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Abstract. In this paper we study the structure of finite dimensional estimation algebras with
state dimension 3 and rank 2 arising from a nonlinear filtering system by using the theories of
the Euler operator and underdetermined partial differential equations. The structure of the Wong
Q-matrix is shown to be linear. The fundamental strategy we use in this paper to prove these results
is to show that if they were not true, then infinite sequences could be constructed in the finite
dimensional estimation algebra.
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1. Introduction. Ever since 1960, after Kalman-Bucy first established finite
dimensional filters for linear filtering systems with Gaussian initial distributions, there
have been numerous research activities in nonlinear filtering problems. In the late
1960s and early 1970s, the basic approach to nonlinear filtering theory was via the
“innovations method” originally purposed by Kailath and subsequently rigorously
developed by Fujisaki, Kallianpur, and Kunita [12]. However, the weakness of this
method is that in general it is not explicit computable. In the late 1970s, Brockett
and Clark [3], Brockett [4], and Mitter [17] proposed the idea of using estimation
algebras to construct finite dimensional nonlinear filters independently. The motiva-
tion came from the Wei-Norman approach [20] of using a Lie algebraic method for
solving time-varying linear differential equations. For more details about the Wei—
Norman approach and its connection with the nonlinear filtering problem, we refer
the reader to paper [10], [19], and the survey article by Marcus [16]. Other more di-
rect approaches seek the solution of the well-known Duncan—Mortensen—Zakai (DMZ)
equation or its pathwise robust version [2]. Recently, Yau and his collaborators have
developed a direct method for a general class of nonlinear filtering systems [14, 15].
The advantages of a Lie algebraic approach are that, as long as the estimation algebra
is finite dimensional, the approach always leads to finite dimensional recursive filters,
and the filter so constructed is universal in the sense of [6]. In addition, the dimension
of the sufficient statistics used in computing the conditional density function is linear
in n, where n is the dimension of the state space. Therefore, it is very meaningful to
study the estimation algebras method.

In 1981 Benés established exact finite dimensional filters for certain diffusions
with nonlinear drift, which is the first important breakthrough in the Lie algebra
approach [1]. Later, Wong [21] constructed some new finite dimensional estimation
algebras and used the Wei—-Norman approach to construct finite dimensional filters.
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Another class of finite dimensional filters was found by Charalambous and Elliott [7],
where Benés exact filtering systems were extended by inserting linear combinations
of dz(t) in the observations.

Due to the practical importance of the estimation algebra method, Brockett [5]
proposed the problem of classifying all finite dimensional estimation algebra at the
1983 International Congress of Mathematics in order to find new classes of finite
dimensional filters besides the Benés exact filtering. Since then a lot of effort has
been devoted to classifying finite dimensional estimation algebras. Under quite severe
conditions, Wong [22] proved that all finite dimensional estimation algebras of (2.1)
are solvable and the observation h(z) is a polynomial of degree 1. Also, he was
able to describe the structure of finite dimensional estimation algebras under these
conditions. In Wong [23], the Wong 2-matrix concept was established, which has
played an important role in subsequent research. Since the 1990s, in a series of research
works, the second author and his coworkers gave the algebraic structure of several
general classes of estimation algebras. On the one hand, they were able to classify all
finite dimensional estimation algebras with dimension at most six [9, 13, 27]. On the
other hand, they had classified the finite dimensional estimation algebras of maximal
rank with arbitrary state space dimension [28, 29] which included both Kalman-Bucy
and Benés filtering systems as special cases.

However, when the rank is not maximal, much more needs to be done. Wu and
Yau [24] have classified finite dimensional estimation algebras with state dimension 2.
For higher state dimensions n > 3, the question is still open. One of the key steps
that Yau and his coworkers were able to classify all finite dimensional maximal rank
estimation algebras is that they were able to show that Wong’s Q-matrix is a matrix
with polynomial degree 1. Recently, Shi et al. [25] gave new classes of finite dimen-
sional filters for state dimension n = 3 and rank 1, in which case the Wong 2-matrix
is unnecessary to be a constant matrix. In this paper we consider finite dimensional
estimation algebras with state dimension 3 and rank equal to 2. The following is our
main theorem:

Main theorem: Let E be the finite dimensional estimation algebra of (2.1) with
state dimension 3 and rank 2. Then the Q-matriz has linear structure; i.e., all the
entries in the Q-matriz are degree 1 polynomials.

The main theorem in this paper plays a fundamental role of our forthcoming
paper, in which we shall prove that the Wong 2-matrix is a constant matrix if there
exists a degree 2 polynomial in the estimation algebras and the Mitter conjecture
holds.

The paper is organized as follows. Section 2 describes some basic concepts about
estimation algebras and some known results. The proof that the structure of the
Wong Q-matrix is linear is given in section 3.

2. Basic concepts and results.

2.1. Basic concepts. The filtering problem we consider is based on the follow-
ing signal observation model:

{dx(t) = f(z(t))dt + g(x(t))dv(t) x(0) = xo
dy(t) = h(z(t))dt 4+ dw(t) y(0) =0,

where x,v,y,w are, respectively, R™, RP, R™, R™ valued process and v and w are
independent, standard Brownian motion. Assume f and h are C'*° smooth and g is

(2.1)
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an orthogonal matrix. x(t) is referred to as the state of the system at time ¢ and y(t)
as the observation at time .

Let p(t,x) denote the conditional probability density of the state z(¢) given the
observation {y(s) : 0 < s < ¢}. p(t,x) is the normalized version of o(t,x) which
satisfies the following DMZ equation:

do(t,z) = Loo(t,x)dt + Z Lio(t, z)dy;(t), c(0,z) = o9,
i=1
where

1 92 n 9 n af; 1™
Lo =~ - — G 2
079 P ox? ; Ji Oz; = Ox; 2 ; hi

and for i = 1,...,m, L; is the zero degree differential operator of multiplication by
hi. oo is the probability density of the initial point xg.
Define D; = % —fi, n=Y, gg{: + 30 fA4 Y hi. Then

I .

