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Abstract: Tangram is one of the oldest puzzle games in China. It can make up

volatile and wonderful patterns. To master the game, it would be ideal if the
players can go through several complexity levels from the easiest to the most
complicated. However, tangram today does not have the difficulty grade. Only a
similar puzzle game—Japanese jigsaw puzzle has the difficulty grade which is not
very reasonable. And the grading process is not provided. Therefore, we try to
provide the theoretical basis of dividing the difficulty grades by means of
probability of the patterns. We hope we can make some complements to this
ancient game. Among the complicated influential factors, we sum up three key
elements: the number of answers, the length of side, the basic figures. Based on
these points, we have devised three plans, the procedural thinking of computer,
the length-of-side principle, division principle, to calculate the probability. Then, we
made comprehensive analysis on the probability. Finally, we got the difficulty
grade of some classical tangram patterns. Moreover, we summarize some skills of

piecing together the patterns.
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Key words’ explanation

Tangram (-EX54%): One of the traditional puzzles in China

Pattern (E%): The graphics consist of all 7 pieces of tangram. Figures are parts of
patterns.

Piecing together (#t#): The process of putting up tangram pieces into patterns

1. use probability to grade the patterns of tangram

Tangram is one of the most ancient puzzZle games in China and it is widely
spread around the world. We are into the various patterns of tangram and indulge
in the endless fancy. When we grow up, urged by rational thoughts, we raise the
questions: can we make use of our knowledge about math to show the difficulty
levels about the tangram?2 Can we summarize the skills of piecing together the
patternse

In order to solve these problems, we have lots of consideration and discussion.
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Linking to what we have learnt in class about algorithm, probability and statistics,
we educe that the difficulty levels of tangram patterns should be transformed into
the probability of scrabbling the patterns up correctly. With a view to researching
step by step, we plan to add visual thinking manners, which is unique to human
brains, to our plans gradually. Therefore we decided on three plans to calculate
the probability according to the three elements: the procedural thought of
computer, the length of side, the basic figures. These three plans are set in light of

different angles, different ways of thinking and different influencing factors.

Plan 1: the procedural thinking of computer

The plan simulates the procedural thinking of a computer without considering
any effect of human brains. We abstract the process of piecing as an algorithm,
and consider every pattern to be seven blanks, without taking the shape of the
patterns or the length of the sides into account. Each piece of the tangram is
numbered according to different shapes (lllustration 1.1) and every figure is
numbered according to different angles (lllustration 1.2). (This mark will also apply
to other parts of the essay.) Special note: to simplify the research process, the
patterns we choose can be figured out by rotating through specific angles (45° ,
90° , 135° , 180° ). Patterns which rotate through unspecific angles can also be
done by similar methods. We can get the answer to the pattern when all the

figures and angles match what the procedure has set.

We use the following formula to calculate the probability of each step:

The number of correct ways of piecing

the probability of each step=
The number of possible ways of piecing
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1. Example Pattern One: the calculation of Square’ s probability
Answer 1: D G+tQA+QA+@B+Q®B+BD+® C
(llustration1.3)
(The order which is from top to bottom, from right to left,

from outside to inside is set down.)

Process:

Step 1: put G to blank 1; lllustration1.3
1 One of the correct
- answers of square
PQ)="r~1 ~1
C; €

(Notes: C7l is the number of ways of choosing any single piece from all, Cé is
the number of ways of choosing any single angle from all, after choosing piece
@. ‘17 is the only answer for blank one. Choosing pieces and angles are
independent events. So if we set choosing pieces as event A and choosing
angles as event B, the product of P(A) and P(B) equals to the probability of event
A and B happen simultaneously, that is P(AB)=P(A)P(B).)

Step 2: put @A to blank 2;

1
P(2)= Cl Cl
6 ™8
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Step 3: put @A to blank 3;
1
5“8
Step 4: put @B to blank 4;
1
e crel
Step 5: put @B to blank 5;
1
oecies
Step 6: put ®D to blank 6;
G
©-ciel
Step 7: put ®C to blank 7;

1
P(7)= Cl Cl
1 %8

To sum up: the probability of square: Po=P(1) X P(2) X P(3) X P(4) X P(5) X P(6) X P(7)=
1

— = ~151x107°
660602880

As square is a central symmetry and

axial symmetry geometric figure so there

are 8 correct answers to it. (lllustration 1.4) .

Therefore, the probability of square is

P=PyX Cl= L ~1.21x107®

5 82575360
lllustration1.4

All correct answers of square
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2. Example Pattern Two: the calculation of Hollow 2 1

Square’ s probability

Answer 1: @ G+tQE+QE+@DA+BE+DA+QH

(llustration1.5)

> Y3
674

Since the process of calculation is similar to the lllustrationl.5

ones above, we remove the details fo appendix 1.1.

The probability of Hollow Square

is Po=P(1) xP(2) X P(3) x P(4) X P(5) x
P(6)xP(7) = 1 ~1.51x107°
660602880

As Hollow Square is an axial
symmetry geometric figure so there
are 8 correct answers to it. (lllustration

1.6) So, the probability of Hollow

Square is P=Pg X ngm ~1.21x

One of the correct
answers of Hollow Square

I

NN Y

lllustration1.6
All correct answers of Hollow Square

1078

3. Example Pattern Three: the calculation of probability of 1

‘a kid with a hat’

Answer: OF+@B+®BD+@B+®H+QF+QE (lllustration1.7) 3

Since the process of calculation

above, we remove the details to appendix 1.2 (table 4).

As there is only one answer to  ‘a kid with a hat’ , its

1

probability is P=PoX C; = 660602880

We calculate the probability of

is similar fo the ones 4

; 72N

llustration1.7
~151x107° The correct answers of
‘a kid with a hat’

20 classic patterns according to this plan.

Details will be shown laterin  ‘Analyze and Sum-up ’ .

We come to the conclusion: In plan one, with the pure procedural thinking of

6
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computer, the probability of patterns with more answers is larger than that of those
with fewer answers. That is to say, in this plan, the more answers the patterns have,
the easier the patterns are.

From this process we find that the number of the correct answers to a pattern
exerts effects on its difficulty level, which will be shown later. Obviously, this plan,
which excludes all influences of human brain and uses the method of exhaustion
fo piece the patterns fogether like decoding, does not correspond with practical
operation. So the probability calculated above can not precisely represent the

difficulty of the patterns.

Plan 2: length-of-side principle

The plan franslates two-dimensional area which is invariable to
one-dimensional side. According to the ratio, we work out the length of the side.
We take this side as the criterion of calculating probability, and exclude any other
effects including the shape of tangram piece. There are only 4 sizes of side length
of tangram pieces (the HADKE S AT Refs iR (BLEAfrbrdE)

side length of the square 1 Ji
ifemae®. @. @ A s®. O, @

2

wiemas®. 6.

in tfangram pieces is set

as 1). For example, there

are 16 ways of piecing , _ _ @+@. @+®.
@+@. @+@.

the length 22 Given
| 22
profile of the pattemn, . WEnas@+@.
players are required fo ®+%;@®+%‘

piece the pattern
lllustration 2.1

The chart of the possible piecing

the length of side. ways of basic length of sides

tfogether according to

As the option of the latter side is based on the former one, we should use

conditional probability in calculation. So the pieces which have been chosen
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should be eliminated. In addition, choosing the side in a different order, we will get
different probability of the patterns. In order to standardize the procedure of
calculation, we fix a choosing order: from top to bottom, from right to left, from
outside to inside.

We use the following formula to calculate the probability of each step:

The number of correct pieces combination

the probability of each step=
The number of possible pieces combination

The correct answers of step 1, step 2---step n are set down as event A;, Ay---A,

P(AB
respectively. According to the formula of conditional probability : P(AIB): % ,

we know that P(AB)= P(AIB)-P(B). So, in accordance with a correct way of

piecing, the probability of piecing a pattern together is:

Px=P(AAA--A)
=P(AAA,—A) P(AJAAA -A,)
=P(AAA AL PIALIAAA A, )-PAJAAA -A)

=P(A)-P(AJAP(AAA,)--P(AJAAAA)

Because there are many correct answers to patterns, we add up all the

probability of correct piecing to represent the final one, that is P = P+Py+P3+---+P,

1. Example Pattern One: the calculation of Square’ s
probability

1l 1l
Answer 1: DG+QA+RA+@B+®B+®D+®BC (lllustration

2.2)

¥
lllustration2.2

The side length of the square in fangram is set as 1, so its One of the square’ s
choosing order

Process:
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areais 1and the total area of the tangram is 8, then we can work out that the

length of square is 272 .

Step 1: fill up side | of which length is 2\/5, the possible ways are shown in

illustration 2.1, as for answer 1, QG+@A is the only one that matfches the side. So

1
the probability is P()= P(A )= =1 . and the profile
16

goes toimage &) inillustration 2.3.

Step 2: fill up side Il of which length is «/E As for

answer 1, DG+@A has been choseninstep 1, @B is
the only one that matches the side. So the

1
probability is P(n= P(A2|Al) :E, and the profile N
1

goes toimage @ inillustration 2.3. Bf‘é
= & BRK

lllustration2.3
Piecing procedure
answer 1, ®D is the only one that matches the side. of square

2
There are two pieces of ®, so the probability is Pl = P(A3|A1A2):F, and the
2

Step 3: fill up side lll of which length is 2\/5. As for

profile goes to image & inillustration 2.3.

Step 4: fill up side IV of which length is 2\/5. As for answer 1, ®D is the only one

that matches the side and there is only one piece of ® left, so the probability is

1
P(Iv) = P(A4|A1A2A3)= E , and the profile goes to image @ inillustration 2.3.
1

Step 5: fill up side V of which lengthis 1. @A and @A are the possible answers. As
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for answer 1, @A is the only one that matches the side, so the probability is P(v)

1
= P(A5|A1A2 ---A4) = C_; . and the profile goes to image @) inillustration 2.3.

1
Step 6: Use @B fo fil the last blank. The probability is Pvi) = P(A| A A, ---A;) = ot
1

To sum up: the probability of square’ s answer 1 is :  Pi= P(I)XP(1) X P11 X

P(IV) X P(V) X P(VI)= 3% ~3.13x107?

Likewise,
Answer 2: ®A+BB+QD+@B+QC+QA+DG (lllustration 2.4)

Since the process of calculation is similar to the ones above, we remove the

details to appendix 1.3.

