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Abstract

We introduce symplectic Calabi-Yau caps to obtain new obstruc-
tions to exact fillings. In particular, they imply that any exact filling
of the standard contact structure on the unit cotangent bundle of a
hyperbolic surface has vanishing first Chern class and has the same
integral homology and intersection form as its disk cotangent bundle.
This gives evidence to a conjecture that all of its exact fillings are dif-
feomorphic to the disk cotangent bundle. As a result, we also obtain
the first infinite family of Stein fillable contact 3-manifolds with uni-
form bounds on the Betti numbers of its exact fillings but admitting
minimal strong fillings of arbitrarily large bs.

Moreover, we introduce the notion of symplectic uniruled/adjunction
caps and uniruled/adjunction contact structures to present a unified
picture to the existing finiteness results on the topological invariants
of exact/strong fillings of a contact 3-manifold. As a byproduct, we
find new classes of contact 3-manifolds with the finiteness properties
and extend Wand’s obstruction of planar contact 3-manifolds to unir-
uled/adjunction contact structures with complexity zero.

1 Introduction

Understanding symplectic fillings of a given contact 3-manifold (Y,€) is a
very active research area. An ultimate goal is to classify all the Stein, exact
or minimal strong symplectic fillings of a given contact manifold (Y, ¢). The
first step towards this goal is to understand whether the given (Y, &) has
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finitely many or infinitely many fillings. Some families of contact 3-manifolds
that admit finitely many Stein fillings are found ([21], [49], [47], [64], [68],
[33], [29], [43], etc). For minimal strong fillings, Ohta, Ono and others have
systematically investigated the links of isolated singularities ([55], [56], [57],
[58], [11] etc), and established uniqueness/finiteness/infiniteness for different
classes of singularities.

Instead of classifying completely all the fillings, one can ask whether
topological quantities for fillings are bounded. It was conjectured by Stipsicz
in [70] that all possible Euler characteristics and signatures of Stein fillings
of a fixed (Y, ¢) are bounded. However, it was disproved by Baykur and Van
Horn-Morris in [§]. Based on the work of many people ([62], [4], [3], [8], [9],
[10], [5], [17], [80], etc), we now know that many contact 3-manifolds have
infinitely many Stein fillings up to diffeomorphism.

Even though Stipsicz’s conjecture is not true in general, it is important
to know for what contact 3-manifolds the boundedness does hold. The focus
of the current paper is to address when the Betti numbers are bounded.

Definition 1.1. A contact 3-manifold (Y,¢) is of Stein (resp. exact,
strong) Betti finite type if there are only finitely many possible val-
ues of the tuple (b, ba, b3) of Betti numbers for all of its Stein (resp. exact,
minimal strong) fillings.

We recall that Stein fillings are exact fillings, and exact fillings are min-
imal strong fillings. Note also that this finiteness of Betti numbers guar-
antees the finiteness of e and o. Planar contact 3-manifolds (i.e. contact
3-manifolds supported by open books of page genus zero) have Stein Betti
finite type ([63], [32]), but there are many other contact manifolds having
this property too.

To study this question, we introduce three kinds of caps, namely Calabi-
Yau caps, uniruled caps and adjunction caps. Calabi-Yau caps give surpris-
ing new restrictions to exact fillings and in particular, we apply it to study
exact fillings of unit cotangent bundles. Uniruled and adjunction caps unify
several known finiteness results into a single picture. Along the way, we
will give some alternative proofs for these known results and strengthen
them. All contact manifolds in this paper are assumed to be closed, three
dimensional and have co-oriented contact structures.

1.1 Calabi-Yau caps

Definition 1.2. A Calabi-Yau cap of a contact 3-manifold (Y,¢) is a
compact symplectic manifold (P, w) which is a strong concave filling of (Y, &)



such that ¢1(P) is torsion.

Theorem 1.3. Suppose (Y, &) admits a Calabi-Yau cap (P,wp). Then (Y,¢)
is of exact Betti finite type.

If, moreover, (P,wp) cannot be embedded in a uniruled manifold, then
all exact fillings of (Y,&) have torsion first Chern class.

It is worthy to point out that in many situations, there are simple (topo-
logical) obstructions for a Calabi-Yau cap (P,wp) to be embedded in a unir-
uled manifold. On the other hand, the ingredients in the proof of Theorem
[[3] can be used to obtain the following surprising consequence.

Theorem 1.4. LetY be the unit cotangent bundle of a closed orientable sur-
face X4 of genus g, equipped with the standard contact structure {sq. Then
any exact filling of (Y, &stq) has the same integral homology and intersection
form as T*%, and has vanishing first Chern class.

We remark that when g = 0,1, (Y,&sq) has a unique exact filling up
to symplectic deformation equivalence given by the disk cotangent bundle
(See [31], [76] and [69]). However, there has been no good understandings
of exact fillings for g > 1. In contrast, no exact/Stein filling of (Y, {sq) that
is not diffeomorphic to T*3, has been found. We heard from Chris Wendl
the following conjecture.

Conjecture 1.5. The diffeomorphism types of Stein/exact fillings of (Y, Estq)
is unique and given by the disk cotangent bundle for any g.

Therefore, Theorem [[.4] gives strong evidence to Conjecture After
the first version of this paper appeared Sivek and Van Horn-Morris in [67]
were able to use the ideas of Calabi-Yau caps introduced here to obtain
parts of Theorem [[.4] and derive the beautiful result that the Stein version
of Conjecture is true up to s-cobordism relative to boundary.

As an immediate application of Theorem [[L4] we obtain Corollary
This subtle difference between exact Betti finite type and strong Betti finite
type is an interesting phenomenon that we do not find in the literature. It
also implies that Theorem [[.3] cannot be strengthened to strong Betti finite

type.

Corollary 1.6. There exist infinitely many Stein fillable contact 3-manifolds
such that each of them is of exact Betti finite type but not of strong Betti

finite type.



1.2 Uniruled/Adjunction caps

For any symplectic cap (symplectic concave filling) (P,w) of (Y,€), there
is Liouville vector field V' defined near Y pointing inward along Y. The
induced one form o = tyw is a contact one form on 9P such that (0P, ker(a))
is contactomorphic to (Y,§). For any choice of V, we call the induced one
form a a Liouville one form. Given a Liouville one form a, [(w, )] is a
relative cohomology class in H?(P,dP,R).

Definition 1.7. A uniruled cap of a contact 3-manifold (Y,§) is a sym-
plectic concave filling (P,w) of (Y,&) such that ¢;(P) - [(w, )] > 0 for some
Liouville one form .

Since [(w, @)] is a relative class, ¢1(P) - [(w, «)] is well-defined and it is
further explained in Subsection 2.2l We call a contact 3-manifold admitting
a uniruled cap a uniruled contact manifold (See Proposition .4 for its
relation with uniruled symplectic manifolds). A contact 3-manifold that is
strong symplectic cobordant to a uniruled contact manifold is also uniruled
(see Lemma [6). The class of uniruled contact manifolds is strictly larger
than the planar class (see Lemma I3 and note that (73, £,;4) is non-planar
but admits a uniruled cap).

If (Y, &) admits a uniruled cap, then we can derive restrictions on fillings
that are strictly stronger than when (Y, ¢) admits a Calabi-Yau cap.

Theorem 1.8. Suppose a contact 3-manifold (Y,§) admits a uniruled cap
(P,wp). Then (Y,&) is of strong Betti finite type.

Remark 1.9. We would like to point out that to the best of our knowledge,
most previously known exact/strong Betti finite type contact 3-manifolds
have a uniruled cap.

We also introduce another type of caps which we call adjunction caps.
It is based on an observation that existence of a smoothly embedded sur-
face in a closed symplectic manifold with sufficiently large self-intersection
number relative to the genus implies that the symplectic manifold is uniruled
(Proposition [£3]). Adjunction caps have similar properties as uniruled caps,
including Theorem [LL.8 Similarly, every planar contact 3-manifold also has
an adjunction cap (see [23], cf. Lemma[£.I3]) and we call a contact manifold
admitting an adjunction cap an adjunction contact manifold.

As far as the examples we will see in this paper, all uniruled caps are
adjunction and vice versa. It is possible that these are in fact the same
notion. For topologists, adjunction caps are often easier to find than uniruled
caps.



1.3 Genus invariants

We define genus type invariants for uniruled /adjunction caps, which describe
the range of possible genera of the base of uniruled symplectic manifolds
that can be obtained from the caps. These invariants induce a complexity
invariant for uniruled/adjunction contact manifolds, which is similar to the
Seifert genus of knots. All strongly fillable planar contact 3-manifolds are
uniruled and adjunction of complexity zero. We illustrate in Remark
that many previously known Betti finite type examples have complexity
ZEro.

We can give explicit bounds of the topological invariants in Theorem [[.§]
in terms of the genus invariants of the caps. These bounds give an alternative
proof of the following obstruction of planarity and generalize it to a larger
class of contact 3-manifolds, namely, uniruled /adjunction contact manifolds
with complexity zero (See Corollary FT5]).

Corollary 1.10 (Wand [75]). For a given planar contact 3-manifold, e + o
of any two strong fillings of the contact 3-manifold are equal to each other.

On the other hand, we construct various uniruled/adjunction contact
manifolds with positive complexity. For many of them, we also construct
the open books supporting the concave boundary. Contrary to Corollary
[[LI0l e+ o of fillings of some of these examples is not constant even for Stein
fillings (see Exampled.21]). Similar to the fact that planar contact manifolds
are uniruled and adjunction of complexity zero, we suspect that spinal planar
contact manifolds [48], where the base genus of the spine is allowed to be
positive, have a close relation to uniruled /adjunction contact manifolds with
positive complexity. On the other hand, it would be interesting to explore
the relation between uniruled/adjunction contact manifolds and the results
in [77], [78] and [79].

The rest of the paper is organized as follows. Section [2] reviews some
knowledge of uniruled/CY manifolds, the relative de Rham theory and J-
holomorphic neck-stretching. Theorem [[3] and Theorem [[4] are proved in
Section Bl We also construct many Calabi-Yau caps with explicit open book
description as well as some plumbing Calabi-Yau caps. The proof of The-
orem [I.8 together with its adjunction analogue are contained in Section
4  We introduce genus invariants and the complexity invariant for unir-
uled/adjunction caps as well as illustrating its relation to planar contact
manifolds and give explicit topological bounds for fillings based on these
invariants in Subsection We end with some explicit constructions of
uniruled /adjunction caps.
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2 General discussion

2.1 Uniruled manifolds and Calabi-Yau manifolds

Let X be a closed, oriented smooth 4-manifold. Let £x be the set of coho-
mology classes whose Poincaré duals are represented by smoothly embedded
spheres of self-intersection —1. X is said to be (smoothly) minimal if Ex is
the empty set. Equivalently, X is minimal if it is not the connected sum of
another manifold with CP?.