DEFINITION 2.1. If X and Y are differential operators, the Lie bracket of X and
Y, [X,Y] is defined by [X,Y]d = X(Y¢) — Y (X) for any C* function ¢.

Recall that a vector space F with the Lie bracket operation F x F — F denoted
by (x,y) — [z,y] is called a Lie algebra if the following axioms are satisfied:

(1) The Lie bracket operation is bilinear;

(2) [z,2] =0 for all x € F;

@) [y, 2l + [y [z 2] + [z [z0]] =0 (29,2 € F).

DEFINITION 2.2. The estimation algebra E of a filtering problem (2.1) is defined
to be the Lie algebra generated by {Lg,L1,...,Ln}. E is said to be an estimation
algebra of maximal rank if, for any 1 < i < n, there exists a constant c; such that
r,+¢c €FR.

The linear rank concept of estimation algebra was introduced by Wu and Yau [24].

DEFINITION 2.3. Let L(E) C E be the vector space consisting of all the homo-
geneous degree 1 polynomials in E. Then the linear rank of estimation algebra E is
defined by r:=dim L(E). So estimation algebra of mazimal rank is in fact linear rank
n estimation algebra.

DEFINITION 2.4. The Wong matriz is the matriz = (w;;), where

of;  0fi .
= e < <n.
o Om; TLShIsn

wij

Clearly wij = —wj;.

DEFINITION 2.5. Let [ be a positive integer such that Il < n. The Euler operator
Ei(+) is defined to be a differential operator such that

l
0

Ey(¢) = in 89?-

i=1 v

for any ¢ € C(R™).
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DEFINITION 2.6. Let U be the set of differential operators in the form

— i1 7
A= E ai17.._,i71D1 Dn",

(41,00 )€l A

where nonzero functions a;, .. ;, € C®(R™) and I4 C N™ is the finite index set of
A. Fori = (i1,...,in,) € N™, denote |i| :== Y_;_,ix. The order of A is denoted by
ord(A):=max; |i|. If A=0, ord(A) is defined to be —cc.

Mitter conjecture: Let E be a finite dimensional estimation algebra. If ¢ is a
function in E, then ¢ is affine in x.

The following notations are used in this paper.

(1) Let Uy denote the subspace of E consisting of elements with order less than
or equal to k. In particular, Uy = C*(R").

(2) Asusual, if Visasubspaceof E;A=BmodV < A-BeV.If A, BeU,
define AdaB = [A,B], Ad4B=[A Ad\'B], 1>1.

(3) Py(x4,,...,2;,) denotes the space consisting of polynomials of degree at
most k in x;,,...,2,; , and polg(x;,...,x;, ) denotes a polynomial in
Pk(xil, ce ,xim).

2.2. Preliminary. In this section, we give some known results which are used
in this paper.

THEOREM 2.7 (Ocone [18]). Let E be a finite dimensional estimation algebra. If
a function ¢ is in E, then ¢ is a polynomial of degree less than or equal to 2.

THEOREM 2.8 (see [26]). Let E be an estimation algebra of system (2.1). Suppose

that w;; = Z—iifglf; are constants for all 1 <i,j < n.

(1) Ifn is a polynomial of degree at most 2, then E is finite dimensional and has
a basis consisting of Ey = Lo, differential operators E, ..., E, (for some p)
of the form

n
Y ayDj+p;,1<i<p,

Jj=1

where o ’s are constants and (;’s are affine in x, and zero differential op-
erators Epiq,...,E4, 1 (for some ¢ > p), where E;’s are affine in z for
p+1 < i < qg. Moreover the quadratic part of n — Z:’il h? s positive
semidefinite.

(2) Conversely, if E is finite dimensional, then hy,..., hy, are affine in z; i.e.,
the observation matrix is a constant matrix. Furthermore, if the observation
matriz has rank n (in particular m > n), then n is a polynomial of degree at
most 2.

THEOREM 2.9 (see [29], [24]). Let E be a finite dimensional estimation algebra,
and let the D;’s be defined as above. If I > 0 and

A= E aihm,i"Dil ...D;”, mod U,
|i|=14+1

is in F, then a,, .. i, s are polynomials.

THEOREM 2.10 (see [26]). Let F(x1,...,x,) be a C*®-function on R™. Suppose
that there exists a path ¢ : R — R™ and 6 > 0 such that lim;_, ||c(t)|| = oo and
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limy— 00 SUP g, (¢(1)) I = —00, where Bs(c(t)) = {z € R" : [z — c(t)|| < &}. Then there

are no C®°-functions f1, fa,..., fn on R" satisfying
Ofi | = o
ks s

COROLLARY 2.11.

(i) Suppose n = azoxi + a1 xiTe + a122175 + aosx3 + 1, where a;;’s are C™-
functions of x3, ¥ is a polynomial of degree at most 2 in x1,xs with C*(x3)
coefficients. If there exist functions f1, fa,..., fn on R™ satisfying

(22 gfz )
i=1

then azp = az1 = a2 = ap3 = 0.

(ii) Ifn is a polynomial of degree at most 3 in x1 (or x2) with C*° (x4, x3) (orx1, 3
correspondingly) coefficients, then the coefficient of x3(or x3) in n must be
zero.

Proof.

(i) If azp # 0, then fix 5,23, and set x3=-sgn(asg)t, where sgn(-) is the sign

function. Let ¢ — oo; then n — —o0. By Theorem 2.10, there is no solution
to the above partial differential equation (2.2). Hence, azg = 0. Similarly, we
have ag3 = 0.
Fix x3; then a12, as are constants. If as; - a;o # 0, we can always choose
constants Iy - ls > 0 such that as1ly + a2l < 0. Let 27 = l1t, x5 = Iot and
t — 4o00; then n - —oco. From Theorem 2.10, the above partial differential
equation (2.2) has no solution, a contradiction. Hence, as1-ai2 = 0. It follows
easily that as; = a2 = 0.