I (L)
n \ I
€0
% 47
llustration2.4 ;ﬁ%ﬁg

One of the square’ s
choosing order

(E‘:) —
llustration2.5
Piecing procedure

of square |l

Square has 8 correct answers; others are available in lllustration 2.6.

According to the calculation principles, we work out other probability:

10
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1

P.= — ~3.13x1072
32

L 217x10°, sl

Po= N
46080 yan':

y’

oo ] A
Po= 5 ~195x107; IE 723
1

A RS

~8.68x107°,

P4:

11520

Ps= L ~6.94x1073,
144

1

= ~6.51x107°; : 2
15360 8 i

Pe

EORAT TR

P;= 1 ~1.39x1072,
720

lllustration 2.6

1 Other correct answers of square

Ps=— ~3.13x107°.
32

And the final probability of square is:
1681

Po=P1+P2+P3+P4+Ps+Pg+P7+Pg=

2. Example Pattern Two: the calculation of Hollow

Square’ s probability

Answer 1: @ G+QE+@A +BOE+DA +QH+QE
(lustration 2.6)

Process:

Step 1: fill up side | of which length is 3, the
possible answers are DA + QG DA + QF. QG + DA.
DA + DA. DA + DA. QA + DE. DA+DG. DA +@OG.
DA +QE. QE+Q@G+QF. QE+Q@G+QG. @G+QF+QF.
@GCG+QGCG+RG. QG+tQGC+QF. QG+tQF+QG. QF+

~0.07296
0

v Il
\'l—v—i .

lllustration 2.6
One of the hollow square’ s
choosing order

QF+QE. QF+QF+QG. QG+QG+QE. QF+QG+QE. QG+QF+QE. @ G+QF+@ G-
B G+OE+RG. @F + QE+QG. QF+QG+BF. QF+t@QG+BG. QF+@DA+QRF. QF+@

A+QGC. QG+tDA+QGC. QCG+DA+QF. QF +QF+@A.

QF +@QG+@DA. QG +QF+@

A @G +QG+BDA. DA+QF+QF. DA+QF+QG. DA+QGCG+QRG. DA+QGHRF. ®

11
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G+@A. BF+@DA. DA+BGC. DA+BF. ®G+QE. BF+
QE. BOF+tQGC. QE+BG. @G+tBG. QG+BF. ®G+Q®
G. BF+QF. ®G+QF. ®F+QG. QF+BF. @G+B®GC.

QOF+BG. @G+BF. @G+DA+QRC. @QG+DA+QF. @
E+Q@QG+DA. QG+RQG+DA. @G +QF+@DA. DA+QE+
QGC. DA +QG+QE. DA+QF+QE. @A +QF+QGCG. @
F+@QG +@A.QF+DA+QE.QG+DA+QE(68 ways in all).

But as for answer 1, QE+® G is the only one that

matches the side, so the probability is P@)= Pt e
= L BRE
1 (&)
P(Al): Cl and the profile goes to image & in lllustration2.7
68 Piecing procedure of
illustration 2.7. Hollow Square

Step 2: fill up side Il of which lengthis 1. @B and @A are possible answers , but as
for answer 1, @A is the only one that matches, so the probability is Pan=

1
P(A2|Al):C_; , and the profile goes to image © inillustration 2.7.

Step 3: fill up side lll of which lengthis 2. ®E. ®F. @®D. QE+QRE. @F+QF. QE+
@F and @F + @E are possible answers , but as for answer 1, GE is the only one that

1
matches, so the probability is P(il) = P(A3|A1A2): F ., and the profile goes to image
7

© inillustration 2.7.

Step 4: fill up side IV of which length is \/E . DA and QG are possible answers , but

as for answer 1, WA is the only one that matches, so the probability is Pav)

1
= P(A4|A1A2Ag)= C_; . and the profile goes toimage @ inillustration 2.7.

12
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Step 5: fill up side IV of which length is1. @H and QE are possible answers , but as
for answer 1, @H is the only one that matches, so the probability is P(v)

1
=P(A|AA,--A, )= C_; , and the profile goes to image @ in illustration 2.7.

1
Step 6: Use BE to fill the last blank. The probability is P(vi) :F
1

To sum up: the probability of Hollow Square’ s answerl is: Pi= Py X P XP(1)

1
XPIV)XP(V)XPVI)= —— ~ 2.63x107*
(IV) XP(V) XP(VI) 3808 X

Likewise,

Answer 2: ®G+QE+@A+QE+QF+DB+BE (lllustration 2.8)

Since the process of calculation is similar to the
ones above, we remove the details to appendix

1.4.

\VI
T
m
il
v I ﬂ;%
1 = —
N — =
lllustration 2.8 lllustration2.9
One of the Hollow Piecing procedure of
Square’ s choosing order Hollow Square |l

Hollow Square has 8 correct answers; others are available in lllustration 2.10.

According to the calculation principles, we work out other probability:

Pi= ——— ~2.63x107";
3808

13
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P,= L ~3.06x107*.;
3264

Py= ! ~3.89x107°.
25704

Py= L ~2.72x107%,
3672

Ps= 1 ~9.43x107°,;
10608

Pe= ! ~5.45x107°.
18360

P;= L ~2.45x107*.
4080

P8=Lz1.23x10*“;
8160

And the final

Ps+Ps+Ps+Pr+Pg~ 1.40x107°

probability of

\ ‘ ‘
1 lllﬁﬂ '

"‘

I R 2 ik MW!

7N
__‘

IE ﬁﬂ)ﬁ’f

ll{ﬂlﬂ ol

ll'lﬂiﬁ* o8

lllustration 2.10
Other correct answers of
Hollow Square

Hollow Square s

Po = P1tPy+Ps+

3. Example Pattern Three: the calculation of probability of ‘a kid with a hat’

Answer: DOF+@B+®D+@B+®H+Q@F+Q®E (lllustration 2.11)

Since the process of calculation is similar to the ones above, we remove the

details to appendix 1.5.

The probability of

1
- 8640

~1.16x107*

=1

N\

«
i

7

¥/ /

AT
\4
(o |
| Sl
LS
lllustration 2.11
Choosing order of ‘a

kid with a hat’

‘a kid with a hat’

is Po= P (1) X P(Il) x P(Il) X P(IV) X P(V) X P(VI)

2 4

Y N 7 \@®

71(::) N N

lllustration2.12
Piecing procedure of
‘a kid with a hat’

14
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We calculate the probability of 20 classic patterns according to this plan.
Details will be shown in later discussionin - “Analyze and Sum-up’ (table 4).

We come to the conclusion: in plan two—Ilength-of-side principle, the
probability of regular patterns is larger, which means they are easier, for with this
principle, the more regular the patterns are, the more cases will be eliminated.

However, this principle hasn’ t taken all kinds of thoughts of human brains into
consideration, so the probability calculated above can not precisely represent the

difficulty of the patterns.

Plan 3: Division principle (basic-figure principle)

During practical operation, we find out that, facing a new pattern, players will,
firstly, come to think about what basic figures the pattern consist of, and then carry
some experiment. Therefore we design a third plan to highly simulate human
thinking.

Using equivalent fransformation, we franslate piecing-up to dividing. That is to
say, we fransform piecing process to basic figure chart and standardize the
dividing process according to the principle we set. Players divide the pattern

enfirely into several basic figures or use the basic figures to piece together. Every

1-4

step of dividing should skive  |1E 1}’1’?‘1 ) |1 3 V :mg% RR
the pattern into two parts, A
I = /)\\/<>\//ﬁ\
and at least one part | 29 X 23
NN | & 2N\
contains no more than -

1‘5 1B I%

N

HUR B P [FrEE
three pieces, and it is | 3\]_ﬁ2 \ V&;sx\ — /{2/ p [&7
34 E _ /
possible for ordinary people [@aN EIQUA /i‘7/%157 66
37 38 34 LA TN
to remember basic figures V\&M [ 661 /\/
TP

with no more than three 7 - S
AN SN AN | B3 wAERE
pieces. Therefore we define | /] [\a4 / ]\ 45

that the basic figures are lllustration 3.1
The chart of basic figures

15
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made up of no-more-than-three-piece regular figures including rectangle, triangle
and so on (lllustration 3.1 is the chart of basic figures.)

Given profile of the pattern, players will fill in the pattern with basic figures until
working out the correct answer.

In order to standardize the calculating procedure, we set following principles:
1. Dividing principle: each cut ought to cut off at least one basic figure; otherwise,
it should not be considered a way of dividing.
2. Selecting figures principle: after each dividing, we choose basic figures from the
chart only in light of the size and the sort of piece, without considering the
symmetry. For example, figure 3-4 and figure 3-4-1 are of the same size and of the
same pieces, but they are partly symmetrical. So we do not distinguish these two
figures during the calculation.
3. No repetition principle: after consulting the chart, basic figures which include
piece that has been used should be eliminated automatically.
4. Priority principle: study one part cut off at a tfime. Priorities are assigned
according to how small the measurement is. If two parts are of the same size, we
should discuss them respectively.
5. Cut-off principle: the first step of dividing is cutting off figures without common
side, and we define that the probability of this step is one.

6. Possibility principle: as there are only 4 sizes of side length of tangram pieces (1.

\/5 NN 2\/E) and the combinations of sides are finite, we ignore those impossible

combinations and therefore do not list them as possible dividing.(For example: side

of\/E can not be divide into ﬁ—lcnd], so this dividing is eliminated)

Besides, we use the following formula to calculate the probability of the correct
piecing in each step. (A= the number of correctly selected basic figures; B= the
number of probably ways of cutting; C= the number of probably selected basic

figures)

Every step’ s probability =

BxC

16
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1. Example Pattern One: the calculation of Square’ s probability

‘cl ‘ICZ
EY B

\2 e3
eAa 84 l"

9a—> K "‘

443&
llustration 3.2

The cutting procedure of square

Nt
EEGEY

Process: (the following marks are all from lllustration 3.2)

Starting from q, there are altogether 7 pieces of tangram for us to choose from.

Considering that each side of square is 2\/5, we refer to the chart of basic figures,

and find it can be cut in two ways, b and g. Because both these two cuttings are

correct, we need to discuss them respectively.

Case 1: bis selected.
1
Step 1: The probability of selecting b is E . After selecting b, the triangle cut off

is a basic figure, so we consult the chart and find out it can be pieced in two

ways, 5-2 and 5-3, in which only basic figure 5-2 is the correct way of piecing.

