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NONLINEAR DIFFERENTIAL GALOIS THEORY

JINZHI LEI

ABSTRACT. Differential Galois theory has played important roles in the the-
ory of integrability of linear differential equation. In this paper we will extend
the theory to nonlinear case and study the integrability of the first order non-
linear differential equation. We will define for the differential equation the
differential Galois group, will study the structure of the group, and will prove
the equivalent between the existence of the Liouvillian first integral and the
solvability of the corresponding differential Galois group.

CONTENTS

1. Introduction

1.1. Historical background

1.2.  Preliminary knowledge of differential algebra
1.3. Summary

2. Differential Galois group

2.1.  Structure of first integrals at a regular point
2.2.  Admissible differential isomorphism

2.3. Differential Galois group

3. Structure of Differential Galois group

3.1. Generalized differential polynomial

3.2.  Structure of the Differential Galois Group

4. Liouvillian integrability of the nonlinear differential equation
4.1. Preliminary results of Galois theory

4.2. Proof of the Main Result and Applications
5. Proof of Theorem

Acknowledgements

References

ERIRERRREEE eameamemsmes

2000 Mathematics Subject Classification. Primary 34A34; Secondary 13B05.

Key words and phrases. differential Galois theory, nonlinear differential equation, Liouvillian
integrability.
Supported by the National Natural Science Foundation of China(10301006).
1


http://arxiv.org/abs/math/0608492v2

2 JINZHI LEI

1. INTRODUCTION

1.1. Historical background. Despite the well studied of the existence of the so-
lution of differential equation(s), it is usually impossible, except a very few types,
to solve the differential equation(s) explicitly. The first rigorous proof of the non-
solvability of a differential equation by method of quadrature was addressed by
Liouville in 1840s[I7]. Liouville’s work was ‘undoubtedly inspired by the results
of Lagrange, Abel, and Galois on the non-solvability of algebraic equations by
radicals’[10]. After the pioneer work of Liouville’s, many approaches has been de-
veloping to study the insight of integrability of differential equation. The con-
cerning approaches include Lie group[24], monodromy group[l0, 34], holonomy
group[2, B [], differential Galois group[9, 12| [32], Galois groupoid [I8, [19], etc..
Let us recall briefly the subject of differential Galois theory. For extensive survey,
refer to [16, 29, [31].

At first, we recall Liouville’s result. An exposition of Liouville’s method was
given in [33] pp.111-123]. Consider following second order linear differential equa-
tion

(1.1) y" +a(z)y = 0.

Liouville proved that the ‘simple’ equation (I either has a solution of ‘simple’
type, or cannot be solved by quadrature. Explicitly, the equation (L)) with a(x)
to be a rational function is solvable by quadrature if, and only if, it has a solution,
u(z) say, such that u'(x)/u(x) is an algebraic function. This result proposed a
scheme to determined whether the equation (L)) is solvable through the algebraic
function solution of the corresponding Riccati equation (let z = —y'/y)
2 = 2%+ a(x).

Algorithms for integrating (ILT)) while a(z) is a rational function can be referred to
[14], 15, 30].

Liouville’s method was analytic. Another approach to the problem of integrabil-
ity of homogenous linear ordinary differential equation, now named as differential
Galois theory, was developed by Picard and Vessiot at the end of 19’th century(see
references of [12]). The firm footing step following this theory was presented by
Kolchin in the middle of the 20’th century[9, [IT]. This approach start with a
differential field K containing the coefficients of the linear differential equation

(1.2) L(y) = y(") + al(a:)y("fl) +oFan_1(2)y + an(z)y = 0.

Let M to be the smallest differential field that contains K and all of the solutions
of the linear differential equation. Kolchin proved the existence and uniqueness of
the extension M /K provided that K has characteristic zero and an algebraically
closed field of constant. This extension is called by Kolchin as the Picard-Vessiot
extension associated to the linear differential equation. As in the classical Galois
theory of polynomials, the differential Galois group of (L2)), G = Gal(M/K), is
defined as the set of all differential automorphisms of M that leaves K elementwise
fixed. It has been proved by Kolchin that the differential Galois group is isomorphic
to a linear algebraic group(see [9, Lemma 5.4]). An important said that the linear
differential equation (2] is Liouvillian integrable (the general solution is obtained
by a combination of algebraic functions, quadratures and exponential of quadra-
tures) if, and only if, the identity component of the corresponding differential Galois
group, which is a normal subgroup, is solvable. This result is similar to the Galois
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theorem for the solvability of a polynomial equation by radicals. Furthermore, we
can reobtain Liouville’s result for the second order linear differential equation when
n = 2. In recent decades, there were many works by Kovacic, Magid, Mitschi,
Singer, Ulmer, et.al. that address to both direct and inverse problems of linear
differential Galois theory, for example, see [14] 20, 2], 22| 28] 29] 30, 31]. For detail
following this approach, one can refer to [9, 13, 20, 29 32] and the references.

Besides the linear systems, The solvability of first order nonlinear differential
equation is also interested and will be the main subject of this paper. Consider the
equation

dry _ Xo(w1,79)
dry  Xi(w1,22)
where X7 and X5 are polynomials. The most profound result on the integrability
of this equation was obtained by Singer[6] 27] in 1992. Singer proved that if (I3)

has a local Liouvillian first integral, then there is a Liouvillian first integral of the
form

(1.3)

(w1,22)
(14) w(xl,xg) = / RXQdIl - Rde.IQ
(29,29)
where
(z1,22)
(1.5) R =exp / Udzy 4+ Vdzxs|
(9,23)

with U and V are rational functions in 7 and x9 such that

The existence of the integrating factor R in form of (LAl was proved by Christopher
[6] to be equivalent to the existence of an integrating factor of form

exp(D/E)[] €t

where D, E and the C; are polynomials in z; and x3. The profound result by Singer
was proved by the method of differential algebra. The same result was reproved
independently using Liouville’s method by Guan & Lei in [7]. From this result, if
(C3) has local Liouvillian first integral w(w1, z2) with form (L4), then 6?w/d;w are
rational functions in x1 and w9, here §; = aa—m (1=1,2).

Besides the differential Galois group, monodromy group of linear differential
equation is also essential for the integrability of the equation. The monodromy
group of a multi-valued complex function was studied by Khovanskii in 1970s.
Khovanskii proved that a function is representable by quadrature if and only if its
monodromy group is solvable[I0]. As application, monodromy group of a linear dif-
ferential equation plays essential role for integrating the equation by quadrature[34,
pp. 128-130, Khovanskiy’s Theorem]. In fact, monodromy group has close connec-
tion with Galois group. It was shown in [26] that the monodromy group of a linear
differential equation whose singular points are regular is Zariski dense in the Galois
Group. In 1998, Zol@dek extended the conception of monodromy group in 1998 to
study the functions defined on CP™ with algebraic singular set [35]. The results
were applied to study the structure of the monodromy group of the first integrals
of a Liouvillian integrable Pfaff equation. Through these studies, the author was
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able to extend Singer’s result partly to the integrable polynomial Pfaff equation[35]
Multi-dimensional Singer’s theorem].

In 1990s, the geometry methods were introduced by Camacho, Scardua, et. al.
to study the Liouvillian integrability of nonlinear differential equation. The geom-
etry methods focus on the characters of the foliation associated with the equation.
In series of their works, the holonomy group that induced by an invariant algebraic
curve of a polynomial system was studied[2, [8| [4]. It was prove in [3] that un-
der some mild restrictions, if equation (L3)) admits Liouvillian first integral, then
the foliation is either Darboux foliation or rational pull-back of an exponent two
Bernoulli foliation. This result indicated the characters of the foliations of the
Liouvillian integrable differential equation.

In recent years, nonlinear differential Galois theory has become an active area
of research. In 2001 Malgrange introduced the Galois groupoid associated to a
foliation with meromorphic singularities [I8| [19]. For linear differential equations,
Malgrange showed that this groupoid coincides with the Galois group of the Picard-
Vessiot theory and was able to proved the required results in the linear case[IS].
However, the further development of groupoid theory to nonlinear differential equa-
tion is needed[16].

In this paper, we will propose a framework to address the nonlinear differential
theory. We will focus on the differential Galois theory of the polynomial system.
The basic ideal that we will propose is the view point of differential algebra that
has been introduced by Picard and Vessiot and developed by Ritt and Kolchin for
the differential Galois theory of linear differential equation.

1.2. Preliminary knowledge of differential algebra. Before further introduc-
tion, we give here a brief outline for the preliminary knowledge that concerning
differential algebra. For detail, refer to [9] and [25].

Let A be a ring, by derivation of A we mean an additive mapping a — da of A
into itself satisfying

d(ab) = (6a)b + a(db).

We shall say da the derivative of a. The differential ring A is a commutative ring
with unit together with a derivation §. If there are m derivations of A, §;, i =
1,2 ,m, satisfying

5i(5ja = (5j6ia, Vi, j € {1, 2, ,m},Va €A,

we call A together with all the §;s a partial differential ring. When A is a field,
(partial) differential field can be defined similarly. In this paper, we will say differ-
ential ring (field) for brevity for both differential ring (field) and partial differential
ring (field).

Let A be any ring, Y be a set of finite or infinite number of elements. We can
form a ring A[Y] of polynomials of the elements in Y with coefficients from A.
In particular, when A is a differential ring with derivations 41, ,0;,, and Y =
{Yiy ig, o i } (1 = 0,1, ) to be the ordinary indeterminates over A, we can extend
the derivations of A to A[Y] uniquely by assigning ¥i,...i;,, -, 85 0¥iy..ij- iy
Rewrite the notations as following

Yo---0 =Y, Yiz-vim = 511l1 o 5:77{134
Following above procedure, we have added a differential indeterminate y to a dif-
ferential ring A. We will denote the result differential ring as A{y}. The elements
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of A{y} are differential polynomials in y. Suppose that A is a differential field, then
A{y} is a differential integral domain, and its derivations can be extended uniquely
to the quotient field. We write A(y) for this quotient field, and its elements are
differential rational function of y. The notations { } and () will also be used when
the adjoined elements are not differential indeterminates, but rather elements of a
larger differential ring or field.

Let A be any differential ring, then all elements in A with derivatives 0 form a
subring C. This ring is called the ring of constants. If A is a field, so is C. Note
that C' contains the subring that generated by the unit element of A.

Let A be a differential ring, with §;(¢ = 1,--- ,m) the derivations. We say an
ideal I in A to be a differential ideal if a € I implies d;a € I (¥i). An ideal I is said
to be a prime ideal if AB € I always implies that A € I or B € I. Hereinafter,
if not point out particularly, we use the term (prime) ideal in short for differential
(prime) ideal.

Let A and B be two differential rings. A differential homomorphism from A
to B is a homomorphism (purely algebraically) which furthermore commutes with
derivatives. The terms differential isomorphism and differential automorphism are
self-explanatory.

1.3. Summary. In this paper we will consider the nonlinear differential equation
dry _ Xo(z1,35)

dey  Xi(z1,22)

where X7 and X, are polynomials. Following form of second order polynomial
differential equation is also used to indicate the equation (L6

) [0 2 Stano)

(1.6)

Correspondingly, we have following first order differential operator X that will be
used to indicate the equation (L6) or (L7,

(18) X(w) = (Xl ($1,$2)51 + X2($1,$2)62)w =0

where §; = 9/9x;. From the theory of differential equation[8, pp.510-513], for any
non-critical point x° = (29, 23) € C?, these exists a non-constant solution of (LX)
w(x1,w2) that is analytic at 2°. The solution w(x1,x2) is said a first integral of (I.6)

at x°. Furthermore, following lemma can be derived directly from [I, Theorem 1,
pp. 98]

Lemma 1.1. Consider the differential equation ([L8), if X1(29,29) # 0 and f(x2)
to be a function that analytic xo = 3, then there exists unique first integral
w(z1,x2) of [LO), analytic at x° = (29, 29), and

w(a}, x2) = f(a2)
for all x5 in a neighborhood of 3.

Through the existence of the first integrals of (LA at the regular point x¥, we
can define the Liouvillian integrability of (L6]) at x° as following.

Definition 1.2. Let K be the differential field of rational functions of two variables
with derivatives d; and d2, we say M to be a Liouvillian extension of K, if there
exists r > 0 and subfields K;(i =0,1,---,r), such that:

K=KyCcKyC---CK,=M,



6 JINZHI LEI

with K11 = K;{u;), and u; € K; 11\ K; satisfying one of the following:

(1) w; is algebraic over Kj;

(2) 5]"(1,1' (S Ki (j = 1,2);

(3) 5jul/uz e K; (j = 1,2).
A function that contained in some Liouvillian extension of K is said a Liouvillian
function.

Definition 1.3. Let K be the differential field of rational functions of two variables,
X be defined as (L8)), then X is Liouvillian integrable at x° if there exists a first
integral w of X at x" such that M = K{(w) is a Liouvillian extension of K.

If X is Liouvillian integrable at one point x° € C2, there exists a first integral
obtained from rational functions by finite combination steps of algebraic functions,
quadratures and exponential of quadratures. It is easy to show by induction that
this first integral is analytic on a dense open set on C? (refer [27]). And hence X
it is also Liouvillian integrable on a dense open set on C2. Therefore, we can also
say that X is Liouvillian integrable.

Definition 1.4. A group G is solvable if there exist a subgroup series
G=Gy DG D DGy ={e}
such that for any 0 < ¢ < m — 1, either

(1) |G;/Gi41| is a finite group; or
(2) Giy1 is a normal subgroup of G; and G;/G;11 is Abelian.

Following result will be proved in this paper.

Main Theorem Consider the differential equation ([L8l). Assume that

X1(0,0) # 0. Let K be the differential field of rational functions. Then (LG is
Liouvillian integrable if, and only if, the differential Galois group of (L) over K
at (0,0) is solvable.

This paper is arranged as following. We will define the differential Galois group
in Section The structure of the Galois group will be discussed in Section
The main theorem will be proved at Section [l As application, the differential
Galois group of general Riccati and van der Pol equations are given in Section [
Throughout this paper, the base field K will always means the field of all rational
functions in x; and x5 that contains all complex numbers C as the constant field.

2. DIFFERENTIAL GALOIS GROUP

In this section, we will present the definition of differential Galois group of the
system (L6) at the regular point x° = (9, 29). To this end, we will at first define
the group Gl[e]] that acts at the first integrals of X at x°, secondly study the
admissible differential isomorphism of (LH) at x° that is an element of G[[¢]], and
finally prove that all admissible differential isomorphisms form a subgroup of G[[€]],
and this subgroup will be defined as the differential Galois group of (L) at x°.
Hereinafter, we assume that x° = (0,0) for short. When we mention a first integral,
we will always mean a first integral that analytic at (0,0). Following notations will
be used hereinafter. Let Ay denote the set of all functions f(z) of one variable that
analytic at z = 0, and

Ay = o
Ay = |

(2) € Aol f(0) =0},
(2) € A f

f
f (0) # 0}
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Let Q0,0)(X) denote the set of all first integral of (L) that analytic at (0,0), and

Q?O 0)( ) = {w(xlv'IQ) € Q(O,O)| W(0,0) = 0}7
Q(0 0(X) = {w(zi,22) € Q?0,0)| d2w(0,0) # 0}

Therefore, f(z) :=w(0,2) € Aj for w € Q%0,0) (X)

2.1. Structure of first integrals at a regular point. Since we will focus on the
Liouvillian integrability of the polynomial system (L6]), it is enough to concentrate
on the first integrals in Q%O 0)(X) by following lemma.

Lemma 2.1. If X is Liouvillian integrable at (0,0), then there exists a first integral
w e Q(o 0)( ), such that M = K(w) is a Liouvillian extension of K.

Proof. Let u be a first integral such that M (u) is a Liouvillian extension of K. If
URS Q%O 0)(X), then the lemma has been concluded. If w ¢ Q(o 0)(X), we can always

assume that v € Q((Jo 0)(X) by subtracting a constant u(0,0) from u. Let

u(0, 22) Zazxz, k>2a,#0

i>k
and
1/k 1/k
flza) = O:Cg E a;xh = 19 E aix?k
i>k >k

Then f(z2) € Aj. From Lemma [IT] there is unique first integral w € Q(,0)(X),
such that w(0,x2) = f(x2) and therewith w € Q(o 0)( ). Moreover, it follows from

f(22)* = u(0, 29) that w* = u, and hence K (w) is a Liouvillian extension of K. [

From Lemma [[T] there is a one-to-one correspondence between Q%O 0)(X) and
A}. Hence, the structure of Q%O 0)(X) can be described by that of Ab. Tt is obvious

that A} contains the identity function e(z) = z, and for any f(z),g(z) € A,
fog(z) € Ay and f~1(2) € A}. Hence, A} is a group with the composition as the
multiply operation. Furthermore, we have the following result.

Lemma 2.2. For any w € Qg o (X), have

Qfo,0)(X) = {fW)] f € Ag} = Aj(w)
Proof. It’s obvious that f(w) € (0 0)(X) for any f € A}. Moreover,

8£§:) (0,0) = £'(0)d2w(0,0) # 0,

hence f(w) € 9%070)()() and therewith A} (w) C QF (0,0)(X)-
For any w,u € Q%o,o)(X)v let
9(x2) = w(0,z2), h(z2) = u(0,22)

then g, h € A}. Hence, f = hog™t € A}, and f(g(z2)) = h(x2), i.e. f(w(0,22)) =
u(0, z2). By Lemma [T} u = f(w) and hence Q o(X) C Aj(w), the proposition is
followed. g
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The elements in A} are map 0 to 0. To take the case that maps 0 to a nonzero
value into account, we adjoin an infinitesimal variable € to the constant field C
and consider the ring of infinite series of € with coefficients in C. We denoted this
extended constant ring as Cl[e]]. We have the following:

(1) A series Y, cie’ equal to 0 if and only if all coefficients ¢; are equal to 0;
(2) 516 = 626 =0
Consider the infinite power series
f(z;e) = Z fijz'€’ € C[z, €.
,§20
The series f(z;€) is said analytic if it is convergent when (z,¢) take values in
neighborhood of (0,0). We can also write an analytic series as

@1 S0 =D i)

where fi(z) € Ap. We will denote all ana;:ic series as Ay [[e]]. Let
Gllell ={f(z1¢) = Z fi(2)e" € Aolle]] ’ folz) € A}

and define the multiplication in gﬁ:ﬂ as:

f(z6) - g(z6) = fg(z5€)56), f(z5€),9(25€) € G[[e]]
Then we have
Lemma 2.3. (G[[e]],-) is a group.
Proof. At first, we will show that for any f(z;€),g(z;€) € G[le]], f(z;€) - g(z;¢€) €
Glle]]- Let ‘ ‘
f(z;e) = Zfi(z)ej, g(z;€) = Zgi(z)ej.

Then f(z;€) and g(z;€) are analytic functions of z,e at (0,0). Since g(0,0)
90(0) = 0, f(g(z;¢€);€) is also an analytic function at (0,0), i.e., f(g(z;€);¢€)
.,gél[o[[gi]] Moreover, f(g(2;0);0) = fo(go(2)) € A} and therewith f(z;€) - g(z;€)

It -is easy to verify that

(f(z:€) - g(z5€)) - h(z:€) = f(z€) - (9(z;€) - h(z;€))

We can embed Ajg into Ag|[e] by identifying f(2) € Ag with f(z;0) = f(2) +
Zizl 0-€ € Ab[[€]]. Then e(z;0) = e(z) € G[[¢]], and for any f(z;¢€) € G[[€]],

e(2;0) - f(z€) = e(f(2;€);0) = f(z16), [f(z5€) - e(20) = fle(2;0);¢) = f(z€)
Thus, e(z;0) is also an identity of G[e]].

We have, for any f(z;¢€) € G[[e]], (8f/02)(0,0) # 0. Thus, the equation

u=f(ze)
has unique solution z = f~!(u;€) in the neighborhood of (0,0) such that
u=f(f (use)).

