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Dynamics around the double resonance

Chong-Qing Cheng
∗

In this paper, we study time-periodic perturbation of classical sys-
tems with two degrees of freedom. A transition chain is established,
by passing through small neighborhood of double resonant point,
to connect any two cohomology classes corresponding to resonant
frequencies. Applying the result to nearly integrable Hamiltonian
systems with three degrees of freedom, one obtains a transition
chain along which one is able to construct diffusion orbits sug-
gested by Arnold in [A66].

AMS 2000 subject classifications: Primary 37J40, 37J50; secondary
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1. Introduction and the main result

In this paper, we consider time-periodic perturbations of the Lagrange sys-
tem with two degrees of freedom

(1.1) Lε(x, ẋ, t) =
1

2
〈Aẋ, ẋ〉+ V (x) +

√
εRε(x, ẋ, θ(t)), (x, θ) ∈ T2 × T

where A is a 2× 2 positive definite matrix of constants, V ∈ Cr(T2,R) with
r ≥ 5, Rε ∈ Cr−1(T2 × R2 × T,R) is a small perturbation, the variable θ
depends on t in two ways, either θ = t or θ(t) = t

�
√
ε
where � is a positive

constant. As we shall see later, the system in the latter case emerges when
one studies Arnold diffusion in nearly integrable Hamiltonian systems with
three degrees of freedom around strong double resonance. Regarding Rε as
a function of (ẋ, x, θ), we assume that for κ ∈ (0, 12)

(1.2)
√
ε‖Rε‖Cr−1 ≤ Cεκ, for {|ẋ| ≤ ε−κ, (x, θ) ∈ T2 × T}.

To apply the variational theory, we assume Lε is a Tonelli Lagrangian.
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Definition 1.1. Let M be a closed manifold. A C2-function L: TM×T→ R

is called Tonelli Lagrangian if it satisfies the following conditions:
Positive definiteness. For each (x, t) ∈M × T, the Lagrangian function
is strictly convex in velocity: the Hessian ∂ẋẋL is positive definite.
Super-linear growth. For each (x, t) ∈M × T, one has L/‖ẋ‖ → ∞ as
‖ẋ‖ → ∞.
Completeness. All solutions of the Euler-Lagrangian equation are well de-
fined for the whole t ∈ R.

1.1. Brief introduction to Mather theory

It is established for Tonelli Lagrangian. Let 〈ηc(x), dx〉 be a closed 1-form
so that [〈ηc(x), dx〉] = c ∈ H1(M,R), we introduce a Lagrange multiplier
ηc(x, ẋ) = 〈ηc(x), ẋ〉. Abusing the terminology without danger of confusion,
we call it closed 1-form also.

To define the minimal measure, we notice that, ∀ C1 curve γ: R → M
with period k, there is a unique probability measure μγ on TM ×T so that
the following holds

∫
TM×T

fdμγ =
1

k

∫ k

0
f(dγ(s), s)ds

for each f ∈ C0(TM × T,R), where we use the notation dγ = (γ, γ̇). Let

H∗ = {μγ | γ ∈ C1(R,M) is periodic of k ∈ Z+}.

The set H of holonomic probability measures is the closure of H∗ in the
vector space of continuous linear functionals. Clearly, H is convex.

For each μ ∈ H the action Ac(μ) is defined as follows

Ac(μ) =

∫
(L− ηc)dμ.

It is proved in [M91, Man] that for each first class c there exists at least one
probability measure μc minimizing the action over H

Ac(μc) = inf
μ∈H

∫
(L− ηc)dμ,

which is invariant for the Lagrange flow φt
L, i.e. φ

t∗
L μc = μc. We call it c-

minimal measure. Let Hc ⊂ H be the set of c-minimal measures, the Mather
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set M̃(c) is defined as

M̃(c) =
⋃

μc∈Hc

suppμc.

The α-function is defined as α(c) = −Ac(μc) : H
1(M,R)→ R, it is convex,

finite everywhere with super-linear growth. Its Legendre transformation β :
H1(M,R)→ R is called β-function

β(ω) = max
c

(〈ω, c〉 − α(c)).

It is also convex, finite everywhere with super-linear growth (see [M91]).
Notice that

∫
λdμγ = 0 holds for each exact 1-form λ and each μγ ∈ H∗.

For each measure μ ∈ H one can define its rotation vector ω(μ) ∈ H1(M,R)
such that

〈[λ], ω(μ)〉 =
∫

λdμ

holds for each closed 1-form λ onM . According to the definition of holonomic
measure, and due to the work in [Man], one has

β(ω) = inf
ν∈Hω

∫
Ldν

where Hω is the set of holonomic probability measures with the rotation
vector ω, not necessarily invariant for φt

L.
The Fenchel-Legendre transformation Lβ: H1(M,R) → H1(M,R) is

defined by the following relation

c ∈ Lβ(ω) ⇐⇒ α(c) + β(ω) = 〈c, ω〉.

Let

[Ac(γ)|[t,t′]] =
∫ t′

t

(
L(dγ(t), t)− ηc(dγ(t))

)
dt+ α(c)(t′ − t),

hc((x, τ), (x
′, τ ′)) = inf

ξ∈C1,ξ(τ)=x

ξ(τ′)=x′

[Ac(ξ)|[τ,τ ′]],

Fc((x, t), (x
′, t′)) = inf

τ=t modT

τ′=t′modT

hc((x, τ), (x
′, τ ′)).

The concept of semi-static curves is introduced in [M93, Man]. A curve γ:
R→M is called c-semi-static if in time-T -periodic case we have

[Ac(γ)|[t,t′]] = Fc((γ(t), t), (γ(t
′), t′)).
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A semi-static curve γ ∈ C1(R,M) is called c-static if, in addition, one has
the relation

[Ac(γ)|(t,t′)] = −Fc((γ(t
′), t′), (γ(t), t)).

An orbit X(t) = (γ(t), γ̇(t), t) is called c-static (semi-static) if γ is c-static
(semi-static). We call the Mañé set Ñ (c) the union of c-semi-static orbits

Ñ (c) =
⋃
{(γ(t), γ̇(t), t) : γ is c-semi static}

and call the Aubry set Ã(c) the union of c-static orbits

Ã(c) =
⋃
{(γ(t), γ̇(t), t) : γ is c-static}.

We useM(c), A(c) and N (c) to denote the standard projection of M̃(c),
Ã(c) and Ñ (c) from TM×T toM×T respectively. They satisfy the inclusion
relation

M̃(c) ⊆ Ã(c) ⊆ Ñ (c).

It is showed in [M91, M93] that the inverse of the projection is Lipschitz
when it is restricted to A(c). By adding subscript s to N , i.e. Ns we denote
its time-s-section. This principle also applies to Ñ (c), Ã(c), M̃(c), A(c) and
M(c) to denote their time-s-section respectively. For autonomous systems,
these sets are defined without the time component.

A pseudo-metric dc is introduced on Aubry set A(c) in [M93], its defini-
tion relies on the quantity h∞c . Let

h∞c ((x, t), (x′, t′)) = lim inf
τ=t mod T

τ′=t′ mod T

τ′−τ→∞

hc((x, τ), (x
′, τ ′)).

The pseudo-metric dc on Aubry set is defined as

dc((x, t), (x
′, t′)) = h∞c ((x, t), (x′, t′)) + h∞c ((x′, t′), (x, t)).

With the pseudo-metric dc one defines equivalence class in Aubry set. The
equivalence (x, t) ∼ (x′, t′) implies dc((x, t), (x

′, t′)) = 0, with which one can
define quotient Aubry set A(c)/ ∼. Its element is called Aubry class, denoted
byAi(c), its lift to TM×T is denoted by Ãi(c). Therefore,A(c) = ∪i∈ΛAi(c),
Ã(c) = ∪i∈ΛÃi(c). It is proved generic in [BC] that, for system with n degrees
of freedom, each c-minimal measure contains not more than n + 1 ergodic
components. In this case, each Aubry set contains at most n+ 1 classes.
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1.2. The main result

In this paper we consider the conditions that different Aubry sets are con-
nected by orbits of the Euler-Lagrange flow. An orbit is said to connect two
invariant sets if its α-limit stays in one set while its ω-limit stays in the
other. Two Aubry sets are said to be dynamically connected if there is an
orbit connecting them.

One way to make sure that two Aubry sets Ã(c′), Ã(c′′) are dynamically
connected is to establish a continuous path in the first cohomology space Γ :
[0, 1]→ H1(M,R) joining c′ to c′′, namely, Γ(0) = c′ and Γ(1) = c′′ and each
s ∈ [0, 1] is associated with δs > 0 so that Ã(Γ(s)) is dynamically connected
to Ã(Γ(s′)) if |s − s′| < δs. In this case, we say that Ã(Γ(s)) is connected
to Ã(Γ(s′)) by local connecting orbits. Two types of local connecting orbits
are established in [CY1, LC], one looks like heteroclinic orbit, based on the
variational version of Arnold’s mechanism [A64], and the other one is based
on cohomology equivalence developed from that was introduced in [M93], to
be defined in Section 3.1. Following Arnold, we call the path a (generalized)
transition chain.

Once two cohomology classes c′ and c′′ are connected by a transition
chain, an orbit connecting Ã(c′) to Ã(c′′), which is called a global connecting
orbit, is constructed shadowing a sequence of local connecting orbits, as it
was done in [CY1, CY2, LC].

Let αε, βε denote the α-, β-function for Lε and let Fε = α−1
ε (minαε).

Adding a constant to the Lagrangian Lε we assume that minαε = 0. Then
we have

Theorem 1.1. There exists a residual set V0 ⊂ Cr(T2,R) with r ≥ 2. Each
V ∈ V0 is associated with some positive numbers ΔV , εV such that for any
E ∈ (0,ΔV ), ε ∈ [0, εV ] the circle α−1

ε (E) establishes a transition chain (of
cohomology equivalence) for the Lagrangian Lε, ∀ c, c′ ∈ α−1

ε (E), the Aubry
sets A(c) and A(c′) are dynamically connected. These circles make up an
annulus Aε surrounding Fε.

For the second theorem we consider resonant rotation vector. A vector
ω ∈ Rn is called k-resonant if there are exactly k independent integer vectors
k1, · · · ,kk ∈ Zn such that

〈ω,kj〉 = 0, j = 1, 2, · · · , k.

For n = 2, there is only one double resonant point ω = 0. A resonant vector
ω �= 0 is associated with an irreducible class g ∈ H1(T

2,Z) and positive
number ν such that g = νω. Let Cω = Cg = ∪ν>0Lβε

(νg) ⊂ H1(T2,R).
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For r ≥ 5, let Bε ⊂ Cr−1(T2 × R2 × T,R) be the set of
√
εRε such that

the inequality (1.2) holds.

Theorem 1.2. Each resonant rotation vector ω �= 0 determines an open-
dense set Vω ⊂ Cr(T2,R) with r ≥ 5. Each V ∈ Vω is associated with small
positive numbers εV and d < κ, for each ε ∈ (0, εV ] certain residual set
RV ⊂ Bε exists such that for each

√
εRε ∈ RV , the Lagrangian Lε admits a

generalized transition chain Γω ⊂ Cω which joins the level set of low energy
α−1
ε (εd) to the level set of high energy α−1

ε (ε2κ−1).