(ii) Suppose 1 = azx} + asx? + ayx1 + ag, where a;’s are C>°-functions of s, 3.
If a3 # 0, then fix 29, z3, and set 21=-sgn(a3)t. By letting t — +o00, we have
n — —oo. az = 0 follows as above. 0

LEMMA 2.12 (see [24]). Let g, h € C°°(R™), and let i1,...,0n,J1,---5Jn b€
nonnegative integers with y ' i = 1, Y 441 = 8, and v +s > 2. Let &;; be
the Kronecker symbol; then

[ng1 ...Din hDI' .. .Dﬂ

n
oh 0 o .y
E (Zlga _ .]l ag ) D211+Jl d11 . -D:Ln+jn_5nl, mod U7'+s—2-
=1 T

LEMMA 2.13 (see [26], [8]). Let E be an estimation algebra for the filtering problem
(2.1). Q = (wyj) ts defined as in Definition 2.4. Assume X,Y,Z € E and g,h €
C>(R™). Then

(1) [XY, Z] = X[Y. Z] + [X, Z]Y;
(2) [9Di, h] = g5 ;

gy, —gwl—i—g - i, where w;; = i, Dils
3) [gDs, hD;] = ghw; am h32-D;, where wj; = [Di, D;
(4) [9D?, bl = 295D, +90m27
(5) [D? -]:Q%DiDj+2hwjiDi+g%LDj+h%°;’:;
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(6) (D2, D3] = dujiD;D; + 252 D; + 252D, + L 4+ 202

(7) [D,%,hDD] = 20h DkDZDJ + 2hw; DDy, + 2hwi.DyD; + giz%DiDj

Bwkj

gax am Dk+gh

Assumption: In this paper, we consider state dimension n = 3 estimation algebra
E of system (2.1) with linear rank 2, also dim(E) < co. Without loss of generality,
we assume there exist constants ¢;, 1 <14 < 2, such that xz; +¢; € F,1 < i < 2 and for
any constant ¢, 3 +c ¢ E.

3. Linear structure of the Wong Q-matrix. In this section we will prove
that the entries of the Q2-matrix are polynomials of degree < 1.
We give the following elementary lemma.

LEMMA 3.1.
(31) [Lo,xi—FCi] =D;eFE 1<1<2,
(Do, Di] =wip € E, [Di,21+ci]=1€F
1 8w12 1 8w13 1 877

2 Yy : = [Lo, D1] = w12 D D - ~ 9 g
(3.2) = [Lo, D1] = wi2D2 + w3 3+282 28:r:3+28331€
(33) = wlng +W13D3 mod Uo

1 8w21 1 awgg 1 87]
3.4 Yy : = [Lo, Do) = wy D D - ~ 9 g
(3.4) = [Lo, D2 = wp1 D1 + wa3D3 + = 2 5'171 2 Bs + 5 O €
(3.5) = wo1 D1 + woe3zD3 mod Uy.

So, Pi(z1,22) C E.
We will use the notations Y7,Ys in equations (3.3) and (3.5) throughout this

paper.
The next lemma is very useful for the subsequent proof.

LEMMA 3.2. Suppose i = (i1,...,in) and |i| =Y ;_, i > 2; then
gDi' ... Dir = gD} ... D" mod Ujy_s,
where g is a C*°-function of x1,...,x, and k = (k1,...,kn) is a permutation of
(1,2,...,n).
Proof. First,

D;Di(-) = (a(zj - f.j) (88:& - fi)} ()

_ 20 _fJach) Bﬁ;()jufl ():|+fgfz()

0x;0x;
[ 9?2 0 of; 0

_Mﬁfjal’i (911? fz +f]f1:| ()

Similarly,

0? o of; )
8x18x3 f’az] 3Ii_fj875i+fjfi'

D;D; =
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Recall that Wj; = g;);j — %, then D;D; = D;D; + wj; = D;D; mod Uy. Without

loss of generality, k1 # 1, therefore, by induction,

i1 G i1 Ty —1 ik %
gD} ... Dir = gDt ... Dy iDL Din
. i1 Tky ~ikq—1 ) ) Thy+1 i
— gD ... (Dkl D) mod Ulklﬂ,ﬂ_l,g) Dyt Dir

_ k1 i1 Ty —1 Ty 41 in
=g (DD DT mod Usw, ) DDy

_ iky i1 Ik —1 yiky+1 in
_ng1 D, "'Dkl—l D,ﬁ_'_1 ...Dy;» mod Um_g
ik ihy i iy
=gDy} (Dk; Dy ...D;” mod UZHHk 72> mod U _
1

= gD}t ... D" mod Uy _s. O

LEMMA 3.3. For any function ¢ € E, ¢ does not contain xixs,xox3 terms.

Proof. By Theorem 2.7, every function in estimation algebra E is a polynomial
of degree at most 2. Since P;(x1,x2) C E, without loss of generality, assume ¢ in E
be

¢ = ax? + bx3 + ca + drixo + exixs + froxs + gas,

where a,b, c,d, e, f, g are constants:

0
[D1, 0] = 99 =2ax1 +dro +exs € E,
6$1
9¢
[D27¢} = —— = 2bxy +dx1 + fxz3 € E.
6.2?2
So exs, fxz € E. By assumption, 23 ¢ F; hence, e = f = 0. O

THEOREM 3.4. w12 is a degree no more than 1 polynomial of x1,x5.

Proof. Step [1]: We prove that the degree 2 part of wis can only be const - 23,
where const means a constant.

