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Title: New Study on Identities Involving Euler Numbers and Bernoulli Numbers
Abstract : The article studys on the simple methods to calculate
f(z,z,,--,x ) . Through some appropriate deformation of trigonometric
identities, some new identities involving Euler numbers and Bernoulli numbers
are discovered by generating function. Then f (1,2,---,2"") and F (1,2,---,2""")
can be found directly by these identities involving Euler numbers and Bernoulli
numbers. Lastly, the article reveals the relationship of f (z,z,,---,z ) and
F (z,,z,,--+,7 ) by an identity.
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New Study on Identities Involving Fuler Numbers and Bernoulli Numbers

1 Definition
Definition 1 Let k +---+k =mn,k € N(i=12.---,n), define (cf. [1])

n n!
SR L 1
[kv“"km] klek ! L

Especially, when m =2 we get

n n! n n
[k:l,kz] Tk k! [kl] - [’%] )

Definition 2 The Bernoulli numbers B (n = 0,1,2,--) are defined by the coefficients

n

of x_' in the expansion of (cf. [1] and [2])

n:
L _y'B L. 3)
"l

T
€ — 1 n=0

By (3), wehave B =0 forodd n = 3.Foreven n = 2, we have

alin+1
B -——5""p . )
n n+1m:0 m m

Definition 3 The Euler numbers E (n = 0,1,2,---) are defined by the coefficients of

n

in the expansion of (cf. [1])

n!
“ __Sp L (5)
e +1 = "n!
For n =1, we have
E-1,8 -0 0 6
0 ’ 2n—1 ’ — [Zk 2k : ( )
By Definition 2 and 3, we immediately obtain (cf. [1]):
n 0 1 2 4 6 8 10 12
B | _1 1 _1 1 _1 5 6891
! 2 6 30 42 30 66 2730
. 1 0 —1 5 —61 1385 —50521 2702765

Bernoulli numbers and Euler numbers appear frequently in the trigonometric generating
functions as follows

00 2 2n
rcotxy = ;(—1)"5’2" ((an))' , (7N
sec T = g(—l)”EZn ﬁ , ®
resex = ZO(—D"(Z —4")B, ﬁ )

Definition4 Let b € N, z. € C(i = 1,2,---,m), define

1
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2n
famn)= 2 [, 7 et o
botb, =n | ZU1 T AU,
b 2
2n 28, 2
Fn(xlvxzv"'7xm): Z 2% .. 2 L) ”'xmmEzb]”'E‘zbm' (11)
e P20,

m

The main purpose of our thesis is to find out the relationship among Bernoulli

numbers, Euler numbers, f(1,2,---,2"7") and F (1,2,---,2"7").

2 Identities involving f (z,x,,---,x )
) by (10). We find that f (z,,,---,z ) is

equivalent to a briefer form. Therefore, we can simplify the calculation and discover the

It’s not easy to calculate f (z,7,,--,z

m

relationship between f (1, 2,-++,2"") and Bernoulli numbers.

Theorem1 If 4 =0, 4,---,i €{0,1}, W (z) 2(—1)7:" z, , then
k=

1

fx, @y a )= = [Wm(a:)]zn . (12)
iy yroi, €{0,1}
Proof When m =1, clearly
(2n) ' 2b 2n
1,(z) Z )] (13)
b>0

When m = 2, we get

2n n |2n 1
flay)= > ¥y = gy ==z +y)" + (@ -y (14)
a+b=n 2(1/, Zb 0 2

a,b>0

from binomial theorem, then

2n i 2n—j 2n
S e = @ o (1)
replace © by —=x

2n j.o2n—j 2n
S |2y = (x4 y)T, (16)
combine (15)(16), then

2 . .
z[zj]y — M@+ + @ -] (1)

‘We use mathematical induction on m .
Suppose (12) holds when m = k. When m =k +1, we get

(Zn)' 2h, 2b,
flz,z,, .,z )= E TR A
CR oG (20) (2, U ’
bonby =
2
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let z, , =y,b A =a,then

> k41

. (2n)! (2n —2a)! o
Sz, m, ) = Z 2 (21 — 2a)! (2b)1---(2b [
a=0 ll;]+~-+bA:nfa ( a) ( n— a’)' ( 1) : ( k)'

b, =0

1Y

b++b,=n—a a=0

1=

- Zn v 2(n—a
) Z[za]yz"' ERED DI AT
a=0 iy i, €101}
according to (17)
_ 1 o o
f(@y e m,m, ) =27 S[(W () + )" + (W, (z) —y)"]
iy i, €101} 2
=2 3 W@+EDa, =20 3 W@
i,y €{0,1} 7:2""’7:L-+1€{0=1}

i cfoy
Therefore, (12) also holds when m =k + 1.
Especially, let =, = 2!k =1,2,---,m) in Theorem 1 as follow
] 1 i 7 m—112n
1,202 = > 4D 24 (=D 2

- 2m71 ) -
iy i, €40,1}

In fact, there is a briefer form of (18).
Theorem 2 (m,n € N)

j; (1’ 2’ e 2771,—1) —

Proof (i) Define following sets:
P = {1 + (_l)iz 24+ (_1)% 2m | iZ’...5i7rL S {071}} ’

Q= {2’" —1—4j]j=0,1,-,2"" —1},
then prove P = Q).

