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In this paper, we consider the connectedness of planar self-affine set TðA;DÞ arising from an
integral expanding matrix A with characteristic polynomial f ðxÞ ¼ x2 þ bxþ c and a consec-
utive collinear digit set D ¼ f0;1; . . . ;mgv . The necessary and sufficient conditions only
depending on b; c;m are given for the TðA;DÞ to be connected. Moreover, we also consider
the case that D is non-consecutively collinear.
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1. Introduction

Let A 2 MnðZÞ be an expanding n� n integral matrix,
i.e., all eigenvalues of A have moduli strictly greater than
1. Let D ¼ fd1; . . . ; dmg be a finite set of m distinct vectors
on Rn. We call D a digit set. Then the maps

SiðxÞ ¼ A�1ðxþ diÞ; 1 6 i 6 m

are contractive under a suitable norm in Rn [18], and it is
well-known that there exists a unique non-empty compact
set T :¼ TðA;DÞ satisfying the set-valued functional
equation

T ¼
[m
i¼1

SiðTÞ: ð1:1Þ

Usually T can also be written as the set of radix expansions
T ¼ A�1ðT þDÞ ¼
X1
i¼1

A�1dji : dji 2 D :

The T is called the self-affine set (or attractor) of the
iterated function system (IFS) fSigm

i¼1. We call T a self-affine
tile if it has positive Lebesgue measure and the union in 1.1
is essentially disjoint, i.e., the intersection
ðT þ diÞ \ ðT þ djÞ has zero Lebesgue measure for i – j. In
this situation, T� – ; and c :¼ jdetðAÞj ¼ m.

There have been a lot of interests on the fundamental
properties of self-affine tiles on Rn in the literature (see
e.g. [7,18–20]). One of the very interesting aspects is the
connectedness, in particular the disk-likeness (i.e., homeo-
morphic to a closed disk in the case n ¼ 2). The connected
self-affine tiles have important applications to wavelet
theory and number systems (see e.g. [2,4,7] or the survey
papers [1,3]). Gröchenig and Haas [7] as well as Hacon
et al. [8] first discussed a few special connected self-affine
tiles. Subsequently Lau and his coworkers ([10,12–14])
studied a large class of connected self-affine tiles generated
by the consecutive collinear digit set D ¼ f0;1; . . . ; c � 1gv ,
and their disk-likeness in the plane by introducing an
algebraic approach. Akiyama and Thuswaldner [3]
investigated the connectedness of families of self-affine
tiles associated to quadratic number systems and results
on their fundamental group. On the other hand, Bandt
and Wang [5] and Leung and Luo [17] also concerned the
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disk-like self-affine tiles or the boundary structure by
using a technique of neighbor graphs.

Recently, on R2, Kirat [11] and Deng and Lau [6] found out
the connected self-affine tiles TðA;DÞ among classes of data
ðA;DÞ with non-collinear digit sets D and characterized the
disk-like ones. Leung and Luo ([15,16]) were also interested
in the collinear digit set f0;1;mgv and the non-collinear
digit set f0;v ;mAvgwith the restriction of jdet Aj ¼ 3.

In this paper, we study more general self-affine sets
TðA;DÞ on R2 arising from an integral expanding matrix A
with characteristic polynomial f ðxÞ ¼ x2 þ bxþ c and the
consecutive collinear digit set D ¼ f0;1; . . . ;mgv . We
obtain the following main results.

Theorem 1.1. Let the characteristic polynomial of A be
f ðxÞ ¼ x2 þ bxþ c and a digit set D ¼ f0;1; . . . ;mgv where
m P 1 and v 2 R2 such that fv;Avg are linearly independent.
If D ¼ b2 � 4c P 0 and the eigenvalues of A have moduli P 2,
then

(i) if c ¼ 4, then TðA;DÞ is connected if and only if m P 2;
(ii) otherwise c – 4, then TðA;DÞ is connected if and only if
m P
maxfc � jbj þ 1; jbj � 1g c > 0;
jcj � jbj � 1 c < 0:

�

If D ¼ b2 � 4c < 0, the eigenvalues of A are complex
numbers, the self-affine set TðA;DÞ becomes very compli-
cated. However, under certain situations, we still obtain
some interesting results.

