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Abstract We study a class of planar self-affine sets 7 (A, D) generated by the integer expand-
ing matrices A with | det A| = 3 and the non-collinear digit sets D = {0, v, kAv} where
k € Z\ {0} and v € R? such that {v, Av} is linearly independent. By examining the char-
acteristic polynomials of A carefully, we prove that 7 (A, D) is connected if and only if the
parameter k = +£1.
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1 Introduction

Let M,,(Z) denote the set of n x n matrices with integer entries, and A € M, (Z) be expanding,
i.e., all eigenvalues of A have moduli strictly larger than 1. Let D = {d, ..., d;} C R" be
a finite set of ¢ distinct vectors, we call it a g-digit set. It is well known that there exists a
unique nonempty compact set 7 := T (A, D) [13] satisfying the set-valued equation

T =A"YT + D).
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The set T is called self-affine set, and which can often be written as the form of radix
expansions:

o0
T = [ZA—idj,. 1 d;, GD].

i=1

If | det A| = ¢ and T has a nonvoid interior, we call such T a self-affine tile.

Recently, the topological structure of 7' (A, D), especially its connectedness, has attracted
a lot of attentions in the literature. It was asked by Grochenig and Haas [6] that given
an expanding integer matrix A € M, (Z), whether there exists a digit set D such that
T(A, D) is a connected tile and they partially solved it in R?. Hacon et al. [7] proved
that any self-affine tile 7 (A, D) with a 2-digit set is always pathwise connected. Lau et
al. ([9,11,12,14]) systematically studied the connectedness of self-affine tiles arising from
a kind of digit sets of the form {0, 1,...,q — 1}v where v € Z" \ {0}, which were called
consecutive collinear (CC) digit sets. They observed a height reducing property (HRP) of
the characteristic polynomial of A to determine the connectedness of 7 (A, D), and con-
jectured that all monic expanding polynomials have HRP, thus all the tiles generated by
CC digit sets are connected. Akiyama and Gjini [1] solved it up to degree 4. However it
is still open for arbitrary degree. Moreover, Liu et al. [17] classified the connected self-
affine sets with CC digit sets in RZ. On the other hand, the disk-likeness (i.e. homeomorphic
to a closed unit disk) is also an interesting topic in the planar geometry. Bandt and Gel-
brich [2], Bandt and Wang [3], and Leung and Lau [14] investigated the disk-like self-affine
tiles by making use of neighbour graphs of 7. Along this line, Leung and Luo [16] further
studied the boundary structure of disk-like tiles. Deng and Lau [4], as well as Kirat [10]
concerned themselves about a class of disk-like self-affine tiles generated by product digit
sets.

With regard to other types of digit sets, there are few results about the connectedness
of T (A, D) generated by non-consecutive or non-collinear digit sets. In [15], by counting
the neighbours of 7', the authors made a first attempt to exploit the case of non-consecutive
collinear digit set D = {0, v, kv} with | det A| = 3, and obtained a complete characterization
for T (A, D) to be connected or not. In this paper, we go further to discuss the non-collinear
digit set D = {0, v, kAv} for k € Z \ {0}. By examining the characteristic polynomials of A
case by case, we can determine the connectedness of 7' (A, D) based on the parameter k in
the following way.

Theorem 1.1 Let A be a 2 x 2 expanding integer matrix with |det A| = 3, and let D =
{0, v, kAv} be a digit set where k € Z \ {0} and v € R2 such that {v, Av} is linearly
independent. Then T (A, D) is connected if and only if k = £1.

In the consecutive collinear case, to determine the connectedness, it suffices to check
whether v = Zﬁl A~"v;, v; € AD [11]. In the non-consecutive collinear case, we also
need to check whether (k — 1)v = Zfil A~v;, v; € AD [15]. However, in the present
case, for the non-collinear digit set, the proof is more complicated, we have to check not only
v=>2 A", v; € ADbutalso kAvorkAv —v =Y A7v;, v; € AD.

The rest of the paper is organized as follows: In Sect. 2, we recall several well-known
results on self-affine sets. The complete proof of Theorem 1.1 is shown in Sect. 3. In Sect. 4,
we give some remarks and open questions on the related studies.
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2 Preliminaries

In this section, we give some preparatory results of self-affine sets which will be used fre-
quently in the paper. Let A € M, (Z) be expanding and D = {d, ..., d,;} C R" be a digit
set. Define

E={(d;,dj): (T +d)N(T +dj)#4Y, d;, dj € D}.

