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Abstract. Let k be the algebraic closure of a finite field of odd characteristic p, and X a smooth
projective scheme over the Witt ring W (k) which is geometrically connected in characteristic zero.
We introduce the notion of Higgs—de Rham ﬂowl and prove that the category of periodic Higgs-
de Rham flows over X/ W (k) is equivalent to the category of Fontaine modules, hence further
equivalent to the category of crystalline representations of the étale fundamental group 7| (Xg) of
the generic fiber of X, after Fontaine—Laffaille and Faltings, where K is the fraction field of W (k).
Moreover, we prove that every semistable Higgs bundle over the special fiber X} of X of rank < p
initiates a semistable Higgs—de Rham flow and thus those of rank < p — 1 with trivial Chern classes
induce k-representations of 71 (X g ). A fundamental construction in this paper is the inverse Cartier
transform over a truncated Witt ring. In characteristic p, it was constructed by Ogus—Vologodsky
in the nonabelian Hodge theory in positive characteristic; in the affine local case, our construction
is related to the local Ogus—Vologodsky correspondence of Shiho.
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1 Higgs—de Rham flow was called Higgs—de Rham sequence in [17]. The change has been made
because of its analogue to the notion of Yang—Mills—Higgs flow over C.
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1. Introduction

Let k be the algebraic closure of a finite field of odd characteristic p, W := W (k) the
ring of Witt vectors and K its fraction field. Let X be a smooth projective scheme over
W which is geometrically connected in characteristic zero. The paper aims to establish a
correspondence between certain Higgs bundles over X with trivial Chern classes which
are stable over its special fiber X := X xy k and certain integral crystalline representa-
tions which are absolutely irreducible modulo p of the étale fundamental group 7 (Xk)
of the generic fiber Xx := X xw K.

Inspired by the complex analytic theory of Simpson [32], Ogus and Vologodsky [26]
established the nonabelian Hodge theorem in positive characteristic, that is, an equiv-
alence of categories between the category of certain nilpotent Higgs modules and the
category of certain nilpotent flat modules over a smooth variety over k which is W5 (k)-
liftable (chark = 2 is also allowed). This equivalence generalizes both the classical
Cartier descent theorem and the relation between a strict p-torsion Fontaine module and
the associated graded Higgs module. Compared with the complex theory, an obvious dis-
tinction is that the semistability condition on Higgs modules does not play any role in
Ogus—Vologodsky’s correspondence. In the meantime, Faltings and others attempted to
establish an analogue of Simpson’s theory for varieties over p-adic fields. In [6], Faltings
established an equivalence of categories between the category of generalized representa-
tions of the geometric fundamental group and the category of Higgs bundles over a p-adic
curve, which generalizes the earlier work of Deninger—Werner [2] on a partial p-adic ana-
logue of Narasimhan—Seshadri theory. However, the major problem concerning the role
of semistability remains open; Faltings asked whether semistable Higgs bundles of de-
gree zero come from genuine representations instead of merely generalized ones. We will
address the semistability condition in this paper.

Recall that when X is a complex smooth projective variety, such a correspondence
was established first by Hitchin [10] for polystable Higgs bundles over a smooth projec-
tive curve and then by Simpson [31] in general. The key step in the Hitchin—Simpson cor-
respondence, as one may see in the following diagram, is to solve the Yang—Mills—Higgs
equation and obtain a correspondence from graded Higgs bundles to polarized complex
variations of Hodge structure over X.

{(H,V,Fil,®)/X }

Solution of
Yang-Mills-Higgs
Riemann-Hilbert equation by
correspondence Grrit Hitchin and Simpson

Hitchin—Simpson i,j ded
. _top correspondence (@iJrj:" E%J,0)/X | agrade
{ pim (X, x) — GL(O) al  COTORICAE , o o¢ bundle with ¢; = 0 for

i > 0 and polystable

representation of Hodge type

The notion of polarized Z-variation of Hodge structure (H, V, Fil, ®) was introduced
by P. Griffiths [9], and later generalized to polarized C-variation of Hodge structure by
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P. Deligne [1], where (H, V) is a flat bundle with a Hodge filtration, ® is a polarization
which is horizontal with respect to V and satisfies the Riemann—Hodge bilinear relations;
(®i+j:n E'J,0) denotes a graded Higgs bundle, where 6 is a direct sum of Oy-linear
morphisms 6/ : EiJ — EI-Litl @ Qyand 6 A6 = 0.

We return to the p-adic case. A good p-adic analogue of the category of polarized
complex variations of Hodge structure is the category MF [Vo,w] (X/W) (w < p—1)intro-
duced first by Fontaine—Laffaille [7] for X = Spec W and later generalized by Faltings
[4, Chapter II] to the general case. An object in that category, called a Fontaine module, is
also a quadruple (H, V, Fil, ), where (H, V) is a flat bundle over X, by which we mean
a locally free Ox-module H of finite rank, equipped with an integrable W-connection V,
Fil is a Hodge filtration, and & is a relative Frobenius which is horizontal with respect to V
and satisfies some compatibility and strong p-divisibility conditions. The latter condition
is a p-adic analogue of the Riemann—Hodge bilinear relations. See §2 for more details.
Fontaine—Laffaille in the X = Spec W case and Faltings in the general case proved that
there exists a fully faithful functor from the category MF, 0.w] (X/W) (w < p—2)tothe
category of crystalline representations of m1(Xg), i.e. a p-adic Riemann—Hilbert corre-
spondence. Our objective is to establish a p-adic analogue of the Higgs correspondence
from a certain category of graded Higgs modules with trivial Chern classes to the category
of Fontaine modules. Our results are encoded in the following big diagram:

Higgs corres-
ondence

MFV ](X/ w) &8 {Periodic Higgs—de Rham flow}

AN
Fontaine-Laffaille—Faltings
correspondence Grpy

0: ﬂl(XK)_)GL(Zﬂ) {(@Hr] wEll 0)/ X |

{p a crystalline representanon a graded Higgs module with
¢j = 0fori > 0 and semistable

As seen from the above diagram, the central notion in our theory is Higgs—de Rham
flow (especially the periodic one), which can be viewed as an analogue of Yang—Mills—
Higgs flow. To define a Higgs—de Rham flow over X,, := X ® Z/p"Z for all n € N, the
key ingredient is the inverse Cartier transform C, Vover W, := W ® Z/p"Z (see Def-
inition 5.1). It is built upon the seminal work of Ogus—Vologodsky [26]. They construct
the inverse Cartier transform from the category of (suitably nilpotent) Higgs modules over
X g = X1 x f, Spec k to the category of (suitably nilpotent) flat modules over X . However,
over a general smooth scheme X’ over W,,, n > 2, our lifting of inverse Cartier transform
operates not on the whole category of (suitably nilpotent) Higgs modules, but on a cate-
gory which is over a subcategory of graded Higgs modules (over a proper scheme, there
is a restriction on the Chern classes of Higgs modules). More details about the category
will be given below. In comparison with the construction of Shiho [30], one finds that the
existence of a Frobenius lifting over a chosen lifting of X" over W, ;| is not assumed in

our construction. On the other hand, we do not know whether the functor C,; Lis fully
faithful for a proper W,-scheme when n > 2.




3056 Guitang Lan et al.

The Higgs correspondence is established in an inductive way. That is, we shall first
define the notion of a Higgs—de Rham flow in characteristic p and then establish the
Higgs correspondence for the periodic flows. This is the first step. In this step, we need
only assume that the scheme X; is smooth over k and W-liftable. A choice of such
a lifting does matter in the theory. Let us choose and fix a lifting X,/ W5. Let S, =
Spec W, and Fs, : S, — S, be the Frobenius automorphism. Set Xé = Xo X Fs, S,
which is a W-lifting of X| = X X Fs, S1. Let (X, S) = (X1/k, X,/ W») and C)_(}S the
inverse Cartier transform of Ogus—Vologodsky [26] which restricts to an equivalence of
categories from the full subcategory HIG,_1(X ) of nilpotent Higgs modules of exponent
< p—1to the full subcategory MIC,_1(X1) of nilpotent flat modules of exponent < p—1.
See also our previous work [16] for an alternative approach via exponential twisting to
Ogus—Vologodsky theory over these subcategories. Let 7 : X| — X be the base change
of Fg, to X1. From the geometric point of view, it is more natural to make all terms
in a flow defined over the same base scheme. So, instead of using C;/ 5> We take the

composite functor Cl_1 = C;/S om™ o from HIG, 1(X1) to MIC,_1(X1), where ¢ is
an automorphism of the category HIG,—1(X1) defined by sending (E, 6) to (E, —6). The
reader is advised to take caution concerning this point. For a flat module (H, V) over X7,
a Griffiths transverse filtration Fil of level w > 0 on (H, V) is defined to be a finite
exhaustive decreasing filtration of H by Ox,-submodules,

H=Fil® > Fil' 5. > Fil* > Fil**' =0,

such that its grading €p; Fil ! JFil'*! is torsion-free and Fil obeys Griffiths’ transversality

V(Fil')y C Fil ' ® Qx, k1 <i <w.
The triple (H, V, Fil) is called a de Rham module. By taking the grading with respect to
the filtration Fil, to every de Rham modqle (H ,'V, Fil)_ one can canonically associate_a
graded Higgs module (E, 0) := (p; Fil' JFil' ™+, @, Vi), where the Oy, -morphism V;
is induced from V,

Vi Fil' JFil'™ — (Fil' "' Fil") ® Qx, k.
Definition 1.1. A Higgs—de Rham flow over X is a diagram of the form

(Ho, Vo) (Hy, V1)

(Eo, 6o) (Eq1,601)

where (Ey, 6p) € HIG,-1(X1), Fil;,i > 0, is a Griffiths transverse filtration on the flat
module (H;, V;) := Cl_l(Ei, 0;) oflevel < p—1, and (E;, 6;),i > 1, is the graded Higgs
module associated to the de Rham module (H;_1, V;_1, Fil;_1).
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If the filtrations Fil;,i > 0, in the definition are all of level < w (w < p — 1),
the flow is said to be a Higgs—de Rham flow of level < w. For a graded torsion-free
Higgs module (E = P, E',0) € HIG,_1(X1) (where & : E' — E'™' ® Qx, /1),
there is a natural Griffiths transverse filtration on (H, V) := C° ! (E, ), which is actually
nontrivial in general. Since the filtration {E; := @, _; E'}; of E is f-invariant, and since

Cl_1 is an exact functor, {(H;, V|) = Cl_l(El, 0)}; is naturally a filtration of (H, V)
and it is Griffiths transverse. But since { H;}; is V-invariant, the associated graded Higgs
module has always the zero Higgs field. It is important to observe that there exist other
nontrivial Griffiths transverse filtrations: the Hodge filtration in the geometric case (i.e.
the strict p-torsion Fontaine modules) and the Simpson filtration in the V-semistable case
(see Theorem A.4).

A Higgs—de Rham flow is said to be periodic if there exists an isomorphism ¢ :
(Ef,0f) = (Eo, 6p) of graded Higgs modules (an explicit ¢ is a part of the definition); it
is said to be preperiodic if it becomes periodic after removing the first few terms. A Higgs
module (E,8) € HIG,_1(Xy) is said to be (pre)periodic if it initiates a (pre)periodic
Higgs—de Rham flow. The reader is referred to Definition 3.1 for a precise definition. One
may visualize a periodic Higgs—de Rham flow of period f via the following diagram:

(Ho, Vo) (Hf—1,Vyr-1)

(Eo, 60) (Efr,0f)

<

Theorem 1.2 (Theorem 3.2). Let X, be a smooth scheme over W,. Let w be an integer
between 0 and p — 1. For each f € N, there is an equivalence of categories between the
full subcategory of strict p-torsion Fontaine modules over X,/ Wy of Hodge—Tate weight
< w with endomorphism structure ¥,y and the category of periodic Higgs—de Rham flows
over the special fiber X1 of level < w and whose periods are f.

Next, we construct a lifting to W,,n € N, of the inverse Cartier transform of Ogus—
Vologodsky [26] restricted to the full subcategory HIG, »(X)). Let X, be a smooth
scheme over W,. We introduce a category H (X)), where X, = X, X Fs, Xn> whose
object is a tuple (E, 6, H,V, Fil, 1&), where (E, 0) is a nilpotent graded Higgs module
over X,/1 of exponent < p — 2, (ﬁ, Vv, F_il) is a de Rham module over X,’l_l, and 1} is an
isomorphism of graded Higgs modules Grz;(H, V) = (E,0) ® Z/p"~'Z. For n = 1,
such a tuple is reduced to a nilpotent graded Higgs module over X/ of exponent < p — 2,
and therefore H (X ’1) is just the full subcategory HIG, (X ’1).

Theorem 1.3 (Theorem 4.1). Assume X, is Wy 1-liftable. There exists a functor C, !
from the category H (X)) to the category MIC(X,) of flat modules over X, such that
cllifts Cn__ll and Cl_1 agrees with the inverse Cartier transform C;_YI/S of Ogus—
Vologodsky [26].
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Relying on the existence of an inverse Cartier transform over W,,, we define inductively a
periodic Higgs—de Rham flow over X,,/ W, for an arbitrary n (Definition 5.2) and estab-
lish the Higgs correspondence over W, (Theorem 5.3). Passing to the limit, we obtain the
p-torsion-free analogue of Theorem 1.2:

Theorem 1.4. Let X be a smooth scheme over W. For each integer 0 < w < p — 2 and
each f € N, there is an equivalence of categories between the category of p-torsion-free
Fontaine modules over X/ W of Hodge—Tate weight < m with endomorphism structure
W(F,s) and the category of periodic Higgs—de Rham flows over X of level < w and
whose periods are f.

The above theorem (and its p-torsion version) and the Fontaine—Laffaille—Faltings corre-
spondence (and its p-torsion version, see Theorem 2.3) together constitute a p-adic (and
p-torsion) version of the Hitchin—Simpson correspondence. This correspondence can be
regarded as a global and higher Hodge-Tate weight generalization of the Katz corre-
spondence on unit-root F-crystals. Using this correspondence, we construct a p-divisible
group with isomorphic Kodaira—Spencer map over W and over the Serre—Tate lifting of
an ordinary Abelian variety over k (see Example 5.8).

Now, we shall bring the semistability condition on Higgs modules into consideration,
and explain our results along the vertical dotted line in the above big diagram. For a
smooth projective variety X over k of positive dimension, we choose (and fix) an ample
divisor Z; of Xi. Let us consider the (u-)semistability for a Higgs module (E, 6) over
X with respect to the pz,-slope

1z, (E) = c1(E)Z{™ ™! rank (E).
The slope of a torsion O, -module is set to be infinity. Our first result is

Theorem 1.5 (Theorem 6.6, Theorem A.1). With notation as above, assume addition-
ally that X1 is Wy-liftable. Let (E, 0) be a torsion-free nilpotent Higgs module over X1 of
exponent < p — 1. Supposerank E < p and ¢;(E) = 0,1 > 0. Then (E, 0) is semistable
if and only if it is preperiodic.

As a consequence, we obtain

Corollary 1.6 (Theorem 6.7). Let X/W be a smooth projective scheme over W. For
each nilpotent semistable Higgs bundle (E,0) over X; with rankE < p — 1 and
¢Gi(E) = 0,i > 0, there a unique rank E-dimensional crystalline k-representation of
m1(Xk) up to isomorphism.

The stronger rank condition in the above corollary results from the application of the
Fontaine—Laffaille—Faltings correspondence.

If we try to lift the previous result to the mixed characteristic situation, a nontriv-
ial obstruction occurs, namely the lifting of a Griffiths transverse filtration in positive
characteristic to a truncated Witt ring, which prevents us from a direct generalization of
Corollary 1.6 to the mixed characteristic case. It turns out that in order to kill the obstruc-
tion, one is led to various ordinary conditions on the base varieties. By working on this
problem for a very simple kind of rank two Higgs bundles of degree zero (the so-called
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Higgs bundle with maximal Higgs field) over a curve, we have found a p-adic analogue
of the Hitchin—Simpson uniformization of hyperbolic curves which intimately relates the
above theory to the theory of ordinary curves due to S. Mochizuki [24]. In particular, the
canonical lifting theorem of Mochizuki for ordinary curves has been basically recovered
in our recent work [15].

Stability, rather than merely semistability, on periodic Higgs bundles over k makes the
choices involved in Higgs—de Rham flows basically unique. By the unicity of one-periodic
Higgs—de Rham flow initializing a stable Higgs bundle (Propositions 7.2 and 7.5), one is
able to identify the category of one-periodic stable Higgs modules with a full subcategory
of the category of periodic Higgs—de Rham flows. Combined with this unicity, the Higgs
correspondence implies the following rigidity result for Fontaine modules.

Theorem 1.7 (Corollary 7.6). Let X/ W be a smooth projective scheme. Moreover, let
(H;, Vi, Fil;, ®;), i = 1,2, be two p-torsion-free Fontaine modules over X/ W, and
(Ei, 6;) the associated graded Higgs modules. If (E;, 0;) are isomorphic as graded Higgs
modules and additionally are Higgs stable modulo p, then (H;, V;, Fil;, ®;), i = 1,2,
are isomorphic.

Our final result is the following correspondence. An [F,-representation o of 7y is said to
be absolutely irreducible if p ® k is irreducible.

Theorem 1.8 (Corollary 7.7). With notation as above, there is an equivalence of cate-
gories between the category of crystalline Z,- (vesp. 7./ p" Z-) representations of w1 (X k)
with Hodge—Tate weight < p — 2 whose mod p reduction is absolutely irreducible and
the category of one-periodic Higgs bundles over X/ W (resp. X,/ W, ) whose exponent is
< p — 2 and whose mod p reduction is stable.

In the study of Hitchin—Simpson correspondence, one usually concentrates on the sub-
category of Higgs bundles with trivial Chern classes. However, the theory developed in
this paper turns out to be also useful in the study of Higgs bundles with nontrivial Chern
classes. This has been beautifully demonstrated in the recent work [22] of A. Langer on
a purely algebraic proof of the Bogomolov—Giesecker inequality for semistable Higgs
bundles in the complex case [31, Proposition 3.4] and the Miyaoka—Yau inequality for
Chern numbers of complex algebraic surfaces of general type. In his work, the notion
of (semistable) Higgs—de Rham flow in characteristic p has played a similar role to the
Yang—Mills—Higgs flow over the field of complex numbers.

