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The Eulerequationof compressiblélows is solved by thefinite volumemethod,
wherehigh orderaccurag is achievzed by the reconstructiorof eachcomponenbf
upwind fluxes of a flux splitting usingthe biasedaveragingprocedure Compared
to the solutionreconstructionin Godune-type methodsjts implementationis sim-
ple and easy and the computationalcompleity is relatively low. This approach
is parametefree andrequiresneithera Riemannsolver nor field-by-field decom-
position. The numericalresultsfrom both dynamic and steadystatecalculations
demonstratéhe accurag androbustnes®f this approachSometechniquedor the
acceleratiornf thecorvergenceo thesteadystatearediscussedncludingmultigrid
andmultistageRunge—Kittatime methods. © 1998AcademicPress
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1. INTRODUCTION

In this paper we considera simple and efficient finite volume methodfor the Euler
equationfor compressiblélows. The 1D systemof the Eulerequationis given by

o m
U + 0xF(U) =0, U=|m]|, F=| pu?+p|, 1.1)
E u(E + p)

wherep, u, m= pu, andE aredensity velocity, momentumandtotalenegy, respectiely,
andthepressurés obtainedromtheequatiorof state p = (y —1)(E—pu?/2). Theequation
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in multidimensionalspaceis given similarly. Most modernshockcapturingschemedgor
the solutionof Eq. (1.1) areof Goduna-type, which reconstructshe solutionafter field-
by-field decompositiorandsolvesa Riemanmproblemfor time evolution. Thewell-known
Goduna-typeschemesreMUSCL [30], PPM[32], andENO scheme$7, 26].

We exploreanefficientimplementatiorby usingaflux splitting for thetime evolutionfor
dynamicandsteadystatecomputationsin theflux splitting, F = F* + F~, the Jacobians
of the split fluxes F* have only positive or negative eigervalues.Thatis, eachsplit flux
alwayskeepsonly onewind direction.For this reasonthey aresometimesalledupwind
fluxes.The high orderaccurag of the schemas achieved by directly reconstructingach
componenbf upwind fluxes by a piecavise polynomial. Thenthe numericalflux in the
finite volumemethodis determinedy evaluatingthe reconstructedipwind fluxeson the
cell boundaryWe give a detailedalgorithmin Section2.

Themainadwantage®f theflux reconstructiorapproactover thesolutionreconstruction
arethesimplicity of programmingandcomputationaéfficiengy. It is easilyformulatedand
doesnotrequirea Riemanrsolver, nordoesit requireacharacteristiclecompositioror ary
computatiorfor auxiliary parametersAlso, it canbe easilyextendedto unstructuredyrids
[4]. The Roematrix, which is usedfor a characteristiclecompositionfakesconsiderable
computationsn mary shockcapturingschemesandin generailt is difficult to find a Roe
matrix for a generakystemof conserationlaws. For instancea Roematrix for an MHD
equationis availableonly for y =2 [2].

Theflux reconstructiorapproacttanalsobe foundin the work of Andersonetal. [1],
and Shu and Osherhave employed an ENO procedurein reconstructingupwind fluxes
of the Lax—Friedrichssplitting (LFS) after a characteristidecompositiorfor a systemof
conserationlaws [26]. Anothermethodwhich avoids a characteristidlecompositiorand
solutionof the Riemanmproblemis the centraldifferenceschemdy Nessyah@andTadmor
[21]. It achieves highresolutionby usinga Goduna-typemethodon staggeredjrids. Their
approaclttanalsobeappliedto agenerakystemsf equationg12] andit doesnotrequire
ary parameterslinandXin hasintroduceda classof relaxationschemesn [15] for multi-
dimensionabkystem®f conserationlaws, basednasemilinearelaxationapproximation.
Their numericalresultsare comparabldo thoseof the solutionreconstructiorapproach
with relatively low computationakcost. Recently X.-D. Liu and Osherproposeda con-
vex ENO schemdor a multidimensionakystemof equationswithout usingfield-by-field
decompositioror staggeredrids[19].

In this paper we usethe newly developedbiasedaveragingprocedurg BAP) for a high
orderflux reconstructionj3]. The BAP finds higherorderderivatives of thereconstruction
withoutintroducingspuriousoscillations.Slopelimiters suchasvan Leeror minmodlim-
iterscanalsobeusedo determingheslopefor asecondrderreconstructiomf theupwind
flux by a piecavise linear polynomial. However, the BAP is muchsimplerandmore effi-
cientevenonunstructuredyridsand,unlike otherslopelimiters, it providesadifferentiable
slope[3].

For the systemof gasequationsthereare mary other sharpand parametefree flux
splittings suchas StegeWarming splitting (SWS)[27], van Leer splitting (VLS) [29],
kineticflux vectorsplitting (KFVS) by DeshpandandMandel[20], andPerthamessplitting
(PS)from thefirst orderBoltzmannschemg?23]. We have usedthesefour splittingsin our
computatiorfor bothdynamicandsteadystatesolutions.Our numericalexperimentswith
the flux reconstructiorapproachshav thatthis approachs not sensitve to the choiceof
flux splitting. In fact, thoseflux splittingsbehae moreor lessthe samein the high order
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flux reconstructiorapproactor a gasequationandtheir numericalresultsarecomparable
to thosefrom the solutionreconstructiorapproach.

