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1. INTRODUCTION

The classical Liouville’s theorem tells us that the complex plane C has no
bounded nonconstant holomorphic functions, while, by contrast, the unit disk D has
plenty of bounded nonconstant holomorphic functions. From a geometric viewpoint,
the complex plane does not admit any metric of negative bounded-away-from-zero
curvature, while the unit disk admits a metric, the Poincaré metric, of constant
negative curvature.

In a higher dimensional analogue, the unit disk is replaced by the simply-
connected complete Ké&hler manifold. It is believed that a simply-connected com-
plete Kéhler manifold M with sectional curvature bounded above by a negative
constant has many nonconstant bounded holomorphic functions (cf. [Yau82l p. 678,
Problem 38]). In fact, it is conjectured that such a manifold is biholomorphic to a
bounded domain in C” (cf. [SYT77, p. 225], [Wu83l p. 98]; see also [Wub7, p. 195,
(1)] for a related problem with regard to the holomorphic sectional curvature).

The negatively curved complex manifolds are naturally associated with the in-
variant metrics. An invariant metric is a metric Ly; defined on a complex man-
ifold M such that every biholomorphism F' from M to itself gives an isometry
F*Lar = Lps. Thus, the invariant metric depends only on the underlying complex
structure of M.

Received by the editors December 5, 2017, and, in revised form, June 19, 2019.

2010 Mathematics Subject Classification. Primary 32Q05, 32Q15, 32Q20, 32Q45; Secondary
32A25.

The first author was partially supported by the NSF grant DMS-1611745.

The second author was partially supported by the NSF grants DMS-1308244 and DMS-
1607871.

©2019 by the authors
103

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/jams/
https://www.ams.org/jams/
https://doi.org/10.1090/jams/933

104 DAMIN WU AND SHING-TUNG YAU

There are four classical invariant metrics, the Bergman metric, the Carathéodory-
Reiffen metric, the Kobayashi-Royden metric, and the complete Kéhler-Einstein
metric of negative scalar curvature. It is known that on a bounded, smooth, strictly
pseudoconvex domain in C™, all four classical invariant metrics are uniformly equiv-
alent to each other (see, for example, [Die70}Gra75L[CY80, Lem&1 [ BFG83L[Wu93]
and the references therein). The equivalences do not extend to weakly pseudoconvex
domains (see, for example, [DEFH84] and the references therein for the inequivalence
of the Bergman metric and the Kobayashi-Royden metric).

On Kahler manifolds, R. E. Greene and H. Wu have posted two remarkable
conjectures concerning the uniform equivalences of the Kobayashi-Royden metric
and the Bergman metric. Their first conjecture is stated below.

Conjecture 1 ([GWT79, p. 112, Remark (2)]). Let (M,w) be a simply-connected
complete Kdhler manifold satisfying —B < sectional curvature < —A for two posi-
tive constants A and B. Then, the Kobayashi-Royden metric 8 satisfies

C ¢ < R(x,6) < ClE|, for allz € M and € € T, M.
Here C > 0 is a constant depending only on A and B.

As pointed out in [GWT9, p. 112], it is well known that the left inequality in
the conjecture follows from the Schwarz lemma and the hypothesis of sectional
curvature bounded above by a negative constant (see also Lemma [T9)).

Our first result confirms this conjecture. In fact, we prove a stronger result, as
we relax the sectional curvature to the holomorphic sectional curvature, and remove
the assumption of simply-connectedness.

Theorem 2. Let (M,w) be a complete Kdahler manifold whose holomorphic sec-
tional curvature H(w) satisfies —B < H(w) < —A for some positive constants A
and B. Then, the Kobayashi-Royden metric K satisfies

CH¢w < R(z,6) < Cl€|, forallz € M and € € T, M.
Here C > 0 is a constant depending only on A, B, and dim M .

Under the same condition as Theorem 2l we construct a unique complete Kéahler-
Einstein metric of negative Ricci curvature, and show that it is uniformly equivalent
to the background Kahler metric.

Theorem 3. Let (M,w) be a complete Kahler manifold whose holomorphic sec-
tional curvature H(w) satisfies —ko < H(w) < —ky for constants k1, ke > 0. Then
M admits a unique complete Kdhler-Einstein metric wgkg with Ricci curvature equal
to —1, satisfying
Clo<wkr <Cw onM

for some constant C' > 0 depending only on dim M, k1, and ks. Furthermore, the
curvature tensor Ry, kg of wkg and all its covariant derivatives are bounded; that
is, for each l € N,

sup ‘VZRm)KE(xﬂ
rzeM

where Cy > 0 depends only on l, dim M, k1, and Ko.

< Cl7

WKE

Theorem [ differs from the previous work on complete noncompact Kahler-
Einstein metrics such as [CY80,ICY86,TYS87 Wul8| in that we put no assump-
tion on the sign of Ricci curvature Ric(w) of metric w, nor on Ric(w) — w. The
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proof makes use of a new complex Monge-Ampeére-type equation, which involves
the Ké&hler class of tw — Ric(w) rather than that of w. This equation is inspired by
our recent work [WY16a]. Theorem Blcan be viewed as a complete noncompact gen-
eralization of [WY16al, Theorem 2] (for its generalizations on compact manifolds,
see for example [TY17[DTI9WYT16bYZ19]).

We now discuss the second conjecture of Greene-Wu concerning the Bergman
metric. Greene-Wu has obtained the following result, motivated by the work of the
second author and Y. T. Siu [SY77].

Theorem 4 ([GW79, p. 144, Theorem H (3)]). Let (M,w) be a simply-connected
complete Kdhler manifold such that —B < sectional curvature < —A for some
positive constants A and B. Then, M possesses a complete Bergman metric wmy
satisfying

wy > Cw on M
for some constant C' > 0 depending only on dim M, A, and B. Moreover, the
Bergman kernel form B on M satisfies

(1.1) Aw" <B < Aw”™ on M
for some positive constants A1, Ao depending only on dim M, A, and B.

It is shown in [GW7T9, p. 144, Theorem H (2)] that if a simply-connected com-
plete Kahler manifold M satisfies —B /r2 < sectional curvature < —A/r2 outside
a compact subset of M, then M possesses a complete Bergman metric, where r is
the distance from a fixed point. Greene-Wu proposed two conjectures concerning
their Theorem H. The first conjecture is that the lower bound —B/r? in the hy-
pothesis of Theorem H (2) can be removed. This has been settled by B.-Y. Chen
and J. H. Zhang [CZ02]. The second conjecture is as below.

Conjecture 5 ([GWT79, p. 145, Remark (3)]). The Bergman metric wy obtained
in Theorem [ satisfies

wp < Ciw on M
for some constant C1 > 0. As a consequence, the Bergman metric we is uniformly
equivalent to the background Kahler metric w.

Conjecture Bl now follows from the following result.

Theorem 6. Let (M,w) be a complete, simply-connected, Kdahler manifold such
that —B < sectional curvature < —A < 0 for some positive constants A and B.
Then, Bergman metric wsy has bounded geometry, and satisfies

wp < Ciw on M,

where the constant C; > 0 depending only on A, B, and dim M. As a consequence,
the Bergman metric wss is uniformly equivalent to the Kdhler metric w.

The simple connectedness assumption is necessary for the equivalence of wsgs and
w. For example, let M = P!\ {0,1,00}. Then, M has a complete Kéhler-Einstein
metric with curvature equal to —1; however, M admits no Bergman metric. Another
example is the punctured disk D* = D\ {0} together with the complete Poincaré
metric wp = /—1dz A dz/(]z|log|z|?)2. Note that the Bergman metric on D* is
wy = v/—1dz Adz/(1 — |2|*)?, which cannot dominate wp at the origin.

The equivalence of ws and w in Theorem [6] has been known in several cases:
For instance, when M is a bounded strictly pseudoconvex domain with smooth
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106 DAMIN WU AND SHING-TUNG YAU

boundary, this can be shown by using the asymptotic expansion of a Monge-Ampere
equation (see [BFG83| for example). The second author with K. Liu and X. Sun
[LSY04] has proved the result for M being the Teichmiiller space and the moduli
space of Riemann surfaces, on which they in fact show that several classical and
new metrics are all uniformly equivalent (see also [Yeu03]); compare Corollary [l
below.

As a consequence of the above theorems, we obtain the following result on a
complete, simply-connected, Kéhler manifold with negatively pinched sectional cur-
vature.

Corollary 7. Let (M,w) be a complete, simply-connected, Kdahler manifold satisfy-
ing —B < sectional curvature < —A for two positive constants A and B. Then, the
Kahler-FEinstein metric wkg, the Bergman metric ws, and the Kobayashi-Royden
metric R all exist, and are all uniformly equivalent to w on M, where the equivalence
constants depend only on A, B, and dim M.