Theorem 1.2. Let the characteristic polynomial of A be
f ðxÞ ¼ x2 þ bxþ c and a digit set D ¼ f0;1; . . . ;mgv where
m P 1 and v 2 R2 such that fv;Avg are linearly independent.
If D ¼ b2 � 4c < 0, then TðA;DÞ is connected if and only if

m P
maxfc � jbj þ 1; jbj � 1g b2 ¼ 3c;

c � jbj þ 1 b2 ¼ 2c; b2 ¼ c;

c � 1 b ¼ 0:

8><
>:

On the other hand, when the characteristic polynomial
of A is of the special form f ðxÞ ¼ x2 � ðpþ qÞxþ pq where
jpj; jqjP 2 are integers, and the digit set D may be non-
consecutively collinear. By letting f 1ðxÞ ¼ x2 � 4xþ 4 and
f 2ðxÞ ¼ x2 � 7xþ 12, we can characterize the connected-
ness of the associated self-affine tile TðA;DÞ through the
following theorem, which is also a generalization of [15].
Theorem 1.3. Let the characteristic polynomial of A be f ðxÞ ¼
x2 � ðpþ qÞxþ pq and a digit set D ¼ f0;1; . . . ; jpqj
�2; jpqj � 1þ sgv where s P 0; jpj; jqjP 2 are integers and
v 2 R2 such that fv ;Avg are linearly independent. Then

(i) if f – f 1; f 2, then TðA;DÞ is connected if and only if
s ¼ 0;
(ii) if f ¼ f 1 or f 2, then TðA;DÞ is connected if and only if
s ¼ 0 or 1.

As in the papers previously cited, a lot of calculations
are needed in the proofs. But the main methods are alge-
braic and make full use of the properties of the matrix A.
We also provide many figures to illustrate our results.
The paper is organized as follows: In Section 2, we recall
several well-known results on the connectedness of
self-affine sets and prove a basic lemma; Theorems 1.1
and 1.2 are proved in Section 3, and conclude with an open
problem; Theorem 1.3 is proved in Section 4.

2. Preliminaries

In the section, we provide several elementary results on
self-affine sets TðA;DÞ. We call the digit set D collinear if
D ¼ fd1; . . . ; dmgv for some non-zero vector v 2 Rn and
d1 < d2 < � � � < dm; di 2 R; If diþ1 � di ¼ 1, then D is called
a consecutive collinear digit set. Let D ¼ fd1; . . . ; dmg;
DD ¼ D� D ¼ fd ¼ di � dj : di; dj 2 Dg. Then D ¼ Dv and
DD ¼ DDv . It is easy to see that the connectedness of
TðA;DÞ is invariant under a translation of the digit set,
hence we always assume that d1 ¼ 0 for simplicity. The fol-
lowing criterion for connectedness of TðA;DÞ was due to
[9] or [12].

Lemma 2.1. A self-affine set TðA;DÞ with a consecutive
collinear digit set D ¼ f0;1; . . . ;mgv is connected if and only
if v 2 T � T.

Let Z½x� be the set of polynomials with integer coeffi-
cients. A polynomial f ðxÞ 2 Z½x� is said to be expanding if
all its roots have moduli strictly bigger than 1. Note that
a matrix A 2 MnðZÞ is expanding if and only if its character-
istic polynomial is expanding. We say that a monic polyno-
mial f ðxÞ 2 Z½x� with jf ð0Þj ¼ c has the Height Reducing
Property (HRP) if there exists gðxÞ 2 Z½x� such that

gðxÞf ðxÞ ¼ xk þ ak�1xk�1 þ � � � þ a1x� c;

where jaij 6 c � 1; i ¼ 1; . . . ; k� 1.
This property was introduced by Kirat and Lau [12] to

study the connectedness of self-affine tiles with consecu-
tive collinear digit sets. It was proved that:

Proposition 2.2. Let A 2 MnðZÞ with jdetðAÞj ¼ c be
expanding and D ¼ f0;1;2; . . . ; ðc � 1Þgv . If the characteris-
tic polynomial of A has the Height Reducing Property, then
TðA;DÞ is connected.

In [13], Kirat et al. conjectured that all expanding
integer monic polynomials have HRP. Akiyama and Gjini
[1,2] confirmed it up to n ¼ 4. But it is still unclear for
the higher dimensions. Recently, He et al. [10] developed
an algorithm of polynomials about HRP. It may be a good
attempt on this problem.

Denote the characteristic polynomial of A by
f ðxÞ ¼ x2 þ bxþ c, where b; c 2 Z. We can regard A as the
companion matrix of f ðxÞ, i.e.,

A ¼
0 �c

1 �b

� �
:

Let D ¼ b2 � 4c be the discriminant. Define ai; bi by

A�iv ¼ aiv þ biAv ; i ¼ 1;2; . . . :

According to the Hamilton–Cayley theorem
f ðAÞ ¼ A2 þ bAþ cI ¼ 0 where I is a 2� 2 identity matrix,
the following consequence is well-known (please refer to
[15,16]).
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Lemma 2.3. Let ai; bi be defined as the above. Then
caiþ2 þ baiþ1 þ ai ¼ 0 and cbiþ2 þ bbiþ1 þ bi ¼ 0, i.e.,

aiþ1

aiþ2

� �
¼

0 1
�1=c �b=c

� �i a1

a2

� �
;

biþ1

biþ2

� �

¼
0 1
�1=c �b=c

� �i b1

b2

� �
and a1 ¼ �b=c;a2 ¼ ðb2 � cÞ=c2; b1 ¼ �1=b; b2 ¼ b=c2.
Moreover for D – 0, we have

ai ¼
cðriþ1

1 � riþ1
2 Þ

D1=2 and bi ¼
�ðri

1 � ri
2Þ

D1=2 ;

where r1 ¼ �bþD1=2

2c and r2 ¼ �b�D1=2

2c are the two roots of
cx2 þ bxþ 1 ¼ 0.