It is known thatmary high orderschemesuffer from the post-shocloscillationin the
computationof slowly moving shock. Suchoscillationsalso appearin the steadystate
calculationscausingslow corvergence[14, 16, 24]. Thesepost-shocloscillationscanbe
eliminatedby anentrofy fix. We have studiedthe post-shoclkbehaior of theflux recons-
truction approachthroughthe computationof a slowly moving shockand a steadystate
solutionby multigrid acceleratiorfor the flow over an airfoil. The post-shocloscillations
have appearedn our computationshowever, they remainrelatively small comparedto
theresultusinga high orderENO schemeWe have systematicallyappliedan entropy fix
on SWSandVLS anddemonstratedts effectsin reducingthe oscillations.Along with
multigrid accelerationwe have usedathree-stag&unge—Kittatime methodanda special
far-field boundaryconditionon the basisof characteristi@nalysisnormalto the boundary
in orderto acceleratéhe corvergencein upwind-typehigh ordermethodsAlso, the BAP
turnsoutto bevery effective in stabilizingthe shock,resultingin fastercorvergence The
limiters usuallywork with if-statements$o preserethe TVD propertynearextremepoints,
andthefrequentuseof if-statementsometimesauseslow corvergenceto steadystate.

This paperis organizedas follows. In Section2, we describethe formulation of the
numericalschemewith the reconstructiorof fluxesfor the solutionof conseration laws.
We alsogive a brief explanationasto why thereconstructiorof upwind fluxesby BAP or
slopelimiters canbeusedo achieve high orderaccurag. Wereview theflux splittingsused
hereanddescribeheentroyy fix for SWSandVLS in Section3. Also, thenumericakesults
on awide variety of 1D and2D modelproblemsare presentedin Section4, we discuss
sometechniquego accelerateonvergenceto a steadystatesolution,including multigrid
andathree-stag&kunge—Kittatime method.The computatiorof the steadyflow over the
NACAOQ012airfoil usingmultigrid is presente@dswell asthequasi-1Dnozzleflow usinga
simpletime marchingmethod.The advantageof usingBAP for steadystatecomputations
will alsobedemonstrated.

2. FINITE VOLUME METHOD USING RECONSTRUCTIONS
OF UPWIND FLUXES

In this section,we give the finite volume algorithm for the solution of conseration
laws via the reconstructiorof upwind fluxesof a givenflux splitting usingBAP. The use
of the reconstructiorof upwind fluxescanbe understoodn connectiorwith the solution
reconstructiorthroughkinetic theory[15].

2.1. Reconstructionsf Upwind Fluxes

We briefly describethe numericalalgorithmwhich directly reconstructaipwind fluxes
of agivenflux splitting for a systemof equationg1.1). We assumea uniform grid of grid
size Ax. We shallusethe form of conserative schemes

(A) UMt =U —a(Fjaz— Fja2), A= At/AX,

whereU]' is the approximationto the cell averageover the interval (Xj_1/2, Xj+1/2) and
Fj11/2 is anumericalflux.
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In the Godunw schemethe numericalflux Ile/z is given by

Fiiz = F(U*(Xj41/2, 1)), (2.1)

whereU * is theexactsolutionof a Riemanrproblemat x = X; .1/ with initial dataU; and
U;;1 for theleft- andright-handsidesof the cell boundary A higherorder extensionof
theschemecanbe achieved by reconstructindiigherorderapproximationgo the solution
andusingtheseasa initial datafor the Riemannproblem.The well-known schemesis-
ing the higherorderreconstructiorof the solutionareMUSCL, PPM,andENO schemes.
The MUSCL schemes of secondorder using a linear piecavise polynomial asan ap-
proximation,andPPMconstructghequadratigpolynomial,while ENO schemeconstructs
an arbitrarily high order approximationby introducinga primitive function. They avoid
possibleoscillationsneardiscontinuitiedy usinglimiters or adaptve stencils.

Now, we presenta secondorder numericalschemefor conseration laws by directly
reconstructinghesecondrderapproximatiorto eachcomponenof upwindfluxeslf?[+1 /2
from aflux splitting, F = F* + F~. The Jacobiarof F*(U) hasnonn@ative eigervalues
only or nonpositve eigervaluesonly. SeeSection3 for a detaileddiscussionon various
flux splittings.Let us denoteby f andu a componenof the flux F andthe solutionU,
respectiely. The secondorderreconstructiorof the positive flux is obtainedby a linear
piecavise polynomial, f ;" (x),

B) firo0 = 7)) +s5p(x — X)), X € (Xj—1/2, Xj+1/2)-

In orderto suppresgossiblespuriousoscillationsneardiscontinuitiesfrom the interpo-
lation, we useBAP to determinethe slopes;: for the backward andforward differences,
s=(f"Uj) — f*U;_1))/Axands = (f*(Uj;1) — fH(U;))/Ax of T atx;,