When m =1, P={1}, Q@ ={1},clearly P =0Q.
When m =2, P={3,—1}, Q@ ={3,—1},alsohave P =Q.

When m =k, suppose P = @), then prove the situationof m =k +1.

We can easily infer that the number of elements in P depends on array (i,,-:-,i

the number of elements in P is 2", which is the same as thatin Q.

3
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When m =k, P=Q={a,q,a, a, }, where a_ —a, =4(=12.--2"" —1).

When m:k—i—l,P:{al—Zk,---ﬂ —2’“,@1—1—2’“,---,@ + 2"}, obviously

2L, 1 2A‘ 1

{a, —2"} _ and {a +2"} _ are arithmetic progressions whose common difference is 4. And
Q= {bl,---,bzk },where b, —b =4(i =1, 2,--+,2" —1). Apprently, we only need to prove
k kN __ ko __
(@, +2")—(ay,, —2")=4 and a,, +2"=10,.
In fact, when m =k, a, = -2"+3,4a,, =2 ~1,50 a,, —2" =1, a +2" =3.

Clearly, (a, +2°) —(a, , —2") = 4.

2#—1

And b, =a,, + 2F = 2F 1, C, = 21— 1, s0 b, = c, . According to the property

of arithmetic progression, we can prove that P = ().

oml_|
(i) By n® =(—n)’, wecansimplify > (2" —1—45)"" as

Jj=0

gm=1_ gm—2 gm=2_|
<2m 1 4].)2” — Z(_l + 4j)2n + Z (_1 . 4j>2n
=0 i=1 =0
gm-2 ‘ om-2_|
=2 (T4 + 0 (L4 4g)”
j=1 j=0

2771—]71

=3 (a2 0

=0
From Theorem 2, we find that f (1,2,--, 2™') is equivalent to the sum of (21n) ” power

of the first 2"' odd numbers. It is well-known that the sum of n” powers of the first m natural
numbers can be expressed in terms of Bernoulli numbers:

m m _|_ 1 n .
k" = m + 1)’
; n+1 [ZO:( ) 1
For example, Chen and Li (cf. [3]) used Bernoulli numbers to calculate the sum of n"
powers of the first m natural numbers. Liu and Luo (cf. [4, Equation 4]) have found similar
results concerning the first m odd positive integers.
Therefore, we will study the relationship between f (1,2,--, 2" and Bernoulli

e (22)

1

numbers, and get some new combinatorial identities.

3 Identities involving Bernoullinumbers and f,(1,2,--,2™")

There have been lots of research about combinatorial identities involving Bernoulli
numbers and Euler numbers, and the speed of innovation is accelerated day by day. According

4
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to the latest achievement, Professor Chu (see [5] and [6]) obtained many new identities
involving Bernoulli and Euler numbers by generating function. Professor Liu (see [4, Equation
4]) have found the identity to calculate the sum of the first m odd positive integers. Motivated
by them, we choose some trigonometric identities which differ from theirs to find out some
new identities involving f (1, 2,-+-,2"") and Bernoulli numbers.

Here is an ordinary trigonometric identity.

. 2T7l
coszcos2z---cos2" 'z = M (23)
2" sinx
It’s obvious that (23) is equivalent to the equation
2’”1_[ cos(2'z) = sin(2" 1) - cscx, (24)
Applying (9), we get the following power series expansion
ez j 2%
2mH Z( 1) (Zk 1)27 L Z( 1)]2m(2]+1) x Z( 1) ,
k=1\ i=0 ( ) - (2Z)!
(25)
2n
Comparing the coefficient of (; I on both sides of (25), then get
n)!
Theorem3 (m,n € N)
. 2n + 1 n—~s v m—
;; o 42 —4NB, = (2n 4+ 1)f (1,2,+-,2"7). (26)

In fact, Theorem 3 can be deduced by [4, Equation 4] and [5, Theorem 1], but we prove it
in a new way.
It’s obvious that (24) is equivalent to the equation

m

2" H cos(2''x) - cosz = sin(2" 1) cot 1, @7

Applying (7) we get the following power series expansion

izl E o

SC1rs, )]

j=1 i=0 j=0 2j+1 n=0 )
(28)
2n
Comparing the coefficient of Py on both sides of (28), then get
n)!
Theorem4 (m,n € N")
2n m—1 "\ |2n +1 m(n—k)+k
(mp+D§:2kj%12~y2 )=>" o |4 B, . (29)
k=0

Set m =1, we immediately obtain [6, Corollary 13].
Set m = 2,3, we obtain following new corollaries other than [5][6].