Set

~a :¼
X1
i¼1

jaij; ~b :¼
X1
i¼1

jbij:

Then ~a and ~b are finite numbers as r1; r2 have moduli
strictly less than 1.

Write L :¼ fcv þ dAv : c; d 2 Zg, then L is a lattice gener-
ated by fv ;Avg. For l 2 L n f0g, we call T þ l a neighbor of T
if T \ ðT þ lÞ– ;. It is clear that T þ l is a neighbor of T if and
only if l 2 T � T, hence l can be expressed as

l ¼
X1
i¼1

biA
�iv 2 T � T; where bi 2 DD:

If T þ l is a neighbor of T where l ¼
P1

i¼1biA
�iv :¼ cv þ dAv ,

then

jcj 6max
i
jbij~a and jdj 6 max

i
jbij~b: ð2:1Þ

By multiplying A on both sides of the expression of l and
by using f ðAÞ ¼ 0, it follows that T � ðcdþ b1Þv þ ðc� bdÞAv
is also a neighbor of T. Repeatedly applying this neighbor-
generating algorithm, we then can construct a sequence of
neighbors: fT þ lng1n¼0, where l0 ¼ l; ln ¼ cnv þ dnAv ;n P 1
and

cn

dn

� �
¼ An c

d

� �
�
Xn

i¼1

Ai�1 bnþ1�i

0

� �
: ð2:2Þ

Moreover, jcnj 6 maxijbij~a and jdnj 6maxijbij~b hold for any
n P 0.

Lemma 2.4. If the characteristic polynomial of the expanding
matrix A is x2 þ bxþ c and that of B is x2 � bxþ c, then the
self-affine set TðA;DÞ is connected if and only if TðB;DÞ is
connected where D is a consecutive collinear digit set.
Proof. Let B ¼ �A and T1 ¼ TðA;DÞ; T2 ¼ Tð�A;DÞ. If
l 2 T1 � T1, then

l ¼
X1
i¼1

biA
�iv ¼

X1
i¼1

b2ið�AÞ�2iv þ
X1
i¼1

ð�b2i�1Þð�AÞ�2iþ1v:

Thus l 2 T2 � T2, and vice versa. h

To get the necessary conditions of Theorems 1.1–1.3,
we need the exact values of ~a and ~b.

Lemma 2.5. Let the characteristic polynomial of the expand-
ing matrix A be f ðxÞ ¼ x2 þ bxþ c, where b; c are integers and
D ¼ b2 � 4c P 0. Then
~a ¼
jbj�1

c�jbjþ1 c > 0;

jbjþ1
jcj�jbj�1 c < 0;

8><
>: ~b ¼

1
c�jbjþ1 c > 0;

1
jcj�jbj�1 c < 0:

8<
:

Proof. Let x1; x2 denote the roots of x2 þ bxþ c ¼ 0.

(1) c > 0. If jx1j > jx2j, then jaij ¼ c
jx1�x2 j

1
jx2 jiþ1 � 1

jx1 jiþ1

� �
,

jbij ¼ 1
jx1�x2 j

1
jx2 ji
� 1
jx1 ji

� �
. Hence
~a ¼
X1
i¼1

jaij ¼
X1
i¼1

c
jx1 � x2j

1

jx2jiþ1 �
1

jx1jiþ1

 !

¼ jx1 þ x2j � 1
ðjx1j � 1Þðjx2j � 1Þ ¼

jbj � 1
c � jbj þ 1

;

~b ¼
X1
i¼1

jbij ¼
X1
i¼1

1
jx1 � x2j

1

jx2ji
� 1

jx1ji

 !