Given a potential V ∈ V0∩Vω∩Vω′ , there exists small εV > 0 such that
ΔV > εdV . In this case, both Cω and Cω′ extend into Aε, Ã(c) is dynamically
connected to Ã(c′) provided c ∈ Cω, c

′ ∈ Cω′ and α(c), α(c′) ≤ ε−κ.
The main part of Lε is a classical system with two degrees of freedom

L0(x, ẋ) =
1

2
〈Aẋ, ẋ〉+ V (x).

Let α0, β0 denote the α-, β-function for L0. As L0 is autonomous, two
Aubry sets Ã(c) and Ã(c′) are not dynamically connected if α0(c) �= α0(c

′).
However, one has

Theorem 1.3. There exists a residual set V0 ⊂ Cr(T2,R) with r ≥ 2. Each
V ∈ V0 is associated with a number ΔV > 0 such that for any E ∈ (0,ΔV ),
the union of Aubry sets ∪c∈α−1

0 (E)Ã(c) is topologically transitive: there exists
an orbit of the Euler-Lagrange flow determined by L0 such that its ω-limit
set contains ∪c∈α−1

0 (E)Ã(c).
Thus, the dynamics in a level set with the energy slightly above Mañé’s

critical value behaves similar to that in Birkhoff instability zones for twist
maps. The problem of topological transitivity for geodesic flow on surfaces
with negative curvature was illustrated by Birkhoff (see Chapter 8 of [Bir]).
However, it is impossible to construct a geodesic flow on 2-torus with nega-
tive curvature everywhere, restricted by Gauss-Bonnet formula. Once coho-
mology equivalence is established among a set of first cohomology classes,
such topological transitivity was observed by Mather in [M93].

Throughout the whole paper, to abbreviate the notation, we shall use
“Cr+-generic” to express “Cr′-generic for any integer r′ ≥ r”.

2. The dynamics around the hyperbolic fixed point

In this section we restrict ourselves to the classical system

L0 =
1

2
〈Aẋ, ẋ〉+ V (x), (x, ẋ) ∈ TTn
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where A is a positive definite matrix of constants, minV = 0. So, one has
minα0 = 0. For x ∈ V −1(0), the point (x, 0) supports a minimal measure of
L0 whose rotation vector is 0. We consider the Fenchel-Legendre duality of
0,

F0 = {c ∈ H1(Tn,R) : α0(c) = minα0} = Lβ0
(0).

We shall show later that this set is a convex disk with full dimensions.

2.1. Flat of the α-function

A subset is called flat of certain α-function if, restricted on this set, the
α-function is affine, and no longer affine on any set properly containing the
set. Since α-function is convex with super-linear growth, each flat is a convex
and bounded set. Given an n-dimensional flat F, a subset E in ∂F is called
an edge if it is contained in a (n− 1)-dimensional hyperplane.

Proposition 2.1. Given a class c ∈ H1(Tn,R), if the Mañé set N (c) lies in
a neighborhood of lower dimensional torus N such that H1(T

n, N,Z) = Zk

with k ≥ 1, then there exists a k-dimensional flat F ⊂ H1(Tn,R) such that
c ∈ intF.

Proof. Let μc, μ
′
c denote the minimal invariant probability measure for the

classes c and c′ respectively. We obtain from the definition of the α-function
that

0 =

∫
L0dμc′ − 〈c′, ω(μc′)〉+ α(c′) ≤

∫
L0dμc′ − 〈c, ω(μc′)〉+ α(c),

0 =

∫
L0dμc − 〈c, ω(μc)〉+ α(c) ≤

∫
L0dμc − 〈c′, ω(μc)〉+ α(c′),

where the inequality is obtained since μc′ and μc are not necessarily minimal
for c and for c′ respectively. It follows that

(2.1) α(c′) = α(c) if 〈c− c′, ω(μc′)〉 = 〈c− c′, ω(μc)〉 = 0.

Since N (c) ⊂ N and H1(T
n, N,Z) = Zk, the rotation vector ρ(μc) of

each ergodic minimal measure μc satisfies k-resonant conditions, i.e. there
are k independent integer vectors k1, · · · ,kk such that 〈ki, ρ(μ)〉 = 0 holds
for each i = 1, 2, · · · , k.

Because of the upper semi-continuity of Mañé set, one has N (c′) ⊂ N if
|c′−c| is suitably small. Therefore, there exist a small ball Bδ(c) ⊂ H1(Tn,R)
such that for any c′ ∈ Bδ(c), the relation 〈ki, ρ(μc′)〉 = 0 holds for each c′-
minimal measure μc′ and for each i = 1, 2, · · · , k.
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Treating H1(Tn,R) as Rn, we set Πk = Span{k1,k2, · · · ,kk}. It follows
from (2.1) that α(c) = α(c′) provided c′ ∈ Bδ(c) and c − c′ ∈ Πk. It proves
the existence of k-dimensional flat.

Proposition 2.2. For the Lagrangian L0 we assume the potential V reaches
its minimum at one point, then F0 is an n-dimensional disk containing the
origin.

Proof. Introducing a coordinate translation x → x + x0 and adding a con-
stant to L0, we can assume that the potential V reaches its minimum at
x = 0 and L0(0, 0) = 0. As L0(x, ẋ) > 0 for (x, ẋ) �= 0, the minimal measure
is uniquely supported on (x, ẋ) = 0.

Let us show x /∈ A(0) if x �= 0. If x ∈ A(0), there would be a sequence
of closed curves γi: [−Ti, Ti] → Tn such that γi(−Ti) = γi(Ti) = x and

A(γi)→ 0 as Ti →∞. If |γi(Ti−δ)| = |x|
2 , then it follows from the convexity

of kinetic energy in ẋ that

1

2

∫ Ti

Ti−δ
〈Aγ̇i, γ̇i〉dt ≥

δ

2

〈A
δ

∫ Ti

Ti−δ
γ̇idt,

1

δ

∫ Ti

Ti−δ
γ̇idt

〉
≥ λ|x|2

8δ

where λ > 0 is the smallest eigenvalue of A. For x �= 0, we set t0 =

min{|x|, 1
K } with suitably large K > 0. If |γ(t′) − x| = |x|

2 holds for some
t′ ∈ [Ti − t0, Ti], we obtain from the argument just above that

A(γi) >
1

2

∫ Ti

Ti−t′
〈Aγ̇i, γ̇i〉dt ≥

λ|x|2
8

max
{ 1

|x| ,K
}
.

If there does not exist t0 = min{|x|, 1
K } such that |γ(t)− x| < |x|

2 holds for
any t ∈ [Ti − t0, Ti]

A(γi) >

∫ Ti

Ti−t0

V (γi)dt ≥ min
{
|x|, 1

K

}
min

|x′|≥ |x|
2

V (x′).

In both cases, A(γi) is uniformly bounded from below by a positive number
as Ti → ∞. It contradicts the assumption that A(γi) → 0. Thus, one has
A(0) = M(0). As the minimal measure is uniquely supported on the fixed
point, one has N (0) = M(0) = 0. Applying Proposition 2.1, we complete
the proof.

For a Tonelli Lagrangian L and a class in g ∈ H1(T
n,Z), we define

(2.2) A(g, c) = lim inf
Ti→∞

inf
ξ(−Ti)=ξ(Ti)∈M(c)

[ξ]=g

∫ Ti

−Ti

L0(ξ(t), ξ̇(t))dt− 〈c, g〉+ 2Tiα(c)
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which is non-negative. When N ⊃ M(c) is open and connected, this defi-
nition extends to g ∈ H1(T

n, N,Z), because each closed curve ξ is uniquely
associated with a class [[ξ]] = g ∈ H1(T

n, N,Z) also.

Proposition 2.3. If the Lagrangian L0 has two degrees of freedom only,
c /∈ F0, there exists a neighborhood N of a circle such that M(c) ⊂ N and
H1(T

2, N,Z) = Z, then there exists a 1-dimensional flat such that for all c
in this flat, the Mather set M(c) is the same.

Proof. Since n = 2, c /∈ F0, M(c) ⊂ N and H1(T
2, N,Z) = Z, the Mather

set consists of periodic orbits. Each closed curve γi: [−Ti, Ti] → T2 with
γi(−Ti) = γi(Ti) ∈ M(c) is associated with a class [γi] ∈ H1(T

2,Z) and a
class [[γi]] ∈ H1(T

2, N,Z).

Let g ∈ H1(T
2, N,Z) be a generator over Z, we claim A(g, c)+A(−g, c) >

0. Since the quantity A(g, c) is non-negative, if A(g, c) + A(−g, c) = 0
there would be two curves γ+, γ− such that [γ+] = g, [γ−] = −g, and
γ+, γ− ∈ A(c). To see it, let γ+i : [−Ti, Ti]→ T2 be such a sequence of mini-
mizers realizing the quantity A(g, c). Let [t−i , t

+
i ] be a connected component

of [−Ti, Ti] such that γ+i (t) /∈ N if t ∈ (t−i , t
+
i ) and γ+i (t

±
i ) ∈ ∂N . There

must be such a connected component such that [[γ+i |[t−i ,t+i ]]] = g. If M(c)

does not touch the boundary of N , t+i − t−i is uniformly bounded. So, there
exists a number t0 such that [−t0, t0] ⊃ [t−i , t

+
i ], by a time-translation, for all

large Ti. As each γ+i is a minimizer, γ̇+i is uniformly bounded. As it solves
the Lagrange equation ẍ = (∂ẋ,ẋL)

−1(∂xL− ẋ∂ẋ,xL) and L is positive defi-
nite, we find the set {γ+i |[−t0,t0]} is compact in C1-topology. Let t0 →∞. By
the diagonal extraction argument some subsequence of {γi} converges C1-
uniformly, when they are restricted on any compact set containing [−t0, t0],
to a C1-curve γ+: R → M . Clearly, [[γ+]] = g. Because A(g, c) = 0, this
curve must be in the Aubry set A(c). In the same way, we see that the γ−

also lies in A(c) and [[γ−]] = −g.
However, it is impossible since it would violate Lipschitz graph property

of Aubry set, for the curve γ− would intersect the curve γ+ somewhere since
the configuration space is 2-torus. If A(−g, c) = 0, one has A(g, c) = a > 0.

Let μc be a minimal measure for c, which is supported on periodic orbit
in this case. Given a class c′ ∈ H1(T2,R) such that 〈c′ − c, ω(μc)〉 = 0, one
has

0 ≤
∫

L0dμc − 〈c′, ω(μc)〉+ α(c′) = α(c′)− α(c).

As the α-function is convex, the rotation vector ω(μc′) stays in the set of
sub-derivative of α at c′. So, one has 〈ω(μc′), c− c′〉 ≤ α(c)− α(c′) ≤ 0.
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Let c′ be a class such that c′ − c = νg with small ν > 0. Treating c, c′

and g as vectors in R2, we claim 〈ω(μc′), c
′ − c〉 = 0. If 〈ω(μc′), c

′ − c〉 > 0,
there exists a curve γ lying in M(c) as well as two numbers t, δ > 0 such
that Bδ(γ(t)) ⊂ N . We set

T (γ, t, δ) = min{t′ > 0 : d(γ(t), γ(t+ t′)) < δ, [[γ|[t,t+t′]]] = g}.

It follows from the upper semi-continuity of Mañé set in the first cohomology
class that T (γ, t, δ)→∞ as c′ → c and δ → 0. Since γ lies in M(c′)

∫ t+T (γ,t,δ)

t
(L0(γ(s), γ̇(s))− 〈c′, γ̇(s)〉+ α(c′))ds ≤ Cδ.