Suppose w is a symplectic form compatible with the orientation. (X,w)
is said to be (symplectically) minimal if &, is empty, where

E, ={FE € Ex| FE is represented by an embedded w—symplectic sphere}.

We say that (Z,7) is a minimal model of (X,w) if (Z,7) is minimal and
(X,w) is a symplectic blow up of (Z,7). A basic fact proved using Taubes’
SW theory ([72], [42], [39]) is: &, is empty if and only if £x is empty. In
other words, (X,w) is symplectically minimal if and only if X is smoothly
minimal.

For minimal (X,w), the Kodaira dimension of (X,w) is defined in the
following way in [40] (see also [51] [37]):



—o0 K, [w<0or K, -K,<DO0,

(X, w) = 0 if K, [w=0and K, -K,=0,
if K,-[w]>0and K, K,=0,

2 if K, [w|>0and K, K, >0.

Here K, is defined as the first Chern class of the cotangent bundle for any
almost complex structure compatible with w.
The invariant x° is well defined since there does not exist a minimal
(X,w) with
K, w]=0, and K, K, >0.

This again follows from Taubes’ SW theory [40]. Moreover, £* is independent
of w, so it is an oriented diffeomorphism invariant of X.

The Kodaira dimension of a non-minimal manifold is defined to be that of
any of its minimal models. This definition is well-defined and independent
of choice of minimal model so x*(X,w) is well-defined for any (X,w) (cf.
a)).

Definition 2.1. Let (X,w) be a not necessarily minimal closed symplectic
four manifold. We call (X,w) a symplectic Calabi-Yau surface (resp.
symplectic uniruled manifold) if x*(X,w) = 0 (resp. k*(X,w) = —00).

We sometimes simply call a symplectic Calabi-Yau surface a Calabi-Yau
surface and a symplectic uniruled manifold a uniruled manifold. A minimal
symplectic Calabi-Yau surface has torsion first Chern class. The first author
proved in [41] the following theorem for symplectic Calabi-Yau surfaces (cf.
also [1]).

Theorem 2.2 (Theorem 1.1 of [41]). If (X,w) is a minimal symplectic
Calabi- Yau surface, then its rational homology is the same as that of the K3
surface, the Enriques surface or a torus bundle over torus.

Remark 2.3. If the first integral homology of a rational homology K3
symplectic Calabi-Yau surface is not trivial, it admits a finite cover which
is also a symplectic Calabi-Yau surface but with Euler characteristic larger
than that of the K3 surface. Hence, Theorem implies that a symplec-
tic Calabi-Yau surface with the rational homology of the K3 surface is an
integral homology K3 surface.

For uniruled manifolds, Liu and independently Ohta and Ono proved
the following smooth classification. For the symplectic classification, see
also [49].



Theorem 2.4 ([46] or [54]). If (X,w) is a minimal uniruled manifold, X is
CP?, 5% x 52 or an S2—bundle over a Riemann surface of positive genus.

For a minimal uniruled manifold (X,w), the base genus is defined to be
zero if X is CP? or S? x S2, otherwise it is defined to be the genus of the base
as an S2-bundle. For a general uniruled manifold (X, w), the base genus is
defined to be the base genus of any of its minimal models.

In some sense, Calabi-Yau manifolds and uniruled manifolds capture
most of the known rigidity results for closed symplectic four manifolds. This
point of view motivates the definitions of Calabi-Yau caps and uniruled caps
to obtain rigidity results for fillings in this paper.

We end this subsection with the following lemmas.

Lemma 2.5. Let (X,w) be a uniruled manifold and v : ¥4 — X be a
continuous map from an oriented surface of genus g to X with (u.[S4])? > 0.
Then the base genus of X is less than or equal to g.

Proof. Without loss of generality, we can assume that X is not of genus
0. We further assume that X is not minimal since blowing-down does not
change the base genus. Since X is not minimal, it can be obtained from
r-times blow-ups of a product manifold S? x %, for some genus h surface
[25, Section 1.2.1]. Let f be the class of [S? x p] for some p € %), and s
the class of [p x ] for some p € S2. Notice that, as a smooth manifold X
admits a smooth projection 7 : X — 3 with spherical fibers in the class
f. We will show that the induced projection 7o wu : 3, — X, has non-zero
degree and hence g > h.

By abuse of notation, Hy(X,Z) is generated by f, s, e1, ..., €., where the
e; are the classes of the exceptional spheres. Since (agf+aje;+-- -+arer)2 <
0 for all a; € Z, u4[3,] has non-zero coefficient in s when written as a linear

combination over the basis {f, s, e1,...,e.}. By observing that this non-zero
coefficient is precisely the degree of the map m o u, we conclude that h < g.
O

Lemma 2.6 (Proposition 3.14 of [45]). Let (X,w) be a non-minimal uniruled
manifold and D a symplectic submanifold with positive genus. If [D]-e > 0
for all exceptional classes e in X, then (K, + [D])? > 0.

2.2 Relative cohomology pairing

In this subsection, we recall the relative de Rham theory and illustate the
well-definedness of several pairings (see eg. [12]).



Given a smooth manifold with boundary X, the relative cochains Cg
consist of pairs (3, «), where 8 is a k-form on X and « is a (k — 1)-form on
0X. The differential d is defined as d(3,«) = (dS, Blox — da). Tt is easy to
see that dod = 0 and it forms a cohomology isomorphic to the usual relative
cohomology H*(X,0X;R).

This formulation of relative cohomology can be translated to compactly
supported cohomology of X —0X. For (3, a) a cochain in C, we consider a
collar (0,1] x 90X of 90X in X. We choose a cutoff function x : (0,1] x 0X —
R. We want x(r,x) = x(r) for (r,x) € (0,1] x 0X such that x(r) = 0 near
r =0 and x(r) = 1 near r = 1. Extending by 0, x« is a k — 1-form on
X which we also denote as a®. Then (8,a) — d(x«,0) = (8 — d(x«),0) is
another chain level representative of [(/3,«)] which has compact support in
X — 0X. One can show that this translation induce an isomorphism from
relative cohomology H*(X,0X,R) to the compactly supported cohomology
HE (X — X, R).

We assume that X has dimension 4 and is connected, oriented. Consider
the following pairing:

H?*(X;R) x H*(X,0X;R) —» H*(X,0X;R) =R

([A],[(B,b)])—>/XA/\B— 8XA/\b,

where the integral on 90X is taken with the Stokes boundary orientation. To
see it is independent of A, we check that by Stokes Theorem applied to X,

/du/\B— du/\b:/d(du/\b)— du Nb=0.
X X X X

To see it is independent of (B, b), we check that by Stokes Theorem applied
to both X and 0X,

/ Andg— [ AnB—da) :/ Ando= | dAna)=o0.
X 0X 0X 0X
Notice that, this pairing is translated from the usual pairing bewteen coho-
mololgy and compactly supported cohomology (see eg. [12]). By Lefschetz
duality, this pairing is non-degenerate.

Consider the following portion of the long exact sequence

HYOXR) 2 HA(X,0X:R) L HAX;R) D HXOX;R)---, (1)



where at the form level, f sends (A,a) to A, and r sends B to Blgx. Via
the forgetful map f, we also have the pairing

H*(X,0X;R) x H*(X,0X;R) - H*(X,0X;R) =R.
However, this pairing in general has a kernel.
Lemma 2.7. The pairing [(A,a)] - [(B,b)] is independent of a and b.

Proof. If I/ is another primitive of B, then b — V' is closed. Hence

A/\(b—b’):/ dan(b—10b)=0.
0X 0X

The same argument applies to the choice of a. O

The kernel is contained in the image of the boundary homomorphism 9 :
H'(0X;R) — H?(X,0X;R) by the non-degeneracy of the pairing H?(X;R)
and H?(X,0X;R). Actually, the kernel is exactly the image because it is
easy to see that it pairs everything to be zero.

From now on, we use P or N instead of X to denote a manifold with
boundary, depending on whether it is a cap or a filling. The following simple
lemma is the key to relate the caps with the closed manifold.

Lemma 2.8. Let (P,wp) be a symplectic cap of (Y,&) with a Liouville one
form ap, and (N,wy) be a symplectic filling of (Y,§) with a Liouville one
form an. Let X = N Uy P which is a closed manifold. Then for sufficiently
large t > 0, there is a symplectic form w on X such that ¢;(X) - w =

a(N) - [(wn,an)] + 1 (P) - tl(wp,ap)] and w|y = wn -

Proof. We identify (ON, ker(ay)) and (0P, ker(ap)) by a contactomorphism
®. There is a global positive function f,, : 9N — R such that ®*ap =
fyvan. When t > 0 is large, ®*tap = fiapan is such that fio,(z) > 1
for all x € ON. We fix such a choice of t. Consider the symplectization
(R x ON,d(e"an),e"an) where r € R. Let SY = {(r,z) € R x ON|1 <
e’ < fiap(x)} We equip it with the restricted symplectic form and one
form and call it (SY,wgy, agy). We can glue (N,wy, ay) and (P, twp, tap)
by inserting (SY,wgsy, asy), see [22]. Notice that agy is a globally defined
primitive of wgy on SY and coincides with ay and tap on its two boundary
components, respectively. Let the resulting manifold be (X, w), which is the
union of N, SY and P. By multiplying a cutoff function and by abuse of
notation, we can extend agy to be a one form supported in a neighborhood

10



of SY C X such that agy|y = af and agy|p = ta$, where af, and tafh
are defined as in the third paragraph of this subsection. Therefore, we have

a(X) w = aX)-|w-—dagy]
= (X)) [wny —day] + c1(X) - tlwp — daPp]
= Cl(N)‘[(WNaaN)]+CI(P)'t[(wP’O‘P)]

which is simply the sum of the pairings from the cap and the filling. This is
clearly true for any t sufficiently large. It completes the proof. O

The following properties are also useful.

Lemma 2.9. Let (P,w) be a symplectic cap and o a choice of Liouville one
form. Let ¥ C P be a compact embedded surface with boundary 0% C OP.
Then the followings are true.

o [(w.a)?>0,

o X]- PD([(w,)]) = [sw— [y a, where O is equipped with the Stokes

orientation.

o if c1(P) - [(w,a)] = 0 and c1(P) # 0 € H*(P,R), then there is a
small perturbation (w',’) of (w,) such that (P,w') is a cap, & is a
Liouwille one form of w' and ¢1(P) - [(w',&/)] > 0.

Proof. For the first bullet, we have [(w,a)]* = [pw® — [jpa Aw. The
first term is positive because the orientation of P is always chosen to be
compatible with w?. On the other hand, fapa A w < 0 because the ori-
entation of P as a contact manifold is determined by iy (w?) = 2a A w
for an inward pointing vector field V', while the Stokes orientation of 0P
is determined by vy, , .. (w2) for an outward pointing vector field Vsyokes-
Therefore, [(w,a)]? > 0.

The second bullet follows from definition.

