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In this paper we propose a time-domain finite element method for modeling of electro-
magnetic cloaks. The permittivity and permeability of the cloak model are described by
the Drude dispersion model. The model to be solved is quite challenging in that we have
to solve a coupled problem with different partial differential equations given in different
regions. Our method is based on a mixed finite element method using edge elements with
different types of meshes in different regions. Numerical results demonstrate that our algo-
rithm is quite effective for simulating cloaks in time-domain. To our knowledge, this is the
first cloak simulation carried out by the time-domain finite element method.

� 2012 Elsevier Inc. All rights reserved.
1. Introduction

The possibility of cloaking an object from detection by electromagnetic waves has recently become a very hot research
topic. In 2006, Pendry et al. [25] and Leonhardt [14] independently showed that it is possible to create invisible cloaks for
ray optics [14] and electromagnetic waves [25] by guiding light around a region as if nothing is there. In late 2006, a 2-D
reduced cloak was successfully fabricated and demonstrated to work in the microwave frequency region [26]. This is the first
practical realization of such a cloak, and the result matches with the computer simulation [6] performed using COMSOL mul-
tiphysics finite element analysis software. These pioneering work inspired researchers in different disciplines around the
world to pursue the human being’s invisibility dream.

Since 2006, many papers have been published on the study of using metamaterials [3,8,18] to construct invisibility cloaks
of different shapes (e.g. [1,5,21,22,28]). Also cloaks operating from microwave frequencies to optical frequencies have been
achieved, more details and references on cloaking can be found in recent reviews [4,9]. Some mathematical analysis has been
carried out for cloaking in frequency domain [19,13].

Numerical simulation plays a very important role in modeling different cloaks and validating theoretical predictions. The
time-domain finite difference (FDTD) method is a very popular technique used in this area, readers can find more details
about the FDTD method and its applications in cloak simulation in a recent book [10]. Due to the major disadvantage of FDTD
method in dealing with complex geometry [30], the finite element method (FEM) based commercial package COMSOL has
. All rights reserved.
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been extensively used in frequency-domain cloak simulation by engineers and physicists [6,4]. However, COMSOL cannot be
used for time-domain cloak simulation due to its limitation on algorithmic development for time-domain cloak modeling.
On the other hand, the recently designed broadband cloaks [20] make the time-domain simulation more appealing and nec-
essary. But little attention has been paid to the time-domain modeling of cloaks. To our best knowledge, the first time-do-
main simulation of 2-D cloaking structures was carried out by Zhao et al. [31] in 2008 using FDTD method. Later, they
generalized the same idea to 3-D cloak simulation in 2009 [32]. It seems that there is no existing work on time-domain finite
element (FETD) method developed for cloak simulation yet.

In this paper, we propose a FETD method to simulate a 2-D cylindrical cloak. This problem is quite challenging, since we
have to solve a coupled problem with different partial differential equations in different regions, and the material parameters
are highly anisotropic and nonhomogeneous. The rest of the paper is organized as follows. We first describe the 2-D cylin-
drical cloak modeling equations in Section 2. In Section 3, we develop a FETD method for solving the model problem. Then in
Section 4, we present a detailed stability analysis of our scheme. Numerical results showing the cloaking phenomena ob-
tained by our method are illustrated in Section 5. We conclude the paper in Section 6.

2. The modeling equations

The cloak modeling is based on the Faraday’s law and Ampere’s law written as follows:
@B
@t
¼ �r� E; ð1Þ

@D
@t
¼ r� H ð2Þ
and the constitutive relations
D ¼ eE; ð3Þ
B ¼ lH; ð4Þ
where E and H are the electric and magnetic fields respectively, D and B are the electric displacement and magnetic induc-
tion respectively, e and l are cloak permittivity and permeability, respectively. For the cylindrical cloak, the ideal material
parameters in the polar coordinate system are given by [25]:
er ¼ lr ¼
r � R1

r
; e/ ¼ l/ ¼

r
r � R1

; ez ¼ lz ¼
R2

R2 � R1

� �2 r � R1

r
; ð5Þ
where R1 and R2 are the inner and outer radius of the cloak. In this case, E becomes a 2-D vector, and H is a scalar, i.e., we can
write E = (Ex,Ey)0 and H = Hz, where the subindex x, y or z denotes the component in each direction.