5
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n [2n n [2n +1 -
Corollary 4. 1 2n+1)> o £L2)=>" o 47'B, (30)
k=0 k=0
n [2n n (2n +1
Corollary 4. 2 2n +1 1,2,4) = 4 p 31
orollary @t 2|y |20 =2\ o (31)
It’s obvious that (24) is equivalent to the equation
2" csc(2" z)H cos(2''x) = cscz. (32)

Applying (9), we get the following power series expansion

(1) (2 — 49)B yzm J[HZ( 1 2“ o) ] i( 1)"(2—4")B, (;n)!. (33)

k=0 j=1 i=0

2n

Comparing the coefficient of on both sides of (33), then get

2n)!

Theorem 5 (m,n € N*)
n |2n
2ok
In fact, Theorem 5 can be deduced by [4, Equation 11], but we prove it in a new way.

It’s obvious that (32) is equivalent to the equation

2" Cot(2’”x)H cos(2''x) = cos(2"z) - cscx . (35)

J=1

Applying (7)(9), we get the following power series expansion

42— 4B, f (1,2,,2" ) = (2 - 4")B, . (34)

[i(—l)f‘ B, &0 J[ﬁi( 1y 2 ] [i L ][i -,

7=0 ¢ (2]) j=1 i=0 q
(36)

2n

Comparing the coefficient of ;on both sides of (36), then get

2n)!

Theorem 6 (m,n € N")

n

n n n
Z [2k] 2(m+1)(2n72k) B27172k‘]l;€(17 27 . 2m71) — Z 2m(2n72k) [2k] (2 . 4k )BZk . (37)
k=0 k=0

Set m =1, we immediately obtain [6, Corollary 15].
Set m = 2,3, we obtain following new corollaries other than [5][6].

n_|2n n | 2n
Corollary 6.1 > o 8B, f(1,2)= Z[%]m” “2—-4"B,, . (38)
k=0
20 o |20 k
Corollary 6.2 >~ o (1677 By, i (1:2,4) = > o (6472 =41)B, . (39)
k=0 k=0
6
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4 Identities involving Euler numbers,
Bernoulli numbers and F (1,2,---,2™7")

By analogy, we can acquire some identities involving Euler numbers, Bernoulli numbers
and F (1,2,---,2"™") by generating function.
It’s obvious that (23) is equivalent to the equation
seczsec2r---sec(2” ' x) = 2" sinx - csc(2"x) . (40)

Applying (8), we get the following power series expansion

m 00 ) (ZL:—I (B)Zi 00 ) x2j 00 <2m$>2k
(_ 1)ZE22' . = Z (_ 1)J o - any (_ l)k (2 - 4k)BZk . (41)
k=1 { =0 (24)! =0 (27 + D! - (2k)!
2n
Comparing the coefficient of (;: I on both sides of (41), then get
n)!
Theorem 7 (m,n € N")
m—1 2’/2, + 1 mk k
Zn+1F (1,2,---,2"7) = ok 4"™(2—-4")B,, . (42)
k=0
Set m =1, we immediately obtain [5, Equation 19a].
Set m = 2,3, we obtain following new corollaries other than [5][6].
n [2n +1
Corollary 7.1 > o 42— 4B, = (2n+1)F (1,2). (43)
k=0
Corollary 7. 2 Z ok 4"(2-4")B,, = (2n +1)F (1,2,4). (44)
k=0
It’s obvious that (40) is equivalent to the equation
cse xH sec(2"'x) = 2" csc(2" 7). (45)
k=1
Applying (8)(9), we get the following power series expansion
2£ k— 1 Z m _\2n
[e'e] m [e%¢) . (2 J [e%¢) N (2 .fl))
(—1)(2—4") , "(2—-4")B,, :
D
(46)
2n
Comparing the coefficient of )] on both sides of (46), then get
n)!
Theorem 8 (m,n € N")
- 2n n—k m—1 n\ A mn
Z ok 2—-4"7)B, , F12-,2"")=2-4")4"B, . (47)
k=0
Set m = 1,2,3, we immediately obtain following new corollaries.
- Zn n—k n\An
Corollary 8. 1 Z ok 2-4"")B, ,E, =2-4")4"B, . (48)
k=0

7
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n

2n N )
Corollary 8.2 >~ or 2-4""B, ,F(,2)=@2-4"4"B, .
k=0

2n—2k" k

n

2n —k 3
Corollary 8.3 >~ or (2-4""B, , F(1,2,4)=(2-4")4"B,
k=0

2n—2k"" k

It’s obvious that (45) is equivalent to the equation

cot xH sec(2"'x) = 2" csc(2"z) - cos .
k=1

Applying (7)(8)(9), we get the following power series expansion

[é*%y éj;!] ﬁ[i““j%;@“ff L

i k=1 j=0 ' (2]) !