¼ 1
ðjx1j � 1Þðjx2j � 1Þ ¼

1
c � jbj þ 1

:

Similarly for jx2j > jx1j.
If jx1j ¼ jx2j ¼ jbj=2, by Lemma 2.3 and a simple calculation,
it follows that jaij ¼ iþ1

jx1 ji
and jbij ¼ i

jx1 jiþ1. Thus
1� 1
jx1j

� �
~a ¼

X1
i¼1

iþ1

jx1ji
�
X1
j¼1

jþ1

jx1jjþ1¼
2
jx1j
þ
X1
‘¼1

1

jx1j‘þ1

¼ 2
jx1j
þ 1
jx1jðjx1j�1Þ¼

2jx1j�1
jx1jðjx1j�1Þ ;

ðjx1j � 1Þ~b ¼
X1
i¼1

i

jx1ji
�
X1
j¼1

j

jx1jjþ1 ¼
1
jx1j
þ
X1
‘¼1

1

jx1j‘þ1

¼ 1
jx1j
þ 1
jx1jðjx1j � 1Þ ¼

1
ðjx1j � 1Þ ;
which implies ~a ¼ 2jx1 j�1
ðjx1 j�1Þ2

¼ jbj�1
c�jbjþ1 and ~b ¼ 1

ðjx1 j�1Þ2
¼ 1

c�jbjþ1.

(2) c < 0. Without loss of generality, we can assume
jx1jP jx2j, then
~a ¼
X1
i¼1

jaij ¼
jcj

jx1j þ jx2j
X1
i¼1

1

jx1j2iþ1 þ
1

jx2j2iþ1

 ! 

þ
X1
i¼1

1

jx2j2i
� 1

jx1j2i

 !!

¼ jcj
jx1j þ jx2j

1

jx1jðjx1j2 � 1Þ
þ 1

jx2jðjx2j2 � 1Þ

 

þ 1

jx2j2 � 1
� 1

jx1j2 � 1

!

¼ jcj
jx1j þ jx2j

1
jx2jðjx2j � 1Þ �

1
jx1jðjx1j þ 1Þ

� �

¼ jx1j � jx2j þ 1
ðjx1j þ 1Þðjx2j � 1Þ ¼

jbj þ 1
jcj � jbj � 1

;
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~b ¼
X1
i¼1

jbij ¼
1

jx1j þ jx2j
X1
i¼1

1

jx1j2i�1 þ
1

jx2j2i�1

 ! 

þ
X1
i¼1

1

jx2j2i �
1

jx1j2i

 !!

¼ 1
jx1j þ jx2j

jx1j
jx1j2 � 1

þ jx2j
jx2j2 � 1

þ 1

jx2j2 � 1
� 1

jx1j2 � 1

 !

¼ 1
jx1j þ jx2j

1
jx2j � 1

þ 1
jx1j þ 1

� �

¼ 1
jcj � jbj � 1

: �
3. Consecutive collinear digit set

In the section, we characterize the connectedness of the
self-affine sets TðA;DÞ associated with digit sets D ¼ f0;1;
. . . ;mgv . The necessary and sufficient conditions are given
for TðA;DÞ to be connected.

Theorem 3.1. Let the characteristic polynomial of the
expanding integer matrix A be f ðxÞ ¼ x2 þ bxþ c and a digit
set D ¼ f0;1; . . . ;mgv where m P 1 is integral and v 2 R2

such that fv ;Avg are linearly independent. If D ¼ b2 � 4c P 0
and the eigenvalues of A have moduli P 2, then

(i) if c ¼ 4, then TðA;DÞ is connected if and only if m P 2;
(ii) otherwise c – 4, then TðA;DÞ is connected if and only if
m P
maxfc � jbj þ 1; jbj � 1g c > 0;
jcj � jbj � 1 c < 0:

�

Proof. Let T þ l be a neighbor of T, then l ¼ cv þ dAv ¼P1
i¼1biA

�iv; bi 2 DD ¼ f0;�1;�2; . . . ;�mg. By (2.1), we
have

jcj 6 m~a; jdj 6 m~b: ð3:1Þ

Suppose ðT þ ‘1vÞ \ ðT þ ‘2vÞ – ; for 0 6 ‘1 < ‘2 6 m,

then ð‘2 � ‘1Þv ¼
P1

i¼1biA
�iv ; bi 2 DD. By (2.2), we obtain

l� ¼ �ðð‘2 � ‘1Þc þ b2Þv � ðbð‘2 � ‘1Þ þ b1ÞAv .

(i) If c ¼ 4, then jbj ¼ 4, by (3.1) and Lemma 2.5, the
connectedness of TðA;DÞ can imply that
ð‘2 � ‘1Þjbj �m 6 jð‘2 � ‘1Þbþ b1j 6
m

c � jbj þ 1
¼ m;
which further implies that m P 2ð‘2 � ‘1ÞP 2.
Conversely, if b ¼ �4, then f ðxÞ ¼ x2 � 4xþ 4. By using

f ðAÞ ¼ 0 and Af ðAÞ ¼ 0, we have A3 � 3A2 þ 4I ¼ 0 and

A3 � A2 ¼ 2AðA� IÞ þ 2ðA� IÞ � 2I which yields
ðA� IÞ ¼ 2A�1ðA� IÞ þ 2A�2ðA� IÞ � 2A�2
and
I ¼ 2A�1 þ 2A�2 � 2
X1
i¼3

A�i
:

Then
v ¼ 2A�1v þ 2A�2v � 2
X1
i¼3

A�iv 2 T � T:
Therefore T is connected by Lemma 2.1. (see Fig. 1).
If b ¼ 4, then f ðxÞ ¼ x2 þ 4xþ 4. By Lemma 2.4, the con-
nectedness of TðA;DÞ is the same as that of Tð�A;DÞ in
which the characteristic polynomial of �A is f ðxÞ ¼ x2�
4xþ 4.