Transforming the polar coordinate system to the Cartesian coordinate system, we can obtain [31]:
e0ere/E ¼
er sin2 /þ e/ cos2 / ðe/ � erÞ sin / cos /

ðe/ � erÞ sin / cos / er cos2 /þ e/ sin2 /

" #
D: ð6Þ
Because the material parameters given in (5) can not be used directly to simulate the time-domain cloak, we have to map the
parameters using the dispersive medium models. Here we consider the Drude model for the permittivity:
erðxÞ ¼ 1�
x2

p

x2 � jxc
; ð7Þ
where c P 0 and xp > 0 are the collision and plasma frequencies, respectively. Substituting (7) into (6) and using the follow-
ing rules
jx! @

@t
; x2 ! � @2

@t2 ; ð8Þ
we have (detailed derivation see [31]):
e0e/
@2

@t2 þ c
@

@t
þw2

p

 !
E ¼ @2

@t2 þ c
@

@t
þw2

p

 !
MADþ e/

@2

@t2 þ c
@

@t

 !
MBD; ð9Þ
where we denote D = (Dx,Dy)0 and
MA ¼
sin2 / � sin / cos /

� sin / cos / cos2 /

" #
; MB ¼

cos2 / sin / cos /

sin / cos / sin2 /

" #
:

Similarly, we map the permeability using the Drude model [31]:
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lzðxÞ ¼ A 1�
x2

pm

x2 � jxcm

 !
; ð10Þ
where A ¼ R2
R2�R1

, and xpm > 0 and cm P 0 are the magnetic plasma and collision frequencies, respectively. Substituting (10)
into (4), we obtain
Bz ¼ lolzHz ¼ l0A 1�
x2

pm

x2 � jxcm

 !
Hz:
Then using rules (8), we have
@2

@t2 þ cm
@

@t

 !
Bz ¼ l0A

@2

@t2 þ cm
@

@t
þx2

pm

 !
Hz: ð11Þ
To carry out the cloak simulation, we have to reduce the infinite domain problem to a bounded domain by using Bereng-
er’s perfectly matched layer (PML) [2] to absorb waves leaving the computational domain without introducing reflections.
The two dimensional Berenger PML governing equations can be written as:
e0
@Ex

@t
þ ryEx ¼

@ðHzx þ HzyÞ
@y

; ð12Þ

e0
@Ey

@t
þ rxEy ¼ �

@ðHzx þ HzyÞ
@x

; ð13Þ

l0
@Hzx

@t
þ rmxHzx ¼ �

@Ey

@x
; ð14Þ

l0
@Hzy

@t
þ rmyHzy ¼

@Ex

@y
; ð15Þ
where the parameters ri, rmi, i = x, y, are the homogeneous electric and magnetic conductivities in the x and y directions,
respectively.

For easy implementation of our algorithm given below, we rewrite (12) and (13) in the vector form:
e0
@E
@t
þ

ry 0
0 rx

� �
E ¼ r� H; ð16Þ
where we used the 2-D vector curl operator
r� H ¼
@H
@y

� @H
@x

 !
; for H ¼ Hzx þ Hzy:
3. A fully discrete explicit finite element scheme

To design our mixed finite element method, we partition X by a family of regular meshes Th with maximum mesh size h.
To accommodate our problem easily, we use a mesh with mixed types of elements: triangles in the cloak and free space re-
gion; rectangles in the PML region, cf. Fig. 1(b) below. For simplicity, currently we implement our algorithm using the low-
est-order Raviart–Thomas–Nédélec’s mixed spaces Uh and Vh given as follows [23,24]: for any rectangular element K 2 Th, we
choose
Uh ¼ wh 2 L2ðXÞ : whjK 2 Q 0;0; 8K 2 Th
n o

;

Vh ¼ /h 2 Hðcurl; XÞ : /hjK 2 Q0;1 � Q 1;0; 8K 2 Th
n o

;

where Qi,j denotes the space of polynomials whose degrees are less than or equal to i and j in variables x and y, respectively.
Here we denote the space H(curl;X) = {v 2 (L2(X))2;r� v 2 (L2(X))2}. While on a triangular element, we choose
Uh ¼ wh 2 L2ðXÞ : whjK is a piecewise constant; 8K 2 Th
n o

;

