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1. Introduction

In this paper we study the representations of finite EI categories. They are small categories with
finitely many morphisms in which every endomorphism is an isomorphism. This concept includes
many structures such as finite groups, finite posets and free categories associated to finite quivers.
A representation of C is a covariant functor from C to the category of finite-dimensional vector spaces,
and it may be regarded as the same thing as a finitely generated module for the category alge-
bra.

We introduce the concepts of finite EI quivers and finite free EI categories. A finite EI quiver is a quiver
equipped with two maps f and g. The map f assigns a finite group f(v) =G, to each vertex v in
the quiver and the map g assigns a (G, Gy)-biset to each arrow from the vertex v to the vertex w
in the quiver. Finite free EI categories are categories generated from finite EI quivers by a specific rule
which generalizes the construction of a free category from a quiver [6]. We will show that they are
characterized by a certain unique factorization property of the non-isomorphisms. In a certain sense
a finite free EI category is the largest EI category which can be generated by a finite EI quiver.
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For every finite EI category C, we will construct a finite free EI category € and a full functor
F:C — C such that F is the identity map restricted to objects, endomorphisms and all non-
isomorphisms which cannot be expressed as composites of more than one non-isomorphism. This
category Cis unique up to isomorphism. We call C the free EI cover of C.

A finite EI category C determines a finite-dimensional associative k-algebra kC with identity, called
the category algebra (defined in Section 2). Under the assumption that the endomorphism groups of
all objects in C have orders invertible in k, we will describe an explicit algorithm to construct the
ordinary quiver of the category algebra kC. This algorithm uses the representations of semisimple
group algebras and their restrictions to subgroups. It is easier and more intuitive than the method by
computing Exts, introduced in [1]. Our main results are described in the following theorems:

Theorem 1.1. Let C be a finite EI category for which the endomorphism groups of all objects have orders
invertible in the field k. Then the quiver Q constructed by our algorithm is precisely the ordinary quiver of the
category algebra kC. Moreover, kC has the same ordinary quiver as that of kC, the category algebra of the free
El cover C of C.

Theorem 1.2. Let C be a finite EI category. Then the category algebra kC is hereditary if and only if C is a finite
free EI category satisfying the condition that the endomorphism groups of all objects have orders invertible
ink.

These results are useful in determining the representation types of category algebras. Indeed, if C
is a finite free EI category for which the endomorphism groups of all objects have orders invertible
in k, then it has the same representation type as that of its ordinary quiver. Stated explicitly, kC is of
finite (tame, resp.) representation type if and only if the underlying graph of its ordinary quiver is a
disjoint union of Dynkin (Euclidean, resp.) diagrams. Otherwise, it is of wild type. For a general finite
El category C, kC is a quotient algebra of kC, the category algebra of its free El cover C. Thus the
finite representation type of kC implies the finite representation type of kC, no matter what the char-
acteristic of k is. Moreover, if C has a full subcategory of infinite representation type, it is of infinite
representation type as well. By studying those full subcategories which are finite free EI categories,
for example the connected full subcategories with two objects, we can get certain information about
the representation types of general finite EI categories.

Here is the layout of this paper: in Section 2 we give some background on the representation
theory of finite EI categories, and introduce the definitions of finite EI quivers and finite free EI cate-
gories. An equivalent definition by the unique factorization property of non-isomorphisms is proved,
and we present some further basic properties.

From Section 3 onwards we focus on the representations of finite EI categories for which all en-
domorphism groups of objects have orders invertible in k. In Section 4 we give a detailed algorithm
to construct an associated quiver Q for each finite EI category for which the endomorphism groups
of all objects have orders invertible in the field k. Then we prove Theorem 1.1. In Section 5 we prove
Theorem 1.2, which classifies all finite EI categories with hereditary category algebras.

Even though we can study the representation type of C by constructing its ordinary quiver, it is
more efficient sometimes to use certain simple criteria deduced from Theorems 1.1 and 1.2. In the
last section we describe such criteria expressed in terms of full subcategories with two objects.

It is sometimes useful to know an explicit functor F from kC-mod, the category of all represen-
tations of a finite free EI category C, to kQ -mod, the category of all representations of the ordinary
quiver Q of kC. Although our proof of Theorem 1.2 does not rely on this functor, we describe it in
detail in Appendix A. This functor is proved to be full, faithful and dense, and hence induces a Morita
equivalence between kC and kQ.

In this paper C is always a finite EI category with objects Ob(C) and morphisms Mor(C). We use
Autc (x) to denote the endomorphism group of a fixed object x in C and Hom¢ (%, y) to denote the set
of morphisms from an object x to another object y. The field k is supposed to be algebraically closed.
All modules are finitely generated left modules. Composition of group actions, morphisms and maps
is from right to left.
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2. Finite free EI categories

For the reader’s convenience, we include in this section some background on the representation
theory of finite EI categories. Please refer to [9-11] for more details.

The category algebra kC of a finite EI category C is the k-vector space with basis the morphisms
in C. Its product = is determined by bilinearity from the product of the basis elements, given by the
rule:

_ [aop ifaand B canbe composed,
axp= {0 otherwise.

Let R be a representation of C defined in Section 1. Then it assigns a vector space R(x) to each
object x in C, and a linear transformation R(«) : R(x) — R(y) to each morphism « : x — y such
that all composition relations of morphisms in C are preserved under R. Notice that R(x) has a
k Autc (x)-module structure for every object x in C. Indeed, for each morphism g in Autc(x), R(g)
is an automorphism of R(x). Thus we can define an action of g on R(x) by letting g - v = R(g)(v),
for all v in R(x). A homomorphism ¢ : R{ — R, of two representations is a natural transformation of
functors. By Theorem 7.1 of [7], a representation of C is equivalent to a kC-module. Thus we don’t
distinguish these two concepts throughout this paper.

A finite EI category C is said to be of finite (tame, wild, resp.) representation type if the category
algebra kC is of finite (tame, wild, resp.) type. The category C is connected if for any two distinct
objects x and y, there is a list of objects x = Xg, X1,...,X; = y such that either Hom¢ (x;, Xj+1) or
Homg¢ (Xi+1, %) is not empty, 0 <i < n — 1. Every finite EI category is a disjoint union of connected
components, and each component is a full subcategory. If C = | |, C;, the category algebra kC has
an algebra decomposition kC; @ --- @ kCp,. Moreover, if C and D are equivalent finite EI categories,
kC-mod is equivalent to kD-mod by Proposition 2.2 in [9]. Thus it is sufficient to study the represen-
tations of connected, skeletal finite EI categories. We make the following convention:

Convention. All finite EI categories in this paper are connected and skeletal. Thus endomorphisms,
isomorphisms and automorphisms coincide.

Under the hypothesis that C is skeletal, if x and y are two distinct objects in C with Hom¢ (x, y)
non-empty, then Hom¢ (y, x) is empty. Indeed, if this is not true, we can take o € Home¢(y, x) and
B € Hom¢ (x, y). The composite B« is an endomorphism of y, hence an automorphism. Similarly, the
composite o8 is an automorphism of x. Thus both o and B are isomorphisms, so x is isomorphic
to y. But this is impossible since C is skeletal and x # y.

It is time to introduce the concept of finite free El categories. Before giving a formal definition, we
define finite EI quivers, which are finite quivers with extra structure.

Definition 2.1. A finite EI quiver 0 is a datum (Qo, Q1,s,t, f, g), where: (Qo, Q1,s,t) is a finite
acyclic quiver with vertex set Qg, arrow set Q1, source map s and target map t. The map f assigns a
finite group f(v) to each vertex v € Qg; the map g assigns an (f(t(«)), f(s(x)))-biset to each arrow
(OS] Q].

If f assigns the trivial group to each vertex in Qg in the above definition, we obtain a quiver in
the usual sense. In this sense, finite acyclic quivers are special cases of finite EI quivers.

Each finite EI quiver 0 = (Qo, Q1,s,t, f, g) determines a finite EI category CQ in the following
way: the objects in CQ are precisely the vertices in Qg. For a particular object v in CQ, we define
Autcé (v) = f(v), which is a finite group by our definition. It remains to define Hoch(v,W) if
v # w are distinct vertices in Qg, and the composition of morphisms.

Let v% w be a directed path from v to w. Then y can be written uniquely as a composition of
arrows, where v; € Qp and @;j € Q1 fori=1,...,n.
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a az an
vV="vg 12 Vp=Ww

Notice that g(c;) is an (f(v;), f(vi_1))-biset, so we define:

Hy =g(an) X, 1) 80n-1) X, ) -+ X ) &@1),

the biset product defined in [8]. Finally, Hoch(v, w) can be defined as |_|y H,, the disjoint union
of all Hy, over all possible paths y from x to y. In the case v =w we define Homcé(v, v) = f(v).

Let o and B be two morphisms in C 4. They lie in two sets Hy, and Hy,, where y; and y; are two
paths determined by o and 8 respectively, possibly of length 0. Their composite 8 o« can be defined
by the following rule: it is O if the composite y,y4 is not defined in 0. Otherwise, the source v of V2
is exactly the target of y7. Since there is a natural surjective map p : Hy, x Hy, — Hy, X f) Hy;, we
define B o = p(B, ), the image of (B, ) in Hy, x () Hy,. This definition satisfies the associative
rule, and in this way we get a finite EI category CQ from 0.

Definition 2.2. A finite EI category C is a ﬁnitg free EI category! if it is isomorphic to the finite EI
category C o generated from a finite EI quiver Q by the above construction.

In practice it is inconvenient to check whether a finite EI category C is free or not by using the
definition. Fortunately, there is an equivalent characterization built upon unfactorizable morphisms:
the Unique Factorization Property (UFP).

Definition 2.3. A morphism « : x — z in C is unfactorizable if « is not an isomorphism and whenever
it has a factorization as a composite x LN y Y, 2, then either B or y is an isomorphism.

The reader may want to know the relation between the terminology unfactorizable morphism and
the term irreducible morphism which is widely accepted and used, for example in [3] and [11]. Indeed,
in this paper they coincide since we only deal with finite EI categories. But in a more general context,
they are different, as we explain in the following example:

Example 2.4. Consider the following category C with two objects x 2 y. The non-identity morphisms
in C are generated by o : x — y and B : y — x with the only non-trivial relation being Ba = 1. Then
the morphisms in C are 1y, 1y, @, B and apB. It is not a finite EI category since of € Endc(y) is
not an isomorphism. Then neither & nor 8 are irreducible morphisms since one of them is a split
monomorphism and the other is a split epimorphism. However, the reader can check that they are
unfactorizable morphisms. Furthermore, the algorithm constructing ordinary quivers of this category
algebra (described in Section 4) still works well. This example illustrates the reason that we intro-
duce the notion unfactorizable morphisms: our algorithm works in a more general situation where
unfactorizable morphisms do not coincide with irreducible morphisms.

o
— T
1x C X ~ y :) 1y
B
Note that the composite of an unfactorizable morphism with an isomorphism is still unfactorizable.