On the other hand, because of A(g, c) = a > 0, ∃ ε→ 0 as T (γ, t, δ)→∞
∫ t+T (γ,t,δ)

t
(L0(γ(s), γ̇(s))− 〈c, γ̇(s)〉+ α(c))ds ≥ a− Cδ − ε.

Putting these two inequalities together, letting γ̄ denote the lift of γ to the
universal covering space R2, one has

T (γ, t, δ)(α(c)− α(c′)) + 〈c′ − c, γ̄(t+ T (γ, t, δ))− γ̄(t)〉 ≥ a− 2Cδ − ε.

But it is absurd as α(c) − α(c′) ≤ 0, [[γ|[t,t+T (γ,t,δ)]]] = g and c′ − c = νg
with small ν.

Since 〈c′ − c, ρ(μc′)〉 = 〈c′ − c, ρ(μc)〉 = 0, we obtain from (2.1) that
α(c′) = α(c).

For a k-dimensional flat F, to define its interior and the boundary, we
treat it as a set in Rk. Then, they follow from the standard definitions,
denoted by intF and ∂F respectively.

Proposition 2.4 ([Mas]). Let F be a flat of α-function, then A(c) = A(c′)
if c, c′ ∈ intF and A(c) ⊇ A(c′) if c′ ∈ ∂F and c ∈ intF.

2.2. Around the flat of the minimum

In this subsection we will restrict ourselves to the classical system with two
degrees of freedom and investigate the structure of the Mather sets and the
Mañé sets for each c ∈ ∂F0. It is C

2+-generic to assume
(H1): the potential V attains its minimum at one point only, where the

Hessian matrix ∂2
xV is positive definite and the matrix Jdiag{A−1, ∂2

xV } has
4 different real eigenvalues −λ2 < −λ1 < 0 < λ1 < λ2.
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Up to a translation of coordinates and addition of constant to V , one
can assume minV = 0 which is attained at x = 0.

In virtue of Proposition 2.2, the flat F0 is a 2-dimensional disk when the
hypothesis (H1) is assumed. Now, let us study the shape of the disk F0 and
divide the boundary of F0 into two parts ∂F0 = ∂∗F0 ∪ (∂F0\∂∗F0), where

∂∗F0 = {c ∈ ∂F0 : M(c)\{x = 0} �= ∅}.

Clearly 0 ∈ intF0, N (c) = {0} is a singleton ∀ c ∈ intF0. Given c ∈ ∂∗F0,
we use μc to denote the minimal measure which is not supported on the
fixed point. Since the configuration space is a 2-torus, all minimal measures,
except the one supported on the fixed point, share the same rotation vector,
denoted by ω(μc).

It is possible that the set ∂∗F0 is non-empty. Here is an example:

(2.3) L =
1

2
ẋ21 +

ν2

2
ẋ22 + V (x)

where |ν| �= 1, the potential satisfies the following conditions: x = 0 is the
minimal point of V only, there exist two numbers d > d′ > 0 such that

1. V = d′+(x2−a)2 as it is restricted in a neighborhood of circle x2 = a
with a �= 0 mod 1;

2. V = P (
√

x21 + x22) for |x| ≤ 2δ, where P is a bump function P (r) =

Be
− 1

δ−|r−δ| for r ∈ (0, 2δ). By choosing suitably large B > 0, for any
closed curve γ: [−T, T ] → T2 passing through the origin with [γ] �= 0
one has ∫ T

−T
L(γ(s), γ̇(s))ds ≥ d.

In this case, we find that ∂F0 ∩ {c2 = 0} = {c1 = ±
√
2d′}. Indeed,

L± c1ẋ1 =
1

2
(ẋ1 ± c1)

2 +
ν2

2
ẋ22 + V (x)− 1

2
c21,

the M(c) = {0} ∪ {(x1,0 ∓
√
2d′t, a) : t ∈ R} for c = (±

√
2d′, 0). The

set ∂∗F0 is closed in ∂F0. If it is non-empty, the existence of infinitely many
homoclinic orbits has been proved in [Zhe, Zm2]. These orbits are associated
with different homological classes {gi}, each of these orbits is minimal when
it is lifted to certain finite covering manifold. When |gi| → ∞, these orbits
are getting closer and closer to the support of that minimal measure not
supported on the fixed point.



164 Chong-Qing Cheng

2.2.1. The structure of ∂F0 and the phase space correspondence.
A homoclinic orbit (γ, γ̇) is called minimal if the action along the curve γ
is not large than the action along any other curve ζ homoclinic to the point
provided [ζ] = [γ]. In this case, γ is called minimal homoclinic curve.

If c ∈ ∂F0\∂∗F0, the Mañé set is the same as the Aubry set, consisting
of the fixed point (x, ẋ) = 0 and some minimal homoclinic orbit to the fixed
point, it can not be the fixed point alone, since one has

Lemma 2.1. Let F0 be a 2-dimensional flat, the Mather set be a singleton
for each class in the interior of F0, and let Ei be an edge of F0, then A(c′) =
A(c) if c′, c ⊂ intEi and

A(c′) � A(c)
holds for c′ ∈ ∂F0 (∂Ei) and c ∈ intF (intEi) respectively.

Proof. Recall the proof of Proposition 2.2, we see that N (0) is a singleton.
Applying Proposition 2.4, the Mañé set is that singleton ∀ c ∈ intF0. For
a class c ∈ ∂F0\∂∗F0, the Aubry set A(c) contains at least one minimal
homoclinic curve with non-zero first homology. Otherwise, for a class c′ /∈ F0

very close to c, the homology of the Mañé set is trivial, the same as that for
c. It is guaranteed by the upper semi-continuity of Mañé set in cohomology
class. It follows that 〈c, ω(μc)〉 = 〈c′, ρ(μ′

c)〉 = 0 and

−α0(c
′) = A(μc′)− 〈c′, ρ(μ′

c)〉 ≥ A(μc) = −α0(c).

However, one has α0(c
′) > α0(c) for c′ /∈ F0. The contradiction verifies

our claim. When c′ ∈ ∂∗F0, the certain c′-minimal measure μc′ exists with
ρ(μc′) �= 0. In both cases, we have A(c′) � A(c) if c ∈ intF0 and c′ ∈ ∂F0.

To show A(c′) = A(c) for c′, c ⊂ intEi, one follows the way of [Mas]. As
c′, c ⊂ intEi, ∃ c′′ ∈ Ei, λ ∈ (0, 1) such that c′ = (1 − λ)c + λc′′. For any
small ε > 0, x ∈ A(c), ∃ a curve γ: [0, T ]→M with γ(0) = γ(T ) = x and

ε >

∫ T

0
(L(γ(t), γ̇(t))− 〈c′, γ̇(t)〉)dt

=(1− λ)

∫ T

0
(L(γ(t), γ̇(t))− 〈c, γ̇(t)〉)dt

+ λ

∫ T

0
(L(γ(t), γ̇(t))− 〈c′′, γ̇(t)〉)dt.

Since ε > 0 can be arbitrarily small, one has x ∈ A(c′).
Let Ei be an edge, then it follows from Proposition 2.4 that either intEi∩

∂∗F0 = ∅ or intEi ⊂ ∂∗F0. In the former case, the Aubry set contains
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homoclinic orbits which share the same homological class. Indeed, given two
homoclinic orbits (γ1, γ̇1) and (γ2, γ̇2) associated with class [γ1] and [γ2]
respectively, one has [Ac(γj)] = 0 for j = 1, 2 and for c = c′, c′′ ∈ intEi (see
(2.2)). It follows that 〈c′−c′′, [γj ]〉 = 0 holds for c, c′ ∈ intEi and j = 1, 2. As
each curve γj is minimal and the configuration space is a 2-torus, [γj ] has to
be irreducible, otherwise, the curve will intersect itself. Therefore, one has
[γ1] = [γ2], denoted by g(Ei). In latter case, all ergodic minimal measures,
except the one supported on the fixed point, also share the same rotation
vector.

Let c′ ∈ ∂Ei and c ∈ intEi, one chooses c∗ ∈ ∂F0\Ei arbitrarily close to
c′. As the straight line connecting c to c∗ passes through the interior of F0,
we obtain from Proposition 2.4 that A(c)∩A(c∗) = A(c0) with c0 ∈ intF0. If
Ã(c∗)\Ã(c0) contains a homoclinic orbit (ζ, ζ̇), it follows from the following
equation

0 =

∫
(L0(dζ(t))− 〈c∗, ζ̇〉)dt =

∫
(L0(dζ(t))− 〈c, ζ̇〉)dt+ 〈c− c∗, [ζ]〉

that 〈c−c∗, [ζ]〉 �= 0 holds. We claim [ζ] �= g(Ei). Let us assume the contrary
and consider the case that A(c) contains a homoclinic orbit (γ, γ̇). Because
minα0 = 0, one has

∫ ∞

−∞
L0(ζ, ζ̇)dt− 〈c∗, [ζ]〉 = 0,

∫ ∞

−∞
L0(γ, γ̇)dt− 〈c, g(Ei)〉 = 0.

Since the class c∗ is not on the straight line containing Ei, we have 〈c∗ −
c, g(Ei)〉 �= 0. If 〈c∗ − c, g(Ei)〉 > 0 one would have

∫ ∞

−∞
L0(γ, γ̇)dt− 〈c∗, [γ]〉 =

∫ ∞

−∞
L0(γ, γ̇)dt− 〈c, [γ]〉 − 〈c∗ − c, g(Ei)〉 < 0.

If [ζ] = g(Ei) and 〈c∗ − c, g(Ei)〉 < 0 we would have

∫ ∞

−∞
L0(ζ, ζ̇)dt− 〈c, [ζ]〉 =

∫ ∞

−∞
L0(ζ, ζ̇)dt− 〈c∗, [ζ]〉+ 〈c∗ − c, g(Ei)〉 < 0.

Both cases are absurd since α0(c) = α0(c
∗) = 0, the left hand side of above

inequalities can not be negative. Since [ζ] �= g(Ei), some x∗ ∈ A(c∗) remains
far away from A(c). Let c∗ → c′, the accumulation point of these points does
not fall into A(c), therefore it implies A(c′) � A(c). The proof is similar if
ζ and γ are curves lying in the Mather set.
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Let Gc ⊂ H1(T
2,Z) be a set that g ∈ Gc if there is a minimal homoclinic

orbit (γ, γ̇) in Ã(c) with [γ] = g. We say that there are k-types of minimal
homoclinic orbits in Ã(c) if Gc contains exactly k elements. Given an edge
Ei, we define GEi

= Gc for each c ∈ intEi since all classes in intEi share the
same Aubry set (Proposition 2.4).

Theorem 2.1. Let F0 = α−1
0 (minα0) be a two dimensional flat, M(c0) be

a singleton for c0 ∈ intF0. Let Ei denote an edge of F0 (not a point), then

1, either Ei ∩ ∂∗F0 = ∅ or Ei ⊂ ∂∗F0;

2, if Ei∩∂∗F0 = ∅, then GEi
contains exactly one element, if Ei ⊂ ∂∗F0,

all curves in M(Ei)\{0} have the same rotation vector;

3, if c ∈ ∂Ei and c /∈ ∂∗F0 then Gc contains exactly two elements;

4, if Ei,Ej ⊂ ∂∗F0, then either Ei = Ej, or Ei is disjointed to Ej;

5, if Ei ⊂ ∂∗F0, M(c) =M(c′) holds for c ∈ ∂Ei and c′ ∈ intEi;

6, if μc is an ergodic c-minimal measure for c ∈ ∂∗F0 and ω(μc) is
irrational, then the class c is an extremal point of F0;

7, if c ∈ ∂F0\∂∗F0 and Ã(c) consists of the fixed point and a homoclinic
orbit (γ, γ̇) only, then c is located in the interior of certain edge Ei;

8, each edge in ∂F0\∂∗F0 is joined by two edges in ∂F0\∂∗F0.