Corollary [0 in particular implies that the smoothly bounded weakly pseudocon-
vex domain € constructed in [DEH84] and [JP13| p. 491], given by

Q = {(21,22,23) € C*;Rez1 + |21]® + 22| + |23]"? + |22|*|23] + [22]?|23|° < 0},

cannot admit a complete Kahler metric with negative pinched sectional curvature.

In this paper we provide a unifying treatment for the invariant metrics, through
developing the techniques of effective quasi-bounded geometry. The quasi-bounded
geometry was originally introduced to solve the Monge-Ampere equation on the
complete noncompact manifold with injectivity radius zero. By contrast to solving
equations, the holomorphicity of a quasi-coordinate map is essential for our ap-
plications to invariant metrics. It is crucial to show the radius of quasi-bounded
geometry depends only on the curvature bounds. Then, a key ingredient is the
pointwise interior estimate. Several arguments, such as Lemmas [I2] [[5] and 20 and
Corollary 24] may have interests of their own.

Notation and Convention. We interchangeably denote a hermitian metric by
tensor g, =, ; 9;;d2" ® dz7 and its Kéhler form w = (v/—1/2) Do gi;dz" N dz .
The curvature tensor Ry, = {R;j,7} of w is given by

o o9 o 0 9%gi; ~  209iq 09,5
Rijut = (%’ﬁ’ﬁ’ﬁ)‘hﬁazl Zg 02k 97

p,

Let z be a point in M and let 7 € T, M be a unit holomorphic tangent vector at x.
Then, the holomorphic (sectional) curvature of w at z in the direction 7 is

H(w,z,n) = H(z,n) = R(n,7,0,7) = Y Rgun'n’n*n'.
,5,k,l

We abbreviate H(w) < k (resp., H(w) > k) for some constant  if H(w,z,n) < K
(vesp., H(w,z,m) > k) at every point = of M and for each n € T, M. We denote

J=1 .
ddlogw™ = dd°log det(g;;) = T@@ log det(g;;) = — Ric(w),

where d® = /—1(0 — 9) /4.
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We say that two pseudometrics Ly and Lo are uniformly equivalent or quasi-
isometric on a complex manifold M if there exists a constant C' > 0 such that

C 'Ly (2,8) < La(w,€) < CLy(2,€) forall w € M, € € TLM,
which is often abbreviated as C™'L; < Ly < CL; on M.

In many estimates, we give quite explicit constants mainly to indicate their
dependence on the parameters such as dim M and the curvature bounds.

2. EFFECTIVE QUASI-BOUNDED GEOMETRY

The notions of bounded geometry and quasi-bounded geometry were introduced by
the second author and S. Y. Cheng, originally to adapt the Schauder-type estimates
to solve the Monge-Ampere-type equation on complete noncompact manifolds (see,
for example, [Yau78b|, [CY80ICYS&6], [TY87/TYIOLTYII], and [WLIT, Appendix]).

We use the following formulation (compare [TY90, p. 580] for example). Let
(M,w) be an n-dimensional complete Ké&hler manifold. For a point P € M, let
B, (P; p) be the open geodesic ball centered at P in M of radius p; sometimes we
omit the subscript w when there is no confusion. Denote by Bcr (0;7) the open ball
centered at the origin in C" of radius r with respect to the standard metric wcn.

Definition 8. An n-dimensional Kéahler manifold (M,w) is said to have quasi-
bounded geometry, if there exist two constants ro > 1 > 0, such that for each point
P of M, there is a domain U in C" and a nonsingular holomorphic map ¢ : U — M
satisfying the following properties:

(i) Ben(0;71) C U C Ben(0;72) and 9(0) = P;
(ii) there exists a constant C' > 0 depending only on 71,73, n such that
(2.1) Clwen <9*w < Cwen on U,
(iii) for each integer I > 0, there exists a constant A; depending only on [,
n,ry, e such that
v+l g -
o (x)
Qv
where g,5 is the component of ¢*w on U in terms of the natural coordinates
(vt,...,v"), and p,v are the multiple indices with |u| = 1 + -+ + fin.

(2.2) sup
xzeU

< A; forall |u|+|v| <1,

The map @ is called a quasi-coordinate map and the pair (U, ) is called a quasi-
coordinate chart of M. We call the positive number r; a radius of quasi-bounded
geometry. The Kéhler manifold (M,w) is of bounded geometry if in addition each
1 : U — M is biholomorphic onto its image. In this case, the number r; is called
radius of bounded geometry.

The following theorem is fundamental on constructing the quasi-coordinate charts.

Theorem 9. Let (M,w) be a complete Kahler manifold.
(1) The manifold (M,w) has quasi-bounded geometry if and only if for each
integer ¢ > 0, there exists a constant Cy > 0 such that

(2.3) sup |VIRn| < C,
PeM

where Ry, = {R;3,7} denotes the curvature tensor of w. In this case, the
radius of quasi-bounded geometry depends only on Cy and dim M.
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108 DAMIN WU AND SHING-TUNG YAU

(2) If (M,w) has positive injectivity radius and the curvature tensor Ry, of w
satisfies 23), then (M,w) has bounded geometry. The radius of bounded
geometry depends only on Cy, dim M, and also the injectivity radius r,, of
w unless r,, is infinity.

Theorem [I[I) is especially useful for a complete Kéhler manifold with injectivity
radius zero. Compare, for example, [TY87, pp. 602-605], [Wu08], [GW16] for the
explicit construction of quasi-bounded geometry on the quasi-projective manifolds;
compare also [Shi97, p. 212, Lemma 9.2] for the construction using the Ricci flow,
under the additional assumption of positive bisectional curvature.

The Riemannian version of quasi-bounded geometry was constructed by the sec-
ond author in 1980 (cf. [WL97, Appendix]), by taking the exponential map expp
as the smooth quasi-coordinate map, with its domain U being the ball B(0; R) in
the tangent space at P. The radius R can be chosen to depend only on the upper
bound of the curvature. The real quasi-bounded geometry is sufficient to adapt
the Schauder estimates to solve equations on a Riemann manifold, regardless of its
injectivity radius.

One can solve the holomorphic functions {v7} out of the normal coordinates
on B(0; R), by using the L?-estimate of J-operator. By Siu-Yau’s inequality, one
applies the singular L?-weight to ensure that {dv7} are independent at P. Then,
the holomorphic functions {v7/} form a coordinate system in a smaller ball B(0;7),
by the inverse function theorem. This result is classic; see [SY77, pp. 247-248],
[GWT9, pp. 160-161], and [TY90, p. 582].

A subtlety is that the radius r could depend on P a priori. Indeed, the complex
structure on B(0; R) is pulled back from the complex manifold by expp. Con-
sequently, for different P, the corresponding B(0; R) is in general different as a
complex manifold. Thus, the J-operator is different on different balls; so is the
radius r obtained from the L? estimate of 0 and the inverse function theorem.

We remark that the subtlety is not addressed in the classical works, as they do
not need to be. Either the Riemannian version of quasi-bounded geometry, or the
explicit construction on quasi-projective manifolds, is sufficient for applications in
[TY90).

The subtlety is settled in Lemma [[2] an indispensable ingredient in the proof
of Theorem [ which is, in turn, crucial for proving the Greene-Wu conjectures.
We first reformulate the classical result into the form of the following Lemma [T}
from which we can proceed further. In the proof of Lemma [[Z we transform the 0-
equation into the Laplace equation for functions (in contrast to those [FK72) (1.1.1)]
for (0, 1)-forms); this allows us to apply maximum principles. In this approach, the
constants of estimates depend only on the curvature bounds; so does the radius.

Lemma 10. Let (N™,g) be an n-dimensional Kdhler manifold, and let B(P;dg)
be an open geodesic ball of radius §y centered at a point P in N. Suppose that
B(P; ) is contained in a coordinate chart in N with smooth, real-valued, coordinate
functions {xt,... a" 2"t . x®}. Assume that the following conditions hold,
where each A; denotes a positive constant:

(i) No cut point of P is contained in B(P;dp).

(ii) The sectional curvature K(g) of g satisfies —As < K(g) < Ay on B(P;dp).

(iii) For each j=1,...,n,

0(x7 + V=12 |,(Q) < ¢(r), for all Q € B(P;).
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Here r = r(Q) denotes the geodesic distance d(P,Q), and ¢ > 0 is a con-
tinuous function on [0,+00) satisfying

V2 8
(2.4) / 3 dt < +o0.
0
Then, there exists a system of holomorphic coordinates {vt,... v} defined on a
smaller geodesic ball B(P;d1) such that
(2.5) v =2l /12" dvd =d(a? +—12"T) at P

forallj=1,... n.