(ii) Necessity: If c > 0, then by (3.1) and Lemma 2.5,
we have
ð‘2 � ‘1Þc �m 6 jð‘2 � ‘1Þc þ b2j

6 m
jbj � 1

c � jbj þ 1
; ð3:2Þ

ð‘2 � ‘1Þjbj �m 6 jð‘2 � ‘1Þbþ b1j

6
m

c � jbj þ 1
: ð3:3Þ
(3.2) implies that m P ð‘2 � ‘1Þðc � jbj þ 1ÞP c � jbj þ 1.
Now we prove m P jbj � 1. Let x1; x2 denote the roots of
x2 þ bxþ c ¼ 0, if m < jbj � 1, then m 6 jbj � 2 6 jx1j � 1þ
jx2j � 1. We have
m
ðjx1j � 1Þðjx2j � 1Þ 6

1
jx1j � 1

þ 1
jx2j � 1

< 2: ð3:4Þ
The last strict inequality holds due to the fact that c > 4
and jx1j; jx2jP 2. From (3.3) and (3.4), it follows that
2 6 jbj �m 6 ð‘2 � ‘1Þjbj �m 6
m

c � jbj þ 1

¼ m
ðjx1j � 1Þðjx2j � 1Þ < 2; ð3:5Þ
which is a contradiction. Hence m P jbj � 1.
If c < 0, then by (3.1) and Lemma 2.5, we have
ð‘2 � ‘1Þjcj �m 6 jð‘2 � ‘1Þc þ b2j

6 m
jbj þ 1

jcj � jbj � 1
ð3:6Þ
implying that m P ð‘2 � ‘1Þðjcj � jbj � 1ÞP jcj � jbj � 1.
Sufficiency: If c > 0, and m P maxfc � jbj þ 1; jbj � 1g, it
suffices to show that v 2 T � T by Lemma 2.1.
When b < 0, by using f ðAÞ ¼ A2 þ bAþ cI ¼ 0, we have
A2 þ bA� ðbþ 1ÞI ¼�ðcþ bþ 1ÞI, i.e., ðA� IÞðAþðbþ1ÞIÞ ¼
�ðcþ bþ 1ÞI. It follows that
I þ ðbþ 1ÞA�1 ¼ �ðc þ bþ 1ÞA�1
X1
i¼1

A�i
:

Hence
I ¼ ð�b� 1ÞA�1 þ
X1
i¼2

� ðc þ bþ 1ÞA�i

¼ ðjbj � 1ÞA�1 þ
X1
i¼2

� ðc � jbj þ 1ÞA�i
:

Then v ¼ ðjbj � 1ÞA�1v þ
P1

i¼2 � ðjcj � jbj þ 1ÞA�iv 2 T � T ,
and T is connected. When b > 0, Lemma 2.4 and the above
argument also yield that T is connected. (see Fig. 2).
If c < 0, suppose m P jcj � jbj � 1, then m P jbj þ 1
(Indeed, if x1; x2 is the roots of x2 þ bxþ c ¼ 0, without loss
of generality, we let jx1jP jx2j, thenjcj � jbj � 1 ¼
jx1x2j � ðjx1j � jx2jÞ � 1 ¼ ðjx1j þ 1Þðjx2j � 1Þ P jx1j þ 1 >
jx1j � jx2j þ 1 ¼ jbj þ 1).



(a) m=1 (b) m=2

Fig. 1. (a) is disconnected and (b) is connected where A ¼ ½2;0;�1;2�;v ¼ ð1;0Þt .

(a) m=13 (b) m=15

Fig. 2. (a) is disconnected and (b) is connected where A ¼ ½6;0;�1;4�;v ¼ ð1;0Þt .
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When b < 0, by using f ðAÞ ¼ A2 þ bAþ cI ¼ 0, we have
A2 þ A ¼ ð�bþ 1ÞðAþ IÞ þ ð�c þ b� 1ÞI. Then
I ¼ ð�bþ 1ÞA�1 þ ð�c þ b� 1Þ
X1
i¼2

ð�AÞ�i

¼ ðjbj þ 1ÞA�1 þ ðjcj � jbj � 1Þ
X1
i¼2

ð�AÞ�i

¼ ðjbj þ 1ÞA�1 þ ðjcj � jbj � 1Þ
X1
k¼1

A�2k

� ðjcj � jbj � 1Þ
X1
k¼1

A�2k�1
:

Hence v 2 T � T and T is connected by Lemma 2.1. When
b > 0, Lemma 2.4 and the above argument also yield that
T is connected. (see Fig. 3). h
In the proof above, the condition that eigenvalues of A
have moduli P 2 is essential. If otherwise, in the case that
the moduli of the eigenvalues < 2, e.g., the moduli are close
to 1, we have no idea about the conditions for TðA;DÞ to be
connected by estimating ~a or ~b.
On the other hand, if D ¼ b2 � 4c < 0, it is also difficult
to compute the exact values of ~a and ~b in general.
However, under certain special situations, the exact values
of ~a and ~b can still be calculated as well.