In particular, z = f(f~!(z;€);¢), and 2 = f~(u;e) = f71(f(2;€);€). Thus,
f71(z;€) is the inverse element of f(z;€). Furthermore, f~1(z;¢) is analytic at

m m |
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(0,0), and f~1(2;0) € A}. Thus, we conclude that f~!(z;¢) € G[[¢]] and the
lemma has been proved. (I

For any o = f(z;¢) € G[le]] and w € Q%O,O)’ we define the action of o at w as

ow = f(w;e€). This is well defined at the neighborhood of (0,0). Taking account
that

X(fwie) =X filw)e) =D X(filw)e' =0

i>0 i>0

o maps a first integral w to another first integral f(w;e).
Let h(z;€) € Agl[e]] and f(z;€) € G[[€]], then

h(z;€) - f(z3€) = h(f(2;€);€) € Ao[[e]]

is well defined, and (h(z;€) - f(z;€))w = h(f(w;€);€).

2.2. Admissible differential isomorphism. For any given w € Q%O,O) (X), an ex-
tension field M of K is obtained by adjoining w to K, and denoted as M = K (w).
Throughout this paper, if not mentioned particularly, w will always means a de-
terminate first integral. In this subsection, we will define and study the admissible
differential isomorphism that is an element of the group G|[e]] with additional con-
ditions. Throughout this paper, we will call compactly a map ¢ : w — o(w) a
differential isomorphism if there exists a differential isomorphism from K{(w) to
K{o(w)) that maps w to o(w) with elements in K fixed.

Definition 2.4. Let M = K(w) with w € 9%070) (X). An admissible differential
isomorphism of M /K with respect to X at (0,0) (a.d.i., singular and plural) is a
map o that acts on M with the following properties:

(1) o maps w to f(w;e) with f(z;¢€) € G[[€]l;

(2) 0:w f(w;e) is a differential isomorphism;

(3) for any hi(z;e) € Aglle]] (1 < i < m < o), o can be extended to a
differential isomorphism of K{w, hi(w;€), -, hmy(w;e€)) that maps h;(w;e€)
to hi(f(w;e);€), respectively, with K elementwise fixed.

We denote by Ad(M/K, X)) the set of all a.d.i. of M/K with respect to X at
(0,0).

Following two Lemmas show that Ad(M /K, X)) is a subgroup of G[[e]].
Lemma 2.5. Ifo,7 € Ad(M/K, X )(0,0), then o -7 € Ad(M/K, X)9,0)-

Proof. For any ¢ = h(z;€) € Agyl[e]], we will prove that o -7 : w — (o - T)w can be
extended to a differential isomorphism of K {w,sw) that maps sw to (¢-o - 7)w with
K elementwise fixed.

Since 7 € Ad(M/K, X)(0,0), T is well defined in K(w,ow, (s - o)w). Hence, the
restriction of 7 at K (ow, (¢ - o)w) is a differential isomorphism that maps ow and
(¢-0)w to (0-7T)w and (s -0 - T)w, respectively, with K elementwise fixed. Consider
the following
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K{w,sw)

»K{(o-Tw, (50 T)w)

T|K<aw,(§-0)w>

K{ow, (s 0)w)

where o and 7] K (0w, (s-0)w) are differential isomorphisms with K elementwise fixed.
It follows that o - 7 is also a differential isomorphism with K elementwise fixed.
The extension of o - 7 to K{w, hjw, -+ , hyw) can be proved similarly. Thus o -7 €
Ad(M/K, X)0,0)- O

Lemma 2.6. If 0 € Ad(M/K, X)), then o le Ad(M/K, X)0,0)-

Proof. Similarly, it’s sufficient to prove that for any ¢ = h(z;¢€) € Ao[[e]], 0~! can

be extended to a differential isomorphism of K {(w,cw) that maps ¢w to (¢ o 1w
with K elementwise fixed.

Consider the extension of o to K(w,o 'w, (¢ -0~ 1)w) that maps o~ w and (s -
o Dwto (671 0)w=wand (s-07 1 0)w = cw, respectively. Hence, the restricted
map 0| (y-14 (c.o-1)w) is a differential isomorphism that maps K (o~ 'w, (¢-0~!)w)

1

to K{w,cw) with K elementwise fixed. Let 7 = (O’|K<U—1w7(§,g—l)w>)7l, then 7 :
K(w,sw) = K{o7'w,(s- o7 1)w) is a differential isomorphism that maps w and
sw to o~tw and (¢ - 071w respectively, with K elementwise fixed. Thus, we have
UﬁlZTEAd(M/K,X)(O)O). O

2.3. Differential Galois group. From Lemma 235 2.6 Ad(M/K, X)) is a
subgroup of G[[e]]. We will show that this subgroup is our desired differential
Galois group.

Definition 2.7. Let X be defined as (L8], K be the field of rational functions,
w e 9%070) (X) and M = K (w). The differential Galois group of MK with respect
to X at (0,0), denoted as Gal(M/K, X)o,0), is defined as the subgroup of G[[e]] of
all elements in Ad(M/K, X),0)-

Following two Lemmas show that the differential Galois group is determined
‘uniquely’ by the differential operator X (or the differential equation (LG)).

Lemma 2.8. Let u € Qg \(X) and N = K(u), then

Gal(N/K, X)(90) = Gal(M/K, X)0.0).
Proof. By Lemma 22 u € Qf, ;) (X) = Ag(w). There is a function h € Aj such
that u = h(w). Let 7 = h(z;0) € G[[¢]], then u = Tw, i.e., w =7 lu.

For any o € Gal(M/K, X) 9,0, we will show that 777! € Gal(N/K, X)0,0)-
To this end, we only need to show that for any ¢ € Ap|[¢]], 7-0-7~! can be extended
to a differential isomorphism of K (u,su) that maps u and cu to (7 -0 - 771)u and
(¢-7 -0 -7 1)u respectively, with K elementwise fixed.

Since o € Gal(M/K,X),0) and 7,(s - 7) € Apl[e]], o can be extended to
K(w, 7w, (s - 7)w) that maps 7w = v and (s T)w =cu to (7 -0)w = (-0 -7 Hu
and (s-7-0)w = (¢-7-0 -7 1)u respectively. Hence, 0| K (u,cuy, the restriction of o
to K (u,su), is a differential isomorphism that maps u and u to (-0 - 77 1)u and
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(¢ -7 -0 -7 1Yu respectively, with K elements fixed. Thus, we have 7-0-771 €
Gal(N/K, X)(0,0)- In fact, we have further that 70 - 77| gy = 0|k (u)-
Similarly, for any n € Gal(N/K, X) 0,0, l.np.1€ Gal(M/K, X)(0,0)- Thus
o+ 77107 is an isomorphism between Gal(M/K, X) g 0) and Gal(N/K, X)(9,0)-
The Lemma has been proved. O

Lemma 28 shows that the differential Galois group of (L&) at (0,0) is indepen-
dent to the choice of the first integral w. The groups are different from a diffeomor-
phism for different choices of the first integrals. Following lemma will show that
in particular cases, the group is also independent to the choices of regular points.
We will prove latter (Theorem [B:9) that these are all possible cases given that the
group is of finite order.

Lemma 2.9. Assume that w € Q%O,O) (X), M = K{(w), and G = Gal(M /K, X )0,0),
we have the following:
(1) Ifwe K, then ow =w,Vo € G;
(2) If (02w)™ € K for some n € N, then ow = pyw + c(€),Yo € G, where p, is
a n-th root of unity;
(3) If 63w/daw € K, then ow = a(e)w + c(e), Yo € G;

(4) If (2(620) (83w) —3(62w)2) / (5ow)? € K, then ow = “(6)“w+c(e), Vo € G.

1+ b(e)
Here a(e),b(e), c(e) € Ao[le]] N C[[e]], and c(0) = 0. Moreover, for any (x9,239) such
that X1(29,23) # 0 and w is analytic at (29,29) with daw(x?,29) # 0, the first
integral u that defined as u = w — w(x),23) is contained in Q%zo zo)(X), and above
1272
results (1)-(4) are also valid for all o € Gal(K (u)/K, X) (40 ,9)-
Proof. The first part is proved as follows.
(1) is evident.
(2). Let (02w)™ = a € K, then
a— (b2w)" =0
Clearly, for any o = f(z;¢) € G,
0=0(a—(6w)") = a— (02(0(w)))" = a— (52(f(w;e))" = a— f(w;e)" (6aw)"
Hereinafter, f” means the derivative of f(z;€) with respect to z. Thus, we have
f'(w;€)™ =1 and therewith f(w;e€) = ppw + c(€), where c(e) € Ag[e]] N C[[¢]] and
L is a n-th root of unity.
(3). Let 03w /dsw = a € K, then
02w — adyw = 0
For any o = f(z;¢€) € G,
0 = o(fw — adsw)
= 63(ow) — ada(ow)
= 53(f(wie)) — ada(f(wie))
= ["(w;€)(020)* + f'(wi €)d3w — af (w; €)daw
= [(w;€)(dw)?
Hence, we have f”(w;e) = 0 and therefore ow = f(w;€) = a(e)w + ¢(e) for some

a(e), c(€) € Ao[[e]] N C[[€]]-
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(4). Let (2(62w)(d3w) — 3(3w)?)/(d2w)? = a € K, then
2(6ow) (d3w) — 3(d5w)? — a(dow)? = 0
For any o = f(z;¢) € G,

0 = o0 (2(0w)(63w) — 3(Fw)? — a(daw)?)
= 202(0w)(83(ow)) = 3(83(0w))? — a(da(ow))?
(

= 205(f(w; )03 (f(wie)) — 303 (f(wi€))? — a(da(f(wse)))?
= 2f'(w;€)(6aw) (" (w; €)(Baw)® + BF" (w3 €)(5ow) (B3w) + f'(w; €)d5w)
=3 (" (w; ) (62w)? + f'(w; ©)(83w))” — a (f'(w; €) (2w))?
= 2f/(w;e) f" (w; €)(02w)* + 6 (w; €) f" (w3 €)(82w)? (53w) + 2(f'(w; €))?(Sow) (F3w)
—3(f"(w; €))? <52w> 6f (w,e>f"<we><62w><5§w> — 3(f(w; €)*(d3w)? — al(f'(w; €))*(5ow)?
= (2f(wief"(w) - 1€))%) (02w)* + (f' (w3 €))% (2(02w) (53w) — 3(03w)? — a(d2w)?)

= Q2f(wef(w) - ( ( €))*)(daw)*
Hence, we have
2f (w; ) f" (w;€) = 3(f"(w;€)* =0
The general solution of this equation yields that
a(e)w
flwie) = 17355 b

for some a(e), b(e), c(e) € Ag[[e]] N Cl[e]].
Finally, taking account that f(z;€) € G[[e]], we have ¢(0) = 0.
For the second part, it’s obvious that u € Q%x“ x“)(X ), and above discussions are
12

+c(e)

also valid for u. The proof is complete. O

Similar to classical Galois theory, for any differential subfield L of M containing
K, let

={o € Gal(M/K, X)0,0)| ca =a,Va € L}

be the subset of Gal(M/K, X)) consisting of all a.d.i. leaving L elementwise
fixed. For any subgroup H of G, let

H ={aeM|oca=a, Yoe H}
be the set of all elements in M left fixed by H. We have the following result.

Lemma 2.10. Let L, Ly, Lo be subfields of M containing K, H, Hy, Hy be subgroups
of G, then

(1) L' is subgroup of G, H' is subfield of M;

( ) LCL" HCH";

Let L to be a subfield of M that contains K. We can also consider M as an
extension field of L by M = K(w) = L{w) and the differential Galois group of M /L
with respect to X at (0,0) can be defined through the same procedure. We denote
this Galois group as Gal(M/L, X )0,0)-
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Lemma 2.11. Let L be the subfield of M containing K, then
Gal(M/L, X)(O,O) = L/
In particular, Gal(M/K, X )(0,0) = K'.

Proof. Tt is easy to have Gal(M /L, X) (o) € L'. We will show that L’ C Gal(M/L, X),0).
For o € L' and < € G][¢]], upon K C L C K(w,sw) and K C L C K(ow, (s - 0)w),

we have

L{w,sw) = K{w,sw), L{ow, (s 0)w) = K{ow, (s - o)w).

By definition 2] o is a differential isomorphism of K (w,sw) onto K (ow, (s - 0)w).
Hence, o is a differential isomorphism of L{w,sw) onto L{cw, (¢ - o)w), with L ele-
mentwise fixed. From which we conclude that o € Gal(M/L, X ),y and therewith

L' € Gal(M/L, X)(,0)- The Lemma has been proved. O

Lemma 2.12. [9, Lemma 3.1] Let M = K{(w), L and N be differential subfields
of M containing K with N D L, [N : L] =n. Let L' and N’ be the corresponding
subgroups of Gal(M/K, X )(0,0)- Then the index of N' in L’ is at most n.

Lemma 2.13. [9, Lemma 3.2] Let M = K(w),G = Gal(M/K, X )00y and H and
J be subgroups of G with H D J and J of index n in H. Let H and J' be the
corresponding intermediate differential fields. Then [J' : H'] < n.

3. STRUCTURE OF DIFFERENTIAL GALOIS GROUP

We will consider in this section the structure of the differential Galois group
Gal(M/K, X)(,0)- Firstly, we introduce several preliminary definitions for describ-
ing the structure of the differential Galois group.

3.1. Generalized differential polynomial. Let y be an indeterminate over K,
and denote by Ag(y) the ring

Ao(y) ={f (W) | f € Ao}
Adjoining Ay (y) to K will result to a ring K[Ag(y)] with elements of form

Zaifi(y)

where a; € K, f; € Ap. Furthermore, the ring K[Ao(y)] is able to be extended to a
differential ring, denoted by K{Ag(y)}, through the derivatives §; and d2 by

5f() f()5lya (121527](‘6-’40)7
51(070hy) = 6171y, a(610hy) = 6705y,
where [’ is a derivative of f and contained in Ay. It is easy to know that elements
in K{Ao(y)} are polynomials in the derivatives §¥éby (k,l € N), with coefficients
in K[Ao(y)]. Being distinguish with differential polynomial, the coefficients of the
elements in K{A(y)} contain not only the polynomial of y, but also the terms
of form f(y) with f € Ay. We will say such a polynomial of the derivatives with
coefficients consist of the combination of polynomials in y and functions f(y) with
f € Ao to be a quasi-differential polynomial (QDP). A proper quasi-differential
polynomial (PQDP) is a QDP that involves at least one proper derivatives of y.
A regular prime ideal of K{Ay(y)} is a prime ideal A € K{Ay(y)} that contains
exclusively PQDP. Tt is the regular prime ideal A € K{Aq(y)} that we will be
interested in (see Theorem 7). The terms and results concerning differential
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polynomial are applicable to the PQDP. Let us recall a few basic facts on the
differential polynomial, for detail, refer to [25].

Definition 3.1. Let
wy = 61 0Ry,  wy = 5{15§2y,

be proper derivatives of y, ws is higher then wq if j; > 47 or j1 = i1 and jo > is. A
proper derivative of y is always higher then y.

Definition 3.2. Let A be a QDP, if A involves proper derivative of y, by the leader
of A, we mean the highest of those derivatives of y involved in A. If A involves y
but no proper derivatives of y, then the leader of A is y. Let A; be a QDP, and A,
be a PQDP, we say Az to be of higher rank than A;, if either

(1). As has a higher leader than A;; or
(2). Ay and Ay have the same leader (which is a proper derivative of y), and
the degree of As in the leader exceeds that of A;.

Two QDP for which no difference in the rank as created above will be said to be
of the same rank.

Definition 3.3. Let A; be a PQDP, A5 is said to be reduced with respect to A;
if Ay contains no proper derivative of the leader of A;, and Aj is either zero or of
lower degree than A; in the leader of A;. Consider a collection of PQDP

(31) E:{A17A27"' 7AT}5

if a QDP B is reduced with respect to all the A;, (i = 1,---,7), then B is said to
be reduced with respect to X.

Definition 3.4. Let F be a PQDP with leader p, the QDP 9F/dp is said the
separant of F. The coefficient of the highest power of p in F is said the initial of
F.

Lemma 3.5. [25] pp. 6] Let S; and I; be, respectively, the separant and initial of A;
in BI) and F be a QDP There exist nonnegative integers s;, t;,i = 1,--- 7, such
that when a suitable linear combination of the A and their derivatives is subtracted
from

Se ...gir]fl IR
the remainder is reduced with respect to (3.1]).

Let A € K{Ay(y)} be a regular prime idea, and X (y) = X101y + X202y € A. Let
A(y) € A with the lowest rank and irreducible. If A 2 {X (y)}, here {X(y)} is the
differential ring generated by X (y), then A(y) involves no 61y and its derivatives.
Let 05y to be the leader of A(y). Then A(y) is a polynomial of the derivatives
82y, 03y, -+ , 85y, with coefficients A;(z1,72,y) € K[Ao(y)]. By Lemma B35 the
regular prime idea A is the least regular prime idea containing X (y) and A(y).
Thus, by [25], the characteristic set of A consist of A(y) and X (y). We will see
latter that the number r is important to determine the structure of A, and named
as the order of A, denoted by ord(A) = r. If A = {X(y)}, then the characteristic
set of A contains only one element X (y) and the order is said to be co.
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3.2. Structure of the Differential Galois Group.

Lemma 3.6. If there exists A(y) € K[Ao(y)] (A(y) £0), andw € Q%o,o)(XL such
that A(w(z1,22)) = 0 for all (x1,x2) in a neighborhood of (0,0), then K contains
a first integral of X .

Proof. Hereinafter, we will write A(w) = 0 in short for A(w(x1,22)) = 0 for all
(21, x2) in a neighborhood of (0,0). Let

Yo ={A(y) € K[Ao(y)]| A(w) =0, A(y) # 0}.
Then X # (0. Write A(y) € g as

Aly) = arfuly),
k=1

with o € K, fi(y) € Ao(y). Among all such expressions, there exists one, of
which the length n is the smallest. We denote by n(A) the length and call it the
length of A(y). Let A(y) to be the element in Xy with the smallest length.

If n(A) = 1, then A(y) = a1f1(y), and hence fi(w) = 0, i.e., w is a constant.
Therefore, n > 1 since w can not be a constant.

Upon n > 1, write

A(y) = a1 fi(y) + azfa(y) + - + anfu(y), (n=n(A))
then
Aw) = a1 fi(w) + azfa(w) + -+ anfn(w) =0
and
X(A(w)) = X(a) fi(w) + X(az2) f2(w) + -+ + X(an) fn(w) = 0.

Therefore

X (Aw)) — X(a1)A(w) = Z(alX(ai) — X(a1)a;) fi(w) = 0.
i=2
We have for any ¢ = 2, -, n,
(32) 041X(Oéi) - X(O&l)ai =0.

If on the contrary, a; X (a;) — X (a1)a; # 0 for some i, then
B(y) = (01X (ai) — X(a1)e) fi(y)
i=2
is contained in Xy with smaller length then that of A(y), contradict. By (82), we
have X (/1) = 0. Tt is evident that ag/aq is not a constant, and hence as/ay is
a first integral of X contained in K. O

From Lemma [B.6] if K contains no first integral of X, and a A(y) € K{Ao(y)}
such that A(w) = 0 for some w € 9%070) (X), then A(y) must involve some proper
derivatives of y, i.e., A(y) is a PQDP.

Theorem 3.7. Let K be the differential field that contains no first integral of X.
Let M = K(w) with w € Q%O,O)(X)' Then there exists a regular prime ideal A of
PQDP, such that:
(1). For every oy € Gal(M /K, X)), let 05w = f(w;€) (f(z;€) € G[[e]]), then
flw(z1,m2);€) satisfies A.
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(2). Given f(z;€) € G[le]] such that f(w(x1,x2);€) satisfies A, there exists oy €
Gal(M/K, X)0,0) such that oy(w) = f(w;e).
Here u(x1, x2; €) satisfies A means that for any F(x1,x2,y,01y,02y, ) € A, while
substitute y and the derivatives in F with uw and the corresponding derivatives, the
resulting expression is zero for all x1,x2 and € small enough.

