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TheEulerequationof compressibleflows is solvedby thefinite volumemethod,
wherehigh orderaccuracy is achieved by thereconstructionof eachcomponentof
upwind fluxesof a flux splitting usingthe biasedaveragingprocedure.Compared
to thesolutionreconstructionin Godunov-typemethods,its implementationis sim-
ple and easy, and the computationalcomplexity is relatively low. This approach
is parameter-free andrequiresneithera Riemannsolver nor field-by-field decom-
position. The numericalresultsfrom both dynamicand steadystatecalculations
demonstratetheaccuracy androbustnessof this approach.Sometechniquesfor the
accelerationof theconvergenceto thesteadystatearediscussed,includingmultigrid
andmultistageRunge–Kuttatimemethods. c 1998AcademicPress
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1. INTRODUCTION

In this paper, we considera simple and efficient finite volume methodfor the Euler
equationfor compressibleflows.The1D systemof theEulerequationis given by

tU x F U 0 U m
E

F
m

u2 p
u E p

(1.1)

where u m u, andE aredensity, velocity, momentum,andtotalenergy, respectively,
andthepressureisobtainedfromtheequationof state,p 1 E u2 2 .Theequation
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in multidimensionalspaceis given similarly. Most modernshockcapturingschemesfor
thesolutionof Eq. (1.1) areof Godunov-type,which reconstructsthesolutionafterfield-
by-fielddecompositionandsolvesaRiemannproblemfor timeevolution.Thewell-known
Godunov-typeschemesareMUSCL [30], PPM[32], andENOschemes[7, 26].

Weexploreanefficientimplementationbyusingaflux splittingfor thetimeevolutionfor
dynamicandsteadystatecomputations.In theflux splitting, F F F , theJacobians
of the split fluxes F have only positive or negative eigenvalues.That is, eachsplit flux
alwayskeepsonly onewind direction.For this reason,they aresometimescalledupwind
fluxes.Thehigh orderaccuracy of theschemeis achieved by directly reconstructingeach
componentof upwind fluxesby a piecewise polynomial.Thenthe numericalflux in the
finite volumemethodis determinedby evaluatingthereconstructedupwindfluxeson the
cell boundary. Wegiveadetailedalgorithmin Section2.

Themainadvantagesof theflux reconstructionapproachover thesolutionreconstruction
arethesimplicity of programmingandcomputationalefficiency. It is easilyformulatedand
doesnotrequireaRiemannsolver, nordoesit requireacharacteristicdecompositionor any
computationfor auxiliaryparameters.Also, it canbeeasilyextendedto unstructuredgrids
[4]. TheRoematrix, which is usedfor a characteristicdecomposition,takesconsiderable
computationsin many shockcapturingschemes,andin generalit is difficult to find a Roe
matrix for a generalsystemof conservationlaws.For instance,a Roematrix for anMHD
equationis availableonly for 2 [2].

Theflux reconstructionapproachcanalsobefound in thework of Andersonet al. [1],
and Shu and Osherhave employed an ENO procedurein reconstructingupwind fluxes
of theLax–Friedrichssplitting (LFS) aftera characteristicdecompositionfor a systemof
conservation laws [26]. Anothermethodwhich avoidsa characteristicdecompositionand
solutionof theRiemannproblemis thecentraldifferenceschemeby NessyahuandTadmor
[21]. It achieveshighresolutionby usingaGodunov-typemethodonstaggeredgrids.Their
approachcanalsobeappliedto ageneralsystemsof equations[12] andit doesnot require
any parameters.JinandXin hasintroducedaclassof relaxationschemesin [15] for multi-
dimensionalsystemsof conservationlaws,basedonasemilinearrelaxationapproximation.
Their numericalresultsarecomparableto thoseof the solutionreconstructionapproach
with relatively low computationalcost.Recently, X.-D. Liu andOsherproposeda con-
vex ENO schemefor a multidimensionalsystemof equationswithout usingfield-by-field
decompositionor staggeredgrids[19].

In this paper, we usethenewly developedbiasedaveragingprocedure(BAP) for a high
orderflux reconstruction[3]. TheBAP findshigherorderderivatives of thereconstruction
without introducingspuriousoscillations.Slopelimiters suchasvan Leeror minmodlim-
iterscanalsobeusedto determinetheslopefor asecondorderreconstructionof theupwind
flux by a piecewise linearpolynomial.However, theBAP is muchsimplerandmoreeffi-
cientevenonunstructuredgridsand,unlikeotherslopelimiters,it providesadifferentiable
slope[3].