17
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1
Then the probability of selecting 5-2 iSE .

N |-
AP

So in this step, we have P (a-b) =% X

Step 2: After cutting off basic figure 5-2, we have only 6 pieces of tangram left.

Then it can be cut in four ways, which are cl1, c2, c3 and c4. And c3is the correct

1
one. So the probability of selecting c3 isZ .

1
Soin this step, we have P (b-c) =—,

Step 3: Basic figure 5-8 is the only way of piecing of the big triangle cut off in c3,

Sowe have P (c-d) =1,

Step 4: When it comes to d, there are only 4 pieces of tangram left. And can
be cutin four ways, el, €2, e3 and e4, among which el, e2 and e4 are the correct
ones. el consists of 5-1 and 3-5, so the probability is 1; €2 consists of 3-1 and 3-2, the

probability is 1; the parallelogram cut off of e4 can be pieced in two ways, basic
1

figure 6-1 and 6-2, in which 6-1 is the correct one, so the probability is E and the

remaining trapezoid is basic figure 4-4, whose selecting probability is 1.

1 1
Soin this step, we have P (d-e) =Z X HZ X1+— X —=—

Thus, we have finished the cutting procedure of case 1 (a-b-c-d-e ), and we

calculate that: P (a-b-c-d-e) =P (a-b) XP (b-c) XP (c-d) XP (d-e) =%

Case 2: gis selected.
1
Step 1: The probability of selecting g iSE . After selecting g, the triangle cut off
is a basic figure, so we consult the chart and find out only one way of piecing, 5-8,

whose selecting probability is 1.

18
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1
SoP (a-g) ==
(a-g) >

Step 2: After basic figure 5-8 is cut off from g, there are 5 pieces of tangram left,

then we have h. h can be cut in four ways, i1, i2, i3 and i4, among which i2 and i3

are the correct ones.

Case 2-1:i2is selected.
1
The probability of selecting i2 is Z . The triangle cut off ini2 is a basic figure, so

we consult the chart and find it can be pieced in two ways, 5-2 and 5-3, in which

1
only 5-2is correct, and the probability is E .Then we have d.

So P (g-h-i2-d) :lxlzi,’rhusweknowP (d-e) :l ><1+E ><l+1><l=§.
4 2 8 4 4 4 2 8

Then P (a-g-h-i2-d-e) =P (a-g) X P (g-h-i2-d) xP (d-e) :l ><£><§:i
° 27878 128’

Case 2-1 ( a-g-h-i2-d-e ) is finished.

Case 2-2:i3is selected.

1
The probability of selecting i3 isZ. After cutting off the small friangle, it only

consists of basic figure 5-1, so its probability is 1. Then we have |.
So P (i34) =1
When it comes to j, there are only 4 pieces of tangram left. j can be cut in five

ways, k1, k2, k3, k4 and k5. The only correct one is k3, so the probability of selecting

1
k3 isg. k3 consists of only basic figure 5-2 and 3-5, so the probability is 1.

We have P (j-k) =l X l=l
5 5

Then P (a-g-h-i3-j-k) =P (a-g) X P (g-h-i3) XP (i3-)) XP (j-k) =% X 1 X —=i

475 40°

=

Case 2-2 ( a-g-h-i3-j-k ) is finished.

Thus the cutting procedure of square is finished, and we have:
P=P (a-b-c-d-e) +P (a-g-h-i2-d-e) +P (a-g-h-i3-j-k) :%
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2. Example Pattern Two: the calculation of Hollow Square’ s probability
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lllustration 3.3
Chart A of the cutting
procedure of Hollow Square
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lllustration 3.4
Chart B of the cutting procedure
of Hollow Square

Process:
(The following marks are all from lllustration 3.3 and lllustration 3.4)

Starting from a0, there are altogether 7 pieces of tangram for us to choose
from. We refer to the chart of basic figures, and find it can be cut in five ways, al,
a2, a3, a4 and a5, among which al, a3 and a5 are correct, so we need to discuss

them respectively.
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Case 1
- , 1 . ,
Step 1: The probability of selecting al is g After selecting b, the triangle cut

off is a basic figure, so we consult the chart and find it can be pieced in four

ways, 5-4, 5-5, 5-6 and 5-7 among which only basic figure 5-4 is the correct way

1
of piecing. Then the probability of selecting 5-4 is Z .Then we have d

So in this step, we have P (a0-al-d) =— X 1 =i
5 4 20

Step 2: After cutting off basic figure 5-4, we have only 6 pieces of tangram left.
Then it can be cut in eleven ways, thatis d1~d11. And d1, d2, d3, d4 and d5 are
the correct ones.

Case 1 -1:d1isselected.
1
The probability of selecting d1 isﬁ. The parallelogram cut off in d1 is a basic
figure, so we consult the chart and find it can be pieced in two ways, 6-1 and 6-2,

1
in which only 6-1 is correct, and the probability isE . Then we have k.

S0P (ddld) == x st
1172 22

We find k can be cut in eleven ways, which are k1~k11, among which k2, k5, ké

and k11 are correct, so we need to discuss them respectively.

1
The probability of selecting k2 isﬁ. The trapezoid cut off in k2 can be pieced in

1
two ways, 4-3 and 4-4, in which only 4-4 is correct, and the probability iSE . The big

remaining trapezoid can only be pieced in one way, 3-7, so its probability of being

correctly pieced isl.
Then P (k-k2) =i X £=i
11 2 22
Thus, case (a0-al-d-d1-k-k2 ) is finished,
1 1 1

P (a0-a1-d-d1-k-k2~)=P (a0-a1-d) X P (d-d1-k) ><P(I<-k2~):i X— X —=——
20 22 22 9680

1
The probability of selecting k5 is ﬁ The triangle cut off in k5 can only be

pieced in one way, 5-1, so the probability is1. The remaining part is Ca, which can

be cut in nine ways, Ca-1~Ca-9, among which Ca-4, Ca-5 and Ca-9 are correct.
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1
The probability of selecting Ca-4 is§. The frapezoid cut off in Ca-4 can be

1
pieced in two ways, 3-1 and 3-3, in which only 3-1 is correct, so the probability iSE'
and the probability of the remaining partisl.

1
The probability of selecting Ca-5 is 5 The square cut off in Ca-5 can only be

pieced in one way, 1-1, so the probability is1; the remaining part is M, which can be

cut in five ways, M1~M5, among which M1 and M3 are correct. The probability of

1
selecting M1 isg, and both two remaining parts are basic figures, so the probability
1
is1. The probability of selecting M3 isg, and the probability of its being correctly cut
. . o1
into L1~L4 and pieced |sZ .

1
The probability of selecting Ca-9 is 5 The square cut off in Ca-5 can only be

pieced in one way, 5-2, so the probability is1; the remaining part is Fa, which can

be cut in nine ways, Fal~Fa?, among which Fa5 and Fa9 are correct. The

1
probability of selecting Fab is§, and the probability of its being correctly cut into

1 1
L1~L4 and pieced isz . The probability of selecting Fa? isg, and the probability of

its being correctly cut and pieced is]1.

Thus, case (a0-al-d-d1-k-k5) is finished. We have:

P(k-l<5~):—><[—><1><l+1><1><(£><1+£><£)+£><l(£><1+1><1)]:i
11 9 2 9 5 5 4 9 9 4 9 891
Likewise, we calculated that:
P (k-ké~) :ix[ixlx1+ix1x (£><1+£><£) +i]:L
11 12 4 12 9 9 4 127 432

P (k-kl11~) :—xix (lxl+£x1x1) =i
11 2 5 5 4 88

To sum up:
P (a0-al-d-d1-k~) = P (a0-al-d) xP (d-dl1-k) X[ (P (k-k2~) +P (k-k5~) +P
(k-k6  ~) +P (k-k11~) ]

= i><i>< (i+i+L+i) =1.863649 x 10
20 22 22 891 432 88
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Likewise, we have:
Case 1 -2 (a0-a1-d-d2-D~) : d2is selected.

(We use the same arithmetic to calculate, so we omit parts of analyzing)

So we have:
P (a0-al-d-d2-D) —i 1.1
20 11 220
P (D-D1~ )—ix1><1 L
11 3 33
P (D-D3~) =i><[i><1 i><1><(— —) 1 l><1]= I
11 11 11 1172 484
P (D-D4~) =ix1x[lxlx1+lxlx(£+l)+ l><l g]= 1/
11 8 2 8 8 8 8 3" 1056
> (D8 ~LxLx2_L
11 2 3 33

P (a0-al-d-d2-D~) =P (a0-al-d-d2-D) x[P (D-D1~) +P (D-D3~) +P (D-D4~)
+P (D-D8~) |
1 7 17 1. 353

= (__—_z

220 33 484 1056 33 851840
Because the calculating process is similar to those above, we remove the

details of counting process to appendix i-Vi:
Likewise:
Case 1 -3 (a0-al-d-d3~) :d3isselected.

So we have:

P (a0-al-d-d3~) = L X ( L/ + 8 )= L
220 288 243 31104

Case 1 -4 (a0-al-d-d4~) :d4isselected.

So we have:

P (a0-al-d-d4~) = 1 (—£i+l+1) 19

220 14 7 21 7 21 _18480
Case 1 -5 (a0-al-d-d5~) :d5isselected.

So we have:

P (a0-al-d-d5~) = L X ( 19 41 ! ! ) =1.0450%x 10*
220 3024 20736 1056 864

Thus, case 1 is finished. We have the probability of case 1:
P (a0-al~)=P (a0-al-d-d1 ~)+P (a0-al-d-d2 ~) +P (a0-a1-d-d3~) +P (a0-a1-d-d4~)
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+P (a0-al-d-db5~)
=2.15x10°

Case 2:

From a0 to ¢, we have P (a0-a3-c) :l X 1 =i
5 4 20

Starting from ¢, altogether there are 5 cases.
Case2-1 (c-cl~) :clisselected.

So we have:

Case 2-2 (c-c2~) :c2isselected.

So we have:

P (C-CQ“') = &
7200

Case 2-3 (c-c3~) :c3isselected.

So we have:
P (c-c3~) :l X 1X 1:l
5 5

Case 2-4 (c-c4~) :c4isselected.

So we have:
P (c-c4~) :L
1280
Case 2-5 (c-c5~) :chisselected.