R

j=0
2n

Mx

Comparing the coefficient of ;on both sides of (52), then get

2n)!
Theorem 9 (m,n € N)

5o

n

k=0 k=0

Set m = 1, we immediately obtain [5, Equation 11a].
Set m = 2,3, we obtain following new corollaries other than [5][6].

n_|2n n | 2n
Corollary 9.1 >~ o |4 ‘B, ,.F(1,2)= Z[2k]42’“(2—4’“)32k.
k=0 k=0
n_|2n ; n_|2n o
Corollary9.2 >~ o |V BunFi(12,4) = Z o |1 2= 4")B,, .
k=0

It’s obvious that (40) is equivalent to the equation

m

sin(2" z Hsec 2k '2) = 2"sinzx.

Applying (8), we get the following power series expansion

00 L $2i+1 m 00 ) ey ij ’ 00
(_ 1)12m(2¢+1) - (_ 1)/ (2k7 ) jE ) ' — 2m (_
2 i L Jor) >
m271+l
Comparing the coefficient of ———— on both sides of (57), then get
(2n +1)!
Theorem 10 (m,n € N7)
2n +1

>

k=0

AR 2 2"y =1,
2]{ k(v ) ) )

It’s amazing that the right side of (58) not depends on m .
Set m =1, we immediately obtain [6, Corollary 33].

8
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Set m = 2,3, we obtain following new corollaries other than [5][6].

n (2n +1
Corollary 10. 1 > o 4 PF(1,2) = 1. (59)
k=0
n (2n 41
Corollary 10. 2 > or £ PE(1,2,4) = 1. (60)
k=0

5 Further Research and Expectation
5.1 Further Research

During the research, we have found that the identities involving f (1,2,---, 2"") are similar

to those involving F (1,2,---,2"™"). We will find out the relationship between f (z,z,,-,z )
and F (z,7,,-,2 ).
Theorem 11 (m,n € N)
n |2n
Z 2]{} f;ﬂ(ml’.“’xm)F;z—k(xl’“"xm):O' (61)
k=0
00 2n
Proof Define a formal power series as » _ F (z,+,x, ) el then
s n)!
00 2n m 00 Tt 2n m 2 m 1
ZEz(xl’-. 7$7n) i = ZEZVL ( - ) = Tt —xt = : (62)
n—0 (Zn)' j=1 | n=0 (2n)! j=1e’ +e 7 =1 COSh(x t)
th
Define a formal power series as Z f T ) , then
= n m (Zn)!
00 th m 00 (x/t)Zn m 61:]t + 67I/t m
[,z ) = : =||———=|cosh(z t). (63)
nz:; 1 " (@n)l G ; (2n)! i=1 2 H ’
It’s obvious that
< F(z,-, o0 o
Z n(xl xm) t271 Z f;z,(xl :Em) tz”l — 1 . (64)
n=>0 (271,) ' n=0 (2”) '
2n
Comparing the coefficient of o] on both sides of (64), we obtain (61). ([l
n)!
By Theorem 11, we can structure n-element equations to calculate F (z,,z,,---,z ). This
is how to use f (z,,2,,---,z ) to calculate F (z,,,,---,x ) and the result shows their quite

close relationship.

We will give more numberical value for f (z,,z,,---,# ) and F (z,7,,---,z ) to find

17 27 17727

more combinatorial identities. For example, we may try (z,,z,,--,z )= (1,3,---,3").

Because of the shortage of knowledge, we haven't use Bernoulli inversion on the identities
above. Maybe we can use the theory of congruence in number theory for the identities in the
future.

9
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5.2 Innovation and Deficiency
In Theorem 1, we gain an easy way to calculate f(z,,,,---,z ).In Theorem 11, we

obtain a way to calculate F (z,z,,---,x ) by using f(v,,,---,z ) and the relationship

between f (z,,2,,+,z, ) and F (z,z,,---,z ). Especially, we can calculate f (1,2,---,2"")

2,.. T 27..

and F (1, 2,---,2"") by Euler numbers and Bernoulli numbers, then we acquire some new
identities involving Euler and Bernoulli numbers.
But we haven’t gained a way to calculate f (z,,2,,---,z ) and F (z

by Euler and Bernoulli numbers or other briefer identities. That will be the direction of our
study in the future.

" 5 T,,,x ) directly
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