From Theorem 2.9 and equations (3.3), (3.5), w12, w13, w23 are polynomials. From
Lemma 3.3, we may assume any ¢ € E is of the following form:

¢ = ax? + bas + caxi + drizy + grs,
where a, b, ¢, d are constants. Consider

Z = [Lo, ¢] = (2ax1 + dxa) D1 + (2bxg + dx1) Dy + (2cx3+ g)Ds+a+b+c € E,
[Dl, Z} = 2aDy + dDy + (2b$2 + dﬂ;‘l) s wo1 + (261‘3 + g) -wg € F,
[DQ, Z} =dDy + 2bD4y + (2(11‘1 —+ dl’Q) cwi2 + (201’3 + g) ~w3o € B

Since Dy € E, Dy € E, we have

(36) (2b1’2 + del) s w1 + (20%3 + g) ~w3] €EF
(3.7) (2azx1 + dxs) - wia + (2cx3 + g) - w3z € E.
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Case (1): There exists ¢ € E in which a, b, d are not all 0. Note in Theorem 2.7
and Lemma 3.3 that any function in F is a degree no more than 2 polynomial and
does not contain xix3, roxs terms.

Case (1.1): If ¢ # 0, then w3, wes are degree at most 2 polynomials. If a # 0,
then from equation (3.7) the degree 2 part of wis cannot contain %, x1w2, 23 terms;
that is, the degree 2 part of w12 can only be const-x%. If b # 0 or d # 0, we can easily
find the same conclusion holds.

Case (1.2): If ¢ = g = 0, then from equations (3.6), (3.7), we can easily find that
the degree 2 part of wis can only be const - 3.

Case (1.3): If c= 0,9 # 0, then

7 = [Lo, ¢] = (2&1’1 —+ dIQ)Dl —+ (ZbIQ + dSCl)DQ + ng +a+be E,
[Z,¢] = (4a* + d*)a? + (4b* 4 d*)x3 + 4(a + b)dx 20 + g° € E,
=)= ax? + 33:% +dxyzy € E,

where & = 4a% + d?,b = 4b> + d2,d = 4(a + b)d are not all 0. By the above case
(1.2), the degree 2 part of wis can only be const - 3, where const means constant
(hereinafter).

Case (2): For any ¢ € E, a =b=d = 0. In this case since wys € E, the degree 2
part of wi2 can only be be const - z3.

From case (1) and case (2), we can assume wip = 1ka3+gas +may +naa+1 € E.

Step [2]: In this step we prove that wia is a degree at most one polynomial in
T1,T2.

If £ =0, then g = 0 by assumption, and the conclusion holds.

If k # 0, without loss of generality assume k = 1; then

1
(3.8) w2 € E= 5:133 +gx3€E
1
(39) [Lo,wlg] =mDy +nDy + (31‘3 + g)D3 + 5 c bk = (.’173 + g)Dg ek
(3.10) [Dl, (.’173 + g)Dg] = (333 + g)w;),l ek
(311) [DQ, (1’3 + g)Dg] = (LU3 + g)(.dgg e F.

By Theorem 2.7 and Lemma 3.3, w13, w3 are degree at most 1 polynomials of 3.
(i) If ws1,ws2 are both degree 1, without loss of generality, assume ws; = 3 +
a,wse = x3 + O, where «, § are constants. From (3.10),

(x3+g)(x3+a):xg—l—(g—i—oz)xg—i—gaeE:>x§—|—(g+a)x3EE,

combining this with (3.8) = (¢ — a)zs € F = a = g. Similarly, 8=g. So
w31 = w3z = 3 + g. Recall that

Y = wi2Ds +wiz3D3 mod Uy = wia Doy — (373 + g)Dg mod Uy € FE,
Y2 = WQlDl +u)23D3 mod UO = (U21D1 - (1'3 + g)Dg mod UO € FE.

Combining Y7, Y2 with (3.9) we have
(312) wlng mod U() S E, wlng mod UO e k.

(ii) Only one of wis,was is degree 1. Without loss of generality, assume ws; =
23 + a,wss = B. The proof in (i) shows that wi3Dy mod Uy € E. From
(3.11), w3s = B = 0. From Y, we have wi2D; mod Uy € E. Therefore,
(3.12) holds.
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(iii) If w31, wss are all constants, from the proof of (ii) we can see that (3.12) also
holds.
Namely, (3.12) always holds. Consider

No = [(z3 + g)Ds,w12D> mod Ug] = (x3 4+ g)°D> mod Uy € E,
M, = [L(),No} = 2(1‘3 —|—g)D2D3 mod U; € F,
Ny = [My, No] = 2*(23 + ¢)?D3 mod U, € E,

M,, = [Lo, Ny_1] = 2" Y a3+ g)D¥ D3 mod U, € E,
N, = [M,, No] = 2°"(23 + ¢)°D5™ mod U, € E,

Continuing this procedure, we can gain an infinite sequence in E which con-
tradicts with the finite dimensionality of E. Hence, w12 must be a degree 1
polynomial of z1, . ]

LEMMA 3.5. Suppose that
K:= cDgJr1 + (2axy + dxy + ) D1 DY
+ (2bzg + dz1 + f)D2 DY + -+ mod U, € E,
A= (2ax; +drg +e)Dy+--- mod U,_; € E,
B : = (2bxg + day —|—f)Dé +.-+ modU,_1 € E,

. The (---) part means terms with
Proof. If
det (2; ;ﬁ)) = 4ab—d*> # 0,
then a, d are not all zero, and from A and B we have
Ci1:=(x1 + El)D;l3 +--+ mod U,_; € E,
Cia = (2o + Eg)Dé +.-+ mod U,_1 € E,
Bay = [K,C11] = (2ax1 + dzg +e) D™ + - Upyp_y € E,
Bay = [K,Cha) = (day + 2bxy + f)DS™ + - U1 € E.
For the same reason, we have
Cyy := (z1 +&)DE™ + - mod Upyp 1 € F,
{022 = (29 + )DL + -+ mod Uy, € E.