1 Bs)+B(s)
© sj =B (—2 )

for abiasedfunction 3(x). Similarly, the negative flux is approximatedat x; 1.
Thenumericafflux f ., isthencomputedn asplit form,

(D) fiiae = 700y ye + F2001 -

Herewe give someexamplesof the biasedfunction, B(x):

0 B(x) = arctar(x), B~ 1(x) = tan(x)
an B(x) = tanh(x), B~1(x) = tanh 1(x)
X X
n -~ “Liy) —
b B0 = e Br00= =
_ X 1 _ 2X
e B0 = Vitx@+1 B0 =7"%

The biasedaverage(C) playsa similar role to limiters in the secondorderinterpolation,
preventing possibleoscillationsnear discontinuities.However, the averagingprocedure
gives a much easierextensionto higherorderapproximationsandto unstructuredyrids
[3, 4]. We remarkthat WENO scheme[11, 18] is a similar approachto the BAP. The
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WENO schemdakesaweightedcornvex combinatiorof high orderpiecavise polynomials
on all possibleneighboringstencils.

Usingthe BAP, theflux reconstructiorapproachs easilyextendedo unstructuredyrids,
on which the signof the component®f the exterior normalvectorto a cell boundarycan
be usedto find out the wind direction for upwind fluxes since F* is predeterminedn
the Cartesiarcoordinatesystem A high orderextensionof theflux reconstructioriollows
directly from ShuandOshers flux versionENO [26] anda high order BAP approxima-
tion [3]. As in [26], U; representshe point value approximationof U. Then axF*(U;)
is approximatedy the difference(F*(xj;1/2) — F*(Xj_1/2))/ h andachieves high order
accuray throughreconstructiorof F*(x) from F*(u;) whichis viewedasacell average
of asmoothflux function.

A highorderreconstructioris realizedby expandingtheapproximatesolutionon a setof
mearzeropolynomialsandusingBAPto determineor limit thecoeficient,asthehighorder
solutionreconstructiorin [3]. Herewe give anexampleof athird orderflux reconstruction,

2

t] h
fj+(x)=f+(uj)+5j(X—Xj)+§J|:(X—Xj)2_1—2:|» X € (Xj-1/2, Xj11/2), (2.2)

wheres; isgiven by (C).For t;, weconsidethreestandarégecondrdercenteredlifferences
of f*(uj) atx;_1, Xj andx;,1, denotedy t;, t, andt,, respectrely, andthenwe determine
t; by

=5 (%[B(t.) T Bltw) + B(trn) | (2.3)

In [3], thethird ordertruncationerror estimatedor the solutionreconstructiorusingcell
averagesveregiven,andthe secondandthird orderaccurag have alsobeenexaminedfor
alinear corvectionequationwith differentinitial data.Sincetwo schemegoincidewhen
cell averagesarereplacedoy point valueswe do notrepreatheaccurag checkhere.

The BAP schemedoesnot have a total variation diminishing (TVD) propertyand it
maintainsaahighorderaccurag at extremepoints.However, thesecondrderBAPbecomes
astandardimiter suchasminmodlimiter or van Leerlimiter asascalingfactorapproaches
zero undera certain asymptoticproperty of the biasedfunction. SeeLemma?2 in [3].
The BAP schemecan be viewed as a simple generalizatiorof the limiter to high order
andunstructuredyrid. Althoughwe arenot ableto prove atotal variationbounded TVB)
propertyfor theBAP schemetheoverwhelminghumericakresultsshav thattheBAPworks
in a stablemannerlt wasproved in [3] thatthe approximationcanincreaseup to at most
O(h) atextremepointsandthis enablesisto showv thattheapproximatesolutionis indeed
boundedor the scalarcase.

Before we presentnumericalbehaior of the above schemewe would like to briefly
mentionwhy thereconstructiorf upwindfluxesis aplausibleapproachTheflux splittings
originatefrom the kinetic approacho conserationlaws [20, 23]. The earlierwork on the
kinetic approachdatesbackto Sandersand Prendegast[25]. Lax et al. have studiedthe
connectiorbetweerSteggerWarmingflux splitting andBoltzmannscheme$8]. We revisit
the relaxationschemeof Jin and Xin, who shav that the reconstructiorof the variable
of thekinetic equationboils down to the reconstructiorof the upwind flux vectorsof the
Lax—Friedrichssplitting [13, 15]. Their schemas calleda relaxed schemavhene = 0.
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The 1D consenrationlaw
aU +FU) =0 (2.4)
is approximatedy a Jin—Xin relaxationsystem

atU + HXV = 0
) 1 (2.5)
8tV + A axU = —(F(U) - V),
€

where A is a constantdiagonalmatrix satisfyingthe subcharacteristicondition[15] and
thediagonalizedsystemof (2.5)is given by

aWE + A, W* = %(F(U) -V), (2.6)
where
W = %(v + AU). (2.7)
At the zerolimit of ¢, theflux variableV is relaxedto equilibriumstateF (U), i.e.,
V ~ FU) ase — 0. (2.8)
From(2.8)togethewith (2.7),onehas
WE ~ :—ZL(F(U) + AU) = F£(U). (2.9)
Notethat F* in (2.9)is a Lax—Friedrichdlux splitting, F(U) = F*(U) + F~(U).
The diagonalizedsystem(2.6) with the fixed wave direction specifiedby +A canbe
solved easilyby any upwindtype schemeandonecanachiee high resolutionby directly

reconstructinghevariableW= in high order Whenthe methodof linesis appliedto (2.6),
theupwindschemegives