Proof. Let y be a differential indeterminate over K, define the natural homomor-
phism from K{Ay(y)} to K{Ap(w)} that maps h(y) to h(w) (Vh € Ap). Let A to
be the kernel of the homomorphism, then A is a regular prime ideal of K{Ay(y)}.
We will prove that A fulfil the requirement of the Theorem.

(1). Let oy € Gal(M/K,X),0) and oyw = f(w;€). Then f(z;¢€) € G[[e]]. For
any F(y) € A, ie, F(w) = 0, there exist h; € Ay (i = 1,---,m), such that
F(y) € K{y,h1(y), -+ ,hm(y)}. Denote F(y) as the differential polynomial of
hl(y)v e ahm(y)

F(y) = F(y,h(y), - hin(y))
and therefore
F(w,hi(w), - ,hp(w)) =0
Since oy € Gal(M /K, X) 9,0y, oy can be extended to a differential isomorphism of
K{w,hi(w), -, hm(w)} that maps w and h;(w) to f(w;e) and h;(f(w;e)) respec-
tively. Thus, we have
F(f(w;€), h(f(wi€)), - hm(f(w;e€))) = 0.
The requirement (1) has been proved.

(2). Now assume that f(z;€) in G[[e]] such that f(w;e) satisfies A, we will show
that oy € Gal(M/K, X). For any hq(z;€),- -+ , him(z;€) € Ag[[€]], consider the maps

(e K(y,hl(y;e)),--- 7hm(y;€)> = K<W7hl(w;€)7"' 7hm(w;6)>
Yy — w
h(y;e) — h(w;e€)
5jy — 5jw
and
To o Ky, ha(yie), - him(yse)) = K(f(wie),hi(f(wie)ie), -, hm(f(w;€);e))
Y = flwse)
h(y;e€) — h(f(w;e€);e)
6j = 5jw

where h € Ag[[¢]] and j = 1, 2. Let the kernels of 7 and 7, be I and T',, respectively.
We will complete the proof by showing that I' =T',.
We write F'(y, h1(y;€), -, hm(y;€)) € T' in form of the power series in €

F(y,ha(yse), - hin(y;€)) = ZFi(yahi,l(y)a e him ()€ (hij € Ao)
i=0
where F; are differential polynomials. Then
0=F(w,hi(w;€), -+, hp(w;e)) = Z Fi(w,hia(w), -+, him,; (W)€
i=0

ie., Fi(w,hi1(w), -+, him,(w)) = 0. Thus, the coefficients F; are contained in A.
Now, assume that f(w;e€) satisfies A, then

Fi(f(w; 6)7 hi-,l(f(w; 6))a U 7hi-,mi (f(w; 6))) =0, (VZ)
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Thus,
F(f(wse), hi(f(ws€)),- - hm(f(wi€))) =0
and hence F(y, hi(y;€), -, hm(y;€)) € T'y. Therefore, ' C T',,.
We will prove that ', C I'. If on the contrary, there exists F(y;¢) € T, but
F(y;e) ¢ T, then

F(w;e) = F(w,hi(w;€), -+, hm(w;e)) #0

and
F(f(wse);e) = F(f(w;e),h(f(wse)se), -+ s hm(f(wse);e)) =0

Write F(y; €) as a power series in €
Fly;e) =Y Fy)e, (Fiy) € K{Aoy)})
i=0

and let k the smallest index such that F;(y) € A for any 0 < i < k — 1 and
Fi.(y) € A. By the assumption that f(w;e) satisfies A, we have F;(f(w;¢)) = 0 for
any 0 < i <k —1. Thus, let fo(z) = f(z;0), we have

0= F(f(w;e);e) = " Fi(f(w;e)) + Z Fi(f(w;€))e = Fp(fo(w))e® + h.o.t.
i>k+1
and therewith Fy(fo(w)) = 0.

Now, we obtain a Fi(y) € A, and Fj,(fo(w)) = 0. Let A(y) in A with the lowest
rank, and hence A(y) and X (y) make up the characteristic set of A. Let S(y)
and I(y) the separant and initial of A(y), respectively (If A = {X(y)}, we take
S(y) = I(y) = Xa(x1,22)). Tt is clear that S(y),I[(y) € A. By Lemma B3] there
exist nonnegative integrals s,¢, and R(y) € K{Ao(y)} that reduces with respect to
A, such that

S(y)*1(y)' Fi(y) — R(y) € A.
Since A is a prime ideal and S(y), I(y), Fx(y) € A, we have S(y)*I(y)' Fx(y) € A,
and thus R(y) # 0. By above discussion, we have fo(w) satisfies both A and
Fi(y), and hence R(fo(w)) = 0, which implies that R(fo(y)) € A. Whereas, simple
computation shows that R(fo(y)) has the same rank as R(y), and therefore reduce
with respect to A, which is contradict. Hence we have I', C T

It follows from above discussion that I' = T',. Consequently, K {w, h1(w;€), -+, hm(w;€))
is isomorphic to K {(f(w;e€), h1(f(w;€);€), -+, hm(f(w;e€);€)) with the isomorphism
0w f(wye), hi(w;e) = hi(f(w;e);e). Therefore, o is an admissible differential
isomorphism. The theorem has been proved. ([l

Remark 3.8. (1) Recall the order of A defined in Section Bl If A(y) and

X (y) make up the characteristic set of A, and the highest derivative of
A(y) is 05y (0 < r < +400), then ord(A) = r. If A = {X(y)}, then
ord(A) = oco. It’s easy to derive from Theorem B.7 that if ord(A) = oo,
then Gal(M/K, X)0,0) = Gl[e]]-

(2) If there exists g € A} such that g(w) = u is contained in K, then g(y) —u €
A. We say in this case that the order of A is 0.

(3) We will also define the order of the differential Galois group to be the order
of A.

Theorem 3.9. Let r = ord(A) with A the prime ideal in Theorem[3.7, then either
0<r <3 orr=o0. Moreover, we have the following
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(1) If r =0, then K contains a first integral of X, and
(33) Gal(M/K,X)(O)O) = {6}
(2) If r = 1, then there exists w € Q%o,o)(X) such that (dow)™ € K for some
n € N. Let M = K(w), then
(3-4) Gal(M/K, X)0,0) = {f(z;€) € G[[e]] ‘ f(z€) = pztc(e), c(0)=0,pu" =1}
(3) If r = 2, then there exist w € Q%o,o)(X) such that 63w/dw € K. Let
M = K{w), then
(35)  Gal(M/K,X)o = {F(zi€) € Glle]] | [(2:€) = ale)z + c(e), e(0) =0}
(4) If r = 3, then there exists w € Q%o,o)(X) such that
Jow - S3w — 363w cK
(02w)?
Let M = K{w), than
(3.6) Gal(M/K, X),0) = {f(z1¢) € Glle] | f(z1¢)

(5) If r = oo, then Gal(M/K, X )(0,0) = Gl[e]].
In particular, if G is solvable, then r < 2.

For proof of Theorem 3.9, refer to the appendix. From Theorem [3.9 and Lemma
29 the differential Galois group is independent to the choice of the point (0, 0).
Moreover, from Lemma 2.8 the structure of the group is also independent to the
choice of the first integral w. Hence, we can omit the point (0,0) and the particular
extension M, and simply say Gal(M /K, X) the differential Galois group of X over
K. This group is determined by the equation (L)) of the operator X uniquely and
will tel the insight of the integrability of the differential equation.

4. LIOUVILLIAN INTEGRABILITY OF THE NONLINEAR DIFFERENTIAL EQUATION

We are now at the point of proving the main theorem of this paper.

4.1. Preliminary results of Galois theory.

Definition 4.1. Let K be a (differential) field, M be an extension field of K, G be
a set of isomorphisms of M, with K elementwise fixed. M is normal over K with
respect to G if there are no elements of M\ K that are fixed by all members of G.

Obviously, we have

Lemma 4.2. Let G be the differential Galois group of M = K{w) over K with
respect to X at (0,0), and H be a subgroup of G. Let

H ={a € M| oa=a,Vo € H},
then M is normal over H' with respect to H.

Lemma 4.3. If K contains no first integral of X, then for any w € Q%O 0) (X),
M = K(w) is normal over K with respect to Gal(M/K, X),0)-



NONLINEAR DIFFERENTIAL GALOIS THEORY 19

Proof. We only need to prove that for any o € M\ K, there exists 0 € Gal(M /K, X),0),
such that ca # a.

Let @ = p(w)/q(w), with p(y),q(y) € K{Ao(y)}. Non lost the generality, we
assume further that p(y), q(y) are reduce with respect to the prime ideal A in
Theorem 371 Therefore, p(w) # 0, g(w) # 0. Write p(y) and ¢(y) explicitly as

-1

p(y) = p(X, Y, 529, o 755 y)a Q(y) = q(x, Y, 52y7 e ,672“*124)

where x = (21, 22),r = ord(A), and let

A(X, y) = p(xu Y, 52% e 765_13/) - a(X)Q(Xa Y, 52% e 755_1y)

Taking account that q(w) # 0, there exists x° € C? such that w(x) is analytic at
x, and q(w(x%)) # 0. Let ¢ = (w(x°), -+, 05 'w(x?)) and x* in a neighborhood
U of x° such that

g(x*,c) A0 and A(x*,c)#0

We claim that such x* always exists. If on the contrary, for any x € U, such that
q(x,¢) #0
always have

A(x, €) = p(x,¢) — a(x)q(x, ¢) =

then
q(x,c)
which is contradict to the fact that o € M\ K.
Let ¢* = (w(x*,---, 65 w(x*)), and € to be an infinitesimal parameter, then
g(x*,c"+e(c—c"))#0
and
A(x*,c* +elc—c*)) #0
And hence

p(X*,C*-i-E(C—C*)) * ok
oy, z3).
q(x*,c* +¢(c — c¥)) # ol 73)
By Theorem [3.9] it’s not difficult to verify that when r # 0, there exists o €
Gal(M/K, X)(,0) such that

((SlO'W)(X*) = C;‘ + (Ci _Czc)e (l = 0717"' 7' = 1)

and therefore
€\ p(X*,C*+€(C—C*)) alx*
(UO&)(X )_ q(x*,c*—i—e(c—c*)) # ( )

i.e., oa # a. The Lemma has been proved. ([

In following Lemmas, we let L, N, M be extension fields of K, with M = K(w),
KCLCNCM,and G = Gal(M/K, X),0). Assume that N = L{u) with u
satisfying d;u € L or d;u/u € L, (i = 1,2). Then L' and N’ are subgroups of G,
and N” is a subfield of M.

Lemma 4.4. Any o € L' maps N into N”.
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Proof. We have oa = a for any ¢ in L' and a in L. At first, assume that N = (u).
If ;u =a; € L,(i = 1,2), then §;(cu) = a;, (¢ = 1,2). Thus ou = u + c(e) with
c(e) € Cle], and therewith ou € N”, which implies that N C N”. The proof for
the case d;u/u € K is similar by the fact that ou = ¢(e)u with ¢(e) € C[[e]] for any
oin L. O
Lemma 4.5. N’ is a normal subgroup of L', and L' /N’ is Abelian.

Proof. Let o € L', 7 € N’, then oa € N” for any a € N, and therewith 7(ca) = ca.
Thus (67! - 7-0)a = 07! (ca) = a, and hence 0~ - 7- o € N'. This implies that
N’ is a normal subgroup of L'.

Assume that N = L(u) with d;u € L (i = 1,2). By the proof of Lemma
L4 for any 0 € L', ou = u + c(e) for some c(e) € C[[¢]]. Thus, the subgroup
H = {o|n | 0 € L'} is isomorphic to a subgroup of the addition group C[[¢]] and
hence Abelian. Consider the homomorphism from L’ to H that maps o to o|y.
The kernel of the map is N’; and the image is H. Thus, L'/N’ is isomorphic to H

and therefore Abelian.
The case that N = L{u) with d;u/u € L (i = 1,2) can be proved similarly. O

From Lemma 212 and 5] we have:

Lemma 4.6. Let L, N, M be extension fields of K, with M = K{w), N = L{u),
and K C L C N C M. Assume further that K, L, N contain no first integral of X.
We have

(1). if u is algebraic over L, then |L'/N'| < [N : L];
(2). ifdu € L ordu/u e L (i =1,2), then N’ is a normal subgroup of L', and
L'/N' is Abelian,
where the subgroups L' and N’ are defined as previous.

Lemma 4.7. Assume that M = K(w) is normal over L with respect to G. If for
every o € G, there exist c(e) € Cl[e]], such that

ow = w + c(e),
then M is a Liouvillian extension of K.
Proof. For any o € G, we have
o(diw) = dw, (i=1,2).

Since M is normal over L with respect to G, we have d,w € K, (i = 1,2), and M is
a Liouvillian extension of K. (Il

Lemma 4.8. Assume that M = K{(w) is normal over K with respect to G. If for
every o € G, there exist a(e), c(e) € C[[e]], such that

ow = a(e)w + c(e),
then M is a Liowvillian extension of K.
Proof. For any o € G, we have
o(62w/dw) = 62w/diw, (i=1,2).
Since M is normal over K with respect to G, there exist a; € K, such that

5i2w =q;0w, (i=1,2).
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Taking account that Xi61w + Xodow = 0, there exists p € M such that djw =
1Xsa,0ow = —uX7, and hence
0 07X 1) 09X
1_M:a1_1 QEK, 2—”:(12—2 1
I Xo I X1

Thus M is a Liouvillian extension of K, and

K C K{u) C K(w) =M.

e K.

4.2. Proof of the Main Result and Applications.

Theorem 4.9. Consider the differential equation
dxs _ Xo(z1,2)
dry  Xi(z1,22)
where X1(x1,22), Xo(x1,x2) are polynomials, and X1(0,0) # 0. Let K be the dif-
ferential field of rational functions, with constant field C. Then [@1) is Liouvillian

integrable if, and only if, the differential Galois group of (&Il over K at (0,0) is
solvable.

(4.1)

Proof. 1). If K contains a first integral of X, then G contains exclusively the
identity mapping, and is solvable.

Now, we assume that K contains no first integral of X, and X is Liouvillian
integrable. Then there exists w € 9%070)()( ) such that M = K(w) is a Liouvillian
extension of K. Upon the definition [[.2] suppose that

K=KycKiCKyC---CK,,=M,
with K;11 = K;(u;), where either w; is algebraic over K; or §;u; € K; or d;u;/u,; €
K; (j=1,2). Let Go = Gal(M /K, X)(= K'),G; = K, (i=1,2,--- ;m), then
G=Gy2G12G22 -2 Gy ={e}.
By Lemma 6] either |G;/Gi11]| < [Kiy1 : K;] < 0o or G471 is a normal subgroup
of G;, and G;/G;41 is Abelian. Thus, G is solvable by definition [[4]

2). If the differential Galois group of ([@Tl) over K at (0, 0) is solvable, by Theorem
B9 either K contains a first integral of X, or the Galois group has order r = 1 or
r=2.

By Theorem [B.9] if » = 1, then there exists w € Q%o,o) (X) and n € N such that,
while let M = K(w) and G = Gal(M/K, X)(0,0),

G={f(zie) eGlle] | f(z:€) = pz+c(e), cle) € C[[e]],c(0) =0, p" =1}
Let
Go={0 € G| ow=w+c(e), c(e) € Clle]],c(0) =0}
then Gg is a subgroup of G, and |G/Go| = n. By Lemma €3] K = G’. Hence,
according to Lemma 2.T3]
G} : K] =[G}, : G'] < [G/Go] =n,

it follows that G, is an algebraic extension of K. By Lemma 2 M is normal
over G{, with respect to Go. Hence Lemma [£.7]is applicable and yields that M is a
Liouvillian extension of Gy, and consequently a Liouvillian extension of K.
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If r = 2, then there exists a first integral w € Q%
K(w}, and G = Gal(M/K, X)(070),

G ={f(z¢) e glle] | f(z€) = ale)z + c(e), ¢(0) =0}

Again, by Lemma 3] K = G’. Hence, Lemma [48| is applicable, and M is a
Liouvillian extension of K. The Theorem has been proved. (I

0,0) such that, while let M =

From the proof of Lemma [E.IJH5.3] in next section, the explicit method to deter-
mine the differential Galois group is given as follows.

Theorem 4.10. Consider the differential equation (LG, let

1. X
B'L' - _Xl(s;-‘rl(fj)? (7’ = 07 15 2)

and r to be the order of the corresponding differential Galois group,

(1) If r =0, then K contains a first integral of X ;

(2) If r =1, then there exists a € K,a # 0, and n € N, such that
(4.2) X (a) =nBpa

(3) If r =2, then there exists a € K, such that
(4.3) X(a) = Boa+ By

(4) If r = 3, then there exists a € K, such that
(4.4) X(a) = 2Boa + Bs

(5) If (#4) has no rational solution, than r = co.

Following result is the immediate consequence of Theorem (.10

Theorem 4.11. The differential Galois group of the Riccati equation

dIQ

Tr p(m)x% +q(z1)xe + (1)
T

has order r = 3.

Theorem [ATT] presents another point of view that the Riccati equation is in
general unsolvable by the quadrature method. On the other hand, from the proof
of Lemma [5.3] if the order of the differential Galois group of a differential equation
is 3, the first integral of the equation can be obtained by solving (5.7), which have
the form of Riccati equation. Hence, Riccati equation is important for integrating
the differential equation.

Lemma 4.12. Consider the van der Pol equation

3

iy = x—p(H - ),

(4.5) 3 (1 #0).

j:2 = —X1

The order of the differential Galois group of ([@3) is infinity.
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Proof. Let

Xi(21,22) = 22 — M(%? —x1), Xa(z1,22) = —71,
the equation (@) for the van der Pol equation (£3]) reads
(4.6) X3X(a) + 221 XFa + 621 =0

We will only need to prove the (&6 has no rational function solution. If (£i6]) has a
rational function solution a = a1/ag, where a1, as are relatively prime polynomials,
then aj, ay satisfy

X3(asX (a1) — a1 X (a2)) — 221 XZaras + 6103 = 0.
Hence, there exist a polynomial ¢(z1, z2), such that
(4.7) XX (az) = casg
(4.8) XiX(ag) = (c—211X{)ar — 610z
Let az = X§by, where k > 0, by is a nonzero polynomial and (bg, X1) = 1. Substi-
tute ag into (A7) yields

XX (b2) + kX7X (X1)by = cby.

Thus, ba| X7 X (by) and therewith by| X (b)), i.e., by is either a constant or an invariant
algebraic solution of ([@H]). However, it had known that the van der Pol equation

has no invariant algebraic solution([5] 23]), and therefore by must be a constant.
Let b2 = 1 and consequently

(4.9) as = XF, c=kX2X(X,).

Substitute ([£9) into (@8] yields

(4.10) X3X(ar) = (XX (X)) — 201 XP)ay — 62XT, (k>0)
Note that

(kX (X1) — 221) = —kp(2? — 1) X — (k + 2)2y
and ([@LI0) become
X3X(a1) = X3 (—kp(z? — 1) X1 — (k +2)21)ar — 621 X7
If k # 2, then X;|(k + 2)x; for k > 2 or X1|6z1 for k < 2, which are impossible.

