemesHow-
ever, the discontinuousGalerkin methodwe usehereis ableto get stablesolutionsfor
muchsharpefrontswith thesamemeshthancentraltypefinite differenceor finite element
methods.

enstropy as a function of time

5 *#%F  Energy as a function of time z %F
2 a427F o
2 E ——— e e 2 BOF S
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FIG. 5.1. Thetime historyof enegy (squareof the L, normof thevelocity u) andtotal enstrophy(squareof
the L2 norm of vorticity w). Pt/ Q? with 642 meshin solid line, P*/Q* with 12& meshin dashedine, P?/Q?
with 64> meshin dash—dotine, P2/ Q? with 12& meshin dottedline, P3/ Q? with 64> meshin long dashedine,
and P3/Q?® with 128 meshin dash—dot—-dadine.
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P1,64° mesh, 1=6 P1,128° mesh, t=6
30 equally spaced vorticity contours from -4.9 to 4.9 30 equally spaced vorticity contours from -4.9 t0 4.9

P2, 64° mesh, t=6 P2,128° mesh, 1=6
30 equally spaced vorticity contours from -4.9 to 4.9 30 equally spaced vorticity contows from -4.9 to 4.9

P3, 64” mesh, 1=6 P3,128° mesh, 1=6
30 equally spaced vorticity contours from -3.9 10 4.9 30 equally spaced vorticity contows from -4.9 to 4.9

FIG. 5.2. Contourof vorticity w att = 6. Thirty equallyspacedcontourlinesbetween» = —4.9 andw = 4.9.
Left: resultswith 64° meshyright: resultswith 128 mesh.Top: P*/Q?; middle: P2/Q?, bottom: P3/ Q3.
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P1,64° mesh, t=8 P1,128° mesh, t=8
30 equally spaced vorticity contours from -4.9 10 4.9 30 equally spaced vorticity contours from -4.9 to 4.9
o> >
77 S
y 4 P\
-
/ S
I i s,
=
' N\ —
1 2 3 4 5 8
X
P2, 64" mesh, t=8 P2,128" mesh, t=8
30 equally spaced vorticity contours from -4.9 to 4.9 30 equally spaced vorticity contours from -4.9 to 4.9
>
L
X
P3, 64° mesh, t=8 P3,128” mesh, t=8
30 equally spaced vorticity contours from -4.910 4.9 30 equally spaced vorticity contours trom -4.9 to 4.9
>

FIG. 5.3. Contourof vorticity w att = 8. Thirty equallyspaceatontourinesbetweeny = —4.9 andw =4.9.
Left: resultswith 64 meshyright: resultswith 128 mesh.Top: P'/Q?*; middle: P2/Q?, bottom: P3/ Q3.
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P?, 256 mesh, =8, Re=70000/27, thin P’, 512* mesh, t=8, Re=20000/27, uftra thin
30 equally spaced vorticity contours from -15to 15 30 equally spaced vorticity contours from -15 to 15

\\¥

X X

FIG. 5.4. Contourof vorticity w att = 8. Thirty equallyspacedcontourlinesbetween» = —15andw = 15.
Left: resultsof thethin sheardayer, p = /50, Re=70,000/27, P?/Q? methodwith a 256 mesh;right: results
of theultra thin sheardayer, p = 7/100,Re=20,000/27, P*/Q! methodwith a512 mesh.