Vh ¼ /h 2 Hðcurl; XÞ : /hjK ¼ spanfkirkj � kjrkig; i; j ¼ 1;2;3; 8K 2 Th
n o

;

where ki denotes the standard linear basis function at vertex i of element K.
To impose the perfect conducting boundary condition n � E = 0, we introduce the space
V0
h ¼ f/h 2 Vh;n� /h ¼ 0 on @Xg:
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Fig. 1. (a) The cloak modeling setup; and (b) a coarse mesh.
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To define a fully-discrete scheme, we divide the time interval I = [0,T] into N uniform subintervals Ii = [ti�1, ti] by points ti = is,
i = 0,1, . . . ,N, where s = T/N. Furthermore, we denote un = u(�, tn) and unþ1

2 ¼ u �; ðnþ 1
2Þs

� �
, and introduce some operators:
dsun ¼ un � un�1

s
; d2

sun ¼ un � 2un�1 þ un�2

s2 ;

d2sun ¼ un � un�2

2s
; un�1 ¼ un þ 2un�1 þ un�2

4
; bun ¼ un þ un�1

2
:

With the above preparation, we now construct a leap-frog type scheme for solving the modeling equations in the cloak re-
gion: for n = 1,2, . . . , find Dnþ1

2
h ;Enþ1

2
h 2 V0

h; Bnþ1
h ;Hnþ1

h 2 Uh such that
dsDnþ1
2

h ;/h

� �
� Hn

h;r� /h

� �
¼ 0; ð17Þ

e0e/d2
sEnþ1

2
h ; ~/h

� �
þ ce0e/d2sEnþ1

2
h ; ~/h

� �
þ x2

pe0e/En�1
2

h ; ~/h

� �
¼ MA þ e/MB

� �
d2
sDnþ1

2
h ; ~/h

� �
þ x2

pMADn�1
2

h ; ~/h

� �
þ cðMA þ e/MBÞd2sDnþ1

2
h ; ~/h

� �
; ð18Þ

dsBnþ1
h ;wh

� �
þ r� Enþ1

2
h ;wh

� �
¼ 0; ð19Þ

l0Ad2
sHnþ1

h ; ~wh

� �
þ l0Acmd2sHnþ1

h ; ~wh

� �
þ l0Ax2

pmHn
h;

~wh

� �
¼ d2

sBnþ1
h ; ~wh

� �
þ cmd2sBnþ1

h ; ~wh

� �
ð20Þ
hold true for any /h;
~/h 2 V0

h; wh;
~wh 2 Uh.

In order to couple (20) well with the PML Eqs. (14) and (15), we split (20) into
l0Ad2
sHnþ1

zx;h ;
~wh

� �
þ l0Acmd2sHnþ1

zx;h ;
~wh

� �
þ l0Ax2

pmHn
zx;h;

~wh

� �
¼ 1

2
d2
sBnþ1

h ; ~wh

� �
þ 1

2
cmd2sBnþ1

h ; ~wh

� �
; ð21Þ

l0Ad2
sHnþ1

zy;h ;
~wh

� �
þ l0Acmd2sHnþ1

zy;h ;
~wh

� �
þ l0Ax2

pmHn
zy;h;

~wh

� �
¼ 1

2
d2
sBnþ1

h ; ~wh

� �
þ 1

2
cmd2sBnþ1

h ; ~wh

� �
: ð22Þ
Similarly, we can construct a leap-frog type scheme for solving the Eqs. (16), (14) and (15) in the PML region: find
Enþ1

2
h 2 V0

h; Hnþ1
zx;h ;H

nþ1
zy;h 2 Uh such that
e0 dsEnþ1
2

h ; ~/h

� �
þ

ry 0
0 rx

� �bEnþ1
2

h ; ~/h

� �
¼ Hn

zx;h þ Hn
zy;h;r� ~/h

� �
; ð23Þ

l0 dsHnþ1
zx;h ;w1;h

� �
þ rmx

bHnþ1
zx;h ;w1;h

� �
¼ � @

@x
E

nþ1
2

y;h ;w1;h

� �
; ð24Þ
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l0 dsHnþ1
zy;h ;w2;h

� �
þ rmy

bHnþ1
zy;h ;w2;h

� �
¼ @

@y
E

nþ1
2

x;h ;w2;h

� �
ð25Þ
hold true for any ~/h 2 V0
h; w1;h;w2;h 2 Uh.

In summary, our mixed finite element time-domain algorithm for modeling the invisible cloak can be performed in the
following steps: first, construct a proper mesh T h of X, choose a proper time step size s and proper initial conditions; then at
each time step n, perform the FETD Algorithm:

1. Solve (17) for Dnþ1
2

h on T h.
2. Solve (18) and (23) for Enþ1

2
h on T h.