1 The terminology “free EI category” has been introduced in [5]. See Definition 16.1 on p. 325. By this definition, a finite EI
category C is a free EI category if Aute(y) acts freely on Home (x, y) for all x, y € Ob(C). Thanks to the reviewer for pointing
out it.
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Proposition 2.5. Let « : x — y be an unfactorizable morphism. Then ha g is also unfactorizable for every
h € Autc (y) and every g € Aute (x).

Proof. Fix a decomposition hag = a1rz. Then we have o = (h—lor1)(c2g ™). But « is unfactorizable,
so by definition either one of h~'a; and ag~! is an isomorphism. Without loss of generality, let
h~'a; be an isomorphism. Then o4 is an isomorphism since h~! is an automorphism. 0O

Let C be a finite EI category. By the previous proposition, the set of unfactorizable morphisms from
an object x to another object y is closed under the actions of Autc(x) and Aute(y). Choose a fixed
representative for each (Aut¢ (y), Aute (x))-orbit. Repeating this process for all pairs of different objects
(x,y), we get a set A={a1,...,an} of orbit representatives. Elements in A are called representative
unfactorizable morphisms.

We should point out here that each finite EI category C determines a finite EI quiver Q in the
following way: its vertices are objects in C; we put an arrow x — y in O for each representative
unfactorizable morphism « : x — y in C. Thus the arrows biject with all representative unfactorizable
morphisms « : x — y in C, or equivalently, all (Autc(y) x Aute (x))-orbits of unfactorizable morphisms
in C. The map f assigns Autc(x) to each object x; the map g assigns the (Autc(y), Autc(x))-biset
where a representative unfactorizable morphism « : x — y lies to the corresponding arrow. Obviously,
this finite EI quiver is unique up to isomorphism. We call this quiver the finite EI quiver of C.

Now suppose that C is a finite free EI category. It is possible that there is more than one finite EI
quiver generating C, although they must have the same vertices. However, it is not hard to see that
all those finite EI quivers are subquivers of the finite EI quiver of C.

All non-isomorphisms can be written as composites of unfactorizable morphisms.

Proposition 2.6. Let « : x — y be a morphism with x ## y. Then it has a decomposition x = xg LN
... 2% x, =y, where all «; are unfactorizable.

Proof. If « is unfactorizable, we are done. Otherwise, o has a decomposition x 1> x; 22> y where
neither oy nor o3 is an isomorphism. In particular, x; is different from x and y. If both &1 and «; are
unfactorizable, we are done. Otherwise, assume ¢/ is not unfactorizable. Repeating the above process,
we can get a decomposition x —1> x17 25> x; —2» y. With the same reasoning, x, X11, X1, y are
pairwise different. Since there are only finitely many objects, this process ends after finitely many
steps. Therefore we get a decomposition of « into unfactorizable morphisms. 0O

For an arbitrary finite EI category C, the ways to decompose a non-isomorphism into unfactoriz-
able morphisms need not to be unique. However, we can show that for finite free EI categories, this
decomposition is unique up to a trivial relation, i.e., they satisfy the property defined below:

Definition 2.7. A finite EI category C satisfies the Unique Factorization Property (UFP) if whenever a
non-isomorphism « has two decompositions into unfactorizable morphisms:

o [2%) Om
X=Xo X1 Xm=Yy

B B2 Bn
X=2Xo Y1 Yn=Y,

then m =n, x; = y;, and there are h; € Autg(x;), 1 <i<n—1 such that g1 = hiaq, 2 = hzoezh]_l,
coesBnm1= hn—lan—lh,;,lzy Bn= anh;,]l-

The UFP gives a characterization of finite free EI categories.

Proposition 2.8. A finite EI category C is free if and only if it satisfies the UFP.
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Proof. Suppose that C is a finite free EI category generated by a finite EI quiver 0 = (Qo, 01,5, t,
f,g).Llet @:v — w be an arbitrary non-isomorphism. By the previous proposition o can be written
as a composite of unfactorizable morphisms. Let o 0---owq and B, 0 --- o B be two such decompo-
sitions of «. It is easy to see from definitions that an unfactorizable morphism in C lies in g(t) for
some unique arrow T € Q4. Thus & 0o---orq and B, o --- o B1 determine two paths ;1 and y» in Q
from v to w. But « is contained in Hom¢ (v, w) = |_|y H,, the disjoint union taken over all possible
paths from v to w, so 1 must be the same as y,. Consequently, m =n, and «; and B; have the same
target and source for 1 <i < n. By the definition of biset product, the fact

Qpo(dn—10---001)=Pno(Bn—10---0p1)

in the biset product implies that there is an automorphisms g,_1 € Aute(x,—1) such that

On=Pngn-1, (n—10---0a1) =g, | (Bu—10---0p1)

where x;_1 is the common target of ap—1 and ;1. By an easy induction on n, we show that {o;}}_;
and {,Bj};!:] have the required relations in the previous definition. Thus C satisfies the UFP.

On the other hand, if C satisfies the UFP, we want to show that C is isomorphic to the finite free EI
category C 5 generated from its finite EI quiver Q. Define a functor F : C — Cg in the following way:
First, F(x) = x for every object x in C since Ob(C) = Ob(CQ) by our construction. Furthermore, it is
also clear that Aute (x) = AutC Q(x) for every object x, and the biset of unfactorizable morphisms from
x to y in C is the same as that in C 4 for every pair of different objects x and y. Therefore we can let F
be the identity map restricted to automorphisms and unfactorizable morphisms in C. Proposition 2.6
tells us that every non-isomorphism « in C is a composite oy o - -- o @7 of unfactorizable morphisms,
so F(a) can be defined as F(a)o---oF(ap). By the UFP F is well defined and is a bijection restricted
to Hom¢ (x, y) for each pair of distinct objects x and y. Consequently, F is a bijection from Mor(C) to
Mor(CQ») and so is an isomorphism. This finishes the proof. O

Finite free EI categories have a certain universal property which is stated in the following proposi-
tion:

Proposition 2.9. Let C be a finite EI category. Then there is a finite free EI category € and a full functor
F:C — C such that F is the identity map restricted to objects, isomorphisms and unfactorizable morphisms.
This finite free EI category is unique up to isomorphism.

We call C the free EI cover of C.

Proof. We mentioned before that every finite El category C determines a finite EI quiver Q (see the
paragraphs before Proposition 2.6), and hence a finite free EI category CQ satisfying: Ob(C) = Ob(CQ);

Aute (x) = AutC Q(x) for every object x; the biset of unfactorizable morphisms from x to y in C is the
same as that in CQ for every pair of different objects x and y.
Define a functor F :CQ — C in the following way: F is the identity map on objects, isomorphisms

and unfactorizable morphisms. Now if § : x — y is neither an isomorphism nor an unfactorizable
morphism, it can be decomposed as the composite

B B2 Bm
X =Xo X1 e Xm=Yy

where each B; is unfactorizable for 1 <i < m. Define

F@&)=F(Bm) ... F(BE(B1).
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We want to verify that F is well defined for factorizable morphisms as well. That is, if § has
another decomposition into unfactorizable morphisms

X=X B 2 B h —
then
F(BF (Bn-1) ... F(B1) =F(By)... F(B3) F (B7)-
Since C satisfies the UFP we have m =n and x; =z for 1 <i<n, and By =hi8], f2 = ha}h]

s Bt =hn_18,_1h, - 2, Bn = Bph, 1, where h; € Aute (x;). Since F is the identity map on automor-
phlsms and unfactorizable morphisms, we get:

FBF(Bu-1) ... F(B1) =PnoPuro--0 B
= (Bah ) o (-1 Boahyy) 0 o0 ()
=BroBy 10 0p
=F(B)E(Br-1) - F(BY)
Therefore, F is a well defined functor. It is full since all automorphisms and unfactorizable mor-
phisms in C are images of F, and all other morphisms in C are their composites. Moreover, C is

unique up to isomorphism since it is completely determined by objects, isomorphisms and unfactor-
izable morphisms in C. O

It is well known that every subgroup of a free group is still free. Finite free EI categories have a
similar property.

Proposition 2.10. Let C be a finite EI category. Then C is a finite free EI category if and only if all of its full
subcategories are finite free EI categories.

Proof. The if part is trivial since C is such a subcategory of itself. Now let D be a full subcategory
of C. We want to show that D satisfies the UFP.
Take a factorizable morphism « in D and two decompositions of the following form:

o o om
X=2Xp X1 Xm=Y

B2 Bn ,
X=Xo X1 X, =Yy

where all «; and B; are unfactorizable in D, but possibly factorizable in C. Decomposing them into
unfactorizable morphisms in C, we get two extended sequences of unfactorizable morphisms as fol-
lows:

1 8 8
X=Xp w1 W=y

61 02 O
X=X wq wr=y.
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Each pair of morphisms §; and 6; have the same source and target since C is a finite free EI cate-
gory. Moreover, there are h; € Autec(w;), 1 <i <r—1, such that 6; = hy81, 62 = h282h1‘1, 01 =

hr,18r,1hr__12, 6, = hr__]1 8. If we can prove the fact that m =n and x; =X}, ..., x;s = x;, then the con-
clusion follows. Indeed, if this is true, say x; =X} = wy,, ..., Xm = X;, = Wy,,, then we have g = h; o,
B2 =hryonh; 1, ... Bo=agh; !, which is exactly the UFP.

We show this fact by contradiction. Suppose that x; =x}, X2 =X, ..., X1 =X;_,, and let x; be

the first object in the sequence different from x;. Notice both xy...x; and x;,...x] are subsequences
of the sequence w; ... wi. As a result, x; appears before x; in w;... w1, or after x;. Without loss of
generality we assume that x; is before x;. Let xj_1 = x;_1 = Wq, Xj = Wp and xg = w.. We must have
a < b < c. Furthermore, we check that

Bi=0c0010---0641=(0c0---00p1) 0o 00+1)

with (6c o ---06p41) contained in Homc(x,',xg) and (6p o --- 0 6y4+1) contained in Home (Xi—1, x;). But
D is a full subcategory, so B; is the composite of two non-isomorphisms in D. This is a contradiction
since we have assumed that §; is unfactorizable in D. O

The condition that D is a full subcategory of C is required. Consider the following two examples:

Example 2.11. Let C be the free category generated by the following quiver. Let D be the subcategory
of C obtained by removing the morphism B from C. Then C is a finite free EI category, but D is
not. Indeed, morphisms ¢, So, y B, v are all unfactorizable in D. Thus the morphism y o has two
decompositions (¥ ) o« and (y) o (Ba), which contradicts the UFP.