Theorem 3.2. Let the characteristic polynomial of A be
f ðxÞ ¼ x2 þ bxþ c and a digit set D ¼ f0;1; . . . ;mgv where
m P 1 and v 2 R2 such that fv;Avg are linearly independent.
If D ¼ b2 � 4c < 0, then TðA;DÞ is connected if and only if

m P
maxfc � jbj þ 1; jbj � 1g b2 ¼ 3c;

c � jbj þ 1 b2 ¼ 2c; b2 ¼ c;

c � 1 b ¼ 0:

8><
>:

ð3:7Þ
Proof. From Lemma 2.4, we can suppose b < 0. Let

r1;2 ¼ �b�
ffiffiffiffiffiffiffiffiffiffi
b2�4c
p

2c be the complex roots of cx2 þ bxþ 1 ¼ 0
as in Lemma 2.3 and let r :¼ jr1j ¼ jr2j ¼ 1ffiffi

c
p . Then r1 ¼ reih

and r2 ¼ re�ih where h is the argument of r1. We show
the necessity first by assuming TðA;DÞ is connected.



(a) m=19 (b) m=21

Fig. 3. (a) is disconnected and (b) is connected where A ¼ ½6;0;�1;�4�;v ¼ ð1;0Þt

(a) m=6 (b) m=7

Fig. 4. (a) is disconnected and (b) is connected where A ¼ ½0;�12; 1;�6�;v ¼ ð1;0Þt .
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(i) If b2 ¼ 3c, then h ¼ p
6 and

jaij ¼
cðriþ1

1 � riþ1
2 Þ

D1=2










 ¼ 2criþ1j sinððiþ 1Þ p6Þjffiffiffi

c
p ;

jbij ¼
ðriþ1

1 � riþ1
2 Þ

D1=2










 ¼ 2riþ1j sinððiþ 1Þ p6Þjffiffiffi

c
p :

Hence
~a¼
X1
i¼1

jaij ¼
ffiffiffi
c
p

ð
ffiffiffi
3
p

r2þ2r3þ
ffiffiffi
3
p

r4þ r5þ r7Þ
X1
j¼0

r6j

 !

¼3jbj5þ6b4þ9jbj3þ9b2þ27

b6�27
;

Analogous to (3.2), we have
c �m 6 ð‘2 � ‘1Þc �m 6 jð‘2 � ‘1Þc þ b2j

6 m
3jbj5 þ 6b4 þ 9jbj3 þ 9b2 þ 27

b6 � 27
which implies that
m P
b6 � 27

3ðb4 þ 3jbj3 þ 6b2 þ 9jbj þ 9Þ

¼ b2

3
� jbj þ 3b4 þ 9jbj3 þ 18b2 þ 27jbj � 27

3b4 þ 9jbj3 þ 18b2 þ 27jbj þ 27

¼ c � jbj þ 3b4 þ 9jbj3 þ 18b2 þ 27jbj � 27

3b4 þ 9jbj3 þ 18b2 þ 27jbj þ 27
:

Thus m P c � jbj þ 1 as 0 < 3b4þ9jbj3þ18b2þ27jbj�27
3b4þ9jbj3þ18b2þ27jbjþ27

< 1 and m is
integral. (see Fig. 4).
If jbj > 3, then c � jbj þ 1 > jbj � 1 is always true; if jbj ¼ 3
then c ¼ 3, and
~b¼
X1
i¼1

jbij ¼
1ffiffiffi
c
p ðrþ

ffiffiffi
3
p

r2þ2r3þ
ffiffiffi
3
p

r4þ r5Þ
X1
j¼0

r6j

 !
¼14

13
:

Analogous to (3.3), we have
3�m 6 ð‘2 � ‘1Þ3�m 6 jð‘2 � ‘1Þbþ b1j 6 m
14
13



(a) m=4 (b) m=5

Fig. 5. (a) is disconnected and (b) is connected where A ¼ ½0;�8; 1;�4�; v ¼ ð1;0Þt .

(a) m=6 (b) m=7

Fig. 6. (a) is disconnected and (b) is connected where A ¼ ½0;�9; 1;�3�; v ¼ ð1;0Þt .
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and m P 39
27. Therefore m P 2 ¼ jbj � 1.