Continuing this procedure, we can gain an infinite sequence in E, a contradiction!
Hence, d? = 4ab.
Suppose a # 0, and let d = ky - 2a, where k1 = %; then 2b =k - d.
If a + b # 0, then
K= cDngrl + (2azy + dxy + ) D1 DY
+ (k1 - (2axy + dxo + €) + ¢ )Da Dy + -+ mod Uy,
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where ¢ = f — k1 - e

T, =[K, A= ((2a +k-d)(2axy +dra+e)+d- c’)D?‘" +--+ mod Upyp_1,
= (2(a+b)(2az1 +dxs +e) +d- )DL + -+ mod Uppn_y € E,

T, = [K,Tp—1] = (2(a +b))" " ((2(a + b)(2ax1 + dwz +€) +d - /) D5
+ -+ mod Upypom—1,

Continuing this procedure, we can gain an infinite sequence {T,} in E, a contradiction!
Hence, a + b = 0; thus, a,b have the opposite sign. However, this contradicts with
d? = 4ab. So a = 0, and therefore d = 0. Similarly, b = 0. O

LEMMA 3.6. Since wys is a polynomial of x1, o, T3, we may assume that
(3.13) Wiy = almé + -+ a3 + ao,

where a;,0 < i <1 are polynomials of x1,x2, a; # 0. Ifl > 1, then a; € Py (1, z2).

Proof. Using Lemma 2.12 and Lemma 3.2, we have

80.)13 2 8W13 Ow w13
Adp Y7 = D DD D>D dU
L¥1= 5 3-1—(9 1 3+8 2D +--- mod Uy,
62(4113 3 w13 a w13
Ad? Y, = D3+ 2 DD +2~—"""D,D? +... dU
.11 8x§ 5+ 9,01 1D3 + D901 o3 + mo 2,
olwiz d'wis 8'w
Adl Y = DYt 41 _9Y pptar-—2Y _popli... mod U,
Lol = 9ol D 0ay T gl TR l
i+l w13 oty w13
ALYy = (14 1) G e DIDS + (4 1) Gt DaDE - mod U,

where (---) in the above equations means terms with highest order but lower order

in Dg.
Define
(3.14) My, = I AdLoyl = alDlJrl -+ mod U,
1 0 0
(315) M= 1),Adl;01y1 aﬂDng+1 + a—‘”Dng“ - mod Upy1.

Suppose deg(a;) = k > 2, where deg(a;) means the degree of the polynomial a;.
Assume that the homogeneous degree k part of a; is

(3.16) al(k) = nglf + blxlf_lxg 4+ bkxlg,
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where bg, by, ..., b, are not all zero constants:

k—2
0" ay 1+1

Ay = AdS2HAD M) = ———
1 Dy ( Do 1) &C;{_z_%xé 3

+--- mod U

1
- <2i!(k — i)z + (i 4+ DIk —i — )b 12120

(3.17)
—|—%(z +2)(k — i — 2)!bs 023 + poly (21, xg)) DY+ mod U
= p(x1,22) D5 + -+ mod Uy,
where
p(x1,z2) = %z'(k — i)z 4+ (i 4+ DIk — i — 1) b1 2120
(3.18)

1
= ax? 4 b + dxyxy + pol(zy, T2),

with a = %z'(k — )b, b= %(z +2)(k—i—2)bjpo,d= (1 + DIk —i— 1)bjy1,i =
0,1,...,k — 2. Consider

Ay = Ad’},’li’Q(AdiDzMg)

akflal . akflal
= —~ pDH'y _—Z " DD ... mod U
ax’fﬂ*l@xé 18 81:?7’7283012“ 273 b
0 0
= I, %) (g;’ ©2) iy, pit 4 P T2) (;;’ %2) D, DY 4. mod Uy
1 2

(3.19) = (2azq +dxo + cl)DlDéJrl + (dzy + 2bxo + CQ)DQDé+1 + -+ mod Uy,

where c¢1, co are constants. Consider

(320) {B = [D1, A1] = (2az1 +dxg +¢1)DS™ + -+ mod U; € E,
C :=[Ds, A1] = (dx1 + 2bxs + CQ)Dé‘Irl +--+ modU, € E.

Note As, B, C € E satisfy the assumption of Lemma 3.5, and we have a = b=d = 0.
That is, b; = bjy1 = bjy2 = 0,0 < ¢ < k — 2, which contradict with that b;,¢ =
0,1,...,k are not all zero. So we have proved that a; must be a polynomial of x1, x5
with degree no more than 1. ]

LEMMA 3.7. Suppose
wig = apah + - +arwr +ag, k> 1, #£ 0,

where a;,0 < i <k are polynomials of xa,x3. Then ay € Py(xa,x3).

Proof. From equation (3.3), we have

0Fw oFw
& 12 13
(321) Aleyl = axlf Doy + axlf D3 mod Uy

k

= const - Dy + a7(4)113D3 mod Uy € FE
Oy
3kw13 o

(322) D3 mod Uy =k!-apDs mod U, € E.

k
Oy
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Define
My =arD3; mod Uy € E,
0 0
M = [Lo, Mo] = 2% DoDs + 225 D2 1mod Uy € E.
81'2 81'3

We first prove that when ay is a degree 2 polynomial of x5, x3, there exists a contra-
diction in Part (I). When the degree of oy, is higher than 2, we will reduce it to degree

2 case in Part (II). Therefore, o, must be degree less than 2 polynomial of x5, x3.

Part (I): Suppose deg(ay) = 2. We may assume that a,(f) = az} + bz} + dzaxs,

where a, b, d are not all zero:
My = [Lo, My] = (2azy + dx3 + c1) D2 D3 + (2bxz + dxy + c2)D3  mod Uy,

where c¢q, co are constants.
Step [1]. We claim that a = 0.
If a # 0, then

82ak
D3 modUy€ E= D3 modUj € FE.

2
AdD2M0 == Tm%

Define

(3.23) {G1 := [Da, My] = (2ax2 + dxs + ¢1)D3 mod Uy € E,

G2 :=[D3s mod Uy, My] = (2bx3 + dzg + c2)D3 mod Uy € E.