Example 2.12. Let C be the following category: both Autc(x) and Aute(z) are trivial groups of order 1;
Autc(y) = (g) has order 2; g interchanges 81 and B and fixes «. Then i = (B28) = Br(ga) =
Bra. It is not hard to check that C satisfies the UFP; but the subcategory formed by removing the
morphism g from C does not satisfy the UFP.

« B
XH—_)’H)Z
B2

Proposition 2.13. Let C be a finite EI category and C be its free EI cover. Then the category algebra kC is a
quotient algebra of kC. In particular, if C is of finite representation type, so is C.

Proof. Since the functor F : C — C is bijective on objects, by Proposition 2.2.3 in [10], it induces an al-
gebra homomorphi§m from kC to kC by sending o € Mor(C) to F(«) € Mor(C). This homomorphisms
is surjective since F is full. O

We want to clarify some confusion probably caused by the name “finite free EI categories”: a finite
free EI category C is in general not a free category as the following example shows.

Example 2.14. Let C be a category with one object whose morphisms form a non-identity group. Then
C is a finite free EI category by our definition. But it is not a free category since the morphism group
is not a free monoid.
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3. Representations of free EI categories

In this section we study the representations of finite free EI categories. First, let us introduce some
notation.

A representative unfactorizable morphism « : x — y uniquely determines a subcategory D, of C:
Ob(Dy) = {x, ¥}, Autp,(x) = Autc(x), Autp,(y) = Autc(y), Homp, (x,y) is the whole (Autc(y),
Autc (x))-orbit where « lies. Obviously, D,, is a finite free EI category.

With the above setup, we can show that a representation of a finite free EI category C is deter-
mined by its local structures on subcategories D, for all representative unfactorizable morphisms «.
Stated formally, it is:

Proposition 3.1. Let C be a finite free EI category, and R be a rule assigning a k Aut¢ (x)-module to each object
x and a linear transformation to each unfactorizable morphism in C. If R restricted to Dy, is a representation
of Dy for every representative unfactorizable morphism « in C, then R induces a unique representation R of C
such that R restricted to each Dy, is the same as R restricted to Dy.

Proof. Since we can define R(x) = R(x) for each object x in C, it suffices to define a linear map for
each morphism in C such that the composition relations are preserved. If 8 is an automorphism or an
unfactorizable morphism, it must belong to some subcategory D, for a representative unfactorizable
morphism o. Because R restricted to Dy is a representation, we then define R(8) = R(B8).

Now suppose that g is factorizable and decompose it into unfactorizable morphisms of the follow-
ing form

o o3 Om
X=X X1 Xm=Y.

Let R(@) = R(&m) ... R(ar1). We claim that it is well defined. That is: if & has two different decompo-
sitions

(63} [2%) Om
X =Xg X1 Xm=1Y

and

/31 /32 ﬂn
X=Xo Y1 Yn=1Y,

then it is true that R(op) ... R(1) = R(Bn) ... R(B1).

Indeed, because C satisfies the unique factorization property, we have m =n, x; = y;, and B1 =
hia1, B2 = hzozzhfl,...,ﬁnq = hn_1otn_1h,;12, Bn = oznhni]1 for some h; € Aute(x;), 1 <i<n-—1.
Notice that each «; and the corresponding g; are unfactorizable, and lie in Dy, since B; and «; are
in the same orbit. The fact that R restricted to Dy, is a representation of this subcategory implies
R(hi)R(h;") = R(hih;') = 1. Thus:

R(Bn-..B2B1) = R(Bn) ... R(BR(B1)
= R(@n)R (1,1} )R(hn-1)R(@n-1DR(h; ;) ... R(h)R (1)
=R(ctn)...R(a7)

=R(an...a1).

We proved that R is indeed a representation of C. Moreover, R restricted to any D, is exactly
the same as R restricted to this subcategory. The uniqueness is obvious since from the above process
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we conclude that R is uniquely determined by its values on subcategories Dy, for all representative
unfactorizable morphisms « in C. O

Proposition 3.2. Let C be a finite free EI category. Let R1 and Ry be two representations of C. Then a
family of k Autc (x)-module homomorphisms {¢x : R1(x) — Rz(x) | x € Ob(C)} is a kC-module homomor-
phism from R to Ry if and only if for each representative unfactorizable morphism o : x — y, we have
dyR1(0) = Ro(@)px.

Proof. The only if part is trivial. For the other direction, let us consider unfactorizable morphisms
first. If B : x — y is unfactorizable, it lies in the same orbit as a unique representative unfactorizable
morphism ¢, i.e., § = hag, where g € Aute(x) and h € Aute(y). Because ¢y is a kAute(x)-module
homomorphism, and ¢y is a k Autc(y)-module homomorphism, we have:

dyR1(hag) = ¢y R1(h)R1()R1(g)
= Ra(h)¢yR1(@)R1(g)
= Ra(h)Ra(a)¢xR1(g)
= Ra(h)Ra(@)R2(2) ¢«
= Ra(hag)¢x.

That is, ¢y R1(B) = R2(B)¢x-
If B is factorizable, let x = xq Tl U . AL I\ y be a decomposition of B into unfactoriz-
able morphisms. Consider the following diagram:

Ri(a1) R1(a2) R1(am)
Ri(x0) —— R1(x1) —— - —— R1(xm)
\L% ldﬁ \Ltﬁm
Ra(a1) Ra(02) Ra(am)

Ry(xg) —— Ry(x1) ——= -+ —— Ra(xpm).
Fori=0,...,m—1, we have ¢;+1R1(c¢j+1) = Ra(ej+1)¢i. Thus:

¢dmR1(B) = dpmR1(am)R1(@m-1) ... R1(t1)
= Ra(@m)Pm-1R1(om—1) ... R1(a1)

= Ra(am)R2(a¥m-1) ... Ra(t1) o
= R2(B)¢o.

This finishes the proof. O

Throughout the remaining of this section we use the following notation: o : x — y is a fixed
representative unfactorizable morphism and D, is the corresponding subcategory of C (see our
notation before Proposition 3.1 for the definition of Dy). Let G and H be Autc(x) and Aute(y) re-
spectively. Define: Go = Stabg(«), Hg = Staby (), G1 = Stabg(Hat), and Hq = Staby (e G). Obviously
G1={g € G: exists h € H with g = ha}, and Hy = {h € H: exists g € G with ha = ag}. The group
G (H, resp.) acts transitively on Homp, (x, y) if and only if Hy = H (G1 = G, resp.), bearing in mind
that Homp, (x, y) only has one orbit as a biset.
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Lemma 3.3. With the above notation, Gog and G1 are subgroups of G, Hy and H1 are subgroups of H. Moreover,
Go <G, Ho < Hq, and G]/GO = Hl/Ho.

Proof. This result is known to Bouc who described the structures of bisets in [4]. We give an ele-
mentary proof here. It is routine to check that Go < G, G1 < G by definition. Similarly, Hy < H and
Hq < H. It is also clear that Go < G1 and Hy < Hj.

Let go € Go, g € Gy and consider g~'gog. Since g € Gy, there is h € H such that ag = ha.
Then ag 'gog =h'agog =h 'ag =h 'ha = «. This means g~ !gog € Gg and Go <1 Gy. Similarly,
Ho < Hj.

Now define a map ¢ : G1 — H1/Ho by the following rule: for every g € Gy, there is some h € H
such that «g = ha. By the definition h is contained in Hq. Define ¢(g) = h, the image of h in Hi/Hp.
The reader can check that ¢ is well defined, surjective, and a group homomorphism. Moreover, the
kernel of this map is exactly Go. Thus G1/Go = H1/Hp. O

Remark 3.4. Under the isomorphism given in this lemma, we identify the quotient group G,/Go with
H1/Hp, and the module k Tg; =k(G1/Gop) with k TZ; =k(H1/Ho).

From now on we insist:

Convention. All finite EI categories C we study satisfy that the endomorphism group of every object
x in C has order invertible in k.

A representation R of D, determines a linear map ¢ = R(«) from a kG-module R(x) to a kH-
module R(y). Notice that both R(x) and R(y) are semisimple by Maschke’s theorem in view of the
previous convention.

Lemma 3.5. Let U be a simple summand of R(x) ¢gl. If(U) #0, then:

(1) U is a direct summand of k Tgé;
(2) the restricted map @y : U — @(U) is a k(G1/Go)-module isomorphism under the identification k Tg; =
Hy.
k TH;,
) : H
(3) @(U) is a direct summand of k TH;.

Proof. If ¢(U) #0, there is some u € V1 C U such that ¢(u) = w # 0, where V7 is a simple summand
of U ¢g; We claim that each g € Gy fixes u, hence V1 = k. Indeed, if there is g € Gg such that gu # u,
then p(u — gu) = p(u) — (pg)(u) =0 since g € Gy fixes ¢. But u — gu # 0 is also in V; and generates
the simple kGo-module Vi, too. Now the fact that Go fixes ¢ and ¢(u — gu) = 0 implies that V4
is sent to 0 by ¢. In particular u is sent to 0. This is a contradiction. Thus V1 =k | U J,(G;; But
Homyg, (k Tg;, U) = Homyg, (k, U Lgo) #0,s0U |k T(G:(l, This proves the first statement.

Take any g € G; and let g be its image in G1/Go under the natural projection. Since U | k Tg(‘)
we know gu = gu for every u € U. With the identification G1/Go = Hy/Hp, g is identified with a
certain h € Hi/Ho, where h € Hy acts on ¢(U) in the same way as h acts on it. But ha = ag €
Homyp, (x, y) and R is a representation of Dy, so we should have ¢(gu) = ho(u), that is: ¢(gu) =
i_lgo(u). Consequently, ¢ is a k(G1/Gp)-module homomorphism if we identify g and h. Since U is
simple, and ¢ is non-zero, it must be an isomorphism. This is the second statement.