For the systemof gasequations,thereare many other sharpand parameter-free flux
splittings suchas Steger–Warming splitting (SWS) [27], van Leer splitting (VLS) [29],
kineticflux vectorsplitting(KFVS)byDeshpandeandMandel[20],andPerthame’ssplitting
(PS)from thefirst orderBoltzmannscheme[23]. Wehaveusedthesefour splittingsin our
computationfor bothdynamicandsteadystatesolutions.Ournumericalexperimentswith
the flux reconstructionapproachshow that this approachis not sensitive to thechoiceof
flux splitting. In fact, thoseflux splittingsbehave moreor lessthesamein thehigh order
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flux reconstructionapproachfor agasequationandtheirnumericalresultsarecomparable
to thosefrom thesolutionreconstructionapproach.

It is known thatmany high orderschemessuffer from thepost-shockoscillationin the
computationof slowly moving shock.Suchoscillationsalso appearin the steadystate
calculations,causingslow convergence[14, 16,24]. Thesepost-shockoscillationscanbe
eliminatedby anentropy fix. We have studiedthepost-shockbehavior of theflux recons-
truction approachthroughthe computationof a slowly moving shockanda steadystate
solutionby multigrid accelerationfor theflow over an airfoil. Thepost-shockoscillations
have appearedin our computations;however, they remainrelatively small comparedto
theresultusinga high orderENO scheme.We have systematicallyappliedanentropy fix
on SWSandVLS anddemonstratedits effects in reducingthe oscillations.Along with
multigrid acceleration,wehaveusedathree-stageRunge–Kuttatimemethodandaspecial
far-field boundaryconditionon thebasisof characteristicanalysisnormalto theboundary,
in orderto acceleratetheconvergencein upwind-typehigh ordermethods.Also, theBAP
turnsout to bevery effective in stabilizingtheshock,resultingin fasterconvergence.The
limitersusuallywork with if-statementsto preservetheTVD propertynearextremepoints,
andthefrequentuseof if-statementssometimescausesslow convergenceto steadystate.

This paperis organizedas follows. In Section2, we describethe formulation of the
numericalschemewith thereconstructionof fluxesfor thesolutionof conservation laws.
We alsogive a brief explanationasto why thereconstructionof upwindfluxesby BAP or
slopelimiterscanbeusedto achievehighorderaccuracy. Wereview theflux splittingsused
hereanddescribetheentropy fix for SWSandVLS in Section3.Also, thenumericalresults
on a wide variety of 1D and2D modelproblemsarepresented.In Section4, we discuss
sometechniquesto accelerateconvergenceto a steadystatesolution,includingmultigrid
anda three-stageRunge–Kuttatime method.Thecomputationof thesteadyflow over the
NACA0012airfoil usingmultigrid is presentedaswell asthequasi-1Dnozzleflow usinga
simpletime marchingmethod.Theadvantageof usingBAP for steadystatecomputations
will alsobedemonstrated.

2. FINITE VOLUME METHOD USING RECONSTRUCTIONS

OF UPWIND FLUXES

In this section,we give the finite volume algorithm for the solution of conservation
laws via thereconstructionof upwindfluxesof a givenflux splitting usingBAP. Theuse
of the reconstructionof upwindfluxescanbeunderstoodin connectionwith thesolution
reconstructionthroughkinetic theory[15].

2.1. Reconstructionsof UpwindFluxes

We briefly describethenumericalalgorithmwhich directly reconstructsupwindfluxes
of a givenflux splitting for a systemof equations(1.1).We assumea uniform grid of grid
size x. Weshallusetheform of conservativeschemes

A Un 1
j Un

j F̂ j 1 2 F̂ j 1 2 t x

whereUn
j is the approximationto the cell averageover the interval (x j 1 2 x j 1 2) and

F̂ j 1 2 is anumericalflux.



       

240 CHOI AND LIU

In theGodunov scheme,thenumericalflux F̂ j 1 2 is given by

F̂ j 1 2 F U x j 1 2 t (2.1)

whereU is theexactsolutionof aRiemannproblemat x x j 1 2 with initial dataU j and
U j 1 for the left- andright-handsidesof the cell boundary. A higherorderextensionof
theschemecanbeachieved by reconstructinghigherorderapproximationsto thesolution
andusingtheseasa initial datafor the Riemannproblem.The well-known schemesus-
ing thehigherorderreconstructionof thesolutionareMUSCL, PPM,andENO schemes.
The MUSCL schemeis of secondorder, usinga linear piecewise polynomialasan ap-
proximation,andPPMconstructsthequadraticpolynomial,while ENOschemeconstructs
an arbitrarily high orderapproximationby introducinga primitive function. They avoid
possibleoscillationsneardiscontinuitiesby usinglimiters or adaptivestencils.