For the last bullet, if ¢1(P) # 0 we can find a relative cohomology class
[(A,a)] pairs positively with ¢;(P) by the non-degeneracy of the pairing
between absolute cohomology and relative cohomology. Let (A,a) be a
chain level representative of [(A,a)]. The result follows by adding ¢(A4, a) to
(w, @) for some small ¢ > 0. O

Remark 2.10. We could have defined Calabi-Yau cap by the equation
c1(P) - [(w,a)] = 0 instead of ¢;(P) = 0 € H*(P,R). In this case, the
third bullet of Lemma [2.9] implies that if ¢;(P) is not torsion, then we can
deform the cap to a uniruled cap which gives stronger restrictions to fillings.
Therefore, we stick to our defintion of Calabi-Yau caps.

11



2.3 Neck-stretching basic

Let (X,w) be a closed symplectic four manifold and J the space of w-
compatible almost complex structures. We recall some basic Gromov-Witten
theory and neck-stretching techniques (See [20], [13] and [52] for more com-
prehensive account). For any J € J and a (connected) tree T with |T| (fi-
nite) vertices, we call u = (ul)‘gl a closed genus 0 nodal J-holomorphic
map modeled on T if for each vertex v; of T, there exists a J-holomorphic
map u; : CP! — (X,w,J) such that the intersection pattern of {u;(CP!)}
is given by the tree T' (i.e. an edge joining two vertices corresponds to an
intersection between the corresponding u;(CP')). A closed genus 0 nodal
J-holomorphic map u is one that modeled on some tree 1. In this case,
we also call u a closed genus 0 nodal J-holomorphic representative for the
homology class [u] = > u;[CP!]. The following proposition is well-known
and readers are referred to [49], [52] and the references therein.

Proposition 2.11. Let e be an exceptional class of (X,w). Then for any
J € J, there is a closed genus 0 nodal J-holomorphic representative u of e.

Let (Y, &) be a separating contact hypersurface in (X, w). Here, we mean
that there is a Liouville vector V defined near Y such that V' is transversal
to Y. We denote the Liouville one form « and & = ker(a). Let (P,w|p)
be the cap and (N,w|y) be the filling of Y obtained by cutting X along
Y. Let Int(P) and Int(N) be the corresponding interiors. We call an w|p-
compatible almost complex structure J*° is cylindrical if there is a collar
([0,€) x Y,w = d(e"a),a) of Y in P such that J>(§) = &, J°(0y) = OReeb,
J*(ORee») = —0r and J™[¢ is translational invariant with respect to r,
where r € [0, €) and Opeep is the Reeb vector field of «. Any cylindrical J>
can be extended to a cylindrical compatible almost complex structure on the
symplectic completion of P and we denote this extension as J*° by abuse of
notation. For a cylindrical J*°, we call 4> = (u$°) a genus 0 top building
if the u$® are J*°-holomorphic maps (finitely many and possibly empty) from
genus 0 puntured Riemann surfaces ¥; to the symplectic completion of P
with puntures aysmptotic to Reeb orbits of Y on its negative end. Similarly,
we can think of ufP([¥;]) € Ha(P,0P) and we denote ) uo([%;]) as [u™].

Proposition 2.12. (See [20], [13] and cf. [52]) Let [D] be a homology class
in Hy(P,Z). For a tubular neighborhood N of Y in X, there is a sequence
JF € T and an w|p-compatible cylindrical almost complex structure J> on
P such that the following holds.

o Jlp-n=J®|p_n = J¥|p_n for all k,

12



o if for all k, u* = (uf) is a closed genus 0 nodal J*-holomorphic map
representing the same homology class in X, then there is a genus 0 top

building u™ = (u3°) to the symplectic completion of P, and

o [D] - [u*] = [D] - [u™®], where the first pairing takes place in Hy(X)
(ie. [D] represents its image to Ho(X)) and the second is the pairing
between Ho(P) and Hay(P,0P).

Proof. The first two bullets are part of the compactness result in symplectic
field theory. The last bullet is true because the other buildings at the SFT
limit of «* do not contribute to the intersection pairing with [D]. O

Corollary 2.13. Let (P,wp) be a symplectic cap of (Y,§). Assume that
[(w, )] is a rational class and let [D] € Hy(P,Z) be the Lefschetz dual of
cl(w,a)] for some ¢ > 0. Then for any minimal strong symplectic filling N
of (Y,€) and any exceptional class e in X, we have [D]-e > 0.

Proof. By Proposition Z11] there is a closed genus 0 nodal representative u
for any exceptional class e and any J € J. We apply Proposition 2.11] to
the choice of J* in Proposition 212} then we get a J> genus 0 top building
u™® = (u®). Notice that, the uf® are J°°-holomorphic for all ¢ and they
have punctures asymptotic to Reeb orbits. Near each puncture of ¥;, the
domain of u$®, we have a cylindrical-like conformal coordinate from which
we can find a small circle C sufficiently close to the puncture such that
(my o u$®)*a|c < 0 with respect to the Stokes orientation of C' induced by
Y. Here, my is the projection from the negative end of the completion of
P to the factor Y. This is because we can find C' such that my o u$°(C) is
close to a Reeb orbit of Y and the Stokes orientation of C' is different from
the orientation induced by (my o u°)*«. Therefore, as in the calculation of
first bullet of Lemma and by the second bullet of Lemma [2.9] we must
have u$2[%;] - [D] > 0. Therefore, Proposition implies [D] - e > 0.

O

2.4 A general property for Betti finiteness

For any contact 3-manifold of Stein, exact, or strong Betti finite type, we
have the following restriction for simply connected fillings.

Proposition 2.14. If (Y,§) is of Stein, exact, or strong Betti finite type,
then (Y,€) has at most finitely many simply connected Stein, exact or min-
tmal strong, respectively, fillings up to homeomorphism.
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To prove this proposition, we introduce necessary definitions and a lemma.
For an integral symmetric bilinear form @ : Z" x Z" — Z, let Mg be a ma-
trix presentation of @), and let G be the group presented by the matrix
Mg (i.e. the cokernel of the homomorphism Z" — Z" given by Mg). Note
that G is independent of the choice of Mq. Let rg, dg be the rank of Gg
and the number of elements of Tor (Gg), respectively.

Though the lemma below might be known to experts, we give a proof
since we could not find any reference.

Lemma 2.15. For any finitely generated abelian group G and any positive
integer n, there exist at most finitely many isomorphism types of integral
symmetric bilinear forms such that their matrixz presentations present G
and have the size n.

Proof. Let d denote the number of elements of Tor (G), and put r = rank G.
We prove the claim by induction on the number » > 0. The r = 0 case
follows from the finiteness of isomorphism types of intersection forms with
non-zero determinant. For this fact, see Theorem 1.1 in Chapter 9 of [15].
Note that dg = det(Mg) in this case.

Assuming the r = k > 0 case, we prove the r = k + 1 case. The
condition r > 1 implies det(Mg) = 0 for any intersection form @ with
Gg = G. Therefore, there exist integral square matrixes A, B with size n
and |det(A)| = |det(B)| = 1 such that AMgB is a diagonal matrix which
has a zero in a diagonal component. Using this fact, we easily see that there
exists a primitive element = € Z" satisfying Q(z,y) = 0 for any y € Z". As
a consequence, () has the orthogonal sum decomposition ) = Q!(@ @ Qly
for some subgroup H of Z". Since G = GQ\M ® Gg|,, we see Tq|, = k.
Therefore, the assumption on the induction shows the » = k + 1 case. O

Proof of Proposition [2.1. Let (Y,&) be a contact 3-manifold of Stein Betti
finite type (resp. exact or strong Betti finite type). The intersection form @
of any simply connected compact 4-manifold with the boundary Y satisfies
Go = Hi(Y;Z) (cf. [30]). By the assumption, there are only finitely many
possible values of by for Stein (resp. exact or minimal strong) fillings of
(Y,€). Therefore, according to Lemma 2T5] there are only finitely many
possible intersection forms of such Stein (resp. exact or minimal strong)
fillings. According to a theorem of Boyer (Corollary 0.4 in [14]), for a given
connected oriented closed 3-manifold and intersection form, there are at
most finitely many topological types of simply connected 4-manifolds which
realize the given boundary and the intersection form. Therefore the desired
claim follows. O

14



3 Calabi-Yau caps and exact fillings

3.1 Theorem [I.3l and Theorem [1.4]
We prove Theorem [I.3] Theorem [.4] and Corollary in this subsection.

Proof of Theorem [I.3. Let (P,wp) be a Calabi-Yau cap with a Liouville
contact form ap for the contact manifold (Y,£). We must now establish
that (Y, &) is of exact Betti finite type.

For an exact symplectic filling (N,wy) of (Y,&), we also have a Li-
ouville contact form ay on ON making c¢i(N) - [(wy,an)] = 0. Since
c1(P) - [(wp,ap)] = 0, by Lemma 2.8 the glued closed symplectic mani-
fold (X,w) has ¢1(X) - [w] = 0. If X is not minimal, we can blow down
the exceptional spheres to obtain a minimal model. Since blow-down in-
creases ¢1(X) - [w], we must have X being non-minimal uniruled or minimal
symplectic Calabi-Yau.

In either case we will establish uniform bounds of Betti numbers of X
which depend only on P. It then follows from the Mayer-Vietoris sequence
there are uniform bounds of Betti numbers of N depending only on P.

Let us start with the case that X is non-minimal uniruled. We will
first bound b;(X) and b3(X). Since [(wp,ap)]* > 0 by Lemma and
by (X) =1, we have bJ (P) = 1 and b5 (N) = 0. On the other hand, we can
find a closed oriented smoothly embedded surface S in P whose homology
class is the Lefschetz dual of ¢[(wp,ap)] for some constant ¢, by possibly
perturbing [(wp,ap)] to a rational class (cf. [30], Remark 1.2.4). Then
[S]? > 0 and one should think that S is chosen before gluing with N. Let
g(S) denote the genus of S. By Lemma 2.5 the base genus of X is less than
or equal to g(S) and this gives an upper bound for b;(X) and hence b3(X)
depending only on P.

To bound be(X) = by (X) + by (X) = 1+ by (X), it suffices to bound
by (X). And to bound b, (X) it suffices to bound c1(X)? from below. This
simply follows from the just established bound on b;(X) and the relation

c1(X)? = 2e(X)+30(X) = 4—4by (X)+5b3 (X)—b; (X) = 9—4by (X)—b; (X),

where we again used the fact by (X) = 1 in the last equality.

To bound ¢1(X)? we need to choose the surface S more carefully. We
observe that S can be chosen such that —c;(P) - [S] + [S]? > 0 by choosing
a larger c. We further assume that [S]? > ¢(S) — 1, by possibly choosing
an even larger ¢. The reason is, once S is chosen as above, we consider v
distinct copies of embedded surfaces representing [S] by local perturbation
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of §. We assume each pair of these v copies are intersecting transversally
and positively. After resolving all the positive intersection g)oints for these
v copies, we get an embedded surface of genus vg(S) + (V_%[S]2 —(v—1)
with self-intersection v2[S]2. When v is large, we get an embedded surface
with homology class being a positive multiple of ¢PD[(wp, ap)] such that
the self-intersection number is greater than the genus. In summary, the
surface S is assumed to satisfy [S]2 > ¢(S) — 1 and —ci(P) - [S] + [S]? > 0.