Since h fixes ¢, every h € Hp acts trivially on ¢(u) = w. Thus the kHp-module generated
by w is isomorphic to the trivial kHp-module k, so k| ¢(U) ¢Z; Again, Homyy, (k Tﬁé,(p(U)) =
Homyy, (k, ¢ (U) igé) #0, so ¢U) and k TZ; have a common simple summand. By (2), ¢(U) as

the non-trivial homomorphic image of a simple module must be simple, too. Thus ¢(U) | k TZ; m]
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The conclusions in the previous lemma actually characterize linear maps R(«), where R is a rep-
resentation of Dy.

Lemma 3.6. Let ¢ : M — N be a linear map from a kG-module M to a kH-module N such that for every
simple summand U of M ¢g], the restricted map ¢y : U — @(U) is zero when U 1k Tg; and a k(G1/Go)-
module homomorphism otherwise. Then ¢ determines a representation R of Dy with R(x) = M, R(y) = N
and R(o) = ¢.

Proof. We define a functor R : Dy — k-Vec by letting R(x) = M, R(y) = N. If 8 is an automorphism
of x or y, R(B) is already defined since M is a kAutp, (x)-module and N is a kAutp, (y)-module.
Otherwise 8 in Homp, (x,y) can be written as hag, where h € H, g € G, o is the representative
unfactorizable morphism determining Dy . In this case R(B8) can be defined as hpg. The conclusion
follows after we show that this definition is well defined. That is, if hya gy = hoa gy, then hipg) =
ha@gs.

Since M as a vector space is the direct sum of all the summands of M ¢g], it is enough to
show that for every summand U, and each u € U, we have h1pgi(u) = hopga(u), or equivalently:
h;lhw)(u) = <p(g2gl’1u). The fact that hyaeg; = hpa gy implies hz’lhla = agzgl’l, hence hz’lhl € Hq
and gzgl_1 € G1, so g2g1‘1u e U and go(gzg;1u) = (pU(gzgl_lu). Thus it is sufficient to prove that

hy 'higu () = gu (8287 ).

If oy =0, we have (pu(gzgl’lu) =0= h2’1h10 = hz’]hupu(u) trivially. Otherwise, let h be the
projection of hz’lm into H1/Hp, and g be the projection of gz’lgl into G1/Gop. Then gz’lglu = gu, and
h2‘1h1(pu(u) = fl(pu(u) because U |k Tg; and ¢U) | k TZE, Since g is sent to h by the isomorphism
G1/Go = H1/Hg, and ¢y is a k(G1/Go)-module homomorphism, we have: hz_lhﬂpu u) = i_upu(u) =
Qu(gu) =y (g2_1g1u). Thus R is well defined, and the conclusion follows. O

Remark 3.7. Let ¢ : M — N be a linear map from a kG-module M to a kH-module N. Let U (T, resp.)
be a simple summand of M ¢81 (N ¢Zl, resp.). Take a fixed decomposition N =T @& N’ of vector space
and let p: N — T be the projection. Then ¢ is a direct sum of ¢yr’s of the following form:

9 p
pur :UC M N T.

Lemmas 3.5 and 3.6 tell us that ¢ is given by or gives a representation R of D, if and only if
the following is true: whenever ¢yt # 0, then U | k Tg:} T |k TZ; and ¢yt is a k(G1/Gp)-module
isomorphism under the given identification.

4. Ordinary quivers of finite EI categories

In this section we will construct the ordinary quiver Q for every finite EI category C under the
hypothesis that the endomorphism groups of all objects in C have orders invertible in k. The algorithm
used here to construct Q is expressed in terms of the simple modules of endomorphism groups of
objects in C and their restrictions to subgroups. This is easier and more intuitive than the usual
approach which uses the primitive idempotents and the radical of kC. Let us first introduce some
preliminary results.

Let G be a finite group whose order is invertible in k and G; < G be a subgroup. For every kG-
module M, we denote the homogeneous space of a simple kG-module V in M by M(V), that is, the
sum of all submodules of M isomorphic to V. If U is a simple summand of V igl, we denote the
homogeneous space of U in M(V) ¢gl by M(V, U). Since V ig] may contain more than one simple
summand isomorphic to U, we choose a particular decomposition and index different isomorphic
copies of U in V igl by natural numbers s € N. That is:
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t
Vig]:@USGBV/

s=1

where each Us is isomorphic to U and V’ has no summands isomorphic to U.
Now let M(V,U,s) be the sum of the s-th isomorphic copy of U in each V ¢gl of M(V) ¢gl,
s> 1. Thus if

MV)=Vi® V&0 Vpy

is any decomposition of M(V) and 6; : V — V; is a kG-module isomorphism, and

Vig=Uio--aU eV

is some fixed decomposition where Us = U for all 1 <s <t and V' has no summands isomorphic
to U as kGq-modules, then M(V,U,s) is defined as 0;(Us) @ 02(Us) @ - -- @ O, (Us). This definition
of M(V,U,s) is dependent on the fixed decomposition of V ¢gl, but independent of the decom-
position of M(V) up to an automorphism of M(V), or equivalently, independent of the particular
isomorphisms 6;. Indeed, if

MV)=Vi®Vy®---dVny

and

M\V)=WieW@---® W,

are two decompositions of M(V). Then we get two lists of isomorphisms {Gi}',?;1 and {Wj}L] with
0;(V) =V, and ¢;(V) = W;. By the Krull-Schmidt theorem, we have m =n, and there is a permu-
tation 7r of {1,...,n} together with a family of kG-module isomorphisms ¢;: V; = Wy . Since both
¥ and ¢;0; are isomorphisms from the simple kG-module V to the simple kG-module W;, we know
that ; is a scalar multiple of ¢;6; by Schur’s lemma. Thus

Vi(Us) @ Y2(Us) @ - ® Ym(Us) = 1 (91 (Us)) D ¢2 (QZ(US)) DD Pm (Qm(Us))
= ¢(91(U5) S0Us)®--- @ Qm(Us))

where ¢ is the direct sum of ¢;, an automorphism of M(V). Thus the automorphism ¢ sends the
space M(V, U, s) determined by the first decomposition of M(V) to the space M(V, U, s) determined
by the second decomposition of M(V).

Repeating the above process for all simple summands V of M, and all simple summands U of
Vv ¢g], we can decompose M as the direct sum of all subspaces of the form M(V, U, s). That is:

M=EB EB @M(V,U,s).

VIM UlV‘Lg] SEZL

Notice that for each fixed V and U, there are only finitely many s such that M(V, U, s) # 0. Thus this
decomposition is well defined. Let py ys: M — M(V, U, s) be the projection.
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Lemma 4.1. With the above setup, every kG-module homomorphism ¢ : M1 — M3 as a linear map is the
direct sum of all gy y .

¢ Pv.Us
dvus:M(V,U,s)C M M, Ma(V,U,s)

Proof. Since My as a vector space is the direct sum of all subspaces of the form M;(V,U,s), it
suffices to show that every subspace M1(V,U,s) is sent by ¢ into M,(V, U, s). First, since ¢ is a
module homomorphism, and both M1 and M; are semisimple, the homogeneous space M1(V) C M1
is sent into the homogeneous space My (V) C M. If either M1(V) or Ma(V) is 0, i.e., either M1 or M
has no summand isomorphic to V, the conclusion holds trivially. Otherwise, take a particular simple
summand V; of M1(V), and a particular simple summand V, of M3(V). The induced kG-module
homomorphism from Vq to V, by ¢ is a scalar multiplication, hence sends the s-th isomorphic copy
of U in V4 ¢gl into the s-th isomorphic copy of U in V; Lgl. Consequently, M{(V, U, s) is sent into
My (V,U,s). O

Now we construct the ordinary quiver Q for a finite EI category C. The detailed algorithm is as
follows:

Step 1. The vertex set of Q is I—lerb(C) Sx, Where Sy is a set of representatives of the isomorphism
classes of simple k Autc (x)-modules.

Step 2. Let @ : x — y be a representative unfactorizable morphism. Then it determines uniquely:

G = Autc (x), Go = Stabg (), G1 = Stabg (Ha);

H = Aute(y), Hp = Staby (o), Hq = Staby (¢ G);

{V1,..., Vim}: the set of pairwise non-isomorphic simple kG-modules;

{Wq, ..., Wp}: the set of pairwise non-isomorphic simple kH-modules;

{Uq, ..., U;}: the set of pairwise non-isomorphic simple summands of k Tg:)

Step 3. For each particular simple kG-module V in {V1,..., Vn} choose a decomposition V ¢gl =
Ufl @---@® U/ @ X where X has no summand isomorphic to any U;. For each simple kH-module W
in {W1,..., Wy} choose a decomposition W ¢ﬂ1 = U]f‘ DD Urf’ @ Y such that Y has no summand
isomorphic to any U;. Then we put Y ;_, e; f; arrows from the vertex V to the vertex W in Q.

Step 4. Repeat Steps 2-4 for all representative unfactorizable morphisms.

Remark 4.2. We can index an arrow in Q by a list («,V,W,U,s,I): this arrow is induced by a
representative unfactorizable morphism « : x — y; it starts from a simple k Autc(x)-module V and
ends at a simple kAutc(y)-module W. This arrow is associated with the s-th isomorphic copy of U
in V |¢ and the I-th isomorphic copy of U in W |{{ , where U is a common summand of V | ,
w ¢Z1 and k Tg; under the given identification (G1/Go) = (H1/Ho). See Lemmas 3.3, 3.5 and 3.6 for
more details.

Although the subspaces M(V,U,s) of M and N(W, U, ) of N depend on the particular decompo-
sition, the quiver we constructed by the above algorithm is independent of it. Indeed, we have:

e; = dimy Homg, (U,‘, Vv i,&)
and

_f,' = dimk HOITIH1 (Ui, 74 i,Z])
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since U; can be viewed as both a kGi-module and a kH{-module by identifying G1/Go with Hi/Hp.
Clearly e; and f; are invariant with respect to different decompositions.

The following two simple examples illustrate our construction.

Example 4.3. Let C be the following finite EI category where: G and L are cyclic groups of order 2
and 3 respectively; H and K are the symmetric groups on 3 letters; O is an (H, G)-biset with two
morphisms generated by «, fixed by the trivial subgroup of G and the proper subgroup of order 3
in H; 05 is a (K, H)-biset of 6 morphisms generated by g, permuted regularly by H and K; O3 is a
(L, H)-biset with one morphism §, fixed by both H and L.