Now, we presenta secondorder numericalschemefor conservation laws by directly
reconstructingthesecondorderapproximationto eachcomponentof upwindfluxesF̂ j 1 2

from a flux splitting, F F F . TheJacobianof F U hasnonnegative eigenvalues
only or nonpositive eigenvaluesonly. SeeSection3 for a detaileddiscussionon various
flux splittings.Let us denoteby f andu a componentof the flux F andthe solutionU ,
respectively. The secondorderreconstructionof the positive flux is obtainedby a linear
piecewisepolynomial, f j x ,

B f j x f U j sj x x j x x j 1 2 x j 1 2

In order to suppresspossiblespuriousoscillationsneardiscontinuitiesfrom the interpo-
lation, we useBAP to determinethe slopesj : for the backward andforward differences,
sl f U j f U j 1 x andsr f U j 1 f U j x of f at x j ,

C sj
1 sl sr

2

for abiasedfunction x . Similarly, thenegativeflux is approximatedat x j 1.
Thenumericalflux f̂ j 1 2 is thencomputedin asplit form,

D f̂ j 1 2 f j x x j 1 2 f j 1 x x j 1 2

Herewegivesomeexamplesof thebiasedfunction, x :

I x arctanx 1 x tan x

II x tanh x 1 x tanh 1 x

III x
x

1 x2
1 x

x

1 x2

IV x
x

1 x2 1
1 x

2x

1 x2

The biasedaverage(C) playsa similar role to limiters in the secondorderinterpolation,
preventing possibleoscillationsneardiscontinuities.However, the averagingprocedure
gives a mucheasierextensionto higherorderapproximationsand to unstructuredgrids
[3, 4]. We remarkthat WENO scheme[11, 18] is a similar approachto the BAP. The
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WENOschemetakesaweightedconvex combinationof highorderpiecewisepolynomials
onall possibleneighboringstencils.

UsingtheBAP, theflux reconstructionapproachis easilyextendedto unstructuredgrids,
on which thesignof thecomponentsof theexterior normalvectorto a cell boundarycan
be usedto find out the wind direction for upwind fluxessince F is predeterminedon
theCartesiancoordinatesystem.A highorderextensionof theflux reconstructionfollows
directly from ShuandOsher’s flux versionENO [26] anda high orderBAP approxima-
tion [3]. As in [26], U j representsthe point valueapproximationof U . Then x F U j

is approximatedby thedifference F x j 1 2 F x j 1 2 h andachieves high order
accuracy throughreconstructionof F x from F u j which is viewedasa cell average
of asmoothflux function.

A highorderreconstructionis realizedby expandingtheapproximatesolutiononasetof
meanzeropolynomialsandusingBAPtodetermineor limit thecoefficient,asthehighorder
solutionreconstructionin [3]. Herewegiveanexampleof athird orderflux reconstruction,

f j x f u j sj x x j
t j

2
x x j

2 h2

12
x x j 1 2 x j 1 2 (2.2)

wheresj isgivenby (C).For t j ,weconsiderthreestandardsecondordercentereddifferences
of f u j atx j 1 x j andx j 1, denotedby tl tm andtr , respectively, andthenwedetermine
t j by

t j
1 1

3
[ tl tm tr ] (2.3)

In [3], the third ordertruncationerrorestimatesfor thesolutionreconstructionusingcell
averagesweregiven,andthesecondandthird orderaccuracy havealsobeenexaminedfor
a linearconvectionequationwith differentinitial data.Sincetwo schemescoincidewhen
cell averagesarereplacedby point values,wedonot repreattheaccuracy checkhere.

The BAP schemedoesnot have a total variation diminishing (TVD) propertyand it
maintainsahighorderaccuracy at extremepoints.However, thesecondorderBAPbecomes
astandardlimiter suchasminmodlimiter or van Leerlimiter asascalingfactorapproaches
zero undera certainasymptoticpropertyof the biasedfunction. SeeLemma2 in [3].
The BAP schemecanbe viewed asa simplegeneralizationof the limiter to high order
andunstructuredgrid. Althoughwe arenot ableto prove a total variationbounded(TVB)
propertyfor theBAPscheme,theoverwhelmingnumericalresultsshow thattheBAPworks
in a stablemanner. It wasproved in [3] that theapproximationcanincreaseup to at most
O h atextremepointsandthisenablesusto show thattheapproximatesolutionis indeed
boundedfor thescalarcase.