Proof. Let h be a real-valued smooth function on [0, +00) and let w, be the Kéhler
form of g. By conditions () and (i), we apply the Hessian Comparison Theorem
(see, for example, [SYTT7, p. 231] and p. 4, Theorem 1.1]) to h(r) to obtain

4dd°h(r) > min {21/ (r)\/ A1 cot(v/ A1 1), K (r)\/ A1 cot(v/ A1) + B (r) } wy
for all z € B(P;dp), where r = r(z) = d(z, P). Letting h(r) be r? and log(1 + r?),
respectively, yields
T

(2.6) ddr? > Vil
c 4
dd®log(1 +r?) > 17%
for all x € B(P;J), where 4 is a constant satisfying
1 T
2.7 0<6<mindsy, -, ——1
(2.7) _mln{044_A1}

Inequality ([26) in particular implies that B(P;J) is a Stein manifold. On the other
hand, by (@), the Ricci curvature Ric(wg) of g satisfies
34
| Ric(wy)|g < vn|Rulg < §n3/2(A1 + A2).
Pick a constant [ > 0 such that
4 34
ﬁl Z §n3/2(A1 + AQ) + 1,
and let
p1r=1log(1+77), wa=02n+2)logr, ¢ =1+ .
Then,
dd®p1 + Ric(wy) > w, on B(P;9).
Let 0 < x <1 be a smooth function on R such that y = 1 on the closed interval
[0,6/6] and x =0 on [§/3,+00). Let
w! =2 412", j=1,...,n.

It follows from [SY77, Proposition 2.1, pp. 244-245] (see also [MSY81], Lemma 4
and Remark, p. 208] for Stein K&hler manifolds) that there is a smooth function
(7 on B(P;6) such that

(2.8) 887 = d(x o r)w’] on B(P;d)

and satisfies

@9 [ gPerdy < [ e nude v, =1
B(P;5) B(P;6)
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110 DAMIN WU AND SHING-TUNG YAU

By condition (i),

/ 10((x o r)wj)|§e_“"dvg = / \(’_9wj\3e_9"dvg
(P36/6) B(P;6/6)
§/6 12
(2.10) < C(n,Al,Ag)/ ¢Tgr)dr
0

S O(H,AhAg) < +OO,
where we use the standard volume comparison dV, < C(n, A1, A2)r*"~tdrdVszn—1
for r < § < 1/4, and C(n, A1, A3) > 0 denotes a generic constant depending only
on n, Ay, As. This together with (Z9) imply
f=0, dpg’=0 atP.
Let
(2.11) v = (xor)w! —pB7, j=1,...,n

Then v/ is holomorphic and satisfies ([2.5]) for each j. By the inverse function
theorem, the set of functions {v!,... v"} forms a holomorphic coordinate system
in a smaller ball B(P; ;) where 0 < 01 < ¢ min{ o, 1/4,7/(4y/A1)}. O

Remark 11. Condition (Z3F) in particular includes two cases, ¢(t) = t17¢ with
constant a > 0, and ¢(t) = t*(—logt)~! with k,I > 1. The former is sufficient for
our current application. For clarity, we specify ¢(t) = t'*% in the lemma below.

Lemma 12. Let (N™,g) and B(P;do) be given as in Lemma [IQ, satisfying condi-
tions ([{), @), and @) with ¢(r) = Azgr'™ for some constant o > 0. Assume, in

addition, that the metric component {g;;} of g with respect to {z',...,z*"} satisfies
(212) A7) < (9)(Q) < Aa(di5), 1<ij<2n,

Jgi
(2.13) gﬂ ’_Agn 1<ij.k<2n

for all Q € B(P; ). Then, there is a holomorphic coordinate system {v',... v"}
defined on a smaller geodesic ball B(P;61), for which

(a) the radius 61 depends only on dg, n, A;, 1 < j <5, and also o if 0 < 1;
(b) the coordinate function v? satisfies Z5) and
. . 1 o
(2.14) vl —w| < §r1+71,
o e
OwI =2" " el = =3
on B(P;61) for all 1 < i,j < n, where w! = 29 + /—12"" r = r(Q) =
d(P,Q), and o1 = min{o, 1}.
Proof. It remains to show (@) and (IQ:IZI) We start from (2.8)) to obtain
0*0p7 = 0*9[(x or)w’] on B(P;$).

where ¢ > 0 is a constant satisfying 2.7) and w’/ = 2/ —|—)/—1x”+j. Since (N, g) is
Kahler, the Laplace-Beltrami operator A, is equal to the 0-Laplacian [ = 0*9+-00*
up to a constant factor (—2) (i.e., A, = —20). It follows that

(2.16) AyBT = Ayuwi = f on B(P;/6).

1 o1 811i 1 o1

(2.15) El T,
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One can write

1 0 [ w 0
9= /500 (9" Vi55)
on B(0;6) using the given single coordinate system {z!,..., 22"}, where the sum-

mation notation is used and 1 < a,b < 2n. It follows that Ay is of the divergence
form, and is uniformly elliptic by ([2Z12)).
Applying the standard interior estimate [GTOI, p. 210, Theorem 8.32] to equa-

tion (216) yields
dB7 |0, 5(P:s5/24) < C(n, A) [571|/3j|0;3(19;5/12) + 5|f|O;B(P;5/12)}-

Here |- |o,y = |*|co(v) for a domain U, and we denote by C(n, A) a generic constant
depending only on n and A4;, 1 < j <5.

To estimate the C%-norm, we use the local maximum principle (JGTOI, Theorem
8.17, p. 194] with v = 0) to get

(2.17) 1870, 5(P:s/12) < C(n, A) [67n|6j|L2(B(P;6/6)) + 52|f|0;B(P;5/6)}~

Combining these two estimates yields
B0, 5(P:5/24) < C(n, A) [5%71‘@&2(3(1);&6)) + 6‘f|0;B(P;5/6)]

To estimate the L2-norm, we apply (Z.9) and (ZI0) to obtain

187122 (B(Pis/6)) = / |67 [P~ ¢e?aV,
B(P;5/6)

< (52”+2/ ‘5((Xor)wj)’2e_“’dVg
B(P;6/6) g

< C(n, Ay, Ag, A3)6*" 2 /5/6 r27 Ly
< C(n7A17A27A3)U_152"3'2+2”.
On the other hand, it follows from (ZI2]) and (2.13) that
|flo:B(pis/6) < C(n, Ag, As).
Hence,
\dﬁj|o;B(P;5/24) < C(n,A)[o™167 + 6]
(2.18) < C(n,A)o; 6%, oy =min{l, o}
for all 1 < 5 < n. It follows that
18(Q)] < C(n, A)oy 'r'*or for any Q € B(P;6/24),

where r = d(P, Q).
As in ZTI) we let
v' =w" — 3" on B(P;6).
Then, for any Q € B(P;d/24),
|dvt A Ado™|(Q) > |dw A~ A dw™]y(Q) — C(n, A)oy 167

> A;"™? — C(n, Aoy 167,
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112 DAMIN WU AND SHING-TUNG YAU

where we use (2.18)) and 212]). Moreover,
v/ —w!| = || < C(n, Aoy tritor,

Fix now a constant ¢ satisfying (2.7)) and

. Afn/2 1

— 71

C(n, Aoy t62 < 42 <5

Denote §; = §/24. It follows that dv!,...,dv"™ form an independent set at every
point in B(P;d1); hence, {v!,...,v"} forms a coordinate system on B(P;é;) sat-

isfying (2.I4). Estimates ([ZI5) follow from |dB%(0/0w*)| < |dB¢||0/0w"|, @ID),
and (2I1). O

Proof of Theorem [A. If (M, w) has quasi-bounded geometry, then by definition the
coordinate map v is a local biholomorphism. It then follows from (2.2)) that the
curvature R, of w and all its covariant derivatives are all bounded.

Conversely, if |[Ry| < Cy, then in particular the sectional curvature K(w) < Cj.
It follows from the standard Rauch Comparison Theorem (see, for example, [dC92,
p. 218, Proposition 2.4]) that for each P € M, B, (P; R) contains no conjugate
points of P for R < 7/y/Cy. Fix R = 7/(2v/Cp). Then, the exponential map

(2.19) expp : B(O;R) C Tx pM — M

is nonsingular, and hence, a local diffeomorphism. The exponential map then pulls
back a Kéhler structure on B(0; R) with Kéahler metric exp}h w so that expp is a
locally biholomorphic isometry. In particular, every geodesic in B(0; R) through
the origin is a straight line. Hence, B(0; R) contains no cut point of the origin.