(] 2
G—H —K

lo;

L

The reader may check that C is in fact a finite free EI category. We have: kG =k @ S, the direct
sum of two non-isomorphic one-dimensional modules; kH = kK =k @ € & V, & V;, the direct sum
of the trivial module k, the sign representation €, and two isomorphic copies of two-dimensional
simple modules; kL = k @ w @ w?, the direct sum of three pairwise non-isomorphic one-dimensional
modules. Thus the associated quiver Q has 11 vertices.

To distinguish different vertices, we mark vertices corresponding to kG-modules with *, vertices
corresponding to kH-modules with ¢, vertices corresponding to kK-modules with o, and vertices
corresponding to kL-modules with e. Now we want to put arrows among them. It is not hard to see
that C has 3 representative unfactorizable morphisms «, 8 and §.

First, let us analyze o, which determines arrows from vertices marked by * to vertices marked
by ¢. Obviously, Go =1, G{ =G; Hyp=C3 <H, Hi =H; and G1/Go = H1/Ho = C,. Thus « gives rise
to no arrow ending at the vertex <V, since it is not a simple summand of k Tgo. All other vertices
are summands of k ng and k TZO. There is one arrow from xk to ¢k since by identifying G1/Go and
Hq1/Hy, they are the trivial representations of this quotient group. Similarly, there is an arrow from
*S to o€ since they both are the sign representations of this quotient group.

We omit the detailed analysis of g and §. Finally, we get the associated quiver Q as below:

ok o€ OV2
o’ o ok =<— ok o€ oVs
*k *S

Example 4.4. Let C be a finite EI category with objects x and y; H = Aut¢(y) is a copy of the sym-
metric group S3 on 3 letters; G = Autc(x) is cyclic of order 2; Home¢(x, y) = S3 regarded as an
(H, G)-biset where H acts from the left by multiplication, G acts from the right by multiplication
after identifying G with a subgroup G' of S3; Home(y, x) = #.

From the previous example, we find that Q has 5 vertices: ok and oS corresponding to x; ek, eV
and e€ corresponding to y. We choose & =1 € S3 as the representative unfactorizable morphism and
then Go=1, G1 =G, Hy=1, Hi = G'. As before, kG=k® S, and kH =k ® € @ V, @ V5. Moreover,
k iﬂl =k e izl s,V ¢Z1 = S @ k. Thus the quiver Q is as follows:
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VAV

In the above examples we find that the associated quivers are acyclic. Moreover, if C is a finite
free EI category, the underlying quiver of a finite EI quiver Q generating C is a subquiver of Q. This
is always true.

Proposition 4.5. Let C be a finite EI category for which the endomorphism groups of all objects have orders
invertible in k. The associated quiver Q of C is acyclic. Moreover, if C is a finite free EI category generated by a
finite EI quiver O, then Q contains a subquiver isomorphic to the underlying quiver of 0.

Proof. It is obvious that the associated quiver Q of C contains no loops. Now let S; — --- — S, =S4
be an oriented cycle with at least 2 vertices (therefore n > 3), where S; is a simple summand of
k Aute (x;), x;i € Ob(C), 1 <i < n. Our construction shows that each arrow is induced by a unfactoriz-
able morphism in C. Therefore we get a string of unfactorizable morphisms

oy Qn—1 on
X1 cee Xn—1 Xn = X1.

Notice that x; # x1 since o is unfactorizable, hence not an automorphism. But this implies that both
Hom¢ (%1, x2) and Home (X2, x1) are non-empty, which is a contradiction (see the paragraphs before
Definition 2.1), so the first statement is correct.

Now suppose that C is a finite free EI category generated by a finite EI quiver 0. We know that
vertices in Q are exactly objects in C, and each object x in C gives a unique vertex ky in Q, the triv-
ial k Autc (x)-module. Furthermore, every arrow x — y in 0 corresponds to a unique representative
unfactorizable morphism « : x — y, which in turn determines, by our construction, a unique arrow
from ky to ky in Q. By identifying x with ky, we get the second statement. O

This associated quiver Q of C is actually the ordinary quiver of kC. To prove this, let us consider
the radical of kC.

Proposition 4.6. Let C be a finite EI category for which the endomorphism groups of all objects have orders
invertible in k. Then radkC has as a basis the non-isomorphisms in C and rad kC/ rad? kC has as a basis the
images of all unfactorizable morphisms in C respectively.

Proof. Let A be the subspace of kC spanned by all non-isomorphisms in C. Clearly, A is an two-
sided ideal of kC and it has the non-isomorphisms as a basis. Moreover, kC/A = @erb(c)kA“tC (%).
Since the endomorphism groups of all objects in C have orders invertible in k, all groups algebras are
semisimple. Thus kC/A is semisimple, and rad kC € A. On the other hand, because C has only finitely
many distinct objects, A is nilpotent, so A C radkC. This proves A =radkC.

As an ideal of kC, rad®kC contains all factorizable morphisms in C, and no unfactorizable mor-
phism. Consequently, radkC/ rad? kC is spanned by the images of all unfactorizable morphisms in C.
Actually, these images form a basis of radkC/ rad’kC. O

Now we restate and prove Theorem 1.1.

Theorem 4.7. Let C be a finite EI category for which the endomorphism groups of all objects have orders
invertible in the field k. Then the quiver Q constructed by our algorithm is precisely the ordinary quiver of the
category algebra kC. Moreover, kC has the same ordinary quiver as that of kC, the category algebra of the free
El cover C of C.
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Proof. Let Q' be the ordinary quiver of kC. We only need to show that there is a bijection 7 from
the vertices set of Q to the vertices set of Q’, and for every pair of vertices v and w in Q, the num-
ber of arrows from v to w is the same as that of the arrows from 7 (v) to 7 (w). By Corollary 4.5
of [9], a primitive idempotent of kC is exactly a primitive idempotent of k Autc (x) for some object x.
Moreover, if ex and ey are two primitive idempotents of kC associated with objects x and y respec-
tively, then kCey = kCe,, if and only if x =y (since C is skeletal) and kAutc (x)ex = k Autc(x)ey, (see
the paragraph before Proposition 4.3 of [9]). Therefore, the isomorphism classes of all indecompos-
able projective k Autc (x)-modules (which are simple in this case), where x ranges over the objects in
C, biject with all isomorphism classes of indecomposable projective kC-modules, and hence index all
simple kC-modules. Actually, these simple k Autc (x)-modules can be lifted to all simple kC-modules
bijectively. Thus the vertices of Q' can be parametrized by isomorphism classes of simple k Aute (x)-
modules, with x varying within Ob(C). Therefore Q and Q’ have the same vertices.

Now let e; and e; be two primitive idempotents of kC corresponding to objects x and y respec-
tively. Let v = [kCe1] and w = [kCe;] be the corresponding vertices in Q' (or Q since they have the
same vertices). We know that the numbers of arrows in Q' from v to w is the dimension of the
k-space ey (radkC/ rad? kC)eq. Let a1, a2, ..., be all representative unfactorizable morphisms from
x to y. We verify that

I
ez(radkc/ rad? kC)eq = ED ex(kHoiG)eq
i=1

by the previous proposition. Thus we only need to check that each representative unfactorizable mor-
phism from x to y gives the same number of arrows from v to w as that given by our algorithm.

Take a particular representative unfactorizable « in the list a1, «, ..., ®;. Let us compute the
dimension of e;(kHaG)eq. As we mentioned before, o determines groups Hyo <Hy < H, Go <Gy <G
with Hopoe =aGo =« and Hie = «G1, and k(G1/Go) = k(H1/Hp). We identify these two modules and
let {uq,...,uy} be a list of primitive idempotents of k(H1/Hp) such that every simple summand of
k(H1/Hp) is isomorphic to some k(H1/Ho)u;, and k(H1/Ho)u; 2 k(H1/Ho)u;j if i # j for 1 <i, j<n.
Notice that all u; are primitive idempotents of both kG, and kH; under the identification. Let U; =
k(H1/Ho)u;,

kGey g, =UT' @ d Uy ®U

and

kHe; Ll =UY @ @U@V

such that both U =kGqu and V =kH;v have no summand isomorphic to any U;, where u and v are
idempotents of kG and kH respectively. Then by using both the right and left module structure of
kHa G we have:

eokHaGeq = Homyy (kHey, kHaGeq)
= Homyy (kHez, Homyg (e1kG, kHa G))
= Homyy | kHe,, Homy¢ (e1kG, @ I<haG>)
heH/H,
= Homy (kHez, Homyg (e1kG. ka G) 411,

= Homypy I<Hez,H0mk(;(e1kG, @ kagG1> Tﬁl>
g€G\Gy
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= Homyy (kHez, Homyg (e1kG. karG1 1& ) 14i,)
= Homyy (kHez, Homyg, (e1kG igl,kaa) TZI)

= Homyy, (kHe | jj, . Homyg, (e1kG ¢, . kaGy)). (41)

The last two isomorphisms come from the Frobenius Reciprocity. Also notice that keG1 =kHq« is
a (kH1,kG1)-bimodule, which is isomorphic to k(G1/Gp) as a right kG;-module and is isomorphic to
k(H1/Hp) as a left kHi-module. Moreover, the decomposition

n
kGeq igl ~ @(kcw,-)”" ®kGqu
i=1

as a left kG1-module implies the decomposition

n

e1kG J,g] x~ @(uik(h)“" ® ukGq
i=1

as a right kGy-module. Thus:

n
Homyg, (e1kG ¢, karG1) = Homyg, (@(uik(h)"f @ ukG, kozG1>

i=1

n n
= Homyg, (@(uikcl)“", koe61> = P kaGyu;)

i=1 i=1
n n
=P kHraup® = PUi.
i=1 i=1

Consequently, we have:

n
R.H.S of (4.1) = Homyy, (kHez P U;"’>
i=1

n n
= Homyy, (QB Ul e V,EBU,F“)
i=1 i=1
n n
~ b; i
= Homyp, (@ U; @Uf )
i=1 i=1

n
= (D) (Homyy, (U, Up) ™.
i=1

The right-hand side of the above identity has dimension Y i_;a;b;, which is the same as the
number of arrows from the vertex v = [kCeq] to the vertex w = [kCe;] given by « in our construction
(see Steps 2 and 3 of our algorithm and Remark 4.2). This proves the first statement.