Beforewe presentnumericalbehavior of the above scheme,we would like to briefly
mentionwhy thereconstructionof upwindfluxesisaplausibleapproach.Theflux splittings
originatefrom thekinetic approachto conservationlaws [20, 23]. Theearlierwork on the
kinetic approachdatesbackto SandersandPrendergast[25]. Lax et al. have studiedthe
connectionbetweenSteger–Warmingflux splittingandBoltzmannschemes[8]. Werevisit
the relaxationschemeof Jin andXin, who show that the reconstructionof the variable
of thekinetic equationboils down to thereconstructionof theupwindflux vectorsof the
Lax–Friedrichssplitting [13, 15]. Their schemeis calleda relaxedschemewhen 0.
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The1D conservationlaw

tU x F U 0 (2.4)

is approximatedby aJin–Xin relaxationsystem

tU xV 0

t V A2
xU

1
F U V

(2.5)

whereA is a constantdiagonalmatrix satisfyingthesubcharacteristiccondition[15] and
thediagonalizedsystemof (2.5) is given by

t W A xW
1

F U V (2.6)

where

W
1

2
V AU (2.7)

At thezerolimit of , theflux variableV is relaxedto equilibriumstateF U , i.e.,

V F U as 0 (2.8)

From(2.8) togetherwith (2.7),onehas

W
1

2
F U AU F U (2.9)

Notethat F in (2.9) is aLax–Friedrichsflux splitting, F U F U F U .
The diagonalizedsystem(2.6) with the fixed wave directionspecifiedby A canbe

solvedeasilyby any upwindtypeschemeandonecanachieve high resolutionby directly
reconstructingthevariableW in highorder. Whenthemethodof linesis appliedto (2.6),
theupwindschemegives

t W x j A
1

x
W x j 1 2 W x j 1 2

1
F U j Vj (2.10)

t W x j A
1

x
W x j 1 2 W x j 1 2

1
F U j Vj (2.11)

Sincethe variableU is written in W U A 1 W W . Multiplying by A 1 after
subtracting(2.11)from (2.10),onehas

tU j
1

x
W x j 1 2 W x j 1 2

1

x
W x j 1 2 W x j 1 2 0 (2.12)

As 0, with (2.9) theupwindschemein (2.12)becomes

tU j
1

x
F j 1 2 0 F j 1 2 0

1

x
F j 1 2 0 F j 1 2 0 0 (2.13)

whereF j 1 2 0 F U x j 1 2 andF j 1 2 0 F U x j 1 2 . ThisshowsthatusingBAP
or slopelimiters in thereconstructionof variableW in MUSCL-typeschemesfor system
(2.6) is equivalentto usingthemdirectly on theflux vectorsF in (2.9) at thezerolimit
of .
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3. FLUX SPLITTING AND ENTROPY FIX

Many differentflux splittingshave beendevelopedin the pastdecade,andtheir deve-
lopmentis still an active researcharea[17]. We have consideredfour representative flux
splittingsto implementthefinitevolumemethodvia thereconstructionof theupwindfluxes
of a flux splitting usingBAP. They areSteger–Warmingsplitting [27], van Leersplitting
[29],kineticflux vectorsplitting[20] byMandelandDeshpande,andPertham’sflux splitting
from his Boltzmann-typeschemes[23]. We have conductedsomenumericalexperiments
with a LFS in (2.9) which is usedin therelaxedschemesandflux versionENO schemes.
Thechoiceof thediagonalmatrix A is problemdependentandthuswe preferto present
thenumericalresultswith morerobustandparameter-freeflux splittingsfor agasequation,
suchasSWS,VLS, KFVS, andPS.

During the courseof numericalexperiments,we have encounteredthe sameproblems
thatmany modernshockcapturingschemeshave, suchasdownstreamoscillationin slowly
moving shockandnonphysicalbehavior nearthecornerof thestepin thecomputationof
theMach3 flow in atunnelwith astep.Theseproblemsaswell astheslow convergenceto
steadystatesolutionsareknown to becausedby theunsteadyviscosityprofile[14,16,24].
They oftenoccurwhentheamountof numericaldissipationkeepsvaryingandsometimes
almostvanishesnearsonicpoints.Thetypicalcurefor theseis anentropy fix whichallows
morenumericaldissipationto avoid nearlyzeroviscosity in the vicinity of sonicpoints
[16]. Thenumericalresultswith anentropy fix will bepresentedlaterin this section.

(i ) Steger–Warmingsplitting. SWShasbeenobtainedby a similarity transformation
on theflux vectorusingtheproperty, F U A U U A U F U , dueto thefactthat
theflux vectoris ahomogeneousfunctionof degreeone.Theflux splittingof F in (1.1) is
given by

F U F U F U Q 1 QU Q 1 QU (3.1)

whereA Q 1 Q and diag 1 2 3 i i i 2 i 1 2 3.
TheSteger–Warmingsplittingcanbeexplicitly expressedin termsof eigenvaluesof the

Jacobianof F 1 u 2 u c, and 3 u c,

FSWS 2

2 1 1 2 3

2 1 1 u 2 u c 3 u c

1 1 u2 1
2 2 u c 2 1

2 3 u c 2 W

(3.2)

where

W
3 2 3 c2

2 1
(3.3)

andc is thelocalspeedof sound.Artificial viscositycanbeeasilyintroducedinto SWSby
simply addingasmallpositive (or negative) numberto i . Thenew eigenvalues,̃ i ,