Our paper basically consists of two parts: Sections 2—5 are devoted to the theory of the
Higgs correspondence between the category of p-torsion Fontaine modules with extra en-
domorphism structures and the category of periodic Higgs—de Rham flows; Sections 67
and the appendix aim at applications to produce representations of 71 from (semi-)stable
Higgs bundles. In more detail, in Section 2 we recall the basics of the theory of Fontaine
modules; in Section 3, we introduce the notion of a Higgs—de Rham flow in positive char-
acteristic and establish the Higgs correspondence in positive characteristic; in Section 4,
we construct a lifting of the inverse Cartier transform of Ogus—Vologodsky over an arbi-
trary truncated Witt ring; in Section 5, we establish the Higgs correspondence over an ar-
bitrary truncated ring; in Section 6, we introduce the notion of a strongly semistable Higgs
module and show that a strongly semistable Higgs module with trivial Chern classes is
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preperiodic and vice versa, and consequently we produce crystalline representations of
the algebraic fundamental groups of the generic fiber with k-coefficients from semistable
nilpotent Higgs bundles of small ranks over the closed fiber with trivial Chern classes;
in Section 7, we prove a rigidity theorem for Fontaine modules whose associated graded
Higgs modules are mod p stable; in the Appendix, we prove (jointly with Y.-H. Yang)
that every semistable Higgs module of small rank is strongly semistable, thus partially
verifying a conjecture in the first version of the paper [17].

2. Preliminaries on Fontaine modules

The category of Fontaine modules, as introduced by G. Fatlings [4], originates from num-
ber theory. In the seminal paper [7], Fontaine and Laffaille introduced the category MF/-4
(resp. MF ‘g;’rq ) of strongly divisible filtered modules over W (resp. of finite length) and
constructed an exact and faithful contravariant functor from the previous category to the
category of representations of the Galois group of the local field K (resp. of finite length).
A representation lying in the image of that functor is said to be crystalline. The signifi-
cance of the above category, as shown in another seminal paper [8] by Fontaine—Messing,
is due to the fact that the crystalline cohomology of many proper algebraic varieties over
W lies in that category. In the above cited paper, Faltings generalized both results to a ge-
ometric base (see also [5] for the generalization to the semistable reduction case and the
case of a very ramified base ring). For us, that category plays the role connecting a certain
category of p-adic Higgs modules with a certain category of p-adic representations of
algebraic fundamental groups. From the point of view of nonabelian Hodge theory, this
category is a nice p-adic analogue of polarized complex variations of Hodge structure, a
special but important class of so-called harmonic bundles. One of principal aims of this
paper is to establish a correspondence between the category of Fontaine modules and the
category of one-periodic Higgs—de Rham flows, in both positive and mixed characteris-
tics. This section is devoted to a brief exposition of the former category and related known
results.

Remark 2.1. We remind the reader of the category of F-T-crystals developed in the
monograph [25], which is also a p-adic analogue of the category of complex variations of
Hodge structure (with no emphasis on polarization). This category of crystals is intimately
related to the category of Fontaine modules (see particularly [25, Proposition 5.3.9]). It
would be interesting to relate it to a category of Higgs modules. This task has not been
touched upon in this paper.

For clarity, we start with p-torsion-free Fontaine modules. Our exposition is based on
[4, Ch. II] and [5, §3]. Let X be a smooth W-scheme. For an affine subset U C X flat
over W, there exists a (nonunique) absolute Frobenius lifting F}; on its p-adic comple-

tion U. An object in the category MF[VO’w] (l7) is a quadruple (H, V, Fil, @Fﬁ), where

(i) (H, Fil) is a filtered-free O;-module with a basis e; of Fil',0<i <w.
(ii) V is an integrable connection on H satisfying the Griffiths transversality:

V(Fil') C Fil'"' ® Q.
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(iii) The relative Frobenius is an O -linear morphism @ Fy o F ZH — H with the strong
p-divisibility property: ® r, (F}Fil') C p'H and

w @FO(F;;Fili)

Y — Y —==H 2.1.1)

i=0 p'

(iv) The relative Frobenius & F, is horizontal with respect to the connection Fli;V on
Fli;H and V on H.

The filtered-freeness in (i) means that the filtration Fi/ on H has a splitting such that each
Fil' is a direct sum of several copies of Op. Equivalently, Fil is a finite exhaustive de-
creasing filtration of free Op-submodules which is split. The pull-back connection F;J‘V

on F li;H is defined by the formula

FrV(f @) =df ®e+ f-@F; @ DA®V(@), Oy ecHl.
The horizontality condition (iv) is expressed by the commutativity of the diagram

®r
FftH—+—— H
U

%
dr,. ®Id

U
FIH®Q; ——— HRQ

As there is no canonical Frobenius liftings on U , one has to know how the relative Frobe-
nius changes under another Frobenius lifting. This is expressed by a Taylor formula. Let
U= SpfR and F : R — R be an absolute Frobenius lifting. Choose étale local co-
ordinates {t1, ..., ty} of U (that is, fix an étale map U — Spec(W[t1, ..., 14])). Let R/
be any p-adically complete, p-torsion-free W-algebra, equipped with a Frobenius lifting
F’ : R — R’ and a morphism of W-algebras ¢ : R — R’. Then the relative Frobenius
®p 2 F*(*H) — (*H is the composite

¢ P
F*C"H = *F*H —5 *H,

where the isomorphism « is given by the formula

Z
il

ae@1) =) Vi) ®

Herei = (i, ..., iq) is a multi-index, and z2 = z{' - - 2f withz; = F'o1(t;) — 1o F (1)),
l<i<d,andV; =V, ...V,
9 & .

LetU = {U,}ics be an open affine covering of X over W. For each i, let F/ 0, be an ab-

solute Frobenius lifting over U,-. Then, in view of [4, Theorem 2.3], when w < p — 1, the
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local categories {MF [Vo’w](lji)}ie 1 glue into the category MF [Vo,w](X ). Its object is called
a Fontaine module over X/ W, and will be denoted again by a quadruple (H, V, Fil, ®),
although the relative Frobenius & is only locally defined and depends on a choice of ab-
solute Frobenius lifting locally. For an open affine U together with an absolute Frobenius
lifting Fy; over f/, the symbol CD(U,FLA/) means the evaluation of ® at (U, Fp).

Example 2.2. Let f : Y — X be a proper smooth morphism over W of relative dimen-
sion w < p—2 between smooth W-schemes. Assume that the relative Hodge cohomology
R f*Q{,, i + j = w, has no torsion. By [4, Theorem 6.2], the crystalline direct image
R" £, (Oy, d) is an object in MF[VO’w] (X/W).

The fundamental theorem of Fontaine—Laffaille (see [7, Theorem 3.3] for X = Spec W)
and Faltings (see [4, Theorem 2.6*]), which is a p-adic analogue of the Riemann—Hilbert
correspondence over C, reads:

Theorem 2.3 (Fontaine-Laffaille-Faltings correspondence). With notation as above,
assume furthermore X is proper over W and w < p — 2. There exists a fully faithful
contravariant functor D from the category MF, [Vo,w] (X/ W) to the category of étale local
systems over Xg.

The image of the functor D is called the crystalline sheaves of Hodge-Tate weight n
over X k. We remind the reader that the functor D in [4] is covariant and its image is
the category of dual crystalline sheaves. In the above theorem for torsion-free Fontaine
modules as well as its p-torsion analogue below, we actually use the dual of the functor D.

Variant 1: p-torsion. A p-torsion Fontaine module is defined in a similar way. In fact,
the previous category MF [Vo,w](X /W) is the p-adic limit of its torsion variant (see [4,
Ch. II, (c)—~(d)]). The major modification in the p-torsion case occurs in the definition
of strong p-divisibility. Note that (2.1.1) does not make sense in the p-torsion case. For
each natural number 7, a strict p"-torsion Fontaine module (H, V, Fil, ®) means the
following: H is a finitely generated Oy, -module; Fil is a finite exhaustive decreasing
filtration of Oy, -submodules on H satisfying Griffiths’ transversality with respect to an
integrable connection V; @ is strongly p-divisible, namely, the evaluation of ® at (U, F)
is an Oy, -isomorphism (U, := U ® Z/p"Z, Fy, := Fy ® Z/p"Z)

Dw,.ry,) ¢ F Hlu, = Hly,,

where H is the quotient ;" Fil !/~ with x ~ py for any x € Fil' and y the image of x
under the natural inclusion Fil' — Fil ’_1; the horizontality for ® is formulated as in the
nontorsion case, which means explicitly that the following diagram is commutative:

QW Fy,)

F} Hlu, Hly,

Fy, Vl lv
<I>(UnvFUn )®Id

F} Hly, ® Qu, ——— Hly, ® Qu,
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where j is the integrable p-connection (see Definition 4.4) over H induced by V
and F, 5nV is defined similarly to F;;V in the non-p-torsion case by replacing V resp.
dFy,
p
Let MF [VO’ win X /W) denote the category of strict p”-torsion Fontaine modules. The

Fontaine—Laffaille-Faltings correspondence as given above is achieved by taking the p-
adic limit of its p-torsion analogue.

dFy in the composite therein with V resp.

(see (4.15.1) for a local expression).

Remark 2.4. Using Fitting ideals, Faltings [4, Theorem 2.1] shows that (H, Fil) is in-
deed locally filtered-free. A slight generalization obtained by A. Ogus using a different
method is given in [25, Theorem 5.3.3]. Note also that in the definition of the category
MF [VO’ winX /W) one actually requires only the existence of a model X, 1 over W, ;1.
Although objects of this catedgFory are defined over X, the horizontality of the relative

Unt1

Frobenius uses the operator , where Fy, , is an absolute Frobenius lifting on an
open affine U, 11 C Xp+1. Also, the existence of X, is required for the sake of the
transition of two evaluations of the relative Frobenius via the Taylor formula. Therefore,
this category requires only the existence of a smooth W, -scheme X, 1. In this case,
we shall denote it by MF[V()’w] (Xn+1/Whs1)-

Variant 2: extra endomorphism. For our purposes, we need to introduce the category
MF [VO’ wl. f(X /W) of Fontaine modules with endomorphism structure W(IFP r) for each
f € N. It consists of 5-tuples (H, V, Fil, ®, ), where (H, V, Fil, D) is a torsion-free
Fontaine module and

L W(F,s) < Endyp(H, V., Fil, ®)

is an embedding of Z,-algebras. A morphism of this category is a morphism in
MF [Vo’w] (X/ W) respecting the endomorphism structure ¢. Clearly, the category for f = 1
is nothing but the category of Fontaine modules. We introduce similarly its p-torsion
counterpart MF[VO,w],n, f-(X/ W) (and MF[VO’w]’ f-(Xn+1 / Wy+1)), where the extra endomor-
phism structure is given by an embedding of Z/ p”" Z-algebras:

t:Wy(¥,r) = Endyr(H, V, Fil, ).

3. Higgs correspondence in positive characteristic

Let us begin with the definitions of a (pre)periodic Higgs—de Rham flow and a
(pre)periodic Higgs module. Let X be a smooth variety over k and X, a W»-lifting of X;.

Definition 3.1. A preperiodic Higgs—de Rham flow over X| (with respect to the given
Wh-lifting X») is a tuple (E, 0, Fily, ..., Fil.xy_1,¢), where ¢ > O and f > 1 are
integers, (E, 6) is a Higgs module in the category HIG,_1(X1), Fil;,0 <i <e+ f — 1,
is a Griffiths transverse filtration on Cl_l(Ei, 6;) where (Eg, 6y) = (E, 0) and

(Ei, 6;) :=Grpy;_ (Hi—1,Vi—1), 1<i<e+f,
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is inductively defined, and ¢ is an isomorphism of graded Higgs modules
(Ee+f: ee+f) = (Ee, 6.).

It is said to be periodic of period f (or f-periodic) if the integer e above is zero. The
(Ei, 0;)s (resp. (H;, V;)s) are called the Higgs (resp. de Rham) terms of the flow. A Higgs
module (E, 0) over X is said to be (pre)periodic if there exists a (pre)periodic Higgs—de
Rham flow with leading Higgs term (E, 0).

One can complete a preperiodic Higgs—de Rham flow over X to a Higgs—de Rham flow
in a natural way: note that the isomorphism ¢ induces the isomorphism

CrU@) : CT N (Eeity 0oy p) = Cr N (Ee, 6,),

and therefore one naturally obtains the filtration Filo1 f on C|° ! (Eeq £, 0cqr) by pulling
back Fil, via this isomorphism.

This section aims to establish the Higgs correspondence between the category
of periodic Higgs—de Rham flows over X; and the category of strict p-torsion
Fontaine modules with extra endomorphism structure. Let us introduce the category
HDF, r(X2/W>) as follows: its object is given by a periodic Higgs—de Rham flow
(E, 0, Fily, Fily, ..., Fily_1, ¢) over X such that each filtration Fil; is of level < w. Note
that (E, 6) in a periodic Higgs—de Rham must be a graded Higgs module. A morphism
between two objects is a morphism of graded Higgs modules respecting the additional
structures. As an illustration, we explain a morphism in the category HDF, 1(X2/ W2)
of one-periodic Higgs—de Rham flows in detail. Let (E;, 6;, Fil;, ¢;), i = 1,2, be two
objects in the category. Then a morphism

[ (B 01, Filh, 1) — (Ez, 02, Fila, ¢2)
is given by a morphism of graded Higgs modules
f i (Er, 01) — (E2,02)
such that the induced morphism of flat modules (by the functoriality of C° b
Cri(f) : €N (EL 0) — €1 (B2, 6)

preserves the filtrations, and moreover the induced morphism of graded Higgs modules is
compatible with ¢s, that is, the following diagram of natural morphisms commutes:

_ ¢
Grpy, C YE, 0) —— (E1,61)

GrCl‘l(f)l lf

_ [
Grp, C| YEa, 60) —2— (Ez,02)

Recall that MF [VO ] f(Xz / W>) is the category of strict p-torsion Fontaine modules with
extra endomorphism I, . The Higgs correspondence in positive characteristic is the fol-
lowing
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Theorem 3.2. With notation as above, let w < p — 1 and f be a natural number. Then
there is an equivalence of categories between MF[V0 wl, f (X2/ W) and HDF , (X2 /W>).

We take an open covering {U;} of X»>/ W, consisting of open affine subsets which are
smooth over W, together with an absolute Frobenius lifting Fy, on each U;. Reducing
modulo p, one obtains an open affine covering {U; 1} for X|. We show first a special case
of the theorem, namely the case f = 1.

Proposition 3.3. There is an equivalence of categories between the category of strict p-
torsion Fontaine modules and the category of one-periodic Higgs—de Rham flows over X 1.

For simplicity, we write MF for MF[VO’w]’1 (X2/W>) and HDF for HDF,, 1(X2/ W>). In
the following paragraph, we shall construct two functors

GR : MF — HDF, 1IC:HDF — MF,

and then show they are quasi-inverse to each other. For an (H, V, Fil, ®) € MF, let
(E,0) := Grp(H, V) be the associated graded Higgs module. The following lemma
gives the first functor.

Lemma 3.4. There is a filtration Filexp on C| Y(E,0) together with an isomorphism of
graded Higgs modules

Gexp : Gt (Cy ' (E. 0) = (E. 6),
which is induced by the filtration Fil and the relative Frobenius ®.

Proof. By [16, Proposition 1.4], the relative Frobenius induces an isomorphism of flat
modules ~
d:C;7N(E,0) = (H,V).

So we define Filex, on Cl_1 (E, 0) to be the inverse image of Fil on H by ®. It induces
tautologically an isomorphism of graded Higgs modules

exp = Gr(®) : Grpy,, (C7 ' (E, 0)) = (E, ). o

Next, the functor Cl_1 induces the second functor ZC as follows. Given an object
(E, 0, Fil, ) € HDF, we define the triple

(H,V, Fil) = (C{ '(E, 6), Fil).

What remains is to produce a relative Frobenius @ from the ¢. This is the most technical
point of the whole proof. Following Faltings [4, Ch. II, (d)], it suffices to give for each
pair (U;, Fy,) an Oy, ;-morphism

QW Fy,) : 1’72221 Grgy Hly;,, — Hly,
where Fy, , is the absolute Frobenius of U; 1, satisfying the following conditions:

(1) strong p-divisibility, that is, @y, Fu;) is an isomorphism,
(2) horizontality,
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(3) over each U;j 1 := U1 NUjq, CD(UisFUl-) and q)(Uj,ij) are related via the Taylor
formula. Precisely, if the gluing map for H; := H|y,, and H; := Hly;, , is Gij, then
we shall have the commutative diagram

;. Fyply;

j.1
FZ}M Grrir Hilu,;,, Hilu,;

aijl lGij

FUi,l GrFll Hj |Ui_i,1 H/ |U[j,l

SijJ/ J]Id
q)(U]-,FUJ, )34

Fy, , Greu Hjly,,, ———— Hjluy;,
where G; ; denotes the obvious map induced by G;;, and ¢;; is defined by the Taylor
formula which is given by the following expression:

Zk

w
e®@1—>e®@l+ Y Ol ® S

k]=1

(3.4.1)

where 6’ denotes the Higgs field of Grg;;(Hj, V). Here we take a system of étale local

coordinates {1, ..., fz} of Uij,2, which induces a system of étale local coordinates
{t1,...,ta}onU;j 1, and k = (ky, ..., kg) is a multi-index, &= zll<1 . ‘st with

2k = Fp,, (6) — Fy,, (@),
and (') = (@, )+ 0, ).

Recall that H = {H; := F§1 : Elu,,» Gijlier, where G;; has an expression of ¢;; similar
to (3.4.1) (see [16, proof of Proposition 1.4]):
i

w
Gije®D=e®1+ 6 ®

k]=1

We define
QW Fy,) = Fyy,, ¢ ¢ Fiy,, Grra Hlu,, — Fpj, Elugy-

By construction, @y, Fu,) is strongly p-divisible (this is condition (1)). As ¢ is globally
defined, we have the diagram

iluy;
Grri Hilu,;,, —— Elu;,

Gr(G; ,-)l lm

biluy;
GrFil Hle,‘j,l ? E|U,'j11
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Pulling back the above diagram via F; *,- |» we get

U 8 (¢1)|U,J 1
* . F*
F},, Gra Hily,, ——— F}, Eluy,
zl I
U @D
* . . *
FUi,l Grp Hj |U,~_,',1 > FUi,l E|U,~_,g1
Then we extend it to the diagram
" U 8 (¢1)|U,J 1 N
Fy,, Grra Hily,; Fy,  Elui;,
Gij lld
ARCHLI
k *k
Fy,, Grri Hlu,; Fy, Elui;,

8i./l lGij
@Dy,

ij,1
Fi;-lerFilHj'Uij,l —) f‘“’< E|U-

ij,1

As ¢ 06’ = 0 o ¢, for any local section e of Grg Hjly,; , we have

ij,1

k

Gijo F (@)@ =¢j(e)®1+ Z 05(9j(€) ® —— T

lk|=1
=¢i(e)®1+ Z@((e) ) ® —
|k|=
= F;/jyl(qu) ogijle®1).