By Proposition 2.9, we know that C and its free EI cover C have the same objects. Moreover, for
each pair of objects x and y, we have Aut¢(x) = Auts(x), Autc(y) = Auts(y), and the unfactorizable
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morphisms from x to y in C are the same as those in C. But from the above proof we find that these
data completely determine their ordinary quivers. Thus kC and kC have the same ordinary quiver, as
we claimed. O

5. Hereditary category algebras

It is well known that the group algebra kG of a finite group G is hereditary if and only if the
order of G is invertible in k, and the path algebra kQ of a finite acyclic quiver Q is always hereditary.
Since a finite EI category C can be viewed as a combination of several finite groups and a finite
acyclic quiver, it is convincing that a characterization of hereditary category algebras kC must be
related closely to the following conditions: the endomorphism groups of all objects in C have orders
invertible in k, and C is a finite free EI category. These two conditions actually characterize finite EI
categories among hereditary category algebras and this is the content of Theorem 1.2.

Let us state some preliminary results which will be used in the proof of Theorem 1.2.

Lemma 5.1. Let o1 and o be two different unfactorizable morphisms in a finite free EI category C. Then as
kC-modules, either kCay = kCay, or kCor1 NkCaty = 0.

Proof. For i = 1,2, let B; = {8«; | § € Mor(C), s(8) = t(«;)} be the set of all composites starting
with «;, where s(8) and t(«;) are the source of § and the target of «; respectively. Then B; spans
kCa;. If we can prove that By and B, are either the same, or have empty intersection, then the
conclusion follows.

Suppose that B N By is non-empty. Then we can find 8 € By N B, and B can be expressed as
811 = §203. But C is a finite free EI category and satisfies the UFP, so o7 and o have the same
source x and the same target y. Moreover, there is an automorphism h € Autc (y) such that oy = ho;
and 8; = 8;h~!. In particular, 1 € By and a3 € B1. Thus By = By, which completes the proof. O

Lemma 5.2. Let o : x — y be an unfactorizable morphism in a finite free EI category for which all endomor-
phisms groups of objects have orders invertible in k. Then the cyclic kC-module kCa is projective.

Proof. Let H = Autc(y) and Hp = Staby (). Since the order of H is invertible in k, the subgroup
Ho has invertible order in k, too. Thus we can define e = ﬁZheHoh € kH C kC. Since e is an
idempotent of kC, it follows that kCe is a projective kC-module. We will show that kCa = kCe as
kC-modules.

Define a map ¢ : kCa — kCe by letting ¢ (roe) =re, where r € kC. We claim that ¢ is a kC-module
isomorphism.

First, we want to show that ¢ is well defined. That is, if } 1 ; a;6jcx = Z'}Zl bjBjo are two different
expressions of a vector in kCo, where a;,b; € k, 8;, Bj € Mor(C) are morphisms starting at y, then
Yisiaidie = Y_y bjpje. This is equivalent to saying that if > 7', a;si =0, then Y7, aisie =0,
where all §; are pairwise distinct morphisms starting at y.

Those ;¢ might not be all distinct. By changing the indices if necessary, we can suppose that
S1a = =6, §j, ;1@ =--- =4, and so on until §; ;1o =--- =, where &, «, §j,c, ..., 5
are pairwise distinct and §;, = §p. From the definition of the category algebra, §;,«, ..., ;@ are in
fact linearly independent. Thus we have:

m
> aisic = @810 + - +ai, 81,00 + -+ @y 418410+ -+ 08500
i=1
= ((11 + - +ai1)5i]a +--+ (al'[,l-'r] + - +ai1)8i1a'

Notice that (a1 +--- +aj;) = -~ = (@j_,+1 + -~ +a;) = 0 by the independence of the §;;&r, 1 <
j < 1. We want to show that each term (@ij 41+ -+ a5 is sent to 0 by ¢. Observe that since
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S0 = 5j; 0 for all 1 <s < ij, by the UFP, there are hs € Autc(y) such that hsa = o and 85 = 6,~jh;1. In
particular, hy € Hg. Thus:

ij ij ij
¢<2a583a> = Zassse = Zasaijhs_le.
s=1 s=1 s=1

But all h;! € Hy fix e, ie, hy'e =e, so the right side of the above identity is actually

(Z'szl as)die =0. This shows that ¢ sends each term to 0, and hence is well defined.

Now suppose @(} 1, a;dir) = Y 1, a;6ie = 0. Since e fixes o, i.e, e =, we have Y It ; a;8it =
(3", a;8ie)er = 0. Thus this map is injective.

It is clear that ¢ is surjective and is a kC-module homomorphism. In conclusion, ¢ is a kC-module
isomorphism. The conclusion is proved. O

Let us restate Theorem 1.2 and give a proof here.

Theorem 5.3. Let C be a finite EI category C. Then kC is hereditary if and only if C is a finite free EI category
satisfying that the endomorphism groups of all objects have orders invertible in k.

Proof. If C has only one object, the conclusion holds obviously. Without loss of generality, we suppose
that C has more than one object.

The if part. By Corollary 5.2 on p. 17 of [2], it suffices to prove that A =radkC is a projective kC-
module. By Proposition 4.6, A has as a basis all non-isomorphisms in C. By Proposition 2.6, A as a kC-
module is the sum of all submodules of the form kCo, where o ranges all unfactorizable morphisms
in C. By Lemma 5.1, any two of them either coincide, or have a trivial intersection. Therefore, A is the
direct sum of some of these submodules. But all these submodules are projective by Lemma 5.2, so
A is also projective.

The only if part. Let C be a finite EI category such that kC is hereditary, we first show that all en-
domorphism groups of objects have orders invertible in k. If this is not true, then C has an object
x whose endomorphism group G = Autc(x) has order not invertible in k. Let k, be the simple kC-
module which is k on x, and 0 on other objects. Let P — ky be a minimal kC-projective resolution
of ky. By Lemma 5.1.1 of [10], it induces a projective resolution P(x) — k of k Aut¢ (x)-modules. Since
Aute (x) has order not invertible in k, this induced projective resolution has infinite length, so P — ky
must be of infinite length. This is impossible since kC is hereditary. Consequently, all endomorphism
groups of objects in C have orders invertible in k.

Next we prove that C is a finite free El category. By Proposition 2.9, there is a full functor
F:C — C, where C is the free EI cover of C. Moreover, F is the identity map restricted to objects,
isomorphisms and unfactorizable morphisms. By Proposition 2.13, C gives a surjective algebra homo-
morphism :kC — kC. Since C and C have the same objects, and the same endomorphism group for
each object, we know from Proposition 4.3 of [9] that every simple kC-module can be viewed as a
simple kC-module, giving all simple kC-modules. Moreover, kC and kC have the same ordinary quiver
(Theorem 4.7). We know that kC is a hereditary algebra by the conclusion we just proved. Therefore,
both kC and kC are hereditary algebras with the same simple modules and the same ordinary quiver.
But for a hereditary algebra, these data completely determine the dimension of this algebra. Conse-
quently, kC and kC have the same dimension, so Y is an isomorphism and the functor F:C>cC
must be bijective on morphisms. Therefore, F is an isomorphism of categories. In conclusion, C is
isomorphic to C, so is a finite free EI category. O

Corollary 5.4. The category algebra kC of a finite El category C is hereditary if and only if for all full subcate-
gories D of C, the category algebras kD are hereditary.
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Proof. One side is trivial since C is a full subcategory of itself. Now assume that kC is hereditary.
By the previous theorem, C is a finite free EI category whose endomorphism groups of objects have
orders invertible in k. If D is a full subcategory of C, then by Proposition 2.10, D is also a finite free
El category for which all endomorphism groups of objects obviously have orders invertible in k. By
the above theorem again, kD is hereditary. O

Corollary 5.5. Let C be a finite free EI category for which all endomorphism groups of objects have orders in-
vertible in k. Then C is of finite (tame, resp.) representation type if and only if its ordinary quiver has underlying
graph a disjoint union of Dynkin (Euclidean, resp.) diagrams. Otherwise, it has wild representation type.

Proof. The conclusion comes from the previous theorem and the classification of representation types
of quivers. O

As an application of this theorem, we assert that the categories shown in Examples 4.3 and 4.4
have finite representation type over fields k whose characteristic is not 2 or 3.

6. Application to representation types

To determine the representation type of a finite EI category C is an interesting but challenging
problem. In this section we only consider the finite EI categories C for which the endomorphism
groups of all objects have orders invertible in k. Under this hypothesis, we can construct the ordinary
quiver Q of kC according to the algorithm described in Section 4. If furthermore C is a finite free EI
category, its representation type is completely determined by Corollary 5.5. Otherwise, kC is Morita
equivalent to kQ /I, where [ is a non-trivial admissible ideal of kQ . Thus kC is of finite representation
type if so is kQ, which is precisely Proposition 2.13 since kC is Morita equivalent to kQ.

It is well known that if a quiver Q has a subquiver of infinite representation type, Q is of infinite
representation type as well. This conclusion holds for finite groups. Finite EI categories have a similar
property:

Proposition 6.1. A finite EI category C is of infinite representation type if it has a full subcategory D of infinite
representation type.

Proof. Let M be an indecomposable kD-module. By Theorem 4.4.2 of [10], the induced module
M T% is an indecomposable kC-module. Moreover, M is D-projective, i.e., M | M T%¢%. This implies
that every indecomposable kD-module M is a direct summand of M |$,, where M is an indecom-
posable kC-module. If C is of finite representation type, it has only finitely many non-isomorphic
indecomposable modules. But the restriction of these modules to D can produce only finitely many
non-isomorphic indecomposable kD-modules, and hence D is of finite representation type, which is
a contradiction! O

Now let us consider full subcategories of C. The subcategories with one object always have finite
representation type since their category algebras are precisely semisimple group algebras. They cannot
provide us much information about the representation type of C. Without loss of generality we sup-
pose that C has more than one object. Consider the connected subcategories with two objects. Since
they are always finite free EI categories, we can completely determine their representation types by
constructing the ordinary quivers. Fortunately, these categories give us many useful details about the
representation type of C.

Corollary 6.2. Let C be a (skeletal) finite EI category containing a full subcategory D with two distinct objects
x 2 y such that Homp (x, y) # @. If Homp(x, y) has more than one orbit as an (Autp(y), Autp(x))-biset,
then D and C are of infinite representation type.
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Proof. Notice that every morphism in Homp(x, y) is unfactorizable. If it has more than one orbit,
then D has at least two representative unfactorizable morphisms which are not in the same biset
orbit. Take two representative unfactorizable morphisms o # B lying in different biset orbits and
consider the ordinary quiver Q of kD. It contains two vertices ky and k, the trivial representations of
Autp(x) and Autp(y) respectively. Since both « and 8 give an arrow from ky to k, by our algorithm,
there are at least two arrows from ky to ky. Thus the ordinary quiver Q contains multiple arrows and
is of infinite representation type. By Corollary 5.5, D, hence C are of infinite representation type. O

Remark 6.3. We comment that Proposition 6.1 and Corollary 6.2 are always true over all algebraically
closed fields k, no matter what the characteristic of k is. We strengthen Corollary 6.2 under the
hypothesis that all endomorphism groups have orders invertible in k.