So we have:

8639

P (c-cl~) =
680400

Thus, case 2 is finished. We have the probability of case 2:
P (a0-a3~) = P (a0-a3-¢c) [P (c-cl~) +P (c-c2~) +P (c-c3~) +P (c-c4~)
+P (c-c5~) 1]
=0.1279

7
Likewise, we have the probability of case 3: P (a0-a5~) :F(s)’()

To sum up, the probability of correctly piecing of Hollow Square is:
P (a0~) =P (a0-al~) +P (a0-a3~) +P (a0-a5~) =0.0301
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3. Example Pattern Three: the calculation of probability of ‘a kid with a hat’
Process: (The following marks are all from lllustration 3.5)

Starting from a, there are altogether 7 pieces of

tangram for us to choose from.

Step 1: We separate all the cut-offs. Then we get b.
( this is based on principle 5)
Thus: P (a-b) =1

Step 2: Considering the area of the  ‘kid’ s ‘feet’

=

by 7 <y

is the smallest, we study the ‘feet’ first and discover

A |
| 4

that they consist of basic figure 5-1. So the probability

RF\GES N> F NS

of piecing the ‘feet’ together correctlyis 1. Then we
come to the ‘head’ . Since there are only 5 pieces
of tangram left, we find that c is the only way of

cutting, and its probability is1. Now we get d.

<Dy, SN <

be cutin two ways, el and e2, and both are correct.

Thus: P (b-c-d) =1 d ' &
Step 3: There are 3 pieces of tangram left. So d can ! % ‘

We have to discuss them respectively.

pe2 gpf
Case 1: el is selected. ‘ %"

lllustration 3.5
The cutting procedure
of ‘akid with a hat’

1
The probability of selecting el is E . The big triangle

cut off in el can only be pieced in one way, 5-4, so the
probability is1; the remaining part consists of 5-4 and 6-1, so f is the only way of
cutting, the probability of which isT.
1 1
Sowe have: P (d-el-f) = m= >
Thus, case 1 (a-b-c-d-e1-f) is finished.

N |-

P (a-b-c-d-el-f) =P (a-b) XP (b-c-d) XP (d-el-f) =1x1xX

N |-

Case 2: e2is selected.
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1
The probability of selecting e2 isE. The big friangle cut off in el can only be

pieced in one way, 5-4, so the probability is1; the remaining part consists of 5-4 and
6-1, so fis the only way of cutting, the probability of whichiis1.

1
Sowe have: P (d-e2-f) =C1 -Cl = %
2™

Thus, case 2 (a-b-c-d-e2-f) is finished.

P (a-b-c-d-e2-f) =P (a-b) XP (b-c-d) XP (d-e2-f) =1X1X

N |~
1
N |~

To sum up, the probability of correctly piecing of ‘akid with a hat’ is:

P=P (a-b-c-d-el-f) +P (a-b-c-d-e2-f) :% +%:l

We calculate the probability of 20 classic patterns according to this plan.
Details will be shownin  ‘Analyze and Sum-up’ (table 4) that follows.

We come to this conclusion: With plan three—Division principle (basic-figure
principle), the probability of regular patterns and vivid patterns with many cut-offs
is larger, which means they are easier.

Thanks to the limit of sides and the symmetry of the patterns, regular patterns,
especially the regular polygons, have fewer ways of being divided, many of which
are correct. So the probability of piecing them up is large. Likewise, thanks to the
distinct dividing and dissymmetry of patterns, the ways to divide irregular patterns,
especially vivid patterns, are obvious and invariable, so the probability of piecing
them up is also large. Because hollow patterns have more edges and angles and
most of them are not central symmetry, they have various ways of being divided
and relatively fewer correct ways. Therefore, the probability of correctly piecing up
hollow patterns calculated in this plan is very small.

Same as the side choosing in plan two, dividing method is also based on
people’ s customary thinking and sense of patterns. We have taken all the ways of

dividing into account, while in practical operation lots of impossible ways will be
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directly left out by human brain. Therefore the probability of correctly piecing up
the patterns calculated in this plan does not exactly match the patterns’  actual
difficulty. But apparently, plan three is more similar fo human’ s thinking and is

therefore of much more reference value than plan two and one.

With more and more influential elements added, we find the design of plan
and the calculation of the probability tougher and tougher, which is the obstacle

to our further precise calculation.

2. Testing and Comparing

With further research, we find that the more human thinking is involved, the
more distinct the differences between patterns are. But the thinking involved is only
tip of the iceberg and the calculation data can not exactly reflect the difficulty of
the patterns. We attempted to put into practice the theory based on the
calculation in designing a tangram test in accordance with data on fingertips,
aiming to record the fime needed for finishing the task for future analysis. We
conducted the first round of test on two groups, equally divided among 50
individuals of different age levels yet without previous experiences on tangram.
Each individual is asked to work on the 8 patterns selected from the 20 classic ones,
with the first group working on the patterns numbered 1 to 8 in turn while the
second group 1-6-8-7 in turn. The purpose of using these 8 patterns includes
verifying and perfecting our theory, determining the effect that the orders as well

as similarity of the patterns have on the difficulty of the task.

Table 1 reveals the testing result (specific data for individuals is available in
appendix 2)
To eliminate the influences of differences between individuals on the result,

we apply the following formula to regulate the relative difficulty.
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Relative difficulty =

The fime needed in piecing one pattern

The time needed in piecing all patterns

Table 1

the time needed in piecing one
pattemn(unit: s)

relative difficulty

s o o
Paltems , 1 — = = T A 7~ 1 AN
1\ uon

number 1~25

average (209|396 350 [ 147 133 165 5] 368 | 330 0013|10 1871018410 086|/0.081| 0.04 10 211,019
difficuity | 8 1 3 5 6 7 2 4 8 3 4 5 6 7 1 2
midHange| 20 | 236 175|118 | 96 | 39 | 288 | 222 00121012810 10810. 0671 0.074/10.036]| 0. 163 0. 155
difficulty | 8 2 4 5 6 Fi 1 3 8 3 4 6 5 Fi 1 2
number 26~50

average 14 2| 159 133 |68 8(60.3|29. 6/ 165 | 140 0019]10.19| 019 10.064|0.066/0.04310.244 0. 178
difficullty | 8 2 3 (& 5 ri 1 4 8 2 3 (& 5 ri 1 4
micdHange| 14 | 119 (89.5/61.5| 51 | 23 | 145( 113 0012|10.178|10.17310.044|10.071/10.034| 0. 217 0. 107
difficulty | 8 2 3 6 5 Fi 1 4 8 2 3 6 5 Fi 1 4
number 1 ..50

average |25 8419386 (132127 71 |45 | 345 001610 192|106 18710 075|10.07310.04110.228 0. 189
difficully | 8 2 3 5 6 ri 1 4 8 2 4 5 6 ri 1 3
micdrange |21 5/ 284|192 | 99 | 101 | 56 [ 353 | X9 00121015310 11310 062|0.07110.085|10173| 0.13
difficulty | 8 2 4 6 5 Fi 1 3 8 2 4 6 5 Fi 1 3

Comparing the data of pattern 7 and 8, we find that, as for similar patterns, the

order of piecing the patterns together does not exert too much effect on the

difficulty of the pattern. While the way of thinking that the person is born with plays

an important role in it. For most patterns, the testing results are in accordance with

the theoretical ones, except the discord in pattern 2, 4, 6.

The fact that among

the three patterns, No.4&6 both belong to hollow patterns leads to the working

hypothesis that the discord comes from the order of the patterns assigned to the

participant has particularly big influence on the hollow patterns. Thus we

conducted another experiment, using No.4&2.
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Table 2 reveals the testing result:

Table 2
numbers 2 4 relafive difficully numbers 2 y. | relafive difficulty
patiers | [} § [ wis | 2 4 pattems | [l | @] | units | 2 4
1 573 | 110 0. 8389/ 0. 1611 9 %9 | 167 0.853 | 0.147
2 67 | 129 0.8379(0. 1621 10 | 467 | 95 0. 4854/ 0. 5146
3 80 | 142 0. 8493 0. 1507 1 23 | 13 0.7635|0. 2365
4 1718 | 110 | pattem |0. 9398| 0. 0602 12 | 106 | 118 |patiem |0 4732| 0. 5268
5 20 | 100 | 2™ | 0697|0303 13 |so| & | ™ |oo2|oo0ss
6 5865 | 30 0.9512| 0. 0488 14 21 | 10 0.1721|0. &79
7 201 | 439 0. 4774| 0. 5226 15 | 682 | 88 0.8857|0. 1143
8 93 | 116 0. 8935 0. 1065 16 | 318 | 663 0.3242| 0. 6758
average |743. 38| 147 0. 8106/ 0. 1894 average | 478. 13| 230.5 0. 6086/ 0. 3914
midrange| 626 | 113 0. 8441 0. 1559 midrange| 445 | 124.5 0. 6245 0. 3755
Final Stafistic
average | 610, 75| 188. 75 0. 709/ 0. 2904
midrange| 579 | 117 0. 8384/ 0. 1616

Due to the data in table 2, we discover that although the order of piecing
patterns has an effect on the difficulty grades, it is not a determinant. The difficulty
grades of Hollow Square and Square that is educed from the test still commit an

error o the grades based on calculation.

After the survey on each participant, we realize that the participants are
inevitably with casualness. Since human brain is much advanced, it can eliminate
some impossible ways of cutting and piecing, and this is what we can not readlize in
the three plans. Taking intfo consideration that Hollow Square and Square are the
representatives of hollow patterns and regular patterns, through analogism we
educe that regular patterns are much more difficult than hollow patterns. In

order to make our conclusion much closer to the reality, we need to add a group
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of parameter to these two kinds of patterns to adjust their difficulty levels when we

establish the final chart of difficulty grades of tangram.

3. Analysis and Sum-up:

Following are the main ways of thinking illustrated in the three plans.

Plan one: exhaustion, try every piece at random

Plan two: refer to permutation and combination of side and area before
piecing the figures together

Plan three: observe the shape, divide the pattern and then piece them
together.

All these three ways of thinking will be illustrated in everyone’ s piecing
procedure. So when we come to the grading of tangram, all these results should
be taken info account. We decide to add weight to the probability calculated in
three plans in light of their effect on the piecing procedure.

Considering plan three reflects human intelligence most effectively, we deem
plan three exerts greatest effect during piecing procedure, plan two hypo and
plan one is of the least effect. So we estimate the weight of each plan accordingly.

We compute plan three contributes 50%, plan two 30% and plan one 20%.