Since wy is exact, wp —da$ in Lemma 2.8 viewed as a closed two form on
X represents the same cohomology class as w. Therefore, S is the Poincaré
dual of c[w] and any exceptional class pairs positively with [S]in X. By [38],
there is a symplectic surface S C X representing [S] and the genus g of S is
less than or equal to g(5) according the genus minimizing property of sym-
plectic surfaces ([35], [53]). Notice that g is determined by the adjunction
formula:

2§ —2=—c1(X) - [S]+ [S* = —e1(P) - [S] + [S]2.

Thus we have g > 0. We may assume that X is not minimal, otherwise

there is nothing to prove. By Lemma 2.6, we have (—ci(X) + [S])? > 0.
Notice that

(—e2(X)+[S])* = er(X)*+2(—e1 (X)-[S]+[S]*)=[S]” = e1(X)*+2(25—2)—s,
where the second equality is by adjunction and s = [S]?. Therefore,
c(X)2>5—2(29 —2) > s —2(29(5) — 2).

Since ¢(S) and s only depend on S C P, the lower bound of ¢;(X)? is
independent of N. As a result, ba(X) is bounded.

Next, we assume X is a minimal symplectic Calabi-Yau surface, Theo-
rem 2.2] give a uniform bound on the Betti numbers of X (which are actually
independent of P). Hence, b1(N),bs(N),bs(N) are uniformly bounded by
the algebraic topology of P. It finishes the proof of the first statement. The
second statement is straightforward because X must be a minimal symplec-

tic Calabi-Yau surface.
O

We now study the homology and cohomology of exact fillings of the unit
cotangent bundles of surfaces. We start with a lemma.

Lemma 3.1. There is a symplectic K3 surface which has g disjoint copies of
embedded Lagrangian tori representing the same homology class and each of
which intersects an embedded Lagrangian sphere transversally at one point.
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Proof. We first recall a construction of a K3 surface [30]. Let (T4, wr) be the
four torus equipped with the quotient Kahler form induced by the standard
Kahler form on C? quotient by Z*. There is an involution I : T4 — T*
defined by I(z,w) = (—z,—w) which has 16 fixed points. The quotient
X' =T*/((z,w) ~ I(z,w)) has 16 singular points. After resolving these 16
singular points, which results in 16 spheres of self-intersection —2, we get
our K3 surface (X,wx).

We can write wr as drAdy+duAdv. Then there is a family of Lagrangian
tori corresponding to x,u coordinates (ie. tangent space spanned by 0, d,,)
and another family corresponding to y, v coordinates. We call them zu-tori
and yv-tori.

For any g > 1, pick g disjoint zu-tori. One can choose these g Lagrangian
zu-tori in a way that they avoids the 16 fixed points and such that they
descend to disjoint embedded Lagrangian tori in the quotient X’. These 16
tori in X’ can then be lifted to X.

We consider a yv-torus that passes through 4 of the 16 fixed points.
When descended to X', the image of this Lagrangian torus becomes a orb-
ifold Lagrangian sphere with four orbifold points. We call the orbifold sphere
yv-orbifold sphere. We claim that we can resolve the 16 orbifold points of
X' in a way that yv-orbifold sphere lifts to an embedded Lagrangian sphere
in X. Once we established the claim, it is clear that this Lagrangian sphere
together with the g Lagrangian tori are the Lagrangians in X we want.

To prove the claim, it suffices to understand the local model for the
symplectic resolution at the orbifold points. It turns out that the resolution
is symplectically the same as replacing a neighborhood of an orbifold point
and gluing back a neighborhood of zero section of T%S?, where the yv-
orbifold sphere near the orbifold point is identified with a fiber of T*S? after
the gluing. Hence, the yv-orbifold sphere can be lifted to X by extending
the fibers across the zero section of T*S2.

After explaining the effect of the resolution and why the claim follows
from it, we now explain how the surgery goes, which turns out to be a
routine calculation. We start with a model for 7*S?. Let U; = Uy = C and
P12 : Ul\{O} — Ug\{O} be @12(2) = % Then $15 = (@Tz)_l : T*(Ul\{()}) —
T*(U2\{0}) is given by ®12(2,w) = (1, —z%w), where 2 € U; and w € C.
The standard Liouville one form on T*U; is given by A1 = p1dg1 + padgs =
%(wdi + wdz), where the identification is z = g1 + ig2, w = p1 + ip2. The
Liouville form on T*Us is similar. These give the description of 7%52.

We define a double covering p; : U; x (C\{0}) — (T*U;\U;) by

pi(Z,@) = (Z,i0?)
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for j = 1,2. This double covering can be globalized using the transition
map @15 : (U1\{0}) x (C\{0}) — (U2\{0}) x (C\{0}) given by

~ 1
Oi9(z,w) = (g,zzw)

in the sense that py o @19 = ®13 0 p; over (U1\{0}) x (C\{0}). Clearly,
U; x (C\{0}) together with ®;5 are charts and transition function of the
O(1) bundle over CP! away from the zero section. Moreover, p; determines
a double covering to T*S?\S2. The pull-back one form is given by

= pih = %(z’@)?d?— iR d?)

We define diffeomorphisms ¥y : (C\{0}) x C — Uy x (C\{0}) by

which satisfy ®150¥; = Uy over (C\{0}) x (C\{0}). Hence ¥, U5 together
give a diffeomorphism from C2?\{0} to O(1)-bundle of CP' away from zero
section. The differential of the pull-back one form is given by

d(WiXy) = —i(dz A dib — dZ A did)

By letting 2 = u-+iz,w = y+1iv, we get d(\If’{Xl) = 2(dzANdy+duANdv) which
is the standard symplectic form up to a constant multiple. In particular, it
coincide with the wp on T* near a fixed point. The yv-torus near a fixed
point corresponds to Z = 0, which can be identified as a fiber of U x (C\{0})
under ¥,. Finally, note that the involution on 7% satisfies pjoVol = pjoV;
for both j = 1,2, which tells us that the yv-orbifold sphere near a orbifold
point correspond to a fiber of T*Us\Us as claimed.

O

Proof of Theorem[1.4] By Lemmal3.1] we have g Lagrangian tori represent-
ing the same class A such that each transversally intersects a Lagrangian
sphere in a symplectic K3 surface X. Let the homology class of the sphere
be B. We smooth out the intersection points by local Lagrangian surgery
[65] and result in an embedded Lagrangian genus g surface L.

18



Let U be the unit cotangent disk bundle and identify it with a Weinstein
neighborhood of L. Then, the complement of the interior of U gives a
Calabi-Yau cap P for Y. Notice that [L] is in the span of A and B and the
intersection form restricted to the subspace spanned by A and B is given by

(V%)
i (V1)

As a result, the orthogonal complement of this subspace has intersection
matrix —2FEg @ 2H. On the other hand, (¢ — 2)A — B is orthogonal to
[L] = gA + B. In other word, the bilinear form —2Eg & 2H & (2 — 2g)
embeds into the intersection form of P, where 2 — 2g corresponds to the
direction spanned by the class (¢ — 2)A — B, which has self-intersection
2 —2g.

Note that Ho(Y;Z) = HY(Y;Z) = Z%. As a circle bundle, the genera-
tors of Ha(Y';Z) are given by a loop from the base L times the circle fibers.
It is the boundary of the same loop of the base times the disk fiber in U,
which means that Hy(Y;Z) — H2(U;Z) is a zero map. From the long exact
sequence

which is equivalent to

0 — Hy(Y;Z) — Hy(U;Z) ® Hy(P;Z) — Hy(X;Z) = 7%

we see that Ho(Y;Z) — Ho(P;Z) is an injection. Since Hy(X;Z) has no
torsion and Hy(Y;Z) is free, both Hy(U;Z) and Hy(P;Z) do not have tor-
sion. Hence we know that Hy(P;Z) = Z?92! and the intersection matrix
of P is given by —2Es © 2H @ (2 — 2g) @ (0)29, where (0)%9 corresponds to
the subspace spanned by the image of Hy(Y;Z).

From the intersection form of P, we see that P cannot embed into any
uniruled manifold or minimal symplectic Calabi-Yau surface other than a
homology K3 surface. Let N be any exact filling of Y, the glued symplectic
manifold P UN has to be a minimal integral homology K3 surface denoted
as X, by the first paragraph in the proof of Theorem [[.3] and Remark 2.3
It implies that N has Euler characteristic e(N) = 2 — 2g and signature
o(N) = 1. In particular, by(N) > 1.

By the long exact sequence

H4(Y; Z) — Hg(Y;Z) — Hg(N; Z) ® Hg(P;Z) — 0
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and the fact that the first map is always an isomorphism, we have H3(N;Z) =
Hs(P;Z) = 0. Next the long exact sequence

0 — Hyo(Y;Z) — Hy(N;Z) & Ho(P;Z) — 722

tell us that Ho(N;Z) = Z or Ho(N;Z) = 0 because Hy(P;7Z) = Z?9+2! and
Ho(Y;Z) = 7Z?9. The latter one is ruled out by the fact that by(N) > 1 so
Hy(N;Z) =7.

Note that the —2Fg @ 2H lattice from P embed into the intersection
form of X. Also, both the generator [Sy] of Ha(N;Z) and the (g —2)A — B
class in P lies in the orthogonal complement of —2Fg @ 2H in X. By the
classification of unimodular bilinear form, the orthogonal complement of
—2Fg ®2H in X is H. This together with the fact that [Sy] is orthogonal
to (g—2)A— B in H implies that [Sy] has self-intersection k?(2g—2) for some
positive integer k (because the primitive class orthogonal to (¢ — 2)A — B
has self-intersection 2g — 2).