We say that d; and d; are £-connected if there exists a finite sequence {d},,...,d;} C D
such that d; = dj,,dj = dj, and (d},,d},,,) € £,1 <1 < k — 1. It is easy to check that
(di,dj) € Eifandonlyifd; —d; € T —T,1ie,

o
di—dj=ZA_kvk where vy € AD: =D —D.
k=1

The following criterion for connectedness of self-affine set 7 (A, D) was first proved by Hata
[8] and rediscovered by Kirat and Lau [11].

Proposition 2.1 [8,11] A self-affine set T with a digit set D is connected if and only if any
two d;, d; € D are E-connected.

In the paper, we mainly consider the planar self-affine set T (A, D) generated by a 2 x 2
expanding integer matrix A with |det A| = 3 and a digit set D = {0, v, kAv} such that
{v, Av} is linearly independent, where k € Z \ {0}. Denote the characteristic polynomial of
Aby f(x) = x2 4 px + ¢, and define o;, B; by

ATl =aqiv+ BiAv, i=1,2,....

By applying the Hamilton-Cayley theorem f(A) = A + pA + gl = 0, the following
consequence is immediate.

Lemma 2.2 [14] Let «;, Bi be defined as the above. Then quitr + paiv1 + o = 0 and

qBiv2 + pBit1 + Bi = 0. Especially, ) = —p/q, ay = (p* — q)/q* B1 = —1/q. po =
p/q>. Moreover for A = p*> — 4q # 0, we have

i+1 i+l ; ;
A ~ (-5
o = A2 and fi = — 97
—p+Al2 —_p—Alr 5
where y; = g V2= g are the two roots of gx~ + px +1 = 0.

Let

Corollary 2.3 Assume f(x) = x> + px +q and g(x) = x> — px +q be the characteristic
polynomials of expanding matrices A and B, respectively. Let o;, B, &, B for f(x) be as
before; let af, ﬂi/, o', B’ be the corresponding terms for g(x). Then

/ / / /
W =, @y = —2j-1, By = —P2js Brj1 = B2j-1,

and hencea@ =o', B = B'.
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When | det A| = 3, it is known by [2] that there are ten eligible characteristic polynomials
of A:
x2:i:3; x2:l:x—|—3; x2:l:2x+3; x2:l:3x—|—3; P .

Following [15], together with Corollary 2.3, we obtained the estimates or values of the
corresponding & and 8 as follows:

f(x)=x2:|:x+3: a < 0.88, B<O.63; 2.1)
f)=x>+2x+3: a<1.17, g <0.73; (2.2)
fx)=x>+3x+3: a<224, f<1.08; (2.3)
f)=x>+x-3: a=2, f=1. (2.4)

3 Proof of Theorem 1.1

For the digit set D = {0, v, kAv}, denote by AD = {0, +v, £(kAv — v), £k Av} the differ-
ence set. We separate the proof of Theorem 1.1 into three parts (A,B and C) according to the
characteristic polynomials of A.
Part A: f(x) = x2 + 3.

Since the case of f(x) = x2 — 3 is more or less the same as that of f(x) = x2 + 3,
it sufﬁces to show the last one. If &k = 1, then AD = {0, £v, =(Av — v), = Av}. From
f(A) = A=+ 31 =0, we have

I[==24"21+AH ' =2 (-1ra™™ 3.1
n=I
and
v=2D (=D)"A""v =D AT"(AA(—v) + AT (—Av) + A + A7 (A)). (B2)
n=lI n=0

Hence v € T — T, or equivalently 7 N (T + v) # (). Moreover,

Av="> AT"(A7(—v) + A2 (—Av) + Av + A7 (Av)) (3.3)

which implies T N (T + Av) # @. Consequently, by Proposition 2.1, T is connected (see
Fig. 1a).

If k = —1, then AD = {0, £v, £(Av + v), £Av}, and (3.1, 3.2, 3.3) still hold. Hence T
is also connected.