Corollary 6.4. Let C be a (skeletal) finite EI category containing a full subcategory D with two distinct objects
x 2 y such that Homp (x, y) # @. If neither Autp (x) nor Autp(y) acts transitively on Homp (x, y), then D
and C are of infinite representation type.

Proof. By the previous corollary we can assume that Homp(x, y) has only one orbit as an (Autp(y),
Autp (x))-biset generated by one morphism, say «. Let G =Autp(x) and H =Autp(x). As before, we
define Gy = Stab¢(«), Hgp = Staby (o), G1 = Stabg(Ha), H; = Staby (aG). Because neither G nor H
acts transitively on Homp(x, y), G1 is a proper subgroup of G, and Hq is a proper subgroup of H.
Let us consider the kG-module k Tgl. We claim it has exactly one isomorphic copy of the trivial

kG-module k as a direct summand. Indeed, Homy (k, k Tgl) = Homyg, (k ¢gl ,k) = Homyg, (k, k) =k,
which implies the claim. But the dimension of k Tgl is strictly bigger than 1 since Gy is a proper
subgroup of G, so it has another simple summand S not isomorphic to k. Again Homyg, (k, S ¢gl) =
Homyg (k Tgl ,S) #0, and therefore S ¢gl has a trivial summand k. With the same reasoning, we can
find a simple summand T | k TII:IH such that T is not isomorphic to the trivial representation k of H,

but T ¢51 has a trivial summand k.

Consider the ordinary quiver Q of D. It contains at least four vertices: ky and k, which are the
trivial modules of kG and kH respectively, S, and T. By our construction, the representative unfactor-
izable morphism « induces an arrow ky — ky and at least one arrow ky — T since ky ¢gl =k|T ¢Zl
under the identification. It also gives at least one arrow from S to ky and at least one arrow from S
to T. Thus we get a subquiver of Q, pictured below:

ke — ky

X

S—T

It is clear that the above subquiver is of infinite representation type, so Q is of infinite represen-
tation type as well. By Corollary 5.5, D, hence C are of infinite representation type. O

By the previous corollaries we can make the following assumption on the finite EI category C:
for each full subcategory D with two distinct objects x 2 y such that Homp(x, y) # 0, either G =
Autp(y) or H=Autp(y) acts transitively on Homp (x, y). All finite EI categories which do not satisfy
this assumption must have infinite representation type. Without loss of generality we can assume that
H = Autp(y) acts transitively on Homp(x, y) (otherwise consider the opposite category C°P, which
has the same representation type as C). Now Homp(x, y) can be generated by a morphism « as an
H-set. We define G1, Go, H; and Hg as in the proof of last corollary.

Corollary 6.5. Let C, D, Go < Gy < G and Ho < Hq < H be as defined in last paragraph, and let S be a simple

summand of k TZ; IfS TZI is not multiplicity free, or has more than 3 summands, then D and C are of infinite

representation type.
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Proof. Since H acts transitively on Hom¢ (x, y), we know that G = G. Notice that k Tg; =k Tgo,
after it is identified with k TZ; has a simple summand isomorphic to S. Denote this kG-module S’ to
avoid confusion. Let T be a simple summand of S T,’:’,]. Since

Homyy, (S, T Lf,) = Homy (S 14, T) #0,

S is a simple summand of T ¢Z1. Moreover, S Tﬁl has more than one summand isomorphic to T if
and only if T ¢51 has more than one summand isomorphic to S.

Consider the ordinary quiver Q of D. Both S’ and T are vertices in Q since they are a simple
kG-module and a simple kH-module respectively. If S TZI has more than one summand isomorphic
to T, then T ¢Z1 has more than one summand isomorphic to S. Thus there are multiple arrows from
the vertex S’ to the vertex T, and Q is of infinite representation type.

Now suppose S TZI has more than 3 summands. If it is not multiplicity free, we are done.

Otherwise, all summands are pairwise non-isomorphic. Thus S TZ1 has at least four pairwise non-
isomorphic simple summands, say Ty, T, T3 and T4. They are different vertices in Q. By our
construction, there are arrows from the vertex S’ to each of T;, 1 <i < 4. As a result, the underlying
graph of Q has a component whose underlying graph is not a disjoint union of Dynkin diagrams.
Thus Q is of infinite representation type. The conclusion follows from Corollary 5.5. O

We end this section with a finite EI category of infinite representation type.

Example 6.6. Let C be a finite EI category with: Ob(C) = {x, y}, Autc(x) = 1, Autc(y) is a copy of
the symmetric group S3 on three letters, which acts on Hom¢ (%, y) = S3 by multiplication from left,
Hom¢ (y, x) = 0.

It is not hard to construct the ordinary quiver of this category, as shown below and it has infinite
representation type.

oVy

I
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Appendix A

In Section 5 we proved that kC is hereditary if and only if C is a finite free EI category for which
all endomorphism groups of objects have orders invertible in k. In this section we will construct a
functor F : kC-mod — kQ-mod for such C, where Q is the ordinary quiver of kC constructed by our
algorithm in Section 4. This functor is faithful, dense and full, and hence induces a Morita equivalence
between kC and kQ. This construction of F actually motivated Theorem 1.2, and gives a proof of its
if part.
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Definition of F on objects. We let R be a representation of C and show how to define a represen-
tation R’ of its ordinary quiver Q. Take a fixed vertex V in Q. By our construction, V is a simple
k Autc (x)-module for an object x in C. Let the homogeneous space R(x)(V) of V in the kAutc(x)-
module R(x) be V¢ the direct sum of a copies of V. We then define R'(V) =k%. In this way we
assign a vector space to each vertex in Q. Repeating this process, R’ assigns a vector space to each
vertex in Q.

Now we want to define a linear map for every arrow V — W in Q. By Remark 4.2, this arrow is
indexed by a list (a, V, W, U,s,l) where « : x — y is an representative unfactorizable morphism. This
morphism uniquely determines and is uniquely determined by the following data (see the notation
before Lemma 4.1 and Remark 4.2):

e the groups Gp <G1 <G and Hp <Hq < H;
e a kG-module R(x) =M with M(V) = V%, and a kH-module R(y) =N with N(W) = w?;
e the subspaces M(V,U,s) CM and N(W,U,I) C N.

The linear map ¢ = R(«) : R(x) — R(y) induces a linear map ¢’, the composite of the following
maps, where all inclusions and projections are defined as before:

/. C 4
@ :M(V,U,s) M N N(W,U,I).

Notice that M(V, U, s) = U? since M(V) = V?, N(W, U,I) = U® since N(W) = W". By Lemma 3.5
and Remark 3.7, the derived map from a particular isomorphic copy of U in M(V, U, s) into a partic-
ular isomorphic copy of U in N(V,U,I) is 0, or a k(G1/Gp)-module isomorphism. Both cases give a
scalar multiplication A since U is a simple k(G1/Gp)-module. Thus ¢’ gives the following b x a block
matrix B, where [ is the dim U x dim U identity matrix. This matrix, in turn, gives us a b x a matrix B.

A1l Aol ... Aql A1 A21 ... Aql
- Aol Al ... Agl A A oA
B= 12 22 a2 < B= 12 22 a2
Mpl Aopl ... Agpl Mp A2y ... Agp

The matrix B provides the desired linear map 6 from R’(x) = k® to R’(y) = kP with respect to the
chosen bases.

Repeating the above process, we can define a linear map for each arrow in Q, hence a represen-
tation R’ of Q. Define F(R) =R'.

Definition of F on morphisms. Let 7 = {¢x: x € Ob(C)} be a homomorphism from a kC-module R; to
another kC-module R;. We define a kQ -module homomorphism 7’ from F(R1) =R} to F(Ry) =R),.

Take an arbitrary vertex V in Q. Suppose R (V) =k? and R)(V) =k°. By our construction, V
uniquely determines an object x in C, and M1 = Ry{(x) (M2 = Ry(x), resp.) satisfies M{(V) = V¢
(M2(V) = V€, resp.). Let G = Aute(x). The composite map ¢y : M1(V) — M; P, My — My (V) is
a summand of ¢, since M1 and M, are semisimple. This summand, with the following matrix rep-
resentation C (here I; is the dimV x dimV identity matrix), gives a unique ¢ x a matrix C, which
defines a linear map ¢y, from R} (V) =k to R} (V) =k with respect to the chosen bases.

€11l el ... €nlq €11 €21 ... €qd

6121] 62211 60211 €12 €22 ... €@
«~ C=

(@)
Il

eichh el ... €l €1c € ... €ac
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In this way we get 7w’ = {¢y, : R} (V) — R,(V) | V is a vertex in Q}, a family of linear transforma-
tions. Define F(;r) = r’. Now we need to verify that it is indeed a kQ -module homomorphism.

Remark A.1. We constructed ¢{, from a summand ¢y of ¢x. Clearly, we can recover ¢y from ¢;,. In
particular, ¢y =0 < ¢, =0.

Take an arbitrary arrow V — W in Q and suppose that R} (V) =k, R{(W) = kb, RL(V) =k°,
RL(W) = kd. Let the linear maps 6; and 6, assigned to this arrow by R} and R/, have the matrix
representations B1 and B, and qﬁ{,, qb{,v € F(r) = 7t/ have the matrix representations Cy and Cy:

A1 A21 ... Agl H11 M21 ... Hal
B, — A2 A2 .. a2 B, — K12 M22 ... Ua2
Mb A2 ... Aab Hib M2p ... Hab

€11 €21 ... €q1 n1 121 .- N

C, = €12 € ... € c, = m2 M2 ... Np2
€c €2c ... €ac Md Nad --- Nbd

As we mentioned before, this arrow is indexed by a list (o, V, W, U, s,]). Let x and y be the source
and target of o respectively. Then V and W are a simple k Aut¢ (x)-module and a simple k Autc (y)-
module respectively. Since m = {¢x: x € Ob(C)} is a kC-module homomorphism from R; to Ry, the
following diagram commutes:

?1
M{ —— N;

l% \L(ﬁy (A1)

¢2
My —— N

Obviously, ¢x sends Mq(V) into M2(V), and ¢, sends Ni(W) into Np(W). By Lemma 4.1, ¢y
sends M1(V,U,s) into Ma(V,U,s), and ¢, sends Ny(W,U,I) into No(W,U,I). Consequently, the
above commutative diagram induces the following commutative diagram, where all inclusions and
projections are defined in the usual sense:

Mi(V,U,s)—— M;(V)C M- 4 Ny Ni(W) ——= N1(W, U,
J/d)v,u.s l(ﬁv lqﬁx J/‘ﬁy lq‘iw lcbw,u,z
M2 (V,U,s) = Mp(V)C€ M; 4 N; N (W) ——== Ny (W, U, D).