3. Solve (19) for Bnþ1
h on T h.

4. Solve (21) and (24) for Hnþ1
zx;h on T h.

5. Solve (22) and (25) for Hnþ1
zy;h on T h.

6. Calculate Hnþ1
h ¼ Hnþ1

zx;h þ Hnþ1
zy;h , then go back to step 1 and repeat the above process. Note that in the free space region, Enþ1

2
h

and Hn+1 are updated using (23)–(25) with rx = ry = rmx = rmy = 0.

4. Stability analysis

In this section, we present the stability analysis for our proposed scheme. Let cv ¼ 1=
ffiffiffiffiffiffiffiffiffiffi
�0l0
p

be the wave propagation
speed in vacuum, cinv > 0 is a constant from the inverse estimate
kr � whk0;X 6 cinvh�1kwhk0;X; 8wh 2 Vh; ð26Þ
where k�k0,X denotes the L2 norm over domain X.
We start with the easy stability analysis in the PML and free space region Xr:

Theorem 4.1. Assume that the time step
s 6 h
cvcinv

; ð27Þ
then for any n P 2 and the solution En�1
2

h ;Hn
h ¼ Hn

zx;h;H
n
zy;h

� �� �
of (23)–(25), we have
�0 En�1
2

h

			 			2

0;Xr

þ l0 Hn
h

		 		2
0;Xr
6 3 �0 E

1
2
h

			 			2

0;Xr

þ l0 H1
h

			 			2

0;Xr

� �
;

where we denote Hn
h

		 		2
0;Xr
¼ Hn

zx;h

			 			2

0;Xr

þ Hn
zy;h

			 			2

0;Xr

.

Proof. Choosing ~/h ¼ 2sbEnþ1
2

h ; w1;h ¼ 2sbHnþ1
zx;h and w2;h ¼ 2sbHnþ1

zy;h in (23)–(25), respectively, and using the 2-D curl notation,
we obtain
�0 Enþ1
2

h

			 			2

0;Xr

� En�1
2

h

			 			2

0;Xr

� �
þ l0 Hnþ1

h

			 			2

0;Xr

� Hn
h

		 		2
0;Xr

� �
6 2s Hn

h;r� bEnþ1
2

h

� �
� r� Enþ1

2
h ; bHnþ1

h

� �� �
¼ s Hn

h;r� En�1
2

h

� �
� Hnþ1

h ;r� Enþ1
2

h

� �� �
; ð28Þ
where in the last step we used the identity
Hn
h;r� Enþ1

2
h þ En�1

2
h

� �� �
� r� Enþ1

2
h ;Hnþ1

h þ Hn
h

� �
¼ Hn

h;r� En�1
2

h

� �
� Hnþ1

h ;r� Enþ1
2

h

� �
:

Summing up (28) from n = 1 to N � 1, we obtain
�0 EN�1
2

h

			 			2

0;Xr

� E
1
2
h

			 			2

0;Xr

� �
þ l0 HN

h

			 			2

0;Xr

� H1
h

			 			2

0;Xr

� �
6 s H1

h;r� E
1
2
h

� �
� HN

h ;r� EN�1
2

h

� �� �
: ð29Þ
Using the definition cv ¼ 1=
ffiffiffiffiffiffiffiffiffiffi
�0l0
p

, the inverse estimate (26), the Cauchy–Schwarz inequality, and the time constraint
(27), we have
s HN
h ;r� EN�1

2
h

� �
¼

ffiffiffiffiffiffi
l0

p
HN

h ; scv
ffiffiffiffiffi
�0
p r� EN�1

2
h

� �
6

1
2

l0 HN
h

			 			2

0;Xr

þ ðscvÞ2�0 r� EN�1
2

h

			 			2

0;Xr

� �
6

1
2

l0 HN
h

			 			2

0;Xr

þ scvcinvh�1
� �2

�0 EN�1
2

h

			 			2

0;Xr

� �
6

1
2
l0 HN

h

			 			2

0;Xr

þ 1
2
�0 EN�1

2
h

			 			2

0;Xr

: ð30Þ
By the same technique, we obtain
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s H1
h;r� E

1
2
h

� �
6

1
2
l0 H1

h

			 			2

0;Xr

þ 1
2
�0 E

1
2
h

			 			2

0;Xr

: ð31Þ
Substituting the estimates (30) and (31) into (29) completes the proof. h
Remark 4.1. To see how large cinv in (26) can be, let us consider an arbitrary rectangular element K = [xc � hx,xc + hx] �
[yc � hy,yc + hy], on which the lowest edge element basis functions are:
wh
1 ¼

ðycþhyÞ�y
4hxhy

0

 !
; wh

2 ¼
0

x�ðxc�hxÞ
4hxhy

 !
; wh

3 ¼
ðyc�hyÞ�y

4hxhy

0

 !
; wh

4 ¼
0

x�ðxcþhxÞ
4hxhy

 !
:

Here wh
j ; j ¼ 1;2;3;4; start from the bottom edge and orient counterclockwisely.