So the lower square of the last diagram is commutative (this is condition (3)). What re-
mains to show is condition (2).

Iklkv

Lemma 3.5. Each @y, Fu,) is horizontal with respect to V.

Proof. Put H = Grgy H, 0 = Gty V, ®; = Oy, Fu,) and let Fy,, be the absolute
Frobenius over U; 1. Following Faltings [4, Ch. II, (d)], it suffices to show the commuta-
tivity of the diagram

;
U,1H|U:1 ? Hly,

F;}i Vl lv

~ P, ®Id
* i
FUi‘lHlUi,l ® QUi,l — H|U1,1 ® QUi,l

where Fp; V is a connection induced by (F : 9 ), i.e. the composite of

dFyj.
@) 1de Y

F;}i,lﬁ|ui~ —) FU 1I‘I|U [ FEZ‘JQUM - F{Z_.lﬁ|ul.11 ® QU:‘,I'
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Thus we have to show the commutativity of the diagram

- @
k ’ *
FU,-‘IH|U1',1 7 FU,-,IE|U1‘.1
dry, dfy, .
o Fy, 0 ))J' N l v Fy, | ©))
Fy, @)l

Flt,-,ll:llUi,l ® QUi,l — F(ZIElUf,l ® QUi,l‘
As ¢ is a morphism of graded Higgs modules, one has the commutative diagram

5 ¢
H|U,‘ —_— E|Ui11

a/J' le
$®1d

I:I|Ui,1 ® QUi,l EE—— E|Ui,l ® QU[,I'

The pull-back via F i",i 1 of the above diagram yields commutative diagrams

) Ff. @)
oy . *
Fg, Hlu, Ff; Elu,,
FfZ-,.(e)/)l F;i,l(g)J .
~ F  (¢)eld » - (Fg, )
Fz}i,lH|Uiv1 ® FlzJQUi.l — F;}UE|U,-<1 ® Fl’;iY]QUi_l

~~ dFy.
ld®—+

Fr el
U; *
i1 P FUi,1E|Ui’1 ®QU,'11

Chasing the outside of the above diagram gives the required commutativity. O

Proof of Proposition 3.3. The equivalence of categories follows by providing natural
isomorphisms of functors:

GRoIC=1Id, ZCoGR =1d.

We first define a natural isomorphism A from ZC o GR to Id: for (H, V, Fil, ) € MF,
put

(E,6,Fil,¢) =GR(H,V, Fil,®), (H',V' Fil,®)=1IC(E,¥0,Fil, ¢).
Then one verifies that the map
d:(H V)= Cl_l o Grgi(H, V) = (H, V)
gives an isomorphism from (H', V', Fil', ®) to (H, V, Fil, ®) in the category MF. We

call it A(H, V, Fil, ®). It is straightforward to verify that A is indeed a natural transfor-
mation. Conversely, a natural isomorphism B from GR o ZC to Id is given as follows: for
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(E, 0, Fil, ¢), put
(H,V, Fil,®) =1IC(E, 0, Fil,¢), (E',0' Fil',¢')=GR(H,V, Fil, ).

Then ¢ : Grgj o Cl_l(E, 0) = (E, 0) induces an isomorphism from (E’, §’, Fil', ¢') to
(E, 0, Fil, ¢) in HDF, which we define to be B(E, 0, Fil, ¢). It is direct to check that B
is a natural isomorphism. O

Before moving to the proof of Theorem 3.2 in general, we shall introduce an intermediate
category, the category of one-periodic Higgs—de Rham flows with endomorphism struc-
ture pr: an object is a 5-tuple (E, 6, Fil, ¢, ), where (E, 6, Fil, ¢) is an object in HDF
and ¢ : ]pr < Endgpr(E, 0, Fil, ¢) is an embedding of F)-algebras. As an immediate
consequence of Proposition 3.3, we have

Corollary 3.6. There is an equivalence of categories between the category of strict p-
torsion Fontaine modules with endomorphism structure ¥ ,r and the category of one-
periodic Higgs—de Rham flows over X with endomorphism structure I s

Obviously, Corollary 3.6 and the next proposition will complete the proof of Theorem 3.2.

Proposition 3.7. There is an equivalence of categories between the category of one-
periodic Higgs—de Rham flows of level < w over X with endomorphism structure F s
and the category HDF, r(X2/W>).

Start off with an object (E, 0, Fily, ..., Filp_1, ¢) in HDF, r(X2/W>). Put

f—1
(G, n) = PE:, 6)

i=0

with (Eo, 6p) = (E, 0). As the functor C|° Uis compatible with direct sums, one has the
identification

f-1
G =P EL o).
i=0

We equip C 1_1 (G, n) with the filtration Fil = @if;()l Fil; by the above identification. Also
¢ induces a natural isomorphism of graded Higgs modules

¢ : Grpu C; (G, ) = (G, n)

as follows: as
r—1

Grry Cy (G, n) = @D Gre, C ' (Ei, 61),
i=0
we require that ¢~> maps the factor Grg;;, C 1_1 (Ei, 6;) identically to the factor (E;41, 6;+1)
for 0 < i < f — 2 (assume f > 2 to avoid the trivial case), and the last factor
GrFﬂff1 (Ef—1,6¢_1) isomorphically to (Eop, 6p) via ¢. Thus the constructed quadruple
(G, n, Fil, ¢) is a periodic Higgs—de Rham flow of period one.
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Lemma 3.8. With notation as above, there is a natural embedding of F,-algebras
t:Fpr — Endupr(G, n, Fil, ).

Thus the extended tuple (G, n, Fil, ¢, 1) is a one-periodic Higgs—de Rham flow with en-
domorphism structure Fp f-

Proof. Choose a primitive element &; in pr |IF,, once and for all. To define the embed-
ding ¢, it suffices to specify the image s := ¢(§1), which is defined as follows: Write

(G, n) = (Eo,6p) ®(E1,01) DD (Ef_1,6r-1).
Then s = mg, @ mep b P mspf—l , wWhere mspi, i =0,..., f—1,is multiplication

by Elpl. It defines an endomorphilsm of (G, n) aild preserves Fil on Cl_l(G, n). Write
(Grgjpo Cy 1)(s) for the induced endomorphism of Grg; C | 1(G, n). It remains to verify
the commutativity

¢ os=(GrpzoCyH(s) 0 §.

In terms of a local basis, it boils down to the following obvious equality:

01 ...0)\ /& 0,, .0 gr 0 ... 0\ /01 .0
o 0 .0 o .
Lo . ?1 o B IR TN | PR

00 ... 1 SR Lo 00 ...1
$ 0 ... 0 0 0 ... ¢& 0 0 ... & $ 0 ... 0

O

Conversely, given a one-periodic Higgs—de Rham flow with endomorphism structure ¥, 7,
say (G, n, Fil, ¢, 1), we can associate to it an object in HDF', y(X2/W>) as follows. The
endomorphism ¢(&1) decomposes (G, 1) into eigenspaces:

f-1
(G, n) =EP(Gi,n),
i=0

where (G, 1;) is the eigenspace corresponding to the eigenvalue élp " The isomorphism
Cc, ! (¢(€1)) induces the eigen-decomposition of the de Rham module as well:

-1
(€71 (G, ), Fil) = @(C1 (G, mi), Fily).
i=0
Under this decomposition, the isomorphism ¢ : Grg; C| '@, n) = (G, n) decomposes
into @lf:_ol ¢; such that fori < f — 2,
¢i : Grpy, Cfl(Gi, ni) = (Git1, Ni+1),

and ¢r_1 : Grry,_, Cl_l(Gf—1, nr-1) = (Go, no). Set (E, 0) = (Go, no).



Semistable Higgs bundles 3071

Lemma 3.9. Let (Eo,00) = (E,0). Then the filtrations {Fil;} and the isomorphisms
{¢:i} of graded Higgs modules induce inductively a filtration Fil; on Cl_l(E,-, 6;), i =
0,..., f — 1, and an isomorphism of graded Higgs modules

¢ : Grg, | Cy'(Ep-1,07-1) = (E,0).

Thus the extended tuple (E, 0, ﬁlo, e, ﬁlf—h qB) is an object in HDF, r(X2/ W>).
Proof. The filtration ﬁlo on C1_1 (Eo, 6p) is just Fily. Set
(E1,61) = Grry, Cy ' (Eo, 60).
Via the isomorphism
Cy (o) : € Grrug, €7 (Go, o) = C7H(Gr, ),

we obtain a filtration ﬁll on Cfl(El, 61) from Fil; on Cfl(Gl, n1) by pull-back. By
construction, one has the isomorphism

GrCy ' (do) : Gryy, €' (E1, 01) = Gray, €7 (G, m).

Repeating the same procedure for (E2, ¢2) and so on, we shall inductively obtain a filtra-
tion Fil; on Cfl(E,', 0;) fori =1, ..., f — 1. Finally, we define

é: Gra, CrNEf_1,0,-1) = Grzg, o o (Grz, CTYE,0) — (E,0)

to be the composite (Gr C; )/~ (¢) o -+ 0 (Gr €] ") (py—2) o r—1. O

Proof of Proposition 3.7. For f = 1, there is nothing to prove. Suppose f > 2. Note
that Lemma 3.8 gives a functor £ from HDF, r(X;/W>) to the category of one-periodic
Higgs—de Rham flows with endomorphism structure Iy, while Lemma 3.9 gives a func-
tor D in the opposite direction. We show that they give an equivalence of categories. It is
direct to see that

Do =1d.

So it remains to give a natural isomorphism 7 between £ o D and 1d. For (E, 0, Fil, ¢, t),
let
D(E. 0, Fil, $,1) = (G, n, Fily, ..., Fily_1, ),

and 5
E(G,n, Fily, ..., Filp_y,¢) = (E',60',Fil,¢', ).

By the construction, (E’, 8) is equal to
(G, n) ® Grrify C; (G, ) ® -+ @ (Grgigy_, C; 1) 0+ 0 (Grigy C; (G, ).

Let (E,0) = (Eo,6p) © (E1,61) ® --- @ (Ef_1,0r_1) be the eigen-decomposition
of (E,0) under ((&1). For 1 < i < f — 1, there is a natural isomorphism ¢;_1 o
(GrC™ g3 0---0 (GrC~ 1)~y of graded Higgs modules between the factors:

(Grry,_, €7 o (Grry,_, €7 -+ - 0 (Grrygy C7 (G, 1) = (Ei, 6)).
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Thus Id & @lf:_ll ¢i—1 0 (GrCNHgi_5 00 (GrC~1)~1gy provides an isomorphism
of graded Higgs modules from (E’,0’) to (E, #). It is easy to check that it yields an
isomorphism of t(E, 0, Fil, ¢, t) in the latter category. The functoriality of t is easily
verified. m]

This completes the Higgs correspondence in positive characteristic. In the following we
deduce from it some direct consequences.

Crystalline F s -representations. Let X/W be a smooth proper scheme over W. AnF -
representation of 771 (X g ) is said to be crystalline if it is crystalline as an I ,-representation
by restriction of scalars. In other words, a crystalline I,/ -representation is a crystalline
[F,-representation V together with an embedding of IF,-algebras I,y < Endy, (x) (V).
Similarly, one has the notion of crystalline W, (Fp_/)-representation forn € NU{o0}. The
following corollary is immediate from Theorems 2.3 and 3.2.

Corollary 3.10. Let X/ W be a smooth proper scheme. Assume w < p — 2. There is
an equivalence of categories between the category of crystalline F s -representations of
m1(Xk) with Hodge—Tate weight < w and the category of f-periodic Higgs—de Rham
flows of level < w over Xj.

For an object (E, 0, Fily, ..., Filr_1,¢) € HDF,, y(X2/W2), we define its shift and
lengthening as follows: for (Ef, 0f) = Gr[?i[f71 (Hy—1,Vy_1), Cl_l(q&) induces the pull-
back filtration (C| ! (¢))*Fily on Cc/ ! (Ey, 6r) and an isomorphism of graded Higgs mod-
ules GrC Y(¢) on the gradings. Then it is easy to check that the tuple

(E1, 01, Fily, ..., Fily_1, C; (¢)*Filo, Gr C; ' (¢))

is an object in HDFy, r(X>/ W>), which we call the shift of (E, 0, Fily, ..., Fily_1, ¢).
For any multiple [f, [ > 1, we can lengthen (E, 0, Fily, ..., Fily_1, ¢) to an object of
HDFy, 11 (X2/ W>): similar to the above, we can inductively define the induced filtration
on (H;,Vy), f < j < If — 1, from Fil;s via ¢. One has the induced isomorphism of
graded Higgs modules

Grer Y@ (Bargny g 60np) = (Erp6rp), 0=l <i—1.

The isomorphism ¢; : (Ejr,60r) = (Eop,6p) is defined to be their composite. The
resulting object (E, 0, Fily, ..., Filjy_1, ¢;) is called the (I — 1)-fold lengthening of
(E, 0, Fily, ..., Fily_1, ¢). The following result will be obvious from the proof of Theo-
rem 3.2.

Corollary 3.11. With notation as in Corollary 3.10, let p be the corresponding crys-
talline pr -representation to (E, 0, Fily, ..., Fily 1, ¢). Then:

(i) The shift of (E, 8, Fily, ..., Filf_1, ¢) corresponds to p° = p ®]pr,0 F,r, the
o-conjugation of p. Here o € Gal(Ipr [Fp) is the Frobenius element.

(ii) Forl € N, the (I — 1)-fold lengthening of (E, 0, Fily, ..., Fily_1, ¢) corresponds to
the extension of scalars p ®H:p f szf.
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Local freeness of preperiodic Higgs modules. In the following, we explain that a prepe-
riodic Higgs module is locally free, an a posteriori property.

Proposition 3.12. Every periodic Higgs module is locally free.

Proof. Let (E,0) be a periodic Higgs module. Then a periodic Higgs—de Rham flow
with leading term (E, 6) gives an object in the category HDF,, y(X2/W>) for some f.
Let (H, V, Fil, ®, 1) be the corresponding object in MF[VO,w],f(Xz/ W) according to The-
orem 3.2. The proof of [4, Theorem 2.1] (cf. page 32 of loc. cit.) asserts that Fil is a
filtration of locally free subsheaves of H and locally split, which implies that Grg;; H is
locally free. It follows immediately that (E, 6) is also locally free. O

A. Langer [22, §5.3, Proposition 1(1)] has obtained the following enhancement of the
previous result (notice however that the assumption that rank E < p in the statement
on the Higgs module is in our case unnecessary due to a slightly different definition of
Higgs—de Rham flow).

Corollary 3.13 (Langer). Every preperiodic Higgs module is locally free.

Proof. This follows from Proposition 3.12 and [22, Lemma 3]. O

Corollary 3.14. Griffiths transverse filtrations in a preperiodic Higgs—de Rham flow are
filtrations by locally free subsheaves and locally split.

Proof. The periodic case has been explained in the proof of Proposition 3.12. But it also
follows from Corollary 3.13, by induction on the level of filtrations. So does the preperi-
odic case. O

4. Inverse Cartier transform over a truncated Witt ring

The inverse Cartier transform of Ogus—Vologodsky [26] has played a pivotal role in the
notion of a (periodic) Higgs—de Rham flow in characteristic p. In order to obtain the
analogous notion of (periodic) Higgs—de Rham flow over a truncated Witt ring, we need
to construct a lifting of the inverse Cartier transform. In this section, X,, is a smooth
scheme over W, and X,,+1 is a Wj,1-lifting of X,.

The anonymous referee has kindly pointed out to us that the work of A. Shiho [30]
is related to our construction below. Recall, for each n € N, S, = Spec W,, and Fy, :
S, — S, the Frobenius automorphism. Shiho [30] constructs a functor from the category
of quasi-nilpotent Higgs modules on X ,(,") to the category of quasi-nilpotent flat modules
on X,,, where X,, is a smooth scheme over W,, and X,(l") = X, x o S,,, under the as-

sumption that X,(,m) = X, XFp Sn, 0 < m < n, admits a smooth lifting X,(l'i)l to Sp+1

and the Frobenius liftings F,:'jr] : X’(fj:l) — Xr(l'f’r)l over S,+1 exist. The functor is a
nice p-adic reincarnation of the notion of A-connection in complex differential geometry.
However, the assumption on the Frobenius lifting is very restrictive for a projective W,,-

scheme, which is however the basic assumption to formulate the semistability for Higgs
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modules. For example, a smooth projective curve over W, admits no Frobenius lifting
once its genus is greater than one. Our construction was inspired by the fact that Ogus—
Vologodsky’s construction extends the theory of strict p-torsion Fontaine modules (see
[26, §4], and also [27], [16]). We have worked out a generalization for strict p"-torsion
Fontaine submodules in [29] and the current construction is a further generalization (with-
out assuming the existence of an ambient strict p”-torsion Fontaine module).

Let X;, = X, xpg, Sy. Then X;_H is a smooth lifting of X, over W,4. The mod
p”’1 reduction X, ® Z/p”’IZ of X, is denoted by X,,_1. Similarly for X;l_l. Let us
introduce a category 7 (X)) of Higgs modules over X/, as follows: an object is given by
a tuple

(E,0,H,V,Fil ),

where (E, 6) is a graded Higgs module over X,Q of exponent < p — 2, (I-_I, Vv, ﬁ) ade
Rham module over X, _, with the level of Hodge filtration < p — 2 and

¥ Gr(H, V) = (E,0) 1= (E.0) 9 Z/p" '

an isomorphism of graded Higgs modules over X/ . A morphism in the category is
defined in the obvious way. For n = 1, the above tuple reduces to a nilpotent graded Higgs
module over X of exponent < p — 2. So H (X)) is a full subcategory of HIG,_1(X?).

Theorem 4.1. With notation as above, there exists a functor C,; ! from the category
H(X)) to the category MIC(X,) of flat modules over X,, such that Cn_1 lifts Cn__l1 and
Cl_1 agrees with the inverse Cartier transform CK,]/ s of Ogus—Vologodsky [26] with
(X,8) = (X1/k, X3/ W2).