1
HWT0G) + A (W*(le/Z) WHg) = Z(FU) = V) (2.10)
1
BtW’(xj)—AH(W’(xJ*H/Z) W=y = Z(FUD = V). (211)

Sincethe variableU is written in W*, U = A~}(W+ — W™). Multiplying by A~ after
subtracting2.11)from (2.10),onehas

U +—(W+(XJ+1/2) W*(x;_ )+ 1o (W (X122 = W™ (X 12) =0. (2.12)

As e — 0, with (2.9)theupwindschemen (2.12)becomes

1 1 _
U] + (FJ+1/2 o= Fil1o 0)+ (FJ+1/2+0 Fil12:0 =0 (2.13)

WhereF]ﬂ/2 0=FUXj11p) andFj . o=F(U (x]ﬂ/z)) ThisshawvsthatusingBAP
or slopelimitersin thereconstructiorof variableW* in MUSCL-typeschemegor system
(2.6) is equivalentto usingthemdirectly on the flux vectorsF* in (2.9) at the zerolimit

of e.
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3. FLUX SPLITTING AND ENTROPY FIX

Marny differentflux splittings have beendevelopedin the pastdecadeandtheir deve-
lopmentis still an active researcharea[17]. We have consideredour representatie flux
splittingsto implementhefinite volumemethodvia thereconstructiomf theupwindfluxes
of aflux splitting using BAP. They are StegeWarmingsplitting [27], van Leer splitting
[29], kineticflux vectorsplitting[20] by MandelandDeshpandendPerthamsflux splitting
from his Boltzmann-typescheme$23]. We have conductedsomenumericalexperiments
with aLFSin (2.9) which is usedin therelaxed schemesndflux versionENO schemes.
The choiceof the diagonalmatrix A is problemdependenandthuswe preferto present
thenumericakesultswith morerobustandparametefreeflux splittingsfor agasequation,
suchasSWS,VLS, KFVS, andPS.

During the courseof numericalexperimentswe have encounteredhe sameproblems
thatmary modernshockcapturingschemesave, suchasdownstreanoscillationin slowly
moving shockandnonphysicabehaior nearthe cornerof the stepin the computatiornof
theMach3 flow in atunnelwith astep.Theseproblemsaswell asthe slow corvergenceto
steadystatesolutionsareknown to be causedy theunsteadyviscosityprofile[14, 16, 24].
They oftenoccurwhenthe amountof numericaldissipationkeepsvaryingandsometimes
almostvanishesearsonicpoints.Thetypical curefor thesds anentropy fix which allows
more numericaldissipationto avoid nearly zeroviscosity in the vicinity of sonicpoints
[16]. Thenumericalresultswith anentroyy fix will be presentedaterin this section.

(i) Stger-Warmingsplitting. SWShasbeenobtainedby a similarity transformation
ontheflux vectorusingtheproperty F(U) = A(U)U, A(U)=F’(U), dueto thefactthat
theflux vectoris ahomogeneoufiinctionof degreeone.Theflux splitting of F in (1.1)is
given by

FU)=FfU)+F U)=QATQU + QA Qu, (3.1)

whereA= Q *AQ andA™ =diag(A;, A3, A3), A" = (i £ [Ai])/2,i =1, 2, 3.
The Steger-Warmingsplitting canbeexplicitly expressedn termsof eigervaluesof the
Jacobiarof F, Ay =u, Ao, =u+c,andi3=u —c,

20y — DAf + 45 + 23
Fiye= Zﬁ 2(y — DAFU+AFU+ O +AEu—o0 N <))
(y JATU S+ 505 (U+ 0+ 523 (U—0O)“ +
where
_ G- ¥) (A2 + A3)C?
20y -1

andc is thelocal speedf sound Artificial viscositycanbeeasilyintroducednto SWShy
simply addinga smallpositive (or negative) numberto A;*. The new eigen/alues,iii,

w

(3.3)

L Mx (2
= % (3.4)

canbeusedfor a smoothtransitionthroughthe sonicpoints[1].
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(ii) Van Leersplitting. VanLeerhasdevelopeda splitting in termsof thelocal Mach
numberM, M = u/c, which is differentiableeven at sonicpoints.For M > 1, the eigen-
valuesof the Jacobiarof F areall positive andthusthe positive flux F, 5 is F itself and
the negative flux, Fy g = 0. Similarly, Fj;s=0andF,, s =F for M < —1. Thevan Leer
splitting is given asfollowsfor -1 < M < 1,

i
§£ (=Dut2c
1 %

Fuis = , (3.5

£ ((y—=Du+2c)?
1 22D

where f;* = +pc(M + 1)2/4. The Jacobiarof the positive flux (FyLs) hastwo positive
eigervaluesandonezeroeigervalue,while (Fy, 5)' hastwo negative eigervaluesandone
zeroeigervalue.