If |k| > 1,letk; Av + ;v € AD fori > 1, then a point of 7 — T can be written as

o0 o0 o0
D AT ki Av +Lv) = D AT (kai Av + biv) + AT (ki1 Av + b 1)
i=1 i=1 i=1

00 00
= Z —1)i(k i Av +1 ~v)+Z(—l)i(—3k i—1V +Di_1Av)
oy 2i 2i = 3 2i—1 2i—1

00 1
( 1+ Z(—*) (i + k21+1))v + (Z(_3)1(12i1 +k2i)) Av

i=1

=Lv +KAv

@ Springer
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Fig. 1 Two cases for f(x) = x2+3andv = (1, 0)

As |l +kiy1] < 1+]k|, it follows that |K| < (1+|k|)2fil(%)" = (1+1k[)/2 < |k|. Hence
TN(T +kAv) =@ and (T +v) N (T + kAv) = ¢, which imply that T is disconnected (see
Fig. 1b).

Part B: f(x) = x2 + px £ 3 where p > 0.
Forthe casesof f(x) = x2+px+3with0 < p < 3,byusing0 = f(A) = f(A)(A-I]) =
A3+ (p — 1A%+ (3 — p)A — 31, we obtain

I=Y A7 ((1-p)A* =GB -pA+2I). (3.4)

Case 1 f(x) = x> + x + 3: For k = 1, then AD = {0, v, =(Av — v), £Av}. By (3.4),
I=2 A3 (—2A+2]) and

v="> ATV(=24v+20) =D AT (ATH(—v) + AT (v — Av) + AH(AY). (3.5)
i=1 i=0

Hence T N (T + v) # . Moreover,
Av =D AT (A7 (—v) + A7 (v — Av) + A (Av)) (3.6)

which implies T N (T + Av) # (. Consequently, T is connected (see Fig. 2a).
For k = —1, then AD = {0, £v, £(Av 4 v), £Av}. From f(A) = 0, we deduce that
I = (—A—2I)(A%+ I)~!, which in turn gives

v=—A"v =247+ Av4+24 - A v 24"+ AT +247 8 =
2(—Av— V) + AT (A + ATH AV +v) + AT (Av) + A0 (—Av —v)
+AT(—A) + A3 (Av+v) + A (Av) + - -
eT—T.
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P S S S TS S SR S Y

-2 -1 0 1 2

Fig. 2 Connected cases for v = (1, 0)" and k = 1

Hence T N (T + v) # @. Multiplying the above expression by A, we have

Av = A" (—Av —v) + A"2(—Av) + A3 (Av +v) + A4 (Av)
+AT(—Av— )+ AT (A + AT (Av+v) + A (Av) + - -
eT-T

which implies T N (T + Av) # . It follows that T is connected.
For |k| > 1. A point of T — T can be written as

o0
D AT (kiAv +v)
i=1
where k; Av 4 ;v € AD fori > 1. By using the relation A v =qjv+ BiAv,
i . i . .
Z A7 (ki Av + L) = Z(kiA_’+lv +15v)
i=1 i=1

@ Springer
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= Z i@ v+ Bi1Av) + D Li(civ + B Av)

i=1

( 1+ Z(km +1i )al)v + (Z(kzﬂ +1i )ﬁl)Av

i=1
v+ KAv 3.7

As |l; +kiy1] <14 |k| and B < 0.63 (2.1), we conclude | K| < 0.63(1 + |k|) < |k|, which
yields T N (T + kAv) = ¥ and (T + v) N (T + kAv) = #. Hence T is disconnected (see
Fig. 3(a)).

Case2 f(x) =x? +2x +3:Fork = 1.By 3.4), I = >0 A=¥(— A2 — A +2I) and

:ZA_3i(— v—Av+2v) = AN (= v)—i—ZA 3’ 2(—v)—i—A_3v—|—A_4(Av—v)).

@ Springer



152 Geom Dedicata (2015) 175:145-157

Hence T N (T + v) # #. Moreover,

Av= A" (=Av) + D AT (AT (—v) + AP0 + AT (Av — v))
i=0

which implies T N (T + Av) # (. Consequently, T is connected (see Fig. 2b).
For k = —1. We obtain from (3.4) that

v=—-Alv—a"% + 24730 — At — A"
24 % —ATv— A 4240 + -
= AN (=) + A2 (—v) + A0 + AH(Av) + A5 (—Av — v)
+A Y+ AT (A + A (—Av—v) + - -
eT-T,

implying T N (T + v) # @. Multiplying the above expression by A, we have

Av+v=A"" =)+ A v+ A3 (Av) + A (—Av —v)
+ATV+ AT AY) + AT (—Av — V) + -+
eT—T,

implying (T + v) N (T — Av) # ?. Hence T is connected.