Hence, we conclude that k = 2.
Let k = 2, ([AI0) become

- (2= (5 — o) (22— (F —o) 32 0 52 )
= (—2;1(:10% —1)(x2 — u(z—ﬁ —x1)) — 4961) ay — 6.
Let .
a1 (z1,22) = Z hi(w2)x,
=0

where h;(z2) are polynomials and h,,(z2) # 0. Substitute aq(x1,z2) into (@II),
and comparing the coefficient of 2™+?, we have
1

2
§M2mhm($2) = g#th(ﬁz)v
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and hence m = 6. Comparing the coefficients of i (0 < i < 10), we obtain the
equations satisfied by h;(x2),i =0, - ,6:

0 = za(—2pho(z2) + z2h1(x2))
0 = 6—2(=2+ p?)ho(z2) + 2x5ha(x2) — z2h(2)
0 = 2uwsho(wz) — (4 + p*)ha(w2) + 2uwaha(w2) + 3a3hs(22) — phi(w2) — w2l (22)
0 — %ﬁho(m) + 4‘;352 hi(x2) + 4ho(z2) + dpaahs(x2) + dw3ha(xe) — ph) (x2) — 22k (22)
0 = 2u%hy(m2) + 2/?2 ho(w2) + dhg(ze) + p2hs(v2) + 6pwhy(w2) + 5x3hs ()
+ %h{)(xz) — phy(x2) — x2hy(22)
0 = %(—2u2ho(x2) +4p2ha(2) + 12ha(w2) + 61 ha(x2) + 24pw2hs (w2) + 1823 he (22)
+ phy(z2) — 3uhs(xe) — 3wah(z2))
0 = é(—5u2h1(x2) +64%hs(22) — 6pazha(w2) + 36hs(x2) + 27p*hs (w2) + 90pw2he(2)
+ 3uhb(w2) — uhy(z2) — 9z2hf(22))
0 — _%/‘QM(M) _ Apze hs(x2) + 4he(xo) + 4p’he(22) + %hg(@) — phis () — x2hg(22)
0 = —%(th(l‘g) + 2phs (x2) + 6x2he(x2) — hiy(x2) + 3hg(2))
0 = —§(2Mh4($2) + 12phe(x2) — 3hg(x2))
0 = —g(uhs(ﬂcz) — 3hg(22))

The equations reduce to
To(3xahl(20) — 2uh)y(12)) = 2u3,

which is impossible since h4(z2) and hs(x2) are polynomials. The contradiction
conclude that ([@6]) has no rational function solution, and hence the order of the
differential Galois group of the van der Pol equation is infinity. O

5. PROOF OF THEOREM 3.0

Before giving the proof of Theorem[3.9] we introduce some notations as following.
Let 01 = 8671’ 0y = 8672’ y be an indeterminate over K, and denote d5y by v;

(yo = y). Let
X = X161 + X209, 0o X = (52X1)61 + (52X2)62

N 0
X = Xa01 + Xobo + ) X(yi) 7 -
i>0 Yi
_ Xz _ Bioiy v X2y
By = X152(X1)’ B; = X16o( X, ) = —X105 (Xl)u 1=1,2,
Let F(y) € K{Ao(y)}, we write
F(y) ~ R(y)

if R(y) € K{Ao(y)} such that F(y) — R(y) is contained in {X(y)}, the differential
ideal generated by X (y).
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Let n = (ny,ng,---,n,) € Z*", define d? and b/ for 1 < i < j by
d-z](n) = (nlu"'7nj—i+17"'7nj_17"'7nr)
bi(n) = (nlu"'7nj—i_17"'7nj+17"'7nr)

Then b/ (d! (n)) = n. Let n,m € Z*", the degree of n is higher than that of m,
denoted by n > m, if there exists 1 < k < r such that ny > m; and

ni=m;, t=k+1,---,7

We say n > m if there exist 1 <4 < j such that

#(w) = m
It is evident that when 1 > ¢ > j,
(5.1) b/(n) >n > d(n)
(5.2) d}(n) > n > b](n)

Let A be the regular prime ideal of QDP that corresponds to the differential
Galois group in Theorem B and assume that ord(A) = r. Let A in A with the
lowest rank and therewith irreducible. Denoted A as

A('rlvx%yvyla' o 7y7“) = ZAm(IlaIQay)yinl o y;nT
m

and let

Ia={meZ"| Am #0}.
By n we will always denote the element in Z4 with the highest degree. We can
assume further that A, = 1 and therefore the coefficients A,, are rational functions.
For any m € 74, let

(5.3) P(m) ={p € Zs | & (p) = m for some 1 < i < j}
and #(m) = |P(m)|. A subset J4 C Z4 is closed if for every m € J4, p > m
implies p € J4. It’s obvious that Z4 and {n} are closed.

The complete proof of Theorem is followed from several Lemmas. The proof
will be done by showing that all possible structures of Z4 are, besides the cases
r=0and r = oo,

(a). r =1, and T4 = {n,0};

(b). r=2,and Z4o = {(0,1),(1,0)}, with

(0,1) > (1,0)
(c). r=3, and
Ta = {(1,0,1),(0,2,0),(2,0,0)}

(1,0,1)
e

Y (1,1,0) < (0,2,0)

v
L (2,0,0)

with

Here (1,1,0) is an auxiliary index with A 1,9y = 0.
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The flow chart of the proof is given at Figure[ll

Comina )| Comuna ES-——{ Conma 4]

¥
Lemma Eﬂ]l<—{ Lemma [5.1]

\

Lemma 513

Lemma

Lemma

|

Lemma Theorem |

FI1GURE 1. Flow chart of the proof of Theorem [3.9]

Lemma 5.1. If u # 0 satisfies
(5.4) Xu = Bou

then there exists a first integral w of X such that

dow = U.
Proof. Upon ([&.4)), we have
Xo
Xi01u+ Xodou = Bou= —X152(Y)u
1
X9 Xs
0 —0 = —0(=
1+ X, 2U Z(Xlu)
Xo Xo
1 = —d(=u— =19
1U Q(Xlu X, 2)
Xo
= 6 _——
2( X u)
Let v = — 224, then the 1-form vdz; + udzs is closed, and

X1
(z1,72)
w(x1,x2) = / vdxy + udxs
(0,0

is a first integral of X, with dow = u.

Lemma 5.2. If there exists u satisfying

(5.5) Xu= Bou+ By
then X has a first integral w such that

SBw B

baw
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Proof. From (&.1)), we have

Xi161u+ Xobou = —X152(%)U+X152(%)
Siu = —%5QU—52(%)U+52(%)
= 52(—%114' %)
Thus, let
v —%u—i— %

then vdx1 + udxs is a closed 1-form. Let

(z1,22)
n(z1,z2) = exp [/ vdxy + udle ,
(

0,0)
then
X B
X () = n(Xyv+ Xau) = n(X1(~Fu+ T2) + Xou) = Bon
X1 X1
By Lemma [5.0] there exists a first integral w of X such that
baw = 1),
and therewith
Sw
—“= =u.
52&)

The Lemma is concluded.

Lemma 5.3. If there exists u satisfying

(5.6) Xu = 2Byu+ By

then X has a first integral w of X such that
205w - d5w — 3(63w)?

(Gow)?
Proof. From (5.0)), we have
B Xo 5, X0
X151u+X2(52u = 2X152(X1)’U, X162(X1)
X2 X2 3 X2
22 = 95 (22 Vv — 83( 22
51’U,+ Xl 5211, 52(X1 )’U, 52(X1)
Xs Xo 3, X2
= —2 —_— —_—— — -
5111, 52(X1 )’U, X1 52U 52(X1)
_ X5 X5 3, X2
= 52(X1 ’U,) X1 52’(1, 62(X1 )
Consider the partial differential equations:
Sow = wu—+ Ltw?
5.7 2
(5:7) { brw = —63(22) — Bu— 6y(%)w — 1(%2)u?

27
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We have
010w = 51(’(1,4—%’[1}2)
= hu+whw
__&_& u_ 53 X2 sz Xey _Xo o Koy o 1. Xp o
_ s (X2 _& _ g3 X2 2 X2 ) o — 60 ( X202 — L X2
— 62(X1u) X, Ot 52(X1) (5 (Xl)—i—Xlu w (52(X1)w 2(X1
X X X 1 X
. a2y Ag 2y, L Koy
dodiw = 52( 52(—X1) _Xlu 52(X1)w 2(X1>w)
X X X X X X
— 83122y _ 220N 52022, _ 5. (22 A2y.,2 22
X X X X 1 X
g3 2y 2 2,2 2 L 1 w? — 2
= B - () - BEDw - (Gt ju) - ot - Pu
X X X X X 1 X
— 3122y _ 220N 22 2 22 202 — (22
B — a0 — b (B + o) w - (G = S

Therefore, 6102w = J201w, and the equations (B.7) have a solution w that is analytic
at (0,0). Let

- Xo Xo
v=-032) - G
then
X X
b = (= 62<Xj> <Xj>>

=Xy s X2y, X2

= B - R - (5w

a2y s X - X2y g L2

= B - R - () )

X X 1 X
_ _52 2 2 _5 2 ___2 2
2(X1) (Xl)u 2(X1)w 2(X1)w

= 51’(0

Therefore, vdx, + wdxs is a closed 1-form. Let

(mlva) X
w2 = €xp l/ vdxy + wd$2] , w1 = ——2w2,
(

0,0) X1
than
61W2 = W2V
Xo
1) = -4 — )
2W1 2( )oJ2 (X1)2W2
XQ XQ 52&)2
= 1)
wa(—02( Xl) el w2)
Xo

= wz(—52(X?) Xlw)

= WU = 51&)2
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Hence, w = f((ga;wﬁ

It is easy to verify that

209w - 5w — 3(63w)?
(0aw)?

=Uu

The proof is completed.

Lemma 5.4. (1) 02X = (53551 )X — Bpda;
(2) X(y;) = 02(X(y5-1)) — (2E5) X (y;-1) + Boyy;

Proof. (1).
60X = (62X1)51 + (52X2)52
02 X X
= S (X001 + Xaby) = T2 (8:2X1)8 + (82X2)
1 1
B 62X1 X152X2 — X252X1
= X X+ X, X12 0o
00 X
= i{ll X — Byda
(2).
X(yj) = 02(X(yj-1)) — (02X)yj1
00 X
= 62(X(yj-1)) — ( i(llX—Bo%)(yjfl)
02 X
= (X (yi-1) = - X(5-1) + Boda(yj-1)
02X1

= 02(X(y;-1) = ()X (g1) + Boys

Lemma 5.5.
j—1

(5.8) X(y;) ~ > a;iBiy; i
i=0

where aj; are constants, with a;o = j.
Proof. By Lemma[5.4] when j =1,

00X
X1

X(y1) = 02(X (o)) — ( )X (y0) + Boy1 ~ Boy

29

w1dx1 +wadzs is well defined, and a first integral of X at (0,0).
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which is the desired (B.8)) with a19 = 1. Assume that (58] is valid for j = k, and
aro = k, then by Lemma [5.4]

02X
X(yrer) = 02(X(yr)) — ( }11)X(yk) + BoYk+1
(5 X
~ 62> ariBiyk—i) — i(ll Zakz iYk—i) + BoYk+1
i= =0

k-1
= ) aki((62B:)yn—i + Bidayr—i) Zakz Biyk—i + Boyk+1

i=0

02X
= ) ki ((52Bi - QTllBi)yk—i + Biyk—i-i-l) + Boyk+1

k—2

B;
= (aro + 1)Boyrt1 + Z ak1X152( ) + ap(it1) Biv1)Yk—i + ap—1) X102(
=0
k-2

= (aro + 1)Boykt1 + Y _(aki + ar+1)) Bi1th—i + app—1) Brys
1=0

k
= Z A(41)i Bil1—i
1=0

By
X1

)y1

where

ake1yo = ako+1 = k+1, api1y = ap—1ytak, (1 <i<k=1), apinr = Grk-1)
Therefore, the Lemma has been proved. (I
Lemma 5.6. Let m € Z*", and define

(5.9) C(m) =mi +2mo+--- +rm,

Ifm > p, then C(m) > C(p). In particularly, if d’(m) = p, than C(m)—C(p) = i.
Proof. Let d!(m) = p, then

C(m) = C(p) = (7 = i)mj—s + jm; — (G = )(mj—i +1) +j(m; —1)) =

Lemma 5.7. Let P = Amyy" ---y*", then

r—1 r )
X(P) ~ (X(Am) + C(m)BoAm)y™ + > > mjajiBiAmy® ™
i=1 j=i+1

where y™ = y™ ...y
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Proof. By Lemma [5.5] we have
. OAm

X(P) = X(Amy™ + 5=y X () + Am ngy ey Ty X ()
~ X(An)y™ + Am ijy . Zaﬂ Yj—i)
7j=1
= X(Am)ym + AmBO(Z mjajo)ym
j=1
r j—1

1+1 P
+Am Z} :mjajiBz‘yl y}“ﬁ : -y;nf gy
j=1i=1

= (X(Am)+C(m m)y™ + Z Z m;aj; B; Amy® ™
i=1 j=i+1
and the Lemma is concluded. O

Lemma 5.8. Let A € A with the lowest rank and r = ord(A) > 1. Let n € T4 with
the highest degree and Ay, = 1, then for any m < n,

(5.10) X(Am) = (C(n) = C(m))BoAm — Y > (m; + )i BiAyi (m)
i=1 j=i+1
where Ajm =0 ifm & Zy4.

Proof. Let
A= " Amy™
meZy

By Lemma [5.7, we have
X(4) = > X(Amy™)

meZy

r—=1 r )
~ 30 (X (Am) + Cm)BoAm)y™ + > Y mja i B Amy® ™
meTa i=1 j=i+1

Z (X(Am) + C(m)ByAm +Z Z mJ—l—laﬂBAb] vy

m 1=1 j=i+1

Note that for any j > i, b/(n) > n and thus b)(n) ¢ Za, i.., Api(ny = 0. Taking
account that A, = 1, we have

X(4) = Cm)BoAd = > (X (Am+ (C(m) — C(m)) BoAm)
+ i i (m; + 1)ajiBiAbg(m)>ym
i=1 j=i+1

Thus, we obtain X (A4) — C(n)ByA that is contained in A and has lower rank than
A. But A is the element in A with the lowest rank, as we have assumed, therefore
X(A) — C(n)BpA = 0. Thus (EI0) is followed for all m < n. O
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From Lemma [5.8] we have
Lemma 5.9. If P(m) = {p1,--- , Pk}, and dg;(pl) =m, (I =1,2,---,k), then
the coefficients Ap,, Am satisfy

k
(511) X(Am) = (C(l’l) - C(m))BoAm - Z(mjz + 1)ajzizBizApL
=1

Remark 5.10. Since the differential operator X is independent to y, we can always
assign y in (5I1) as a constant and assume that the coefficients Ap,, Am € K.
Hence, we will always assume that the coefficients Ay, € K.

Lemma 5.11. Let A € A with the lowest rank and r = ord(A) > 1. Let n € Ty
with highest degree. Then for any m € Ty, #(m) = 0 if, and only if, C(m) = C(n).
Furthermore, if #(m) = 0, then Am is a constant.

Proof. At first we will prove that if #(m) = 0, then C'(m) = C(n). If #(m) = 0,
by Lemma 5.9, we have

X(Am) = (C(n) = C(m)) By Am
If C(m) # C(n), let n = C(n) — C(m), then
X(A") = BoA"
From Lemma [51] there exists a first integral w of X such that

52&) = A]lén
And hence
Yy — Am €A

i.e., r =1, contradict. Thus, we have prove that C(m) = C(n).

Now, we will prove that if C(p) = C(n), then #(m) = 0. If on the contrary,
#(m) > 0, then there exists p € P(m), and by (EI)), C(p) > C(m) = C(n). On
the other hand, there exist p1,--- , px, such that

P1> =Pk =P

and #(p1) = 0. Therefore C(p) = C(n). It is easy to have C(p) = C(pr) < --- <
C(p1) = C(n), which is contradict, and the statement is concluded.

If #(m) = 0, then C'(n) = C(m), and by (&II), X (Am) = 0. But ord(A) > 0,
it follows that A, is a constant. [l

Lemma 5.12. Let A € A with the lowest rank and r = ord(A) > 3. Assume that

Ja C Iy is closed, and m = (mqy,ma, - ,m;) € Ja with the highest degree, then
mo = 0.
Proof. If on the contrary, ms > 0, let p = d?(m) = (my + 1,ma — 1,mgz,- -+ ,m,).

It is easy to verify that P(p) = {m} by (1) di(m) = P and (2) if any other m’
such that d/(m’) = p, then m’ > m. Hence, we have

X(Ap) = BoAp - m2a21B1Am
We conclude from (5.12) and Lemmas [5.1] and that either r = 0 (if Cp, = Cim
and Ap, is not a constant) or r = 1 (if Cy, # C) or r = 2 (if C(n) — C(m) =0
and Ay, is constant), contradict with the assumption r > 3. O
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Lemma 5.13. Assume that K contains no first integral of X, and let r to be the
order of the differential Galois group of X,

(1) If r =1, then there exists a first integral w of X, and n € N, such that
(0ow)™ € K
(2) If r = 2, then there exists a first integral w of X, such that
S3w/dow € K
(3) If r = 3, then there exists a first integral w of X, such that
205w - 5(5’;;w—)23(6§w)2 c K
(4) If r # oo, then r < 3.

degree.

Proof. Let A to be the regular prime ideal of QDP that corresponds to the dif-
ferential Galois of X, and A € A with the lowest rank, n € Z4 with the highest

(1). If r = 1, assume that

A=yl + Ay '+ + A,

From Lemma (5.9
X(An) = nBoAn
ie.,

X (AY™) = ByAl/™.

By Lemma Bl and A, # 0 (because A is irreducible), there exists a first integral
w of X such that

ow = AL/
ie.,

(52&))” =A, € K.
We have applied the Remark [5.10] to assume that A4, € K.
(2). Ifr = 2,let n = (nq,n2) and m = d3(n) = (n1+1,na—1), then P(m) = {n}.
Thus, by Lemma and Lemma [5.6] we have
X(Am) = B()Am — 7’L2(L21B1
ie.,

X—Am

A

= By(———2—)+ B,
N2a21 —n2a21

Apply Lemma [5.2], there exists a first integral w, such that

o Am

= — c K.
dow n20a21

(3). If r = 3, and let n = (n1, ng, n3). By Lemma 512 we have n = (ny,0,n3).
Let

pP= d%(n) = (nla 17”3 - 1)7
di(n) = (ny +1,0,n3 — 1),
= b%(p) = (nl - 1,2,”3 - 1)
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It is easy to have C'(m) = C(n). Therefore, by Lemma [B.I1, Ay, is a constant.
Furthermore, we have P(p) = {n,m} and P(q) = {n,p}. By Lemma [5.9]

(5.13) X(Ap) = Bydp — (ngas1An + 2a21Am)B1
(514) X(Aq) = 2B()Aq - n3a32AnB2 - aglAp
Taking account that A, and Ay, are constants, and r = 3, we conclude that

n3a31An + 2a21Am = 0 and Ay = 0. Or else, we should have r = 2 by the
similar discussion in (2). Let Ap =0 and A, =1 in (5.14)), we have

A A
X(——2) =2By(——2) + By
n3a32 n3azz
By Lemma [5.3] there exists a first integral w of X such that
209w - d5w — 3(63w)? A
2W - 0qW . (d3w) N W S
(6aw) n3asz

and (3) has been proved.
(4). If on the contrary, assume that 3 < r < co. Upon Lemma [5.12] we can
write n = (n1,0,n3,--- ,n,). Let

m = di(n)=(n1,0,n3, - ,n.—1+1,n.—1)
p = b%(m):(nl—l,l,ng,-u,nr,l—l—l,nr—l)
q = dI_l(p):(nl_lvlan&"' 7nr—2+17nr—17nr_1)

then C(p) = C(n) and therewith #(p) = 0 by Lemma BEI1l Let J4 to be the
minimal closed subsystem of Z4 containing q, then p € J4 with the highest degree.
However, po = 1 # 0, which is contradict to Lemma 5121 Thus, we concluded that
either r = o0 or r < 3. O

Finally, Theorem is concluded from Lemma [5.13] and Lemma
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Abstract

Differential Galois theory had played important roles in the integrability
theory of linear differential equation. In this paper we will extend the theory
to nonlinear differential equation and study the integrability of second order
polynomial system. We will propose a definition of the differential Galois
group of a differential equation, will study the structure of the group, and will
prove the equivalence between the existence of the Liouvillian first integral for
the differential equation and the solvability of the corresponding differential
Galois group.
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1. Introduction

In this paper, we will establish the nonlinear differential Galois theory to
study the Liouvillian integrability of following nonlinear differential equation

dry o Xo(w1, 12)

e , 1.1
dx, X1(1’17172) ( )

where X; and X, are polynomials. We will propose a definition of the dif-
ferential Galois group with respect to (ILII), will study the structure of the
group, and willl prove the equivalence between the exstience of the Liouillian
first integral and the solvability of the group.
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Before we state the main theorem, we give here a brief outline for the
preliminary knowledge of differential algebra. For detail, refer to [13] and
[30].