We shall also introduce an intermediate category Mic (X)), which we call the category of
twisted flat modules over X,. The construction of the functor C, ! consists in constructing
a functor 7, : H(X},) — 1\7ITC(X,’1) and then a functor 7, : MTC(X,;) — MIC(X,). The
category MIC(X},) is closely related to the category of quasi-nilpotent O x;,-modules with
integrable p-connections of Shiho [30] which we shall explain later. The motivation to
introduce this new category is mainly the necessity to make sense of p-powers in the
denominators appearing in the Taylor formula (4.16.1).

Let X be a smooth scheme over S,,. First recall that a Lie algebroid on X is a locally
free Ox-module A equipped with a skew-symmetric Ox-bilinear pairing

[LIg: AxA—> A

satisfying the Jacobi identity and an action of .4 on O by derivations (so-called anchor
map) which is given by an Ox-linear morphism of Lie algebras

a: A— Ty
subject to the compatibility condition (Leibniz rule)

[x, fyla=ax)(Hy + flx, y]Aa.
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Let us consider the Lie algebroid (Tx, «, {-, -} := p[-, -]), with the anchor @ = p - Id :
Tx — Tx and {D1, D>} = p[D1, D] for any local sections D;,i = 1,2 of Ty, where
[-, -11s the usual Lie bracket for the tangent sheaf. Let Dg(_l) denote the sheaf of envelop-

ing algebras of the Lie algebroid (Tx, «, {-, -}). Thus Dgf_l) is generated by the algebra of
functions Ox and the Ox-module of derivations Ty, subject to the module and commu-
tator relations

f-D=fD, D-f—f-D=pD(f), DeTx, [eOx,
and the Lie algebroid relation
Di-Dy— DDy ={D1, D2}, D, Ds€Tx.
Next we introduce a sheaf of twisted differential operators on X.

Definition 4.2. With notation as above, let U C X be an open affine subset over S,,.
Define Dx (U) to be the algebra generated over Dg{l) (U) by the symbols

{(Ym(D1,...,Dp—14m) |m € Nand Dy, ..., Dy 14 € Tx(U)},

subject to the following six relations:

(M p" - Ym(Dy, ..., Dp—1+m) =Dy Dp—1+m;

2) ym(D1,...,aD; —i—O{/D;, oo Dpym) =a-yu(D1, ..., Di, ..., Dp_14m)
+a - yu(Dy,..., Dz{’ ooy Dp_14m), @, o € Wy, D, Dz{ e Tx(U);

(@) form > 1, yu(D1, ..., Dp—14m) - f=f - Ymu(D1,..., Dp_11m)
+Zf:12+m Ym—1(D1, ..., Di—1, Di(f)Djt1, ..., Dp—14m)
+Ym-1(D1, ..., Dp_24pm) - Dp—l+m(f);

“4) Vm(Dlv woesDiy Diyy,..ny Dp—l+m) = Vm(Dlv woesDiy1, Dy, oo Dp—1+m)
+ Ym—1(D1, ..., Di—1, [Dj, Diy1], Dit2, ..., Dp—14m);

S) Ym D1, ..., Dp—l+m1) : sz(Dp+n11s cees D2p—2+m1+m2)
= pp_lyp—l+m1+m2(Dl7 cees D2p—2+M|+m2);

6) Ym(D1, ..., Dp_14m) - Dptm = D1 - Ym(D2, ..., Dptm)
=p VYmyr1(Dy, ..., Dp—l+m» Dp+m)o

The sheaf D x of twisted differential operators is associated to the presheaf U +— 5;( ).

The above definition is to justify the p-powers appearing in the denominators of dif-

ferential operators. In particular, one may regard y,, (D1, ..., Dp_115) as a symbol for
Di-Dp_iim ~ . .
ZLopolim Since Dy contains Oy as a subsheaf of algebras, it has a natural left Ox-

module structure. Thus it contains Tx as a left O x-submodule.

Definition 4.3. A twisted connection on an Ox-module H is a W,,-morphism
V:Dy — Endw, (H)

between sheaves of W, -algebras extending the structural morphism Oy — Endw, (H).
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A coherent Ox-module equipped with a twisted connection is said to a twisted flat mod-
ule. Let MIC(X) be the category of twisted flat modules over X. An explanation of the
relation to the notion of an Ox-module with integrable p-connection is in order. We cite
the following definition from Shiho [30]:

Definition 4.4 ([30, Definitions 1.1-1.2,1.5]). With notation as above, a p-connection
V on an Ox-module H is a Wy-linear map V : H — H ® Qx such that

V(ifhy=p-df ®h+ fV(h), feOx,heH.
It is said to be integrable if V1 o V = 0, where
Vi:H®Qx — H®Q%
is the W),-linear map defined via the formula
Vih®w)=V(h) Ao+ phQdo.

Moreover, an integrable p-connection (H, V) is quasi-nilpotent if locally 8¢ = 0 once
la] > N for some natural number N where 6 is the connection one-form V(e) =
> 6i(e)dt; with respect to étale local coordinates {r1, ..., #s} of X and 9¢ = ief i
for a multi-index a = (ay, ..., ag) € N? and |a| = > ai.

In the above definition, the natural number N depends on the local expression of a local
section e. However, in [30, Lemma 1.6], an integrable p-connection V on H being quasi-
nilpotent is shown to be independent of the choices of local coordinates. Let us denote
the category of Ox-modules with p-connections by MC~D(X) and with integrable p-
connections by MIC~V(X). We also need to introduce a level structure on the quasi-
nilpotency of an integrable p-connection.

Definition 4.5. With notation as above, let (H, V) be a quasi-nilpotent Ox-module with
an integrable p-connection. It is said to be quasi-nilpotent of level < m if

Vp,0---0Vp =0 forany Dq,...Dy41 € Tx.

m+1

Denote the category of quasi-nilpotent Ox-modules with an integrable p-connection of
level < m by MIC,(,TI)(X).

We point out that it is rather subtle to express the level structure in terms of local co-

ordinates. Now there is a functor from A;[TC(X ) to MIC;;IZ) v o (X): given a twisted con-

nection V on H , one considers its restriction to Ty C @X which yields a W,,-linear
morphism
V:i=V|r, : H—> HQ®Qx.

It follows directly from the definition that this is indeed an integrable p-connection and
quasi-nilpotent of level < p — 2 4 n. Notice that the integrability amounts to the relation

V(D) o V(D2) = V(D2) oV(Dy) = V({D1, D2}), D1, Dy € Tx.
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For m > p, we may write

V(D)o--oV(Dy) p"ti=r o
o= -V ¥ms1-p(D1, ..., Dp)),

m! m!

m+1—p .
and as the factor 2 T converges to zero p-adically as m — 00, we have

V(Dy)o:--oV (D)
ml

‘ — 0 as m — oo. This convergence property is crucial in the construction
of our second functor F,,. As a side remark, we do not know whether the above functor
from MTC(X ) to MIC[(;_IZ) 1 (X) is essentially surjective (but it is not faithful). Later, we
shall come back to this point again. _

Now we can proceed to the construction of our first functor 7, : H(X),) — MIC(X}).
We shall present two approaches. The first one, which is our original approach, is a
method of “local lifting and global gluing” which may be more familiar to a reader whose
background is in complex algebraic geometry. The second approach is based on a beauti-
ful construction suggested by the referee who kindly allows us to reproduce his/her idea

here. This direct approach is much more transparent.

First approach. Let X be a smooth scheme over S,. Let X := X ® Z/p" " 'Z be its
mod p"~! reduction. Since our arguments rely heavily on local calculations using a basis
of local sections of an Ox-module, we will restrict ourselves in this approach to the full
subcategory His(X) C H(X) consisting of locally free objects. However, this restriction
is mainly for simplicity in the local arguments. For a general coherent object, we may use
a set of minimal generators with possible relations for a coherent object locally. Also, we
need to introduce some other categories which will be used only in this approach. The
category HO(X) (resp. ’Hi}i(X)) is a variant of H(X) (resp. Hir(X)): its object is also
a tuple (E, 0, H, V, Fil, ¥); but integrability of 8 or V is not required. For brevity, an
object in H(X) or HM(X) is written as (E, H). Second, let MCF, »(X) be a category of
filtered Ox-modules equipped with (not necessarily integrable) connections: its object is
a triple (H, V, Fil), where H is a locally free Ox-module, V is a W, -linear connection
on H, and Fil a finite exhaustive decreasing filtration of locally free Ox-submodules on
H of level < p — 2 which is locally split and satisfies Griffiths’ transversality. There is a
diagram of these categories connected by natural functors:

MCF,_»(X)
Gn
Rnl \
H(X) —— H(X) MCD(X) — MIcTY . (x)

p—3+n

The functor R, is the obvious one: to (H, V, Fil), one associates the graded Higgs
module (E, 0) = Grg;;(H, V), which is locally free by the assumption on the filtration,
and also (I:I .V, ﬁ), its mod p”_1 reduction. One notices that there is a natural isomor-
phism of graded Higgs modules

¥ : Grg;(H, V) = Grpy(H, V) @ Z/p" ' Z.
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The functor G,, is a variant of a construction due to Faltings [4, Ch. II], which originates
from [7] in the case X = §,. Given an object (H, V, Fil) € MCF,_»(X), the object
(I:I s @) = G, (H, V, Fil) is defined as follows: H is the cokernel of the first map of the
exact sequence

C [—1]—p-Id . ~
@ rFirt =S P L A o, 4.5.1)
i i

where [—1] := P, (Fil' < Fil'™1), Id denotes the identity map, and p is the natural
projection map. Here we have extended the filtration so that

Fill =Fil°, i <—1, Fil/=0,j> p.
Consider the W, -linear map

V=@ Vi Vg Fil' > Fil' ™' ® Qx.
i

The image ([—1]— p-1d)(P; Fil") C D, Vi being preserved, V' induces a W,,-linear
map o 3
V:H— HQ Qy.
One checks immediately that V is indeed a p-connection.
First, we show that the functor R, is locally essentially surjective.

Lemma 4.6. Let X be a smooth affine scheme over S,. Let (E, H) be an object
in Hij (X). Suppose each component of E = @ Ey is a free Ox-module. Then there
exists an object (H, V, Fil) € MCF,_»(X) such that R,(H, V, Fil) = (E, H).

Proof. Write E = @}, EV%*, 0 = @Y~ 6,,, and for 0 < k < w take a basis {e)
for the Ox-module E¥~%*_ Relative to this basis, O is expressed in terms of a matrix of
differential one-forms which we denote again by 6;. Put the bar over 6y as well as {e;} to
mean their mod p"~! reduction. Then take the basis { fk/ Jo<k<w Of GrFTl(I-_I ) such that

v (f}) = éx.

Also choose a basis {fk}osksw of H whose image in Grﬁ(l-—l) is {fk/}OSkSw. By Griffiths’
transversality, the connection matrix (a;;) representing V in the basis { fk}, ie.,

V(i)=Y aijf;.
J

has the property a;; = 0, j > i + 1. Now we take a matrix (a;;) of differential one-
forms over X as follows: for i > j, take any lift a;; of a;;; for j = i + 1, take
a;j = 6;; for j > i + 1, take a;; = 0. Now let H be the free Ox-module generated
by elements { fi}o<k<w Whose mod p"‘1 reductions are { fk}ofkfw and let Fil* % be
the submodule freely generated by the elements { fj}o<;<«, which gives a filtration Fil
on H. Then a connection V on H is determined by the formula V(f;) = > j dij fj- The
triple (H, V, Fil) so constructed is indeed an object in MCF,_»(X) lifting (E, I:I), 1.€.,
R,(H,V,Fil) = (E, H) as required. ]
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Next we show the following

Lemma 4.7. If R,(H,V, Fil) lies in the full subcategory Hif(X) C Hj} (X) then

G,(H, V, Fil) lies in the full subcategory MIC; 13)+n (X).

Proof. Set (I:I , @) := G,(H, V, Fil). Once the integrability of V is verified, the state-
ment on quasi-nilpotency of level < p — 3 + n follows directly from the definition. As
integrability is a local property, we take étale local coordinates {#1,...,#;} on X and a
filtered basis { fx Jo<k<w Of H. It suffices to check thatfor 1 < i, j <d, @(81‘[) commutes
with V(31)).

Let fk be the image of fj (elements of Fil*) in H. Then {fk}ofkfw is a basis of H.
As in Lemma 4.6, we may assume the matrix A := (a;;) of V in the basis {fk}0<k<w has
the property that a;; = 0 for j > i + 1. Then the matrix of V in the basis { fk Yo<k<m
is A = (al]) with a;; = p’“ fal for j < i + 1, and the other entries zero. Then
V(8t,) o V(E)tj) in the basis {fk} is represented by the matrix

pati (3t; A) + (3t; A) - (31 A).
It remains to show the following equality for all i, j:
Pt (3t A) + (31; A) - (34;A) — pdt;(3t;A) — (3; A) - (3t;A) = 0.

For0 <r <w—2witht =r + 1ands = r + 2, the corresponding entry in the above
equality means

(0tiary)(0tjars) — (3tjar)(3tiars) = 0,

which is actually equivalent to the integrability of the Higgs field 6; for 0 < r, s < w with
s < r —+ 1, this means that

w

P06 A3 (days) = P Y [@tiar) (0tjars) — (0tja,) (tiarg)]
=0

Asr +2 — s > 1, the above equation is implied by the following equation, which is
equivalent to the integrability of V:

w

0f A 05 (dars) = Y [(0fir) 0Far) — (0Far) ()]
t=0
Here {fi, ..., #;} are the induced étale local coordinates on X. O

We shall take a step further to land the object G,(H, V, Fil) in the last lemma in the
category of twisted connections.

Lemma 4.8. With notation as above, the integrable p-connection of G, (H, V, Fil) can
be extended to a twisted connection in a functorial way.
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Proof. If (H, V, Fil) is the mod p" reduction of an object over W, then it is clear how to

extend V to a twisted connection: for y;, (D1, ..., Dp_14m) with D; € Tx, one defines
- Vp, 00V
V@m(D1, ..., Dp_14m)) to be % which is defined by first lifting to W,

then dividing by p™ and finally reducing modulo p". The reason that @Dl o---0Vp
is divisible by p™ is as follows. By Griffiths’ transversality,

p—1+m

i il —
Vusr © 0V, ., Fil' — Fil'7 7P
As Fil/ = Ofor j > w+1,and w < p—2, one sees that the image OfV/Dm_HO' . 'ov/Dp_Hm

lies_ in Fil' with i < —1. In the quotient H , for i < —1, the image of each element in
Fil'~! is equal to p times the same element in Fil’. Thus, since V' always shifts the
o . i . -y = . =1
indices of direct factors of @; Fil' by minus one, the restriction of V to the image Fil

(which is isomorphic to H) of Fil~" in H is divisible by p. On the other hand, this also
gives us a way to extend V to a twisted connection in the general case. Indeed, we simply

. v 7/
1 1 D /
define V(y,, (D1, e Dy,_14m)) to be the composite —r oo —ro VDm+I 0---0
Vp. . =51 ~ . .
v Lom? where % is defined to be the map Vp, on Fil = C H. One verifies directly
p—1+m
that this defines a twisted connection which extends V. O

We believe the answer to the following questions is affirmative:

Question 4.9. Can MICI(;_? tn (X) be realized as a full subcategory of ﬁC(X )?
We shall also provide the gluing morphisms.

Lemma 4.10. Let (H;, V;, Fil;) € MCF, 2(X), i = 1,2, 3. Suppose there are isomor-
phisms for1 <i < j <3,

fij + (H;, Vi, Fil;) = (H;, V;, Fil}), fij(-; : Grry; (Hi, Vi) = Grri; (Hj, Vj),
satisfying
Gr(fij) = fl? mod p" 1.

Then there are isomorphisms in the category ]\7ITC(X) between the objects (I:I,-, @i) =
G, (H;, Vi, Fil),

fij o (Hi, Vi) = (H;, V).
Moreover, if the cocycle conditions
fis=fsofia, fG=rfa015

are satisfied then also

fiz = fo fo.
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Proof. Forans € Fili-‘ \Fil f.‘H , we denote by § (resp. §, §) its image under the natural map
Filf — I:Ii (resp. Filf.‘ — Filf-‘/FilfH, H — 1-_15). Consider sections of Fil;C whose im-
ages under the map H; — H /; are equal to fi 7 (5) and under the map Filf — Filj? /Filf+l
equal to fl? (§) at the same time. As the difference of any two such sections lies in
p”_lFil;fH, they give rise to a unique section f,-j (5) € I:Ij. So we define fij cH — I:IJ
by sending s to f,, (5). It is straightforward to verify the well-definedness of f,, as well
as the compatibility with twisted connections. The cocycle condition for {f;;} follows
directly from the definition. O

Now we can give the construction of the first functor. Notice that it does not require X to
be W, 41-liftable.

Proposition 4.11. Let X be a smooth scheme over S,. Then there is a functor T, from
Hie(X) to MIC(X).

Proof. Let (E, H) be an object in Hj¢(X). Take an open affine covering U = {U;}ie;
of X such that E and H are free modules over each U;. By Lemma 4.6, we can take an
object (H;, V;, Fil;) € MCF,_»(U;) for U; € U such that R,(H;, V;, Fil;) = (E, I-_I)|Ui
(we call (H;, V;, Fil;) alocal lifting). Since over U; N U, the restrictions of (H;, V;, Fil;)
and (Hj, Vj, Fil;) are both local liftings of (E, H)|uy;ny;, by Lemma 4.10 there are iso-
morphisms ~
fij + Gu(Hi, Vi, Fil))|u,nu; = Gu(Hj, Vj, Filj)|u,nu;

satisfying the cocycle condition on U; N U; N Uy. Thus gluing the local objects
{(Gn(H;, Vi, Fil)}y,eu in AZTC(Ui) via the isomorphisms {ﬁj} yields an object in
MIC (X). We denote the object so constructed by (H, ?)u, £y» Where U denotes an open
affine covering of X and £y consists of a local lifting of (E, H) restricted to each U € U.
We need to show that this object is independent of the choice of local liftings and the
choice of open affine coverings up to canonical isomorphism. For two sets of local lift-
ings Ezl/{ = {(Hil, Vil, Fill-l)}ie, and £Z2/I = {(Hiz, Viz, Filiz)}ie,, Lemma 4.10 provides an
isomorphism over each U; € U:

wi : Gu(Hl, V! Fil'"y = G,(H?, V2, Fil}%)

and over U; NU;, the equality fti opi = [jo fl} holds. So the local isomorphisms {i;};c;
glue together to a global isomorphism

i (H, Vugy = (H, Vg g,

One can further show that for any three choices of local liftings, the resulting isomor-
phisms satisfy the cocycle relation. So the object (H, @)u) £y, 1s independent of the choice
of local liftings up to canonical isomorphism and therefore can be denoted by (H, V).
Next for any two open affine coverings U, U’ of X, we find a common refinement &” of
both. Again, by Lemma 4.10, one constructs an isomorphism

vy (H, Vy = (H, Ve
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and similarly vz z47. Then one defines the isomorphism

vy = VZ;’l,L{” ovyyr (H,Vy = (H, V)i

which also satisfies the cocycle relation for any three choices of open affine coverings
(another way to remove this independence is to take the direct limit with respect to the
directed set of all open affine coverings with the partial order given by refinement). Thus,
we get our functor 7, by associating (H, V) to (E, H) as above which is defined up to
canonical isomorphism. O

Second approach. This approach is due to the referee, who showed us a global construc-
tion of the functor from the whole category H.(X) to MIC'~1 (X) in the weight one case.
We shall generalize his/her method in the following.