Explanation for the data in table 3: since the data calculated according to
these plans represents the probability of correct piecing, the larger the probability
is, the easier the pattern is. However, difficulty of each pattern got from the test is
based on the proportion of time, so the less time it takes the smaller proportion it

generates. The smaller the number of difficulty is, the easier it is.
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Table 3
PLAN ONE PLANTWO PLANTHREE TEST
num pattems| probabiity difficulty probability difficulty - difficulty relafive difficulty
bers ( ) (fome easy -4 (fome easy | probability | (fome easy difficulty (fome easy
x10 to difficult) X 1][1 to difficult) to difficult) to difficult)
1 . 1.21 2 729. 6 1 0.103124 2 0.1915 7
2 k 1.82 1 10.7 4 0. 026452 5 0. 1866 5
6 u 1.21 2 14 3 0. 0301 3 0.0751| 4
7 ﬂ 0. 908 4 52.7 2 0. 008299 8 0. 0412 2
s | L | o606 5 1.97 7 |o.ou488| 7 |0.0735| 3
»
14 1 0. 151 6 6. 94 5 0. 02925 4 0. 1886 6
*
15 , 0. 151 6 0. 0992 8 0.019794 6 0.2276 8
L 3
19 t 0.151 6 1.16 6 1 1 0.0159 1
| 4

We grade the patterns in light of three plans and the result of test respectively.

Since the plans only take human thinking info consideration, the grading of a

particular plan does not exactly agree with that of the test. So we compare the

three grade tables with that of the test and manage to design the weight of each

plan according to the similarity of the grades from calculation and test.

As is shown above, from table 3, we can figure out the following grading:

(each square represents a difficulty level. Numbers in the boxes are the number

of the pattern. The difficulty level is getting higher from left to right. In each level,

patterns are arranged in numerical order)
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Thegrodingofplcn]:[ 2 ][ 1. 6 ][ 7. 8 ][ 14, 15, 19 ]
ThegradingoprQnQ:[ 1 ][ 2. 6.7 ][ 8. 14, 19 ][ 15 ]
Thegrodingofplcn&[ 19 ][ 1. 6 ]%\ 8. 14, 15][ 7

The grading of test: [ 19 ][ 6. 7.8 ][ 1. 2. 14 ][ 15

Obviously, the difficulty level of 6 and 15 of plan 1 agree with that of the test.
The difficulty level of 6, 7, 14 and 15 of plan 2 agree with that of the test. The

difficulty level of 19, 6, 2 and 14 of plan 3 agree with that of the test.
Also, we define:  Similarity=

M= the number of patterns that agree, in each column, with the previous
distribution of theoretical grading in each plan.
N= the total number of the patterns that agree, in each column, with the

previous distribution of theoretical grading in all plans.

Therefore, we work out that each plan’ s similarity to test data is 0.2, 0.4 and
0.4. Apparently, this result is very similar to what we have predicted. So we decide

the weight of each planis 0.2, 0.4, 0.4,

The weighted difficulty level:

[ 19 ][ N ][ 2. 14 ][7\8\15]

From the grading above, we can see that the weighted grading is in

accordance with that of the test, except pattern 1, 7, 8 (square and hollow
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patterns) which need to be adjusted. This verifies that the weights we set are
rafional. Since it’ s necessary to adjust regular and hollow patterns, we apply
parameter to the grading process.
Referring to the method of working out coefficient in physics, we continuously
adjust the parameter until the weighted grade matches the test grade to the

greatest extent.

And finally we figure out the most accordant parameters.
The final probability of regular patterns= weighted probability x 0.07

The final probability of hollow patterns= weighted probability X 3. 3

Then we figure out the difficulty levels after regarding these eight patterns with

the parameters:

Difficulty levels after adjusting:

(o (ors Jrzow ) 5 )

Difficulty levels of test:

[ 19 ][6\7\8 ][1\2\14 ][ 15 ]

Apparently, the grade after adjusting with parameters is the same with the
grade of test. So the parameters we set are rational.

So far, the grade of the calculation exactly matches that of the test. Making
use of the weight and parameters above, we can employ quantitative grading
tfo any tangram patterns.

We work out the probability of the 20 patterns according to the result of the

three plans. Results are shown in table 4:
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Table 4
o PLAN ONE PLAN TWO PLAN THREE WEIGHTED ADD PARAMETER
- - - i - The final
'22 pattemns erb?EI.T difficulty Smbi’gjﬂt difficulty prObyc’b"” difficulty pmt;ob"” difficulty prObyc’b"” difficulty | difficulty
X x
1 . 1. 21 2 729. 6 2 0. 1031 7 0. 0704 4 0. 0049 16 16
2 k 1. 82 2 10. 7 11 0. 0265 14 0.011 14 0. 0008 18 18
3 . 2.42 1 39.4 6 0. 1364 5 0. 0561 6 0. 0039 17 17
4 ‘ 1. 21 2 1280 1 0. 0822 8 0.0841 3 0. 0059 14 14
5 A L 82 2 46, 4 5 0. 0218 16 0.0106 15 0. 0007 19 19
6 u 1. 21 2 14 10 0. 0301 12 0.0126 11 0.0416 6 6
7 n 0.908 10 2.7 4 0. 0083 20 0. 0054 19 0.0179 9 9
8 ﬂ 0. 606 11 1.97 18 0.0115 19 0.0047 20 0. 0154 10 10
9 i 1. 21 2 30. 6 7 0. 0665 10 0.0278 10 0.0278 8 8
10 k 0. 303 12 4,09 15 0.0135 18 0. 0056 18 0. 0056 15 15
11 Y 0. 303 12 7.4 13 0. 0304 11 0.0125 12 0.0125 11 11
12 | w¥wr| 1.21 2 14. 4 9 0. 0223 15 0. 0095 16 0. 0095 13 13
*
13 ‘ 1. 21 2 84.5 3 0.0764 9 0.0339 9 0. 0339 7 7
L &
14 1 0. 151 14 6. 94 14 | 0.0293 13 0.012 13 0.012 12 12
L3
15 ‘ 0. 151 14 0. 0992 20 0.0198 17 0.0079 17 0. 0006 20 20
4. Difficulty Grade Chart
16 ; 0. 151 14 0. 585 19 [0.1111 6 0. 0445 8 0. 0445 5 5
17 ‘( 0. 151 14 8. 33 12 0.2275 2 0.0913 2 0.0913 2 2
18 :l 0. 151 14 22.2 8 0. 1481 3 0. 0601 5 0. 0601 3 3
»
19 r 0. 151 14 1. 16 16 1 1 0. 4001 1 0.4001 1 1
20 3 0. 151 14 2. 38 17 |0.1389 4 0. 0557 7 0. 0557 4 4
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Based on table 4, we devise a difficulty grade chart. (lllustration 4.1)

PO ¢ . { } 3

evel2%5% @ B} =g x ,&

Level 355 g kY* i

Level 4 & ¥ - k . y 4 i

lNlustration 4.1
The difficulty grade chart

Level 1 easiest 16 17, 18. 19. 20 (relative difficulty: 0.000~0.005 )
Level 2 easy 6 <7 8.9 . 13(relative difficulty: 0.005~0.015)
Level 3 difficult 4 . 10. 11, 12. 14 (relative difficulty: 0.015~0.045)

Level 4 most difficult 1 < 2 « 3 « 5 15 (relative difficulty: 0.045~1.000)

According to this, we summarize the general rule of piecing difficulty of
tfangram patterns: the more regular the patterns are, the greater the difficulty it is.
(That is: the difficulty of vivid patterns < the difficulty of hollow patterns< the

difficulty of regular patterns)

5. Sum-up of tangram skills

1. When there are cut-offs, participants should separate it and piece from the
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smaller part. When the patterns are regular, participants should fix the biggest

piece first.

2. As for vivid patterns (irregular patterns with many sides), plan three should be a
priority, for after dividing the pattern into several parts, participants can easily
piece every part together. As for regular patterns (patterns with few sides) and
hollow patterns, plan two is more applicable, for participants can easily work out

the answer in this principle.

3. Participants should apply the method of elimination through the whole process

of piecing, trying not to leave out or reuse any piece. Think twice before piecing.

6. The Experience of Research

During the research, we three work together, bringing our strong suit into play. I
is this cooperation that leads our way to accomplishing this essay. This essay
records the whole process of our research. Passing through haze, we carry out a
series of analysis and calculation. Then we test and analyze the theoretical result.
Finally, with confusion cleared, we become more acquainted with tangram.

In the process, we use mathematical insight to identify questions and
fransformation thought to analyze them. We apply math knowledge we have
learnt in class, such as independent event, conditional event, algorithm,
exhaustion, to our analysis and solution to our question. This definitely deepens our
comprehension and application of math.

In addition, we have been totally exposed to the fascination of math. This
research is not only an achievement in math, but it also brings about the strength
of our capability, the sublimation of our perseverance and merits and the

broadening of our thinking.
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7. Expectation

We can patent the plan and the grades we carried out in the future. Tangram
with reasonable grades will definitely be beneficial to the development of
teenagers’ and children’ s intelligence, which is the guarantee of being a craze
among the customers.

Furthermore, we can carry out bigger scale of test and calculation, summing
up more skills. We will eventually perfect tangram and evoke the vigor of this
fraditional puzzle.

Above all, the method of the difficulty grades research in fangram can be

generdlized to the grading in other puzzles.