Pick an orthonormal basis {ey,...,e,} of Tr pM with respect to g = exp}h w,
such that the associated smooth coordinate functions {z,...,2*"} on Tk pM sat-
isfies

Ol ++/~12"7) =0 atz=0
for each j = 1,...,n. The complex-valued function w/ = 2/ + v/—12"*J need
not be holomorphic. Nevertheless, we have the crucial Siu-Yau’s inequality: If the
sectional curvature K(g) of g satisfies —As < K(g) < Ay with constant Ay, Ay > 0,
then
(2.20) |ow|, < n/2 Ar2eA2r’/6 on B(0; R),

where

r=d0,z) = |z| = /(21)2 4+ -+ (22)2, € B(0;R),
and A > 0 is a constant depending only on A; and As. In fact, inequality (2.20) fol-
lows the same procedure of estimating the dual vector field as in [SY77), pp. 246-247]
(its local version is also observed by [GWT9, p. 159, (8.22)]), with two modifica-
tions given below, due to the different upper bounds for the sectional curvature.
The inequality in [SYT7, p. 246, line 11, i.e., p. 235, Proposition (1.5)] is replaced
by

(2.21) Va/arvtf)/ar (T%)‘ < nzATeA2’I‘2/6’ 1 <1< 2n,
xrr/ g

and the inequality |X | > %Z?Zl(|)\j|2 + |uj]?) in [SYTT, p. 247] is replaced by

1 . sin(vA17) | w—
2.22 X|?2>= 1, —r=" Vs |2
(2.22) X[ 2 g min {1, =0 }; i+ s,
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under the curvature condition —A; < K(g) < Ay; both (22I) and ([222) follow
readily from the standard comparison argument ((222) is indeed half of (223)
below).

Let {gi;} be the components of metric g = exp’ w with respect to {z7}. If the
sectional curvature satisfies —As < K(g) < Ajp, then again by the standard Rauch
Comparison Theorem we obtain

(2.23) A7) < gij(x) < A(8iy), 1<i,j < 2n,
’agij

oxk
for each x € B(0; R), where r(z) = d(0,z) and A > 0 is a constant depending only
on A1 and Ag.

Thus, we can apply Lemma [[2 with B(P;é&y) = B(0; R) and ¢(r) = C(n, Cp)r?
to obtain a smaller ball B(0;d1), on which there is a holomorphic coordinate system
{vl, ..., 0"} such that v7(0) = 0, dv’(0) = dw(0), [vI(z) — wi(z)| < §1/(2y/n),
and

A
(2.24) (:c)’ < n*Arexp (?27"2), 1<4,5,k<2n

(9’Ui 51 81}" (51

. (1) — 6| <2 | (2) < 2

(2.25) G @ =0y <5 |5 < 3
for all z € B(0;41), 1 <4,j <n. Here the radius 1/24 > ¢; > 0 depends only on n
and Cy. Since v = (v!,...,v") is biholomorphic from B(0;d;) onto its image U in

C™, the image U satisfies
Bcn (0, 51/2) C U C Ben (O, 361/2)

It is now standard to verify that the composition expp o v~ is the desired quasi-
coordinate map for P on U. Denote by {g;;} the components of exp} w with respect
to coordinates {v7}, by a slight abuse of notation. By ([2.23) and (2:25), we obtain

C~1(0i5) < (9;3) < C(d4),

where C' > 0 is a generic constant depending only on Cy and n. This proves ([21]).
The estimate of first order term |dg;;/0v*| follows from ([Z24) and Z2ZH). The
higher order estimate (2.2)) follows from applying the standard Schauder estimate
to the Ricci and scalar curvature equations [TY90l p. 582] (see also [DKSI] p. 259,
Theorem 6.1]).

For the second statement, fix a positive number 0 < R < 7, where r, denotes
the injectivity radius of (M, w). Then, for every P € M, the exponential map given
by 219), i.e., expp : B(0; R) C Tr, pM — M, is a diffeomorphism onto its image.
From here the same process implies (M, w) has bounded geometry. O

We remark that the proof of Theorem [ yields the following result: A complete
Kdhler manifold (M,w) of bounded curvature has quasi-bounded geometry of order
zero, i.e., (M,w) satisfies Definition B except (); furthermore, the radius of quasi-
bounded geometry depends only on dim M and the curvature bounds. If in addition
w has positive injectivity radius, then (M,w) has bounded geometry of order zero,
and the radius of bounded geometry depends only on the curvature bounds, dim M,
and the injectivity radius of w. This result is sufficient for the sake of proving Con-
jectures Ml and Bl Our proof of Theorem Bl requires the full strength of Theorem [
and hence, Lemma [[3]in the next section.
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3. WAN-XIONG SHI’S LEMMAS
The following lemma is useful to construct the quasi-bounded geometry.

Lemma 13. Let (M,w) be an n-dimensional complete noncompact Kdihler manifold
such that

(3.1) —ko < Hw) < —k1 <0

for two constants k1, k2 > 0. Then, there exists another Kdhler metric & such that
satisfying

(3.2) Cl'w<d<Cw,
(3.3) — Ry S H(®) < —F1 <0,
(3.4) sup VIR, 3,5 < Cy,

where VIR, denotes the qth covariant derivative of the curvature tensor Ry of @
with respect to &, and the positive constants C = C(n), k; = &;(n, k1, Kk2), j = 1,2,
Cq = Cy(n,q, k1, k2) depend only on the parameters in their parentheses.

Lemmal[3] (32)), and [B4]) are contained in W.-X. Shi [Shi97]. We provide below
the details for the pinching estimate ([B.3]) of the holomorphic sectional curvature.
Of course, if the manifold were compact, then 3] would follow trivially from the
usual uniform continuity of a continuous function. However, this does not hold for
a general bounded smooth function on a complete noncompact manifold. Here the
maximum principle (Lemma [[5in Appendix [A]) has to be used.

In this section and Appendix [Al we adopt the following convention: We denote
by w = (V=1/2)ga3dz* A dz° the Kihler form of a hermitian metric g,,. The
real part of the hermitian metric g, = g,3d2" ® dz? induces a Riemannian metric
g = gi;dz’*@dx? on Tg M which is compatible with the complex structure J. Extend
g linearly over C to TR M @gC = T'"M@T' M, and then restricting it to 7'M recovers
(1/2)g.,; that is,

g(v,w) = Re(9u(n,6)),  9u(0,€) = 29(n, §).

Here v, w are real tangent vectors, and 7, § are their corresponding holomorphic tan-
gent vectors under the R-linear isomorphism TpM — T'M, ie, n =
(v —v=1Jv), £ = 1 (w — vV=1Jw). Then, the curvature tensor R, satisfies

- 1
R(n,7,€.8) = 5R(v. Jv, Jw,w).
It follows that )
H(.’E, 77) = R(Uﬁﬂ?,ﬁ) = iR(vv va JU,U).

Unless otherwise indicated, the Greek letters such as «, 8 are used to denote the
holomorphic vectors 9/92%,0/92° and range over {1,...,n}, while the Latin in-
dices such as 4,7,k are used to denote real vectors 9/0z%, d/0x’ and range over
{1,...,2n}.

Proof of Lemma [I3l The assumption ([B.]) on H implies the curvature tensor Ry,
is bounded; more precisely,

34
sup |Rm(z)| < §n2(ng — K1)-
reM
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Here and in many places of the proof, the constant in an estimate is given in certain
explicit form, mainly to indicate its dependence on the parameters such as k; and
n. Applying [Shi97, p. 99, Corollary 2.2] yields that the equation

0
ggij(x,t) = —2Rij($,t),
9ij (Ovt) = YGij (I),
admits a smooth solution {g;;(z,t)} > 0 for 0 < ¢t < 6y(n)/(ke — k1), where

0o(n) > 01is a constant depending only on n. Furthermore, the curvature Ry, (z,t) =
{Rijri(z,t)} of {gi;(x,t)} satisfies that, for each nonnegative integer g,

2
(3.5) sup |VIRpy (z,t)]? < Cla,n) (ke = r1) forall0 <t < oln)_ =T,
zeM td Ko — K1

where C(g,n) > 0 is a constant depending only on ¢ and n. In particular, the
metric g;;(z,t) satisfies Assumption A in [Shi97, p. 120]. Then, by [Shi97, p. 129,
Theorem 5.1], the metric g;;(x,t) is Kéhler, and satisfies

0
agag(x,t) = —4Ra/§(x,t),

903(2,0) = go5(z)
for all 0 <t <T. It follows that
(3.6) e tOmmmg (@) < gap(z,t) < e CMI=Tm)g 5(a)

for all 0 < t < T = 6y(n)/(k2 — k1). Here and below, we denote by C(n) and
Cj(n) generic positive constants depending only on n. Then, for an arbitrary
0 <t < T, the metric w(z,t) = (V—1/2)g,5(x,t)dz* Adz" satisfies B2) and B.4);
in particular, the constant C' in ([B:2)) depends only on n, since tC'(n)(kg — k1) <
Oo(n)C(n).