With notation as above, for an object (E, 6, H,V,Fil, Iﬂ) € H(X), the isomorphism
of graded Higgs modules ¥ : Grg(H, V) = (E, ) allows us to define the following
composite morphism:

13

j:Fl - Fl /Rl = E

Letn : E! — E' be the natural projection by mod p"~! reduction. Let F_ili X E i denote
the kernel of the morphism of Ox-modules

Fl' @Bl Z E

We are going to associate to (E, H) a twisted flat module (H%, V*). The Ox-module H*
is defined to be the cokernel of the morphism

DET xz EY S QFEIL x i EY,
i i

where forx x y € il ! X fitl EitL
—i i —i+1 i+1
e(x xy)=(x x0)+ (=px x —py) € (Fil xz E') @ (Fil X giv1 ETT0).

Let ¢ : €D, (ﬁi x i E') — H" be the natural morphism. We define a W,,-linear additive
map (not a connection) as follows:

V' DFET xp EY — PE xpo BT @ 2, 4.11.1)
i i

. - i = —i—1 i
which takes x x y € Fil' xgi E'toV(x) x0(y) € (lel X fi-1 Ei~1Y ® Qx. Here we
have used the natural identification

—i—1 i ~ i1 i
(Fil' ® Q3) X fi-1gg, (E' '@ Qx) = (Fl'™ xz1 BTN @ Qx.

We shall show that this map descends to a p-connection over H*.
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Lemma 4.12. Let A; be the image of ﬁi xgi E " under the map €. Then
V'(Ai) C A1 ® Qx

and the induced Wy-linear additive map V* : H* — H® ® Qx is an integrable p-
connection.

Proof. Forx x y € ﬁi X i E!, one computes
V'(e(x x y)) = V(x) x 04 V(=px) x 0(=py) = €(V(x) x 6()),
which lies in A;_ ® Qyx. Therefore, V” induces an additive W,,-linear map V¥ on H®. It

suffices to show V? is a p-connection, as integrability follows directly from the integra-

bility of V and 6. For feOxandx xye€ Fil' X fi E!, it suffices to prove

VE(fe(x x ¥)) = fV*(c(x x ¥)) + pe(x x y) ® df.

Because

V'(f(x xy) =V'(f-xx f-y)=V(f x)x0(fy)
=df -x+ fV@) x fO) =df -x x0+ fV(x) x fO(y)
=@ x0)®df + fV'(x x y),

where f_ € Oy is the mod p"_1 reduction of f, and because c(x x 0) = c(p(x x y)), the
required equality follows. O

Lemma 4.13. With notation as above, the p-connection V*H extends to a twisted connec-
tion.

Proof. This step is similar to Lemma 4.8. Let Dy, ..., Dy_14s € Tx form > 0. Note
that

"

” = T i+1-p
Dyt o---0Vp D Fil x g EY — Fil X git1—p E )

p—1+m

andasF_ili =0andEi =0fori > w—i—landw < p—2,theimageofvgm+1 0---0
Vi/)pr»m lies in Fil' X fi Eifori < —1.AsFil' = Hand El = E' =0fori < —1, one

defines the map

V// _ . . . .
" =V x0:Fl xz E' —Fil xg E'®@Qy, i<-—L
Then the map
" 1
D Dy,
VEYm(D1, ..., Dp_iym)) i= —L0-+-0 e D1 © VD, i
gives rise to a twisted connection extending the p-connection V*. O

Equivalence

Proposition 4.14. The functor 7;?, restricted to the subcategory His(X), is naturally
equivalent to Ty.
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Proof. Given an object (E, H ) € Hir(X), we set
(H,V):=T\(E, H), (H* V") :=THE, H),
defined as above. We are going to exhibit a natural isomorphism
A (HE VH = (H, V).
Without loss of generality, we may assume that there is an object (H, V, Fil) € MCF,_»

such that R,(H, V, Fil) = (E, H) and G,,(H, V, Fil) = (ﬁ, %). Consider the commuta-
tive diagram

@, Fil'/ pFil'
! 0
lp"ll[u
o [—1]—p-1d i o ~
&, Fil’ &, Fil’ H  (4.14.1)
N
—i ; —i P
@i Fll XE,' El [71]X07p~ld @i Fll XE,‘ El

The middle row is (4.5.1), the exact sequence defining H. The middle column is also
an exact sequence because of the local freeness assumption, where 1 denotes mod p”~!
reduction and j the natural projection Fil' — Fil' /Fil't! = E'. By the commutativity
of the upper left triangle, p factors through the surjective map ¢, so that there is an exact
sequence

PrFi’ & @Fl x5 E'S H 0.
i i

By the commutativity of the lower left triangle and the surjectivity of the left vertical map
n X j, the above exact sequence yields the exact sequence

—  [=1]1x0—pId — S o~
PFT x5 B S (DT < B S H >0,
i i

Thus there is a unique isomorphism A : H® — H rendering the following diagram
commutative:

—i - [—1]x0—p-1d
@, Fil' x i £ 0P

c ~

H

¢ ZT)L
HE

The isomorphism A is compatible with twisted connections. Indeed, the twisted connec-
tion V on H is induced by the maps

V' Fil' - Fil''@Qyx,, >0,

D Fil' xgi E'

v :
— Fill > Fill @ Qx,, Jj<-1,
p
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while V# on H® by the formula (4.11.1) and V—” in Lemma 4.13. Since the vertical map
77 X j in the m1ddle column of diagram (4 14. 1) is compatlble Wlth V' on P, le i and with

"on @), Fil' x 7 E', and also w1th —ongD;._, Fil/ and ¥ 7 onP,._, Fil! xz; E,
it follows that X is compatible with V on H and V¥ on H*. O

This completes the construction of the first functor from (X)) to MTC(X /), by setting
X = X, in the above two approaches.

Next we are going to construct the second functor F, . MIC (X)) — MIC(Xp).
In contrast to the first functor, it requires the W,,;-liftability of X, and depends on the
choice of W, -liftings. Again, the method of “local lifting and global gluing” in the
first approach of the former functor will be applied. Here “local lifting” means a local
lifting of the relative Frobenius and the gluing morphisms are provided by the difference
of two relative Frobenius liftings via the Taylor formula. We recall that A. Shiho [30]
has obtained a functor from the category of quasi-nilpotent modules with integrable p-
connections over X, to the category of flat modules over X, under the assumptions both
on the existence of W, 4-liftings of X/, X,, and on the existence of the relative Frobenius
lifting over W, . His construction is closely related to ours in the local case, but they
were independently obtained.

Proposition 4.15. Let X be a smooth scheme over S, and X' = X x Fs, Sn- Assume
),(.i_, admits a smooth lifting X' over S,11. Then there is a functor Fy from the category
MIC(X') to MIC(X).

Proof. We divide the whole construction into several small steps.

Step 0. For convenience, let X = X' x pol Sn+1, which lifts X and will be used in
S,

~ ~ n+1 ~
Step 2. Let U’ = {U/}ics be an open affine govering of X’ (assume each member is flat

over S,+1). Then by the obvious base change, it induces an open affine covering U =1{U0;
of X, and by mod p" reduction, 0P€n affine coverings U’ (resp. U) of X’ (resp. X). For
each i € I, we take a morphism F; : U; — Uj ! over S,4 lifting the relative Frobenius

U® Z|pZ — U’ ® 7/ pZ over k and denote F; ® Z/p"Z by F;. Given a twisted flat
module (H, V) over X, its restriction to U/ is denoted by (H;, Vy).

Step 1. Each Fi defines a morphism over S,:

dF
F*QU/ e QU

Put H; = Fi*ﬁi. As discussed before (see the paragraph after Definition 4.5), one can

naturally regard V; as an integrable p-connection on H;. By doing so, we can consider
the following formula:

Vi(f®e):=df®e+f-(%@1)(1@@(6)), feOy. eeH. (4151)

Claim 4.16. V; is well-defined and it defines an integrable connection on H;.
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Proof. One computes that
dF; - dF; .
Vi(l® fe) = (7 ® 1)(1 ® Vi(fe) = <7 ® 1)(1 Qpdf-e+1Q® f-Vi(e))

* * dﬁi = *
=d(Ff)Qe+ Ff- 7®1 (1®Vi(e)) = Vi(F; f Qe),
which shows the well-definedness. Let {1, ..., t5} be étale local coordinates~on U; and
{f&}lsasd the corresponding ones on Ui/. Thenfor 1 < j,k <d and any ¢ € H;,

d dF; ~
Vi (31)(1 ® e) = 2(307(1 ® dté)) ® V(1)) (e).

a=1

So one computes
d dF; , -
Vi(@1) o Vi (3)(1 ® e) = Z 3 atJT(l ®dt)) ) ® V(d1,)(e)
a=1

dF; dF; . .
+ § <atj—’(1 ® dt‘;)) : (ark—’(l ® dt,é)) ® V(dty) o V(d1})(e)
1<a,B=d p p

d dﬁi ’ d ’
- Z 3, (atkT(l ® dta)) ® V(d1))(e)
a=1

+ Z <at,~@(1 ® dt(;)) : (atkﬂ(l ® dt,é)) ® V(dt,) o V(dt)(e)
l<a.B<d P p
= V;(31;) o Vi) (1 ® e).

In the second equality above we have used the integrability of V;, i.e., V; (9t},) commutes
with V; (8t}’5). Then for any f € Oy, and any e € H;, one has

Vi(31) o Vi (1) (f ® e)

= 82f ® +% Vi(0t)(1 ® )+£ Vi(0t)) (1 ®e) + V; (0t;)V; (0t) (1 ® e)
T ot ¢ o k NP e)+ f - Vi@u)Vi(d; ¢
9*f of of

= — - V;(0)(1 — - V;(0t7)(1 -V (0t;) Vi (0t) (1
8[j8lk®e+8tj i (01%)( ®e)+3[k i ( ])( ®€)+f i ( ]) (0t (1 ®e)

= V;(03t;) o V; Q1) (f ® e).

So V;(9t;) commutes with V;(9¢;) for 1 < k, j < d, thatis, V; is integrable as claimed.
]
Step 2. The previous step provides a set {(H;, V;)}ies of local flat modules and we want
to glue them into one global flat module. The point is to use the Taylor formula involving
the difference of two relative Frobenius liftings to construct the gluing morphisms. This
is well-known if p is nonnilpotent in the base ring, and we use the formalism of a twisted
connection to make sense of the p-powers in the denominators of the Taylor formula.
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Let U; = Spec Ri,i = 1,2, be two smooth schemes over Sn+1, equipped with a lifting
of relative Frobenius F; : U; — U /. Assume there are étale local coordinates {7;} for U

and suppose there is a morphism ¢ : U, — U over Sp+1 which induces the morphism
/' : Uy — Uj.LetR; = Ri®Z/p"Z,U; = Spec R; and F; = F; ® Z/ p"Z. Let {1} (resp.
{t;}) be the induced coordinate functions on U; (resp. U;). Given a twisted flat module
(H, V) over U/, there is an isomorphism of Ry-modules Gy : FZ*L/*I:I = L*F]*[:I given
by the Taylor formula

G21(e®1)=2(—)( y®z/, eeH, (4.16.1)
7

where J := (ji, ..., jq) with each component j; > 0, J! := ]—[;1=1 Ji!, and

V@) (Vi) (V(D1)))74
T T g ST

with

X F*L/*) f/)_(L*F* ;/)
Vo[ e BOG=CEDE)
p
=1

As already explained right after Definition 4.5, }, ) converges to zero p-adically as
|J| — oo, and the summation in (4.16.1) is actually finite. There is the cocycle relation
between the isomorphisms for three objects: G31 = Go21 o G32. The proof is mostly
formal: suppressing ¢s in (4.16.1) and writing Z (resp. Z) for the z-function appearing in
G3; (resp. G31), as Z = z + Z, one calculates

V(@)'+
G210Gn(Ee®]) = ZZ (I')J' () ®z’

V(B)K K! .
_Z ( Z m-ﬂ%’)

I+J=K

= Z V(a) (® @+ = Z V(a) @ ®K =G,
K

and the cocycle condition follows. Returning to our case, we shall apply the Taylor for-
mula in the followmg way: write U;; j o= Ui N U and take a relative Frobenius lifting
F,j UlJ — U .Leti : U,] — U, and ¢y : U,] — U] be the natural inclusions. Then
we obtain the 1som0rphlsms a; and ¢; in the following diagram:

.-
i Hly,

a; o)

IR

~

N — FEH * 77 —H.
Hily, = F; Hly, FiH\y, = Hilu,
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Then we define G;; := a; o oef] : Hily;; — Hjly,; and the set of isomorphisms {G;;}
satisfies the cocycle condition. There is one more property of G;;, namely, it is compatible
with connections. For 1 <[ < d, letus identify [ with the multiple index (0, ..., 1,...,0)
with 1 at the /-th position. Then one calculates

)J+1

4 .
dF; ,
Id® Gij)(Vi(e® 1)) =ZZ V@ — (e ®z T(dtl),

and
d ( )J+l

ViGije®1) =) > ———
J

=1

dF;
®z’ - <7~’(dt;) —i—dzz).

As

dF; Fi
dz; = —(d ) — _(dtl)

it follows that
14 ® Gi)(Vi(e ® 1)) = V;(Gij(e ® 1)),

Thus, we use the set {G;;} to glue the local flat modules {(H;, V;)} together and obtain
an object (H, V) in MIC(X).

Step 3. We need to show that (H, V) is independent of the choice of relative Frobenius
liftings and of open affine coverings. But, after our argument on a similar independence-
type statement in Proposition 4.11, this step becomes entirely formal. Therefore, to sum-
marize, we have constructed a flat module (H, V) over X up to canonical isomorphism
from any twisted flat module (H, V) over X', and this gives our second functor F,,. O

Remark 4.17. The above can be simplified when a global lifting F; of the relative
Frobenius over X (a Wy 1-lifting of X) exists Set Fx = Fy ® Z/p"Z. In this case,
one has a globally defined morphlsm —X L FyQyxy — Q. Then H=F ;’;I:I and V

is defined by (4.15.1) with various local —s replaced simply by —X  The reason is as

follows: in Step 0, we may take an open afﬁne covering U =1{U0;} of X (whose elements
are flat over W), ;1) such that Fg U,- — U for all i and then take F to be the restriction

to Fy to U;. Then it follows that the gluing functions G;; are all identity.

Proof of Theorem 4.1. We define C, ! D HX)) — MIC(X,) to be the composite of

FHX)) — M]C(X/) in Proposition 4 11 and F, MIC(X/) — MIC(X,) in Propo-
s1t10n 4.15. From their very constructions, the two functors 7, and F,, are compatible
with mod p"~! reduction. So is their composite. The equivalence of the functor Cy ! over
W1 = k with the inverse Cartier transform of Ogus—Vologodsky [26] has been verified
in [16]. O
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5. Higgs correspondence in mixed characteristic

This section aims to establish the Higgs correspondence between the category of strict
p"-torsion Fontaine modules with endomorphism W, (]Fp r) (Variant 2, §2) and the cat-
egory of periodic Higgs—de Rham flows over X,,, for n > 2, so that it lifts the one in
positive characteristic and its limit, as n — o0, yields the Higgs correspondence in mixed
characteristic.

We proceed first to the definition of a Higgs—de Rham flow over X,. We use the
notation from §4. Let 7, : X, — X, be the natural morphism by base change, which
induces the obvious equivalence of categories 7, : H(X,) = H(X)). We define the
functor

Cli=Clon i H(X,) — MIC(X,).

Definition 5.1. A Higgs—de Rham flow over X,, is a diagram of the form

(Ho, Vo) (Hy, V1)
(H-1,V_y) (Eo, 60) (E1,01)

3

(E_1,6-1) = (Eo, 60)

Here in the upper line, (H;, V;) = Cn’l(E,-, 6;) and Fil; is a finite exhaustive decreas-
ing filtration of Oy, -submodules on H; satisfying Griffiths’ transversality with respect
to V;; 1n the middle line each term (E;, 6;) is a graded Higgs module over X, and
(H_l, 1,le 1) is a de Rham module over X,,_1; in the bottom hne q’) 1S an isomor-
phism of graded Higgs modules from (E_1,0_)) = GrFlLl (H_1, V_)) to (Ey, 6p), the

mod p"’1 reduction of (Ey, 69).

We emghasize that, in the above definition, the filtrations Fil;, i > 0, and the isomor-
phism ¢ are part of the defining data of the flow. Also, an explanation of the various
inverse Cartier transforms in the flow is in order: C,; Y(Ey, 8p) is an abbreviation for

Cy ' (Eo. 00, H-1. V_1,Fil_1. $),
and Cn_1 (E;, 6;) fori > 1 is an abbreviation for
C, ' (Ei, 6, (C; ' (Eiz1, 6,-1), Fili 1) ® Z/ p"~'Z,1d).

Comparing this with the notion of a periodic Higgs—de Rham flow over X| (Definition
3.1), one finds that the extra data in the lower left corner in Definition 5.1 puts an addi-
tional condition on (Eg, 6p) when n > 2. This is caused by the construction of the functor
C, ' n > 2.1t is of interest to characterize those graded Higgs modules satisfying this
condition, but more importantly, to know whether this assumption on C, 1 n > 2, could
be relaxed.
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Next, we turn to the central notion of a periodic Higgs—de Rham flow over X,, which is
defined in an inductive way. For a flat bundle (H, V) over X,,, n > 1, a finite exhaustive
decreasing filtration on H is said to be a Hodge filtration if it consists of locally free
subsheaves of H, is locally split, and obeys Griffiths’ transversality with respect to V.