Appendix:

Appendix 1.1:
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2. Example Pattern Two: the calculation of Hollow Square’ s probability

Answer 1: §G+QE+QE+@DA+BE+MA+@H  (lllustration1.5)

Process:
Step 1: put ®Gto blank 1;
. 2
Cz
11
p(1)=C7 S : 5
Step 2: put @E to blank 2; 6 7 4
1

_— lllustration1.5
Cs s
P(2)= "6 "8 One of the correct

answers of Hollow Square
Step 3: put BQE to blank 3;

C,

1 ~1
P(3):C5CS

Step 4: put @A to blank 4;

1
1,1
P(4) = Ci €,
Step 5: put BE to blank 5;
1
11
P(5) = C3 Cg
Step 6: put DA to blank é;
1
1,1
P(6) = C: &
Step 7: put @H to blank 7;
1
1 ~1
P(7)= Cl Cg

To sum up: the probability of Hollow Square is Po=P(1) X P(2) X P(3) X P(4) X P(5) X

1

— = ~151x107°
P(6) xP(7) = 660602880
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As Hollow Square is an axial N ' ' |
symmetry geometric figure so there are ‘ | ‘ ‘ ‘
8 correct answers of if. (lllustration 1.6)

So , the probability of Hollow Square is ' ‘ ‘ - ‘ ‘

1

c! — = ~121x10°®
P=p,x ~8= 082575360

lllustration1.6
All correct answers of
Hollow Square

Appendix 1.2:

3. Example Pattern Three: the calculation of probability of ‘a kid with a hat’
Answer: DF+@B+®D+Q@B+®H+QF+QE (lllustration1.7)

Process:

Step 1: put MFto blank 1;

1 2
1 ~1
P(1)= C7 C8
Step 2: put @B to blank 2; 2
1 4
1 ~1
P(2) = CG CZ 5
Step 3: put BD to blank 3; ; WAN
C; llustration 1.7
Cl Cl The correct answers of
P(3)="5"8 ‘a kid with a hat’

Step 4: put @B to blank 4;

1
P (4) :m
Step 5: put ®H to blank 5;
1
P (5) =ﬁ

Step 6: put @F to blank 6;
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C,
C;C

P(6) =

Step 7: put ®E to blank 7;

1
_Ci &

P(7)

To sum up: the probability of ‘a kid with a hat’ is Po=P(1) X P(2) X P(3) X P(4) X

1

—————x151x10"°
P(5) X P(6) X P(7) = 660602880
As there’ s only one answer for ‘a kid with a hat’ , the probability of Hollow

1

Cl FrOROORAN ~1.51x107°
Square is P=Pyx 1= 660602880

Appendix 1.3:

1. Example Pattern One: the calculation of Square’ s

probability \

1]
Answer 2: ®A+BB+Q@D+@B+Q@C+QA+DG (lllustration 2.4) \

Process:

¥

Step 1: fill up side | of which length is 2\/5, the .
llustration 2.4

possible ways are shown in illustration 2.1, as for One gflithessquare”|s
Si er
answer 2, ®Ais the only one that matches the side. !
1
C! i
So the probabiity is P()= P(A)= “16  gnd the
profile goes to image & inillustration 2.5.
Step 2: fill up side Il of which length is 2\/5. As for s
P P J = @)
answer 2, ®B is the only one that matches the side.
PHeg
a1 R
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1

1
So the probability is P(ll)= P(A2|A1)= C16 , and the profile goes to image © in

illustration 2.5.

Step 3: fill up side Il of which length is 2\/5. As for answer 2, @D+@®G is the only

one that matches the side since two ® pieces have been chosen , so the

1
ity P(AAA)_ Cl - | o
probability is P(lll) = 15 and the profle gdbsdi@hdRe © in
illustration 2.5. Piecing procedure
of square |l

Step 4:fill up side IV of which length is V2 . @C, @A and @C are possible answers.

As for answer 2, @A is the only one that matches. So the probability is P(IV)
1
~L
3

, and the profile goes to image @ inillustration 2.5.

Step 5: fill up side V of which lengthis 1. @B+®C, @B+®D, @C+@B, and @D+@B

are the possible answers. As for answer 2, @B+Q@)C is the only one that matches the

1

side, so the probability is P(V) = (A5|A1A2 A“) , and the profile goes to

image @ inillustration 2.5.

To sum up: the probability of Hollow Square is P, =P (1) X P(2) X P(3) X P(4) X P(5)

L ~2.17x107°
X P(6) xP(7) = 46080
[
\VI
Appendix 1.4: )|
Example Pattern Two: Hollow Square "ll
Answer 2: 6 G+ @ E+@ A+ @ E+ @ F+ @B+ G E ’\W L

N . 1

42 + v
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(Ilustration 2.8)

Process:

Step 1:fill up side | of which length is 3, the possible answers are DA + @G DA +
QF. @G+DA. DA+DA. DA+ DA. QA+ DE. QA+DG. DA +@G. DA +QE.
QE+Q@GCG+QRF. QE+Q@G+QRQG. @G+QF+QF. @G+QGCG+QC.IIBE®G2ZOF. @G+
OF+@C. GFFF+QE. GF+@F+QG. BCHOGHRE. @F ge 2ch§£?:§§
QG+OF+R@G. QG+RE+QG. QF + QE+QG. BF+QG+QF. QF+@G+QRG. QF+®
A+QF. QF+t@DA+QG. QG+DA+QG. QG+BDA+QF. QF +QF+@A. QF +QG+BDA.
@G +@F+@A. @G +@G+@A. DA+QF+OF. DA+QF+B@G. DA+QG+QG. @A+
QG+RF. ®G+DA. BF+t@A. DA+®G. AA+BF. B®G+QE. ®F+QE. ®F+QGC.
@E+®G. @G+®G. @G+BF. ®G+@G. ®F+QF. ®G+BF. ®F+@G. @F+GF.
BG+B®G. QF+BG. QG+BF. QG+BDA+QGC. QG+HADA+QF. QE+QGHDA. QG+
QG+BA. QG +QF+DA. DA+QE+QGC. DA +QG+QE. WA+QF+QE. @A +QF+

@G. QF+@QGC +@DA. QF+tDA+QE. QG+t@DA+QE (68

ways in all) . But as for answer 2, ®A+B G is the only
1 )

one that matches the side, so the probability is P(l)=

1
P(Ai): Cos and the profile goes to image & in

illustration 2.9.

Step 2: fill up side Il of which lengthis 1. @F, @H, @G,

and @H are possible answers , but as for answer 2, @

H is the only one that matches , so the probability is

1

P(ll)= (A2|A1) , and the profile goes to image

© inillustration 2.9.

Step 3: fill up side Il of which length is 2. ®E and QF are possible answers , but as

for answer 2, @F is the only one that matches , so the probability is P(ll)
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1
~L
-2

_P(A[AA,)

, and the profile goes to image & inillustration 2.9.

Step 4: fill up side IV of which lengthis 1. @G, MB and MDA are possible answers ,

but as for answer 2, MB is the only one that matches , so the probability is P(IV)

1
L
3

_P(A|AAA,)

, and the profile goes to image @ in illustration 2.9.

Step 5: fill up side V of which length is 2. ®H and BE are possible answers , but as

for answer 2, ®E is the only one that matches , so the probability is P(V)

1

1
= P(A5|A1A2 ”'A“)= C2 , and the profile goes to image @& inillustration 2.9.

1

~1
Step 6: Use GE to fill the last blank. The probability is P(VI) = P(A6|A1A2 B 'As) G

To sum up: the probability of Hollow Square’ s answer 1 is: P,=P(I) X P(Il) X P(Ill)

1
X P(IV) X P(V) x P(VI) = 3264

~3.06x107*

Appendix1.5: -1 —
. . 1
3. Example Pattern Three: the calculation of probability of v / N
‘a kid with a hat’ N
Answer: (DF+@B+®D+@B+GH+@F+@E (lllustration 2.11) Lz >
Step 1: fill up side | of which length is \/5 DF, G, @A, T
v
o ) 1l
44 | / Sy
L ,,x.

Hhictrtinn 2 11
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@C and ®A are the possible answers. As for the correct answer, DF is the only

1

~1
one that matches the side. So the probabilty is P(l)= P(A)= Cs  and the orofile

goes toimage &) inillustration 2.12.

1

P(IN= P(A2|A1)= C , and the profile goes to image © in ,

Step 2:fill up side Il of which lengthis 1. @B, @C and @D & :
are the possible answers. As for the correct answer, @B is
the only one that matches the side. So the probability is (
v e 2 9

illustration 2.12.

Y AN 7 \@®
Step 3: fill up side lll of which lengthis 2. @®C+3D, @D+@) ! Y
C, ®Db+®D.®C+®C, BD, BC, @®D+®@D, @D +@D, ® ‘ 1
C+@A, @A+QC, @A +@®D and ®C+®@D are the 7 WE) AR

possible answers. As for the correct answer, ®D is the lllustration2.12
Piecing procedure of

only one that matches the side. So the probability is P(lll) ‘q kid with a hat’

1

1
= P(A3|A1A2): Crz , and the profile goes to image @ inillustration 2.12.

Step 4: fill up side IV of which length is 1. @B, ®B, @C and @C are the possible

answers. As for the correct answer, @B is the only one that matches the side. So

1

~L
the probability is P(IV) = P(A“|A1A2A3)= C4 , and the profile goes to image @ in

illustration 2.12.

Step 5: fill up side V of which length is 2. ®@G+@H, @H+Q G, @H+@H, @G+B G,

®G and ®H are the possible answers. As for the correct answer, ®H is the only
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1

1

one that matches the side. So the probability is P(V) = P(A5|A1AZWA4)= CG , and

the profile goes to image @& inillustration 2.12.

Step 6: fill up side VI of which lengthis 1. @G and @F are the possible answers. As

for the correct answer, @F is the only one that matches the side. So the probability

1

~1
is P(VI) = P(A6|A1A2 B 'A5)= CZ . and the profile goes to image & inillustration 2.12.

1

~1
Step 7: Use GE to fill the last blank. The probability is P(VII) = P(A7 [AA, "'A%): C,

To sum up: the probability of  ‘akid with a hat’ is Po= P(l) X P(ll) X P(lll) X P(IV) X

1
P(V)xP(VI) = 8640

~1.16x10™*

Appendix 1.6:

2. Example Pattern Two: the calculation of Hollow Square’ s probability
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lllustration 3.3
Chart A of the cutting
procedure of hollow square
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lllustration 3.4
Chart B of the cutting procedure
of Hollow Square

Process: (The following marks are all from lllustration 3.3 and lllustration 3.4)

Starting from a0, there are altogether 7 pieces of tangram for us to choose
from. We refer to the chart of basic figures, and find it can be cut in five ways, al,
a2, a3, a4 and a5, among which al, a3 and a5 are correct, so we need to discuss

them respectively.

Case 1
. . 1 . ,
Step 1: The probability of selecting al is g After selecting b, the friangle cut

off is a basic figure, so we consult the chart and find it can be pieced in four

ways, 5-4, 5-5, 5-6 and 5-7 among which only basic figure 5-4 is the correct way
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1
of piecing. Then the probability of selecting 5-4 is Z .Thenwe have d

Soin this step, we have P (a0-al-d) =— X 1 =i
5 4 20

Step 2: After cutting off basic figure 5-4, we have only 6 pieces of tangram left.
Then it can be cut in eleven ways, thatis d1~d11. And d1, d2, d3, d4 and d5 are
the correct ones.