For [k| > 1. By (3.7) and B < 0.73 (2.2), we have |K| < (1 + [k])B < 0.73(1 + |k|).
When |k| > 3, |[K| < 0.73(1 + |k|) < |k|, which yields T N (T + kAv) = @ and (T +v) N
(T + kAv) = . Hence T is disconnected. When k = 2, suppose (T +2Av) N T # @ or
(T +2A0)N(T +v) #0,ie.,2Av+Ilve T —T forl =0or —1. By (3.7), we obtain

(ky+1DB1 =2— D (ki1 +1)B;i =2 — (1+2)(B —pi]) > 0.8 (3.8)
i=2

where B = —1/3. It follows that [} = —1, k» = —2. Then using f(A) = 0, we have
AQRAv+1Iv) —kfAv—lhv=(—4+4+1—k)Av—(6+I)DveT-T.

It follows from /; = —1 that k; = 0 or 2. Hence -4+ 1 — k1 < —4 + 0+ 0 = —4, which
contradicts the inequality |K| < (1 + |k|)B < 3 x0.73 = 2.19. So T is disconnected for
k = 2 (see Fig. 3b).

When k = —2, suppose 2Av + [v € T — T where [ = 0 or 1. Similarly, it yields from
(3.8)thatly = —1, kp = —2andk; = —2or0.If k; = —2,then { —2)Av—5ve T —T.
Multiplying the expression by A and using f(A) = 0, we obtain

(1 —2)A%v — 5Av — (kpAv+ bv) = (1 —2DAv+ (6 =31 -y e T —T

and 6 — 3/ —1, > 6 —3 — 1 = 2. On the other hand, by (3.7) and (2.2), —5.81 = =2 —3a <
L < —2 + 3a < 1.81. This is ridiculous. If k; = 0, then ({ — 4)Av —5v € T — T and
|l — 4| > 3 contracts || — 4| = |K| < 2.19. Therefore T is disconnected for k = —2.
Case 3 f(x) = x> +3x + 3: Fork = l.From(A—I)f(A_) = O?WegetAz—l—A—I =
2(A+ D~!, whichyields I = —A~1 + A72 4232 (- 1)1 A~ and
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oo
v=—A"v+ A 4+2) () AT
i=3
> .
=AW - A+ A0+ D AT (AT A —v) + AT (v — Av)).
i=0

Hence T N (T + v) # (. Moreover,

o0
Av=A""v = Av) + AP0+ D AT (AT (Av —v) + A (v — Av))
i=0

which implies T N (T + Av) # @. Consequently, T is connected (see Fig. 2c).
For k = —1. From f(A) = 0 we get A + 21 = —(A + I)~L. It follows that | =
2A A 24 A A+ A S+ and
v="24T"v A4+ A A+ AT+
=AM )+ A2 —Av— )+ AT+ AT ATV AT (o) -
el —T,

then T N (T + v) # @. Also we can deduce immediately that

Av+v=A"—Av -+ A+ AT () + A+ AT (=) + -
eT—-T,
which yields (T 4+ v) N (T — Av) # (. As aresult, T is connected.
For k > 1. By (3.7) and (2.3), we have |L| < k + (1 + k)& < 2.24 + 3.24k. Suppose

kAv+1Ilv e T —T forl = 0 or —1. Multiplying (3.7) by A and then subtracting k; Av + [jv
from both sides, we see that

(=3k+1—k)D)Av—Ck+l)veT —-T. (3.9
Repeating the process, we obtain
(6k — 31 +3k; — 11 —kp)Av + Ok — 31 +3k; —)ve T —T. (3.10)

Since 9%k — 31 +3ky —1lp > 9%k — 0 —3k — 1 = 6k — 1 > 2.24 + 3.24k, which exceeds the
upper bound of |L|. It concludes that T N (T + kAv) = @ and (T + v) N (T + kAv) = {,
that is, T is disconnected (see Fig. 3c).

For k < —3,then |[L| < —k + (1 — k)a < 2.24 — 3.24k. It follows from (3.10) that
|9k — 31 +3k; — [b| > =9k — 3+ 3k — 1 = —6k — 4 > 2.24 — 3.24k, which also exceeds
the upper bound of |L|.