(ii) If b2 ¼ 2c, then h ¼ p
4 and
jaij ¼
cðriþ1

1 � riþ1
2 Þ

D1=2










 ¼ 2criþ1j sinððiþ 1Þ p4Þj

jbj :
Then
~a ¼
X1
i¼1

jaij ¼ jbj r2
X1
j¼0

r4j þ
ffiffiffi
2
p

2
r3
X1
k¼0

r2k

 !

¼ 2jbj3 þ 2b2 þ 4

b4 � 4
:

Analogous to (3.2), we have
c �m 6 ð‘2 � ‘1Þc �m 6 jð‘2 � ‘1Þc þ b2j

6 m
2jbj3 þ 2b2 þ 4

b4 � 4
implying that
m P
b4 � 4

2ðb2 þ 2jbj þ 2Þ

¼ b2

2
� jbj þ 2b2 þ 4jbj � 4

2b2 þ 4jbj þ 4

¼ c � jbj þ 2b2 þ 4jbj � 4

2b2 þ 4jbj þ 4
:

Hence m P c � jbj þ 1 as 0 < 2b2þ4jbj�4
2b2þ4jbjþ4

< 1 and m is integral.
(see Fig. 5)

(iii) If b2 ¼ c, then h ¼ p
3. By the similar discussion of (i)

above, it follows that
~a ¼
X1
i¼1

jaij ¼
b2 þ 1

jbj3 � 1
and
m P
jbj3 � 1
jbj þ 1

¼ b2 � jbj þ jbj � 1
jbj þ 1

¼ c � jbj þ jbj � 1
jbj þ 1

:



(a) s=1 (b) s=2

Fig. 8. (a) is connected and (b) is disconnected where A ¼ ½2;0;�1;2�; v ¼ ð1;0Þt .

(a) s=0 (b) s=1

Fig. 7. (a) is connected and (b) is disconnected where A ¼ ½6;0;�1;4�; v ¼ ð1;0Þt .
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Hence m P c � jbj þ 1 as 0 < jbj�1
jbjþ1 < 1. (see Fig. 6)

(iv) If b ¼ 0, then h ¼ p
2. Similarly, we have
~a ¼
X1
i¼1

jaij ¼
cffiffiffi
c
p
X1
i¼1

r2iþ1 ¼ 1
c � 1
and then m P c � 1.
On the contrary, for the sufficiency, if m satisfies (3.7), then
m P jbj � 1 for cases (ii) and (iii). With the similar proof as
in Theorem 3.1, we can conclude that v 2 T � T and TðA;DÞ
is connected. The connectedness of case (iv) comes from
the Proposition 2.2 directly. h

For other unsolved cases, by observing computer
graphs, we conclude with the following conjecture.

Conjecture 3.3. Let the characteristic polynomial of A be
f ðxÞ ¼ x2 þ bxþ c and a digit set D ¼ f0;1; . . . ;mgv where
m P 1 and v 2 R2 such that fv ;Avg are linearly indepen-
dent. Then
(i) if c ¼ jbj ¼ 4, then TðA;DÞ is connected if and only if
m P 2;
(ii) otherwise, TðA;DÞ is connected if and only if

m P
maxfc � jbj þ 1; jbj � 1g c > 0; jbjP 2;
c � 1 c > 0; jbj 6 1;
maxfjcj � jbj � 1; jbj þ 1g c < 0:

8><
>:

4. Non-consecutive collinear digit set

By previous Section 2, we know that if A 2 M2ðZÞ is an
expanding matrix, then its characteristic polynomial has
HRP. Let D0 ¼ f0;1; . . . ; ðjdetðAÞj � 1Þgv be a consecutive
collinear digit set with #D0 ¼ jdetðAÞj. By Proposition 2.2,
then the associated self-affine tile TðA;D0Þ is always con-
nected. However there are few results on the non-consec-
utive collinear digit sets. In [15], Leung and Luo first study
this case, by checking 10 eligible characteristic polynomi-
als of the A with jdet Aj ¼ 3 case by case, they obtained a
complete characterization for connectedness of TðA;DÞ
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with D ¼ f0;1;mgv . In the section, we further study this
kind of digit sets in more general situations. Suppose the
characteristic polynomial of A is of the form
f ðxÞ ¼ x2 � ðpþ qÞxþ pq where jpj; jqjP 2 are integers,
and D ¼ f0;1; . . . ; jpqj � 2; jpqj � 1þ sgv . By letting

f 1ðxÞ ¼ x2 � 4xþ 4 and f 2ðxÞ ¼ x2 � 7xþ 12;

we have the following criterion for the connectedness.