Case 1 -1:d1isselected.
1
The probability of selecting d1 is ﬁ The parallelogram cut off in d1 is a basic
figure, so we consult the chart and find it can be pieced in two ways, 6-1 and 6-2,

1
in which only 6-1 is correct, and the probability is E . Then we have k.

SoP (ddid) =~ xt=L
1172 22

We find k can be cut in eleven ways, which are k1~k11, among which k2, k5, ké

and k11 are correct, so we need to discuss them respectively.

1
The probability of selecting k2 is ﬁ The trapezoid cut off in k2 can be pieced

1
in two ways, 4-3 and 4-4, in which only 4-4 is correct, and the probability is E . The

big remaining trapezoid can only be pieced in one way, 3-7, so its probability of

being correctly piecedis 1.

Then P (k-k2) =i><£=i
11 2 22

Thus, case (a0-al-d-d1-k-k2 ) is finished,

1 1 1 1
P (a0-al-d-d1-k-k2~)=P (a0-a1-d) X P(d-d1-k) X P(k-k2~)=— X — X —=——
20 22 22 9680
The probability of selecting k5 is ﬁ The triangle cut off in k& can only be

pieced in one way, 5-1, so the probability is1. The remaining part is Ca, which can

be cutin nine ways, Ca-1~Ca-9, among which Ca-4, Ca-5 and Ca-9 are correct.

1
The probability of selecting Ca-4 is 5 The trapezoid cut off in Cao-4 can be

1
pieced in two ways, 3-1 and 3-3, in which only 3-1 is correct, so the probability is E ,

and the probability of the remaining partis 1.
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1
The probability of selecting Ca-5is 5 The square cut off in Ca-5 can only be

pieced in one way, 1-1, so the probability is1; the remaining part is M, which can be

cut in five ways, M1~M5, among which M1 and M3 are correct. The probability of

1
selecting M1 is g and both two remaining parts are basic figures, so the
1
probability is1. The probability of selecting M3 is —, and the probability of its being
5
1
correctly cutinto L1~L4 and pieced is Z .

1
The probability of selecting Ca-9 is 5 The square cut off in Ca-5 can only be

pieced in one way, 5-2, so the probability is1; the remaining part is Fa, which can

be cut in nine ways, Fal~Fa?, among which Fa5 and Fa9 are correct. The

1
probability of selecting Fa5 is 5 and the probability of its being correctly cut into

1 1
L1~L4 and piecedis Z . The probability of selecting Fa9 is 5 and the probability of

its being correctly cut and pieced is]1.

Thus, case (a0-al-d-d1-k-k5) is finished. We have:

P(k—k5~)=—><[l><1><l+1><1><(l><1+l><£)+£><l(l><1+l><1)]=i
11 9 2 9 5 5 4 9 9 4 9 891
Likewise, we calculated that:
P (k-ké~) =ix[ixlx1+ix1x (lxl+lxl) +i]=i
11 12 4 12 9 9 4 127 432
1 1 1 1 1 1

P (kkll~) ==X =X (=XI+=XIX~—) =—
11 2 5 5 4 88

To sum up:
P (a0-al-d-d1-k~) = P (a0-al-d) xP (d-d1-k) X[ (P (k-k2~) +P (k-k5~) +P

(k-ké ~) +P (k-k11~) 1]
= i><i>< (i+i+L+i) =1.863649 x 10*
20 22 22 891 432 88
Likewise, we have:

Case 1 -2 (a0-a1-d-d2-D~) : d2is selected.

(We use the same arithmetic to calculate, so we omit parts of analyzing)
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So we have:
P (a0-al-d-d2-D) —i i=i
20 11 220
P (D-D1~) —i><l><1=i
11 3 33
P (D-D3~) —ix[—x1 i><1><(— —) 1 l><1]= L
11 11 11 2 484
P (D-D4~) =i><1><[£><£><1+£><1><(—+—)+ i><l><g]= 7
11 8 2 8 8 8 8 3 1056
P (D-D8~) —ixlxg—l
11 2 3 33

P (a0-al-d-d2-D~) =P (a0-al-d-d2-D) X [P (D-D1~) +P (D-D3~) +P (D-D4~)
+P (D-D8~) |
1 1 7 17 1 353

= — ( __):

220 33 484 1056 33° 851840

Likewise:

Caose 1 -3 (a0-al-d-d3~) :d3isselected.

So we have:

P (a0-al-d-d3) —i i=i

20 11 220
Then we calculate P (d3-d3-1~) :

P (d3-d3-1-Cb~) zi><[£><1><l+l><1><(1+—)+1><—]=—
3 8 2 8 8 8

Then we calculate P (d3-d3-2~) :

P (d3-d3-2-Ca~) =%>< [%xlelx (l+l><l)+l><(l><£+l)]=i

2 9 55 4 9 9 4 9 243

Thus, P (a0-a1-d-d3 ~) =P (a0-al-d-d3) X [P (d3-d3-1~) +P (d3-d3-2~) ]

1 17 8 13
= X ( + ):
220 288 243 31104

Case 1 -4 (a0-al-d-d4~) :d4isselected.

So we have:
P (a0-al-d-d4) —i i—i
20 11 220
1
P (d4-])) =—
( ) >

Then we calculate:
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P (J-J1~) L ><1 ><l=i
72 14
P (J-J2~ =£><1=1
7 7
P (J-J4~) - ><1 ><g=i
7T 2 3 21
1 1
P (J-J5~) == X1=2
) 7
P (J-J7~) L ><(l 1)=i
7 6 6 21

Thus, P (a0-al-d-d4~) = P (a0-al-d-d4) XP (d4-J) X[P (J-J1~) +P (J-J2~) +P
(J-J4) +P (J- J5 ) P (J-J7~) ]
1 1 1 1 1 19

= (_____)__

220 14 7 21 7 21 18480

Case 1 -5 (a0-al-d-d5~) :d5isselected.

So we have:

P (a0-al-d-db) —i i:i
20 11 220

P (d5-d5-al~ )—lxi 1><[£><£><1+1><1+£><1><g+£><1+1><(1+£)]
2 12 3 7 2 7 7T 2 3 7 7 6 6
_ 19
3024

P (d5-d5-a3 ~ )—lxix— [— (£x£+£)+ix(1xl —><£)+i 1]
2 12 9 4 9 12 2 2 2 12 4
_4
20736

P (d5-d5-a4~) :lxix [i><(1+£)+i 1>< +i><1]: L
2 12 11 8 8 11 2 11 1056

P (d5-d5-a8~) —lxi [1><(£+1)+1><(l £+£)]—L
2122882949864

P (a0-al1-d-d5~) =P (a0-al-d-d5) X [P (d5-d5-al~) +P (d5-d5-a3~) +P (d5-d5-a4~)
+P (d5-d5-a8~) ]

S B A T T 0450%10¢
220 3024 20736 1056 864
L 19 + 4l + ! ) =1.0450% 10*

P (a0-al-d-d5~) = X (
220 3024 20736 1056 864
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Thus, case 1 is finished. We have the probability of case 1:

P(a0-al~)=P (a0-al-d-d1 ~) +P (a0-a1-d-d2 ~) +P (a0-a1-d-d3~) +P (a0-a1-d-d4~)
+P (a0-al-d-d5~)
=2.15x10°

Case 2:

From a0 to ¢, we have P (a0-a3-c) :l N 1 =i
5 4 20

Starting from ¢, alfogether there are 5 cases.

Case 2-1 (c-cl~) :clisselected.

So we have:
P (c-cl~) :£><1><[i><£><g+i><1><(£><1/2+1><l><g+£><1><3)+i
5 10 3 3 10 8 8 3 8 5 10
1 1 11 1 1 2
X—t— X[+ X -+ X -]
3 10 7 7 2 7 5
_ 919
50400

Case 2-2 (c-c2~) :c2isselected.

So we have:

P (c-c2~) :Ex[ix(£x£+£xlxg+ix1xg)+ E><(1><£+£><£)]
5 3 8 2 8 3 8 5 3 8 2 8 4

_ 139
7200

Case 2-3 (c-c3~) :c3isselected.

So we have:
P (c-c3~) :l X 1X 1:l
5 5

Case 2-4 (c-c4~) :c4isselected.

So we ha ve:

P (c-c4~) :£x1x[£x(£xl+£x1)+ 1><(£><1+£><1)]
5 8 8 2 8 4 8 6 2 6 4

T
1280
Case 2-5 (c-c5~) :chisselected.

So we have:

We calculated P (c-c5~):
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P (c-cb-c5-a) L X 1.1
5 2 10
P (c5-a-c5-al~ )——><(1 l+l 1)—i
9 2 6 4 72

P (c5-a-c5-a5~) =1><[—><(—+—)+ —X=]= —
9 2 5 5 2 4 360

P (c5-a-c5-a6~) =1><l><[l><l><(1+l)+l ><1+l ><(£+1)+£+l x(l+l)]
9 3 6 2 4 4 6 6 4 4 6 6 6 6

_ 37
1944
P (c5-a-c5-a4~) =1><£><(£+1)=i
9 2 4 4 36
P (c5-a-c5-a9~) =£><(l><Z 1 1 l)=£
9 7 5 7 2 7 630

P (c-c5~) =P (c-c5-¢c5-a) X [P (c5-a-c5-al~) +P (c5-a-c5-a5~) +P (c5-a-c5-a6~)
+P (c5-a-c5-a4~) +P (c5-a-c5-a9~) |
8639
680400

Thus, case 2 is finished. We have the probability of case 2:

P (a0-a3~) =P (a0-a3-c) [P (c-cl1~) +P (c-c2~) +P (c-c3~) +P (c-c4~) +P (c-c5~) ]
1 919 139 1 7 8639

= —X (————+— )=0.1279
20 50400 7200 5 1280 680400
Caose 3:
P (a0-a5-b0) =£><£=i
5 3 15
P (b0-b8~) —ixlxl—i
10 10
P (b0-b9~) —ixlx(lelxl)— 1
10 2 2 10
P (b0-b10) —ixlx(£x1x1+1+lx1 1) i
10 8 8 8 4 320

Thus, P (a0-a5~) =P (a0-a5-b0) X[P (b0-b8~) +P (b0-b9~) +P (0-b10~) ]
1 1.1, .9 73

= — ___)__

15 10 10 320 4800

To sum up, the probability of correctly piecing of Hollow Square is:
P (a0~) =P (a0-al~) +P (a0-a3~) +P (a0-a5~) =0.0301
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Appendix 2:
EL;Z 1 2|3 |a|ls|e]| 7|8 Relative Difficulty
s .