Step [1.a]: We claim that d? = 4ab.
If d? # 4ab, then from (3.23) we have

D dU, € E,
(3.24) {(xz +e)Ds mod Uy

(xs+ f)Ds mod Uy € E,
where e and f are constants:
[Da, My] = dD3 +2aD;D3 mod U, € E,
(3.25) [[Do, M1, (x2 + €)D3  mod U] = 2aD? mod U; € E,
—T,:=D2 modU, € E, K:=DyD; modU, € E

A= [Tl, Mo] = 2(2b£L’3 + dxo + CQ)D?% mod U; € E,
(3.26) Ayg := [K, A1) = dD3 +2bDy; D3 mod Us € E,
Ayz = [A12, (9 +€)D3 mod U] = bD3 mod U, € E.

If b # 0, define Ty = D3 mod Uy € E, continuing the same procedure as in
(3.26); we can obtain an infinite sequence {T,} in E, a contradiction! Hence, b = 0.
From d? # 4ab, we have d # 0; let

By := [T, M;] = 2dDyD; mod Uy = DyD; mod Us € E,
(3.27) Bis :=[DyD3 mod Us, (x5 +¢e)D3 mod Uyl = Di mod U, € E,
Ty := D3 mod U, € E.
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Continuing the procedure in (3.27), we can obtain an infinite sequence in E, a con-
tradiction. Therefore, d? = 4ab.
Step [1.b]: We claim that b =d = 0.
If b # 0, we have
C:= HD27 Mﬂ, M()] = (2d(2b$3 + dxo + 02) + 2(1(20,1'2 + dxs + 01))D§
+ 2(1(2(7253 + d(ﬂg + CQ)DQDg mod U1
= ((4a® + 2d*)z2 + (2ad + 4bd)x3 + const) D3
+ 2@(2b$3 + dxo + 02)D2D3 mod Uq,

(3.28) [Dy,C1] = (4a® + 2d*)D2 + 2adD;Ds  mod U, € E.
Recall from equation (3.25) that [Da, M1] = dD3% + 2aD2D3 mod U; € Ej; then
(3.28) — d - [Dg, M;] = (4a® + d*)D3 mod U; € E.
So we have Hy := D3 mod U; € E, DDz mod U; € E:
Ry := [Hy, My] = 2(20D3 + dDyD3) mod U, € E,

1 (
(3.20) Ryp = 5[311, Go] = (120 + d*)D3 + 4bdD3; D3 mod U, € E,

Riz —2b- Ryy = (4b* +d*)D3 mod U, € E,
= Hy:=Dj mod U, € E.
Continuing the same procedure as in (3.29), we can get a infinite sequence{H,} in E,
a contradiction. Hence, b = 0, and by Step [1.a] we have d = 0.
Now we have
= (2(1.%‘2 + Cl)D2D3 mod Uy € E,
[DQ,Ml]:a D3 mod Uy € E = I := DyD3 mod Uy GE,
[Fy, My] = 2aDyD3 mod Uy € E = Fy:= DyD; mod Us € E,
[FQ,Ml] 2a D2D3 mod Uy € E = F3:= DQ.D% mod U; € E.

Continuing this procedure, we get a contradiction as usual; hence, a = 0. The claim
of Step [1] is proved.

Step [2]. We claim that d = 0.

Now

M, = (da?g + Cl)Dng + (dIQ + 2bxs + CQ)D% mod Uy € E.
If d # 0, consider

[DQ,M()] = (dl‘g + Cl)D3 mod Uy € FE,
(3.30) No : = [My, [Do, Mo)] = (2d%x5 + 2bdxs + const)D2  mod U, € E,

where const means constant term:

1

Ny =
LT 9q2

[Da, No] = D3 mod U, € E.
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If b #0, then b-d # 0,
Ny := [Ny, Ng] = 4bdDj mod Uy = D3 mod Us € F,
N3 := [Ny, No] = 6bdD; mod Uz = D3 mod Us € E,

Continuing the procedure, we can gain an infinite sequence { N, } in E, a contradiction.
Hence, b = 0. Now from equation (3.30) we have (z2 + const)D? mod U; € E.
Consider
Ty := [Lo, (x2 + const)D% mod U;] = Dng mod Us € E,
(3.31) [T, (z2 + const)D3 mod U] = D mod Us € E,
1
Ty = —
7 4d

Continuing the procedure (3.31), we get a contradiction; hence, d = 0.
Step [3]. We claim that b = 0.
Now

[Di mod Us, My] = DoD3 mod Uy € E.

My = (2bxz + c2)D3 + ¢;D2D3 mod U; € E.
If b # 0, consider

[Lo, My] = 2bD3 mod U, € E = D3 mod U, € E,
[D3 mod Uy, M;] = 6bD; mod € E= D; mod € F,

Continuing the procedure, we get a contradiction; hence, b = 0.
However, a = b = d = 0 contradict with the assumption that a,b,d are not all
zero! Therefore, oy cannot be degree 2 polynomial of x5, z3.
Part (IT): Assume that deg(ay) =1 > 2. We may assume that the homogeneous
degree [ part of ay is
a,(cl) = boxé + blxl;lxg + -+ ngé,

where by, ..., b; are not all zero constants. Consider
1
AdeQMO = <2l'b01‘§ + (l — 1)!b11‘2$3 + (l — 2)'1)2.%% +p011(l‘2,$3)) D3 mod Uy € E,

where pol; (22, x3) comes from the homogeneous degree [ part of «. By Part (I), we
have b():bl:bQ:O, )

If bg # 0, then a;il) = b3$l27336§ + -+ bzl Consider
AdlﬂfMO = ((l - 3)!b3x§ +P012($2,9€3))D3 mod Uy € E,

= Ny := (xg +polg(x2,x3)) D3 mod Uy € E,

1
Ty :i= gAd%ONO = (z3+ const)Dg’ +--+ modU; € E,

Ty := Adp,To = D3 +--- mod Uz € E,

1
Ty = Z[Tl’TO] =DS$+--- modUs € E,
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where (- - -) in {7}, } means terms with highest order but lower order in D3. Continuing
this procedure, we get a contradiction. Hence, b3 = 0; similarly, repeating the above

procedure we can get that by = --- = b, = 0. That is, bg,...,b; are all zero, a
contradiction!