Definition 5.2. A periodic Higgs—de Rham flow over X,,,n > 2, of period f € N con-
sists of the following data:
(1) a periodic Higgs—de Rham flow (E, b, Fiy, ..., F_ilf_l_, q_S_) € HDF), 5 (X, /Wy);
(2) a graded Higgs bundle (£, 0) € HIG, »(X}) lifting (E, 0);
(3) a Hodge filtration Fil; of level < p —2 on C,; Y(E;, 6) lifting the Hodge filtration
Fil; on C,f_ll(Ei, 6:);
(4) an isomorphism of graded Higgs modules over X,
¢ : Gry,_, (Cy ' (Ef—1.607-1)) = (E. 0)
lifting ¢.
In the above definition, (Ey, 6y) := (E, 0) and (Cn__ll(Ef_l, O_f_l), ﬁ'lf_l, @) together

make up an object in the category H(X,,) so that C, L Ey, 6) is naturally defined. Also,
C, I(Ei, 0;) fori > 1 is naturally defined, which is simply

Cy (Ei, 6, C (Eizy, 6-1), Fili—y).

By Corollary 3.14, the filtrations on a periodic Higgs—de Rham flow over X; are indeed
Hodge filtrations.

Thus the data of a periodic Higgs—de Rham flow of period f over X,,, n > 2, is
encoded in the tuple

(E, 0, Fily, ..., Filp_1,¢, E,0,Fily, ..., Fil;_1, ).

A morphism between two tuples is given by a pair (f, f), where f is a morphism in the
category HDF,_> r(X,/W,) and f is a morphism of graded Higgs modules over X,
lifting f and satisfying natural properties. Let us explain this in the one-periodic case in
detail. Let (E;, 6;, Fil;, ¢;, E;, 6;, Fil;, q_ﬁi), i = 1,2, be two one-periodic flows over X,,.
Then a morphism

(f. f) : (Ey1, 64, Fily, ¢1, Ev, 01, Fil,, ¢1) — (Ea, 62, Fily, ¢o, E2, 0, Fily, $2)
means the following: first,
f i (E1, 61, Fily, ¢1) — (Ea, 02, Fil, $2)

is a morphism in HDF,_» 1(X,/W,); second, f : (E1, 01) — (E1, 62) is a morphism of
graded Higgs modules over X, lifting

f:(Er,0) — (Ez,6);
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third, the morphism
CoN ) CTNELL 6) — C N (Ey, 6),

which is naturally defined by the previous two properties, is compatible with the Hodge
filtrations and the induced morphism on graded Higgs modules is compatible with ¢s,
that is, the following diagram commutes:

_ ]
Grry, C; ' (E1, 0)) —— (E1,61)

Grc,! (f)l lf

_ P
Grri, C; (B2, 02) ——— (E2,62)

Thus, the category HDF 2 f(Xu41/Wyy1) of periodic Higgs—de Rham flows of pe-
riod f over X, is indeed inductively defined. Also, relying upon the previous two defi-
nitions, it is straightforward to define a preperiodic Higgs—de Rham flow over X,, (the
key is to ensure the well-definedness of the inverse Cartier transform of each Higgs
term). Since this will not be used later, we leave this task to the reader. Recall that
MF [VO’ =2, f(X n+1/ Wy1) is the category of strict p”-torsion Fontaine modules with ex-
tra endomorphism W, (pr). The following theorem lifts Theorem 3.2 in characteristic p
(but notice the stronger restriction on the Hodge—Tate weight).

Theorem 5.3. Let X, be a smooth scheme over Wy 11. For f € N, there is an equiv-
alence of categories between the category MF[V0 p—2] f(Xn+1/Wn+1) and the category
HDFp—Z,f(Xn+l/Wn+l)-

Similar to the characteristic p case, the theorem will be reduced to the one-periodic case.
Let us introduce the category of one-periodic Higgs—de Rham flows over X, with en-
domorphism structure W, (pr). Its object is a tuple (E, 0, Fil, ¢, ¢, E, 0, Fil, ¢), where
(E, 8, Fil, ¢, E.O, ﬁ, q_ﬁ) is an object in the category HDF, := HDF, > r(Xy+1/Wyt1)
and

v Wo(F,r) < Endppr, (E. 0, Fil, ¢, E, 6, Fil, )

is an embedding of W, (IF,)-algebras. A morphism of this category is a morphism of one-
periodic Higgs—de Rham flows compatible with endomorphism structures. Thus Theorem
5.3 follows from the next two propositions.

Proposition 5.4. There is an equivalence of categories between the category

MFG 911 (Xn1/ Wat1) and HDF p—3,1(Xnt1/ Wa1)-

This proposition is just the one-periodic case of Theorem 5.3, which implies immediately
that MF, [VO’ p—2], f(X,,H / Wu41) is equivalent to the category of one-periodic Higgs—de
Rham flows over X,, with endomorphism structure W, (Ipr). We postpone its proof and
first show

Proposition 5.5. There is an equivalence of categories between the category of one-
periodic Higgs—de Rham flows over X, with endomorphism structure Wy, (F ) and the
category HDF,_3 ¢ (Xp41/ Wit1).
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Proof. Recall that we have chosen a primitive element §; € I, in the proof of Lem-
ma 3.8. Let & be the Teichmiiller lift of &; in W(IFP 7) and let &, be the mod p” reduction
of £. Thus &, is a generator of W, (IFp_f) as a W, (IF)-algebra. The Frobenius automor-
phism of W,, = W, (k) acts on &, by the power p map. We argue by induction on n.
The n = 1 case is Proposition 3.7, where we have constructed the functor £ and its
quasi-inverse D. Relabel them as £ and D;. As the induction hypothesis, we assume
that we have constructed sequences {&;}1<i<n—1 and {D;}1<;<,—1 of functors such that
(1) & and D; are quasi-inverse to each other and therefore give an equivalence of cate-
gories between the category of one-periodic Higgs—de Rham flows over X; with endo-
morphism structure W; (F, /) and the category HDFp_» ¢(X;); (ii) & (resp. D) lifts &1
(resp. Di_1).
Now we proceed to the case of n. Let us start with an object of HDF),_5 r(Xj):

(E,0,Fily, ..., Filr_\,¢,E,0,Fiy, ..., Fili_1,¢).
Following the characteristic p case, we put

f—1
(G, n) == EP(E:. 00,

i=0
where (Eg, 6p) = (E, 0) and (E;, 6;) = Cn_l(E,-,l, 0;_1),i > 1, are the remaining Higgs
terms defined inductively in the flow. The Hodge filtration Fil on C;; ' (G, 1) as well as the
isomorphism ¢ of graded Higgs modules over X,, are defined exactly in the same way as
in the characteristic p case (see the paragraph before Lemma 3.8). Clearly, (G, 0) (resp.
Fil and &) lifts ((_}, 9_) (resp. Fil and qS) and therefore (G, n, Fil, (;3 G, 0, Fil, qB) is a one-
periodic flow over X,,. Replacing & in the proof of Lemma 3.8 with &, one equips this
one-periodic flow with an endomorphism structure W, (IFp 7). This gives us a functor &,.
Conversely, to a one-periodic Higgs—de Rham flow (G, n, Fil, ¢, ¢, G, n, Fil, ¢_>) over X,
with endomorphism structure W, (F, 1), we associate an f-periodic Higgs—de Rham flow
over X, as follows: first, the induction hypothesis gives us an f-periodic flow over X,,_4
(by abuse of notation we have omitted the part over X,,_; in the following expression):

(E,é,l?ﬂo,.-.,?ﬂf—l,qz).

Second, let (G,n) = @f:_ol(G,-, n;) be the eigen-decomposition under the endomor-
phism ¢(£,). Then C, (G, n;) is naturally defined and one has the eigen-decomposition
under Cn’1 (&n):

f-1

(€, (G, ), Fil) = @D(C, " (Gi, m), Fily).

i=0
So we put (E, 8) = (Go, no), and closely following the constructions in the character-
istic p case (see Lemma 3.9), one obtains the filtrations Fil;,0 < i < f — 1, and the
isomorphism ¢ of graded Higgs modules over X,,, so that the extended tuple

(E,G,ﬁlo,-n,ﬁlf—l,(i;, E,é,ﬁo, ~--,ﬁf—1,<i:>)
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isan objectin HDF ), 5 r(X). This gives us the functor D,, in the reverse direction. Given
the proof of Proposition 3.7, the proof that £, and D, give an equivalence of categories
becomes completely formal and is therefore omitted. Finally, the lifting properties of &,
and D,, are direct consequences of our choice of &, at the beginning. O

We now turn to the proof of Proposition 5.4. In the following, we choose and fix an open
affine covering U = {U;}ier of Xy +1/ Wy41 whose elements are flat over W,,, and for
each i, an absolute Frobenius lifting F; over U;. First a lemma:

Lemma 5.6. Let (H, V, Fil, ®) be a strict p"-torsion Fontaine module. Let (I-_I, v, ﬁ)
be the mod p™~' reduction of (H, V, Fil) and (E, 0) the associated graded Higgs bundle.
Then the relative Frobenius ® naturally induces an isomorphism of flat bundles over X,,:

:C;UE, 0) = (H,V).

Proof. The lemma follows from the strong p-divisibility and horizontality of ® (see §2)
and the very construction of C,;!. For n = 1, this is [16, Proposition 1.4]. For simplicity,
let us ignore the issue of the obvious base change caused by the Frobenius automorphism
of the base ring W,, in the argument. By the first approach for the functor 7,,, it follows
that

7;’[(E765 FI,@,F_ll) = Gn(H, VvFil)‘

Write it (H, V). Let U, = {Uin}icr be the induced open affine covering of X,, and
let F; , be the induced absolute Frobenius lifting over U; ,,. Then the evaluation ®; :=
®w,,.F.» of @ is an isomorphism of local flat bundles:

@; : (F Hlu,,. Fy (V) = (H, V)|u,,.,

where the connection F}* (V|y, ) is defined via (4.15.1). The fact that different evaluations

in

of @ are related via the Taylor formula means
CD,' = q)j o €&ij, (5.6.1)

where the ¢;; are given by (4.16.1) (replacing the indices 21 in that formula with ij).
Thus, the very construction of Cn_l means exactly that the local isomorphisms ®; glue
together to a global one ® from Cn_l(E, 6)to (H, V). ]

Proof of Proposition 5.4. We divide the whole proof into three steps, following the one
in the characteristic p case. The proof is by induction on n, where the n = 1 case is
Proposition 3.3. Rewrite the functors in the proof of Proposition 3.3 as GR| := GR and
ICy = ZC. As the induction hypothesis, we assume the existence of functors GR; :
MF[V(),p_z]Yl(Xi—s-l/WiH) — HDF,_51(Xi4+1/Wi41) and ZC; in the opposite direc-
tion for 1 < i < n — 1 such that (i) GR; and ZC; are quasi-inverse to each other,
and (2) GR; (resp. ZC;) lifts GR;_ (resp. ZC;_1). In the following, we construct a lift-
ing GR,, (resp. ZC,) of GR,,—1 (resp. ZC;,—1) such that GR,, and ZC,, are quasi-inverse
to each other.
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From Fontaine module to one-periodic Higgs—de Rham flow: Let (H,V, Fil, ®)
be a strict p"-torsion Fontaine module over X,ii/Wy41. Its mod p"~! reduction
(H, V, Fil, ®) is a strict p”_l-torsion Fontaine module. Let

(Ev 0_’ Filexps d_)v Ev 9:1 ﬁexpv qzs)

be the corresponding one-periodic flow over X, to (H, V, Fil, ®) via the functor
GRu—1.Set (E,0) = Grg;(H, V). By Lemma 5.6, we define Filex, on Cn_l(E, 0) to be
the pull-back of Fil on H via the isomorphism ®. Thus, we also obtain an isomorphism
of graded Higgs modules over X,:

¢ := Gr(®) : Grpu,, (C; ' (E, 0)) = Grpa(H, V) = (E, 0).

The lifting property of the inverse Cartier transform in Theorem 4.1 implies that the re-

sulting tuple (E, 0, Filexp, ¢) lifts (E, 6, Filexp, ¢_5), so that
GRn(H, V, Fil, ®) := (E, 0, Filexp, ¢, E, 0, Filexp, ¢)
is a one-periodic Higgs—de Rham flow over X,,. Clearly, the functor GR,, lifts GR,, 1.

From one-periodic Higgs—de Rham flow to Fontaine module: From a given object
(E, 8, Fil, ¢, E. 0, Fil, 43) € HDF,_51(X,), one immediately derives the de Rham
module

(H,V, Fil) := (C;/\(E, 9), Fil).

In order to complete it to a Fontaine module, it remains to put a relative Frobe-
nius ® on it. Let (H, V) be the mod p”_l reduction of (H, V) which is equal to
Cn__ll(E, ). Set (E1,6;) = Grg(H, V). Then we have two objects in the category
H(X,): (E,0, H,V,Fil,¢) and (E1, 6,, H, V, Fil, Id). Then ¢ : (E;1, 6;) = (E, 6) and
the identity map on (I:I .V, F_il) give rise to an isomorphism

¢:(E1,61,H,V, Fil,1d) = (E,0, H,V, Fil, §)
and therefore an isomorphism ¢~5 := T, (¢) of twisted flat modules by Proposition 4.11:
(H,V) :=Tm(E\, 61, H,V,Fil,1d) = T,(E, 0, H,V, Fil, ¢) :== (H_1, V_}).

Note that the isomorphism 77(¢) for n = 1 is nothing but the original isomorphism ¢
between graded Higgs bundles. Then for an open affine covering of X, and the set of
Frobenius liftings as given in Lemma 5.6, following the method in the characteristic p
case, we simply define an Oy, -isomorphism by

®; = F () : F}'

i,n

A= F}\, (o),
where the latter module is just H|y,, = C,'(E,0)|y,,. At this point, the triple
(Hlu,,,» Filly,,,, ;) is alocal p-torsion Fontaine module without connection (i.e. it is an
object in the local category MF(R; ) with R; , = I'(U; », Oy, ,) as given in [4, p. 31]).



Semistable Higgs bundles 3095

By [4, Theorem 2.1(ii)], one knows that H is a locally free Oy, -module. Moreover, by
the construction of the functor F,,, ®; is indeed an isomorphism of flat modules:

D; : (F,-fnmu

in’

F.V\u,) = (H, Yy,

This gives the horizontal property as required by an evaluation of the relative Frobenius
(see Variant 1, §2). It remains to explain that the ;s are related via the Taylor formula
(5.6.1). Let e be a local section of H over Ui n. Then over Ujj,, := Ui, N Uj, one
computes

Gijodi(e®1) =)

J

Y J
= d)j(;w ®ZJ) = (Dj osij(e® 1).

V1@ @) oo _ 3 V@@ o
J

J!

J!

The second equality follows from the property that ¢ respects the twisted connections, and
the last equality follows from the transition over U;; , of a local section of H over U;,to
a local section of H over U i.n- So we obtain a relative Frobenius & from local ®;s and
thus a strict p"-torsion Fontaine module over X;:

IC,(E, 0, Fil, ¢, E,0,Fil,¢) := (H,V, Fil, D).

That the functor ZC, lifts ZC, follows from the lifting property of the inverse Cartier
transform and the construction of the relative Frobenius.

Equivalence of categories: This is done by induction on #n and the constructions of the
natural transformations in the proof of Proposition 3.3. O

At this point, we have completed our theory of the Higgs correspondence in positive and
mixed characteristic (§3—85). In [13] (see also [12, Remark 5.5]), N. Katz established the
following result.

Theorem 5.7 ([13, Proposition 4.1.1]). Let X,/ W, be an irreducible smooth affine
scheme over Wy, equipped with an absolute Frobenius lifting Fx,. Then there is an equiv-
alence of categories between the category of Wy (F s )-representations of w1(Xy) and the
category of pairs (E, @) consisting of a locally free sheaf E of finite rank over X,, together
with an isomorphism ¢ : F;nf (E) > E.

Katz’s correspondence has been further developed in the work [3] of Emerton—Kisin,
where the role of unit F-crystals is emphasized. A pair (E, ¢) in Theorem 5.7 is called
a Frobenius-periodic vector bundle over X,,. This is the prototype of the notion of pe-
riodic Higgs—de Rham flow. Indeed, to a Frobenius-periodic vector bundle (E, ¢), one
associates the periodic Higgs—de Rham flow (E, O, Fily, .. ., Fily, ¢) over X, of level
zero, and this association is an equivalence of categories. Take an arbitrary W-lifting
X = Spec R of X,, and I" (resp. I'") the Galois group of the maximal extension of R
étale over R[1/p] (resp. over R) [4, Ch. II]. Then one may show that the correspond-
ing W, (]pr)-representation of I"'to (E, 0, Fily, ..., Fily, ¢) over X, according to Theo-
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rem 5.3 and [4, Theorem 2.6] factors through the natural quotient I' — I'"" = 71 (X,,),
and the resulting representation of 7 (X,) coincides with the representation correspond-
ing to (E, ¢) in view of Theorem 5.7. Moreover, our theory extends to the case where
only the existence of W, -lifting of X, is assumed. Namely, one may show that given
a W,41-lifting X, 1 of X,,, there is an equivalence of categories between the category
of f-periodic Higgs—de Rham flows over X,, of level zero and the category of W, (F,/)-
representations of w1 (X,).

To demonstrate the use of the theory in a higher Hodge—Tate weight situation, we
provide an immediate construction of a p-divisible group over a geometric base over W
whose Kodaira—Spencer map is an isomorphism.

Example 5.8. Let A; be any ordinary abelian variety defined over k of dimension g.
By Serre—Tate theory, it has the canonical lifting A over W (k) with the Frobenius lifting
F : A — A. Consider the following Higgs bundle (E, ) over A/ W:

EVNeEM =Q,004 6"0=1d:Q4 — 04 ® Qa.

We will show that this Higgs bundle is one-periodic. We set (E,,, 6,) := (E,0) Q Z/p"Z
and F, = F ® Z/p"’Z. First we construct a one-periodic Higgs—de Rham flow on A;:
since A has the global Frobenius lifting F3, it follows that
Cy ' (E1, 61) = (Hy, V1),
with
" dF,
Hy:=F'E;y and V| = Vg, + T(Fl 61).