1.1. Preliminary knowledge of differential algebra

Let A be a ring, by derivation of A we mean an additive mapping a — da
of A into itself satisfying

d(ab) = (da)b+ a(0b).

We shall say da the derivative of a. The differential ring A is a commutative
ring with unit together with a derivation d. If there are m derivations of A,
0;, 1 =1,2--- 'm, satisfying

000 = d;0,a, Vi, je{1,2,--- ,m},Va e A,

we call A together with all the §;s a partial differential ring. When A is a
field, the (partial) differential field can be defined similarly. In this paper,
we will say differential ring (field) for brevity for both differential ring (field)
and partial differential ring (field).

Let A be any ring, Y be a set of finite or infinite number of elements. We
can generate a ring A[Y] of polynomials of the elements in Y with coefficients
in A. In particular, when A is a differential ring with derivations dy, -+, d,,,
and Y = {¥i,ip, im } (i; = 0,1, ---) to be the ordinary indeterminates over A,
we can extend the derivations of A to A[Y] uniquely by assigning y;,...i; ;i
as 0jYi..i;-in, and rewriting the notations as following

Yo--0 = Y, Yig iy = 5? e 53{@

Following the above procedure, we had added a differential indeterminate
y to a differential ring A. We will denote the resulting differential ring as
A{y}. The elements of A{y} are differential polynomials in y. Suppose that
A is a differential field, then A{y} is a differential integral domain, and its
derivations can be extended uniquely to the quotient field. We write A(y)
for this quotient field, and its elements are differential rational function of y.
The notations { } and ( ) will also be used when the adjoined elements are
not differential indeterminates, but rather elements of a larger differential
ring or field.

Let A be any differential ring, then all elements in A with derivatives 0
form a subring C'. This ring is called the ring of constants. If A is a field, so
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is C'. Note that C contains the subring that is generated by the unit element
of A.

Let A be a differential ring, with 6;(¢ = 1,--- ,m) the derivations. We
say an ideal I in A to be a differential ideal if a € I implies d;a € I (Vi).
An ideal I is said to be a prime ideal if A B € I always implies either A €
or B € I. Hereinafter, if not point out particularly, we use the term (prime)
ideal in short for differential (prime) ideal.

Let A and B be two differential rings. A differential homomorphism from
A to B is a homomorphism (purely algebraically) which furthermore com-
mutes with derivatives. The terms differential isomorphism and differential
automorphism are self-explanatory.

1.2. Definitions and statements

Following first order differential operator X accosiated with the equation
(LT) is convenient in the study,

X(W) = (Xl(l'l,l’g)(sl + X2(I1,I2)62)W = O, (12)

where §; = 0/0x;. From the theory of differential equation[12, pp.510-513],
for any non-critical point x° = (2%, 29) € C?, the equation (L.2) has non-
constant solution w(x1, zo) that is analytic at 2. The solution w(xy,xs) is
said to be a first integral of (L)) at x°. Furthermore, following lemma can
be derived directly from [2, Theorem 1, pp. 98]

Lemma 1.1 Consider the differential equation ([LI), if X;(z%,29) # 0, and
f(x2) is a function analytic at zo = 13, then there exists a unique first integral
w(xy, z2) of (L), analytic at x° = (29, 29), and

w(at, ws) = f(x2)
for all x4 in a neighborhood of 3.

From the existence of the first integrals of (LI]) at the regular point x°,
we can define the Liouvillian integrability of (L)) at x° as follows.

Definition 1.2 Let K be the differential field of rational functions of two
variables with derivatives 61 and oo, we say M to be a Liouvillian extension
of K if there exist r > 0 and subfields K;(i = 0,1,--- ,r) such that:

K=KyCcK,C---CK,=M,

where Ky = Ki{u;), and u; € K1\ K; satisfy one of the following:
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1. u; is algebraic over K;; or
2. 5jui S Kz (] = 1,2),’ or

A function that is contained in some Liouvillian extension of K is said a
Liouvillian function.

Definition 1.3 Let K be the differential field of rational functions of two
variables, X be defined as ([L2), then X is Liowvillian integrable at x° if
there exists a first integral w of X at x°, such that M = K{(w) is a Liouvillian
extension of K.

If X is Liouvillian integrable at one point x° € C2, there exists a first
integral that can be obtained from the rational functions by finite steps of
solving algebraic equations, integrals, and exponents of integrals. It is easy
to prove by induction that this first integral is analytic in a dense open set
in C? [33]. And hence X it is also Liouvillian integrable in a dense open set
in C2. Therefore, we can also say that X is Liouvillian integrable.

Definition 1.4 A group G is solvable if there exist a subgroup series
G=GyDG;D--DG,=A{e}

such that for any 0 < i <m — 1, either

1. |Gi/Gisa] is a finite group; or
2. Gy 1s a normal subgroup of G; and G;/G,y1 is an Abelian group.

Following theorem will be proved in this paper.

Theorem 1.5 (Main Theorem) Consider the differential equation (LI).
Assume that X1(0,0) # 0. Let K be the differential field of rational functions.

Then (1) is Liouwvillian integrable if and only if the differential Galois group
of (1)) over K at (0,0) is solvable.

The keynote in out study is that we don’t need to restrict the elements
in the differential Galois group to be the automorphoisms. Instead, they are
isomorphisms between different extension fields.



1.3. Historical background

The first rigorous proof of the non-solvable of a differential equation by
quadrature method was given by Liouville in 1840s[22]. Liouville’s work
was ‘undoubtedly inspired by the results of Lagrange, Abel, and Galois on
the non-solvability of algebraic equations by radicals’[14]. Since Liouville’s
pioneer work, many approaches have been developing toward the integrabil-
ity theory of differential equation. The concerning approaches include Lie
group|29], monodromy group[14, 139], holonomy group|4, 15, 6], differential
Galois group[13, 116, 137], Galois groupoid [23, 24], etc.. Let us first recall
briefly the subject of differential Galois theory. For extensive survey, refer to
120, 135].

At first, we recall Liouville’s result. Consider following second order linear
differential equation

y" +a(x)y = 0. (1.3)

Liouville proved that the ‘simple’ equation (3] either has a solution of ‘sim-
ple’ type, or cannot be solved by quadrature[21]. An exposition of Liouville’s
proof was given in [38, pp.111-123]. Explicitly, we have the following result
when a(x) is a rational function.

Theorem 1.6 (Liouville’s Theorem) [22/If a(x) is a rational function,
the equation ([L3]) is solvable by quadrature if and only if it has a solution,
u(zx) say, such that u'(z)/u(x) is an algebraic function.

From the Liouville’s Theorem, to determined the integrability of (L3))
with a(z) a rational function, we only need to study the algebraic function
solution of the corresponding Riccati equation (by letting z = —y'/y)

2= 2%+ a(w).

One can refer [18,119, 136] for the algorithms to find the Liouvillian solution
of (L3) with a(z) a rational function.

Liouville’s result was obtained by analytic method. Another approach to
the problem of the integrability of homogenous linear ordinary differential
equation, now known as differential Galois theory, or differential algebra,
was established by Picard and Vessiot at the end of the 19’th century, and
well developed by Ritt and Kochin in the next 50 years (see |17, 130] and
the references therein). The firm footing step throughout this approach was
established by Kolchin in 194815, [16]. For a self-contained exposition of
Kochin’s work, refer the little book by Kaplansky[13].
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Consider the linear homogeneous differential equation
L(y) = y™ + ar(2)y" D + - ap @)y +an(z)y =0 (1.4)

with coefficients in a differential K. Let M be an extension of K that contants
n linearly independent solutions of (L4]), and has the same field of constants
as K. Kolchin proved the existence and uniqueness of the extension M/K if
K is of characteristic 0 and has an algebraically closed field of constants. This
extension is named by Kolchin as the Picard-Vessiot extension associated
to the linear differential equation. As in th eclassical Galois theory, the
differential Galois group of ([L4]) is defined as the subgroup of all differential
automorphisms of M that leaves K elementwise fixed. Kolchin established an
isomorphosim between the differential Galois group and an algebraic matric
group of degree n over the field of constants (refer [16] or [13, Lemma 5.4]).
Accordingly, Kolchin was able to prove following connection between the
existence of Liouvillian extension and the solvability of the differential Galois
group (refer [16] or [13, Theorem 5.11-5.12]).

Theorem 1.7 (Kolchin’s Theorem) [13,16] The linear differential equa-
tion (L4) is Liouvillian integrable (the general solution can be obtained by
a combination of algebraic functions, integrals and exponentials of integrals)
if and only if the identity component of the corresponding differential Galois
group, which is a normal subgroup, is solvable.

Kolchin’s Theorem is similar to the Galois theory for solvability a polyno-
mial equation by radicals. As application, the previous Liouville’s Theorem
is easy to be concluded|13, Theorem 6.4]. In recent decades, many works by
Kovacic, Magid, Mitschi, Singer, Ulmer, et al. try to address to both direct
and inverse problems of linear differential Galois theory, for example, see
118, 125, 126, 27, 134, 135, 136, 137]. The differential Galois theory is also applied
to study the non-integrability of Hamiltonian systems[31]. For details follow-
ing this approach, one can refer to [1, [13, [17, 131, 35, 137] and the references
therein.

Besides the linear systems, the solvability of first order nonlinear differ-
ential equation is also interested and will be the main topic of this paper.
Consider the equation

d!L’Q . Xg(l'l,l’g)

e A 1.5
dx, X1(931>5172) ( )



where X; and X, are polynomials. The most profound result for the integra-
bility of this system was obtained by Singer|33] in 1992. Singer proved the
following result.

Theorem 1.8 (Singer’s Theorem) [33/ If (LH) has a local Liouvillian
first integral, then there is a Liouvillian first integral of the form

(z1,72)
W(l’l,l'g) = / RX2 d!L’l —RXl d!L’Q (16)
(

x?,xg)
where

(1‘17502)
R = exp [/ Udzy + Vdzs |, (1.7)
(

x(lj,xg)

with U and V' are rational functions in x1 and xo such that

Christopher proved that the existence of R in the form (L) is equivalent
to the existence of an integrating factor of form

exp(D/E) ] €1,

where D, E and the C; are polynomials in z; and x5[8]. Singer’s Theorem
was obtained through the method of differential algebra. The same result
was obtained independently by Guan and Lei through Liouville’s approach
[10]. Guan and Lei shown that if (LE) has local Liouvillian first integral
w(xy,z2) in the form of (L), then 6?w/dw (i = 1,2) are rational functions
in z; and x5, here §; = g—% (i=1,2).

Monodromy group of linear differential equation is also important for the
integrability of differential equation. In 1970s, Khovanskii proved that a
function is representable by quadrature if and only if its monodromy group
is solvable[14]. As application of this result, Khovanskii claimed that mon-
odromy group of a linear differential equation is essential for integrating the
equation by quadrature[39, pp. 128-130, Khovanskiy’s Theorem].

Theorem 1.9 (Khovanskiy’s Theorem) [39] If the monodromy group of
a fuchsian system has a solvable normal divisor of finite index, then the sys-
tem is integrable in quadratures. If the monodromy group does not have this
property, then the system is not even integrable by “generalized quadrature”.
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This means that the solution of the system cannot be expressed in terms of
the coefficients by solving algebraic equations, integration, and composition
with entire functions of any number of variables.

Monodromy group closely relates with the Galois group. The monodromy
group of a linear differential equations with regular singular points is Zariski
dense in the associated Galois Group|32]. Zotadek extended the conception
of monodromy group to study the functions defined on CP™ with algebraic
singular set, and to investigate the structure of the monodromy group of the
first integrals of a Liouvillian integrable Pfaff equation[40]. Through these
studies, Zol@dek was able to extend Singer’s Theorem partly to the integrable
polynomial Pfaff equation[40].

Theorem 1.10 (Multi-dimensional Singer’s theorem) [/0] If an inte-
grable polynomial Pfaff equation has a generalized Liouvillian first integral,
then it has an integrating factor whose logarithmic differential is a closed
rational 1-form.

In 1990s, the geometry approaches were introduced by Camacho, Scardua,
et. al. to study the Liouvillian integrability of a nonlinear differential equa-
tion. The geometry approaches focus on the characters of the foliation as-
sociated with the equation. In a series of their works, the holonomy group
that is induced by an invariant algebraic curve of a polynomial system was
studied[4, 5, 6]. Camacho and Scardua studied the structure of the foliation
of a polynomial system with Liouvian first integral. Following result shows
such foliations must have simple forms.

Theorem 1.11 (Camacho-Scardua Theorem) [j/ Let F be a codimension-
one holomorphic foliation on CP™ admitting a Liouvillian first integral. As-
sume that one of the algebraic leaves of F has only non-dicritical infinites-
imally hyperbolic singularities. Then either F is a Darbouz foliation or an
exponent two Bernoulli foliation after some rational pull-back.

In 2001, Malgrange published two papers to introduce the Galois groupoid
associated with a foliation with meromorphic singularities [23, 24]. For lin-
ear differential equations, Malgrange has showed that this groupoid coincides
with the Galois group of the Picard-Vessiot theory and has proved the re-
quired results in the linear case[23]. But further development of the groupoid
theory is need to established the theory for nonlinear differential equation|20].
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The rest of the paper is organized as follows. Section 2 will give the
definition of the differential Galois group, with the discussion of the structure
in Section [B, and leave the proof of Theorem to Section Bl Section [ will
prove the above main theorem. As application, the differential Galois group
of general Riccati and van der Pol equations will also be discussed in Section
4l Throughout this paper, the base field K always means the field of all
rational functions in x; and x5 with C the constant field.

2. Differential Galois group

This section will give the definition of the differential Galois group of
equation (1) at a regular point x° = (z9,29). To this end, we will first
define the group G|[¢]] that acts at all first integrals of X at x°, next studied
the admissible differential isomorphism of (1) at z° that is an element of
Glle]], and finally prove that all admissible differential isomorphisms form a
subgroup of G|[¢]], which is defined as the differential Galois group of (L)
at xY.

Hereinafter, we will assume x° = (0,0) for short. When we mention a
first integral, we will always mean a first integral that is analytic at (0,0).
Following notations will be used hereinafter.

Let Ay denote the set of all functions f(z) of one variable that are analytic
at z =0, and

Ay = {f(2) € Ao f(0) =0},
Ay = {f(z) € A5 f'(0) #0}.
Let Q(0,0)(X) denote the set of all first integrals of (L)) that are analytic at
(0,0), and
Qooy(X) = {w(zy,22) € Q(00 | w(0,0) =0},
Q(oo (X) = {w(w1,22) € (00 ‘ 2w (0,0) # 0}.

It is easy to have f(z) := w(0,2) € A} for any w € Q%O,O) (X).

2.1. The space of all first integrals at a reqular point

Since we will focus on the Liouvillian integrability of the polynomial sys-
tem ([LT), it is enough to concentrate on the first integrals in Q%O 0)(X) ac-
cording to the following lemma.



Lemma 2.1 If X is Liouvillian integrable at (0,0), then there exists a first
integral w € Q%o,o) such that M = K{(w) is a Liouvillian extension of K.

Proof. Let u be a first integral such that M (u) is a Liouvillian extension of
K. Ifuce Q(oo (X), then the Lemma has been concluded. If u ¢ Q(oo (X),

we can always assume that u € Q(o 0y(X) by subtracting u(0,0) from u. Let

u(0, z2) Za,z2 (k>2,ar #0)

i>k

1/k 1/k
f(.l’g) O LE‘Q (Z Qa; l’2> = T2 <Z aixé_k) .

i>k i>k

and

Then f(z2) € A}. From Lemma [T} there is a unique first integral w €
Q0,0), such that w(0,z3) = f(x2) and therewith w € Q%o,o) (X). Moreover,
f(22)* = u(0, 25) implies w* = u, and hence K (w) is a Liouvillian extension
of K. I

From Lemma [Tl there is a one-to-one correspondence between Q%o,o) (X)

and A}. Hence, it is enough to study the structure of A}. It is obvious that
A} contains the identity function e(z) = z, and for any f(2),g(z) € A},
fogz) = f(9(z)) € A} and f(z) € A}. Hence (A}, 0) is a group.
Furthermore, we have the following result.

Lemma 2.2 For any w € Q,(X), let Aj(w) = {fw)|f € Ag}, then

Q(00 (X) = A(l)(w)-
Proof. It is easy to see that for any f € A}, f(w) € Q(()O’O)(X). Moreover,

of (w)
81’2
Hence f(w) € Q%O,O) (X) and therefore A}(w) C Q%oo (X).
For any w,u € Q) (X), let
g(x2> = W(O, x2)7 h(x2) = U(O, x2>7

then g,h € A}. Hence f = hogt € A} and f(g(z2)) = h(z2), ie.
f(w(0,22)) = u(0,22). Lemma [T yields u = f(w) and hence Q,(X) C
Al(w), the Lemma is proved. O

919 0,0) = £(0) Gaw(0,0) % 0.
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All elements in Aj map 0 to 0. To take the functions that map 0 to
a nonzero value into account, we adjoin an infinitesimal variable € to the
constant field C and consider the ring of infinite series of € with coefficients in
C. Denote this extension constant ring as C[[¢]]. Then we have the following:

1. A series Y .., cie’ € C[le]] equals 0 if and only if all coefficients ¢; are
0; -
2. The derivations ¢; can be extended to C[[¢]] by setting d1e = dqe = 0.

Consider the infinite power series

z€) = Z fi,jziej € Cl[z, €].

1,520

The series f(z;€) is analytic if it is convergent for any (z, €) in a neighborhood
of (0,0). We can also write an analytic series f(z,€) in the form of power

series of € as -
= Z fz(z) €i>
i=0

where f;(z) € Ag. We denote all analytic series as Ag|[¢]]. Let

Gllel] = {f(z: )l fo(2) € A},
and define the multiplication in G[[¢]] as:

fz€)-g(z€) = flg(z€);€)
for any f(z;¢€), g(2;€) € G[[¢]]. Then we have
Lemma 2.3 (G|[¢]],*) is a group.

Proof. First, we will show that (G[[e]], -) is closure, i.e., for any f(z;¢€), g(z;€) €
Gllell, f(z:€) - g(z;€) € G[[e]]. Let

€) = Zfz(z) e, glze) = Zg,(z) €

Then f(z;¢) and ( ;€) are analytic functions of (z,€) at (0,0). Since
9(0,0) = go(0) = 0, f(g(z;€);¢€) is also an analytic function at (0,0), i.e
flg ( €);€) € Ag|[e ]] Moreover, f(g(2;0);0) = fo(go(2)) € A} and therefore

F(z:6)-g9(z5¢) € Gl

11



It is easy to verify that

(f(z6) - g(z;€)) - h(z€) = f(z5€) - (g(z;€) - h(2s€)),

Thus (G|[[€]], ) is associativity.

To prove the identity, we embed A} into A}[[¢]] by identifying f(z) € A}
with f(2;0) = f(2) + Y ;500 € € Aj[[e]]. Then e(z;0) = e(z) € G[[e]], and
for any f(z;€) € Gllel,

e(2;,0) - f(z€) = e(f(2€);0) = f(z¢),

and
f(z€) - e(2,0) = fle(z0);€) = f(z€).
Thus, e(z;0) is also an identity of (G[[e]],-).

Finally, we only need to prove the invertibility. For any f(z;¢€) € Gl[[¢]],
we have (0f/0z)(0,0) # 0. Thus, the equation u = f(z;€) has a unique so-
lution z = f~!(u;€) in the neighborhood of (0, 0) such that u = f(f~*(u;e)).
Moreover, we have z = f(f7'(z;€);€) and z = f~(u;e) = f7H[f(2;€);€).
Thus, f~1(z;€) is the inverse element of f(z;¢). Furthermore, f~1(z;€) is
analytic at (0,0) and f~'(z;0) € A}. Thus, we conclude that the inverse
element f~!(z;€) € G[[¢]] and the invertibility is concluded. [

For any o = f(z;¢€) € G[[¢]] and w € Q%O’O), we define the action of o at w
as ow = f(w;e). This is well defined at the neighborhood of (0,0). Taking
account that

X(flw;e) =X filw)e) => X(fiw))e =0,

i>0 i>0

o maps a first integral w to another first integral f(w;e€).
Let h(z;€) € Ay[[e]] and f(z;€) € G|[¢]], then

h(z€) - f(z€) = h(f(z€);€) € Aolle]]
is well defined, and (h(z;€) - f(z;€))w = h(f(w;€);¢€).