˜
i

i
2
i

2 1 2

2
(3.4)

canbeusedfor asmoothtransitionthroughthesonicpoints[1].
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(ii ) Van Leersplitting. VanLeerhasdevelopeda splitting in termsof thelocal Mach
numberM M u c, which is differentiableevenat sonicpoints.For M 1, theeigen-
valuesof theJacobianof F areall positive andthusthepositive flux FVLS is F itself and
thenegative flux, FVLS 0. Similarly, FVLS 0 andFVLS F for M 1. Thevan Leer
splitting is given as follows for 1 M 1,

FVLS

f1

f1
1 u 2c

f1
1 u 2c 2

2 2 1

(3.5)

where f1 c M 1 2 4. The Jacobianof the positive flux (FVLS) hastwo positive
eigenvaluesandonezeroeigenvalue,while (FVLS) hastwo negative eigenvaluesandone
zeroeigenvalue.

Unlike SWS,it is not clearhow to imposeartificial viscosityon thesplit fluxesof the
van Leersplitting.For theentropy fix, we have tried to avoid zeroor smalleigenvaluesby
addinganextra termto eachcomponentof FVLS. Thefollowing splitting, F̃VLS, hasbeen
usedfor theentropy fix in ourcomputations,

F̃VLS FVLS

c

c 1 u

c3 1
2 2 1

(3.6)

for some 0. Although the closedform for the eigenvaluesof F̃VLS is not avail-
able, the tracesof the Jacobiansof both positive and negative fluxes are increasedin
absolutevalue for 1 3. Numericalresultsclearly show the effect of artificial vis-
cosity of the augmentedterms.We note that in our numericalexperimentsboth SWS
and VLS show quite satisfactory results,although VLS shows more robust behavior
overall.

(iii ) KineticfluxvectorsplittingandPerthame’sfluxsplitting. TheKFVS, by Mandel
andDeshpande[20], andPerthame’sflux splittings[23] havebeenmotivatedby thefactthat
theEulerequationcanbederived from themomentclosureof a Boltzmann-like equation
for equilibriumgas.

DeshpandeandMandelhave formulatedtheir flux splitting from thefollowing moment
form of Boltzmann-likeequationfor theinviscidgasequation,

t f x f 0 (3.7)

f t x I
I0 2 RT N 2

exp
u 2

2RT

I

I0
(3.8)

where is acollisionalinvariantgiven by

1 I 2

is thevelocityof particle,I is aninternalenergy variable,andI0 is anormalizingconstant
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for internalenergy. For apolytropicgaswith astheratioof specificheats,I0 3
2 1 RT. Density, momentum,andtotal energy arerelatedto f by

f u E

andT is thetemperaturedeterminedby Boyle’s law T p R for prefectgas.Theflux
splitting hasbeenobtainedby themomentclosureof (3.7) over thepositive andnegative
speedof particles.

A similar approachis proposedby Perthamein [23] with a square-shapeddistribution
function,whichhasacompactsupport.Hisflux splittingisalsoobtainedthroughthemoment
closureof a lineartransportequationover thepositive andnegative speedof theparticles.
WhilethefirstorderBoltzmannschemegivesrisetoaflux splitting,hissecondorderscheme
is obtainedthroughthesecondorderreconstructionof a distribution function.Thesecond
orderBoltzmannschemeis rathercomplicated,requiringrelatively heavy computations,
anddoesnothaveasimpleextensionto 2D problems.In theflux reconstructionapproach,
theflux splittingfrom hisfirst orderschemeis only neededsincethesecondorderaccuracy
is achieved throughthereconstructionof thesplit fluxes.

Now wepresentsomenumericalresultswith theseflux splittingsvia thereconstructionof
theupwindfluxes.More testproblemsfollow in thenext section.Theextensivenumerical
experimentsshow that in spiteof their differentderivations,theseflux splittingsbehave
more or lessthe samefor the high order flux reconstructionapproach,indeedshowing
quitesatisfactoryperformanceoneverytestproblem.Althoughwehavenotusedsplittings
otherthantheaforementionedones,similarbehavior is expectedfrom otherflux splittings.
We have omittedsomeresultsif they have little differencefrom the oneshown hereand
denoteby BAP-2-FSandBAP-3-FSthe secondandthe third orderBAP schemeusinga
flux splitting,FS,respectively.

Wehavehadquitegoodnumericalresultsfor mostof thetestproblemswithoutany fix.
However, whenSWSor VLS is usedfor thecomputationof theflow in atunnelwith astep,
anexpansionshockhasbeendevelopednearthecornerof thestep,ascanbeseenin Fig.5.
Thedownstreamoscillationsin aslowly moving shockalsoappearedin ourcomputations,
althoughtheoscillationsarerelatively small comparedto high orderENO schemes[26].
Thesenonphysicalbehaviors have beeneliminatedby the entropy fix given in (3.4) for
SWSand(3.6)for VLS. KFVS andPSseemmoredissipative thanSWSor VLS. They did
not show any nonphysicalbehavior for any of thetestproblems.Althoughtheoscillations
arestill followedby theslowly moving shock,they arealmostnegligible.