Finally, we want to determine H;(N;Z) using the fact that [Sy]? =
k%(2g — 2). From the long exact sequence

0— H3(N;Z)® H*(P;Z) — H3(Y;Z) — HY(X;Z)

and the fact that the last morphism is an isomorphism, we have Hy(N,Y;Z) =
H3(N;Z) = 0. Since we already know Hy(N;Z) and H3(N;Z), the Euler
characteristic of N implies the rank of Hy(N;Z) is 2g. On the other hand,
since Ho(N;Z) = Z is of rank one, we have that Ho(N,Y;Z) is of rank one.
In the long exact sequence

Hy(N;Z) = Ho(N,Y;Z) — Hy(Y;Z) — Hi(N;Z) = 0

the map f : Ho(N;Z) — Ho(N,Y;7Z) is given by multiplication by [Sx]? =
k%(2g—2) on the free generators of Ho(N;Z) and Hy(N,Y;Z). The cokernal
of f contributes a Z/(k*(2g — 2))Z to Hy(Y;Z). Since Hy(Y;Z) = Z* &
Z/(2g — 2)Z, the torsion Z/(2g — 2)Z comes purely from the cokernal of f
and k = 1. Tt also implies that Hy(N,Y;Z) = Z and Hy(N;Z) = Z*. We
have now established the integral homology type as well as the intersection
form for any exact filling N of Y and hence finished the proof. O

Proof of Corollary L6l Let Y, be the standard unit cotangent bundle of an
orinetable surface of genus g. We note that Y, admits a Weinstein filling
(See Example 11.12 (2) of [16]) and hence a Stein (See Theorem 13.5 of [16])
filling.
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However, Y, has a semi-filling for g > 1, call it W, with disconnected
contact boundaries (Theorem 1.1 in [50]). We can cap off the other bound-
ary of W, by caps with arbitrarily large b5 (See e.g. [24]). Hence, after
blowing down the exceptional spheres, W, and these various caps can be
glued together to give minimal strong fillings of Y, with arbitrarily large b; .
Thus, Y; is not of strong Betti finite type. O

3.2 Calabi-Yau caps via Lefschetz fibration

For practical use, we want to have families of Calabi-Yau cap examples with
concrete descriptions in terms of Lefschetz fibration and open book decom-
positions. We refer to [30] and [61] for the basics of Lefschetz fibrations,
open books and their relations to Stein fillings and contact structures. For
constructions of caps, the readers can consult [60].

Throughout the whole paper, we use the following notation. Let 21; be a
compact connected oriented surface of genus g with £ boundary components,
and let Map(Z';) be the mapping class group of Z'g, i.e. the set of isotopy
classes of self-diffeomorphisms of E’; which preserve orientations and fix the
boundary 82’; pointwise. We put X, = Eg. We denote by d1,00,...,0
the boundary parallel curves of Z'g . For a curve C in Z'g , let us denote the
positive (i.e. right handed) Dehn twist along C' by t¢.

We recall how to construct a closed Lefschetz fibration of genus g over 52
by attaching some smooth 4-manifold to a Lefschetz fibration over D? with
bounded fiber (cf. [30]). Let X be a Lefschetz fibration over D? with fiber
Elg whose induced open book on the boundary 90X is (E’;, tf;’; ot?;ill o-- 'otfsll)
(i1,12,...,1 > 1). By attaching a 2-handle to each binding component of
the open book with page framing 0, we get a Lefschetz fibration X’ over D?
with closed fiber ¥,. By gluing ¥, x D? to X', we obtain a closed Lefschetz
fibration X of genus g over S2.

In terms of handles, the last gluing corresponds to the following oper-
ation. We first attach a 2-handle to X’ along a meridian of the attaching
circle of the each 2-handle attached to X. The Seifert framings of these
2-handles are —iy, —io,...,—iy, respectively. We then attach 2g + & — 1
3-handles and one 4-handle to the resulting 4-manifold.

Let LF, ) 1 be the smooth 4-manifold X —int X for [ = (11,12, ...,1%),
and put LFy = LFy} (1,1,..,1)- This is the neighborhood of a regular fiber

and pairwise disjoint sections of X. In particular, LF, ; r is a plumbing of
g X D? and D?-bundles over S? with Euler numbers —iy, —is, ..., —ij.
Let (Y k.1,&g,k,1) be the contact 3-manifold supported by the open book
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decomposition (Zg,té’; o tg’;:ll 0---0 tfsll) of the boundary of X, and put
(Yor:&gk) = (Yg,h(m,m,l),£g,k7(171,m,1)). We see a symplectic structure on
LFy, compatible with this contact structure using Gay’s cap.

Lemma 3.2 (cf. Gay [26], [27]). For any g > 0 and k > 1, LF,} admits
a symplectic cap structure such that the contact structure on the concave
boundary is isomorphic to (Yyr,&q k). Furthermore, the suface of genus g
and the spheres in the plumbing are symplectic submanifolds.

Proof. Gay (See [26], [27]) constructed a symplectic cap structure on the D?-
bundle over X, such that the boundary contact structure is supported by the
open book (Zg,k, t5, ots,_, ©---ots ). Furthermore, it contains a symplectic
surface of genus g with the self-intersection number k. From his construction,
it is easy to see that Gay’s cap (say Gy ) is obtained from Yj ; x [0,1] by
attaching a 2-handle to Y , x {1} along each binding component of the open
book with page framing +1 and then attaching 3-handles and a 4-handle
to the resulting boundary. By blowing up this cap at k£ points, we obtain
a plumbing of symplectic surface of genus g with self-intersection 0 and k
spheres with self-intersection —1. By sliding each of the aforementioned 2-
handles of G, ;, over the —1-framed unknot corresponding to the 2-handle of
each CP2, we easily see that G 1, #kCP? has the same handle decomposition
as LFy 1, since 3- and 4-handles are attached uniquely. O

Remark 3.3. This proof tells that 2-handles of LF, j and G #;CP? are
attached to Y, ; along the same framed link.

A simple family of examples of Calabi-Yau caps are the D?-bundle over
¥, with Euler number 2g — 2 (g > 2) which is Gay’s cap G242, and the
concave boundary contact structure is supported by the Stein filable open
book (Zgg -2 tsyy_1 © - 0ts ). Indeed the adjunction formula immediately
tells that this cap is Calabi-Yau, since Gy 242 contains a symplectic surface
of genus g with the self-intersection number 2g — 2.

The next proposition gives us many examples of Calabi-Yau caps P (with
b1(P) < 1). One can construct many examples of Stein fillable open books
satisfying the assumption of the proposition. For example, consider the
chain relation in Map(¥3) (see Lemma 21 in [74]). This relation gives rise
to a monodromy factorization of a genus-2 Lefschetz fibration on K 3#2C P2
(cf. P.201 in [66] and [30]). Modifying the factorization by the Hurwitz
equivalence, one can construct various sets of curves in Z% satisfying the
assumption below.
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Proposition 3.4. Let (Y,&) be a contact 3-manifold supported by an open
book (E’;,gp) with g > 1 and k > 1, where ¢ = t¢g, ote, , 0---ote, for
some homotopically non-trivial simple closed curves C1,...,Cy in ZI;. Sup-
pose that there exist (possibly empty set of ) homotopically non-trivial simple
closed curves Cpy1,Cpi2,...,Cp (m > n) in E’; satisfying the following
conditions.

[ ] tc

m

otc,, 0oty =ts ots, 0 0ts,.

o The genus g Lefschetz fibration Z over S? with monodromy factoriza-
tion tc,, otc,, , 0---otc, s diffeomorphic to a symplectic Calabi- Yau

surface blown up at k points. Here we regard C1q,...,Cy, as curves in
24 through the natural inclusion Z'g — Xg.

Then (Y,€) admits a Calabi-Yau cap whose fundamental group is the quo-
tient group m1(Xg)/(Cnt1,Cns2, ..., Cm), where (Cpi1, Crga, ..., Cp) is the
normal closure of the subgroup generated by these curves (More precisely, a
base point of ¥ is fived, and these curves are isotoped so that they pass
through the base point.).

Proof. By the assumption, the genus g Lefschetz fibration Z over S? has k
sections with self-intersection —1. Let X denote the blow down of Z along
these sections. Since Z is diffeomorphic to the blow up of a symplectic
Calabi-Yau surface, and sections are a symplectic submanifold of some sym-
plectic structure on Z, the uniqueness of minimal model shows that ¢;(X)
of the symplectic structure on X is torsion.

Here we construct a Calabi-Yau cap. Let (W =Y x [0,1],w) be a
symplectization of (Y,&). We note that Y x {0} and Y x {1} are concave and
convex boundary of W, respectively. By the Legendrian realization principle
and folding, we may assume that C), 1 is a Legendrian knot in a page of the
open book (Zlg, ¢) of Y x {1} (see Section 8.6 of [I] and [62]). We then attach
a symplectic 2-handle to W along C', 11 with the framing —1 relative to the
page framing. The resulting convex boundary is supported by the open book
(E’;, tc,., © ). Repeating this process, we obtain a compact symplectic 4-
manifold W’ such that the concave boundary is (Y,&) and that the convex
boundary (Y’,¢’) is supported by the open book (E’;, tCp O+ Oty O Q).
By Lemmal[3.2] and the assumption t¢,, o---otg,  , 0p = ts, o---ots , we can
glue the cap LF,; to W’ so that the resulting symplectic manifold W” is a
cap of (Y, ). By blowing down k sections with self-intersection —1 contained
in LF,; C W”, we obtain a symplectic cap P. Since ¢;(X) is torsion, ¢;(P)
is also torsion. Hence P is a Calabi-Yau cap of (Y,£). By the proof of
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Lemma [3.2] and this construction, it is easy to see that W” is obtained from
LF, j by attaching 2-handles along each vanishing cycle C; (n+1 < i <'m)
in ¥ x 0D?*(C ¥, x 0D?) with page framing —1. Therefore w1 (W) is
isomorphic to m1(3g)/(Cnt1,--.,Cm). Since the blowing down preserves
the fundamental group, P also has the same fundamental group. O

Remark 3.5. We were informed by Baykur that Proposition [3.4] and Propo-
sition [£.19 overlap with recent results by Baykur, Monden and Van Horn-
Morris in [I0], which were obtained earlier and from different point of view.
In [10], they obtain the sharp upper bound of the length of possible fac-
torization of the open book (X{,t5, ots, , o---ots ) for any k > 29 — 3,
which implies sharp Betti numbers bounds among Stein fillings that have
Lefschetz fibration compatible with the open book. In contrast, our result
implies Betti number bounds (not necessarily sharp) on any exact (resp.
minimal strong) fillings of the contact manifold supported by the open book
when k = 2g — 2 (resp. k > 2g —1). Our result does not cover the case that
k =2g — 3 and it would be interesting to know whether one can bound the
Betti numbers for any exact/Stein fillings in this case.

3.3 Calabi-Yau caps as divisor caps

A symplectic divisor D = Cy U---U (Y in a symplectic manifold (X,w) is a
collection of closed embedded symplectic surfaces C; such that every inter-
section between any two C;’s are positive and transversal and no three of
the distinct C;’s intersect at a common point. If every intersection is also
w-orthogonal, then we call D an w-orthogonal divisor. To each symplec-
tic divisor, one can associate its augmented graph. The augmented graph
(T, g,s,a) (or simply denoted as (T',a) if no confusion would arise) is a
weighted finite graph with vertices representing the surfaces and each edge
joining two vertices representing an intersection between the two surfaces
corresponding to the two vertices. Moreover, each vertex v; is weighted by
its genus (a non-negative integer g;), its self-intersection number (an integer
s;) and its symplectic area (a positive real number a;). The intersection
matrix associated to (I', g, s,a) is denoted by Qr.