2.2. Admiussible differential isomorphism

For any w € Q%o,o) (X), an extension field M of K is obtained by adjoining
w to K, and denoted as M = K(w). In this paper, if not mentioned partic-
ularly, w will always means a determinate first integral. In this subsection,
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we will define and study the admissible differential isomorphism that is an
element of the group G[[¢]] with additional restrictions. Throughout this pa-
per, we will call compactly a map o : w — o(w) a differential isomorphism if
there exists a differential isomorphism from K(w) to K{o(w)) that maps w
to o(w) with elements in K fixed.

Definition 2.4 Let M = K{w) with w € Q%O,O)(X>' An admissible differ-
ential isomorphism of M /K with respect to X at (0,0) (a.d.i., singular and
plural) is a map o that acts on M with the following properties:

1. 0 maps w to f(w;e) with some f(z;€) € G[[€]l;

2. 0w+ f(w;e) is a differential isomorphism;

3. for any hi(z;€) € Aglle]] (0 <i<m < o0), o can be extended to a dif-
ferential isomorphism of K{(w, hi(w;€), -+, hp(w;€)) that maps h;(w;€)
to hi(f(w;e€);e), respectively, with K elementwise fized.

It is obvious that the identity element of G[[¢]] is an a.d.i.. The following
two Lemmas show that the set of all a.d.i. is closure under multiplication
and inverse operation.

Lemma 2.5 Ifo,7 are a.d.i., then o -7 is an a.d.i..

Proof. For any ¢ = h(z;€) € Ap|[¢]], we will prove that o -7 : w +— (0 - T)w
can be extended to a differential isomorphism of K (w,cw) that maps ¢w to
(¢-0-7T)w with K elementwise fixed.

Since 7 is an a.d.i., 7 is well defined in K{(w,ow, (¢ - o)w). Hence, the
restriction of 7 at K (ow, (¢-0)w) is a differential isomorphism that maps ow
and (¢-0)w to (o-7)w and (s-0-T)w, respectively, with K elementwise fixed.
Consider the following

K{w, cw) 97 K{(o-T)w,(s-0-T)w)

T| K (ow, (c-0)w)

K{ow, (s o)w)

where o and 7| K (ow,(s-o)w) are differential isomorphisms with K elementwise
fixed. Thus o - 7 is also a differential isomorphism with K elementwise fixed.
The extension of -7 to K{w, hjw, - -, hy,w) can be proved similarly. Hence
o -7 is also an a.d.i..

13
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Lemma 2.6 If o is an a.d.i., then the inverse o= is alo an a.d.1..

Proof. Similar to the proof of the previous Lemma, it is sufficient to show
that for any ¢ = h(z;¢€) € Agle], 07! can be extended to a differential iso-
morphism of K{w,sw) that maps ¢ to (¢ - o~ !)w with K elementwise fixed.

Consider the extension of ¢ to K(w,o0 'w, (s - 07" )w) that maps o~ 'w
and (¢ -0 YHw to (67! 0)w = w and (¢ - 071 - 0)w = cw respectively.
Hence, the restricted map 0| (s-14,(c.o-1)wy is a differential isomorphism that
maps K{oc7'w, (s 07 Hw) to K(w,cw) with K elementwise fixed. Let 7 =
(U|K<U—1w’(<.o—1)w>)_l, then 7 : K(w,cw) — K{o7w, (¢ o7 Hw) is a differen-
tial isomorphism that maps w and sw to o7'w and (¢ - 07 1)w, respectively,
with K elementwise fixed. Thus, we have 0=! = 7 is an a.d.i.. 0

2.3. Differential Galois group

From the previous discussion, the set of all a.d.i. contains identity ele-
ment, and satisfies the closure and invertibility, and therefore form a sub-
group of G[[e]]. This subgroup is our desired differential Galois group.

Definition 2.7 Let X be defined as ([L2), K be the field of rational func-
tions, w € 9%070) (X) and M = K{(w). The differential Galois group of M /K
with respect to X at (0,0), denoted as Gal(M/K, X)), is defined as the

subgroup of Glle]] with all elements are admissible differential isomorphism
of M /K with respect to X at (0,0).

Following two Lemmas show that the differential Galois group is deter-
mined ‘uniquely’ by the differential operator X (or the differential equation

(@.1D).
Lemma 2.8 Let u € Q0 (X) and N = K(u), then

Gal(N/K, X)(Qp) = Gal(M/K, X)(Q()).

Proof. From Lemma 2.2 u € Q%070)(93) = A}(w). There is a function h € A}
such that u = h(w). Let 7 = h(z;0) € G[[¢]], then u = Tw, i.e., w = 7.

For any 0 € Gal(M/K, X)(,0), we will show that 7-0-77! € Gal(N/K, X)0,0).
To this end, we only need to show that for any ¢ € Ay[[e]], 7-0 - 77! can
be extended to a differential isomorphism of K (u,cu) that maps u and u to

(r-0-7YHuand (- 707 1)u, respectively, with K elementwise fixed.
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Since o € Gal(M/K, X)) and 7, (s - 7) € Ao[[€]], o can be extended to
K{w, 7w, (s-7)w) and maps 7w = v and (¢-7)w = su to (7-0)w = (7-0-71)u
and (¢-7-0)w = (¢-7-0-7")u, respectively. Hence, 0| (ucuy, the restriction of
o to K (u,su), is a differential isomorphism that maps v and su to (7077 )u
and (¢ -7 -0 -7 1)u, respectively, with K elements fixed. Thus, we have
T7-0-17" € Gal(N/K, X)) In fact, we have further 70 - 771 = 0 g ).

Similarly, for any n € Gal(N/K, X)), 7' -1 -7 € Gal(M/K, X))
Thus ¢ — 77! -0 -7 is an isomorphism between Gal(M/K, X)) and
Gal(N/K, X), 0.0)- The Lemma has been proved. [

Lemma shows that the structure of the differential Galois group of
(LI at (0,0) is independent to the choice of the first integral w. For different
choices of first integrals, the corresponding Galois groups are different by a
diffeomorphism. Following Lemma will show that with mild restriction on
the regular point, the group is also independent to the choice of the regular
points. We will prove latter (Theorem [3.9) that these are all possible cases
when the group is of finite order.

Lemma 2.9 Assume thatw € Qf ) (X), M = K(w), and G = Gal(M/K, X)),
we have the following:
(1). If w e K, then ow = w,Vo € G;
(2). If (6ow)™ € K for some n € N, then cw = p,w + c(e), Vo € G, where
[n 1S @ m-th oot of unity;
(3). If 62w /dw € K, then ow = a(e) w + c(e€), Vo € G;

(4). [f( (Jaw) (03w) =3 (3w)?) / (0ow)? € K, then ow = 15— 4c(e), Vo €

Here a(e),b(e),c(e) € Cl[e]], and c(0) = 0. Moreover, for any (22, 29) such
that X1 (29, 29) # 0 and w is analytic at (29, 23) and dow(zY, x3) # 0, the first
integral u that is defined as u = w — w(z?,2Y) is contained in Q%m%mg)(X),
and the above results are also valid for all o € Gal(K(u)/K, X) 0 19)-

Proof. The first part is proved as follows.
First, (1) is obvious.
(2). Let (dow)™ = a € K, then

a — (52(4))” =0
It is easy to see that for any o = f(z;¢) € G,

0=0c(a—(0w)") = a—(02(0(w)))" = a—(0a(f(w; €)))" = a—f'(w; €)" (6ow)"
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Hereinafter, " means the derivative with respect to z. Thus, we have f'(w; €)™ =
1 for any w in the neighborhood of w(0,0) = 0, and hence f(w;€) = p,w-+c(e),
where c(¢) € C|[¢]] and p, is a n-th root of unity.

(3). Let d3w/dw = a € K, then

83w — adow = 0.
For any o = f(z;¢) € G, we have

0 o(Sw — adw)

63 (ow) — ady(ow)
35 (f(wi€)) — ada(f(wie))

" (w;€) (0ow)? + f(w;€) Gw — a f'(w; €) Saw
S (w;

F(wi€) (aw)*.

Hence, we have f”(w;e) = 0 and therefore ow = f(w;€) = a(e)w + c(e) for

some a(e), c(e) € C[le].
(4). Let (2 (dow) (F5w) — 3 (63w)?)/(dow)* = a € K, then

2 (6ow) (F5w) — 3 (63w)? — a (dyw)? = 0.
For any o = f(z;¢€) € G, we have
0 = o (2 (6ow) (05w) — 3 (d3w)* —a (52w)2)
2 5y(ow) (03 (ow)) — 3 (62(0w))? — a (S3(ow))?
205(f (w3 €)) (55(f (wsie))) = 3 (02(f(w; €)))* — a(da(f(wse)))*
2 f'(ws€) (dow) (" (w;€) (0ow)® + 3 f"(ws€) (bow) (G3w) + f'(w;€) Fyw)
3 (f"(ws€) (0aw)* + f'(wi€) (83w))” = a (f(w; ) (5aw))*
2f(w €) f"(ws€) (02w)" + 6 f'(ws€) f"(w; €) (0ow)* (G5w)
+2(f'(w;€))* (0ow) (G3w) = 3 (f" (w3 €))* (Gaw)"

— 6 f'(wi€) f"(ws€) (Baw) (93w) — 3 (f'(w;€))* (G3w)” — a (f' (w3 €))* (0ow)?

= (2f(w;e) f'(w) = 3(f"(w;€)?) (0ow)"
+ (f(w; ) (2 (9w) (B3w) — 3 (3w)* — a (0ow)?)
= (2f(wie) f'(w) = 3 (f"(wi€))?) (B2w)".

Hence, f(w,€) satisfies
2 f'(wie) f"(wie) = 3(f"(wi€))* =0, f(0;¢) =0. (2.1)
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The general solution of (2.1]) is given by

a(e) w

f(W;G):W

+c(e),
with a(e€), b(e), c(e) € Clle]].

Finally, since f(z;¢) € G[[¢]], we have f(0;0) = 0, and hence ¢(0) = 0 in
all cases.

For the second part, it is obvious that u € Q%mg,xg)(X ), and the above
discussions are also valid for u. The proof is complete. [

Similar to classical Galois theory, for any differential subfield L of M
containing K, let

L'={c € Gal(M/K,X)@0| ca =a,Va € L}

to be the subset of Gal(M/K, X)) consisting all a.d.i. leaving L element-
wise fixed. For any subgroup H of G, let

H ={a€e M|oa=a, Vo€ H}

to be the set of all elements in M left fixed by H. Following lemma is obvious
from the above definitions. following results.

Lemma 2.10 Let L, Ly, Ly be subfields of M containing K, and H, Hy, Ho
be the subgroups of G, then
(1). L' is a subgroup of G, and H' is a subfield of M;
(2). LCL", HC H";
Let L to be a subfield of M that contains K. We can also consider M
as an extension field of L by setting M = K(w) = L{(w), and the differential

Galois group of M /L with respect to X at (0,0) can be defined through the
same procedure. We denote this Galois group as Gal(M /L, X) (0.

Lemma 2.11 Let L be the subfield of M containing K, then
Gal(M/L, X)(QQ) = L/.

In particular, Gal(M /K, X )0, = K'.
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Proof. It is easy to have Gal(M/L, X )0 € L. We will only need to show
that L' - Gal(M/L,X)(O’O).

For 0 € L' and ¢ € GJ[¢]], since K C L C K(w,qw) and K C L C
K{ow, (s o)w), we have

L{w,sw) = K{w,sw), L{ow, (s o)w) = K(ow, (s 0)w).

From definition 2.4, ¢ is a differential isomorphism that maps K{(w,cw)
onto K(ow, (s -o)w). Hence, o is also a differential isomorphism that maps
L{w, sw) onto L{ow, (s-0)w), with L elementwise fixed. From which we con-
clude that o € Gal(M/L, X ), and therewith L' C Gal(M/L, X),0). The
Lemma has been proved. [l

Lemma 2.12 [13, Lemma 3.1] Let M = K(w), L and N be differential
subfields of M containing K with N D L, [N : L] =n. Let L' and N’ be the
corresponding subgroups of Gal(M /K, X),0). Then the index of N in L' is
at most n.

Lemma 2.13 [13, Lemma 3.2] Let M = K(w),G = Gal(M/K, X)) and
H and J be subgroups of G with H > J and J of indexn in H. Let H' and
J' be the corresponding intermediate differential fields. Then [J' : H'| < n.

3. Structure of Differential Galois group

This section will study the structure of the differential Galois group
Gal(M/K, X)). First, we introduce the preliminary concepts in order
to describe the structure of the differential Galois group.

3.1. Quasi-differential polynomial
Let y be an indeterminate over K, and denot by A (y) the ring

Ao(y) = {f(W) | f € Ao}
Adjoining Ay (y) to K results to a ring K[Ay(y)] with all elements of form

Zai fl(y)v

where a; € K, f; € Ag. The ring K[Ay(y)] can be extended to a differential
ring through the derivatives d; and o by the rules

5z.f(y) = f/(y)(szy? (Z = 1a 27 f € A0)>
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01(070y) = 07185y, 02(6705y) = 6705y,

where f' € Ag is a derivative of f. Hereinafter, we denote this ring as
K { A1)},

It is easy to know that all elements in K{Ay(y)} are polynomials in the
derivatives 670y (k,l € No,k + 1 > 0) with coefficients in K[Ao(y)]. The
elements in K{Aq(y)} differ from differential polynomials in the coefficients
that contain not only the polynomials of y, but also the terms of form f(y)
with f € Ay. We will call such polynomials of the derivatives with coefficients
in K[Ao(y)] quasi-differential polynomials (QDP, singular and plural). A
proper quasi-differential polynomial (PQDP, singular and plural) is a QDP
that involves at least one proper derivative of y. A reqular prime ideal of
K{Ay(y)} is a prime ideal A C K{Ay(y)} that contains exclusively PQDP.
In this study, we will interest at the regular prime ideal A C K{Ao(y)} (see
Theorem [B.7).

The terminologies and results for differential polynomials are applicable
to PQDP. Let us recall some basic facts of differential polynomials. For
detail, refer to [30].

Definition 3.1 Let
wy = 010y, wa = 6167y,

be proper derivatives of y, we is higher then wy if 71 > 11 or j1 = i1 and
Jo2 > ia. A proper derivative of y is always higher then y.

Definition 3.2 Let A be a QDP, if A involves proper derivatives of y, by
the leader of A, we mean the highest of those deriatives of y involved in A.
If A involves y but no proper derivatives of y, then the leader of A isy. Let
Ay be a QDP, and Ay be a PQDP, we say As to be of higher rank than Ay,
if either

1. Ay has a higher leader than Ay; or

2. Ay and Ay have the same leader (which is a proper derivative of y),
and the degree of Ay in the leader exceeds that of A;.

Two QDP for which no difference in the rank as created above will be said to
be of the same rank.

Definition 3.3 Let Ay be a PQDP, A, is said to be reduced with respect to
Ay if As contains no proper derivative of the leader of Ay, and As is either
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zero or of lower degree than Ay in the leader of Ay. Consider a collection of
PQDP
Z: {Al,AQ,"' ,AT}, (31)

if @ QDP B is reduced with respect to all the A;, (i = 1,---,r), then B is
said to be reduced with respect to 3.

Definition 3.4 Let F' be a PQDP with leader p, the QDP OF/0p is said
the separant of F'. The coefficient of the highest power of p in F is said the
initial of F.

Lemma 3.5 [30, pp.6] Let S; and I; be, respectively, the separant and initial
of A; in BJ)), and F be a QDP. There exist nonnegative integers s;,t;,i =
1,--- 7, such that when a suitable linear combination of the A and their
derivatives is subtracted from

Agfl...fﬁr]fl...jirf:
the remainder is reduced with respect to (3.1)).

Let A € K{Ay(y)} be a regular prime idea, X (y) = X161y + Xo oy € A,
and {X(y)} is the differential ring that generated by X(y). Let A(y) € A
with the lowest rank and irreducible. If A 2 {X(y)}, it is easy to see that
A(y) involves no d;y and its derivatives. Let d5y be the leader of A(y). Then
A(y) is a polynomial of the derivatives doy,d5y, -+, 05y, with coefficients
Ai(xy,29,y) € K[Ao(y)]. From Lemma B3 the regular prime idea A is the
least regular prime idea containing X (y) and A(y). Thus, according to [30,
pp. 4-5], the characteristic set of A consists of A(y) and X (y). We will see
latter that the number r is important to determine the structure of A, and
named as the order of A, denoted by ord(A) = r. If A = {X(y)}, then the
characteristic set of A contains only one element X (y), and the order is said
to be oo.

3.2. Structure of Differential Galois Group

Lemma 3.6 If there exists A(y) € K[Ao(y)] (A(y) #0), and w € Q%o,o)(X)’
such that A(w(xy,x2)) = 0 for all (z1,x3) in a neighborhood of (0,0), then
K contains a first integral of X .
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Proof. Hereinafter, we will write A(w) = 0 in short for A(w(z1,x2)) = 0 for
all (x1,z5) in a neighborhood of (0, 0).
Let
Yo = {A(y) € K[Ao(y)]] Alw) =0, Aly) # 0}.

Then Yy # (. For any A(y) € Xy, we can write A(y) in the form as

Aly) =) onfuly). (3:2)
h=1

with oy € K, fr(y) € Ao(y). It is not unique to express A(y) with the form
(32). Within all possible expressions, there is one with the shortest length
n. We call this shortest length n the length of A(y), and denote by n(A).
Let A(y) to be the element in ¥ with the smallest length. If n(A) =1,
then A(y) = a1 f1(y), and hence fi(w) = 0, i.e., w is a constant. Therefore
we have n > 1 since the first integral w cannot be a constant.
When n > 1, write

Aly) = anfi(y) + aafo(y) + -+ + an fuly)
with n = n(A), then
Aw) = anfi(w) + aafo(w) + - + anfu(w) =0,
and hence
X(A(w)) = X(a1) fi(w) + X(02) fo(w) + - -+ + X () fu(w) = 0.

Therefore

n

a1 X (Aw)) — X(aq)A(w) = Z(alX(ai) — X(o1)) filw)=0.  (3.3)
If on X (e;) — X(aq)a; # 0 for some 4, then (3.3) implies that

n

B(y) = Z(alX(ai) — X (1)) fi(y)

1=2

is an element in Xy with smaller length then A(y), which is contradict. Thus,

we have
o X () — X(a)a; =0, (1=2,3,---,n). (3.4)
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Moreover, it is easy to see that ay /a4 is not a constant and X (s /) = 0 by
(B4). Hence as/ay is a first integral of X contained in K, and the Lemma
is proved. [

From Lemma [B.6] if K contains no first integral of X, and there is a
A(y) € K{Ap(y)} such that A(w) = 0 for some w € Q%O,O) (X), then A(y) ¢
K[Ay(y)], ie., A(y) is a PQDP that involves some proper derivatives of y.

Let A be e regular prime ideal of PQDP, we say a function u(xq,xs;€)
satisfies A if for any F'(z1,x9,y,01y,d2y,---) € A, while substitute y and
the derivatives in F' with v and the corresponding derivatives, the resulting
expression is zero for all x1, x5 and € that are small enough.

Theorem 3.7 Let K and X be defined as previous. Assume that K contains
no first integral of X. Let M = K{w) with w € 9%070)(X). Then there exists
a reqular prime ideal A of PQDP such that:

(1). For every oy € Gal(M/K, X)), let opw = f(w;e) (f(z€) € G[[e]]),
then f(w(x1,22);€) satisfies A.

(2). Given f(z;€) € Glle]] such that f(w(xy1,x2);€) satisfies A, there exists
op € Gal(M/K, X)) such that o¢(w) = f(w;e).