From Part(I) and (IT) we see that ay can only be degree at most 1 polynomial of
To,T3. 0

LEMMA 3.8. Suppose that w1z = alxé + -4+ arxs + ap,(l > 1),a; # 0, where
a;, 0 < i <1 are polynomials of x1,x2. Then | < 2.

Proof. Assume that wiz = agaf + -+ + a1z + g, k > 0, a5 # 0. Suppose [ > 2.

Part (I): k > 1 case. We claim that [ < 2.

By Lemma 3.7, we can assume that oy = axs + bxs + ¢, where a, b, ¢ are not all
zero constants. From Lemma 3.6, a; is a degree < 1 polynomial of x1,zs; assume
a; = c1x1 + cox2 + cg, where cg, 1, co are not all zero. Note that wqs is a degree < 1
polynomial of x1, z2; we have

%Ad’gl}q = const - Dy + HTx’fDS mod Uy = Z := a,D3 mod Uy € E,
Ty := [Lo, Z] = aD3D3 +bD3 mod U, € E,

Ty := [T1, Z]) = (a* + 2b%) D3 + abDy D3 mod U; € E,

Ty—b-Ty = (a*>+b*)D3 mod U; € E.

1 8’%&13

Step [1]. We claim that when a,b are not all zero, then | < 2 holds.
If a,b are not all zero, then Ky := D§ mod U; € E. Consider

0wy
Adig, Yy =2'- S22 DI mod Uy € B
3
=2 1lgyD5™ mod Uy € E = ;D5 mod U, € E.
If ¢; # 0, then [Dl,alDéfl] = chl3+1 mod U; € E. If ¢g # 0, then [Dg,alDé+1] =
cQDé‘”'1 mod U; € E. If ¢; = ¢ = 0; then ¢y # 0, and we have coD?'1 mod U; € E.
In both cases, we have K, := D" mod U; € E. Consider

. 8lw13
o},
=(+1)" 11D mod Up € E= ;DL mod Up € E.

Adbe Yy = (I +1)! DY mod Up € E

For the same reason as above, we have Ky := D:Z;H mod U2 € E. Repeat the above
procedure; we can get a infinite sequence {K,} in F, a contradiction. Hence, | < 2
holds.

Step [2]. We claim that when a =b =0, [ < 2 holds.

If a =b=0, then ay = ¢ # 0. Without loss of generality, we can assume «aj = 1.
Then Z = D3 mod Uy € E. Consider

1

My = (l — 1)'Adg71)yl = (lalmg + al_l)Dg mod Uy € F,
1
Ny := =Ad, Y1 = ;D3 mod Uy € E,

l!
[Lo, N()] =c1D1D3 + csDyD3 mod Uy € F,

[[Lo, NoJ, No] = (¢2 4+ ¢c2)D? mod U, € E.
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Step [2.a]. If c1, ¢y are not all zero, then D3 mod U; € E. Just like the proof in
Step [1], we have [ < 2 in this case.

Step [2.b]. If ¢; = ¢o = 0, without loss of generality, we may assume that a; = 1.
Then My = (lzs+a;—1)D3 mod Uy € E. Since a;_; is a polynomial of 1, 22, suppose
deg(aj—1) =r.

(*). r > 2 case. We may assume that the homogeneous degree r part of a;_1 is

al(i) = b "xy + -+ btk

where by, ..., b; are constants and 0 < s <t < r, by # 0,b; # 0. Consider

Adp >~ (Adp, Mo)

= (sl(r— s)‘b 1+ (s+ D) (r — s — 1)lbsp122 + const)D3 mod Uy € E,

= R := (ex1 + fxs + const)D3 mod Uy € E,

T := [Lo,R] = eD1D3 + fD2D3 mod U1 S E,

[T,R] = (e* + f*)D3 mod U, € E= D5 mod U, € E,
where e = sl(r — $)lbs # 0, f = (s + 1)!(r — s — 1)lbs41. From the proof in Step [1],
we have [ < 2 in this case.

(**). r <1 case. Assume a;_1 = k121 + ko222 + ko, where kq, ka2, ko are constants.
Consider

M, = [Lg, My) = ID? + kyD1 D3 + kyDy D3 mod U, € E,
My = [My, My] = (21> + ki 4+ k3)D3 + lky D1 D3 + lkey D2 D3 mod U, € E,
My —1-M;=(?+k34+k3)D; modU, € E= D3 modU, € E.
From the proof in Step [1], we have | < 2 in this case.

By Steps [1] and [2], we have proved that for k£ > 1 case, [ < 2 holds.

Part (II): k = 0 case. In this case, w3 is a polynomial of zo, 3.

(1) Suppose the degree of wyz with respect to x5 is at least 1 since x5 plays the

same role as 1 in wi3; by the argument of Part (I), we have [ < 2 also holds.

(2) Suppose wi3 is a polynomial of x3 and is irrelevant with 1, 2 variables. Then
aij, .. .,aq are constants. Without loss of generality, assume a; = 1. Consider

1
A = ﬁAdlL_OlYl = (z3 + const)Dé +.-- modU,_| € E,

1
Ay = ﬁAdlLDYl =D 4. mod U, € F,
Az = [Ag, A} = (1 +1)D¥ +--- mod Uy_; € E,

Continuing this procedure, we get a contradiction as above. Hence, [ < 2 holds.
From Part (I) and Part (II), we have proved [ < 2. ad

LEMMA 3.9. By Lemma 3.8, w13 = aix3 + ag, where a1 € Pi(x1,x2). Then
ag € P2(£C17$2).