In [2], shearlayersare distinguishedbetween'thick” and“thin” ones,with the latter
producingspuriousvortices. The resultabove correspondgo the “thick” shearlayerin
[2]. We show in Fig. 5.4, left, a“thin” shearayercaseasdefinedin [2], correspondingo
p = /50with aReynoldsnumberRe= 70,000/2x, simulatedwith auniformrectangular
meshof 256 x 256 cellswith P2/ Q? methodatt = 8. Noticethatthis is ata muchhigher
Reynolds numberthan that usedin [2], wherethe Reynolds numberis Re=2000/2x
anda second-ordeGodune upwind projectionmethodwith 256 x 256 points produces
spuriousnon-physicalortices.We also computea ultrathin shearlayer with p =7 /100
with ReynoldsnumberRe= 20,000/2x . The simulationresultwith a uniform rectangular
meshof 512x 512 cells with P'/Q! methodat t =8 is shawn in Fig. 5.4, right. More
extensie numericalresolutionstudy for this example can be found in [24], wherewe
explore thoroughlythe resolutionboth for the “thick” andfor the “thin” sheardayers.In
[24] we alsoplot the time history for the enegy andenstrophyduring a meshrefinement
to shaw that the physical viscosity is dominatingthe numericsat such high Reynolds
numbersaccordingto the decayof enegy andenstrophy This indicatesthat the built-in
numericalviscosityof themethodsds very small. We referthereadetto [24] for details.For
acomparisorwith nonlinearENO schemeswe referto [16].

ExamPLE 3. Thevortex patchproblem.We solve the Eulerequation(1.1)in [0, 2] x
[0, 2] with theinitial condition

-1, F=<x=3=, 75y
o(X,y,0) =1, I<x<¥ T<cy< (4.4)
0, otherwise

andperiodichoundaryconditions.Thecontourplotsof vorticity o, with 30 equallyspaced
contourlinesbetweeny = —1.1 andw = 1.1, aregiven in Fig. 5.5for t =5 andin Fig. 5.6

for t = 10. We canseethat the schemegives stableresultsfor all runs,andhigherorder

schemegive betterresolutiongor vorticity.
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Vorticity at t=5, P1, 64° mesh

Vorticity at t=5, P1, 128° mesh
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30 equally spaced contours from-1.1 to 1.1 30 equally spaced contours from -1.1 to 1.1
> = F

Vorticity at t=5, P2, 64° mesh

30 equally spaced contours from -1.1 to 1.1
-

Vorticity at t=5, P3, 64° mesh

30 equally spaced contours from -1.1 to 1.1
S

Vorticity at t=5, P2, 128% mesh

30 equally spaced contours from -1.1 to 1.1
- F

Vorticity at t=5, P3, 128° mesh

30 equally spaced contours from -1.1 to 1.1

FIG. 5.5. Contourof vorticity w att =5. Thirty equallyspacedctontourlinesbetweeno = —1.1 andw =1.1.

Left: resultswith 64 meshjright: resultswith 128 mesh.Top: P'/Q?*; middle: P2/ Q?, bottom: P2/ Q3.
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Vorticity at =10, P1, 64°> mesh Vorticity at t=10, P1, 128 mesh
30 equally spaced contours from-1.1to 1.1 30 equally spaced contours from -1.1 to 1.1
> P =

Vorticity at t=10, P2, 64> mesh Vorticity at t=10, P2, 128> mesh
30 equally spaced contours from-1.1 to 1.1 30 equally spaced contours from -1.1 to 1.1
=~ F

Vorticity at t=10, P3, 64° mesh Vorticity att=10, P3, 128% mesh
30 equally spaced contours from -1.1 to 1.1 30 equally spaced contours from -1.1 to 1.1
> > F

|

{
L
2

FIG. 5.6. Contourof vorticity w att = 10.Thirty equallyspacedontourinesbetweeny = —1.1andw =1.1.
Left: resultswith 64% meshjright: resultswith 128 mesh.Top: P!/ Q*; middle: P2/Q?, bottom: P3/ Q3.
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5. CONCLUDING REMARKS

We have developedahighorderdiscontinuougalerkinmethodfor thetwo-dimensional

incompressibl&ulerandNavier—Stolesequationsn thevorticity stream-functiorformu-
lation, coupledwith a standarctontinuoudfinite elementsolutionof the Poissorequation

fo

r the streamfunction. A naturalmatchingbetweerthe two finite elementspacesllows

usto obtaintotal enegy conserationandtotal enstrophystability. Numericalexamplesare
shavn to demonstrat¢he accurag andresolutionof the methods.
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