A Hodge filtration of level one on (Hjp, V1) is defined by Fill = FI*QA1 = Q4,. Set
(EY, 6y) := Grgy, (Hyi, V).
Then
E| =Q4, ®04, 0= %(Fl*gl)-

Because of the ordinariness of Ay, the Hasse—Witt map

dF,
7 : HO(Al, QAl) — HO(Aly S—ZAl)

is bijective. So 0{]’0 has to be an isomorphism. Then we proceed to show (E{, 6)) is
isomorphic to (E1, 61). Indeed, there is one natural choice 1 : E i — E7 of isomorphism
described as follows: its (0, 1)-component mapping Oy, to itself is the identity, and its
(1, 0)-component mapping 24, to itself is the unique isomorphism commuting with the
Higgs fields. Therefore, we have obtained a one-periodic flow over A as claimed:

(Hy, V1)

(E1, 601) (E}. 07)

R=
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Next we proceed to the W»-level. Using the fact that A3 has the Frobenius lifting F3, one
computes that H_1 2 = Q4u, ® Oy, and V_ 1.2 = pVean + 6>. Using Remark 4.17, it
follows that

Cy ' (B2, 62) = (Ha, V)

with Hy = F Ey = Q4, @ Oy, and V the connection defined by
dF; ~
Vo(f ®e)=df Qe+ f - 7®1 (1®V_1,2(e)),

where f (resp. e) is a local section of Oy, (resp. I:I_l,z) (see Claim 4.16). Now we take
the filtration Fil% = Q4,, which lifts Fili. Then the associated graded Higgs bundle is

dF;
Ey=Qu @04, 6°0= T(Fz*ez),

which lifts (E{, 6]). Again there is an obvious isomorphism
Y2 (Eza 92) — (E2,02)

which lifts i1 and whose (0, 1)-component is the identity map. So we obtain a one-
periodic flow over Aj:

(H3, V)

(Ez, 02) (E5, 05)

RS

Then one continues and constructs inductively a one-periodic flow over A,,n > 1:

RS

Passing to the limit, one therefore obtains a one-periodic Higgs—de Rham flow over A/ W,
and hence a rank g + 1 crystalline Z,-representation of Hodge—Tate weight one of the
generic fiber A? of A/ W, which by [4, Theorem 7.1] corresponds to a p-divisible group
over A/W.
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6. Strongly semistable Higgs modules

Let X/k be a smooth projective variety over k, equipped with an ample divisor Z. Semi-
stability in this section means uz-slope semistability. Recall that a vector bundle over X
is said to be strongly semistable if the bundle as well as its pull-back under any power of
Frobenius are semistable. The relation between strongly semistable bundles with trivial
Chern classes and representations of the algebraic fundamental group was first revealed
by Lange—Stuhler in the curve case [18, §1]. It asserts that a semistable vector bundle E
of degree zero over a curve can be trivialized after a finite morphism if and only if it is
strongly semistable [18, Satz 1.9]. Note that E being strongly semistable of degree zero is
equivalent to there being a pair (e, f) of integers with e nonnegative and f positive such
that
Fit(E) = Fi(E),

where Fx : X — X denotes the absolute Frobenius morphism as usual. It corresponds
to a representation of 71 (X) in GL(k) if and only if e in the above isomorphism can be
taken to be zero [18, Proposition 1.2, Satz 1.4]. The result of Lange—Stuhler has been
generalized to singular curves by Deninger—Werner [2, Theorem 18] and this generaliza-
tion played a key role in their partial p-adic analogue of Narasimhan—Seshadri theory.
Besides the intimate relation to representations of my, the notion of strong semistabil-
ity is also useful in other situations, for example, in Langer’s proof of boundedness of
semistable sheaves and Bogomolov’s inequality in positive characteristic [19]. Therefore,
it is a natural question to generalize this notion to Higgs modules. Interestingly enough,
it turns out that our generalization (especially Theorem 6.5 below) has played a key role
in the very recent result, due to A. Langer [22], on the Bogomolov—Gieseker inequality
for semistable Higgs bundles and the Miyaoka—Yau inequality for surfaces in positive
characteristic.

The key of the generalization is to replace the Frobenius pull-back with the inverse
Cartier transform of Ogus—Vologodsky [26], as seen in the following

Definition 6.1. Let X be a smooth projective variety over k together with a fixed W-
lifting of X. A Higgs module (E, 8) is called strongly semistable if it appears in the
initial term of a semistable Higgs—de Rham flow, that is, all Higgs terms (Ej;, 6;) in the
flow are semistable and defined over a common finite subfield of k.2

A torsion Higgs module is by definition automatically semistable, which is however un-
interesting in the current setting. Therefore, a semistable Higgs module is tacily assumed
to be torsion-free in this paper. Clearly, a strongly semistable vector bundle E is strongly
Higgs semistable: one simply takes the Higgs—de Rham flow

(F3E, Vean) (F32E, Vean)

y % Fx w

(E,0) (FE,0)

2 This definition corrects an error in [17, Definition 2.1].



Semistable Higgs bundles 3099

where V¢, is the canonical connection in the Cartier descent theorem and Fil, stands for
the trivial filtration as before.

The first result on the Higgs semistability of the graded Higgs module associated to a
strict p-torsion Fontaine module is due to Ogus—Vologodsky [26, Proposition 4.19].

Proposition 6.2 (Ogus—Vologodsky). Let X/k be a smooth projective curve of genus g.
Let (H, V, Fil, ®) be a strict p-torsion Fontaine module (with respect to some W»-lifting
of X). Assume that

n(rank H — 1) max{2g — 2, 1} < p — 1.
Then Grg;(H, V) is a semistable Higgs bundle.

Their result can be generalized as follows (see [27, Proposition 0.2] for a generalization
in the geometric case as given in Example 2.2, and also [29, Proposition 3.7]):

Proposition 6.3. Let X/k be a smooth projective variety. Let (H, V, Fil, ®) be a strict
p-torsion Fontaine module (with respect to some Wy-lifting of X). Then the graded Higgs
bundle (E, 0) := Grg;(H, V) is Higgs semistable. Moreover, any Higgs subsheaf (G, 0)
C (E, 0) of slope zero is strongly semistable.

Proof. Let us first recall that we have proven (see [16, Proposition 1.4]) that there is a
natural isomorphism

d:C;7N(E,0) = (H,V).

Therefore, one obtains a natural isomorphism Grg; o C l_l(E ,0) = (E,0). It implies
that pu(E) = wp(E), and thus w(E) = 0. For the first statement, we argue by con-
tradiction. Let (F, 6) be the maximal destabilizing Higgs subsheaf of (E, 8) with posi-
tive slope w(F). Then Grg; o Cfl (F, 0) is naturally a Higgs subsheaf of slope pu(F)
> u(F), a contradiction. For the second statement, first notice that a Higgs subsheaf
(G, 9) of slope zero is automatically semistable, as first observed by C. Seshadri. As
GrpjjoC 1_1 (G, 9) is naturally a Higgs subsheaf of (£, #) which is again of slope zero and
hence semistable, (G, ) is strongly semistable. O

It is surprising to have the following
Proposition 6.4. Any rank two nilpotent semistable Higgs module is strongly semistable.

Proof. Let (E, 9) be a rank two nilpotent semistable Higgs module over X. For the rea-
son of rank, 6 is nilpotent of exponent < 1. Write (H, V) for Cl_1 (E, 0), and HN for
the Harder—Narasimhan filtration on H. We need to show that the graded Higgs module
Grgy(H, V) is again semistable.

If H is semistable, there is nothing to prove: in this case, HN is trivial and hence the
induced Higgs field is zero, and Grgy(H, V) = (H, 0) is Higgs semistable. Otherwise
denote by L1 C H the invertible subsheaf of maximal slope and L, = H/L; the quo-
tient sheaf. Then L cannot be V-invariant. Indeed, (H, V) is V-semistable as a general
property: Let M C H be any V-invariant subsheaf. Then (F,0|r) := Ci(M, V|y) C
Ci1(H,V) = (E,0) is a Higgs subsheaf of slope u(F) = w(M)/p, where C; is the
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Cartier transform of Ogus—Vologodsky (see also [16]). As (E, 0) is Higgs semistable, it
follows that

u(M) = pu(F) < pp(E) = u(H).

So the natural map
0 =GrygyV:L| — L2®QX1

is nonzero. A nontrivial proper Higgs subsheaf L C Gryy(H, V) is simply an invertible
subsheaf with /(L) = 0. So L C L, and

w(L) < u(la) < u(H) = u(Grgy H).
In this case, Gryy (H, V) is actually Higgs stable. O

Motivated by Proposition 6.4, we proposed a conjecture on strong semistability of a nilpo-
tent semistable Higgs module of higher rank in the first version of the paper (see [17,
Conjecture 2.8]). The conjecture was proven by A. Langer [21] in the case of small rank,
which is crucial to his algebraic proof of the Bogomolov—Gieseker inequality and the
Miyaoka—Yau inequality. In the Appendix, we shall provide an independent proof of the
conjecture in the case of small rank.

Theorem 6.5 (Theorem A.1, [21, Theorem 5.1]). Any nilpotent semistable Higgs mod-
ule of rank < p over X is strongly semistable.

After establishing the notion of strong semistability and exhibiting ample examples, we
shall concentrate on those strongly semistable Higgs modules with trivial Chern classes,
as guided by the theorem of Lange—Stuhler. It turns out they are quite close to being
periodic.

Theorem 6.6. Let X/k be a smooth projective variety with a fixed W-lifting of X.
A preperiodic Higgs module is strongly semistable with trivial Chern classes. Conversely,
a strongly semistable Higgs module with trivial Chern classes is preperiodic.

Proof. For a Higgs module (E, ) € HIG,_1(X), let (H, V) = Cl_1 (E, 0) be the corre-
sponding flat module. It follows from [26, proof of Theorem 4.17] that

c/(H) = pla(E), 1>0.

Since for any Griffiths transverse filtration Fil on (H, V) the associated graded Higgs
module (E’, 8") = Grgy o Cl_l(E, 0) has the same Chern classes as H, it follows that

a(E')=plaE), 1z0.
Therefore, in a Higgs—de Rham flow one has, fori > 0,
c(Eiy) = pla(E),  1=0.

This forces the Chern classes of a preperiodic Higgs module to be trivial. Also, a slope A
Higgs subsheaf in (E;, 0;) gives rise to a slope pA Higgs subsheaf in (E; 1, 6;4+1). This
implies that, in a preperiodic Higgs—de Rham flow, each Higgs term (E;, 6;) contains no
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Higgs subsheaf of positive degree. So each (E;, 6;) is semistable. This shows the first
statement.

Conversely, let (E, 0) be a strongly semistable Higgs module with trivial Chern
classes, and let (E;, 6;);>0 be the Higgs terms appearing in a semistable Higgs—de Rham
flow with initial term (E, 0). As discussed above, each (E;, 6;) has trivial Chern classes
(and the same rank as E). By [22, Lemma 5] and [21, Theorem 4.4], the moduli space
of semistable Higgs modules with trivial Chern classes over X/ k is bounded and defined
over k. Let k¥’ C k be the common finite subfield for the infinite sequence {(E;, 6;)}i>0.
Since any scheme of finite type over k has only finitely many k’-rational points, there
must exist a pair of integers (e, f) € Zxo x N such that there is an isomorphism (over k)
of Higgs modules (E¢4 7, 0o47) = (Ee, 0.). Certainly, one can make the above isomor-
phism into an isomorphism of graded Higgs modules by adjusting one of their gradings.
Therefore, (E, 0) is preperiodic. ]

Using the notion of strongly semistable Higgs module as bridge, we can produce crys-
talline k-representations (up to isomorphism) from semistable nilpotent Higgs bundles (of
small rank) with trivial Chern classes.

Theorem 6.7. Let X/ W be a smooth projective scheme. Then for any rankr < p — 1
semistable nilpotent Higgs bundle (E, 0) over X with trivial Chern classes, there is a
unique r-dimensional crystalline k-representation of w1 (X ) up to isomorphism.

The proof relies on the next result which follows directly from Theorems 6.5 and 6.6.

Corollary 6.8. With notation as Theorem 6.7, any rank r < p semistable nilpotent Higgs
bundle over Xy with trivial Chern classes is preperiodic.

It is a nontrivial problem to decide when a small rank semistable graded Higgs bundle
with trivial Chern classes is periodic (and to find its period when it is indeed the case),
albeit it is always preperiodic by the corollary. We shall discuss this problem as well as
the basic properties of representations constructed in Theorem 6.7 on a later occasion.

More preparations are needed before we can prove Theorem 6.7. A (pre)periodic
Higgs bundle may lead to more than one (pre)periodic Higgs—de Rham flow. However,
in the setting of Corollary 6.8, there is a natural choice of filtrations in a preperiodic
Higgs—de Rham flow.

Proposition 6.9 (Theorem A.4, Remark A.9; [21, Theorem 5.5]). Let (H, V) be a V-
semistable flat bundle over X. Then there exists a unique reduced gr-semistable filtration
on (H, V) which is preserved by any automorphism of (H, V).

The reader is referred to the Appendix for the definition of a gr-semistable (resp. reduced)
filtration. We shall call the filtration in the above result the Simpson filtration and denote
it by Fils. Note that the Simpson filtration in the rank two case is nothing but the Harder—
Narasimhan filtration on H, but it may well differ from the Harder—Narasimhan filtration
for higher ranks. A periodic Higgs—de Rham flow whose de Rham terms are all equipped
with the Simpson filtration is unique up to lengthening, as proven below. The unicity is
shared more generally by a periodic Higgs—de Rham flow satisfying
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Assumption 6.10. Let (E, 0, Fily, ..., Fily_1, ¢) be a periodic Higgs—de Rham flow
over Xy. Assume that, for each 0 < i < f — 1, the filtration Fil; on H; is preserved
by any automorphism of (H;, V;).

Recall that in the definition of lengthening, one has the following isomorphisms of graded

Higgs modules induced by ¢ : (Ef, 0r) = (Ep, 6p):

Grey Y'Y (@)« (B g Owsnyg) = (Eng, 0ap),  n €N

Set, for —1 <i < j,

i = (GrCyH T (@)oo (GrCTHY () 1 (B4 £, 041y f)
= (Ei+ns: O+ f)-

Note that ¢; 1 is just the isomorphism ¢; in the j-fold lengthening of the starting periodic
flow.

Lemma 6.11. Let ¢ : (Ey,0f) = (Eo, 6o) be another isomorphism of graded Higgs
modules. Then there exists a pair (i, j) with 0 < i < j such that ¢; ; o gpj?il =1Id.

Proof. If we denote t; = ¢ o <p;1, then t, is an automorphism of (Ey, 6p). Moreover,
each element in the set {7}y is defined over the same finite field in k. As this is a finite
set, there are j > i > 0 such that t; = 7;. So the lemma follows. O

Proposition 6.12. Assume that Assumption 6.10 holds. Let (i, j) be a pair given by
Lemma 6.11 for two given isomorphisms ¢, ¢ : (Ey,0r) = (Eo, 6p). Then there is an
isomorphism in HDF, (j—iyr(X2/ W2):

(E,0, Fily, ..., Filj_iyf—1,0j—i-1) = (E, 0, Fily, ..., Fil(j_iyr—1, ¢j—i—1),

where both sides are obtained by j — i — 1-fold lengthening.

Proof. Put 8 = ¢; o (pi_l : (Eo, 6p) = (Ep, 8p). We shall check that it induces an iso-
morphism in HDF, (j ;) r(X2/ W2). By Assumption 6.10, Cl_1 (Gr Cl_])m (B) form >0
always respects the filtrations. We need only check that 8 is compatible with ¢; ;1 and
@j—i—1. So it suffices to show that the following diagram is commutative:

Qj—i—1
E-iyf — Eo

—1 1
‘pj.jill J{‘ﬂi

EGyiys Eivnyy

¢j,_/—i—ll lt/h‘
Dj—i—1

Ej-iyf — Eo
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Clearly, it is equivalent to show the commutativity of

ol
Ej-iyf — Eo

—1 -1
“’j,.f—i—ll l‘ﬂi

EGyyy Eiynr

¢j,jill l@'
Dj—i—1

E(j-iyf —— Eo

In the above diagram, the anti-clockwise direction is

-1 1 -1 -1
bj—i-10@jj-i—10¢; i 109, ;1 =¢jop; =¢io(djiog;;)op.
By the requirement for (7, j), we have ¢; ; o (pj_il = Id, so the anti-clockwise direction is

#: o ¢;, which is exactly the clockwise direction. So B is indeed compatible with dj—i—1
and @; ;1. O

Proof of Theorem 6.7. We assemble the previous results. First, by Theorem 6.8, there
exists a preperiodic flow with initial term (E, 6). But there are several choices. In order
to make a unique choice, we shall apply Proposition 6.9 at each step, that is, we use the
Simpson filtration Filg on each flat bundle and then we obtain the uniqueness on the filtra-
tions in the flow. Now let e € Ny be the minimal number such that (Grg; oC l_l)e(E ,0)
is periodic and let f € N be its period. Thus from (E, 6) we have obtained a periodic
Higgs—de Rham flow

((Grrig o CT Y (E, 6), Fily = Fils, . .., Fil;_1 = Fils, ¢),

unique up to the choice of ¢. Fix one choice of ¢ and let p be the corresponding repre-
sentation according to Corollary 3.10. As Filgs satisfy Assumption 6.10, it follows from
Proposition 6.12 and Corollary 3.11(ii) that the isomorphism class of p ®k is independent
of the choice of ¢. Finally, the rank condition < p — 1 allows us to apply Theorem 2.3 to
conclude the proof. O

7. Rigidity theorem for Fontaine modules

Let X/W be a smooth and projective scheme, equipped with a W-ample divisor Z. To
a (p-torsion) Fontaine module (H, V, Fil, ®), one naturally associates the graded Higgs
bundle (E, 0) := Grg(H, V) by taking the grading of (H, V) with respect to the filtra-
tion Fil. In this section, we show that the gr-functor is faithful over those mod p stable
objects (with respect to the 1z, -slope).

For a Griffiths transverse filtration Fil of level w, we extend Fil I — Fil® for—i e N
and Fil"*/ = 0 for j € N.
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Lemma 7.1. Let Y be a smooth projective variety over an algebraically closed field k
and let (V, V) be a flat bundle over Y. If there exists a Griffiths transverse filtration Fil
on (V, V) such that the associated graded Higgs module (E, 0) is stable, then it is unique
up to a shift of index.

Proof. Suppose on the contrary that there is another gr-semistable filtration Fil on V
which differs from Fil after arbitrary index shifting. Set (E, 0) := Grg;(V, V).

Case 1: Suppose that there exists an integer N such that Fil' C Fil ™ for every i. Also,

. i —=lo+N+
we can assume N is so chosen that Fil'© C Fil

induces a natural morphism of Higgs bundles

for some ip. Then the inclusion

f:(E,6)— (E,6).