Definition 3.6. Suppose (I',a) is an augmented graph with k vertices with
a = (ai,...,ag). Then, we say that (T',a) satisfies the positive (resp. neg-
ative) Gay-Stipsicz criterion if there exist z € (0,00)* (resp (—oo,0]*) such
that Qrz = a. In either case, we will simply say that (I', a) satisfies the GS
criterion.
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For a symplectic divisor D in (X,w), the associated augmented graph
is denoted by (I'p,a). We say that (D,w) has a concave (resp. convex)
neighborhood P(D) if P(D) is a strong capping (resp. strong filling) of its
boundary. If in every neighborhood N of (D,w), there is a concave (resp.
convex) neighborhood P(D) C N, then we call (D,w) a concave (resp.
convex) divisor.

We recall two Theorems in [43] (see also [2§] and [52]).

Theorem 3.7. Let D C (X,w) be an w-orthogonal symplectic divisor.
Then, D C (X,w) is a concave (resp. convex) divisor if and only if (T'p,a)
satisfies the positive (resp. negative) GS criterion.

Theorem 3.8. Let D C (X,wq) be a symplectic divisor. If the intersec-
tion form of D is not negative definite and wqy restricted to the boundary
of plumbing of D is exact, then wy can be deformed through a family of
symplectic form wy making D a symplectic divisor for each t and such that
(D,w1) is a concave divisor. Moroever, the contact structure constructed on
the boundary of the concave neighborhood depends only on the graph of D.

Remark 3.9. Suppose (D,w) is a symplectic divisor. If the intersection
form @Qp of D is non-degenerate, then w is exact on the boundary (cf.
Lemma 2.4 of [43]). In particular, D is concave or convex possibly after a
symplectic deformation.

Having the Theorems above, to determine whether a neighborhood of a
symplectic divisor gives a uniruled cap is a purely linear algebraic compu-
tation.

Example 3.10. Consider the following symplectic divisor with genus of the
central vertex v; being g and genera of the others being 0:

-2 029729 -2
V2 v1 V4

01732
The v; have self-intersection numbers 2g —2, —2, —2 and —2, respectively. If
g > 1, the intersection matrix is not negative definite and non-degenerate so
there is a choice of symplectic form making it a concave divisor by Theorem
B8 By the adjunction formula, it is easy to see that this concave neigh-
borhood is a Calabi-Yau cap. This configuration can be found in a rational

manifold so the boundary of this cap is strongly fillable. In fact, it is not
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hard to show that this configuration is the support of an effective ample line
bundle in an irrational ruled manifold and hence the contact structure is
Stein fillable but we will not pursue further here.

4 Uniruled caps and adjunction caps

To motivate the definition of a uniruled cap, we recall a Theorem in [46] and
[54].

Theorem 4.1. Let (X,w) be a closed symplectic manifold with ¢ (X)-[w] >
0. Then, X is uniruled (i.e. rational or ruled).

Therefore, uniruled caps are the counterpart of uniruled manifolds for
compact symplectic manifolds with boundary.

Definition 4.2. An adjunction cap of a contact 3-manifold (Y,¢) is a
compact symplectic 4-manifold (P,w) with strong concave boundary con-
tactomorphic to (Y, &) such that there exist a smoothly embedded (not nec-
essarily symplectic) genus g surface S in P with [S]? > max{2g —1,0}. If
[S]? = 0, we further require that [S] € Ha(P, Q) does not lie in the image of
H5(Y,Q) under the natural map induced by inclusion.

The definition of adjunction caps is motivated by the following proposi-
tion (Baykur informed us that he is aware of this statement but we can not
find an explicit reference so we present an argument here).

Proposition 4.3. Let (X,w) be a closed symplectic manifold with a smoothly
embedded (not necessarily symplectic) genus g surface S having self-intersection
[S]? > max{2g — 1,0}. If [S]> = 0, we also assume that [S] represents a
non-trivial class in Ho(X,Q). Then (X,w) is uniruled.

Proof. If S is a sphere with [S]?> > 0 and [S] represents a non-trivial class
in Ho(X,Q), then X is uniruled, by Corollary 2 of [39].

Now suppose g > 0 and [S]? > 2g—1 > 0. Then S violates the adjunction
inequality for b > 2 symplectic 4-manifolds in [35] and [53]. Therefore we
must have b; (X) = 1. By the last paragraph in the proof of Theorem A
n [38], there is a positive integer n such that n[S] is represented by an
embedded connected w’-symplectic surface C' for some symplectic form w’.
The genus go of C' is given by

2gc — 2 = (n[S])? — c1(X)([C)) = n*s — e1(X) - O,
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where s = [S]2. Notice that n[S] has another smooth representative T
given by taking n — 1 perturbed copies of S with pairwise positive distinct
intersections and smoothing out the intersection points. The genus of T is
given by

n(n—1)s

5 —(n—1).

gr =ng+
Therefore,
297 — 2 =2ng+n(n—1)s —2n =n’s +n(2g — 2 — s) < n’s.

Since C' is a symplectic surface we must have go < gr. However, if X
is not uniruled, we have ¢1(X) - [C] < 0 by [40] (otherwise, we can inflate
the symplectic form in the direction of PD([C]) and get a contradiction,
cf. Lemma [£7] below). Therefore, gr < go. This is a contradiction and
therefore X must be uniruled.

O

Proposition 4.4. Let (P,wp) be a uniruled/adjunction cap of (Y,€). If
(X,w) is a closed symplectic manifold obtained by gluing a strong symplectic
filling (N,wn) of (Y,&) with (P,wp) along (Y,§), then (X,w) is uniruled.

Proof. First assume (P,wp) is a uniruled cap. There is a Liouville con-
tact form ap making ¢i(P) - [(wp,ap)] > 0. For the strong symplectic
filling (N, wn) of (Y, &), we have a Liouville contact form oy on ON making
(ON, ker(ap)) contactomorphic to (Y,¢). By Lemma 2.8 when ¢ is taken to
be sufficiently large, ¢;(X) - [wx] > 0 and hence X is uniruled, by Theorem
41

Now, we assume (P,wp) is an adjunction cap. Let S be the smoothly
embedded surface in P such that s = [S]? > max{2g —1,0}. If S is a sphere
and [S]? = 0, we have that [S] represents a non-trivial class in Hy(X,Q)
by the Mayer-Vietoris sequence and the assumption that [S] € Ha(P, Q)
does not lie in the image of Hy(Y,Q) under the natural map. Hence, X is
uniruled, by Proposition A3l O

4.1 Strong Betti finiteness and basic properties

We are ready to prove Theorem [[.8 as well as its adjunction cap version.

Theorem 4.5. (¢f. Theorem [1.8) Any uniruled/adjunction contact mani-
fold (Y, &) is of strong Betti finite type.
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Proof. Let the glued symplectic manifold between a uniruled/adjunction
cap P of Y and a strong symplectic filling N of Y be (X,w) as before. By
Proposition [£4] (X,w) is uniruled.

Following the proof of Theorem [[3] we have b (P) = 1 and b5 (N) = 0.
Moreover, there is a bound depending only on P for base genus of X.

The next step is to give a bound depending only on P for the number
of exceptional curves in X. Similar to the proof of Theorem [I.3] we perturb
[(wp, ap)] alittle bit such that there is a positive number ¢ and an embedded
surface S representing cPD([(wp,ap)]) and [S]? > g(S) — 1. This time, an
exceptional class in X does not have to pair positively with [S] a priori
because [S] is not Poincaré dual to multiple of wx in general. However, by
Corollary 213 we know that any exceptional class indeed pairs positively
with [S]. After this point, the rest of the proof is the same as the proof of
Theorem [L.3]

O

Uniruled /adjunction caps behave well with respect to strong cobordisms.

Lemma 4.6. Let (W,ww) be a strong cobordism with negative end (O-W, ker(ay;,))
and positive end (04 W, ker (o). If (04 W, ker(agfy)) is uniruled/adjunction,
then so is (O_W, ker(ay,)).

Proof. We first assume (04 W, ker(ay),)) is uniruled. Let (P,wp) be a unir-
uled cap for (9. W, ker(qa;),)). By an analogue of Lemma 2.8, (W, wy) and
(P,twp) can be glued symplectically by inserting part of the symplectiza-
tion of (0L W, ker(aw)) for some large ¢. This glued symplectic manifold is
a uniruled cap when ¢ is sufficiently large.

When (04 W, ker(ay),)) is adjunction, we take an adjunction cap (Py,wp, )
together with the surface S inside. The statement follows easily if [S]? > 0.
When [S]? = 0, we define P. = W Up,w Py and we want to show that
[S] € Ha(P-,Q) does not lie in the image of Ho(0_W,Q). By the Mayer-
Vietoris sequence and the definition of being an adjunction cap, the natural
map

[ Ha(Py, Q) — Ho(Py, 0. W, Q)

satisfies f([S]) # 0. Notice that, f factors through

Hy(Py,Q) % Hy(P_,Q) 2 Hy(P_,0-W,Q) sy (P_,W,Q) = Hy(Py, 0, W, Q)

In particular, f([S]) # 0 implies that the image of g([S]) under A is non-
trivial. By the Mayer-Vietoris sequence again, g([S]) does not lie in the
image of the natural map from Hy(0_-W,Q) to Ha(P-,Q) and hence P_ is
an adjunction cap. O
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The following lemma provides a common source of uniruled and adjunc-
tion caps.

Lemma 4.7. Suppose (P,wp) is a cap for (Y,&) with a closed embedded
symplectic surface S not intersecting OP, [S]?> > 0 and c1(P)[S] > 0. Then,
after a symplectic deformation, (P,w)) is a uniruled and an adjunction cap

for (Y, ).

Proof. Since S is smoothly embedded symplectic surface with non-negative
self-intersection, we can do inflation (See [36], [44]) along S to deform the
symplectic form. This gives a family of symplectic form w; on P such that
[wi] = [wp] + te(PDI]S]), where ¢, : H?>(P,0P;R) — H?(P;R) is the nat-
ural map and PD denotes the Lefschetz dual. Let ap be a choice of Li-
ouville contact form on JP with respect to wp. Then, ap is also a Liou-
ville contact form on 0P with respect to w; since inflation is local. Then,
c(P) - [(we, ap)] = c1(P) - ([(wp, ap)] + tPD[S]) > 0 for sufficiently large ¢.
Hence, we can find w/, such that (P,w’) is a uniruled cap for (Y, ).
On the other hand, since S is embedded and symplectic, we have [S]? +
2 —2¢(S) = c1(P)[S] > 1 and [(wp, ap)] - [S] > 0. Here g(S) is the genus
of S. Hence [S]?> > max{2g — 1,0} and [S] € Hs(P,0P) is non-trivial.
Thus [S] € Ha(P) does not lie in the image of Ha(0P) under the natural
morphism, which implies that (P,wp) is an adjunction cap.
O

Theorem [L.5]together with an argument of [23] gives the following byprod-
uct. The reader should compare this with Corollary 1.4 in Albers-Bramham-
Wendl [6].

Corollary 4.8. If a contact 3-manifold is uniruled/adjunction, then any
strong semifilling of the contact manifold has connected boundary.