Next we show that there exists a small 0 < to < T so that w(z,t) also satisfies
B3) whenever 0 < t < 5. Recall that the curvature tensor satisfies the evolution
equation (see, for example, [Shi97, p. 143, (122)])

0

&Ra,@’}/& g 4ARO¢B’)’5‘ + 4g#l7gp?(RaBH7’—R’Ya'pD + ROC&H%R’YBpD - RQDW?Ruﬁpﬁ)

~20""(Rap R, 5,7 + RusRavpr + RovRagus + RusRagyn)s

where A = Ayz) = %go‘ﬁ(x,t)(VBVa + VaVp). It follows that

(2 Bopos e’
< A( AR )17+ CL) Loy R, )2 0
(3.7) < 4(ARa375)77a77 077 + C1(n) (k2 — £1)?[0l4 (0 0)
by BE) with ¢ =0. Let
Het) = Raayanaﬁﬁnvﬁ"_
|77|f;(z,t)
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Then, by B1) and B3,
H(x,n,0) < —ky,
[H (2,1, 0)] < [Run(2,8)]w(a.p) < Co(n)(ka — K1)
To apply the maximum principle (Lemma [[5 in Appendix [A]), we denote
h(z,t) = max{H (x,n,1); [Nw@.s = 1}

forall z € M and 0 <t < 6y(n)/(ke — k1). Then, h with B7) satisfy the three
conditions in Lemma [I5l Tt follows that

h(z,t) < Ca(n)(ro — k1)t — k1,
where C(n) = C1(n) + 8y/nCo(n)? > 0. Let

K1 00(n)
QCQ(H)(HQ — Iﬁll)z, Ko — K1 } = 0.

to = min{
Then, for all 0 < t < ¢y,
H(z,n,t) < hiz,t) < —% <0.

Since the curvature tensor is bounded (by B3] with ¢ = 0), we have

H(,’Eﬂ’ht) > _CO(n)(KQ - '%1)‘
Thus, for an arbitrary ¢ € (0, to], the metric w(z,t) = (vV=1/2)g,5(x,t)dz* A dzP
is a desired metric satisfying (8.3)), and also ([B.2]) and (B.4)). O

Lemma 14. Let (M™,w) be a complete noncompact Kdhler manifold whose Rie-
mannian sectional curvature is pinched between two negative constants, i.e.,

—ko < K(w) < —k1 < 0.
Then, there exists another Kdhler metric w satisfying

Clw<o< Cuw,

—Re < K(0) < —Fk1 <0,
| < Cy,

sup VIR 5.5
16M| e

where @QRQBW denotes the qth covariant derivatives of {RQBW} with respect to

@, and the positive constants C = C(n), k; = Rk;(n,k1,Kk2), j = 1,2, Cy =
Cq(n,q, k1, k2) depend only on the parameters inside their parentheses.

The proof of Lemma[I4lis entirely similar to that of Lemmal[I3] with the following
modification: The function ¢ is now given by

o(z,v,w,t) = Rijp(z, v wiwho!
for any x € M and v,w € Tg M, and
h(z,t) = max{p(z,n,&,); [N A Elg(z,) = 1}
= max{p(@,1,&,1); Nlg(z,t) = [Elgty = 1, (0,8 g(a,ty = O}
Here |n A €|? = |n]?[€]? — (n,€)2. The result then follows from Lemma [T6l
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APPENDIX A. MAXIMUM PRINCIPLES

The proof of Lemma [I3] uses the following maximum principle, which extends

[Shi97, p. 124, Lemma 4.7] to tensors; compare [Shi97, pp. 145-147], [Ham82,
Theorem 9.1], and [CCCY03] pp. 139-140], for example.

Let (M,®) be an n-dimensional complete noncompact Kéahler manifold. Suppose
for some constant 7' > 0 there is a smooth solution w(z,t) > 0 for the evolution
equation

9.
(A1) ot 7oP
905(7,0) = Go5(7), r e M,

(z,t) = —4R,5(x,t) on M x [0,T],

where g,5(7,t) and g,5 are the metric components of w(z,t) and @, respectively.

Assume that the curvature Ry, (z,t) = {R,5,5(7,t)} of w(z,t) satisfies

(A.2) sup |Rm(x,t)\2 < ko
M x[0,T]

for some constant kg > 0.

Lemma 15. With the above assumption, suppose a smooth tensor {W,5.5(z,t)}

on M with complex conjugation W (x,t) = Waaesy(x,t) satisfies

agwﬁ
0 a=B, 7=0 Q=P )Y 7O 4
(A.3) (aWaﬁwa)n 07 < (AWaga )01 + Cilnlg )

forallx e M, neTiM,0<t<T, where A = ng‘B(x,t)(VBVa +VaVj) and Cy
is a constant. Let

h(ﬂ?,f) = max {Waﬁ_'y&naﬁﬁn’yﬁo;n € T;M7 |77‘w(z,t) = 1}

forallz € M and 0 <t <T. Suppose

(A.4) sup  |h(z,t)| < Cy,
zeM,0<t<T

(A.5) sup h(z,0) < —k
zeM

for some constants Cy > 0 and . Then,
h(l‘, t) < (800\/ nko + Cl)f, — K
forallz e M,0<t<T.

Proof. We prove by contradiction. Denote

(AG) C =8Cy\/nko + Cy > 0.
Suppose
(A?) h(l‘l,tl) —Ct1+k>0

for some (z1,t1) € M x [0,T]. Then, by (AH) we have t; > 0.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



118 DAMIN WU AND SHING-TUNG YAU

Under the above conditions (AJ) and (A2), by [Shi97, p. 124, Lemma 4.6],
there exists a function 0(x,t) € C*°(M x [0,T]) satisfying that

(A.8) 0<f(x,t)<1 on M x [0,T],
00 _
(A.9) Fri Ay +2071 VO, ) < —6 on M x [0,T],
cyt Cs
Al —2 <, t) < ————— M T
( 0) 1+d0($07x) — (x? )— 1+d0($0,$) on X [Oﬂ ])

where z¢ is a fixed point in M, dy(x,y) is the geodesic distance between x and y
with respect to w(z,0), and Cy > 0 is a constant depending only on n, ko, and T
Let

my = sup ([h(m, t)—Ct+ /ﬂ@(ﬂ&, t))
zeM,0<t<T

Then, 0 < my < Cy + ||, by (A7) and (AZ]). Denote

_ 205(Co+CT ) _

mo

A 0.

Then, for any x € M with do(z,z9) > A,

Co(Co + CT + |K]|) < Mo
1+d0(l‘,l‘0) - 27

(h(x,t) — Ct + K)0(x,t)| <

It follows that the function (h — Ct + k)0 must attain its supremum mg on the
compact set B(xg;A) x [0,T], where B(xo;r) denotes the closure of the geodesic
ball with respect to w(z,0) centered at xq of radius r. Let

Waﬁvﬁnaﬁﬁnwﬁa

T —Ct+ k&
|77‘w($7t)

fx,m,t) =

for all (z,t) € M x [0,T], n € T.M \ {0}. Then, there exists a point (Z.,7x,ts)

with z, € B(zo; A), 0 <t <T, n. € T, M and [1«|w (. +.) = 1, such that

mo = f(x*vn*vt*)g(x*’t*) = SIE%)XT](fa)7

and t, > 0 by (AL), where S; = {(z,n) € T'"M;x € M,n € T,M,|n|y@m =1}

We now employ a standard process to extend 7. to a smooth vector field, denoted
by n with a slight abuse of notation, in a neighborhood of (z,,t.) in M x [0,T]
such that 7 is nowhere vanishing on the neighborhood, and

(A.11) 0, Vnp=0, An=0 at (z.t.).

ot~
This extension can be done, for example, by parallel transporting 7, from x, to each
point y in a small geodesic ball centered at x,, with respect to metric w(-, t.), along
the unique minimal geodesic joining x, to y; this extension is made independent of
t and so dn/0t = 0 in the geodesic ball.
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Since f(x,n(z),t) is smooth in a neighborhood of (z.,t.), we can differentiate f
and evaluate the derivatives at the point (x.,t.) to obtain

0§ = (%Wa%&)ﬁaﬁﬁmﬁg + S(Wagwno‘ﬁﬁn”ﬁ”) (Ra/;naﬁﬁ) _C

ot
0
< (5 Wapoo )10 +8Cov/nko — € (by () and (52))

< Af+Cy +8Coy/nko — C  (by (A3) and (A1)
<Af (by (AS)).

Since f0 = f(z,n(x),t)0(z,t) attains its maximum at (x.,t.), we have
(A.12) %(f@) >0, V(f0)=0, A(f0) <0 at (x,t.).
It follows that, at the point (., t.),

P P P
< = —_pL -~
0= 5 (F0) =05 F + f 50

d
SOAf+ [0
= A(f0) —207'VO-V(f0) + f [% — NG+ 29—1|v9|2]
<—f0 (by (AI2) and (B3))

=—mg < 0.
This yields a contradiction. The proof is therefore completed. (Il
In the proof of Lemma[[3] we apply Lemma 5 with Wz, = R,5,5 to estimate

the holomorphic sectional curvature. For the Riemannian sectional curvature, we
apply the similar result given below with W;ji = R;j.