Proof. It follows from Lemma 2.1 that A(c) = A(c′) if c, c′ ∈ intEi. So, if
the item 1 is not true and intEi ∩ ∂∗F0 = ∅, there would exist an invariant
measure μc for the class c ∈ ∂Ei, not supported on the singleton which
minimizes the action

(2.4)

∫
L0dμc − 〈ρ(μc), c〉 = −α0(c) = 0,

but not minimizes the c′-action for c′ ∈ intEi. As the configuration space is
T2, the Lipschitz graph property of Aubry set will be violated if the rotation
vector of the measure ω(μc) is not parallel to g ∈ GEi

. So, 〈ω(μc), c− c′〉 = 0
holds for c′ ∈ intEi. It follows that μc also minimizes the action for c′ ∈ intEi.
This leads to a contradiction. If intEi ⊂ ∂∗F0, then the formula (2.4) holds
for each c ∈ intEi. Let intEi � c′ → ∂Ei, (2.4) holds for c ∈ ∂Ei, namely, the
whole edge is contained in ∂∗F0.

The item 2 follows from the fact that 〈c − c′, [γ]〉 = 0 holds for any
c, c′ ∈ intEi and any γ ∈ A(c). The item 3 follows from that A(c) � A(c′) if
c′ ∈ intEi, the Lipschitz property would be violated if Gc contains three or
more elements.

If the item 4 were not true, for the cohomology class in Ei ∩ Ej the
Mather set would contain two closed circles with different homology, but it
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violates the Lipschitz graph property of Aubry set. With the same reason
we have the item 5.

If the item 6 were not true, the class c lies in the interior of an edge E,
whose normal direction is ω(μc). Let c

′ ∈ ∂E, it follows from Lemma 2.1 that
there exists some point x ∈ A(c′)\A(c). There exists a sequence of closed
curves γ′i: [−Ti, Ti] → T2 such that γ′i(−Ti) = γ′i(Ti) and [Ac′(γ

′
i)] → 0 as

Ti →∞. Regarding [γ′i] as a vector in R2, it is impossible that [γ′i]/‖[γ′i]‖�
ω(μc)/‖ω(μc)‖ because it will violate the Lipschitz graph property as ω(μc)
is irrational. The fact [γ′i]/‖[γ′i]‖ → ω(μc)/‖ω(μc)‖ implies x ∈ A(c).

By the condition of the item 7, one has Ñ (c) = Ã(c) for c ∈ ∂F0\∂∗F0.
Due to the upper semi-continuity of Mañé set in the first cohomology class,
Ñ (c′) lies in a small neighborhood of the orbit (γ, γ̇) provided c′ is close to
c. If such c′ lies on ∂F0, the Aubry set for c′ must contain some homoclinic
or periodic orbit (γ′, γ̇′) which entirely stays in a small neighborhood of γ.
Because of the topology of T2, one has [γ] = [γ′]. Let A0(γ

′) =
∫
L0(γ

′, γ̇′)dt.
If 〈c− c′, [γ]〉 > 0, one obtains from α0(c

′) = 0 that

A0(γ
′)− 〈c, [γ′]〉 = A0(γ

′)− 〈c′, [γ′]〉+ 〈c′ − c, [γ′]〉 < 0,

but it is absurd because the c-action along any closed curve is non-negative.
It is also obviously impossible that 〈c− c′, [γ]〉 < 0. Thus, one obtains from

A0(γ
′)− 〈c, [γ′]〉 = A0(γ

′)− 〈c′, [γ′]〉 = 0.

that γ′ = γ, namely, c stays in the interior of certain edge E and 〈c−c′, [γ]〉 =
0 holds c, c′ ∈ E.

Let us prove the last one. Given an edge E ⊂ ∂F0\∂∗F0. There exists a
homoclinic curve γ which is c-minimal for all c ∈ E. For c′ ∈ ∂E, the Aubry
set A(c′) must contain, besides the curve γ, another homoclinic curve γ′

with [γ′] �= [γ]. We identify H1(T2,R) with R2 where we choose L to be a
straight line passing through the point c′ and orthogonal to the vector [γ′].
Since A0(γ

′)−〈c′′, [γ′]〉 = A0(γ
′)−〈c′, [γ′]〉 = 0 holds for each c′′ ∈ L and the

Aubry set contains the fixed point only when the class stays in the interior,
any point on L does not lie in the interior of F0. If there exists a class c′′ ∈ L

other than c′ so that α(c′′) = 0 we assert c′′ ∈ ∂F\∂∗F0. Otherwise, some
c′′-minimal measure μc′′ would exist with ω(μc′′) �= 0, μc′′ is supported on
a periodic orbit (γ′′, γ̇′′) with [γ′′] = [γ′]. Therefore, γ′′ also lies in A(c′).
However, it is absurd because it violates the Lipschitz property of Aubry
set because [γ′′] �= [γ]. Therefore, if ∃ c′′ ∈ L �= c′ with α(c′′) = 0, the edge
containing c′ to c′′ is contained in ∂F\∂∗F0, joint to E at c′.
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Let us show that there does exist such point on L. The line L divide
the plane H1(T2,R) into two parts. Let ci ∈ ∂F0\E → c′ be a sequence of
classes on ∂F0 which approach c′ from outside of E. If no point on L belongs
to F0 other than c′, these points and the edge E stay in the same side of L.
As α0 is a convex function and F0 is convex set touching the line L at one
point c′, each vertex vi of the sub-derivative of α0 at ci has the expression
of vi = −νi[γ]+ν ′i[γ

′] where both νi and ν ′i are non-negative. If νi > 0, there
would be a segment of certain ci-minimal curve falls in the vicinity of γ due
to the upper semi-continuity c→ N (c), but moves in an opposite direction
of γ̇ because of νi > 0. It contradicts the upper semi-continuity c → Ñ (c).
Therefore, the rotation vector of each ergodic ci-minimal measure μi takes
the form of ν ′i[γ

′], or Ã(ci) contains a homoclinic orbit (γ′′, γ̇′′) such that
[γ′′] = [γ′]. It follows from the convexity of F0 that ci ∈ L. It contradicts the
assumption.

Let Ei ⊂ ∂F∗
0 be a edge. When c moves along Ei to its boundary, what

emerges in the Aubry set is just heteroclinic orbit connecting the periodic
orbit and the fixed point. It is the consequence of upper semi-continuity of
Mañé set on the first cohomology class. When c′ approaches c ∈ ∂Ei from
outside of Ei, N (c′) falls into the vicinity of N (c). It would contradicts the
condition ω(c′) �= ω(c) if Ñ (c) consists of the periodic orbit and the fixed
point, so it contains some orbit connecting the periodic orbit and the fixed
point which is approached by a sequence of ci-static orbit with ci /∈ Ei → c′.
Consequently, the curve is c′-static, see Fig. 1.

Figure 1: M(Ei) = {0} ∪ {ξg}. The blue curve is in A(c) for c at one end
point of Ei, the red curve is in A(c′) for c′ at another end point.

Lemma 2.2. Let E,E′ ⊂ ∂F0\∂∗F0 be two adjacent edges and assume c ∈
E ∩ E′. If (m,n) = g ∈ GE and (m′, n′) = g′ ∈ GE′, then m′n−mn′ = ±1.

Proof. The Aubry set Ã(c) contains homoclinic orbits with the class (m,n)
as well as (m′, n′), both are irreducible. Guaranteed by the Lipschitz graph
property, these two curves intersect each other only at the fixed point. In the
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universal covering space R2, each curve in the lift of the homoclinic curves
are determined by the equation

mx1 + nx2 = k, m′x1 + n′x2 = k′.

The solution of the equations corresponds to the intersection point which
are lattice points in Z2 for any (k, k′) ∈ Z2. To guarantee this property, the
necessary and sufficient condition is mn′ −m′n = ±1.

We ask if the set ∂F0\∂∗F0 can be empty. If not, it follows from Theorem
2.1 that the α-function will be not differentiable. For the topic of differen-
tiability, see [MS].

2.2.2. Dynamics in a neighborhood of F0 with α0(c) ≥ minα0.
To proceed the demonstration, we assume further conditions on the classical
system. The Lagrangian L0 induces a Hamiltonian G = 1

2〈A−1y, y〉 − V (x).
The point (x, y) = 0 is a fixed point of the Hamiltonian flow, which is hyper-
bolic as A is positive definite. Recall (H1), the matrix Jdiag{A−1, ∂2

xV (0)}
has 4 different real eigenvalues ±λ1,±λ2. If we denote by Λ+

i = (Λi,x,Λi,y)
the eigenvector for the eigenvalue λi (i = 1, 2), where Λi,x and Λi,y are for
the x- and y-coordinate respectively, then the eigenvector for −λi will be
Λ−
i = (Λi,y,−Λi,y).
Let z = (x, y). The fixed point z = 0 has its stable and unstable manifold,

denoted by W+ and W− respectively. Each point z ∈W+∩W−\{0} lies on
certain orbit homoclinic to the point z = 0. As each homoclinic orbit entirely
stays in the energy level set H−1(0), along the orbit their intersection can
not be transversal in the standard definition, but can be transversal when
they are restricted to the energy level, namely

TzW
− ⊕ TzW

+ = TzH
−1(0)

holds for each z is on homoclinic orbit. Without causing danger of confusion,
we call the intersection transversal also. Since H1(T

2,Z) contains countably
many elements, it is also a C2+-generic condition that

(H2): For each g ∈ H1(T
2,Z), there is at most one minimal homoclinic

curve γ such that [γ] = g, the stable manifold intersects the unstable manifold
transversally along each minimal homoclinic orbit. Each minimal homoclinic
orbit approaches to the fixed point in the direction Λ1: γ̇(t)/‖γ̇(t)‖ → Λx1 as
t→ ±∞.

Next, we fix an irreducible class g ∈ H1(T
2,Z)\{0} and study the struc-

ture ofM(cν) with cν ∈ Lβ0
(νg) and α0(cν) > minα0. As the configuration
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space is T2, the rotation vector is rational, each ergodic c-minimal measure
is supported on a periodic orbit. To specify the topological information of
a minimal periodic orbit (curve), we call it νg-minimal if some irreducible
class g ∈ H1(T

2,Z) and ν > 0 exist such that it is c-minimal ∀ c ∈ Lβ(νg).
An orbit is called νg-periodic if it is merely 1

ν -periodic with the homology
type g, no minimal property is implied.

Let ν > 0 decrease such that α0(cν) ↓ minα0. There are two possibilities.
Either Lβ0

(νg) /∈ ∂F0 for any ν > 0, or ∃ ν0 > 0 such that Lβ0
(ν0g) ∈ ∂F0,

see the example of (2.3). In the latter case, Lβ0
(ν0g) ∈ ∂∗F0. For the latter

case, one has

Proposition 2.5. Assume some ν0 > 0 exists such that Lβ0
(ν0g) ∈ ∂∗F0.

For ν1 > ν0, there is an open-dense set V ⊂ Cr(T2,R) with r ≥ 5 such that
for each V ∈ V, c ∈ Lβ0

(νg) with ν ∈ (ν0, ν1], the Mather set consists of
hyperbolic νg-minimal periodic orbits. Indeed, there are finitely many νi ∈
(ν0, ν1) such that the set contains exactly two periodic orbits for c ∈ Lβ0

(νig)
and contains exactly one periodic orbit if ν �= νi and ν ∈ (ν0, ν1].