For k = —2, then |K| < 3.24 and |L| < 8.72. From (3.9), we have 6 + [ — k| < 3.24,
hence [ = —1 and k; = 2. From (3.10), we have [, = —1 and 3 + [ + k> < 3.24, it follows
that/y =0,k = —2,0rly =0,ko =0,0rly =1,k = 2.

When /) = 0, ko = —2. Multiplying (3.10) by A and then subtracting k3 Av + [3v, we get

(=5—k3)Av+QB—-hLveTl -T.
By |5 + k3| < 3.24, it yields k3 = —2. Repeating this process, we obtain
(12 =1z —ky)Av+ 9 —Ily)veT —-T.

Hence we get a contradiction |12 — I3 — k4| > 9 > 3.24.
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When [} = 0, k» = 0. Multiplying (3.10) by A and then subtracting k3 Av + I3v, we get
1-k)Av+OO—-hLweT -T.
It yields I3 = 1 and k3 = 0 or 2. Repeating this process, we obtain
Bkz +5—ks)Av+ Bks =3 —lyve T —T.

If k3 =0, then (5 — kg)Av+ (=3 —ly)v € T — T, and k4 = 2. Finally we get (—12 —I4 —
ks5)Av + (=9 —Is5)v € T — T and a contradiction |12 4 l44 k5| > 9 > 3.24. If k3 = 2, then
(11 —ks)Av+ 3 —ly)ve T —T,and also |11 — k4| > 9 > 3.24.

When [} = 1, k, = —2. By the same argument as above, we first get

(—2—k3)Av+ (6 —-hL)veT—-T.
It yields k3 = 0. Repeating this process, we obtain (12 — I3 —ka)Av + (6 —ly)ve T —T
and |12 — I3_k4| > 9 > 3.24 follows. Therefore T is disconnected for |k| > 1.

Case4 f(x) = x*+x—3: Fork = 1. We deduce from f(A) = Othat I = (A>—1)~'(—A+
21), which yields I = >, A2 (=A™ +2472) and

o0
v= D AT (AT 4247
i=0
0 .
= A2 (v— Av) + > AT (A7 (Av —v) + A7),
i=1

Hence T N (T + v) # @. Moreover,

Av=A""w— Av) + > AT ((Av —v) + A" "v)

i=1

which implies T N (T + Av) # (. Consequently, T is connected (see Fig. 2d).
For k = —1. It follows from v = A~'(Av) € T — T that T N (T + v) # ¥. Moreover,
wecanget A+ 1 =—1+ (A — D~ ! from f(A) = 0. This implies

Av+v =AY (—Av) + A72(Av) + A3 (Av) + A (Av) + - -
eT—T,

that is, (T 4+ v) N (T — Av) # (. Hence T is connected.

Fork > 1.By (3.7) and (2.4), we have |K| < (1 —I—k)ﬁ =1+kand|L| <k+(1+k)a =
2 + 3k. Suppose kAv +Iv € T — T for I = 0 or —1. Multiplying (3.7) by A and then
subtracting k1 Av 4 [ v from both sides, we have

(=k+1—-k)Av+ Gk —-lj)veT —T.
Repeating the process, we obtain
4k =14k =1 —k)Av+ (=3k +3l —3k; —hh)veT —-T. (3.11)

Note 4k —1+ky —1; —ky > 2k—1. Whenk > 3,2k —1 > k+ 1 which contradicts the upper
bound of | K |, hence T is disconnected; whenk = 2,itforces/ =0, ky = =2, [1 =1, ko =2
and 3Av — lhbv € T — T, similarly which implies

(-3—b—k3))Av+OO—-L)veT-T.
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Itisrequired that |9—/3| < 8,hence /3 = 1. Furthermore, from (—3—Il,—k3)Av+8v € T—T,
we can deduce that

(M1 +1) +kys —ky)Av+ (=9 —3lp —3ko —lx)ve T —T.

Since 11 4+ Iy + k3 — ks > 6 > 3, we also get a contradiction, and T is disconnected.
Consequently, T is disconnected for all £ > 1 (see Fig. 3d).

Fork < —1,then |[K| < 1 —k.From (3.11), it follows that | K| > —4k+1—k{+11 +ky >
—4k —1+k+1+4+k = —2k > 1 —k, which is impossible. Therefore T is disconnected for
k] > 1.

Part C: f(x) = x> — px £ 3 where p > 0.