Proof. Let y be a differential indeterminate over K, define the natural homo-
morphism from K{A(y)} to K{Ag(w)} that maps h(y) to h(w) (Vh € Ay).
Let A to be the kernel of the homomorphism, then A is a regular prime ideal
of K{Ay(y)}. We will prove that A fulfil the requirement of the Theorem.

(1). Let 0y € Gal(M/K, X)(0,0) and oyw = f(w;e). Then f(z;¢€) € G[e]].
For any F(y) € A, i.e., F(w) =0, there exist h; € Ay (i = 1,---,m), such
that F'(y) € K{y,h1(y), -+, hn(y)}. Write F(y) as a differential polynomial
of hi(y), -+, him(y), ie.,

Fy) = F(y,hi(y), - hm(y)),

then
F(w,hi(w), -, hp(w)) =0.

Since oy € Gal(M/K, X )(0,0), oy can be extended to a differential isomor-
phism of K{w,hi(w), -+, hy(w)} that maps w and h;(w) to f(w;e) and
hi(f(w;e€)), respectively. Thus, we have

F(f(w; €>7 h'l(f(w; 6))7 T 7hm(f(w; 6))) =0.

The requirement (1) has been proved.
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(2). Now, consider f(z;€) in G[[¢]] such that f(w;e) satisfies A, we will
show that oy € Gal(M/K, X). For any hi(z;€), -+, hy(2;€) € Aplle]], con-
sider the maps

T Ky, hi(y;6), - s hi(ys€)) = K{w,hi(w;e), -, hn(w;e))
Yy — w
h(y;e€) — h(w;e)
5jy — 5]'(4)
and
To: Ky, hi(y;€),- s hm(yi€)) = K(f(w;e), hi(f(w;se);e), -+ hm(f(w;e€);e))
y — flwie)
h(y;€) — h(f(w;e€);e)
5jy — 5]'00

where h € Ay(y) and j = 1,2. Let the kernels of 7 and 7, be I and I',,
respectively.

We will show that I' = I',. Then K(w,hi(w;e€), -, hp(w;e)) is iso-
morphic to K(f(w;e€), hi(f(w;€);€), -+, hp(f(w;€);€)) with the isomorphism
o:w— flwye), hi(w;e) — hi(f(w;e);e). Therefore, o is an admissible dif-
ferential isomorphism, and the Theorem is proved.

First, we will prove I' C T',. For any F(y, hi(y;€), -+, hn(y;€)) € T, we
write F' in the form of the power series in €

Fy, ha(y;€), -+ h(yi€) = > Fi (W hin(y), -+ him () € (hij € Ao)
i=0
where F; are differential polynomials. Then
F(w7 hl(wu 6)7 T 7hm(w7 6)) = Z Fl(wa hi,1<w>7 e 7hz,ml(w)) Ei =0
i=0

ie., Fi(w,hi1(w), -, him,(w)) = 0 for all i. Thus, the coefficients F; are
contained in A. Now, assume that f(w;e€) satisfies A, then

Fi(f(w; E)a hi,l(f(W; 6))> e >hi7mz‘(f(w; E))) = O> (\V/’l)

Thus,
F(f(w;€), h(f(w;€)), -, hn(f(w;€))) =0,
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and hence F(y, hi(y;€), -+, hm(y;€)) € I',. Therefore, I' C T',,.
Next, we will show that I, C T'. If on the contrary, there exists F'(y;€) €
[, but F(y;e) € I', then

F(f(w;e);e) = F(f(wse), h(f(wie);€), -+ hm(f(w;e€);€)) =0,

but
F(wye) = F(w, hi(w;€), -, hp(w;e€)) Z 0.

Write F(y;€) as a power series in €
Fly;e) =Y F) e, (Fy) e K{4A®)}),
i=0

and let k the smallest index such that Fi(y) € A for any 0 < i < k —
1 and Fi(y) ¢ A. From the assumption that f(w;e) satisfies A, we have
Fi(f(w;€)) =0 for any 0 <i < k — 1. Thus, let fo(z) = f(2;0), we have

F(f(w;e);e) = € F(f(w;e)) + Z Fi(f(w;e)) € = Fi(fo(w)) €+ h.ot. =0

1>k+1

and therefore F(fo(w)) = 0.

Now, we obtain a Fi(y) € A, and Fy(fo(w)) = 0. Let A(y) in A with
the lowest rank, and hence A(y) and X (y) make up the characteristic set of
A. Let S(y) and I(y) to be the separant and initial of A(y), respectively (If
A ={X(y)}, we take S(y) = I(y) = Xa(z1,x2)). It is clear that S(y), I(y) &
A. Lemma yields that there exist nonnegative integrals s, ¢, and R(y) €
K{Ay(y)} that is reduced with respect to A, such that

S(y)*I(y)' Fi(y) — R(y) € A

Since A is a prime ideal and S(y), I(y), Fx(y) € A, we have S(y)*I(y)' Fr(y) &
A, and thus R(y) # 0. From the above discussion, fy(w) satisfies both A and
Fi(y), and hence R(fo(w)) = 0, which implies R(fo(y)) € A. Whereas,
simple computation shows that R(fo(y)) has the same rank as R(y), and
therefore is reduced with respect to A, which is contradict. Hence we have
proved I'; C T,

Now, we have concluded I' = I',, and the Theorem has been proved.

0
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Remark 3.8 Theorem [3.7 indicates that when X has no first integral in
K, the regular prime ideal A is essential to determine the differential Galois
group. Here we associate the order of the differential Galois group with that
of A as following.

1. Recall the order of A that was defined in Section [31. If A(y) and
X (y) make up the characteristic set of A, and the highest derivative of
A(y) is oty (0 < r < +00), then ord(A) = r. If A = {X(y)}, then
ord(A) = oo. It is easy to obtain from Theorem|[3.7 that if ord(A) = oo,
then Gal(M /K, X) 0,0 = G[¢]].

2. If there exists g € A} such that g(w) = u is contained in K, then
g(y) —u € A. In this case, we say the order of A is 0.

3. We will also define the order of the differential Galois group as the
order of A.

Theorem 3.9 Let A the prime ideal in Theorem [3.7 and r = ord(A), then
either 0 < r < 3 orr = oo. Moreover, let G = Gal(M/K, X),0), we have
the following

(1). If r =0, then K contains a first integral of X, and
G = {e}. (3.5)

(2). Ifr =1, then there exists w € Q4 (X) such that (dow)" € K for some
n € N. Let M = K(w), then

G={f(ze) € Glle] | flz16) = pz+c(e), c(0)=0,4" =1} (3.6)

(3). If r = 2, then there exist w € Q) (X) such that 03w /0w € K. Let
M = K{(w), then

G ={f(ze g \ F(zi6) = a(e) » + ce), ¢(0)=0}.  (3.7)
(4). If r = 3, then there exists w € Q%O,O) (X) such that

52(4) : (53&] -3 5;&)
(0ow)?

€ K.

Let M = K{w), than

G =A{f(ze) gl | f(ze)



(5). If r = oo, then G = Gl[€]].
Here a(e),b(e), c(e) € Clle]]. In particular, if G is solvable, then r < 2.

We leave the proof of Theorem 3.9 to Section B From Theorem and
Lemma 2.9] the differential Galois group is independent to the choice of the
point (0,0). Moreover, from Lemma 2.8 the structure of the group is also
independent to the choice of the first integral w. Hence, we can omit the
point (0,0) and the particular extension M, and simply say Gal(M/K, X)
the differential Galois group of X over K. This group is determined uniquely
by the equation (II]) or the operator X and will tell the insight of the
integrability of the differential equation.

4. Liouvillian integrability of the polynomial system

We are now ready to prove the main theorem of this paper.

4.1. Preliminary results of Galois theory

Definition 4.1 Let K be a (differential) field, M be an extension field of K,
G be a set of isomorphisms of M, with K elementwise fixed. M is normal
over K with respect to G if there is no element in M\K that is fized by all
elements in G.

Obviously, we have
Lemma 4.2 Let G = Gal(M/K, X)) and H be a subgroup of G. Let
H' ={a€ M| oa=a,Vo € H},
then M is normal over H' with respect to H.

Lemma 4.3 If K contains no first integral of X, then for anyw € Q%o,o)(X)’
M = K({w) is normal over K with respect to Gal(M/K, X),0)-

Proof. We only need to prove that for any o« € M\K, there exists o €
Gal(M/K, X)(,0), such that oca # a.

Let a = p(w)/q(w), with p(y), q(y) € K{Ay(y)}. Without loss of general-
ity, we assume further that p(y), ¢(y) are reduced with respect to the prime
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ideal A given by Theorem 3.7l Therefore, p(w) # 0 and g(w) # 0. Write p(y)
and ¢(y) explicitly as

p(y) = p(X, Y, 62?/7 e aég_ly)a Q(y) = q(X, Y, 52% U 755_1?/)
where x = (21, %3), r = ord(A), and let
A(Xa y) = p(X, Y, 52?/7 e 755_1y) - Oé(X) Q(Ila x2,Y, 52?/7 e 755_1y)'

Since g(w) # 0, there exists x° = (22, 29) such that w(x) is analytic at x°,

and g(w(x°)) # 0. Let ¢ = (w(x°),- -+, 05 'w(x’)) and x* in a neighborhood
U of x° such that

q(x",c) #0 and A(x",c) #0.
We claim that such x* always exists. If on the contrary, we have

A(x,c) =p(x,¢c) — a(x) g¢(x,c) =0

for any x € U such that

q(x,¢) # 0,
then
a(x) = p(x,c) ’
q(x,¢)
which is contradict to the fact that « € M\ K.
Let c* = (w(x*), -, 05 'w(x*)), and € to be an infinitesimal parameter,

then

g(x",¢* +e(c—c")) #0
and

A(x*,c*+e(c—c")) #0.
And hence

p(xy, x5, c* +€e(c—c* .
LRI =D o)

Q(x17$2>c + 6(C Y ))
By Theorem [B.9] it is easy to verify that when the order r # 0, there exists
o € Gal(M/K, X)) such that

(diow)(x*) = ¢ +(ci —¢i)e (i=0,1,---,7r—1).
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Therefore
p(x*,c* +e(c—c*))

(ra)(x") = q(x*,c* + €(c—c¥))
i.e., ca # . The Lemma has been proved. [
In following Lemmas, we let L, N, M be the extension fields of K, with
M =K{w), KCLCNCM,and G = Gal(M/K, X)qp. Assume that
N = L{u) with u satisfying é;u € L or d;u/u € L, (i = 1,2). Then L' and
N’ are subgroups of GG, and N” is a subfield of M.

Lemma 4.4 Any o € L' maps N to N".

Proof. We have oa = a for any o in L' and a in L. At first, assume that
N = (u). If bu = a; € L,(i = 1,2), then J;(cu) = a;, (: = 1,2). Thus
ou = u + c(e) with c(e) € Cle], and therewith ou € N”, which implies
oN C N”.

The proof for the case d;u/u € K is similar by the fact that ou = c¢(€) u
with ¢(€) € C[[¢]] for any o in L'. O

Lemma 4.5 N’ is a normal subgroup of L', and L' /N’ is Abelian.

Proof. Let 0 € L',7 € N’, then o0a € N” for any a € N, and therefore
7(ca) = oa. Thus (67! -7-0)a = 0"(oa) = a, and hence 07! - 7.0 € N'.
This implies that N’ is a normal subgroup of L'.

Assume that N = L{u) with o;u € L (i = 1,2). From the proof of Lemma
A4 for any o € L', we have ou = u + c(e) for some c(e) € C[[e]]. Thus, the
subgroup H = {o|y | ¢ € L'} is isomorphic to a subgroup of the addition
group C[[¢]] and hence is Abelian. Consider the homomorphism from L' to
H that maps o to o|y. The kernel of the map is N’, and the image is H.
Thus, L'/N' is isomorphic to H and is Abelian.

The case that N = L(u) with d;u/u € L (i = 1,2) can be proved similarly.
0

From Lemma and [4.5, we have:

Lemma 4.6 Let L, N, M be the extension fields of K, with M = K{w), N =
L{u), and K C L. C N C M. Assume further that K, L, N contain no first
integral of X. We have

(1). if u is algebraic over L, then |L'/N'| < [N : L]; and
(2). ifbu e L ordu/ue L (i =1,2), then N is a normal subgroup of L',
and L' /N is Abelian.
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Lemma 4.7 Assume that M = K{(w) is normal over L with respect to G. If
for every o € G, there exist c(e) € C|[¢]], such that

ow = w + c(e),
then M is a Liouvillian extension of L.
Proof. For any ¢ € G, we have
o(dw) =dw, (i=1,2).

Since M is normal over L with respect to G, we have d;w € L, (i = 1,2), and
M is a Liouvillian extension of L. [

Lemma 4.8 Assume that M = K{(w) is normal over K with respect to G.
If for every o € G, there exist a(e), c(e) € Cl[e]], such that

ow = a(e)w + ¢(€),
then M is a Liouvillian extension of K.
Proof. For any ¢ € G, we have
o(02w/dw) = 2w /dw, (i=1,2).
Since M is normal over K with respect to GG, there exist a; € K, such that
02w = a;0w, (i=1,2).

Taking account that X;0;w 4+ Xsdow = 0, there exists y € M such that
0w = uXs, dow = —p X7, and hence
o, 0k

a
H ' Xo

Oaft _ 02X,

ceK, —=aua € K.
H ’ X1

Thus M is a Liouvillian extension of K, and

K C K{u) C K{w) =M.
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4.2. Proof of the Main Theorem

Proof of Theorem [I.5l (1). Let G to be the differential Galois group
of (L) over K at (0,0). If K contains a first integral of X, then G contains
exclusively the identity mapping, and is solvable.

Now, we assume that K contains no first integral of X, and X is Liou-
villian integrable. Then there exists w € Q%070)(X) such that M = K(w) is a
Liouvillian extension of K. From definition [L.2], suppose that:

K=KyCKiCKyCc---CK,,=M,

with K;41 = K;(u;), where either u; is algebraic over K; or d;u; € K; or
1,2,--+-,m), then

G:G02G12G22"'2Gm:{6}-

By Lemma (0] either |G;/Gii1| < [Kiy1 @ K;] < oo or Giy1 is a normal
subgroup of G;, and G;/G,y1 is Abelian. Thus, G is solvable by definition
L4

(2). If the differential Galois group of (I.I]) over K at (0,0) is solvable,
by Theorem B.9, either K contains a first integral of X, or the Galois group
has order r =1 or r = 2.

By Theorem B.9 if » = 1, then there exists w € Q%O,O) (X) and n € N such
that

G={f(ze) eGlle]] f(ze) =pz+cle), cle) € Clle]], c(0) =0, u" =1},
where M = K(w) and G = Gal(M/K, X)(0,). Let
Go={0 € G| ow =w+ c(e), c(e) € Cl[e]], ¢(0) = 0},

then Gy is a subgroup of G, and |G/Gy| = n. By Lemma 43 K = G'.
Hence, according to Lemma 2.13]

Gy K] =[Gy : &) < [G/Go] =,

which means that Gy, is an algebraic extension of K. By Lemma 2] M
is normal over Gf, with respect to G. Hence Lemma (.7 is applicable and
yields that M is a Liouvillian extension of Gf, and consequently a Liouvillian
extension of K.
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If r = 2, then there exists a first integral w € Q%o,o) such that

G ={f(z€) €Glle] | f(z€) = ale) z+ c(e), c(0) =0},

where M = K(w) and G = Gal(M/K, X)) as in previous. Again, by
Lemma 43l K = G’. Hence Lemma is applicable, and M is a Liouvillian
extension of K. The Theorem has been proved. [J

4.8. Applications

From the proof of Lemmas [B.1H5.3 in Section [, the explicit method to
determine the differential Galois group can be given as follows.

Theorem 4.9 Consider the differential equation (L)), let
X
By = —X05(Z2), i=0,1,2 (4.1)
Xy
and r to be the order of the corresponding differential Galois group, then

(1). =0 if and only if K contains a first integral of X ;
(2). =1 if and only if K contains no first integral of X, and there exists
a € K,a#0, andn € N, such that

X(a) =n Bya. (4.2)

(3). r=2is and only if [@2]) is not satisfied by all a € K and n € N, and
there exists a € K, such that

X(CL) = BO a + Bl. (43)

(4). r =3 if and only if [@3)) is not satisfied by all a € K, and there exists
a € K, such that
X(a) = 2BQG+BQ. (44)

(5). 7= o0 if and only if ([E4) is not satisfied by all a € K.
It is easy to see that the equation

dy

& =) (4.5)
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with p(z) a polynomial has the order of the differential Galois group r = 0.
The general homogenous linear equation

dy _

Y play (16)

has the order r = 1, and the general nonhomoegenous linear equation

Y = o)y +a(a) (@)

has the order r = 2. Following result shows that the general Riccati equation
is an example with order r = 3.

Theorem 4.10 The differential Galois group of the general Riccati equation

dy _

i po(z) y* + pr(x) y + po(2) (4.8)

has order r = 3.

Proof. We have known that the general Riccati equation (4.8) does not have
Liouvillian first intergral|22], and hence the Theorems and indicate
that either the order r = 3 or r = oc.

From the equation (48], we have X; = 1 and Xy = pa(2) y* + pi(x) y +
po(z) and 0 = 0/0y, and By = 0 from (@T]). Thus, the equation (£4) has
solution a = 0, and the order is 3. [J

Next, we will show an example with the order of the differential Galois
group to be infinity.

Consider the van der Pol equation

b= wm—plgmm) (20, (4.9)

jfg = —I

The van der Pol equation is well known for the existence of a limit cycle.
Following Lemma was proved independently by Cheng et al.[7] and Odani|2§],
respectively, at almost the same time.

Lemma 4.11 [7, 28] The system of the van der Pol equation ([A9) has no
algebraic solution curves. In particular, the limit cycle of it is not algebraic.
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Theorem 4.12 The order of the differential Galois group of the van der Pol
equation ([A9) is infinity.

Proof. Let

3
x
Xy (21, 22) = 22 — M(gl — 1), Xa(w1,72) = —11,

the equation (4]) for the van der Pol equation (£9]) becomes
X} X(a) + 221 X7 a + 6z, = 0. (4.10)

We will only need to prove that (£10) has no rational function solution.
If (£I0) has a rational function solution a = aj/as, where ay,as are
relatively prime polynomials, then a; and ay satisfy

Xf (ag X(al) — aq X(a,g)) — 21’1 X12 ai az + 61’1 CL% =0.
Hence, there exist a polynomial ¢(z1, ), such that

X3 X(ay) = cay, (4.11)
X%X(ag) = (6—2:171X12)a1—6x1a2. (412)

Let as = XF by, where k > 0, by is a nonzero polynomial and (by, X) = 1.
Substitute ag into (EII)) yields

Thus, by| X3 X (by) and therewith by| X (bs), i.e., either by is a constant or
ba(x1,x9) = 0 is an algebraic solution curve of (£.9). However, Lemma [£.1T]
has shown that (£9]) has no algebraic solution curves. Thus by must be a
constant. Let by = 1 without loss of generality , we have

as = XF, c=kX2X(X)). (4.13)
Substitute (4.13) into ([AI2]) yields
X3 X(a)) = (kXX (X)) =22 XP)ay — 62 XF (k>0). (4.14)

Note that

(kX (X)) —211) = —kp(2?—1) X — (k+2)z,
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(4T14) becomes
X3 X(a)) = X2 (=kp(2?=1) X, — (k+2)z1)a; — 621 XT.