For simplicity, we assume that the mesh Th of X is formed by N rectangles K. In this case, it is easy to check that the 2D
curl of wh

j satisfies
Z
X
r� wh

j




 


2 dxdy ¼
X
K2Th

Z
K

1
4hxhy





 



2 dxdy ¼ N
4hxhy
and wh
j satisfies
Z
X

wh
1




 


2 dxdy ¼
X
K2Th

Z
K

yc þ hy � y
4hxhy

� �2

dxdy ¼
X
K2Th

2hx

ð4hxhyÞ2
� �1

3
ðyc þ hy � yÞ3








ycþhy

y¼yc�hy

¼ Nhy

3hx
;

Z
X

wh
3




 


2 dxdy ¼ Nhy

3hx
;

Z
X

wh
2




 


2 dxdy ¼
Z

X
wh

4




 


2 dxdy ¼ Nhx

3hy
;

from which we can see that
r� wh
j

			 			2

0;X

wh
j

			 			2

0;X

¼ 3

4h2
y

; j ¼ 1;3:
Similarly, we have
r� wh
j

			 			2

0;X

wh
j

			 			2

0;X

¼ 3

4h2
x

; j ¼ 2;4:
Denote h = max{hx,hy}. Hence we have
cinv P

ffiffiffi
3
4

r
h
hx

or cinv P

ffiffiffi
3
4

r
h
hy
; ð32Þ
which means that cinv can be very large for anisotropic meshes. But for the often used shape regular mesh, cinv should not be
that large. Of course, exact estimate of cinv really depends on the mesh and the order of the basis functions. To our knowledge,
there is no general formular for cinv.

The rest of the section is devoted to the stability analysis on the cloak region Xc = XnXr. For simplicity, in the rest of this
section, we use k�k0 to denote k � k0;Xc

.

Lemma 4.1
�0

2
ffiffiffiffiffi
�/

p
dsEnþ1

2
h

			 			2

0
�

ffiffiffiffiffi
�/

p
dsEn�1

2
h

			 			2

0

� �
þ
�0x2

p

2
ffiffiffiffiffi
�/

p bEnþ1
2

h

			 			2

0
�

ffiffiffiffiffi
�/

p bEn�1
2

h

			 			2

0

� �
þ sc�0

ffiffiffiffiffi
�/

p
dsbEnþ1

2
h

			 			2

0

6 s ðMA þ �/MBÞd2
sDnþ1

2
h ; dsbEnþ1

2
h

� �
þ sc d2 ðMA þ �/MBÞds bDnþ1

2
h ; ds bDnþ1

2
h

� �
þ 1

4d2
ðMA þ �/MBÞdsbEnþ1

2
h ; dsbEnþ1

2
h

� �� �
þ

sx2
p

2
d3�0

ffiffiffiffiffi
�/

p
ds
bEnþ1

2
h

			 			2

0
þ 1

2d3�0

bDnþ1
2

h

			 			2

0
þ bDn�1

2
h

			 			2

0

� �� �
: ð33Þ
Proof. Choosing ~/h ¼ sds
bEnþ1

2
h in (18), we obtain
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�0�/d2
sEnþ1

2
h ; sds

bEnþ1
2

h

� �
¼ �0 �/ dsEnþ1

2
h � dsEn�1

2
h

� �
; ds
bEnþ1

2
h

� �
¼ �0

2
ffiffiffiffiffi
�/

p
dsEnþ1

2
h

			 			2

0
�

ffiffiffiffiffi
�/

p
dsEn�1

2
h

			 			2

0

� �
;

c�0�/

Enþ1
2

h � En�3
2

h

� �
2s

; sdsbEnþ1
2

h

0B@
1CA

¼ sc�0

2
�/ dsEnþ1

2
h þ dsEn�1

2
h

� �
; dsbEnþ1

2
h

� �
¼ sc�0

ffiffiffiffiffi
�/

p
dsbEnþ1

2
h

			 			2

0
;

x2
p�0�/

Enþ1
2

h þ 2En�1
2

h þ En�3
2

h

� �
4

; bEnþ1
2

h � bEn�1
2

h

0B@
1CA

¼
�0x2

p

2
ffiffiffiffiffi
�/

p bEnþ1
2

h

			 			2

0
�

ffiffiffiffiffi
�/

p bEn�1
2

h

			 			2

0

� �
:

Using the facts that jMAj 6 I, jMBj 6 I and 1 < R2
R2�R1

6 e/, and the arithmetic–geometric mean inequality jabj 6 da2 þ 1
4d b2, we

have
cðMA þ e/MBÞd2sDnþ1
2

h ; sdsbEnþ1
2

h

� �
¼ sc ðMA þ e/MBÞds bDnþ1

2
h ; dsbEnþ1

2
h

� �
6 sc d2 ðMA þ e/MBÞds bDnþ1

2
h ; ds bDnþ1

2
h

� �
þ 1

4d2
ðMA þ e/MBÞdsbEnþ1

2
h ; dsbEnþ1

2
h

� �� �

and
x2
pMA

Dnþ1
2

h þ 2Dn�1
2

h þ Dn�3
2

h

4
; sdsbEnþ1

2
h

 !
6

sx2
p

2
dsbEnþ1

2
h

			 			
0
bDnþ1

2
h þ bDn�1

2
h

			 			
0

6

sx2
p

2
d3e0

ffiffiffiffiffi
e/

p
ds
bEnþ1

2
h

			 			2

0
þ 1

2d3e0

bDnþ1
2

h

			 			2

0
þ bDn�1

2
h

			 			2

0

� �� �
;

where in the last step, we used the fact that ds
bEnþ1

2
h

			 			 6 ffiffiffiffiffie/
p

ds
bEnþ1

2
h

			 			
0
.

The proof completes by adding the above inequalities together. h
Lemma 4.2
1
2
l0A ðMA þ e/MBÞdsHnþ1

h ; dsHnþ1
h

� �
� ðMA þ e/MBÞdsHn

h; dsHn
h

� �h i
þ sl0Acm ðMA þ e/MBÞds

bHnþ1
h ; ds

bHnþ1
h

� �
þ

l0Ax2
pm

2
ðMA þ e/MBÞbHnþ1

h ; bHnþ1
h

� �
� ðMA þ e/MBÞbHn

h;
bHn

h

� �h i
6 scm d8 ðMA þ e/MBÞdsbBnþ1

h ; dsbBnþ1
h

� �
þ 1

4d8
ðMA þ e/MBÞds bHnþ1

h ; ds bHnþ1
h

� �� �
þ s ðMA þ e/MBÞd2

sBnþ1
h ; ds bHnþ1

h

� �
:

ð34Þ
Proof. An equivalent variable coefficient form of (20) can be written as
ðMA þ �/MBÞ l0Ad2
sHnþ1

h þ l0Acmd2sHnþ1
h þ l0Ax2

pmHn
h

� �
; ~wh

� �
¼ ðMA þ �/MBÞd2

sBnþ1
h ; ~wh

h �
þ ðMA þ �/MBÞcmd2sBnþ1

h ; ~whÞ
� i

: ð35Þ
Choosing ~wh ¼ sds
bHnþ1

h in (35), we obtain
l0A ðMAþ�/MBÞ dsHnþ1
h �dsHn

h

� �
;ds
bHnþ1

h

� �
¼ 1

2
l0A ðMAþ�/MBÞdsHnþ1

h ;dsHnþ1
h

� �
� ðMAþ �/MBÞdsHn

h;dsHn
h

� �� �
;

l0Acm ðMAþ e/MBÞd2sHnþ1
h ;sds bHnþ1

h

� �
¼ sl0Acm ðMAþ e/MBÞds bHnþ1

h ;ds bHnþ1
h

� �
;

l0Ax2
pm

4
ðMAþ e/MBÞ Hnþ1

h þHn
hþHn

hþHn�1
h

� �
; bHnþ1

h � bHn
h

� �
¼

l0Ax2
pm

2
ðMAþ e/MBÞbHnþ1

h ; bHnþ1
h

� �
� ðMAþ e/MBÞbHn

h;
bHn

h

� �h i
;

cm ðMAþ e/MBÞd2sBnþ1
h ;sds bHnþ1

� �
¼ scm ðMAþ e/MBÞdsbBnþ1

h ;ds bHnþ1
� �

6 scm d8 ðMAþ e/MBÞdsbBnþ1
h ;dsbBnþ1

h

� �
þ 1

4d8
ðMAþ e/MBÞds bHnþ1

h ;ds bHnþ1
h

� �� �
:

Summing up the above estimates concludes the proof. h
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Lemma 4.3
s ðMA þ �/MBÞd2
sDnþ1

2
h ; dsbEnþ1

2
h

� �
þ s ðMA þ �/MBÞd2

sBnþ1
h ; ds bHnþ1

h

� �
¼ s

2
ðMA þ �/MBÞdsHn

h;r� dsEn�1
2

h

� �
� ðMA þ �/MBÞdsHnþ1

h ;r� dsEnþ1
2

h

� �h i
þ s dsHn

h;rðMA þ �/MBÞ � ds
bEnþ1

2
h

� �
: ð36Þ
Proof. For an arbitrary function f(x), multiplying (2) by f(x)/ and integrating over X, we can obtain
f ðxÞ @D
@t
;/

� �
¼ ðr� H; f ðxÞ/Þ ¼ ðH;r� ðf ðxÞ/ÞÞ; 8/ 2 H0ðcurl; XÞ; ð37Þ
from which we can obtain an equivalent form of (17):
f ðxÞdsDnþ1
2

h ;/h

� �
� Hn

h;r� ðf ðxÞ/hÞ
� �

¼ 0; 8/h 2 V0
h: ð38Þ
Subtracting (38) from itself with n reduced by 1, then dividing by s, we obtain
f ðxÞd2
sDnþ1

2
h ;/h

� �
� dsHn

h;r� ðf ðxÞ/hÞ
� �

¼ 0; 8/h 2 V0
h: ð39Þ
On the other hand, it is easy to see that an equivalent form of (19) is:
f ðxÞdsBnþ1
h ;wh

� �
þ f ðxÞr � Enþ1

2
h ;wh

� �
¼ 0; 8wh 2 Uh; ð40Þ
from which we obtain
f ðxÞd2
sBnþ1

h ;wh

� �
þ f ðxÞr � dsEnþ1

2
h ;wh

� �
¼ 0; 8wh 2 Uh: ð41Þ
Choosing /h ¼ sds
bEnþ1

2
h ; wh ¼ sds

bHnþ1
h in (39) and (41), respectively, we have
s f ðxÞd2
sDnþ1

2
h ; ds

bEnþ1
2

h

� �
þ s f ðxÞd2

sBnþ1
h ; ds

bHnþ1
h

� �
¼ s dsHn

h

�
;r� f ðxÞdsEnþ1

2
h

� �
� f ðxÞr � ds

bEnþ1
2

h ; ds
bHnþ1

h

� �h i
: ð42Þ
Using the identity
dsHn
h; f ðxÞr � ds

bEnþ1
2

h

� �
� f ðxÞr � dsEnþ1

2
h ; ds

bHnþ1
h

� �
¼ 1

2
dsHn

h; f ðxÞr � dsEn�1
2

h

� �
� dsHnþ1

h ; f ðxÞr � dsEnþ1
2

h

� �h i
; ð43Þ
the formula
r� ðf ðxÞuÞ ¼ f ðxÞr � uþrf ðxÞ � u
and choosing f(x) = MA + �/MB in (42), we conclude the proof. h
Lemma 4.4. For any vector (u,v)0, we have
ðu;vÞðMA þ �/MBÞ
u

v

� �
> u2 þ v2:
Proof. Using the definitions of MA and MB, and the fact that �/ > 1, we have
ðu;vÞðMA þ �/MBÞ
u

v

� �
¼ ðu2 sin2 /� 2uv sin / cos /þ v2 cos2 /Þ þ �/ u2 cos2 /þ 2uv sin / cos /þ v2 sin2 /

� �
¼ ðu sin /� v cos /Þ2 þ �/ðu cos /þ v sin /Þ2 > ðu sin /� v cos /Þ2 þ ðu cos /þ v sin /Þ2

¼ u2 þ v2: �
Combining the above estimates, we finally have the following stability result on the cloaking region:
Theorem 4.2. Under the time step constraint (27), for any N P 1, we have
�0
ffiffiffiffiffi
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2
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0
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:
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Proof. Summing up (33) and (34) from n = 1 to N P 1 and using (36), we obtain
�0
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�/
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2
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�
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� �
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2
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2
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2
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2
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þ 1
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2
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4d8
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p