EXAMPLE 1 (TWO INTERACTING BLAST WAVE [32]). Theinitial dataare

1 u 0 for 0 x 1

p 1000for 0 x 0 1 0 01 for 0 1 x 0 9 100for 0 9 x 1

We have used400grid pointsto computethenumericalsolutionat t 0 03 andt 0 038
with t 0 00002.Thesolutionhasquitecomplex structure.Theresultsin Figs.1 and2
show thatmostof featuresarewell captured.Theresultsfrom thesecondorderBoltzmann
schemearealsopresentedfor comparison.It shows slightly betterperformancenearthe
shockin thedensities.Thethird orderresultsusing(2.2)areshown in Fig. 3.
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FIG. 1. Two interactingblastwave, 400pointsatt 0 03.Left: BAP-2-VLS.Right:SecondorderBoltzmann
scheme.Fromtop to bottom:density, velocity, andpressure.

EXAMPLE 2 (SLOWLY MOVING SHOCK [24]). Theinitial dataaretakenby

UL

3 86
3 1266

27 0913
if 0 x 0 5 UR

1
3 44

8 4168
if 0 5 x 1 (3.9)

Thespeedof theshockis 0.1096.Wehaveused100grid pointswith t 0 001.Figure4
shows thedensitiesat t 0 95 computedby BAP-2-VLS with andwithout anentropy fix.
Evenwithoutanentropy fix, theoscillationsbehindtheshockarequitesmallcomparedto
thosefor thethird orderENOscheme.For comparisonwealsoshow densitiescomputedby
BAP-2-KFVSandBAP-2-PSin Fig. 4. No fix is addedto KFVS nor PS.Theoscillations
in thesolutionby KFVS arealmostnegligible.
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FIG. 2. SameasFig. 1, for t 0 038.

EXAMPLE 3 (MACH 3 WIND TUNNEL WITH A STEP [32]). Thewind tunnelis 1 length
unit wideand3 lengthunitslongwith astepof 0.2lengthunit high,located0.6lengthunit
from the left endof the tunnel.The tunnelis initialized by a gamma-law gasgoing from
left to right, which hasdensity1.4,pressure1.0,andvelocity 3.0.The initial stateof the
gasisalsousedat theleft-handboundary. At theright-handboundary, all gradientsareset
to zero.Thereflectingboundaryconditionis usedat thewallsof thetunnel.

We have useda uniform grid of thesize240 80 with x y 1
80. Thirty equally

spaceddensitycontoursat T 4 areshown in Fig. 5. Withoutanentropy fix, theVLS has
developedanexpansionshocknearthecornerascanbeseenin thefirst imagein Fig.5.Such
nonphysicalbehavior hasbeentreatedby usingthefluxes,F̃VLS, in thesmallregionaround
thecorners.While SWSshows thesamebehavior asVLS, theothertwo, KFVS andPS,
work well withoutany fix. Thedensitycontourfrom BAP-2-KFVSis alsoshown in Fig. 5.
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FIG. 3. Two interactingblastwavecomputedby BAP-3-VLSon400points.Left: t 0 03.Right: t 0 038.
Fromtop to bottom:density, velocity, andpressure.

EXAMPLE 4 (FLOW PAST A CYLINDER). A steadyflow pasta cylinder at a freestream
Machnumberof 3.0hasbeencomputed.Thedomainis anannularregion with a circle of
radius1.0asaninnerboundaryandacircleof radius11.0asanouterboundary. Thegrid in
theangulardirectionis distributeduniformly, while in theradialdirectionit is nonuniform.
Wehaveusedagrid of size180 50.

Thisproblemis known to bedifficult to computebecausetheregionof verylow pressure
andlow densitydevelopsat therearof thecylinder. In suchregions,negativedensitiesand
pressureappearedduring the calculations,which breaksdown mostnumericalschemes.
We have alsoencounteredthis difficulty. In orderto stabilizesuchregionswe have added
artificial viscosityto thesmall rectangularregion behindthecylinder. Theamountof arti-
ficial viscosityis smoothlyvaried,having zeroartificial viscosityon theboundaryof the
rectangularregion.
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FIG. 4. Slowly moving shockproblem,densitiesat t 0 95on100points.Fromleft to right, top to bottom:
BAP-2-VLS,BAP-2-VLS entropy fix, BAP-2-KFVS,BAP-2-PS,andthethird orderENOscheme.