If k # 2, then either X;|(k + 2) x; for k > 2 or X;|6 2 for £ < 2, which are
impossible. Hence, we should have k = 2.
Let k = 2, (L14)) becomes

(22— p (5 = 20)) (s — (5 — 1)) 27 - §—> (4.15)

5[73
= (=2p(af = 1) (22 — (5 —21)) —4z1) a1 — 6.
Let

where h;(xs) are polynomials and h,,(z2) # 0. Substitute ai(x1,x2) into
(415, and comparing the coefficient of 2™%5, we have

1 2
9 N2 mhm(x2) = 3 ,u2 hm(x2)u

which implies m = 6. Comparing the coefficients of z{ (0 < ¢ < 10), we
obtain the equations that are satisfied by h;(z2),i =0,--- ,6:

0 = xo(—2pho(xa) + 22 hy(x2))
0 6 — 2 (=2 + u?) ho(w2) + 223 ho(x2) — 2 hj(22)
= 2pwy ho(x) — (—4 + p?) hy(m2) + 2 pr w9 ho(2) + 323 ha(zs)
— phg(x2) — 2 Iy (22)
4 p s

hi(xs) + 4 ho(z2) + 4 e hy(xo) + 4:B§ ha(z2)

8 2
0 = T’uho(l’g)“—
— puhy(x2) — @2 hy(22)
2p
0 = 2M2h1($2)+ o 2hg(flfg)+4h3(f172)—|—M2h3(l’2)+6uflf2h4(l’2)

4522 hs (@) + % Bl (22) — 1o b (22) — @9 W, (22)
1

0 = g(—Q ,u2 ho(l’g) + 4#2 hg(l’g) + 12 h4(l’2) + 6,u2 h4(l’2) + 24#1’2 h5(l’2)

+ 18 l’g hﬁ(l’g) + 1% hll(l’g) — 3,u hé(l’g) — 3!13'2 hil(l'g))
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1
0 = § (—5 u2 hl(l'g) + 6,U2 hg(l’g) — 6#1’2 h4(l’2) + 36 h5(l’2) + 27#2 h5(l’2)

+ 90 pxo he(2) + 3 phiy(we) — 9 phy(we) — 9o hi(2))

0 - _%%f@(@)_“;@ hs(2) + 4 ho(i2) + 4 ho(w2) + 5 ()
— phg(x2) — 22 h(22)

0 = _g(uhg(zz)muhg,(@)+6x2h6(x2)—hg(x2)+3hg(a:z))

0 = _g (2 juha(2) + 12 ju h(2) — 3 By (2))

0 = —%(uhs(ifz)—?)h%(@))

The above equations can be reduced to
g (32 My () — 2 phiy(w2)) = 242°,

which is impossible since hy(x2) and hs(z2) are polynomials. The contradic-
tion concludes that (4.I0) has no rational function solution, and hence the
order of the differential Galois group of the van der Pol equation is infinity.
O

5. Proof of Theorem

Before proving Theorem [B.9) we introduce some notations as following.
Let 0; = aa_ml’ 09 = aa—m, y be an indeterminate over K, and denote diy by v;

(Yo =y). Let

X = X1 51 + X2 52, 52X = (52X1) 51 + (52X2) 52,

. 0

X = X0, + X568 X (y;)—,

101 + 22+; (y)ayi

X B;_ X
%=<&®§? &zxwxX; Yf

For F(y) € K{Ao(y)}, and {X (y)} be the differential ideal that is generated
by X (y), we write

) ==X (), i=12,

F(y) ~ R(y) (5.1)
if R(y) € K{Ao(y)} such that F(y) — R(y) is contained in {X (y)}.
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Let n = (ny,ng,--- ,n,) € Z*", define the operators @} and b for 1 < i < j
by '
d(m)=(ny, - ,nj_i+ 1, ,nj—1,---,n,) (5.2)

and _
bl(n) = (ny,---,nj—;— 1, ,nj+ 1 ,n.), (5.3)

respectively. Then b/(d!(n)) = n.
Let n,m € Z*", the degree of n is higher than that of m, denoted by
n > m, if there exists 1 < k < r such that n; > m; and

ng=m;, t=k+1---,r
We say n > m if there exist 1 < i < j such that
d(n) = m.
It is obvious that when 1 > i > j,
v/ (n) >n > d(n) (5.4)

and
@ (n) = n > b/(n). (5.5)

Let A be the regular prime ideal of QDP corresponding to the differential
Galois group in Theorem 3.7, and assume that ord(A) = r. Let A in A with
the lowest rank and therefore irreducible. Denoted A as

A(x17x27y7y17 e 7y7‘> = ZAm<x17x27y)y§nl e y:"nr

and let
Iy ={meZ"| Am#0}.
By n we will always denote the element in Z4 with the highest degree. We as-

sume further that that A, = 1 and the coefficients A,, are rational functions
in K(Ap(y)). For any m € Zy, let

P(m) = {p € Z, | (p) » m for some 1 < i < j} (5.6)

and #(m) = |P(m)|. A subset J4 C Z, is closed if for every m € Jyu,
p > m implies p € Ja. It is easy to see that Z, and {n} are closed.

The proof will be done by showing that all possible structures of Z4 are,
besides the cases with » = 0 and r = oo,
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1. r=1,and Zy = {n,0}; or
2. r=2,and Zn = {(0,1),(1,0)}, with

(0,1) > (1,0);
or
3. r=3,and Z4 = {(1,0,1),(0,2,0), (2,0,0)}, with relations

(1,0,1)

ot

Y (1,1,0< (0,2,0)

L Y
(2,0,0)

Here (1,1,0) is an auxiliary index with Aq 1) = 0.

The proof will be complete following the flow chart in Figure [II

| Lemma 5.8 Lemma 5.7}« Lemma 5.5+~ Lemma [5.4]

4 |
Lemma 5.9 | Lemma 5.1+ Lemma 51| Lemma [5.2)|

| Lemma [5.0] Lemma [5.10]
} }
Lemma |
|
| Lemma 29— Theorem |

Figure 1: Flow chart of the proof of Theorem

Lemma 5.1 If u # 0 satisfies
Xu=DByu
then there exists a first integral w of X such that

dow = u.

37



Proof. From (5.7]), we have

X
Xl 51u+X252u = Bou: —Xl 52(%)U
1
X X
51u+£5gu = —52(fiu)
B X5 X5
51’& = 52(X1 u X1 52’&)
Xo
= 52(_Z )
Let v = —22 g, then the 1-form vdx, + udz, is closed, and

X1

(z1,22)
w(wy, x0) = / vdxy + udxs
(0,0)

is a first integral of X, with dow =u. 0O

Lemma 5.2 If there exists u satisfying
Xu= BO u + Bl

then X has a first integral w such that

Proof. From (5.8)), we have
X1 (51U+X2 52u = —X1 (52(—)U+X1 (52(—

51u = —— (SQU — (52(—) U+ 52(

Thus, let



the 1-form v dry + udz, is a closed. Let

(1‘17502)
n(z1,xe) = exp [/ vdx; + udm] ,
(

070)

then

X B
X(n) =n (X + Xou) =1 (X1 (-2 0+ =) 4+ Xou) = By 1.

Xq X1
From Lemma 5.1}, there exists a first integral w of X such that

52(4) =1,
and therewith

d3w

—Z— =u.

52(4)

The Lemma is concluded. [J
Lemma 5.3 If there exists u satisfying
Xu=2Byu+ Bs,
then X has a first integral w of X such that
2 Jow - sw — 3(d3w)?

(0aw)?
Proof. From (5.9), we have
X X
X151u+X252u = —2X152(ﬁ)u—X15§(y§),
X X X
51u+yi52u = —25Q(£)u—5§(£)
Xo Xo 3, X2
hu = —20(=)u— — du—65(=
1U 2(X1)u X, 2U 2(X1)a
Xo Xo 3, X2
= —0o(=u) — = du — 55(=).
2(X1 u) X, 2 2(X1)
Consider the partial differential equations:
{5211) = u+3uw’
Sw = —03(52) — 2 u—0(F)w— 3(52) w?.
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We have

5152111 = 51(u—|—1w2)

= 51u+w251w

= —52(%10 — % dou — 53(%)

_ _52(%@ - %(m— 53(%) _ (53(%) %u) w
a2y L

and
i = 6 (800 - - w360 e?)

= SR Bl — B — RS

= SR B - B - B (u+ 3 w?)
- 3wt = Lt 3

_ 43(%) - 52(%@ - 52(%)u— (53(%) " %0 w
-t - 35w

Therefore, 0102w = d20,w, and the equations (5.I0) have a solution w that is
analytic at (0,0). Let

b=l (

X5

v
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then

B = (-5 - (G w
= B - (D - (P
— B - (D e (Pt 5 )
— —BED - (Phu-mPDe - 55D
= Hw.

Therefore, the 1-form vdx; + wdx, is a closed. Let

(z1,72) X
Wo = €xXp [/ del + U)dle s w1 = ——2w2’
(

0,0) X
than
0wy = Wy
dowr = —52(%)002—(%)52002
- et 52<§?> X

= WQU—51WQ.

Hence, w = f ((Oxé;xz) widx| + wodxy is well defined, and is a first integral of X

at (0,0). It is easy to verify that

205w - Ow — 3(03w)?
(0aw)?

= Uu.

The proof is completed. [
Lemma 5.4 We have
(1). 6:X = (%34) X — By by;
(2)- X(y;) = 62(X (y;-1)) — (%2) X(y;-1) + Boy;-
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Proof. The proof is straightforward from (1)

52X = (52X1) 51 + (52X2) 52

0o X X
== 21 (Xl (51 + X2 (52) - —2(52X1) 52 + (52X2) 52
X1 Xl
52X1 Xl 52X2 — X2 52X1
0o X
= }11 X — By &y,
and (2)
X(y;) = 02(X(yj-1)) — (02 X)y;1
05 X
= 0(X(yj-1)) — ( }11 X — By 6a)(yj-1)
05 X
= 6(X(yj-1)) — 2711 X(yj-1) + Bo02(yj-1)
0o X
= 0(X(yj-1)) — ( };)X(%—l) + Bo y;
L]

Lemma 5.5 We have
j—1
X(y;) ~ > a5 Biys
i=0

where a;; are constants, with ajo = j.

Proof. From Lemma [5.4] when j = 1, we have

(52X1

X(yl) = 52(X(y0)) - ( X,

) X (v0) + Boy1 ~ By,

which is the desired (G.IT]) with a; = 1.
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Assume that (B.11)) is valid for j = k, and a; = k, then by Lemma [5.4]

X(Yrs) = 02(X(yk)) = (

k-1 s kol
~ 52(2 ak,iBiyk—i) — ( ?Xll) (Z ak,iBiyk—i) + Bo Yr+1

) X (yr) + Bo Y+1

= Z@m ((02B;) yr—i + Bi 0oyr—;) Zam B Yi—i + BoYk+1

k-1 5 X
= Zakz ( (02B; — % B;) yk—i + B; yk—i—i—l) + Bo Yr+1
1=0 1

k—2

B;
= (aro+1) Boyp41 + Z ax,i X1 52( “) + akit1 Biv1)Yr—i
=0 1

) Y1
k—2

= (ago+1) BoYps1 + Z(ak,i + ak,iv1) Biv1Yk—i + g p—1 B
i—0
k

= E k41,5 Bi Yrt1-is

1=0

where
ap10 = apo+1=Fk+1,
Ayl = Qi1 + ki, (1<i<k-1),
Afy1,k = A k—1-

Thus, the Lemma has been proved. [J

Lemma 5.6 Let m € Z*", and define
Cm)=my+2mgo+---+1rm,. (5.12)

If m > p, then C(m) > C(p). In particularly, if d(m) = p, then C(m) —
C(p) =i

Proof. Let ¢/(m) = p, then
C(m) = C(p) = (j =) my—s +jmy; = (( = 1) (my—s +1) +7 (m; = 1)) = .
U
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Lemma 5.7 Let P = Ay - -y, then
X(P) ~ (X(Am) + C(m) By Aw) y™ + > Y nja;; Bi A i (m)
i=1 j=i+1
where y™ = y™ .-y,

Proof. By Lemma [5.5], we have

O aAm m - m mj— m
X(P) = X(Am)ym“‘a—yy X(y)+Amijy1 ey L T'X(y)
~ X(Am)y™ + Am Zm]y ceeqyT Zangyg )

7j=1

= X(Aw)y™ + Awm Bo(Y_ mjajo)y™
j=1
r j—1

+ Ay Zija”B Y r-rfilﬂ"'y;nj_l‘“y:w

7j=1 i=1

— (X(Am) + C(m) By Ap) y™ +ZZmJaNB Ap yim

and the Lemma is concluded. O

Lemma 5.8 Let A € A with the lowest rank and r = ord(A) > 1. Let
n € I, with the highest degree and A, = 1, then for any m < n,

X(Am) = (C(n) = C(m)) By Am — Y ¥ (m; +1)a;, Bi Ay (513)
i=1 j=i+1
where Apy =0 if m & T4,
Proof. Let

A= Z Any™.

meZy
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By Lemma [5.7] we have

X(A) = Y X(Awy™)

meZy
~ Y ((X(A )+ C(m m)y™ +Z Z m; a;j;B; Amydi<m>
meZy =1 j=i+1

r—1 T
= Y (X(Am) +C(m) By Am + Y Y (m; + 1) a;:B; Abg(m>> y™

meT i=1 j=i+1

Note that for any j > i, b/(n) > n, and thus b)(n) ¢ Ty, ie., Ay = 0.
Taking account A, = 1, we have

X(A) - Cm)ByA = 3 (X(Am>+(0(m> — C(n)) By Am

+D D (my+1)ay BiAbg(m))ym (5.14)

i=1 j=i+1

Thus, X(A) — C(n) By A contains in A and has lower rank than A. But
A is the element in A with the lowest rank, thus X(A) — C(n) By A = 0.
Therefore the coefficients in (5.14) are zero, i.e.

X(Am)+(C(m)—C(n)) By Am—l—z_: Z_: (mj+1) a;;B; Ab{(m) =0, (Vm < n)

i=1 j=i+1

from which (B.13)) is concluded. O
From Lemma [5.8, we have

Lemma 5.9 If P(m) = {py, - ,px}, and d”(pl) =m, (I =12,---,k),
then the coefficients Ap,, Am satisfy

X(Am) = (O(n) - C(m)) By Am — Z(mjz + 1) Ajy iy Biz Apz' (5'15)

=1

Lemma 5.10 Let A € A with the lowest rank and r = ord(A) > 1. Let
n € T, with the highest degree. Then for any m € Ty, #(m) = 0 if and only
if C(m) = C(n). Furthermore, if #(m) = 0, then Ay, is a constant.
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Proof. At first we will prove that if #(m) = 0, then C'(m) = C(n).
When #(m) = 0, by Lemma [5.9, we have

X(Am) = (C(n) = C(m)) By Am.
If C(m) # C(n), let n = C(n) — C(m), then
X(AY") = By A"

From Lemma [5.1] there exists a first integral w of X such that

Sow = AL/,
and hence

which yields » = 1 and contradict. Thus, we have concluded that C(m) =
C(n).

Now, we will prove that if C'(m) = C(n), then #(m) = 0. If on the
contrary, #(m) > 0, then there exists p € P(m), and from (54), C(p) >
C'(m) = C(n). On the other hand, there exist py,- -+ , px, such that

P1= =P =P

and #(p1) = 0. Therefore C(p) = C(n). It is easy to have C(p) = C(px) <
-+ < C(p1) = C(n), which is contradict, and the statement is concluded.
Now, we have proved that #(m) if and only if C'(m) = C(n).
If #(m) = 0, then C(n) = C(m), and by (BI5), X(Am) = 0. But
ord(A) > 0, thus Ay, is a constant. [

Lemma 5.11 Let A € A with the lowest rank and r = ord(A) > 3. Assume
that Ja C Zy4 is closed, and m = (my,mg, -+ ,m,) € Ja with the highest
degree, then mq = 0.

Proof. If on the contrary, my > 0, let p = d?(m) = (m; + 1,my —
1,mg, - ,m,). It is easy to verify P(p) = {m} by (1) di(m) = P, and
(2) if any other m’ such that d}(m’) = P, then m’ > m. Hence, we have

{ X(Am) = (Cn)—C(m)) By Am
X(Ap) = B() Ap — M2 Az Bl Am

From (5.16) and Lemmas 5.1 and B.2], either » = 0 (if Cp, = Cp, and A,y is
not a constant), or r = 1 (if Cy, # Cp), or r = 2 (if C'(n) — C(m) = 0 and
Ap, is constant), contradict with the assumption r > 3. O

(5.16)
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Lemma 5.12 Assume that K contains no first integral of X, and let r to be
the order of the differential Galois group of X.

(1). If r =1, there exists a first integral w of X, and n € N, such that
(0w)" € K.
(2). If r =2, there exists a first integral w of X, such that
Sw/dw € K.
(3). If r =3, there exists a first integral w of X, such that

2 Jow - sw — 3(d3w)?

K.
(000)? ©

(4). If r # oo, then r < 3.

Proof. Let A to be the regular prime ideal of QDP corresponding to the
differential Galois of X, and A € A with the lowest rank, n € Z, with the
highest degree.

(1). If r = 1, we can write A as

A=yl + Ay + -+ A,

with A; € K[Ay(y)] and A, # 0 since A is irreducible. From Lemma [5.9] we
have
X(An) =N BQ An>

ie.,

X(AY™My = By AY/m,
By Lemma [5.Tland A,, # 0, there exists a first integral w of X such that

Sow = AL/,

ie.,

(0ow)" = An € K[Ao(y)]-

But dsw is independent to y, hence A, does not involves y, and therefore
(52&))” € K.
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(2). If r =2, let n = (ny,n2) and m = d3(n) = (ny + 1,ny — 1), then
P(m) = {n}. Thus, by Lemma 5.9/ and Lemma [5.6] we have

X(Am) = By Am —na 2.1 By,

ie.,
= By (—
Ng G211 —nN2as

X(— ) + Bj.

From Lemma [5.2] there exists a first integral w such that

%0 Am ()

(52&) Na G21

Similar to the above argument, we have d3w/dow € K and (2) is proved.
(3). If r = 3, we can write n = (ny, ng,n3). From Lemma 511, we have

n = (ny,0,n3). Let

p=di(n) = (n;,1,n3— 1),

q=ds(n) = (n; +1,0,n3 — 1),

m = bi(p) = (ny —1,2,n3 — 1).
It is easy to have C'(m) = C(n). Therefore, by Lemmal[5. 10, A,, is a constant.
Furthermore, we have P(p) = {n, m} and 77( ) = {n,p}. Lemmal5.9] yields

X(AP) = By Ap - (n3 as 1 A, +2 a1 Am) By, (5.17)

and
X(Aq) =2BoAq —nzasz An By — az;1 Ap. (5.18)

Since A, and A,, are constants, and r = 3, we conclude that nsas; A, +
2a91 Am = 0 and A, = 0. Otherwise, we should have r = 2 following the
similar discussion in (2). Let A, =0 and A, =1 in (5.18)), we have

From Lemma [5.3] there exists a first integral w of X such that

2000 0w =3 (03w Aq K[Ao(y)]

(52w)2 B ng as2

which implies (3) following the argument similar to the previous discussion.
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Finally, we will show that it is impossible to have 3 < r < oco. If on
the contrary, we have 3 < r < oo, from Lemma (.11l we can write n =
(n1,0,n3,---,n,). Let

m = dj(n)=(n1,0,n3,-,n.—1+1,n,.—1),
p = b%(m):(nl_laLni’n'” >nr—1+1anr_]-)>
q = dg_l(p> = (n1_1717n37"' 7nr—2+17nr—17nr_1)7

then C(p) = C(n) and therefore #(p) = 0 according to Lemma .10l Let
Ja to be the minimal closed subsystem of Z, that contains q, then p € Ja
and has the highest degree. However, po = 1 # 0, which is contradict to
Lemma [5.11l Thus, we concluded that either » = oo or r < 3. [J

Proof of Theorem [B3.9. The first part of Theorem is concluded
from Lemma and Lemma 2.9

It is easy to verify that when r < 2, the group G is solvable, and when
r = 3, G is unsolvable. Here we omit the detail calculations. In fact, we
can consider G as a multi-parameter group of transformation on z € C, and
therefore the arguments for the corresponding multi-parameter Lie group
are applicable. It is known that the transformation Lie groups with 1 or 2
parameters are solvable, while the three-parameter group is unsolvable|3, pp.
85-86]. When r = oo, G contains an unsolvable subgroup that is defined by
B.8), and therefore is unsolvable. [
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