Theorem 4.1. Let the characteristic polynomial of A be
f ðxÞ ¼ x2 � ðpþ qÞxþ pq and a digit set D ¼ f0;1; . . . ;

jpqj � 2; jpqj � 1þ sgv where s P 0; jpj; jqjP 2 are integers
and v 2 R2 such that fv ;Avg are linearly independent. Then

(i) if f – f 1; f 2, then TðA;DÞ is connected if and only if
s ¼ 0;
(ii) if f ¼ f 1 or f 2 , then TðA;DÞ is connected if and only if
s ¼ 0 or 1.
Proof. If s ¼ 0, then TðA;DÞ is always connected by Propo-
sition 2.2.

(i) Suppose TðA;DÞ is connected, then ðT þ ðjpqj � 1þ
sÞvÞ \ ðT þ ivÞ – ; for some 0 6 i 6 jpqj � 2. Let
r ¼ jpqj � 1þ s� i, then rv 2 T � T , i.e., rv ¼

P1
i¼1

biA
�iv where bi 2 DD. By (2.2), we obtain a new neigh-

bor T þ l� where l� ¼ �ðrpqþ b2Þv þ ðrðpþ qÞ � b1ÞAv .
If pq > 0, then by (2.1) and Lemma 2.5, we have
ð1þ sÞjpqj�ðjpqj�1þ sÞ6 rjpqj
�ðjpqj�1þ sÞ 6 jrpqþb2j

6 ðjpqj�1þ sÞ jpjþ jqj�1
ðjpj�1Þðjqj�1Þ ; ð4:1Þ

ð1þ sÞjpþ qj � ðjpqj � 1þ sÞ 6 jrðpþ qÞ � b1j

6
jpqj � 1þ s

ðjpj � 1Þðjqj � 1Þ : ð4:2Þ
(a) s=1

Fig. 9. (a) is connected and (b) is disconnec
It follows from (4.1) that
ted whe
s 6
jpj þ jqj � 2
jpqj � jpj � jqj : ð4:3Þ
Let
t ¼ jpj þ jqj � 1
ðjpj � 1Þðjqj � 1Þ

¼ 1
jpj � 1

þ 1
jqj � 1

þ 1
ðjpj � 1Þðjqj � 1Þ :
It is easy to see that t < 1 if jpj; jqjP 4 or one of jpj; jqj is
equal to 3 and the other one is larger than 5. Therefore
jpj þ jqj � 2 < jpqj � jpj � jqj, and s < 1, i.e., s ¼ 0. (see
Fig. 7)
If one of jpj; jqj is equal to 2 and the other one is larger than
3, without loss of generality, suppose jpj ¼ 2 and jqjP 3.
From (4.2) we get
s 6
jqj2 � 2jqj þ 2

jqj2 � 2
¼ 1� 2jqj � 4

jqj2 � 2
< 1: ð4:4Þ
Hence s ¼ 0.
If pq < 0, analogous to the (4.1), then
ð1þ sÞjpqj � ðjpqj � 1þ sÞ

6 ðjpqj � 1þ sÞ jpþ qj þ 1
jpqj � jpþ qj � 1

: ð4:5Þ
We have
s 6
jpþ qj

jpqj � jpþ qj � 2

¼ 1� jpqj � 2jpþ qj � 2
jpqj � jpþ qj � 2

: ð4:6Þ
Since pq < 0, without loss of generality, we let jpjP jqj, it
follows that jpqj � jpþ qj � 1 ¼ jpqj � ðjpj � jqjÞ �1 ¼
ðjpj þ 1Þðjqj � 1Þ P jpj þ 1 > jpj � jqj þ 1 ¼ jpþ qj þ 1. Thus
jpqj � 2jpþ qj � 2 > 0, and s ¼ 0.

(ii) If f ¼ f 1, then (4.4) implies that s 6 1 (see Fig. 8); if
f ¼ f 2, then (4.3) implies that s 6 1 (see Fig. 9). Con-
versely, for s ¼ 1, let DD1 ¼ f0;�1;�2;�3;�4g and
DD2 ¼ f0;�1; . . . ;�12g and let A1 and A2 denote the
matrices of f 1 and f 2 respectively. We only need to
(b) s=2

re A ¼ ½3;0;�1;4�;v ¼ ð1;0Þt .
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show that v ; 2v 2 T � T (see [12] or [15]). Let
DD01 ¼ f0;�1;�2g and DD02 ¼ f0;�1; . . . ;�6g. By
Theorem 3.1, there exist sequences fb1ig1i¼1 where
b1i 2 DD01 and fb2ig1i¼1 where b2i 2 DD02 such that
v ¼

P1
i¼1b1iA

�i
1 v 2 T � T and v ¼

P1
i¼1b2iA

�i
2 v 2 T � T .

Moreover, 2b1i 2 DD1 and 2b2i 2 DD2. Hence 2v 2 T � T
as well. h
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