Proof. Suppose, to the contrary, that (Y,£) admits a semifilling W with
disconnected boundary. Since every contact 3-manifold has a cap with ar-
bitrarily large b3 (see [24]), by capping off the boundary components of W
apart from (Y, &), we can construct a strong filling N of (Y, &) with b (V)
as large as we want. This contradicts to Theorem O

4.2 Genus invariants and complexity

We define genus invariants for uniruled/adjunction caps, and the related
complexity of contact 3-manifolds, which will provide explicit bounds for
strong and Stein fillings.
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Definition 4.9. For a uniruled/adjunction cap P, its maximal (resp. min-
imal) base genus gmax(P) (resp. gmin(P)) is the maximal (resp. minimal)
base genus (i.e. %) of the closed uniruled manifolds X obtained by gluing
strong fillings to the boundary of P. The base genus difference ga(P) is
defined to be gmax(P) — gmin(P). If there is no strong filling for the boundary
of the cap, gmax(P), gmin(P) are defined to be —oo and ga (P) is defined to
be 0. The surface genus gs(P) of P is the minimal genus g required to
find a continuous map u : $,; — P such that u,[%,]? > 0. Here, X, is the

closed oriented surface of genus g.
Immediately, we have the following lemma.

Lemma 4.10. For any uniruled/adjunction cap (P,wp), gs(P) is finite and
we have gs(P) > gmax(P) = gmin(P).

Proof. The bounds gmax(P) < gs(P) < oo of gs(P) is contained in the proof
of Theorem O

Definition 4.11. Given a strongly fillable uniruled /adjunction contact man-
ifold (Y, &), we define the complexity ¢, (Y, &) of (Y,£) to be the infimum of
Jmax(P) among all uniruled caps and all adjunction caps (P,wp) of (Y,&).
If a uniruled/adjunction contact manifold (Y,&) is not fillable, we define
cu(Y,6) =0.

Lemma 4.12. If P and P, are two uniruled/adjunction caps of (Y, &), then
ga(P) = ga(Py). Consequently, c,(Y,£) > ga(P).

Proof. Without loss of generality, we assume (Y,¢) is fillable. Let Ny
and Npyax be two strong fillings of (Y,€) such that the glued manifolds
P Uy Nyin and P Uy Npax realize gin(P) and gmax(P), respectively. Notice
that e + o of any uniruled manifold only depends on its base genus. By
Novikov additivity, (e + 0)(P Uy Nmin) = (€ + 0)(P) + (e + 0)(Nmin) and
similarly for P Uy Npax. As a result, the difference (e + ¢)(Npin) — (€ +
0)(Nmax) determines ga(P) and hence also ga(P2). It is now clear that

9a(P) = ga(Pr). O

We remark that Lemma [4.12] implies that ga(P) is an invariant of (Y, ¢)
so we also denote it as ga(Y,€) and call it the base genus difference. Since
cu(Y,§) = 0 for planar manifolds (cf. Lemma[4.13]), we also have ga(Y,§) =
0 and one can regard the base genus difference as a planar obstruction. For
example, the contact boundaries for the uniruled/adjunction caps that we
construct later in Example [£21] and Lemma are non-planar.
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Many previous known contact manifolds of Betti finite type are of com-
plexity zero. Especially we have

Lemma 4.13. Every strongly fillable planar contact 3-manifold (Y,§) ad-
mits a uniruled cap (P,wp) with gs(P) = 0. In particular, we have ¢, (Y, §) =
gmax(P) - gmin(P) =0.

Proof. In [23], it is observed that every planar open book has a cap with an
embedded self-intersection 0 symplectic sphere S inside. Since S is symplec-
tic, we can apply LemmalL7]to conclude that (Y, ) has a uniruled cap. Next
we show that gs(P) = 0 by constructing an embedded smooth sphere with
positive self-intersection. Notice that the construction in [23] gives another
smoothly embedded sphere Sy intersecting S positively and transversally
at one point. Suppose So has self-intersection k, by choosing n > |k| + 1
parallel copies of S and resolving all the positive intersection points of them
with So, we get an embedded sphere of positive self-intersection in the cap.

O

4.2.1 Explicit bounds for strong fillings

We now give explicit Betti number bounds for fillings of uniruled /adjunction
contact 3-manifolds in terms of genus invariants.

Lemma 4.14. Let P be a uniruled/adjunction cap of a contact 3-manifold
(Y,€), and let N be a strong filling of (Y,€). Then the following hold.

(1) a(P) — 4gmax(P) < (e + 0)(N) < a(P) — 4gmin(P), where a(P) =
4—(e+0)(P).

(2) (b1 + b3)(N) < 4gmax(P) + 2b1(Y) — (b + b3)(P).

Proof. We continue to use the notation from the proof of Theorem Since

X is uniruled, (e 4+ ¢)(X) only depends on the base genus of X, and hence
(e +0)(X) € [4gmax(P) + 4, —4gmin(P) + 4]. By Novikov additivity,

(e +0)(N)
= (e+0)(X)—(e+0)(P)
€ [_4gmax(P) - (6 + J)(P) + 47 _4gmin(P) - (6 + J)(P) +4]

Here note that b9(Z) < b1(0Z) for any compact connected oriented 4-
manifold Z with boundary, where by(Z) denotes the maximal dimension of
subspaces of Hy(Z;R) whose intersection from is represented by the zero
matrix. (This can be seen from the long exact sequence for the pair (Z,02)
as follows. By the argument used in the solution of Exercise 5.3.13(f) in
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[30], it follows that bY(Z) is the rank of the kernel of the homomorphism
Ho(Z;R) — Ho(Z,0Z;R). The exact sequence thus gives b3(Z) < by(02) =
b1(0Z).) Therefore, we have

(b1 + b3)(N)
—(e+0)(N) +1+2b5 (N) + bJ(N)
(

< Agmax(P) + (e +0)(P) — 4+ 1+ b1(Y)
< Agmax(P) + (1= (b1 +b3)(P) + 203 (P) +b3(P)) =3+ b1 (Y)
< Agmax(P) +2b1(Y) — (b1 + b3)(P).

O

Corollary 4.15. Let (Y,€) be a uniruled/adjunction contact 3-manifold.
Then ga(Y,€&) = 0 is equivalent to e(N) + o(N) being a constant for any
strong fillings N of (Y,€). In particular, if c,(Y,£) = 0 then e(N) 4+ o(N)
18 a constant.

Proof. Tt follows directly from Lemma and Lemma [£.141 O

Using Lemma [.13] one can see that Corollary [£15] can be viewed as an
extension of Wand’s result quoted as Corollary [L10

4.2.2 Explicit bounds for Stein fillings

Stein Stein

max gmm and

For Stein fillings, we can also define the corresponding g

gR!", analogous t0 gmax, gmin and ga. Clearly,

i "(P) 2 gmin(P), g "(P) < gmax(P), g2 (P) < ga(P).

Imax

We obtain concrete bounds on e 4+ ¢ of Stein fillings, which might be
helpful to classify Stein fillings.

Lemma 4.16. Suppose (Y,£) admits a uniruled/adjunction cap P. Then
for any Stein filling N of (Y,§), the following inequalities hold.

isn(p) < |20,

a(P) = 4gai"(P) < (e +0)(N) < a(P) — 495" (P),

max min

where a(P) =4 — (e+0)(P), and |r] denotes the mazimal integer less than
or equal to r.
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Proof. Let N be a Stein filling of (Y,¢), and let X be the closed uniruled
4-manifold obtained by gluing N and P along (Y,§). Since any Stein filling
has a handle decomposition which consists of 0-, 1- and 2-handles, and by
blgp)j. Therefore,

the claim follows from the fact (e +0)(N) = (e+0)(X) — (e+0)(P). O

of any uniruled manifold is even, we obtain b;(X) < 2|

In particular, we have the following extension of Corollary 10

Corollary 4.17. Suppose (Y, &) has a uniruled/adjunction cap P. Assume
further by (P) < 1. Then e+ o of a Stein filling of (Y, &) does not depend on
the choice of the Stein filling.

Proof. This clearly follows from Lemma O

Remark 4.18. Here we give an alternative proof of the Wand’s result Corol-
lary [[LIOl This proof can be extended to contact 3-manifolds Y admitting
adjunction cap P with b(P) < 1. We note that any minimal strong filling
of a planar contact 3-manifold is a Stein filling up to deformation (See [76]).

By [23], it is easy to see that any planar contact 3-manifold has a simply
connected adjunction cap. Therefore, the closed symplectic 4-manifold ob-
tained by gluing the cap to a given Stein filling is simply connected. Since
this manifold violates the Seiberg-Witten adjunction inequality with b5 > 2
(see [35], [53]), this closed manifold has b = 1. Therefore, e + o of the
closed manifold is independent of the choice of the Stein filling. Since e + ¢
of the closed manifold is the sum of those of the Stein filling and the cap,
the desired claim follows.

4.3 Construction

We provide two general constructions for uniruled/adjunction caps. The
first one is equipped with explicit open book descriptions and the second
one comes from symplectic divisors. In particular, these examples provide
many contact manifolds of strong Betti finite type. All the uniruled caps
constructed in this subsection are also adjunction caps, and vice versa.

4.3.1 Complexity and open books

The following result provides us uniruled/adjunction caps with b; < 1 asso-
ciated to a certain class of contact 3-manifolds with an open book. Notice
that, for such contact 3-manifolds, e 4+ o of their Stein fillings is constant by

Corollary 417
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Proposition 4.19. Let (Y,§) be a contact 3-manifold supported by an open
book (E’;, ) with g > 1 and k > 2g—1. If there exist (possibly empty set of)
homotopicaly non-trivial simple closed curves C1,Cs,...,Cy, in 21; such that
tc, otc, 0+ -otc, o = t5, ots, _ 0-+-ots, in Map(EI;), then (Y, &) admits a
cap which is uniruled and adjunction. Furthermore, the fundamental group
of the cap is the quotient group m(X4)/(C1,C2,...,Chy).

Proof of Proposition [{.19 Similarly to Proposition [3.4] we obtain a sym-
plectic cap W” of (Y, ) which contains LFy ;. Let P be a cap obtained from
W by blowing down k sections with self-intersection —1 in LFy ;. Due to
Lemma[32] P contains a symplectic surface of genus g with self-intersection
k(> 2g — 2). The adjunction formula and Lemma (.7 thus implies that P
is both uniruled and adjunction. Similarly to Proposition 3.4, we see that
m1(P) is isomorphic to m1(X4)/(C1,Ca, ... ,Ch). O

Note that the relations in Map(E’;) obtained by [34], [59] and [71] give
us many concrete examples of Stein fillable contact structures satisfying the
above assumption. Furthermore, there are non-planar contact 3-manifolds
satisfying the assumption (e.g. the Stein fillable contact structure on 7.
See [73]. cf. [80])

Using our building blocks LFy ;. 1 and (Y, k.1,&g.k.1), we will further con-
struct a uniruled/adjunction contact 3-manifold with positive complexity.
To find this example, we observe the following Lemma.