In particular, the following diagram commutes:

g0/
Mi(V,U,s) —= Ni(W,U.I
ld’v.u,s l¢w,u,1 (A.Z)

(2
My(V,U,s) ——= Ny(W,U,I)
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But by our definition of the functor F, ¢ and ¢/ induce 6; and 6,, the maps assigned to this
fixed arrow by R’1 and R/2 respectively. They have the following matrix representation, where I is the
dimU x dimU identity matrix.

Al Aol oo Aal mul uorl oo el
- A2l Al ... Agpl - w1l w2l ... a2l
B] = Bz =

Ml Apl ... Agpl Ml papl ... Uapl

Also from the definition of F, ¢y and ¢ induces ¢{, and ¢, respectively. They have the following
matrix representations, where I is the dimV x dimV identity matrix, I is the dimW x dimW
identity matrix:

el enly ... €nl mila na1la ... el
A €2l1 el ... €l A nzla naly ... npl
Co= ¢, =

€1cli €clh ... €l Mmala Madl2 ... Nwal2

It is easy to see from the above commutative diagram that ¢y y s and ¢w y; have the matrix
representations Cx and Cy, with Iy and I replaced by I. Since diagram (7.2) commutes, it must be
true: CyBy = ByCy. But:

CyB1=B,Cy ifandonlyif C,Bj=ByCy (A3)

that is: ¢y, 61 = 62¢},, and the following diagram commutes. Since this arrow is arbitrarily chosen, we
know 7t/ is indeed a kQ -module homomorphism.

th
Ry (V) =k* —— R/ (W) =k
l(b{/ l(p{/v (A.4)

’ C b2 ’ d
Ry(V) =k¢ —= Ry(W) =Kk

Remark A.2. The above proof actually implies that diagram (7.4) commutes if and only if diagram
(7.2) commutes.

Therefore, F maps a kC-module homomorphism to a kQ -module homomorphism. F also preserves
the homomorphism composition since matrix product preserves composition. Thus F is indeed a
functor from Rep;, C to Rep, Q.

Let us use Example 4.4 to show how a representation of C gives a representation of the associated
quiver Q and vice versa.

Example A.3. Let R be a representation of the finite EI category C shown in Example 4.4 with: R(x) =
(V1) ® (v2) D (v3) =k®kDS; R(y) = (W1) D (W) D (w3, wq) ® (W5, wg) =kDe DV, D V,. Moreover,
since V ¢ﬁ1 = ke S, we assume that wis and ws both generate the trivial submodules on restriction
to Hy, and w4 and wg both generates submodules isomorphic to S on restriction to Hj.

We already know from Example 4.4 that « =1 € S3 can be chosen as the unique representative
unfactorizable morphism in C. Let ¢ = R(«). Then ¢(v1) and ¢(vy) are in the subspace of R(y)
generated by wq, w3, ws, and ¢(v3) lies in the subspace generated by wy, w4, we. Thus ¢ has the
following matrix representation:
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A1 A1 O
0 0 Xz

A3 A2z O
0 0 Az

A5 A5 O
0 0 Asg

The induced representation R’ of Q is described below, where My = [A11 A21], M3 = [;:2 ;;2]

A
M3 = [Azg] and M4 = [A32].

k? k
M, My
M M3
k k2 k

The reader can easily recover R from R’.
Proposition A.4. The above functor F we constructed is full, faithful and dense.
We give a lemma which will be used in the proof the this proposition.
Lemma A5. Let V=@, V;, V =@, V,, W=, W; and W' = @}_, W/ be vector spaces. Let

0: V>V, ,p:V—>W,yy: W — W and ¢’ : V' — W/’ be linear transformations of the following forms.
Then the diagram D commutes if and only if all diagrams Dj; commute:

6t 0 ... O v1 0 ... O
0 6 ... 0 0 v, ... O
0= . . . ) v=| . . . .
0 0 ... On 0 0 ... Ypn
o111 .. Pm P11 o P
012 . Pm2 ) Pl - Pm
Y= . . . Y =

Pin - Pmn (P{n e (/)r/rm

® Pij
V —— W Vi—— W;j
b= le lw Djj = le.» J/wj

’ (/7,,
VW Vi—= W]

Proof. This is just a calculation of the matrix product:

v 0 ... 0 ©11 ... Om 01 - P 6 0 ... O
0 Y2 ... O ||¢12 .. ¢m Qo o G || 0 6 ...0
0 0 ... ¥n Y ... Pmn (pan cor ©Ohn 0 0 ... 6

if and only if ¥;¢;j = <p;j9,-. That is, D commutes if and only if all D;; commute. O
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Now let us prove the previous proposition.

Proof. F is dense (or essentially surjective). First, we show the algorithm giving a representation of
Q from a representation of C is invertible. That is: given a representation R’ of Q, we can define a
representation R of C such that F(R) = R’. By Proposition 3.1, it suffices to define a rule R which as-
signs a k Aut¢ (x)-module to each object x, a linear transformation to each unfactorizable morphism, so
that R restricted to D, is a representation of D, for every representative unfactorizable morphism o
(see the definition of D, in Section 3).

An object x gives a family of vertices {V1,..., Vp} in Q. If R'(V;) = k%, then we define R(x) = M =
Vlﬂl @ ---@® V", This definition gives a k Autc(x)-module for every object x in C. Now we construct
a linear map R(«) : M = R(x) — N = R(y) for each representative unfactorizable morphism «. As we
mentioned before, M as a vector space is the direct sum of all subspaces of the form M(V,U,s),
and N as a vector space is the direct sum of all subspaces of the form N(W,T,I) (see the paragraph
before Lemma 4.1). Thus it is enough to define linear maps from M(V, U, s) into N(W, T, ).

The morphism « determines groups Go < Gi < G. By Remark 3.7, the derived map ¢’ :
MV,U,s) - N(W,T,l) by ¢ should be a k(G1/Gp)-module homomorphism if U =T |k Tg; under
the given identification G1/Go = H1/Hg; and 0 otherwise. If it is a k(G1/Gg)-module homomorphism,
then U = T and the li§t (a,V,W,U,s,I) uniquely determines an arrow from the vertex V to the ver-
tex W. Let B = (Aﬁ){j““’g be the matrix representation of the linear map assigned to this arrow

,,,,,

by R’. It provides a unique block matrix B = (Ajil){zl""'!’g, where I is the dimU x dimU identity

matrix. This block matrix B gives a linear map from M(V, U,s) to N(W, T,l) under the chosen de-
composition of V Lg]. All these maps determine a linear map from M to N, which can be defined
as R(w). Repeating this process, we can define a linear map for each representative unfactorizable
morphism.

By Lemma 3.6, the rule R we just defined is a representation of D, while restricted to each Dy.
By Proposition 3.1, R gives a representation of C. By abuse of notation, we denote it by R. It is direct
to verify that F(R) is isomorphic to R’. Thus F is dense.

F is faithful. Let Ry and R, be two kC-modules and 7 = {¢x | x € Ob(C)} be a kC-module homo-
morphism from R; to R,. Let V be a vertex in Q and x be the object in C corresponding to V. Let
¢x : M1 = R1(x) = M2 = R2(x) be the k Autc (x)-module homomorphism in 77, which is the direct sum
of ¢y : M1 (V) — M2 (V) for all simple summands V of My. If F(;r) ={¢y,: V is a vertex in Q} is 0,
then in particular ¢, =0 and therefore ¢y =0 (see Remark 7.1). Since V is an arbitrary summand
of M1, we have ¢, = 0. Consequently, 7 is 0.

F is full. Let 7’/ = {¢},: V isa vertex in Q} be a kQ-module homomorphism from F(R;) =R} to
F(Rz) = R},. We can recover a kC-module homomorphism 7 = {¢x | x € Ob(C)} from 7’ such that
F(r) = 7’. Indeed, to define ¢y : M1 = R1(x) — My = Ra(x) for a fixed object x, it is enough to
define ¢y : M1(V) — M3(V), where V is a simple summand of M. According to Remark 7.1, ¢v
could be recovered from ¢}, € 7’. In this way we get from 7’ a family of linear transformations
7T = {¢x | x € Ob(C)}. Clearly, F(;r) and 7’ have the same matrix representation, i.e., F(77) = 7t under
the chosen decompositions and the chosen bases. The only thing which remains is to show that &
is indeed a kC-module homomorphism. By Proposition 3.2, we only need to verify that diagram (7.2)
commutes for every representative unfactorizable morphism o : x — y.

The kAutc(x)-module My (M;, resp.) is a direct sum of subspaces of the form Mi(V,U,s)
(M2(V,U,s), resp.). The kAutc(y)-module N1 (N3) is a direct sum of subspace of the form
N1(W,T,I) (N2(W, T,I), resp.). By Lemma 7.1, it is enough to check that for an arbitrary M;(V, U, s)
and an arbitrary N;(W,T,I), i =1, 2, diagram (7.2) commutes. The morphism « determines groups
Go < G1 < G. Again by Lemma 3.5 and Remark 3.7, the maps (pi’ :M;(V,U,s) — N;j(W,T,I) derived
from ¢;, i =1, 2, are 0 or k(G;/Go)-module homomorphisms under the given identification. If they
are 0, the diagram commutes trivially. Otherwise, U =T | k Tgé and the list (o, V, W, U,s,|) deter-
mines an arrow. The linear maps assigned to this arrow by R} and R}, combined with ¢{, and ¢y,
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give the commutative diagram (7.4). By Remark 7.2 diagram (7.2) also commutes. Thus 7 is indeed a
kC-module homomorphism and F () = 7’. That is, F is full.

We proved that F is dense, faithful and full. By Theorem 1 on p. 91 of [6] F gives rise to a Morita
equivalence between kQ and kC. This finishes the proof. O
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