Unlike SWS, it is not clearhow to imposeartificial viscosity on the split fluxesof the
van Leersplitting. For the entroyy fix, we have tried to avoid zeroor smalleigervaluesby
addingan extra termto eachcomponenof F; 5. Thefollowing splitting, Fg, 5, hasbeen
usedfor theentroyy fix in our computations,

oC
Fiis = Fuis o pc(y;fl)u (3.6)

3_ 1
:BIOC 2(),2,1)

for somea, § > 0. Although the closedform for the eigevaluesof F{, 5 is not avail-
able, the tracesof the Jacobiansof both positive and negative fluxes are increasedn
absolutevalue for 1 <y < 3. Numericalresultsclearly showv the effect of artificial vis-
cosity of the augmentederms. We note that in our numericalexperimentsboth SWS
and VLS showv quite satishctory results, although VLS shonvs more robust behaior
overall.

(iii) Kineticfluxvectorsplitting andPerthames flux splitting. TheKFVS, by Mandel
andDeshpand§0], andPerthamesflux splittings[23] have beermotivatedby thefactthat
the Euler equationcanbe derived from the momentclosureof a Boltzmann-lile equation
for equilibriumgas.

DeshpandandMandelhave formulatedtheir flux splitting from the following moment
form of Boltzmann-like equationfor theinviscid gasequation,

(W, o f +&-Vef) =0, 3.7)
p E—u? |
(606D = o~ 1) @8

whereys is acollisionalinvariantgiven by

v =181 +(£1/2),

& isthevelocity of particle,| isaninternalenegy variable,andly is anormalizingconstant
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for internalenepy. For apolytropicgaswith y astheratio of specificheats o= ((3—y)/
2(y — 1))RT. Density momentumandtotal enegy arerelatedto f by

(¥, ) = (p, pu, E),

andT is thetemperatureleterminedyy Boyle’slaw T = p/(Rp) for prefectgas.Theflux
splitting hasbeenobtainedby the momentclosureof (3.7) over the positive and negative
speedf particles.

A similar approachs proposedy Perthameén [23] with a square-shapedistribution
function,whichhasacompacsupportHisflux splittingis alsoobtainedhroughthemoment
closureof alineartransportequationover the positive andnegative speedof the particles.
While thefirstorderBoltzmanrschemeajivesriseto aflux splitting,hissecondrderscheme
is obtainedthroughthe secondorderreconstructiorof a distribution function. The second
order Boltzmannschemeis rathercomplicated requiring relatively heary computations,
anddoesnot have a simpleextensionto 2D problemsin theflux reconstructiorapproach,
theflux splitting from hisfirst orderschemas only neededincethesecondrderaccurag
is achieved throughthereconstructiorof the split fluxes.

Now we presensomenumericakesultswith thesdlux splittingsviathereconstructiomf
theupwindfluxes.More testproblemsfollow in the next section.The extensive numerical
experimentsshav thatin spite of their differentderivations,theseflux splittings behae
more or lessthe samefor the high orderflux reconstructiorapproachjndeedshawving
quitesatishictoryperformancen every testproblem.Althoughwe have notusedsplittings
otherthantheaforementionednes similarbehaior is expectedrom otherflux splittings.
We have omitted someresultsif they have little differencefrom the oneshovn hereand
denoteby BAP-2-FSand BAP-3-FSthe secondandthe third orderBAP schemeusinga
flux splitting, FS, respectiely.

We have hadquite goodnumericalresultsfor mostof thetestproblemswithoutary fix.
However, whenSWSor VLS is usedfor thecomputatiorof theflow in atunnelwith astep,
anexpansiorshockhasbeendevelopednearthecornerof thestep,ascanbeseenn Fig. 5.
Thedownstreanoscillationsin a slowly moving shockalsoappearedh our computations,
althoughthe oscillationsarerelatively small comparedo high orderENO schemeg26].
Thesenonphysicalbehaiors have beeneliminatedby the entropy fix givenin (3.4) for
SWSand(3.6)for VLS. KFVS andPSseemmoredissipatie thanSWSor VLS. They did
not shov any nonphysicabehaior for ary of thetestproblems Althoughthe oscillations
arestill followedby theslovly moving shock,they arealmostnegligible.