Proof. We apply a result in [CZ2]. For a Tonelli Lagrangian L ∈ Cr(TT2,R),
let α′, β′ denote the α-, β-function of L+ V respectively, one has

Theorem 2.2 ([CZ2]). For a class g ∈ H1(T
2,Z)\{0} and a closed interval

[Ea, Eb] with Ea > minα, there exists an open-dense set V ⊂ Cr(T2,R) with
r ≥ 5 such that for each V ∈ V it holds simultaneously for all E ∈ [Ea, Eb]
that the Mather set M̃(c) for L+V consists of hyperbolic νg-periodic orbits
if c ∈ α′−1(E) ∩ ∪ν>0Lβ′(νg). Indeed, there are finitely many Ei ∈ [Ea, Eb]
such that the Mather set contains exactly two periodic orbits for E = Ei and
contains one periodic orbit only if E �= Ei.

It is clearly an open-dense condition on V in Cr (r ≥ 2) that the Mather
set for c ∈ Lβ(ν0g) is constituted by the fixed point and a hyperbolic peri-

odic orbit (ξg, ξ̇g). Choosing a perturbation V → V − δV such that δV ≥ 0
and suppδV is a small disk containing the point x = 0, disjoint with the
periodic curve ξg. Clearly, for ν > ν0 with small |ν − ν0|, the support of
Lβ0

(νg)-minimal measure of L0 does not touch suppδV . It follows that the
support of Lβ0

(νg)-minimal measure of L0− δV is the same as that for L0.
Let α′ be the α-function of L0 − δV , then minα′ < α′(Lβ0

(ν0g)). We then
finish the proof by applying Theorem 2.2.

Theorem 2.2 is proved by variational method. Let ξ be a closed curve
on the torus T2 such that H1(T

2,Z) is spanned by {g, [ξ]}. Define

F (x,E) = min
γ(0)=γ(TE)=x

[γ]=g

∫ TE

0
L0(γ(t), γ̇(t))dt



Dynamics around the double resonance 171

where the time TE is set so that the minimal curve γ generates an orbit
(γ, ∂ẋL0(γ, γ̇)) lying on the energy level set G−1(E). If xE is a minimal
point of F (·, E), the minimal curve passing through the point xE gener-
ates a periodic orbit. The orbit is hyperbolic if and only if the minimal
point is non-degenerate. So, the problem becomes to check whether it holds
simultaneously for all E ∈ [Ea, Eb] that all minimal points of F (·, E) is non-
degenerate. The Lipschitz dependence of F in E plays key role, one is unable
to get the non-degeneracy if some Hölder instead of Lipschitz continuity is
assumed [Zm3].

By Proposition 2.5, there exist finitely many pieces of normally hyper-
bolic invariant cylinders (NHICs) made up by νg-minimal periodic orbits
where ν ranges over the set [ν0, ν1]. Next, let us consider the former case
that Lβ0

(νg)→ ∂F0 as ν ↓ 0.
Proposition 2.6. We assume the hypotheses (H1,2) for L0, for some g ∈
H1(T

2,Z) one has α0(Lβ0
(νg)) > 0 for all ν > 0. Then, there exist ν0 > 0

and finitely many NHICs which are foliated by νg-periodic orbits ν ∈ (0, ν0],
each νg-minimal periodic orbit lies on one of the cylinders.

Proof. Since L0 is autonomous and the configuration space is T2, Lβ0
(νg)

is either an interval or a point, each ergodic c-minimal measure is supported
on certain νg-minimal periodic orbit if c ∈ Lβ0

(νg) and ν > 0. It follows
that some set Eg ⊂ ∂F0\∂∗F0 exists such that Lβ0

(νg) → Eg as ν → 0 in
the sense of Hausdorff. Therefore, for c ∈ Eg, the Aubry set is the same as
the Mañé set, consists of homoclinic orbits and the hyperbolic fixed point.
Due to the upper semi-continuity of Mañé set in the first cohomology, the
Kuratowski upper limit set of the sequence of periodic orbits consists of
homoclinic orbit(s) staying in Ã(c) for c ∈ Eg.

According to Theorem 2.1 (the items 7 and 8), the set ∂F0\∂∗F0 consists
of edges {Ei} only. Under the hypothesis (H2), the Aubry set consists of one
homoclinic curve for c ∈ intEi, and consists of exactly two homoclinic curves
γgi and γgi+1

if c ∈ Ei ∩ Ei+1 (a vertex). In latter case, det(gi, gi+1) = ±1 if
gi and gi+1 are treated as vectors in Z2, see Lemma 2.2. It is impossible that
A(c) contains more than two homoclinics with different homology types,
which violates the Lipschitz property of Aubry set, one can refer to [M11]
for more details.

Let us study a general case g = kigi + ki+1gi+1. Through the Legendre
transformation y = Aẋ, one obtains from the Lagrangian L0 the Hamiltonian
G = 1

2〈A−1y, y〉 − V (x). Each c-minimal orbit (x(t), ẋ(t)) lies in the energy
level set {G−1(α0(c))} in the sense that G(x(t), y(t)) = α0(c). Denote by
zi(t) = (xi(t), yi(t)) the homoclinic orbit such that [xi] = gi and [xi+1] =
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gi+1. Because of (H2), one has

lim
t→±∞

żi(t)

|żi(t)|
= lim

t→±∞
żi+1(t)

|żi+1(t)|
.

To proceed the proof, we quote a result (Lemma 2.2 in [C15]):

Lemma 2.3 ([C15]). Assume the hypotheses (H1,2). For a class g = kigi+
ki+1gi+1 (ki, ki+1 > 0), we assume that, as ν ↓ 0, there is a νg-periodic orbit
zν(t) approaching the minimal homoclinic orbits zi and zi+1. Then, some
ν0 > 0 exists such that for each ν ∈ (0, ν0], there is a two-dimensional disk
Σν ⊂ G−1(α0(Lβ0

(νg))) intersecting the orbit zν(t) transversally. Restricted
Σν , the Hamiltonian flow Φt

G induces a Poincaré return map Φν : Σν → Σν ,
and there exists some λ > 1, C > 1 independent of ν ≤ ν0 such that

‖DΦν(zν,0)v
−‖ ≥ CE−λ

ν ‖v−‖, ∀ v− ∈ Tzν,0W
−
ν ;

‖DΦν(zν,0)v
+‖ ≤ C−1Eλ

ν ‖v−‖, ∀ v+ ∈ Tzν,0W
+
ν ,

where Eν = α0(Lβ0
(νg)), zν,0 is the point where the periodic orbit intersects

Σν , and W±
ν denotes the stable (unstable) manifold of the periodic orbit.

As each νg-minimal periodic orbit falls into the vicinity of the homoclinic
orbits, the Lemma guarantees the hyperbolicity when it is restricted on
the energy level of 3-dimension G−1(α0(Lβ0

(νg))). By the estimate on the
normal hyperbolicity and the implicit function theorem, each νg-minimal
periodic orbit has its continuation of a continuous family of hyperbolic νg-
periodic orbits as ν ranges over the interval (0, ν0]. We do not study the
uniqueness of the cylinder, it is enough for our approach.

To study what is the shape of the set Cg = ∪ν>0Lβ0
(νg), letting Ea in

Theorem 2.2 be a sequence of numbers Ei ↓ minα, each Ei is associated
with an open-dense set Vi ⊂ Cr(T2,R) with r ≥ 5 such that Theorem 2.2
holds. Taking the intersection of Vi one obtains a Cr-residual property that
each νg-minimal orbit is hyperbolic. It follows from Proposition 2.3 that
Lβ0

(νg) is an interval provided ν > 0, namely, Cg is foliated by intervals
Iν,g. Therefore, the set looks like a channel. The length of Iν,g may or may
not approach zero as ν ↓ 0, depending on whether there is some edge Ei ⊂
∂F0\∂∗F0 such that g ∈ GEi

.
If g ∈ GEi

holds for some Ei ⊂ ∂F0\∂∗F0, the length of Lβ0
(νg) does

not shrink to zero as ν ↓ 0 and the Hausdorff distance between two sets Ei

and Lβ0
(νg) approaches zero as ν ↓ 0, forced by the upper semi-continuity

of c→ Ñ (c).
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If there does not exist such an edge, then there are a pair of adjacent
edges Ei,Ei+1 and positive integers ki, ki+1 such that g = kigi + ki+1gi+1,
the channels Cgi and Cgi+1

join at a vertex of F0. The interval Lβ0
(νg) is

located between Ci and Ci+1. When ν ↓ 0, it shrinks to the vertex where
Ei is joined to Ei+1. Therefore, the channel Cg appears to be wedge-shaped,
joint to the disk F0 at one point. As ν ↓ 0, one obtains a family of νg-
minimal periodic orbits {γν , γ̇ν}. Forced by the upper semi-continuity, its
Kuratowski upper limit set is exactly the Mañé set for the class at the
vertex, made up by two minimal homoclinic orbits to the fixed point, looks
like a figure eight:

M(c)→ γi ∗ γi+1,

where γ is a minimal homoclinic curve such that [γ] = g for � = i, i+ 1.

Figure 2: For c in the channel, Ã(c) is a closed orbit, it approaches a curve
of figure eight, ki-folded over γi and ki+1-folded over γi+1.

To be more precise, let us consider it in the finite covering space M̄ =
k̄1T × k̄2T where k̄m = kigi,m + ki+1gi+1,m for m = 1, 2 if we write g =
(g,1, g,2) for � = i, i + 1. Let σ: {1, 2, · · · , ki + ki+1} → {i, i+ 1} be a
permutation such that the cardinality #σ−1(i) = ki and #σ−1(i+ 1) =
ki+1. The lift of homoclinic curve γi as well as γi+1 to M̄ contains several
curves. Pick up one curve γ̄σ(1) in the lift of γσ(1), it determines a unique
curve γ̄σ(2) such that the end point of γ̄σ(1) is the starting point of γ̄σ(2),
and so on. We shall see that there exists a unique permutation σ (up to
a translation) such that, as c approaches the vertex through in channel,
each Aubry class in A(c, M̄) approaches (up to a translation) the curve
γ̄σ(1) ∗ γ̄σ(2) ∗ · · · ∗ γ̄σ(ki+ki+1) without folding. Here A(c, M̄) denotes the
Aubry set with respect to M̄ . Although A(c) is made up by one periodic
curve, A(c, M̄) may contain several periodic curves.

As the minimal curve γν is periodic with the homological class [γν ] =
kigi + ki+1gi+1, the permutation σ: Z → {i, i + 1} is (ki + ki+1)-periodic.
Since ki is prime to ki+1, we have ki = ki+1 = 1 if ki = ki+1.
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Proposition 2.7. The permutation is uniquely (up to a translation) deter-
mined by ki and ki+1. For ki > ki+1, ∃ j0 such that the following holds for
j = 1, · · · , ki + ki+1

σ(j + j0) = i, if j = 2, 4, · · · , 2ki+1, 2ki+1 + 1, · · · , ki + ki+1,

σ(j + j0) = i+ 1, if j = 1, 3, · · · , 2ki+1 − 1.