Theresultsat T 6 usingVLS andKFVS areshown in Fig. 6. Theothertwo splittings
show similar results.Machnumbercontourswith 25 equallyspacedlevelsarepresented.
Thesolid line is theresultonagrid 360 100.Boththesharpbow shockin thefront,anda
V-shapedweakshockbehindthecylinderarefairly well captured.TheMachnumberdistri-
butionalongthesymmetrylineandover thecylinderisalsoshown,whichindicatesthesharp
shockprofileandtheaccelerationover thecylinderverywell. Evenwith artificial viscosity
addedto therearof thecylinder theresultsaremuchsharperthantheonegiven in [5].

4. STEADY STATE CALCULATIONS

We have alsocomputedthe steadystatesolutionof 1D nozzleflow andthe flow over
anairfoil in orderto show convergencebehavior of theflux reconstructionalgorithmwith
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FIG. 5. Mach3 flow in a tunnelwith a step.Densitycontoursat T 4 Grid 240 80.Fromtop to bottom:
BAP-2-VLS,BAP-2-VLS entropy fix, andBAP-2-KFVS.Theexpansionshocknearthecornertypicallyappears
in many differentschemes.It is avoidedby anentropy fix.

a biasedaveragingprocedurein both time marchingandmultigrid acceleration.Several
well-known techniqueshavebeenemployedto acceleratetheconvergenceof theflow over
an airfoil, suchasmultigrid, multistagetime method,local time stepping,anda special
treatmentfor far-field boundaryconditions.

4.1. TimeMarching

Wehavecomputedthesteadystatesolutionof thequasi-1Dnozzleflow by BAP-2-VLS
usingasimpletimemarchingmethodandcomparedit with thethirdorderENOscheme[26].
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FIG. 6. Flow over acylinder. Mach 3 0 at T 6.Grid 180 50.Left: Machnumbercontour. Right:Mach
numberson thesymmetryline andover thecylinder. Top:BAP-2-VLS.Bottom:BAP-2-KFVS.

Weconsideradivergentnozzlewith theareak x 1 398 0 347tanh(08x 4 [6]. The
Eulerequationsdescribingthequasi-1Dnozzleflow are

t k x mk 0 (4.1)

t mk x u2k pk p xk (4.2)

t Ek x u E p k 0 (4.3)

Thesteadystatesolutionhassupersonicinflow andsubsonicoutflow. We have used50
pointson thecomputationaldomain,0 x 10. A linear interpolationbetweentheexact
steadystateboundaryvaluesis usedastheinitial condition,andtheboundaryconditionat
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FIG. 7. Steadystatesolutionof quasi-1Dnozzleflow, density, andconvergencehistory. Top:BAP-2-KFVS.
Bottom:Third orderENOscheme.

x 0 isspecifiedby( k mk Ek 0 t 0 5277 0 6855 1 4465 . For therightboundary
at x 10 k is given by k 10 t 3 4540andextrapolationis usedto determinethe
othertwo variables.

In Fig.7,weshow theresultsfrom theflux reconstructionapproachusingKFVS andthe
third orderENOscheme.Thelog plotsof errorsareshown in theright columnof thefigure
tocomparetheconvergence.Theflux versionapproachusingtheBAPgivesrelatively faster
convergence,while theENO schemestagnatesaftera certaintime.Theslow convergence
of theENOschemefor 1D nozzleflow wasalsodiscussedin [14]. TheWENO,whichhas
aconceptsimilar to thatof BAP, alsoshowsa fasterconvergencefor thisproblem[11].

4.2. Multigrid

Multigrid methodsprovide a fasterconvergenceby reducingthehigh frequency of the
residualcorrespondingto eachdifferent level of the grids. Multigrid can be considered
the way to reachthe steadystateusing a dynamicapproachon hierarchicalgrids. For
instance,in themultigrid methodfor a Poissonequationon a square,theweightedJacobi
iteration is indeedthe sameas the forward Euler time discretizationof a heatequation,
whoseCFL numberis chosento be1 3. We have considered t x2 asa CFL number
for a heatequation,while for theconvection–diffusionproblem,we referCFL numberto
themaximumof standardCFL numberu t x and t x2 whereu is theconvection
speedand is thediffusioncoefficient.