EXAMPLE 1 (TWO INTERACTING BLAST WAVE [32]). Theinitial dataare

p=1Lu=0 forO<x <1,
p = 1000for0 < x <0.1; 0.01for0.1 < x <0.9; 100for0.9 < x < 1L

We have used400grid pointsto computethe numericalsolutionatt = 0.03 andt = 0.038
with At =0.00002.The solutionhasquite comple structure Theresultsin Figs.1 and2
shav thatmostof featuresarewell capturedTheresultsfrom thesecondrderBoltzmann
schemeare alsopresentedor comparisonlt shaws slightly betterperformancenearthe
shockin thedensitiesThethird orderresultsusing(2.2) areshavn in Fig. 3.
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BAP-2-VLS Boltzmann Scheme

BAP-2-VLS Boltzmann Scheme
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FIG.1. Twointeractingolastwave, 400pointsatt = 0.03.Left: BAP-2-VLS.Right: SecondrderBoltzmann
schemeFromtop to bottom:density velocity, andpressure.

EXAMPLE 2 (SLOWLY MOVING SHOCK [24]). Theinitial dataaretakenby

3.86 1
U= |-31266| if 0 <x < 0.5, Ug=| —344| if05<x <1 (3.9)
27.0913 8.4168

The speedf theshockis 0.1096.We have used100grid pointswith At =0.001.Figure4
shavs thedensitiesatt = 0.95 computedoy BAP-2-VLS with andwithout anentroyy fix.

Evenwithout anentroyy fix, the oscillationsbehindthe shockarequite smallcomparedo
thosefor thethird orderENO schemeFor comparisorwe alsoshav densitiecomputedy
BAP-2-KFVS andBAP-2-PSin Fig. 4. No fix is addedto KFVS nor PS.The oscillations
in the solutionby KFVS arealmostnegligible.
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BAP-2-VLS Boltzmann Scheme

BAP-2-VLS Boltzmann Scheme
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FIG.2. SameasFig.1,fort=0.038.

ExAMPLE 3 (MACH 3 WIND TUNNEL WITH A STEP[32]). Thewind tunnelis 1 length
unit wide and3 lengthunitslong with a stepof 0.2lengthunit high, located0.6 lengthunit
from theleft endof thetunnel. Thetunnelis initialized by a gamma-lav gasgoing from
left to right, which hasdensity1.4, pressurel.0, andvelocity 3.0. The initial stateof the
gasis alsousedattheleft-handboundaryAt theright-handboundaryall gradientsareset
to zero.Thereflectingboundaryconditionis usedat the walls of thetunnel.

We have useda uniform grid of the size240 x 80 with Ax=Ay= Bio. Thirty equally
spacediensitycontoursat T = 4 areshavn in Fig. 5. Withoutanentroyy fix, theVLS has
developedanexpansiorshocknearthecornerascanbeseerin thefirstimagein Fig.5. Such
nonphysicabehaior hasbeerntreatedby usingthefluxes,lf\ﬂ,is, inthesmallregionaround
the corners While SWSshaws the samebehaior asVLS, the othertwo, KFVS andPS,
work well withoutary fix. Thedensitycontourfrom BAP-2-KFVSis alsoshovn in Fig. 5.
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FIG.3. Two interactingblastwave computedoy BAP-3-VLS on400points.Left: t =0.03.Right:t =0.038.
Fromtop to bottom:density velocity, andpressure.

EXAMPLE 4 (FLOW PAST A CYLINDER).

rectangularegion.

04 05 06

A steadyflow pasta cylinder at a freestream
Machnumberof 3.0 hasbeencomputed The domainis anannularregion with a circle of
radiusl.0asaninnerboundaryandacircle of radiusl1.0asanouterboundaryThegridin
theangulardirectionis distributeduniformly, while in theradialdirectionit is nonuniform.
We have usedagrid of size180 x 50.

Thisproblemis known to bedifficult to computebecausé¢heregion of verylow pressure
andlow densitydevelopsattherearof thecylinder. In suchregions,negative densitiesand
pressureappearediuring the calculationswhich breaksdown mostnumericalschemes.
We have alsoencounteredhis difficulty. In orderto stabilizesuchregionswe have added
artificial viscosityto the smallrectangularegion behindthe cylinder. The amountof arti-
ficial viscosityis smoothlyvaried,having zeroartificial viscosity on the boundaryof the




RECONSTRIJCTION OF UPWIND FLUXES 249

BAP-2-VLS BAP-2-VLS + Entropy Fix
=) 5
I
35 ' 5| \
i '
! [l
L 1
£l | 3 ]
|
25| 25|
2| 2
15 15
1 1
%% 01 o0z 03 04 os 06 o7 05 o3 1 0 o1 02 03 04 05 06 07 08 09 1
BAP-2-KFVS BAP-2-PS
4 4
A N
'
35 I as i
I "
I )
i i
3| : 3 1
25| 25
2 2
15 15
1 1
0.

02 03 04 05 06 07 08 09 1

ENO3-Roe

A S S A O
F R et v gt

i
35 |

o 01 02 03 04 05 06 07 08 09 1

FIG. 4. Slowly moving shockproblem,densitiesatt = 0.95 on 100points.Fromleft to right, top to bottom:
BAP-2-VLS, BAP-2-VLS + entrogy fix, BAP-2-KFVS,BAP-2-PS andthethird orderENO scheme.