Lemma 16. Assume (AJ) and (A2). Suppose a smooth real tensor {Wijp(x,t)}
on M satisfies

9 o o
(aWijkl)v’wakvl < (AWijkl)v’wakvl + Cl|v|i(m1t)|w|i(mﬁt)
forallz e M, vyw € Tg M, where A = gij(x,t)ViVj and C1 > 0 is a constant.
Let

k(x,t) = max {Wijklviijkvl;v,w € TraM, v Aw|gezs) = 1}
forallz e M and 0 <t <T. Suppose

sup k(1) < Co,
zEM,0<t<T

sup k(z,0) < —k
xeM

for some constants Cy > 0 and k. Then,

k(l’,t) < (8C0\/ nko + Cl)t — K
forallz e M, 0<t<T. O
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4. KOBAYASHI-ROYDEN METRIC AND HOLOMORPHIC CURVATURE

The Kobayashi-Royden pseudometric, denoted by R, is the infinitesimal form of
the Kobayashi pseudodistance. Let us first recall the definition (see, for example,
[Roy71] or [Kob98| Section 3.5]).

Let M be a complex manifold and let 7"M be its holomorphic tangent bundle.

Define Ry : 7'M — [0, +00) as below: For any (z,£) € T'M,
.1
ﬁM(x, g) - IIQI;fO Ev

where R ranges over all positive numbers for which there is a ¢ € Hol(Dg, M) with
#(0) =  and ¢.(9/0z|.,—¢) = dp(0/0z|.—0) = £. Here Hol(X,Y") denotes the set
of holomorphic maps from X to Y, and
Dr={2€C;|z| <R} and D=D;.
Equivalently, one can verify that (cf. [GWT9, p. 82]), for each (z,&) € T'M,
far(z, &) = inf{|V]p; V € T'D there is f € Hol(D, M) with f.(V) =&}
= inf{|V|c; V € T{D there is f € Hol(D, M) such that
f0) ==, f.(V) =&}
Here |- |p and |- |c are, respectively, the norms with respect to the Poincaré metric

wp = (v=1/2)(1 — |2]?)~2dz A dz and Euclidean metric we = (v/—1/2)dz A dz.
The following decreasing property of Ky follows immediately from definition.

(4.1)

Proposition 17 ([Roy71, Proposition 1]). Let M and N be complex manifolds and
W : M — N be a holomorphic map. Then,

(U"RN)(2,€) = A (Y(2), UL (§)) < Rum(z,€)

for all (x,€) € T'M. In particular, if ¥ : M — N is a biholomorphism, then the
equality holds; if M is a complex submanifold of N, then

An(z,8) < Ru(x,§).
Example 18. Let M be the open ball B(r) = {z € C";|z| < r}. Then,

g2, _le-al. 1M
4.2 =
( ) RB(T)(GJ’&) r2 — ‘a|2 + (7"2 — |(l‘2)2

for all a € B and & € T/B”; see [JP13] p. 131, Example 3.5.6] for example. O
The result below is well known. We include a proof here for completeness.

Lemma 19. Let (M,w) be a hermitian manifold such that the holomorphic sec-
tional curvature H(w) < —k < 0. Then,

Rz, &) > \/§|£w for each x € M, £ € T.M.

Proof. Let 1 € Hol(D, M) such that (0) = z and 1.(v) = £. It follows from the
second author’s Schwarz Lemma [Yau78al, p. 201, Theorem 2'] that

2
Piw < ~wp on D,
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where wp = (vV/=1/2)(1 — |2]?)~2dz A dz. Tt follows that
. 2 2
€5 = w(#:€) = (¥7w)(030) < Zwp(05v) = ~[vf2.

Hence, |v|c > \/k/2 |- By @), we obtain &ps(z,£) > /k/2(£]w. O
The quasi-bounded geometry is essential in the following estimate.

Lemma 20. Suppose a complete Kihler manifold (M,w) has quasi-bounded geom-
etry. Then, the Kobayashi-Royden pseudometric K satisfies

By (2,8) <Cl€ly, forallwe M, €T M,
where C depends only on the radius of quasi-bounded geometry of (M,w).

Proof. Let (v, B(r)) be the quasi-coordinate chart of (M,w) centered at x; that is,
B(r) = {z € C™";|2| < r} and ¢ : B(r) — M is a nonsingular holomorphic map
such that ¢(0) = . Denote U = ¢(B(r)). Then, by Proposition [IT]

ﬁ]V[(:E7 g) < ﬁU(.’II, f) = ﬁU(¢(0)7 w*(v)) < ﬁB(T) (07 U)’
where v € T (B(r)) such that ¢.(v) = &. It follows from ([@2) that

ﬁM(fI;,g) < ﬁB(T)(O7’U) = ‘U‘&

By virtue of the quasi-bounded geometry of (M, w), more precisely, [2.1]), we have
C™Hlgn < (¥w)(0;v) = w(w;8) = [¢[5, < Clofga,

where C' > 0 is a constant depending only on r. Hence,

This completes the proof. O

Proof of Theorem 2l Since —B < H(w) < —A, we can assume (M,w) has quasi-
bounded geometry, by Lemma [I3] and Theorem [@l Then, the radius of quasi-
bounded geometry depends only on A, B, and dim M. The desired result then
follows from Lemmas 20] and 19 |

5. BERGMAN METRIC AND SECTIONAL CURVATURE

Let M be an n-dimensional complex manifold. We follow [GWT9, Section §]
for some notation. Let A9 (M) = A™O(M) be the space of smooth complex
differential (n,0) forms on M. For ¢, € A0 define

(5.1) (o, 9) = (—1)"/2 /Msaw

and

lell = v/ (w0, @)

Let L%n,O) be the completion of

{p € A0 o] < +oo}

with respect to || -||. Then L?

,0) is a separable Hilbert space with the inner product
(+,+). Define

H={pe L%n,O) | ¢ is holomorphic}.
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Suppose H # {0}. Let {e;};>0 be an orthonormal basis of H with respect to the
inner product (-, -). Then, the 2n form defined on M x M given by

Ze] z) NE;(y x,y € M,

7=>0

is the Bergman kernel of M. The convergence of this series is uniform on every
compact subset of M x M (see also Lemma [2I] below). The definition of B(z,y) is
independent of the choice of the orthonormal basis of H. Let

B(x) = Ze] )AE;(x for all z € M.
7>0

Then B(z) is a smooth (n,n)-form on M, which is called the Bergman kernel form
of M. Suppose for some point P € M, B(P) # 0. Define

dd®logB = dd°logb

where we write B(z) = bdz' A---Adz" AdZ' A+ - - AdZ™ in terms of local coordinates
(2%,...,2"). It is easy to check that this definition is well-defined. If dd°log®B is
everywhere positive on M, then we call dd°log B = wy the Bergman metric on M.

We would like to prove Theorem[@l We shall use the notion of bounded geometry,
together with the following results, specifically Corollary In fact, we only need
the case of  being a bounded domain in C". Lemmas 2I]and E3lmay have interests
of their own. In the following, when the boundary 99 of €2 is empty, i.e., Q = C",
we set dist(E, Q) = +oo.

Lemma 21. Let Q be a domain in C™. Let {f;};>0 be a sequence of holomorphic
functions on 0 satisfying the following property: There is an integer Ny > 0 such
that, for all N > Ny,

CEN S 6k
§=0

Then, the series

forallc; € C,0< 5 < N.

ij (2)f;(w) = b(z, w)
3=0

converges uniformly and absolutely on every compact subset of Q x Q). Furthermore,
for every compact subset E of €2,

C(n)
. < ———mF
(5:3) Jnaxg 10z, ) < F5E aayE

where C(n) > 0 is a constant depending only on n.

Proof. First, suppose that Q2 is nonempty. We assert that, for any z € Q,

C(n)
(5.4) Z I£i(2)% < W for all N > Nj.
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Here and below, we denote by C'(n) > 0 a generic constant depending only on n.
Assume (B.4) momentarily. By the Cauchy-Schwarz inequality,

N _ N
NZCOIENDIE Zm
Jj=0 7=0
< C(n)
~ dist(z,0Q)" - dist(w, ONQ)"
C(n)

= dist(E, 0Q)2n

for all z,w in the given compact subset F and for all N > Ny. Then, letting
N — +oo yields (G.3).

To show the first statement, by the Cauchy-Schwarz inequality it is sufficient to
show that the uniform convergence of 37 |f;(2)|* on every compact subset E of
Q. (This is not an immediate consequence of (&.4]), however.) Let us denote by
B(z;r) the open ball in C™ centered at z of radius r. Let § = dist(E,9Q)/4 > 0.
Then, for each zg € E, B(z9;26) C Q. By (E4),

Z/ (20:) |f] | dVv < 05( )VOI(B(ZO,(S)) < C(n) < +o00.

It follows that, for each € > 0, there exists a constant L, depending only on ¢, such
that

l+m
Z/ £ (2)[2dV <& foralll> L, and m > 1.
B(z0;6)

On the other hand, applying the mean value inequality to subharmonic function
ZHm |f]( )|2 on B(Zo; 5) yields

l+m I+m

_ 2 _ C(n) 2

Hence,

I+m ( )

sup Z |f_7 — 62n €

B(2039)

Since F can be covered by finitely many balls such as B(zg; ), we have proven the
uniform convergence of >_ |f;(z)|> on E.