Proof. By the assumption, there exists only one minimal homoclinic curve γ
such that [γ] = g for � = i, i+1. Because of the lemma 2.2, we can assume
that gi = (1, 0) and gi+1 = (0, 1) by choosing suitable coordinates on T2. We
choose two sections I− and I+ in a small neighborhood of the origin such
that, emanating from the origin, these homoclinic curves pass through I−

and I+ successively before they return back to the origin as t→∞, see the
figure below. In the section I± we choose disjoint subsections I±i and I±i+1

such that the curve γ passes through I± for � = i, i+ 1.

Let γν be the minimal periodic curve with rotation vector νg. For small
ν > 0, γν falls into a small neighborhood of these two homoclinic curves. So
it has to pass either through I±i or through I±i+1. Let t

±
j be the time for γν

passing through I± with · · · < t−j−1 < t+j < t−j < t+j+1 < · · · , and it does not

touch these sections whenever t �= t±k . By definition, the period of the curve
equals t±k1+k2

− t±0 . If the curve intersects I+i at t+j and intersects I−i+1 at t−j ,
then the segment γν |[t−j−1,t

+
j ] keeps close to γi and γν |[t−j ,t+j+1]

keeps close to

γi+1, so one has γν(t
−
j−1) ∈ I−i and γν(t

+
j+1) ∈ I+i+1.

Since the curve γν is minimal, it does not have self-intersection. Thus,
once there exists t±j such that γν(t

+
j ) ∈ I+i and γν(t

−
j ) ∈ I−i , then there does

not exist t±j′ such that γν(t
+
j′) ∈ I+i+1 and γν(t

−
j′) ∈ I−i+1. Up to a shift, we set

J = {2ki+1 + 1, 2ki+1 + 2, · · · , ki + ki+1} with cardinality #(J) = ki − ki+1

such that for j ∈ J one has γν(t
±
j ) ∈ I±i , for j /∈ J one either has γν(t

+
j ) ∈ I+i

and γν(t
−
j ) ∈ I−i+1 or has γν(t

+
j ) ∈ I+i+1 and γν(t

−
j ) ∈ I−i . In this way, we

obtained a unique permutation σ up to a translation.

To make it more clear we introduce a coordinate transformation on T :
T2 → T2 such that T∗g = g for each g ∈ H1(T

2,Z) and Tγν is a straight
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line projected down to the unit square, a fundamental domain of T2. Start-
ing from a point zh0 = (x0, 0), the line successively reaches to the points
zh1 = (x1, 0), · · · , zhm = (xm, 0), · · · , zhki

= zh0 where xm = (x0 + mki+1/ki
mod 1, 0) with small x0 > 0. To connect the point (xm−1, 0) to the point
(xm, 1), the curve Tγν does not touch the vertical boundary lines if

[
(m− 1)

ki+1

ki

]
=

[
m
ki+1

ki

]
,

where [a] denote the largest integer not bigger than the number a, and it
has to pass through the vertical lines at some point zvm = (0 mod 1, ym) if

[
(m− 1)

ki+1

ki

]
+ 1 =

[
m
ki+1

ki

]
.

We define an order ≺ for these ki + ki+1 points such that zhj ≺ zhk iff j < k

and zhj ≺ zvj+1 ≺ zhj+1 iff [jki/kj+1] + 1 = [(j + 1)ki/kj+1].

Back to the original coordinates, the curve γν falls into a neighborhood
of the curves γi and γi+1, intersects the horizontal line Γh = T−1{(x1, x2) :
x1 =

1
2 mod 1} at T−1zhj and intersects the vertical line Γv = T−1{(x1, x2) :

x2 = 1
2 mod 1} at T−1zvj , [Γh] = gi+1 and [Γv] = gi. The map T naturally

induces the order among these points: T−1zh,vj ≺ T−1zh,vk if and only if

zh,vj ≺ zh,vk . If the curve passes the point T−1zhj at t ∈ (t−j , t
+
j+1), the seg-

ment γν |[t−j ,t+j+1]
falls into a neighborhood of γi, otherwise, it falls into a

neighborhood of γi+1.

3. Cohomology equivalence around the flat F0

As it was done in [CY1, CY2, LC], the orbits connecting two Aubry sets are
constructed by variational method shadowing a sequence of local connecting
orbits. Two types of local connecting orbits are found for this purpose, one
is the variational version of Arnold’s mechanism and the other is based on
the principle of cohomology equivalence.



176 Chong-Qing Cheng

3.1. A new version of cohomology equivalence

In [M93], Mather introduced the concept of cohomology equivalence for the
construction of connecting orbit. However, it does not apply to interesting
problem in autonomous systems and one tries to modify the notion (see for
example [B02, B08]).

A new version of cohomology equivalence was introduced in [LC] for au-
tonomous system. For a Tonelli Lagrangian defined on TTn, it is defined not
with respect to the whole Tn as in [M93], but to a section. For n-torus Tn, the
section is chosen as a non-degenerately embedded section (n−1)-dimensional
torus. We call Σc non-degenerately embedded (n− 1)-dimensional torus by
assuming a smooth injection ϕ: Tn−1 → Tn such that Σc is the image of ϕ,
and the induced map ϕ∗: H1(T

n−1,Z)→ H1(T
n,Z) is an injection.

Let C ⊂ H1(Tn,R) be a set where we are going to define cohomol-
ogy equivalence. For each class c ∈ C, we assume that there exists a non-
degenerate embedded (n − 1)-dimensional torus Σc ⊂ Tn such that each
c-semi static curve γ transversally intersects Σc. Let

Vc =
⋂
U

{iU∗H1(U,R) : U is a neighborhood ofN (c) ∩ Σc},

here iU : U →M denotes inclusion map. V⊥
c is defined to be the annihilator

of Vc, i.e. if c
′ ∈ H1(Tn,R), then c′ ∈ V⊥

c if and only if 〈c′, h〉 = 0 for all
h ∈ Vc. Clearly,

V⊥
c =

⋃
U

{ker i∗U : U is a neighborhood ofN (c) ∩ Σc}.

Note that there exists a neighborhood U of N (c) ∩ Σc such that Vc =
iU∗H1(U,R) and V⊥

c = keri∗U (see [M93]).

We say that c, c′ ∈ H1(Tn,R) are cohomologically equivalent if there
is a continuous curve Γ: [0, 1] → C such that Γ(0) = c, Γ(1) = c′, α(Γ(s))
keeps constant along Γ, and for each s0 ∈ [0, 1] there exists δ > 0 such that
Γ(s)− Γ(s0) ∈ V⊥

Γ(s0)
whenever s ∈ [0, 1] and |s− s0| < δ.

It is proved in [LC] that the Aubry set Ã(c) is dynamically connected
to the Aubry set Ã(c′) if the class c is equivalent to c′.

Here, we extend the cohomology equivalence for autonomous system to
time-periodic system and obtain a new version if we treat the time t as a
new angle variable and choose a section in the extended configuration space
Tn+1 where the extra dimension is for t. If we write the cohomology class in
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coordinates (c1, · · · , cn, c∗), ci corresponds to xi, then c∗ = α(c) corresponds
to t. It appears to be more flexible than that introduced by Mather, which
turns out to be a special case of the new version where the section is chosen
as the time-0-section.

To illustrate how two Aubry sets are dynamically connected by the mech-
anism of cohomology equivalence, we consider the Lagrangian system (1.1).

Lemma 3.1. Given c ∈ H1(T2,R) such that α0(c) = E > minα0 we assume
that the Mañé set Ñ (c) for L0 does not project surjectively on T2. Then there
exist δ > 0 and ε0 > 0 such that for each ε ∈ [0, ε0] and c′ ∈ α−1

ε (αε(c)) with
|c′ − c| < δ, the Aubry sets Ã(c) and Ã(c′) are dynamically connected.

Proof. Let ω(μ) = (ω1(μ), ω2(μ)) denote the rotation vector of the measure
μ, which obviously depends on the coordinate system. As α0(c) > minα0,
there is a line passing through the origin ω = 0 ∈ H1(T

2,R) such that
the convex set L −1

β0
(c) stays one side of the line. So, there is a coordinate

transformation x → Mx where M is a uni-module matrix such that in the
new coordinates ω1(μc) > 0 holds for each ergodic c-minimal measure μc.

By the condition, there exists a section Sc of T
2 homotopic to {(x1, x2) :

x1 = 0} such that Sc ∩NL0
(c) ⊂ int∪ Ic,i where we use the notation NLı

(c)
to denote the Mañé set for Lı at c with ı = 0, ε, {Ic,i} denote disjoint closed
intervals. In the extended configuration space T3 we choose Σc = Sc × T.

Figure 3.

Because of the upper semi-continuity of the Mañé set in the Lagrangian and
in the cohomology class, there exist δ, ε0 > 0 such that for each ε ∈ [0, ε0]
and |c′ − c| ≤ δ the following

(3.1) NLε
(c′) ∩ Σc ⊂ (∪Ic,i)× T

holds in the extended configuration space. Treating (c, αε(c)) as a class for
the extended space, one has Vc,αε(c) = span{(0, 0, 1)}, from which one obtains

(c′, αε(c
′))− (c, αε(c)) ∈ V ⊥

c,αε(c)
, if αε(c

′) = αε(c).
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Regarding each Ic,i as a segment of line embedded in the torus T2, we find
that the set ∪Ic,i is topologically trivial. Therefore, there exists a smooth
function u: T2 → R such that u = 〈x, c′ − c〉 when it is restricted in a
neighborhood Uc = [−d, d]×∪Ic,i. The 1-form μ = 〈c′− c, dx〉− du is closed
with [μ] = c′− c and its support does not touch Uc. We can choose u so that
|u|C2 is sufficiently small provided |c′ − c| is sufficiently small.

To construct orbits connecting Ã(c) to Ã(c′), we work in the covering
space M̄ = R× T � (x̄1, x̄2) = x̄ in the new coordinates, where x̄1 ∈ R and
x̄2 ∈ T.

We can think the Lagrangian Lε and the 1-form ηc to be defined on the
covering space, just think it is periodic in x1. Let ρ: M̄ → R be a smooth
function such that ρ = 1 for x̄1 ≥ d and ρ = 0 for x̄1 ≤ −d. The lift
of the section Σc to the covering space contains infinitely many connected
components, denoted by {Σi : x̄1 = i}. Let M̄+ = {x̄ : x̄1 ≥ 1} and
M̄− = {x̄ : x̄1 ≤ −1}. For x̄ ∈ M̄− and x̄′ ∈ M̄+, we set

hLε,ηc,ρμ(x̄, x̄
′) = inf

k∈Z+

inf
γ̄(−k)=x̄

γ̄(k)=x̄′

[ALε,ηc,ρμ(γ̄)],

where

[ALε,ηc,ρμ(γ̄)] =

∫ k

−k
(Lε − ηc − ρμ)(γ̄(s), ˙̄γ(s), s) ds+ 2kαε(c).

If c′ is close to c such that ω1(μ
′) > 0 holds for each ergodic c′-minimal

measure μ′, the infimum is reached at some k < +∞. To see why, let
γ̄k : [−k, k] → M̄ be the minimal curve of inf γ̄(−k)=x̄,γ̄(k)=x̄′ [ALε,ηc,ρμ(γ)]. If
hLε,ηc,ρμ(x̄, x̄

′) is attained as k →∞, the orbit (γ̄k, ˙̄γk) will accumulate some
invariant measure μ such that ω1(μ) = 0 if we write ω(μ) = (ω(μ)1, ω(μ)2).
For both c∗ = c, c′, the average action of Lε− 〈c∗, ẋ〉+αε(c

∗) over this mea-
sure is bigger than the action over the minimal measure with ω1 > 0 which
is equal to zero. Consequently, one would have hLε,ηc,ρμ(x̄, x̄

′) =∞. For the
details, one can refer to the proof of Lemma 2.1 in [LC].