The characteristic polynomial of A is f(x) = x> — px+3ifand only if thatof B := —A is
g(x) = x%+ px &3 which has been considered in Part B. The proof for the disconnectedness
of T(A, D) when |k| > 1 can be adapted easily from Part B by applying Corollary 2.3. Let

D) ={0,v, Bv} ={0,v, —Av} and D; = {0, v, —Bv} = {0, v, Av}.

For |k| = 1, we deduce the connectedness of 77 := T (A, D) (respectively, T]’ =T(A, Dy))
from that of T'(B, D) (respectively, T (B, D3)).
We only show the case of f(x) = x? — x + 3. In Case 1 of Part B, from (3.5) we have

v="> (A (A (-0) - AT W+ Av) + A (—Av) e T — T
i=0
and from (3.6) we have
Av=> (=AY (AT (—v) = A2 + Av) + AT (—Av)) e Ty — T
i=0

Hence T is connected. Similarly, it can be verified that v, Av € T] — T{ and T is also
connected.
Consequently, we finish the proof of Theorem 1.1.

4 Remarks

The proof of Part C in the last section is indeed an application of the following more general
result.

Theorem 4.1 Let A € M, (Z) be an expanding matrix, and D C R" be a digit set. If a matrix
B is similar to A, then there exists a digit set D' such that T (A, D) is connected if and only
if T(B, D) is connected.

Proof Since B is similar to A, there exists an invertible matrix P such that B = PAP I,
By letting D’ = PD, then

Mz

T(B,D) = ( B'd) :d € D’]

1

PAT'PTId) 1 d) € D’]

I
-

Il
iMe
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[e.¢]

=P [ZA—"dji 1dj, € D]
i=1

= PT(A,D).

Thus T (A, D) and T (B, D’) have the same connected property. ]

Corollary 4.2 Let A, B € M2(Z) be two expanding matrices with characteristic polynomi-
als f(x) = x* + px + q and g(x) = x> — px + q respectively. Let v be a vector such that
{v, Av}is linearly independent, and L = {aAv+bv : a,b € R}. If D C L is a digit set, then
there exists a digit set D' such that Ty := T (A, D) is connected if and only if T, := T (B, D’)
is connected.

Proof If B = —A, welet D' = D. For aAv + bv = —aBv + bv € AD = AD’, we claim
thataAv+bv € Ty — T if and only if —aBv+bv € T, — T;. Then the desired result follows
by Proposition 2.1. We now prove the claim: if aAv 4 bv € T1 — T; then

o0
aAv+bv= > A7 (ciAv+d;v)
i=1
where ¢; Av + d;jv € AD. Using the relation A = —B and the symmetry of AD, it follows
that

o0
—aBv+bv=> B ((—l)i(—c,-Bv +div)) e —D.
i=1

If otherwise, B # —A. Since v, Av are linearly independent, the minimal polynomial of
A coincides with f(x). Hence A is similar to the companion matrix of f(x). So is B. By
Theorem4.1, we can assume that A, B are the companion matrices of f(x), g(x) respectively.
Then B = P(—A)P~! where P = |:_(1) (])
4.1 yields the corollary. O

] . Combining the above argument and Theorem

From the proof of Theorem 1.1 in the previous section, we can also deduce that

Corollary 4.3 Let A be a 2 x 2 integral expanding matrix with |det A| = 3. Let v € R?
such that {v, Av} is linearly independent. Then the self-affine set T (A, D) is connected for
D ={0,v, Av+ v} or {0, v, —Av + v}.

Proof Notice that the difference set A{0, v, Av + v} = {0, v, £Av, Z(Av + v)} =
A{0, v, —Av} and A{0, v, —Av + v} = {0, +v, £Av, £ (Av — v)} = A{0, v, Av}. ]

The connectedness of self-affine sets/tiles is far from known extensively. Even for the
planar case, there are still a lot of unsolved questions. The following may be some interesting
topics related to the paper.

Q1. Can we characterize the connectedness of 7 (A, D) with |detA|] = 3 and D =
{0, v, kAv + [v}?

Q2. For a two dimensional digit set D = {0, v, 2v, ..., (I — Dv, Av, 2Av, ..., kAv} with
[ +k = |det A| > 3, can we apply the same method to study the connectedness of
T(A,D)?

Recently, Fu and Gabardo [5] devised an algorithm to find the integral points in 7 — T'.
Their method seems to be a different approach to the problems.
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