To show (B.4), fix an arbitrary z € Q and N > Ny. We can assume, without loss
of generality, that |fo(2)|*> + | f1(2)|*> + -+ + | f~(2)|> # 0. Denote

dist(z, 02
o= THEID
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Applying the mean value inequality to the subharmonic function |Z;V=0 cjfi(2)?
yields

N 2
1
j;ocjfj(Z) SW/B(“) chfj ’
C(n) s
/Q};Ocjfxc)
Cln)  +
2
< uigs, pae 2o by 6D
Letting
o — L) 0<j<N,

(fo()P + -+ ()P

yields (&4]). This proves the result for © with nonempty boundary.
If 092 is empty, then = C™. We can replace €2 in the previous proof by a large
open ball B(0; R) which contains the compact subset E. The same process yields

C(n)
b < .
max bz w)l < GeE e Ry 0 Mo e
This shows (5.3]), and hence, b = 0, for the case dist(F, ) = +oc. O

Remark 22. An example of b(z,w) in Lemma 1] is the classical Bergman kernel
function, for which the equality in (5.2]) holds for all N > 0 and ¢;, 0 < j < N. The
arguments are well known and standard (compare, for example, pp. 121-
122]). For our applications on a manifold, however, we have to state and derive the
estimate under the weaker inequality hypothesis ([5.2]), and our estimate constant
needs to be explicit on dist(E, 9Q).

Lemma 23. Let Q be a domain in C™. Let b(z,w) be a continuous function which
is holomorphic in z and W, and satisfies b(z,w) = b(w,z) for all z,w € Q. If
Q £ C™, then, for each compact subset E2 C €,

C(n)alp!

a 98
(5.5) |02 05b(2, w)| < dist(B, 0Q) a7 o [b(x,y)|, forall z,w € E.

Here C(n) > 0 is a constant depending only on n, o and B are multi-indices with

al=a!lap!, lal=ar+ -4 an, 08 =(0,1)* -+ (00)%, and

o = {z € Q;dist(z, E) < dist(E, 0Q)/2}.

If Q = C", then (BH) continues to hold with Eq replaced by any closed ball whose
interior contains E.

Proof. Tt is sufficient to show (5) for the case Q C C™; the case @ = C™ follows
similarly. The inequality clearly holds when o = 3 = 0, since F is contained in Fgq.
Consider the case § =0 but a # 0. Let § = \/—dlst(E o) > 0. Pick z,w € E.
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By Cauchy’s integral formula,

oq!- -'an!/
07b(z,w
() = @rv=1)" Jyig—=1=s)}

y / b(¢, w)d" - -~ d¢"
{|cn—zn|=5} (Cl _ Zl)a1+1 A (Cn _ Zn)an+1 '

It follows that

(5.6) |020(z, w)l < == supb(C, w)
CED™ (250)

C(n)a!
< e max [b(Cy)l-
Here D" (2;6) = {¢ € C™; |¢F — 21 < 6,...,[¢" — 2"| < &} satisfies D"(z;0) C Eq.
Consider the general case o, # 0. Applying (5.6) with b(z,w) replaced by
agb(z,w) yields

o208z, w) < SY gy j02b(C, w)
slel ¢CED™ (2;6)
_ Cn)o! sup  [08b(w, O)| (since b(¢,w) = b(w,C))

0T cepn(aig

alBlC(n)
< ergggn b(z,y)] by (E.6).
Here C(n) > 0 denotes a generic constant depending only on n. ([l

Corollary 24. Let Q be a domain in C™, and let b(z,w) be the function given in
Lemma Il For each compact subset E C ),

alBlC(n)
(E739)2n+|a|+\5\

Here C(n) > 0 is a constant depending only on n, and o, € (Z>o)™ are multi-
indices, 0 = (0,1)* -+ (0n), 2l =yl a!, and || = a1 + -+ + ap.

‘0a0ﬁbzw|7dt for all z,w € E.
is

Remark 25. Corollary 24]in particular implies a pointwise interior estimate for the
Bergman kernel. This may be compared with the global estimates of the Bergman
kernel function in the smooth bounded domain satisfying certain boundary condi-
tion such as Bell’s Condition R (see, for example, [Ker72), [BB81], and [CSO1], p. 144]
and the references therein). Those estimates are based on the pseudolocal estimate
of the O-Neumann operator. The method here is entirely elementary, without as-
suming any boundary condition.

Lemma 26. Let (M™,w) be a complete, simply-connected, Kdihler manifold satis-
Jying
(5.7) —k2 < K(w) < —k1 <0

for two positive constants ka > k1 > 0. Let B(z, z) and wy be the Bergman kernel
form and Bergman metric on M. Assume that B/w™ > co on M for some constant
co > 0. Then, weys has bounded geometry, and satisfies

(5.8) wy < C(n,co, k1, k2)w  on M,

where C(n, ¢y, K1, ke) > 0 is a constant depending only on n, co, k1, and Ka.
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Proof. By (B.7) and Lemma [T4] we can assume, without loss of generality, that the
curvature tensor of w and all its covariant derivatives are bounded. On the other
hand, it follows from (&) and the standard Cartan-Hadamard theorem that, for
a point P € M, the exponential map expp : Tr, pM — M is a diffeomorphism.
This, in particular, implies that the injectivity radius of M is infinity. Thus, the
manifold (M,w) is of bounded geometry, by the second statement of Theorem
Since w has bounded geometry, there exists a constant r > 0, depending only
on n, K1, K2, such that for each point p € M, there is a biholomorphism ), from
the open ball B(r) = Bcx(0;7) onto its image in M such that 1, (0) = p and 9, (w)
is uniformly equivalent to the Euclidean metric on B(r) up to infinite order. In
particular, let g;; be the metric component of 9 (w) with respect to holomorphic

coordinates v!,

(5.9) C(6i5) < (g47) < C(635)

on B(r). Here B(r) denotes a ball in C™ centered at the origin of radius r > 0, and
C > 0 is a generic constant depending only on x1, k2, and n.

Let {¢;},;>0 be an orthonormal basis of the Hilbert space H with respect to the
inner product (-, > given in (B1)). Then, by definition

=> ¢;(P)A¢;(Q)  forall P,Qe M.
3>0

Write ¢; = fj(v)dv! A -+ A dv™ in the chart (B(r),v,,v?), for which we mean, as
a standard convention, ¥5¢;(v) = f;(v)dv' A--- Adv™ for v € B(r). Then, each f;
is holomorphic on B(r), j > 0.

We claim that the domain B(r) and sequence {f;} satisfy the requirement,
(52), in Lemma 21l Indeed, for each ¢ € H with ¢%¢ = hdv' A--- Adv™ on B(r),
we have

/ |h(v)2dV = (—1)”2/2/ |h(v)Pdvt A Ado™ AdOt A - A dT”
B(r) B(r)

= (—1)/? GNP

( ) /111;;(3(1”))

s(—l)””/ SNF=(6,0).
M

Now for any N > 0 and any c; € C, 0 < j < N, substituting

.,v"™ centered at p; then

¢ = Zq@ with  h(v chf] in B(r

=0

o2

This verifies (5.2)); hence, the claim is proved. Therefore, we have
Yy B(v, w) = b(v,w)dv' A - Adv™ Adw A--- AdT"”,  v,w € B(r),

=" fi(w) fi(w)

Jj=0

yields
N

chfj ’ dV§<¢7¢>:Z|0j|2'

=0

in which
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is a continuous function in B(r), holomorphic in v and w, and satisfying the interior
estimate in Corollary Applying Corollary 24] with Q@ = B(r) and E being the

closure B(r/2) of B(r/2), yields

alBIC(n) S

10982b(v,v)| < for all v € B(r/2).

= p2ntlal+[8]
On the other hand, by the hypothesis B (P, P)/w"™(P) > ¢ for all P € M; hence,
b(v,v) > codet(g;;) > coC™" >0,
where (5.9) is used. Write wp = (v/=1/2)gg ;5dv" A dv?. Then,
9.5 =01 0yiOpib — b 20,:ib Db
satisfies that

C(co,n C(n,co, K1, K2
(5.10) (98,i7) < T(Tﬁ)(fsij) < (T“)(gﬁ),
by ([E9) again, and that
C(n,co)

LY gon = B et e VA
0y 059,43 | < r2n2+|pl+ v

This proves that wg has bounded geometry. The desired inequality (5.8) (or equiv-
alently, tr, wy < C') follows from (B.I0). O

Note that the hypothesis B > cow™ in Lemma is guaranteed by the left
inequality in Theorem H ([I1]), whose local version is contained in [SY77, p. 248,
line -4]. Thus, Theorem [6] follows from the left inequality of (II]) and Lemma

Remark 27. A consequence of Theorem [ is the following technical fact on the
L2-estimate, originally proposed (conjectured) by [GW79, p. 145] to show Con-
jecture Fix arbitrary « € M and n € T,M. For any ¢ € H with p(z) = 0,
define

where ¢ is locally represented by f(z)dz! A --- A dz™ near x. It is well-defined.
Denote

En(x) ={p € H;p(x) = 0,n(p) = 1}.