With positive integers � and �′ we define the Deck transformations �∗ :
M̄ → M̄ : �∗x̄ = (x̄1− �, x̄2) and �′∗x̄′ = (x̄′1+ �′, x̄′2). Let γ̄,′ be the minimal
curve for hε,c′,c(�

∗x̄, �′∗x̄′) which is defined on the interval [−k(�, �′), k(�, �′)].
Because of super-linear growth of the Lagrangian, one has k(�, �′) → ∞ as
�, �′ →∞.

Let γ̄i,′j : [−k(�i, �′j), k(�i, �′j)] → M̄ be the sequence of minimal curves
such that

lim inf
,′→∞

hε,c′,c(�
∗x̄, �′∗x̄′) = lim

i,′j→∞
[ALε,ηc,ρμ(γ̄i,′j )|[−k(,′),k(,′)]].
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For any large T , there exists i0 > 0 such that k(�i, �
′
j) > T holds for

all �i, �
′
j ≥ i0 and the set {γ̄i,′j |[−T,T ] : �i, �

′
j ≥ i0} is pre-compact in

C1([−T, T ], M̄). Let T → ∞, by the diagonal extraction argument, there
is a subsequence of {γ̄i,′j} which C1-converges on each compact set to a

C1-curve γ̄: R → M̄ . Let CLε,ηc,ρμ denote the set of all curves obtained in
this way. Let

(3.2) C̃Lε,ηc,ρμ =
⋃

γ̄∈CLε,ηc,ρμ

(γ̄(t), ˙̄γ(t), t), CLε,ηc,ρμ =
⋃

γ̄∈CLε,ηc,ρμ

(γ̄(t), t),

let π1 : R× T→ T2 be the standard projection, then one has

1. let γ = π1γ̄, for each γ̄ ∈ CLε,ηc,ρμ, the orbit (γ, γ̇) has Ã(c) and Ã(c′)
as its α-limit, ω-limit set respectively;

2. if μ = 0, then π1C̃Lε,ηc,ρμ = Ñ (c) and π1CLε,ηc,ρμ = N (c);
3. both C̃Lε,ηc,ρμ and CLε,ηc,ρμ are upper-semi continuous in (Lε, ηc, ρμ).

The first two points are obvious. The third one follows from the observation:
restricted on any large interval [−T, T ] the set {γ̄i} is C1-precompact, where
γ̄i ∈ CLε,i,ηc,ρμi

and (Lε,i, ηc, ρμi) → (Lε, ηc, ρμ). The accumulation point
must be in CLε,ηc,ρμ.

Because of the choice of du, each curve γ̄ of CL0,ηc,0 does not touch the
support of du when it passes through the set Σ0 + d = {|x̄1| ≤ d}. Due
to the upper semi-continuity, such property remains true if ε and |c′ − c|
is suitably small, see the figure on the right in Fig. 3. One can construct
small ρdu provided |c′−c| is small. Therefore, along each curve γ̄ ∈ CLε,ηc,ρμ

the term ρdu does not contribute to the Lagrange equation of Lε − ηc − ρμ,
namely, (γ, γ̇) is an orbit of φt

Lε
, the Euler-Lagrange flow determined by Lε,

connecting Ã(c) to Ã(c′).

3.2. Topology of orbits in the lowest energy level set

Before getting involved into the details about how such cohomology equiva-
lence is found, let us establish a lemma, reminiscent of Shilnikov’s λ-lemma.
It is technically crucial for the follow-up demonstration. For θ > 0 and
v ∈ Rn\{0}, we define a cone

C(v, θ, d) = {x ∈ Rn : |〈x, v〉| ≥ θ‖v‖‖x‖, ‖x‖ = d}.

Lemma 3.2. For mechanical Hamiltonian of G = 1
2〈A−1y, y〉 − V (x), we

assume that (x, y) = (0, 0) ∈ {G−1(0)} is a hyperbolic fixed point for Φt
G,
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where all eigenvalues are real and different:

Spec{J∇G(0, 0)} = {±λ1,±λ2; 0 < λ1 < λ2}.

Let (Λ±
i,x,Λ

±
i,y) be the eigenvector for ±λi, where Λ±

i,x, Λ±
i,y denote the x-,

y-coordinate component respectively. Let (x(t), y(t)) ⊂ {G−1(0)} be an orbit
such that x(t) passes through a ball Bδ(0) ⊂ Rn with x(−T ) ∈ ∂Bδ(0),
x(T ) ∈ ∂Bδ(0) and x(t) ∈ intBδ(0) for all t ∈ (−T, T ). Then, for small
δ > 0 and θ ≥ 1

2 , there exist sufficiently large Tθ > 0 such that for T ≥ Tθ

one has

(x(−T ), x(T )) /∈ C(Λ+
1,x, θ, δ)× C(Λ−

1,x, θ, δ).

If x(±T ) ∈ C(Λ±
1,x, θ, δ), for T →∞, there exist constant d+2 , d

−
2 such that

∣∣∣x(∓T )− d∓2 Λ
∓
2,x

∣∣∣ = o(δ).

Proof. By some symplectic transformation of coordinates, the Hamiltonian
is reduced to the normal form

G′(x, y) =
2∑

i=1

1

2

(
y2i − λ2

ix
2
i

)
+ P3(x, y)

where P3(x, y) = O(|(x, y)|3). By the method of variation of constants, we
obtain the solution of the Hamilton equation produced by the normal form

(3.3)
xi(t) =e−λit(b−i + F−

i ) + eλit(b+i + F+
i ),

yi(t) =− λie
−λit(b−i + F−

i ) + λie
λit(b+i + F+

i ),

where b±i are constants determined by boundary condition and

F−
i =

1

2λi

∫ t

0
eλis(λi∂yi

P3 + ∂xi
P3)(x(s), y(s))ds,

F+
i =

1

2λi

∫ t

0
e−λis(λi∂yi

P3 − ∂xi
P3)(x(s), y(s))ds.

Be aware that autonomous Hamiltonian keeps constant along its orbits.
Substituting the formula (3.3) at t = 0 for the variable (x, y) in the normal
form, we get a constraint for the constants b±i :

(3.4) G′(x(t), y(t)) = −2
2∑

i=1

λ2
i b

−
i b

+
i + P3((b

+
i + b−i ), λi(b

+
i − b−i )).
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Let z = (x, y) and let eAtz denote the flow of the linearized equation ż =
J∇G′(0)z, where A = J∇G′(0). Although a conjugacy h = id + v between
the Hamiltonian flow Φt

G′(z) and the linear flow eAtz is only C0, according
to Hartman-Grobman Theorem, we can see from the proof that |v(z)| =
o(|z|) when |z| is small (we will do it later). From the conjugate relation
Φt
G′(h(z)) = eAtz+v(eAtz) we find the solution of the Hamiltonian equation

takes the form

(3.5)
xi(t) =b−i e

−λit + b+i e
λit + o(δ),

yi(t) =λi(−b−i e−λit + b+i e
λit) + o(δ),

provided |x(t)|, |y(t)| ≤ δ. Given a boundary condition x(−T ), x(T ) with
|x(±T )| = δ with small δ > 0, there is a unique solution x(t), y(t) such that
|x(t)|, |y(t)| ≤ δ for t ∈ [−T, T ] provided T > 0 is suitably large.

Let us investigate how the constants b±i depend on the boundary condi-
tion x(T ) = (x+1 , x

+
2 ) ∈ ∂Bδ(0), x(−T ) = (x−1 , x

−
2 ) ∈ ∂Bδ(0) by assuming

(3.6) min{|x−1 |, |x+1 |} ≥
δ

2
.

For θ = 1/2, (x(−T ), x(T )) ∈ C(Λ+
1,x, θ, δ)×C(Λ−

1,x, θ, δ) implies (3.6) holds.
Because the curve x|[−T,T ] stays inside of the ball Bδ(0) and T is sufficiently
large, the orbit (x, y)|[−T,T ] stays near the stable and unstable manifold of
the fixed point. From (3.5) one immediately obtains the solution

(3.7)
b−i =

e−λiT (x−i + o(δ))− e−3λiT (x+i + o(δ))

1− e−4λiT
,

b+i =
e−λiT (x+i + o(δ))− e−3λiT (x−i + o(δ))

1− e−4λiT
.

For sufficiently large T > 0, it follows from the assumption (3.6) and Equa-
tion (3.7) that

|b±1 | ≥
δ

3
e−λ1T , |b±2 | ≤ 2δe−λ2T .

It follows from λ1 < λ2 that |b±2 | � |b±1 | if T is sufficiently large. In this
case, we get from (3.4) that

|G(x(t), y(t))| > |λ2
1b

+
1 b

−
1 | > 0.

It contradicts the assumption that (x(t), y(t)) ∈ {G−1(0)}. Let T →∞, one
obtains the last item immediately.
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To complete the proof, let us verify Formula (3.5). Consider the time-
1-map defined by eAtz and Φt

G′(z) and let Bz = eAz, Φt
G′ |t=1 = Bz + g(z).

Since
d

dt
(Φt

G′(z)− eAtz) = A(Φt
G′(z)− eAtz) + J∇P3(Φ

t
G′(z)),

by using the method of variation of constants one obtains a formal solution

Φt
G′(z)− eAtz = eAt

∫ t

0
e−AsJ∇P3(Φ

s
G′(z))ds.

one has |Φt
G′(z)−eAtz| ≤ sup |J∇P3(Φ

t
G′(z))||A−1(eAt−1)|. Since |∇P3(z)| =

O(|z|2), one obtains |g(z)| = O(|z|2).
In the proof of Hartman-Grobman Theorem, the conjugacy id+v solves

the equation

(B + g) ◦ (id + v) = (id + v) ◦B,

which is equivalent to the equation

Ψ(g, v) = v −B ◦ v ◦B−1 − g ◦ (id + v) ◦B−1 = 0

Since B is hyperbolic, the linear map v → v − B ◦ v ◦ B−1: C0(Rn,Rn) →
C0(Rn,Rn) is an isomorphism. Due to the Implicit Function Theorem, for
small g the equation Ψ(g, v) = 0 has a unique solution v. Since v is contin-
uous and v(0) = 0, v(z) → 0 as z → 0. It follows from g(z) = O(|z|2) that
|v(z)| = o(|z|) as |z| is small.

Because of the relation between the eigenvalues |λ1| < |λ2|, on the unsta-
ble manifold there exist exactly two orbits (γ−(t), γ̇−(t)) and (γ′−(t), γ̇′−(t))
which approach the origin as t→ −∞ in the direction of Λ2,x:

(3.8) lim
t→−∞

γ̇−(t)

|γ̇−(t)| = Λ2,x, lim
t→−∞

γ̇′−(t)

|γ̇′−(t)| = −Λ2,x.

On the stable manifold there exist exactly two orbits (γ+(t), γ̇+(t)) and
(γ′+(t), γ̇′+(t)) which approach the origin as t→∞ in the direction of Λ2,x:

(3.9) lim
t→∞

γ̇+(t)

|γ̇+(t)| = Λ2,x, lim
t→∞

γ̇′+(t)

|γ̇′+(t)| = −Λ2,x.