Lemma 4.20. For each g > 0 and k > 1, there exists a Stein filling Ny . of
(Yy.k,&q,k) such that the glued symplectic 4-manifold Ny U LFy . is a closed
uniruled 4-manifold with by = 2g.

Proof. Let Ngj be the Lefschetz fibration over D? with fiber Z'g whose
monodromy factorization is t5, o --- o t5,. Then Ngj; is a Stein filling of
(Y, &q.k) (see [2], [, [62]). It is easy to see that the glued closed 4-manifold
is smoothly diffeomorphic to the genus g Lefschetz fibration over S? whose
vanishing cycles are all trivial curves. Therefore, the closed manifold is
uniruled and has b; = 2g. O

We can now easily construct the desired example.

Example 4.21. There exists a uniruled and adjunction cap of a contact
3-manifold (Y,&) satisfying the following: (V&) admits two Stein fillings
whose e + o are not equal to each other. In particular, ¢,(Y,£) > 0 and
(Y, ¢) is non-planar.
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We construct this example as follows. Let us recall a result of Tanaka [71].
He gave a factorization of ts,,,, o t5,, 5 0 ots into a product of positive

Dehn twists in Map(239+4) for each g > 1. Furthermore, he proved that the
factorization in Map(X%,) is a monodromy factorization of a genus g Lefschetz
fibration over S? whose total space is diffeomorphic to CP?#(4g + 5)@
Since the vanishing cycles of the Lefschetz fibration are non-separating in
¥4, the curves appearing in Tanaka’s factorization are all homotopically non-
trivial in Egg i By capping off boundary components, we immediately get
such a factorization of ts5, ots,  o---ots, in Map(E’;) foreach 1 < k < 4g+4.
Now let X, ;. be the Lefschetz fibration over D? with fiber 21; that has this
monodromy factorization. By these observations, we see that X ; is a Stein
filling of (Y, k,&g,k) and that the glued symplectic 4-manifold X, U LEF,
is diffeomorphic to CP?#(4g + 5)CP2. Since (e + o)(LF,};) = 3 — 2g and
(e + 0)(CP?#(4g + 5)CP?) = 4, it follows (e + 0)(X,x) = 1+ 2g. On the
other hand, direct computation shows that the Stein filling of (Y ,&gx)
in Lemma satisfies e + 0 = 1 — 2g. Since (Y1, &, k) admits a unir-
uled/adjunction cap in the case k > 2g — 1, the desired claim follows.

The last example below tells us that a cap which is symplectically em-
bedded into a uniruled 4-manifold is not necessarily uniruled or adjunction.

Example 4.22. There exists a cap P of a contact 3-manifold (Y, &) satisfy-
ing the following: (Y,¢) admits two Stein fillings N; and N» such that the
glued symplectic closed 4-manifold N3 U P (resp. Na U P) is uniruled (resp.
not uniruled). Consequently, the cap P is neither uniruled nor adjunction.

To construct such an example we use the following fact: for each g > 2,
ts, € Map(Z;) has a factorization into positive Dehn twists along non-
separating (thus homologically non-trivial) curves such that the genus g
Lefschetz fibration over S? given by this factorization satisfies b;’ > 1 (e.g.
Mc,, in Section 4 of [I§]). Therefore, the factorization gives a Stein filling
Xg1 of (Yg1,84,1) (g > 2) such that the glued symplectic closed 4-manifold
X4,1ULFy 1 is not uniruled, since X1 U LFy; is diffeomorphic to the above
Lefschetz fibration. The claim thus follows from Lemma

4.3.2 Realizing pairs (¢max(P), gmin(P)) via plumbings

It is natural to ask when a non-negative integer pair can be realized by

(gmax (P), gmin(P)). The first Chern class and the class of symplectic form

are completely understood if the cap is a symplectic divisor cap, from which

we construct many examples realizing different pairs (gmax(P), gmin(P))-
We begin with uniruled divisor caps with gmax(P) = gmin(P) = 0.
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Lemma 4.23. (T3, £,4) admits a uniruled divisor cap (P,wp) with gs(P) =
ga(P) =0 and hence ¢, (T3, &4q) = 0

Proof. Notice that (T°3,&sq) is the unit circle cotangent bundle (with re-
spect to some metric) of 72 with contact structure induced by the canonical
Liouville flow in T*T?. We can embed a Lagrangian torus in CP? as a fibre
of a toric moment map. Then the complement of a Weinstein neighborhood
of the Lagrangian toric fiber is a plumbing of three complex lines and hence
a uniruled cap, by Lemma [£.7] O

Remark 4.24. By LemmalLT3] ¢, (Y, ) = 0 if (Y, €) is planar and strongly
fillable. Notice that c,(T3,&,4) = 0 by Lemma E23l However, (T3, &,4)
is not planar since any Stein filling of a planar contact 3-manifold is neg-
ative definite by [23] but there is a Stein filling of (73, &,4) which is not
negative definite, namely, the disk cotangent bundle. Therefore, the class of
contact manifolds having ¢, = 0 is strictly larger than that of those having
supporting genus zero.

Example 4.25. This example is of fundamental importance in [57] and we
want to show that it is uniruled of complexity zero. Consider an augmented
graph as in Subsection [3.3] with the numbers above the vertices being the
self-intersection numbers:

The genera are all zero and the symplectic areas are not specified. In par-
ticular, the boundary 0P of the plumbing P is a rational homology sphere
when n # 6. Therefore, we can identify the second homology and coho-
mology group with Q-coefficient via the long exact sequence for the pair
(P,0P) and Lefschetz duality. Thus the first Chern class can be expressed
as PD(c1) = Y5, a;[v;], where the [v;] are the homology classes of the
corresponding spheres labeled in the graph and PD stands for the Lef-
schetz dual. The coefficients a; are calculated using the adjunction for-
mula: (Z?:l a;[vj]) - [v;] = [vi]® + 2 for each i. It follows that ¢; =
PD(Q[Ul] + [’02] + [7}3] + [1)4]).

When n = 3,4,5, the intersection form associated to the symplectic
divisor is not negative definite and non-degenerate. Therefore, Theorem [3.§
implies this symplectic divisor is concave for some choice of w. Moreover,
1 - [w] > 0 and hence it gives a uniruled cap.
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If we choose an almost complex structure J making the configuration J-
holomorphic, then we get a (2,3)-cusp curve with self-intersection 6 — n by
repeating blowing down. This is the image of a sphere so we get gs(P) = 0.

Remark 4.26. We have already seen that how uniruled cap fits in the
picture of some known Betti finite type contact manifolds. In [23], [47], [64],
[33], [32], [68] and [43], those Betti finite type manifolds have symplectic caps
with a non-negative self-intersection symplectic sphere. These are uniruled
caps after a symplectic deformation, by Lemma 47l In [57], Ohta and Ono
give some Betti finite type contact manifolds, which is the boundary of the
ones in Example In [76], Wendl shows that there is a unique, up to
symplectic deformation, minimal strong filling of (T3, &,:4). We have seen
in Lemma 23] that (T3, £y4) also admits a uniruled cap. In [56], their cap
has a symplectic genus g surface (g > 1) with self-intersection greater than
2g — 2, hence can be deformed to be a uniruled cap (Lemma 7). The caps
used in [I1] also belong to one of the above families.

We move on to uniruled divisor caps with gmax(P) = gmin(P) > 0.

Lemma 4.27. Let D C (X,w) be a symplectic divisor with a symplectic
sphere C1 of self-intersection 0 and a symplectic genus g surface Co inter-
secting C1 once. Suppose X is a closed symplectic manifold and w is exact
on the boundary of a plumbing. Then there exists a plumbing (P(D),w)
which is a uniruled cap with gmax(P(D)) = gmin(P(D)) = g, possibly after
a symplectic deformation.

Proof. By [36], X is ruled and C} represent a fiber. Since Cy intersect C
transversally and positively once (See the Definition of symplectic divisor
above), the projection from Cy to the base is degree 1. Therefore, the
genus of the base is the same as that of Cy, which is g. Moreover, D has a
concave neighborhood P(D) by Theorem B.8 and Remark [3.9] possibly after
a symplectic deformation. Furthermore, P(D) can be chosen to be uniruled
by Lemma 7] possibly after a symplectic deformation. O

It is easy to give examples satisfying the assumption in Lemma 271 We
can take D to be the union of a fiber and a section of an S?—bundle. A
more general construction is taking X to be blown up of an S?—bundle and
D can be taken to be the proper transform (or total transform, or mixed)
of the union of a fiber and a section.

Finally we construct uniruled divisor caps with gmax(P) > gmin(P) =
0. A tubular neighborhood of a symplectic genus g (g > 0) surfaces with
appropriate self-intersection greater than 2g — 2 give a family of examples
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(cf. Lemma 7 and Theorem B.8). Another family of examples is given in
the proof of the following lemma.

Lemma 4.28. For any integer n > 0 and K < 4, there is a uniruled cap
(P K s wn, i) which can be symplectically embedded in a ruled manifold with
base genus j for all 0 < j < n. Moreover, one has gmax(Pn,x) = n and
gmin(Pn,K) =0.

Proof. Let D, i be a symplectic divisor consisting of a symplectic sphere
C of self-intersection 0, and a symplectic surface Cy Koof genus 2n and
self-intersection K which intersects C; positively and transversally at two
distinct points. By Theorem .8 and Remark B.9] any embedding of D,, i
in a symplectic manifold can be made a concave divisor after possibly de-
forming the symplectic form, so we will take (P, x,wn k) to be a concave
neighborhood of D, k. Notice that (P, k,wp k) can be made a uniruled cap
(Lemma FA.7). We will identify D,, x as a symplectic divisor in a suitable
blow-up of (92 x ¥j,wj), where w; is a product symplectic structure, for all
0<j<n

Let C] be S% x {p} for some p € Y;. We construct another symplectic
surface Cy K by resolving two disjoint copies of {point} x ¥; and 2(n—j)+1
disjoint copies of S? x {point} different from C;. The symplectic surface

cy K as genus 2n and intersect C positively transversally twice with self-
intersection 8(n — j) + 4. We blow up C’S’K at 8(n — j) + 4 — K regular

points away from C; and denote the proper transforms of C; and Cy K
as Cy and Cy ’K, respectively. The union of C; and CJ K 45 the desired
symplectic divisor Dy, k', so the corresponding uniruled cap (P, i, wn k) has
been embedded in a ruled surface of genus j as promised.

To show that gmax(Pn,x) = n, we recall that if P, g is embedded in
a closed symplectic manifold (X,w), then X is ruled and Cj represents a
fiber class (See [36]). Therefore, the fact that [Cy K. [C1] = 2 implies the
projection of Cy K to the base has degree 2. Hence, the base genus is less
than n + 1 by Riemann-Hurwitz’s formula. U
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