Corollary 28. Let (M,w) be a simply-connected complete Kihler manifold whose
sectional curvature is bounded between two negative constants —B and —A. Then,
there exists a constant C' > 0 depending only on dim M, A, and B, such that
min |¢|| >C foranyx e M, ne T.M.
pEE (@)
Corollary follows immediately from Lemma 8.17 (A) and Lemma 8.19 in
[GWT9] and Theorem

Remark 29. Theorem [0 can also be compared with a different direction, proposed
by the second author, concerning the asymptotic behavior of the Bergman metric
on the higher multiple m K, of the canonical bundle for large m. The difference
lies not only in the fact that M is noncompact here, but also the situation that one
has to consider all terms for the case m = 1, rather than the leading order terms
for the case m — +o0.
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6. KAHLER-EINSTEIN METRIC AND HOLOMORPHIC CURVATURE

The goal of this section is to prove Theorem Bl We shall use the continuity
method (Lemma BI]). Theorem Bl follows immediately from Lemmas [I3] and BTl

The proof of Lemma[3T] differs from that of Cheng-Yau [CY80] and others mainly
in the complex Monge-Ampere-type equation. The equation used here is inspired
by the authors’ work [WY16a]. This new equation is well adapted to the negative
holomorphic sectional curvature and the Schwarz-type lemma.

As in Cheng-Yau [CY80], we define the Holder space C*®(M) based on the quasi-
coordinates. Let (M, w) be a complete Kéhler manifold of quasi-bounded geometry,
and let {V;,1;}52, be a family of quasi-coordinate chats in M such that

j=1
M =[] w;(V;).
i>1

Let k € Z>¢ and 0 < a < 1. For a smooth function f on M, define
| flek.e (ary = sup (|1/Jff|ckwa(vj))7
j>1

where | - |cra(v;) is the usual Holder norm on V; C C". Then, we define C** (M)
to be the completion of {f € C°(M);|f|cr.e(ar) < +00} with respect to |- |ck.a(ar)-

Lemma 30. Let (M,w) be an n-dimensional complete Kdihler manifold of quasi-
bounded geometry, and let C**(M) be an associated Hélder space. For any function
f € Cka(M), there exists a unique solution u € C*+22(M) satisfying

(w + dd°u)"™ = e"TTwn,

Clw<w+ddu< Cuw,

on M. Here the constant C > 1 depends only on infy; f, sup,, f, infar(Anf), n,
and w, i which A, f denotes the Laplacian of f with respect to w.

The proof of Lemma B0 follows from [CY80, p. 524, Theorem 4.4], with their
bounded geometry replaced by the quasi-bounded geometry, which is used in the
openness argument, and the bootstrap argument from the third order estimate to
CFe(M) estimate.

Lemma 31. Let (M,w) be an n-dimensional complete Kahler manifold such that
H(w) < —k1 <0

for some constant k1 > 0. Assume that for each integer ¢ > 0, the curvature tensor
Ry, of w satisfying

(6.1) sup |VIR,| < B,
zeM

for some constant By > 0, where V¢ denotes the qth covariant derivative with
respect to w. Then, there exists a smooth function uw on M such that wgxg =
dd®logw™ + ddu is the unique Kdhler-Einstein metric with Ricci curvature equal
to —1, and satisfies

(6.2) C 'w < wkg < Cw,

where the constant C' > 0 depends only on n and w. Furthermore, the curvature
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tensor Ry ke of wkr and its qth covariant derivative satisfies

sup ViR xr| < Cy
xeEM

for some constant C, depending only on n, and By, ..., B,.

Proof. By hypothesis ([6.1)) and Theorem [, the complete manifold (M, w) has quasi-
bounded geometry. Denote by C*®(M) the associated Hélder space, k > 0, 0 <
a <1

Consider the Monge-Ampere equation
{ (tw + dd°log w" + dd°u)™ = e“w",

(MA)t —1 c n 4
¢ w<tw+dd°logw" + dd°u < ¢t w,

on M with ¢ > 0, where the constant ¢; > 1 may depend on ¢. First, we claim that
for a sufficiently large ¢, |(MA),| has a smooth solution u such that
(6.3) Clw < tw+ dd°logw™ + dd°u < Cw on M,

where C > 0 is a constant depending only on n and w. To see this, note that
—dd®logw™ is precisely the Ricci curvature of w. By (6] the curvature tensor of
w is bounded; then, for an arbitrary ¢; > y/nBg,
tiw > —dd°logw™ on M.
It follows that
tw + dd°logw™ > tyw for all t > 2t; > 0.

This implies that tw + dd® log w™ defines a complete Kahler metric on M; moreover,
since w is of quasi-bounded geometry, so is tw+dd¢ logw™ for t > 2t;. In particular,
wn
(tw + dd¢ log wm)™
It then follows from Lemma [30] that for ¢ > 2t1, equation

(tw 4 dd®logw™ 4 dd°u)"™ = " (tw + dd° logw™)"

admits a solution u € C*+2%(M) for all k > 0 and 0 < a < 1 and satisfies (6.3).
This proves the claim.
Let

T = {t € [0,2t1]; system [[MA),] admits a solution u € C¥T2(M)}.
Then T is nonempty, since 2t; € T. We would like to show T is open in [0, 2¢1]. Let
to € T with uy, € C¥2(M) satisfying (MA);,. The linearization of the operator
(tw + dd€log w™ + ddv)™
wn
with respect to v at t = to, v = uy, is given by

F =log eCh(M) forallk>0,0<a< 1.

M(t,v) = log

M, (to, ugy)h = C%M(to, Uty + sh) = (A, — 1)h.
s=0
Here A, denotes the Laplacian with respect to metric w;, = tow + dd°logw™ +
dd“uy,. Note that c; 'w < wyy < egpw. In particular, wy, is complete. Further-
more, wy, has quasi-bounded geometry up to order (k,«), that is, wy, has quasi-
coordinates satisfying (2.1)), and (2.2) with the norm |- |z gy replaced by |- |ck.a -
Then, Ay, —1: C¥29(M) — Ck*(M) is a linear isomorphism, which follows from
the same process as that in [CY80, pp. 520-521], with their bounded geometry
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replaced by the quasi-bounded geometry. Thus, T' is open, by the standard implicit
function theorem.

To show T is closed, we shall derive the a priori estimates. Applying the
arithmetic-geometry mean inequality to the equation in yields

net/™ <nt—s,+A,u<C+ Ayu,

where s, = —tr, dd°logw™ is precisely the scalar curvature of w. Henceforth,
we denote by C and C; generic positive constants depending only on n and w.
Applying the second author’s generalized maximum principle (see, for example,

[CY80l Proposition 1.6]) yields

(6.4) supu < C.
M
Next, observe that |(MA),| implies
(6.5) Ric(wt) = —dd°logwy’ = —wy + tw,

where w; = tw + ddlogw™ + dd°u > 0. Applying [WY16a, Proposition 9] with
w' = w; yields

1 t
Allog S > [M—k—]S—l,
2n n
where S = tr,, w. Again by the second author’s generalized maximum principle,
2n
6.6 supS < ———.
(60 I T

Combining (64]) and (66) yields the estimates of u up to the complex second order

(cf. [WY16a[WY16h]). In fact, by (6.0),

_u_ (W" o < S < 2
©cr= (@) “n = (n+ )k
This implies
(n+ 1)K
—
Moreover, by ([6:4) we have sup(w}’/w™) < C. This together with (6.6]) implies

try, wy < n(ﬁ)n_l <£) <.

n wn/ =

infu>-nl
1]1{1/Iu_ nlog

Hence, A,u < C and

(n+ 1)Ky
2n

One can apply [Yau78c, pp. 360, 403-406] to the third order term

(6.7) w < wp < (trywy)w < Cw.

1T 18§ 1kt

E= 954909979
to get
A (Z+CALu) > C(E+ CALu) — Oy,
where 923 is the metric component of w; and the subscript ;& in 9;3;1@ denotes

the covariant derivative along 9/9z* with respect to w. Thus, sup,,; = < C by
the second author’s generalized maximum principle. Now applying the standard

bootstrap argument (see [Yau78c, p. 363]) to the equation in|(MA),| with the quasi-
local coordinate charts yields ||ul|ck+2,0(ary < C. The desired closedness of T' then

follows immediately from the standard Ascoli-Arzela theorem and (G.7).
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Hence, we have proven t = 0 € T with u € C**(M). Then, formula (6.5) tells us
that dd°logw™ + dd°u is the Kahler-Einstein metric. The uniform equivalence (6.2))
and boundedness of covariant derivatives of its curvature tensor follow immediately
from the above uniform estimates on u. The uniqueness of a complete Kéahler-
Einstein metric of negative curvature follows immediately from the second author’s
Schwarz Lemma ([Yau78al, Theorem 3]; see also [CY80, Proposition 5.5]). O
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