Theresultsat T = 6 usingVLS andKFVS areshowvn in Fig. 6. The othertwo splittings
shaw similar results.Mach numbercontourswith 25 equallyspacedevels arepresented.
Thesolidline is theresultonagrid 360x 100.Boththesharpbow shockin thefront, anda
V-shapedveakshockbehindthecylinderarefairly well capturedTheMachnumberdistri-
butionalongthesymmetryline andover thecylinderis alsoshavn, whichindicateghesharp
shockprofile andtheacceleratiorover thecylinderverywell. Evenwith artificial viscosity
addedo therearof thecylinder theresultsaremuchsharpethantheonegiven in [5].

4. STEADY STATE CALCULATIONS

We have also computedthe steadystatesolutionof 1D nozzleflow andthe flow over
anairfoil in orderto shov corvergencebehaior of theflux reconstructioralgorithmwith
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FIG.5. Mach3flow in atunnelwith a step.Densitycontoursat T = 4. Grid 240 x 80. Fromtop to bottom:
BAP-2-VLS,BAP-2-VLS+ entropy fix, andBAP-2-KFVS.Theexpansiorshocknearthecornertypically appears
in mary differentschemesdilt is avoidedby anentroyy fix.

a biasedaveragingproceduren both time marchingand multigrid accelerationSeveral
well-known techniquefiave beenemployedto acceleratehe corvergenceof theflow over
an airfoil, suchas multigrid, multistagetime method,local time stepping,and a special
treatmenfor far-field boundaryconditions.

4.1. TimeMarching

We have computedhe steadystatesolutionof the quasi-1Dnozzleflow by BAP-2-VLS
usingasimpletimemarchingnethodandcomparedt with thethird orderENOschemg26].
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FIG.6. Flow over acylinder. Mach =3.0a T =6.Grid 180x 50.Left: Machnumbercontour Right: Mach
numberson the symmetryline andover thecylinder. Top: BAP-2-VLS. Bottom: BAP-2-KFVS.

We considermdivergentnozzlewith theareak(x) = 1.398+ 0.347tanh(08x — 4) [6]. The
Eulerequationglescribingthe quasi-1Dnozzleflow are

3 (pk) + dx(mk) = 0, (4.1)
(MK + 3y (pu’k + pk) = paxk, (4.2)
& (EK) + 35 (U(E + p)k) = 0. (4.3)

The steadystatesolutionhassupersoniénflow andsubsonicoutflow. We have used50
pointson the computationatiomain,0 < x < 10. A linearinterpolationbetweerthe exact
steadystateboundaryaluesis usedastheinitial condition,andthe boundaryconditionat
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FIG.7. Steadystatesolutionof quasi-1Dnozzleflow, density andcorvergencehistory Top: BAP-2-KFVS.
Bottom: Third orderENO scheme.

x = 0isspecifieddy (ok, mk, Ek)(0, t) = (0.5277,0.6855 1.4465. Fortherightboundary
atx =10, pk is given by (pk)(10, t) = 3.4540andextrapolationis usedto determinethe
othertwo variables.

In Fig. 7, we shaw theresultsfrom theflux reconstructiormapproachusingKFVS andthe
third orderENO schemeThelog plotsof errorsareshavn in theright columnof thefigure
to comparahecorvergenceTheflux versionapproachlusingtheBAP givesrelatively faster
corvergencewhile the ENO schemestagnatesftera certaintime. The slow corvergence
of theENO schemdor 1D nozzleflow wasalsodiscussedn [14]. TheWENO, which has
aconceptimilarto thatof BAP, alsoshavs a fasterconvergencefor this problem[11].

4.2. Multigrid

Multigrid methodsprovide a fastercorvergenceby reducingthe high frequeng of the
residualcorrespondingo eachdifferentlevel of the grids. Multigrid canbe considered
the way to reachthe steadystateusing a dynamic approachon hierarchicalgrids. For
instancejn the multigrid methodfor a Poissorequationon a squarethe weightedJacobi
iterationis indeedthe sameasthe forward Euler time discretizationof a heatequation,
whoseCFL numberis chosento be 1/3. We have consideredAt/Ax? asa CFL number
for a heatequationwhile for the corvection—difusion problem,we refer CFL numberto
the maximumof standardCFL numberuAt/Ax andu At/ Ax? whereu is the corvection
speedandu is thediffusioncoeficient.