Patt ( . k u ﬂ n 2| & |Unit 1 2 3 4 5 3 7 8
11"

1|10 |155| 9| 7|21 8|3™ 0.01425| 0. 2208 | 0. 0556| 0. 06695 0. 13248| Q. 02991 | 0. 04701 | 0. 43305
2 | 2|21 |167| 25| 61 | 138 | 506 | 273 0.01136] 0. 15389{ 0. 09483 | 0. 13345/ 0. 03464| O 07836| Q. 3384 0. 15508
3 | 2 | 26|78 |100|3%6| 39| 5|64 0.01133| 0. 10283| 0. 34771| 0. 04357| 0. 15512| Q. 01689 0. 0244 | 0. 29804]
4 | 16| | 35| 8|83 30|36 14 0.01932| 0. 08454| 0. 04227| 0. 10386 0. 10024| Q. 08623 | Q. 43961 (. 17391
5|16 |57 | 47| 2| 9% | 20|14 3% S 0.01615| 0. 59233( 0. 04743| 0. 02926 0. 09667| Q. 04036/ 0. 14127| 0. 03633
6 | 24 | 101 |55 | 48 | 50| 21| 13|37 0. 02022| 0. 08508| 0. 46841| 0. 04044| 0. 04212{ . 01765{ Q. 01095 0. 31508
7 | 26 |1m| 2| 28| % | 2 | 121|120 © |0o0om2|o 26580 o77a7]0 0557] 0 01533] @ 006 0. 03312] 0 33671
8 | 16|33 | 64|126|212| 24| 191|135 0. 0144 | 0. 30873| Q. 05761| Q. 11341| 0. 19082| Q. 0216 | Q. 17192| @ 12151
9 | 2 |17 |30 22| 142| 38 |14 B A 0.00849| 0. 42067| 0. 09075| 0. 06499 0. 04157| Q 01112 Q. 33636 0 02605
10 | 25 | 40 | 43| 4@ | 05| 14| 35 | MW | o |007149]0 18437] 0 20628) 0 18483 0. 04628 0.06161) 0. 16322 0 13798
n| 2| 21| 5% |17 |m|e| s 0.01438| 0. 01438| 0. 03836| 0. 13425/ 0. 05274| O 07608 Q. 63356| 0. 0363
12| 30|25 |15 & | 5| 75|30 82| [ |001852]0 01543 0 10802|0. 04136 0. 03457| 0.0463 | Q. 21605/ 0. 51975
1B 15|28 |12 8|7 | 21| 21| 106 0.00809| Q. 1283 | 0. 71159| 0. 03127| 0. 04057| 0. 01122| Q. 01132] 0. 05714
M| zZ|e&|124| @0 |120| 20 |170| & f 0.01209| 0.03 |0 05553|0. 02687| 0. 0627 | 0. 00896/ 0. 76579 0. 03807
5| 18| 47| 0| 163|1%2| 38| %8 | 566 0.01563| 0. 04094| 0. 05226| 0. 14721| 0. 1324 | 0.0331 | 0. 08537| 0. 49303
6| 16| 24 |64| 18| 9| 66 | 55 | 693 I 0.00915| 0. 01373| Q. 3627 | Q. 10355| 0. 04519| O 08776/ Q. 03146| 0. 39645
7| 1| 518|132| 61 | 48| 2 | 411 | 20 0.0039 | 0. 18343| 0. 46813| 0. 0216 | 0. 01735( Q. 01133| 0. 14554| 0. 14873
8| 2| 3|16 63| 53| 3|36 128 r 0.03305| 0. 03794| Q. 14198| Q. 07711| 0. 06487| Q. 04162| Q. 44676 0. 15667
19| 35 | 975|250 | 118|196 | 56 | 50| 48| G |0015]0 43469 0 11146|0 05261 0. 06738| 0 02497| 0. 254121 0. 01917
2 | 20 1267|108 | 29 | 23 | 195 | 288 | 200 0.00732| 0. 46393| 0. 03991| 0. 15709| 0. 0B166| 0. 0714 | Q. 10546) 0. 07323
21| 17 |52 | 21| 46 | 368| 7 | 51| 138 '|' 0.00833| 0. 28039| 0. 10833| 0. 02255/ 0. 18039| Q. 01324/ 0. 31912| 0. 06765
2| 2| ||| 12| 6 |7 63 0.01334| 00876 | 0. 02062| 0. 19648| 0. 07398| . (3942| Q. 21043 0. 40813
B | 20 |12|65|100|165| 14| B |36 0.01196| 0. 07297| 0. 39773| 0. 05381| 0. 09863{ 0. 08433| 0. 05562| 0. 2189
24| 20 | 60| & |15 20| 16| 8| 139 0.00897| 0. 26006{ . 36816| 0. 06951/ 0. 10762| . 07265 0. 0417 | 0 06233
| 16| 2 |1@e|150| 80| 8|26 22 0.0173 | 0. 02461| 0. 11409|0. 16779| 0. 08949| 0. 0962 | Q. 24161 0. 24832
% | 2 | a0 |aw| 0 [ 172]135] 36 | 48 0 0147 | 0 19844] @ 38218| Q. 03215| 0. 07901| @ 06201 | O 01654| O 21497
27 | 29 |3 | a0 | 24 | 25|17 | M5 16 Eig 0.01563| 0. 18976/ 0. 238°7| 0. 01294| 0. 13477] Q. 07925/ 0. 23989| 0. 08949
28 | 30 |2 | 20| 33| 120] 0 | 40| 23 0 02035| 0 17775/ 0. 19946/ 0. 12239/ 0. 08141| 0 (2714| 0 327 | 01445
2 | 17| 8| 2| w|eg|x5]|21]|30 ht 0.073 |0, 07848/ 0. 03%4| 0. 19215 0. 13126) 0 03383 0. 02842| 0. 47361
0 | 18 1050 9 | 78 | 150 | 33 | 57 | 541 | firS |o.0o8o1| a 5198 |0 046040 08851| 0 07426] 0 01634| 0 B2| 0 26780
31 | 30 |22 | 483 | 207 | 146 | 159 | 566 | 176 t 0.01471| 0 1334 | 0. 23688(0. 10152| 0. 0716 | 0. 07798/ 0. 27759) 0. 08632
2| 2% [ 119|208| 95 | 166 | 45 | 111 | 43 0 02165 0 09908/ 0 17319| 0 0791 | 0. 13822| 0 03747| Q. 09242) @ 35857

55




LI PRI FE 5 2 S B R BT AT R A0 /N B Y

rk]:;:s" 1| 23| 4|5 6| 7] 8 Relative Difficulty

paf) & ® | ¢ Unit

tem . k u ’ n , N 1 2 3 4 5 6 7 8
[ | S
3| 3 |[16m| 64 | 153|311 | 31 |12%2 | 197 | 0.0095 | 0. 43458/ 0, 01737| 0. 04153/ 0. 08442| 0. 00841| 0. 35071 | 0. 05347]
35 | 5| 65| 56 | 61 | 34| 28 |1740] 116 E 0 01176/ 0 03059{ 0. 02635/ 0. 02871| 0. 016 |0 01318] O 81882| 0 05459)
% | 2312051061 | 55| 31 119 9n 18 | @'mmum&u 0.01598| 0. 06134] 0 50155/ 0. 09433
37 | 36 |66 | 142 | 98 | 9 | 143 | 300 | 6 0.01622| 0. 29112/ 0. 06399| 0. 04416/ 0. 04056/ 0. 0. 16674/ 0. 31275
8| |20 22]| 22| 50|30 s O [ooomoew|o o o 1107 |0 12115 0 02611] 0 156660 26527
39 | 13 | 194|580 | 60 | 134 | 23 | 557 | 113 h 0.00777|0. 11589{ 0. 34648| 0. 03584/ 0. 08005 0. 01374! 0. 33274) Q. 0675
0 | 37 | mles| 2| 7| 811218 I3 0 01165| 0. 24677| 0. 19673| 0. 01007| 00085 | 0 0255 | O 38338 0 11741
p| 2|3 | 77| s || 3| T |00 009|0 15765| 0092940 09059) 0. 09647| 0. 44941 0 03882
42 | 18 [ 400|450 101 | 123 [ 12 | 115 | 173 0 01184/ 0 26908/ 0. 30197| 0. 06645/ 0. 0B092| 0. 0B0PS! O 07565) 0. 11382}

| B [ 2> [ 129|612 188 | 19| 73 | 18 | 1071 f 0.01029| 0 0572 | 0. 25185/ 0 07737] 0.0572 |0
44 | 79 | a5 | 146 | 71 | 160 | 70 |1851 85 | | |0.02718/0.15308/0. 05022 0.02442/0. 05504 umﬁiﬁ
4 | P | | y|[2]0| B | Q. 10477| 0. 48408/ 0. 09284 0. (1244 . 05438) . 06897 0. 05205| Q. (9947
46 | 21 | s l10e|am| 5| o |ap| 9| T |aooss|o 20770 43135 0 om0 02208 0 05726 0 1729700
2|31l 37|46 17 B ¢ |00%080 051610 25573|0 1695/ 07061 0 8770 Q. 2423710 0743
48 | 16 | 795|156 | 29| 53 | 63 | 896 o4 0 0054 | 0. 2634 | 0. 05267| 0. 09419| 0. 01789| 0. 02127] 0. 3025 | Q.
| 10 |35 oo0| a8 | o5 | 1|5 3| T |oooslao0lo sesmlo o137l comslo ezl 12108 ufﬂﬁl
50 | 26 | 159 | 152 | 282 | 182 | 64 | 108 | 1604 0.01011|0. 06182| 0. 0591 | 0. 10964| 0. 07076| 0. 02483| 0. 04005| 0.

Appendix 3:

Japanese jigsaw puzzle: Invented in Japan, it is used to test intelligence.

Made of a 200mm*35mm narrow board divided into 4 pieces (shown as the

illustration), the puzzle set 9 grades

including infancy level, baby level,

preprimary level, primary level,

35

junior level, senior level, academy

level, college level and doctor level.

Quote from <GFHEF 2 LI5HR. NERSERE—HRE G 8=E ik =4>

| 100 50 50
|-
15
50 50
35
65 100 35

lllustration.1 Japanese jigsaw puzzle
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