Clearly, the morphism f cannot be injective at each closed point: otherwise, Fil' =

Fil' ™ for all i, which contradicts the assumption that the two filtrations are different.

So f is not injective. Neither is f zero, since it would imply Fil' C Fil' N for all i,

which contradicts the assumption on N. Therefore, on the one hand, as Im(f) is a quo-
tient of (E, 6), we have u(Im(f)) > w(E) = n(V); on the other hand, Im(f) is also a
subobject of (E, 6), so u(Im(f)) < u(E) = u(V), a contradiction.

Case 2: Otherwise, let a be the largest integer such that Fil @ is not contained in Fil", and
b the largest integer such that Fil®~ is contained in F_ilbﬂ foralli > 0. Certainly a > b.
Then we define a morphism of Higgs bundles f : (E,0) — (E, 6) as follows: fori > 0,
flga+ti =0, and for j > 0, f|ga—; is given by

E“ = Fi1e=) jFie=i+ o T

.. . —a+1 —=b+1 ca—i —b—Jj .
This is well defined as Fil®*'  Fil*" c Fil' " and Fil"~/ c Fil' "’ for j > 0. Clearly
f cannot be 1n]ect1ve Also, f cannot be zero: otherwise, one would get the relation

Fil*=J ¢ Fll ~J for all j > 0, which contradicts the maximality of b. The remaining
argument goes exactly as in Case 1. O

The above statement, true for any characteristic, has the following nice consequence in
the current setting.

Proposition 7.2. Let (E, 0) be a Higgs bundle over X1. Suppose (E,0) is stable and
one-periodic. Then there is a unique one-periodic Higgs—de Rham flow with initial term
(E, 9), up to isomorphism.

Proof. Let (E, 0, Fil, ¢) be a one-periodic Higgs—de Rham flow. First, because of the
stability assumption on (E, 0), it follows from Lemma 7.1 that the Hodge filtration Fil
onC YE,0)is unique up to a possible shift of index. However, ¢ is an isomorphism of
graded Higgs modules, so Fil has to be unique. Second, for any other choice ¢ making
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(E, 0, Fil, ¢) periodic, the composite ¢ o ¢~! is an automorphism of (E, 6). Since (E, )
is stable, one must have ¢ = A¢ for a nonzero constant A € k. As there is an obvious
isomorphism

(E,0,Fil,¢) = (E, 0, Fil, )
in the category HDF, the proposition follows. O

An F-representation p of m1(Xg) is said to be absolutely irreducible if the k-repre-
sentation p ® k is irreducible. A direct consequence of the previous proposition is the
following

Corollary 7.3. With notation as above, there is a natural equivalence of categories be-
tween the category of absolutely irreducible crystalline IF-representations of mw1(Xg)
with Hodge—Tate weights < p — 2 and the category of one-periodic stable Higgs bundles
in HIG, _»(X1).

Proof. Proposition 7.2 embeds the category of one-periodic stable Higgs bundles over X
into the category of one-periodic Higgs—de Rham flows over X; as a full subcate-
gory. Under the Higgs correspondence and Fontaine—Laffaille-Faltings correspondence
(Proposition 3.3 and Theorem 2.3), the category of one-periodic stable Higgs bundles
in HIG,_>(X1) corresponds to a full subcategory of crystalline FF,-representations of
m1(Xk). The image is characterized by the absolute irreducibility of the associated
IF,-representations, as shown by [29, Theorem 1.3]. ]

Remark 7.4. Over C, the gr-functor is an equivalence of categories between the cate-
gory of irreducible complex polarized variations of Hodge structure and the category of
stable graded Higgs bundles. The above corollary is a characteristic p analogue of this
equivalence. However, compared with the transcendental nature of the quasi-inverse func-
tor in the complex case, the one in the characteristic p case is much more constructive:
indeed, it has already been noticed by Ogus—Vologodsky [26, Definition 4.16 and the
paragraph thereafter] that the flat bundle (H, V) of a strict p-torsion Fontaine module
is reconstructed by C; ! (E, 0), whether (E, 0) stable or not (but it is at least semistable
as explained in Proposition 6.3). This point has also been explicitly emphasized in [16,
§4]. Furthermore, in Theorem A.4 of the Appendix, we show how to construct a gr-
semistable filtration on (H, V). By the proof of Lemma 7.1, it has to coincide with
the Hodge filtration Fil up to a possible shift of index, which is also uniquely deter-
mined by the gradings in E. The construction of the relative Frobenius from an isomor-
phism Grg;;(H, V) = (E,0) is the major content of the functor C~! in the proof of
Proposition 3.3.

The above results may be lifted to W, for n arbitrary.

Proposition 7.5. Let (E, 0) be the initial term of a one-periodic Higgs—de Rham flow
over Xy. If the mod p reduction of (E, 0) is stable over X1, then there is a unique one-
periodic Higgs—de Rham flow for (E, 0) up to isomorphism.
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Proof. We use induction on n. The n = 1 case is Proposition 7.2. The induction hypothe-

sis is as follows: Let (E, 6) be the mod p"_l reduction of (E, 0), and (E, 9, Fil, 1/_/‘) be a
one-periodic Higgs—de Rham flow over X,,_;. Then Fil is the unique lifting of the Hodge
filtration in characteristic p, and v is the unique lifting of the isomorphism in charac-
teristic p up to a scalar in W,,_. Now let (E, 0, Fil;, ¥;),i = 1,2, be two one-periodic
Higgs—de Rham flows over X,, lifting (E, 0, Fil, &) over X, _1. It suffices to show the
following claims:

(i) Fily = Filp;
(i) ¥ = Ay, for some A € W,,.

Without loss of generality, we may assume that Fil is reduced. Assume the contrary of (i).
Let a be the largest integer such that Fil{ differs from Fil{, and then let b be the largest

integer such that Fil‘f_i - Filg_i foreachi > 0.
Case 1: b > a. Then as
Fild C Fil5 ¢ Fild™' = Fil*! c Fild,
. . —a+l1 — ..
we get Fil‘f+l = Fil‘l‘, and in particular lea+ = lea, a contradiction.

Case 2: b = a. As Fil{ C Fil§ and Fil{ = Fil5 mod p"‘l, it follows that Fil{ = Filj,
a contradiction.

Case 3:b < a. Let (H,V) = C;;'(E, #). We define a morphism
f :Grgy, (H, V) = Grg, (H, V)

as follows: for i > 0, f on the factor Fil‘f“ /Fil‘]“’iJrl is simply zero; fori < 0, f :
Fil”l’J”'/Fil’f"'iJrl — Filg"” /Filg‘”"Irl is the natural morphism. It is easy to check that this
gives a morphism of Higgs bundles. Because of the choice of b, f is nonzero. As its
mod p"~! reduction is clearly the zero map, we obtain a nonzero morphism f/[p"~!]
on the mod p reductions of both sides of the morphism f, which are isomorphic to the
stable Higgs bundle (E, 0); in characteristic p. Clearly, f/[p" '] is not an isomorphism.
A contradiction. Therefore, Fily = Fil, and Grgy, (H, V) = Grgy, (H, V).
We now show (ii). For this, we consider the composite

¢:=Y1oy; 1 (E,0) = (E,0).

By the induction hypothesis, ¢ mod p"~! = X € W,_. Take any lifting A € W, of A
and consider the endomorphism ¢’ := ¢ — A of (E, n). As ¢’ mod p"~! = 0, we get an
endomorphism of the stable Higgs bundle in characteristic p:

¢'/lp" 1 (E, 01 — (E,0)1,
which has to be a scalar i € k. So we get ¢ = A + p"~ ! € W, and (ii) follows. O

The following rigidity theorem for Fontaine modules follows immediately from the pre-
vious proposition and the Higgs correspondence.
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Corollary 7.6. Let (H;, V;, Fil;, ®;), i = 1, 2, be two Fontaine modules (torsion-free or
not) over X/ W, and (E;, 6;) the associated graded Higgs bundles. If (E1, 01) is isomor-
phic to (E2, 62) and mod p Higgs stable, then (H;, V;, Fil;, ®;),i = 1, 2, are isomorphic.

Combining Proposition 7.5 with Theorem 5.3 and Corollary 7.3, we obtain

Corollary 7.7. There is a natural equivalence of categories between the category of crys-
talline Zy- (resp. Wy (I ),)-) representations of w1 (X k) with Hodge—Tate weight < p — 2
whose mod p reduction is absolutely irreducible and the category of one-periodic Higgs
bundles over X/ W (resp. X,,] Wy,) whose exponent is < p—2 and whose mod p reduction
is stable.

Appendix (by Guitang Lan, Mao Sheng, Yanhong Yang and Kang Zuo): Semistable
Higgs bundles of small rank are strongly Higgs semistable

In this Appendix, we shall prove the following result.

Theorem A.1. Let (E, 0) be a nilpotent semistable Higgs module over a smooth projec-
tive variety X defined over IF,. If rank E < p, then (E, 0) is strongly semistable.

The same result has been obtained independently by A. Langer [21, Theorem 5.12]. In
the early version of [17], we have proposed the following conjecture which inspired the
above theorem.

Conjecture A.2 ([17, Conjecture 2.8]). A nilpotent semistable Higgs module of expo-
nent < p is strongly Higgs semistable.

We had shown the rank two case in [17, Theorem 2.6], which is Proposition 6.4 in the
current version. Shortly after the appearance of [17], Lingguang Li [23] verified the con-
jecture in the rank three case. The conjecture requires modification in order to be true in
the higher rank case.

The key step in the proof is Theorem A.4 below, a positive characteristic general-
ization of Simpson’s result [34, Theorem 2.5], which states that over a complex smooth
projective curve, every vector bundle with an integrable holomorphic connection admits a
Griffiths transverse filtration such that the associated graded Higgs bundle is semistable.
This generalization is proved similarly to [34, Theorem 2.5].

Throughout the Appendix, we assume that Y is a smooth projective variety over an
algebraically closed field k£, H is an ample divisor of Y, Higgs modules as well as flat
modules are torsion-free, and semistability means pu = p p-semistability.

Definition A.3. A flat module (V, V) is called V-semistable if (V1) < u(V) for every
submodule Vi C V with V(V}) C V1 ®0, Qy.

The goal of this section is to prove the following theorem.

Theorem A.4. Let (V, V) be a V-semistable flat module over a smooth projective vari-

ety Y over an algebraically closed field k. Then there exists a Griffiths transverse filtration
Fil such that the graded Higgs module associated to (V, V, Fil) is semistable.

A Griffiths transverse filtration on (H, V) with semistable graded Higgs module is said
to be gr-semistable.
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Remark A.5. By [35], every holomorphic vector bundle that admits a connection is of
degree 0, thus in this case every flat bundle (V, V) is automatically V-semistable. So
the above result generalizes [34, Theorem 2.5]. On the other hand, the V-semistability
condition in the statement is indeed necessary for its truth over a general field. Let k
be a field of characteristic p > 3 and V = O @ O(p) be the rank two vector bundle
over IP’,i, equipped with the canonical connection V., of the Cartier descent theorem.
Then (V, V¢an) admits no gr-semistable filtration.

To prove the above theorem, we need some lemmas.

Lemma A.6. Let (E, 0) be a graded Higgs module on Y. If (E, 0) is unstable as a Higgs
module, then its maximal destabilizing subsheaf 1 C E is saturated, and it is a graded
Higgs submodule, that is, | = @!_yI' with I' := I N E'.

Proof. The saturation property of the Higgs subsheaf I C E follows from maximality.
To show the second property, one chooses ¢ € k such that t/ # 1 for 0 < i < n. Note
that there is an isomorphism f : (E, ) — (E %9) given by f|.i = t'1d. Because of the
uniqueness of the maximal destabilizing subobject, we see that f(/) = I. Let s be any
local section of /. Write s as Y _ s*, where s is a local section of E*. Then for j > 0,

n
fis) = Ztﬁsi el
i=0

Consider
s 1 1 1 50
£(s) 1 ¢ 2 ... 5!
) 1o o2 s"
By assumption on ¢, the coefficient matrix is invertible; thus all s'’s are local sections of /
and I =P ,INE'". i

Let (V, V) be a flat module over Y. Start with an arbitrary Griffiths transverse filtration
Fil of level n and consider the associated Higgs module (Grg;;(V), 0). If (Grgi;(V), 0) is
unstable, let Ir; be its maximal destabilizing subobject. By Lemma A.6,

n
Irn=@ Ly, Ik C Fil' /Rl c v/Fil. (A6.1)
i=0

Following the construction of Simpson [34, §3], we define an operation £ on the set of
Griffiths transverse filtrations. The new filtration & (Fil) of V is given by

V/Fil'*!
i

E(FiD'T! = Ker(V — ) for0<i<n, €&@FED =V. (A.6.2)

Iy
Note that Fil' D é(Fil)"Jrl O Fil'T!, and there is a short exact sequence

0 — Gryy(V)/ 1y — Grlpy (V) > Iy - 0 for0<i<n+1.  (A63)
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Altogether, we obtain a short exact sequence of graded Higgs modules
h
0 — Grgg(V)/Iri — Greriny (V) = 11 — 0, (A.6.4)

where EX denotes the graded Higgs module E with index shifted so that (EKl) =
Ei=% If (E, 0) is unstable, let Umax (E) and rmax (E) denote respectively the slope and
rank of the maximal destabilizing subobject of E; otherwise, let umax(E) = w(E) and
rmax(E) = 1k(E). By (A.6.4), we have

Lemma A.7. The following statements hold:

(1) pmax(Grerin (V) < pmax (Greg(V)).
(2) If tmax (GreFiny (V) = max (Grgig(V)), then

rmax (GreFiny (V) < rmax (Gr(V)).

(3) If rmax(Gre(fFiry (V) = rmax(Grgi(V)), then the composite map IgFipy — Gregip (V)
— I 1[%1'1] is injective and is an isomorphism outside a codimension two closed subset
of Y, where I¢(py is the maximal destabilizing subobject of Grepiry(V).

Proof. Use the exact sequence
0— Ker(h) N Ié}(Fil) — Ig(p,‘]) — h(IE(FiI)) ad O, (A7])

which is induced from (A.6.4), and where /(I (i) is a subsheaf of 1. O

The following lemma is the key to our theorem.

Lemma A.8. Let Fil be a Griffiths transverse filtration of level n on a flat module (V, V).
Assume (V, V) is V-semistable. If the associated graded Higgs module (Grg(V), 0) is
unstable, then at least one of the following two strict inequalities holds:

Mmax(Grg"H(Fil)(V)) < pmax (Grri(V)), rmax(GrgnH(Fil)(V)) < rmax (Grri(V)).

Proof. Put uy = Mmax(Grsk(Fil)(V)) and ry = rmaX(Grsk(Fﬂ)(V)) for k > 0. By Lemma
A.7(1)-(2), (ux, rr) decreases in the lexicographic ordering when k grows. Suppose on
the contrary that p,+1 = po and r,4+1 = ro. Then, for 0 < k < n, uxy1 = wug and
rk+1 = rk, and, by Lemma A.7(3), I$k+1(m) - 15[11‘](Fil) C 11[V];1+]]’ which are locally free
and coincide with each other away from a codimension two closed subset Z C Y. Hence
they have the same slope.

A direct calculation on the short exact sequences (A.6.4) for Grgr+1 (g, (V), for k
running from O to n, reveals the following fact: the short exact sequence (A.6.4) of graded
Higgs modules for Grgn+1 (g, (V) takes a special form:

n ) 2n+1 ) 2n+1 )
0> PE->PE - P E -0 (A.8.1)
i=0 i=0 i=n+1
where
2n+1

GI'%-nJrl(Fil)(V) = GI'gnJrl(Fl'l)(V) = @ Ei,
i=0
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and Gren iy (V) /Ignriry = Dy E' and [g[rll](Fiz) = @Zﬂrl E!. Since over the open
subset U =Y — Z,

1
Ié;!”](Fl'l) |U = I§”+1(Fil) |U C GrS”+l(Fil)(V)|U7
it follows that (A.6.4) splits over U as a sequence of graded Higgs modules. Thus,
0lu(E"|y) =0.

Hence, 6 is indeed zero on E”*!, which just means that V/ := ("1 (Fil))"*! is V-in-
variant. On the other hand,

1 1
u(V') = w(Grenn iy (V) = nUfat ) = ™™ = wlr) > w(v).
The strict inequality contradicts the V-semistability of (V, V). O

Proof of Theorem A.4. One takes an arbitrary Griffiths transverse filtration Fil of (V, V)
(e.g. the trivial filtration), and then applies consecutively the operator £ on Fil. The mean-
ing of py and r for k > 0 is the same as in the previous lemma. Lemma A.7 says that
the pairs (g, rx), k > 0, decrease in the lexicographic ordering as k grows. So for a
certain kg > 0, the sequence {(ix, 7t)}k>k, becomes constant. Then Lemma A.8 asserts
that £X0 (Fil) has to be a gr-semistable filtration of (V, V). m]

Remark A.9. In the proof of Theorem A.4, if we start with the trivial filtration V =
Fil® > Fil' = 0, the resulting gr-semistable filtration has the extra property of being
invariant under any automorphism and hence has the same definition field as (V, V).Ina
Griffiths transverse filtration Fil : V = Fil° ) Fil! D.--on(V,V), wecall aterm Fil',
i > 1, redundant if Fil i=1 — Fil' One can remove all redundant terms from the filtration
and shift the indices correspondingly so that the resulting filtration is a strictly decreasing
filtration of the form Fileq : V = Fil® D Fil' D Fil> D ---. We call this operation
the reduction of a filtration, and a filtration is reduced if it is equal to its reduction. It is
not hard to observe that Grg;(V, V) and Grg,,(V, V) are isomorphic as Higgs modules.
Thus, the reduction of a gr-semistable filtration on (V, V) is again gr-semistable.

Proof of Theorem A.l1. Note first that the inverse Cartier transform (V, V) of a Higgs
module (E, ) is V-semistable if and only if E is 6-semistable. This is a direct con-
sequence of the equivalence theorem for the (inverse) Cartier transform of Ogus—
Vologodsky [26]. So for a nilpotent semistable Higgs module of rank < p, its inverse
Cartier transform is a V-semistable flat module of rank < p. By Theorem A.4 and Re-
mark A.9, there exists a Griffiths transverse filtration Fil on (V, V) (of level < p — 1 for
the reason of rank) such that Grg;;(V, V) is nilpotent semistable of the same rank < p
and defined over the same ground field of (E, 8). Therefore, we can obtain a semistable
Higgs—de Rham flow with leading term (E, 6) by applying the previous construction in-
ductively. This completes the proof. O
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