Theuseof multigrid for time-dependentroblemallows largetime stepson coarsegrids
sothatdisturbancesremorerapidly expelledthroughthe outerboundary We have used
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theexplicit multigrid methodof Jamesoifil 0] with theBAP-2-VLSoneachgrid level. For a
time discretizationthemultistageime methodshave beerlargely usedto increaseéhe CFL
numberby extendingthestability region.For example for acorvection-dominate@roblem
suchastheflow over an airfoil which haseigervaluesontheimaginaryaxis,Jamesoil0]
hasdevelopeda multistagetime methodwhosestability regionincludeseigervaluesonthe
imaginaryaxis.His five-staganethodis known to bevery effectivein acenteredlifference
schemewith artificial dissipationsHowever, problem-dependeffiine tuningis sometimes
neededwhen combiningartificial dissipation,andthe resultingshockprofilesare not as
sharpastheupwind-typemethodsWe have usedathree-stag&unge—Kittamethodof the
form for anordinarydifferentialequationu; = L (u) atthe (n + 1)th time step,

ud = u" 4+ o  AtL (UM
u® = u" + apAtL (u®) (4.4)
uttt = u" 4+ AtL(u@),

with a1 = ap = 1/2. Theimportantfeatureof this time steppingmethodis thatits stability
regiontakesthelargestpartof theimaginaryaxisamongall otherthree-stagéme stepping
methods.It also minimizesthe requiredmemory spacein the implementationsince it
consistof threeforwardEulertime stepsWe notethatthisthree-stagenethods of second
order However, thetime accurag isnotimportantin steadystatecalculationsin Fig. 8, we
comparehe stability regionsof the optimalthree-stagenethod(4.4) with o; = ap = 1/2
with the standardhree-stagéime methodwith «; = 1/3 anda, = 1/2.
Anotherusefultime steppingo acceleratéhe corvergence especiallyfor anonuniform
grid, isthelocaltime steppingvhichallows maximumlocal CFL numbermeterminedy the
local stability analysis[10]. Otherdifficultiesin steadystatecalculationsof the flow over
anairfoil arisefrom the post-shocloscillationsandthe far-field boundarycondition.The
post-shocloscillationsandinappropriatdar-field boundaryconditionareknown to trigger
slow corvergence.To reducethe post-shocloscillations,we have tried the entropy fix as
givenin Section3 andfoundit to beeffective in acceleratinghe corvergence We notethat

Stability Regions

dashed : Standard RK3
solid : New RK3

-2}

-3 . .
-4 -3 -2 -1 0 1 2

FIG. 8. Stability regionsof the Runge—HKittatime method.
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fewer post-shocloscillationsoccurwith BAP thanwith otherslopelimiters. Slopelimiters

generallyemploy if-statementgo presere their TVD propertyby settingthe averaged
slopeto be zeronearextremepoints. Theif-statementsesultin nondifferentiability of the

limiters andthey areoftensensitve to smallperturbationsgausingslow corvergence.The

biasedaveragingproceduraisesonesmoothfunctionasabiasedunctionandthusit seems
lessdisturbingto the shockwhenthe solutiongetscloseto corvergence For thetreatment
of the far-field boundarycondition,we have usedthe onein [10, 28], which is basedon

characteristi@analysisonthe one-dimensionabkentropicflow normalto theboundaryThe

circulationis addedfor the computatioron arelatively smalldomain.

ExamMPLE 5 (FLow OVER NACAOO12AIRFOIL). We shaw theresultsfrom the steady
statetransonidlow calculationdor theNACAOO012airfoil. Thecomputatiorhasbeendone
onal60x32grid, asshavnin Fig. 9. As describedabove, multigrid with three-stagéime
method(4.4), aswell asthelocal time stepping hasbeenusedfor the acceleratiorof the
corvergence.

Theresultswith theinitial Machnumber0.8 andthe angleof attack1.25° areshovnin
Fig.9. Wehavetestedninmodandvan Leerlimitersin thesamemultigrid algorithm.As can

°E From the top:

107 Minmod Slope
x

0.8 . 4 -7

10 van Leer Slope

X 10” BAP

0 200 400 600 800 1000

FIG.9. Flow over aNACAOQO012airfoil by BAP-2-VLS,for M =0.8 anda = 1.25°. Topleft: Grid 160x 32.
Top right: Mach contour Bottomleft: Pressureoeficient. Bottomright: Convergencehistory.
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be seenin the corvergencehistoryin Fig. 9, boththe minmodlimiter andvan Leerlimiter
stagnatehe corvergence while the residualkeepsdecreasingvith the biasedaveraging
procedureThis clearly demonstratethe robustnesf the biasedaveragingproceduren
steadystatecalculationsThe corvergencecanbe accelerate@venfurtherwith anentropy
fix. Theslow corvergencedueto thelimiters on unstructuredyridswas discussedn [31].

5. CONCLUSIONS

The robustnessand accurag of the componentwisdlux reconstructiorapproachthe
constructiorof approximationso upwindfluxesusingthe BAP, have beendemonstrateth
thispaperthroughawide varietyof testproblemsn dynamicandsteadystatecalculations.
No Riemannproblemnor characteristiddecompositioris involved in this approachand
thereforejts programmings simpleandthe computationatompleity is muchlowerthan
the Godunw-type methodswhich usethe solutionreconstruction.

As canbeseenn steadystatecalculationspothBAP andflux splitting arelesssensitve
to perturbationstesultingin fastercorvergencecomparedo slopelimiters andcharacter
istic decompositiorby a Roe matrix. We have tried a systematientroyy fix to eliminate
postshocloscillationsandfoundit to bevery usefulin acceleratinghe corvergenceof the
solutionto steadystate.
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