2
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p
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2
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2
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2
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� �� �
: ð44Þ
Adding (17) to itself by reducing n by one, we have
ds bDnþ1
2

h ;/h

� �
� bHn

h;r� /h

� �
¼ 0: ð45Þ
Then choosing /h ¼ ds
bDnþ1

2
h in (45) and using the inverse estimate (26), we have
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2
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0
6 cinvh�1 bHn

h

			 			
0
: ð46Þ
By the same technique, from (19), we can obtain
dsbBnþ1
h

			 			
0
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2
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: ð47Þ
Similarly, choosing /h ¼ s
�0

bDnþ1
2

h in (45) and using the inequality ða� bÞa P 1
2 ða2 � b2Þ, we have
1
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2
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2
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0
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2
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0
¼ scinvcv

h
ffiffiffiffiffiffi
l0

p bHn
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0
� 1ffiffiffiffiffi
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2
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scinvscv
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d9l0
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0

� �
: ð48Þ
Furthermore, by Lemma 4.4, we know that
ðMA þ e/MBÞds bHNþ1
h ; ds bHNþ1

h

� �
> ds bHNþ1

h

			 			2

0
:

Similar estimates hold true for other terms.
The proof is completed by substituting the above estimates to (44), then choosing s satisfying the constraint (27), di

properly so that all terms can be controlled by the left hand side terms, and using the discrete Gronwall inequality. h
5. Numerical tests

In this section, we present a numerical simulation of a cylindrical cloak obtained by our FETD algorithm. The cloak sim-
ulation setup is shown in Fig. 1(a), where the cloaked object is hidden inside a perfectly electrically conducting (PEC) cylinder
with radius R1 meter (m), the object is wrapped by a cylindrical cloak with thickness R2 � R1.

In our cloak simulation, we use R1 = 0.1 m, R2 = 0.2 m, and consider the ideal lossless case, i.e. c = cm = 0 in our Drude mod-
el. A plane wave source is specified by the function Hz = 0.1sin(xt), where x = 2pf with operating frequency f = 2.0 GHz. The
parameters xp = xpm is calculated by the Drude model xp ¼ x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �r
p

.
To accommodate the PML easily, we used a mixed mesh shown in Fig. 1(b). Our tests showed that in order to see the

cloaking phenomenon, the mesh has to be fine enough. In out results presented below, the mesh is obtained by uniformly
refining the one given in Fig. 1(b) four times, in which case the total number of edges used are 623,808, the DOFs for E is
621,376, the total numbers of triangular elements and rectangular elements are 262,144 and 114,688, respectively. Hence
the DOFs for H is 376,832. The time step is chosen as s = 0.1 ps, and the total number of time steps is 50,000, i.e.



Fig. 2. Ey at (a) t = 0.5 ns; (b) t = 1.0 ns; and (c) t = 1.5 ns.

Fig. 3. Ey at (a) t = 2.0 ns; (b) t = 2.5 ns; and (c) t = 3.0 ns.

Fig. 4. Ey at (a) t = 3.5 ns; (b) t = 4.0 ns; and (c) t = 4.5 ns.
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T = 5.0 ns. Our algorithm is implemented under MATLAB 7.0 running on a Dell desktop with 2 GB memory and 2.93 GHz CPU.
The average CPU time for each time step is about 16 s.

To see how wave propagated in the cloak structure, we plotted the Ey fields at every 5000 time steps in Figs. 2–4, which
show clearly how wave gets distorted in the cloak region. After about 40,000 time steps, the plane-wave shape gets restored,
which renders the object placed inside the cloak invisible to external electromagnetic fields. We plotted all fields obtained at
the final simulation time T = 5 ns in Fig. 5. Note that our results are similar to that obtained by the FDTD method [31] and by
the frequency domain methods [6,17].



Fig. 5. All fields obtained at T = 5.0 ns: (a) Ex; (b) Ey; and (c) Hz.
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6. Conclusions

In conclusion, we have proposed a time-domain finite element method for modeling of 2-D cylindrical cloaks. The stabil-
ity of the proposed method is investigated, and the algorithm is implemented for an ideal lossless cloak model. The simu-
lation results from our algorithm match well with those obtained by the FDTD method [31]. This paper has demonstrated
the effectiveness of FETD method for modeling of electromagnetic cloaks. More efficient algorithms such as multiscale tech-
nique [29], discontinuous Galerkin methods [11,12,15,16] and hp adaptive finite element methods [7] will be investigated in
the future. Applications of FETD methods to other cloaking models [4,27] will be explored also.
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