Theuseof multigrid for time-dependentproblemallows largetimestepsoncoarsegrids
so thatdisturbancesaremorerapidly expelledthroughtheouterboundary. We have used
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theexplicit multigridmethodof Jameson[10] with theBAP-2-VLSoneachgrid level.For a
timediscretization,themultistagetimemethodshavebeenlargelyusedto increasetheCFL
numberbyextendingthestabilityregion.For example,for aconvection-dominatedproblem
suchastheflow over an airfoil whichhaseigenvalueson theimaginaryaxis,Jameson[10]
hasdevelopedamultistagetimemethodwhosestability region includeseigenvaluesonthe
imaginaryaxis.His five-stagemethodis known to beveryeffectivein acentereddifference
schemewith artificial dissipations.However, problem-dependentfine tuningis sometimes
neededwhencombiningartificial dissipation,andthe resultingshockprofilesarenot as
sharpastheupwind-typemethods.Wehaveusedathree-stageRunge–Kuttamethodof the
form for anordinarydifferentialequationut L u at the n 1 th timestep,

u 1 un
1 t L un

u 2 un
2 t L u 1

un 1 un t L u 2

(4.4)

with 1 2 1 2. Theimportantfeatureof this timesteppingmethodis thatits stability
regiontakesthelargestpartof theimaginaryaxisamongall otherthree-stagetimestepping
methods.It also minimizes the requiredmemoryspacein the implementationsince it
consistsof threeforwardEulertimesteps.Wenotethatthisthree-stagemethodis of second
order. However, thetimeaccuracy isnotimportantin steadystatecalculations.In Fig.8,we
comparethestability regionsof theoptimalthree-stagemethod(4.4)with 1 2 1 2
with thestandardthree-stagetimemethodwith 1 1 3 and 2 1 2.

Anotherusefultimesteppingto acceleratetheconvergence,especiallyfor anonuniform
grid, is thelocaltimesteppingwhichallowsmaximumlocalCFLnumberdeterminedby the
local stability analysis[10]. Otherdifficulties in steadystatecalculationsof theflow over
anairfoil arisefrom thepost-shockoscillationsandthe far-field boundarycondition.The
post-shockoscillationsandinappropriatefar-field boundaryconditionareknown to trigger
slow convergence.To reducethepost-shockoscillations,we have tried theentropy fix as
given in Section3 andfoundit to beeffectivein acceleratingtheconvergence.Wenotethat

FIG. 8. Stability regionsof theRunge–Kuttatimemethod.
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fewerpost-shockoscillationsoccurwith BAPthanwith otherslopelimiters.Slopelimiters
generallyemploy if-statementsto preserve their TVD propertyby settingthe averaged
slopeto bezeronearextremepoints.Theif-statementsresultin nondifferentiabilityof the
limitersandthey areoftensensitive to smallperturbations,causingslow convergence.The
biasedaveragingprocedureusesonesmoothfunctionasabiasedfunctionandthusit seems
lessdisturbingto theshockwhenthesolutiongetscloseto convergence.For thetreatment
of the far-field boundarycondition,we have usedthe onein [10, 28], which is basedon
characteristicanalysisontheone-dimensionalisentropicflow normalto theboundary. The
circulationis addedfor thecomputationona relatively smalldomain.

EXAMPLE 5 (FLOW OVER NACA0012AIRFOIL). We show the resultsfrom thesteady
statetransonicflow calculationsfor theNACA0012airfoil. Thecomputationhasbeendone
ona160 32grid, asshown in Fig. 9. As describedabove, multigrid with three-stagetime
method(4.4),aswell asthe local time stepping,hasbeenusedfor theaccelerationof the
convergence.

Theresultswith theinitial Machnumber0.8andtheangleof attack1 25 areshown in
Fig.9.WehavetestedminmodandvanLeerlimitersin thesamemultigridalgorithm.Ascan

FIG. 9. Flow over aNACA0012airfoil by BAP-2-VLS,for M 0 8 and 1 25 . Topleft: Grid 160 32.
Top right: Machcontour. Bottomleft: Pressurecoefficient.Bottomright: Convergencehistory.



       

RECONSTRUCTION OF UPWIND FLUXES 255

beseenin theconvergencehistoryin Fig. 9, boththeminmodlimiter andvan Leerlimiter
stagnatethe convergence,while the residualkeepsdecreasingwith the biasedaveraging
procedure.This clearlydemonstratesthe robustnessof thebiasedaveragingprocedurein
steadystatecalculations.Theconvergencecanbeacceleratedevenfurtherwith anentropy
fix. Theslow convergencedueto thelimiters onunstructuredgridswas discussedin [31].

5. CONCLUSIONS

The robustnessandaccuracy of the componentwiseflux reconstructionapproach,the
constructionof approximationsto upwindfluxesusingtheBAP, havebeendemonstratedin
thispaper, throughawidevarietyof testproblemsin dynamicandsteadystatecalculations.
No Riemannproblemnor characteristicdecompositionis involved in this approachand
therefore,its programmingis simpleandthecomputationalcomplexity is muchlower than
theGodunov-typemethodswhichusethesolutionreconstruction.

As canbeseenin steadystatecalculations,bothBAPandflux splittingarelesssensitive
to perturbations,resultingin fasterconvergencecomparedto slopelimiters andcharacter-
istic decompositionby a Roematrix. We have tried a systematicentropy fix to eliminate
postshockoscillationsandfoundit to beveryusefulin acceleratingtheconvergenceof the
solutionto steadystate.
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