Proof. Assume a7 = kixi + koxo + ko, where kg, k1, ks are constants. Suppose
deg(ag) = k > 2 and the homogeneous degree k part of ag is

aék) = boxh + blxlf_lxg + o+ bk,
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where by, ..., b; are not all zero constants. Consider
Adp, Y, = ns D2+ 913 by v 28D Db mod U
Oxs o0x1 O
0 0
:a1D§—|— kixs + ga0 D1D3 + ]{52:133—%-ﬂ DsD3+--- mod U, € E.

o1 0z

For ¢ =0,...,k — 2, denote

a1672&0 1 . . 2 . .
pi(xlazQ) = m = i(k — ’L)' . ’L!bil'l + (k — 11— 1)' . (Z + 1)!bi+1£€1$2

1 ) .
+ 5(/@ — i —2)!- (i + 2)!bs 022 + poly (1, z2)
= am% + bx% + dzyxo + poli(x1, x2),

where a =
Consider

L(k—i)l-ilb;, b=1(k—i—2)l- (i +2)lbso, d=(k—i—1)!- (i +1)b41.
K = Adjp, (Ady 72 (Adp, 1))
0+ 2aq Opi(x1,x2) Opi(x1,22)
=~ 1 p2bip P, 4 2
3x’f7“25;ﬁ2 3 01 b Oz
= const - D3 + (2axy + dxy + €) D1 D3 + (2bxy + dxy + f)DoD3
+--- mod U; € E,

D2D3 + .- mod U1

where e, f are constants:

OF = lwyg

B:=Ad% Y AdL ) = ———0
D, ( Do 1) axllc—i—laxzz

D3 mod Uy
Opi(x1,x
= p(#lz)Dg mod Uy = (2az1 + dza + €)Ds  mod Uy,

. ) 8k_1w13
C:= Ad> " 2(AdF'Y) = ————° Dy mod U,
D, ( Do 1) axllcfzf2alé+1 3 0
_ Opi(w1,22)
61‘2

K, B, C satisfy the assumption of Lemma 3.5, so a = b =d = 0. That is, b; = b;41 =
biro =0,0=0,...,k — 2, a contradiction. Therefore, ag € Py(x1,x2). d

D3 mod Uy = (2[)1‘2 +dxi1 + f)D3 mod Uy.

THEOREM 3.10. wi3,ws3 are degree at most 1 polynomials of x1,x2, x3.

Proof. By Lemma 3.9, we may assume that wiz = ai1x3 + ag, a1 = c1x1 + caxo +

Co, a((f) = ax? + bx3 + dwy 29, where cg, ¢1, c2,a, b, d are constants. Consider
0
[D1,Y1] = const - Dy + w13 D3 mod Uy,
8301
(3.32) = G1 := (123 + 2ax1 + dxa + e)D3 mod Uy € E,
’ 0
[D2,Y1] = const - Dy + w13 D3 mod Uy,
8182
= Gy = (02x3 + 2bxo + dr1 + f)Dg mod Uy € E,

where e, f are constants.
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Step [1]. We claim that a; is a constant, that is, ¢; = ¢o = 0.
If ¢1, ¢ are not all zero, without loss of generality, we can assume that ¢; # 0.
From (3.32) we have

2 - .
T::C2.G1—G2:(< “ Cz—d)xl—F(d 62—2b>x2+const>D3 mod Uy

C1 &1 1

= (121 + sz + const)Ds mod Uy € E,
[Lo,T} =a1D1D3+ asDyD3s mod U; € F,
[[Lo,T],T] = (o} + a3)D3 mod U, € E,

where a1 = 2‘2—152 —d,a9 = dé—f?be.

If oy, g are not all zero, denote A; := DZ mod U; € E:
[A1,Y1] =2a;D3 mod U; € E = a;D; mod U; € F,
[Lo,ang mod U;] = chng + CQDQDg mod U, € E,
(3.33) [[Lo,a1D? mod Uy],a1D? mod U] = (¢3 + ¢2)Di mod Us € E,
= Ay :=D; mod Us € E,

Continuing this procedure, we get a contradiction. Hence, a3 = ay = 0, that is,

2 -
a cz—d:O:>2a~02:d-cl,
C1

d-

2 =0=2-c,=d-co.
C1

Using 2a - co = d - ¢ and recalling ¢; # 0, we have
NO L=C1 G1 =C1 - (Clmg + 2&501 + dl’g + 6)D3 mod U()
= (clwz +2a-cixy +d-crzo + ¢ -e)D3 mod Uy

= (c%xg +2a- (11 + cowe) + ¢1 - e)Ds mod Uy € E,

F:= [L(),NO]
= C%D?Q) + 2ac1 D1 D3 + 2aco Do D3 mod Uy € F,
H L= [F, N()}

= (2¢] + 4a*c? + 4a*c3) D3 4 2ac¢3 Dy D3 + 2ac?c; DD mod Uy € E,
H—c F = (c +4a’c} + 4a°c3) D mod U; = By := D mod U; € E.
Replacing A; with By in (3.33) and repeating the procedure, we can get an infinite
sequence {B,} in E, a contradiction. Hence, a; is a constant.

Step [2]. We claim that ag € Py (z1,x2).
Now (3.32) becomes

G = (2&.131 + drs + €)D3 mod Uy € F,
Gy = (2().1‘2 +dx1 + f)D3 mod Uy € E.

Consider

K := Adp,Y1 = coD3 + (2ax1 + dao + €) D1 D3
+ (2b£l?2 —+ dSCl —+ f)D2D3 —+ . mod U1 c F.
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Note K,G1,G2 € E satisfy the assumption of Lemma 3.5; hence, a = b = d = 0.
That is, ag is a degree 1 polynomial of x1, x5.

By Steps [1] and [2] we have proved w3 is a degree 1 polynomial of z1,z9, z3. We
can similarly prove that w3 is a degree at most 1 polynomial of x1, x2, x3. 0

COROLLARY 3.11. Suppose
A =g(z1,29,23)D3 mod Uy € E,

where g(x1,x2,x3) is a polynomial. Then g(x1,xa,x3) € Pi(x1,T2,23).

Proof. Just replace wiz in Y7 by g(z1, 22, 23) in the proof of Theorem 3.10 and
the related Lemmas 3.6-3.9. 0

From Theorems 3.4 and 3.10, we have proved the linear structure of the Q-matrix.
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