These curves intersect the circle ∂Bδ(0) at four points: x
±
δ is the intersection

point of γ± with ∂Bδ(0) and x′±δ is the intersection point of γ′± with ∂Bδ(0).
Obviously, for small δ > 0, x+δ is close to x−δ and x′+δ is close to x′−δ .
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3.3. The Mañé set for c ∈ ∂F0

To establish the cohomology equivalence around double resonant point, let
us first consider the classical Lagrangian with two degrees of freedom

L0(x, ẋ) =
1

2
〈Aẋ, ẋ〉+ V (x).

Recall the flat F0 = α−1
0 (minα0) where α0 denotes the α-function of L0.

The main goal of this subsection is to prove

Theorem 3.1. For the Lagrangian L0, there exists a residual set V ⊂
Cr(T2,R) with r ≥ 2 such that for each V ∈ V it holds simultaneously
for all c ∈ ∂F0 that the Mañé set does not project surjectively on the config-
uration space: N (c) � T2.

Proof. We shall show in the following that, if N (c) = T2, there is some c-
semi static curve approaching the origin {x = 0} in the direction of ±Λ2,x,
namely, one of the formulae in (3.8) and (3.9) holds for this curve.

There are only four orbits (γ±(t), γ̇±(t)), (γ′±(t), γ̇′±(t)) approaching the
fixed point in the direction of ±Λ2 as t → ∞ or as t → −∞. These orbits
connect the fixed point to at most four Aubry classes. Because of the work
[BC] it is a C∞-generic property that, for each first cohomology class, the
Mather set contains at most three connected components. Since each Aubry
class is compact, some δ > 0 exists so that B̄δ(0) is disjoint with these Aubry
sets, unless one of them is the fixed point itself.

In the disk Bδ(0), there exists a smaller disk U such that none of the
curves γ±, γ′± touch Ū provided it is semi-static, because the duration of a
semi static curve staying outside of δ-neighborhood of Mather set is finite.

We construct potential perturbation V → V +Vδ such that non-negative
Vδ is small in Cr-topology and suppVδ ⊆ Ū . In this way, these Aubry classes
remains unchanged. Since Vδ is non-negative, each curve of γ±, γ′± remains
semi-static for certain c if it is already semi-static before the perturbation is
added. So, if N (c) = T2, under the small perturbation, none of the c-semi-
static curves passes through the set U .

It is possible that, if the perturbation is added, another curve of γ±, γ′±

becomes semi-static for other cohomology class c′. In this case, we construct
a new perturbation further so that the support of potential perturbation
touches none of γ±, γ′± if it is c′-semi static for the perturbed Lagrangian.
Since there are only four curves γ±, γ′± are concerned about, we can do it one
by one. As these four curves are already in the Mañé sets containing that four
Aubry classes, they do not lie in any other Mañé set, namely, any other Mañé
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set does not project surjectively on T2. Therefore, we complete the proof
under the condition which will be proved in the following proposition.

We mention a result in opposite direction. In T ∗Tn, a Tonelli Hamilto-
nian without conjugate point is C0-integrable [AABZ], the Riemannian tori
are flat [BI]. Next, let us verify that the condition of Theorem 3.1 is really
generic.

Proposition 3.1. Assume the hypotheses (H1,2) for the Lagrangian L0

and assume N (c) = T2 for some c ∈ ∂F0, then there exist c-semi static
curves which approaches the fixed point in the direction of ±Λ2,x as t→∞
or t→ −∞.

Proof. First, let us study the case of c ∈ ∂∗F0. Other than the minimal
measure supported on the fixed point, another minimal measure μc exists
with non-zero rotation vector. For typical potential V , there exist at most
three ergodic minimal measures for any first cohomology class [BC]. So, in
the universal covering space π̄: R2 → T2, there exists a strip Sc � {x = 0},
bounded by two c-static curves ξc and ξ′c in the sense that π̄ξc, π̄ξ

′
c ⊂M(c),

such that intπ̄Sc ∩M(c) = {0}. If the Mañé set projects surjectively onto
T2, this strip is filled with c-semi-static curves ξ in the sense that π̄ξ is c-
semi static, i.e. passing through every point in the strip there is at least one
c-semi static curve.

Lemma 3.3. If the strip Sc is filled with c-semi-static curves and ω(μc) is
irrational, passing through each point in the strip there is only one semi-
static curve.

Proof. As the configuration space is two-torus, any two orbits π̄(ξc, ξ̇c) and
π̄(ξ′c, ξ̇

′
c) share the same rotation vector, where we extend the standard pro-

jection π̄: R2 → T2 in a natural way to π̄: TR2 → TT2, it keeps the velocity
unchanged. Properly choosing a section Σc of T2 which is a circle, the clo-
sure of π̄ξc ∩ Σc and of π̄ξ′c ∩ Σc are Denjoy set. So, two curves π̄ξc and π̄ξ′c
are in the same Aubry class, i.e. h∞c (x, x′) + h∞c (x′, x) = 0 holds for any
x ∈ π̄ξc, x

′ ∈ π̄ξ′c.
If there were two semi-static curves γc, γ

′
c intersecting each other at

γc(0) = γ′c(0), the ω-limit set of the orbit (γc, γ̇c) must be different from
the ω-limit set of the orbit (γ′c, γ̇

′
c). It is a consequence of the Lipschitz prop-

erty of Aubry set. Let us assume γc(t) → 0 and γ′c(t) → π̄ξc as t → ∞.
There are four possibilities for t→ −∞

1. γc(t)→ {0} and γ′c(t)→ π̄ξc as t→ −∞;
2. γc(t)→ {0} and γ′c(t)→ {0} as t→ −∞;
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3. γc(t)→ π̄ξc and γ′c(t)→ {0} as t→ −∞;
4. γc(t)→ π̄ξc and γ′c(t)→ π̄ξc as t→ −∞.

In Case 3, we join γc(−ε) and γ′c(ε) by a minimal curve ξ, join γ′c(−ε) and
γc(ε) by a minimal curve ξ′. The action along ξ plus it along ξ′ is smaller
than the action along γc|[−ε,ε] plus it along γ′c|[−ε,ε]. Notice A(γc|[−ε,ε]) +
A(γ′c|[−ε,ε]) > A(ξ) + A(ξ′) (the curve shortening lemma in Riemannian
geometry). Because the curve γ′c|(−∞,−ε] ∗ ξ′ ∗ γc|[ε,∞) is closed, along which
the action is non-negative, the action along the curve γc|[−K′,−ε] ∗ ξ ∗ γ′c|[ε,K]

is smaller than the action along the curve γc|[−K′,0] ∗ γ′c|[0,K] for any large
K,K ′ > 0. It implies that h∞c (x, 0) + h∞c (0, x′) > h∞(x, x′) holds for any
x, x′ ∈ π̄ξc. It contradicts the assumption that the Mañé set covers the
whole torus: for any m ∈ T2, x, x′ ∈M(c) one has h∞c (x,m) + h∞c (m,x′) =
h∞(x, x′).

In Case 4, there exists a semi-static curve γ′′c which approaches {0} as
t→ −∞ and approaches ξc as t→∞. We join γ′c(−ε) to γc(ε) by a minimal
curve ξ′, join γc(−ε) to γ′c(ε) by a minimal curve ξ. Given x, x′ ∈ π̄ξc,
∃ sequence Ki,K

′
i → ∞ such that γ′c(−K ′

i) → x, γ′′c (Ki) → x′. Also ∃
sequences Ni, N

′
i → ∞ such that γc(−N ′

i) → x, γ′c(Ni) → x′. As the action
along γc|[−N ′

i ,−ε] ∗ ξ ∗ γ′c|[ε,Ni] plus the quantity h∞c (x′, x) is non-negative,
the action along γ′c|[−K′

i,−ε]∗ξ′∗γc|[ε,∞)∗γ′′c |(−∞,Ki] is smaller than the action
along γc|[−N ′

i ,∞)] ∗ γ′′c |(−∞,Ki]. Again, it implies that h∞c (x, 0) + h∞c (0, x′) >
h∞(x, x′) holds for x, x′ ∈ π̄ξc. It is absurd. Other cases can be proved
similarly.

Next, let us study the case c ∈ ∂∗F0 with rational ω(μc). In this case,
the strip Sc is bounded by two curves π̄ξc and π̄ξ′c. In typical case, ξc = ξ′c
and there exists an edge Eg ⊂ ∂F0 such that, for each c ∈ Eg, the Mather
set M(c) is made up by the fixed point and the curve ξg, see Figure 1. In
this case one has π̄Sc = T2. Using the same argument to prove Lemma 3.3,
one also has

Lemma 3.4. If the Mather set M(c) consists of a fixed point and a closed
curve ξc, N (c) = T2, then, passing through each point on T2 there is only
one semi-static curve.

For c ∈ ∂F0\∂∗F0, the Mañé set is the same as the Aubry set. Therefore,
passing through each point on T2 there is exactly one semi-static curve when
N (c) = T2.

As the second step of the proof of the proposition, let us study what will
happen if the strip Sc is filled with semi-static curves. As the curves ξc as
well as ξ′c is disjoint with the origin, some number δ > 0 exists so that these
two curves do not hit the ball Bδ(0). Let I±c,δ ⊂ ∂Bδ(0) be such a set that
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passing through each point x ∈ I±c,δ the c-semi static curve approaches to the

origin, as t→ ±∞. Obviously, the set I±c,δ �= ∅ is closed and I−c,δ ∩ I+c,δ = ∅

(see the proof of Lemma 3.3). Indeed, one has even stronger property as
follows:

Lemma 3.5. Assume the Mañé set covers a neighborhood of the hyperbolic
fixed point. Then, some number ν > 0 exists so that for suitably small δ > 0,
the distance between I+c,δ and I−c,δ is not smaller than νδ.

Proof. Let x−c,δ ∈ I−c,δ and x+c,δ ∈ I+c,δ be the endpoint of I−c,δ and I+c,δ respec-

tively so that d(x−c,δ, x
+
c,δ) = νδ. Passing through the point x±c,δ there is a

c-semi static curve γ±c such that γ±c (t) → 0 as t → ±∞. One then has a
wedge-shaped region in Bδ(0), bounded by γ−c and γ+c and denoted byW, see
the left of Figure 4. No semi-static curve passes through intW to approach
the origin. Since the fixed point is hyperbolic, it has its stable and unstable
manifold, determined by the generating functions U+ and U− respectively,
namely, the stable (unstable) manifold is the graph of the differential of U+

(U−). Restricted in W, these functions satisfy the condition

U−(x)− U−(0) ≥ λ2
1

3
‖x‖2, U+(0)− U+(x) ≥ λ2

1

3
‖x‖2, ∀ ‖x‖ ≤ δ.

Let {x+c,i,δ} ∈ ∂Bδ(0) be a sequence of points which are located between

x+c,δ and x−c,δ so that x+c,i,δ → x+c,δ as i → ∞. By the assumption, passing

through x+c,i,δ there is a semi static curve γc,i which keeps close to the curve

γ+c,δ before getting close to the origin. After that, it moves roughly along

the curve γ−c,δ and intersect the circle ∂Bδ(0) at a point x−c,i,δ, see the left

of Figure 4. Clearly, x−c,i,δ → x−c,δ as i → ∞. Up to a time translation, we

Figure 4: The red line is a semi-static curve departing from the origin.

assume γc,i(0) = x+c,i,δ, γc,i(Ti) = x−c,i,δ. If we set U−(0) = U+(0), the action
along the curve γc,i

A[γc,i|[0,Ti]]→ U−(x−c,δ)− U+(x+c,δ) ≥
2λ2

1

3
δ2, as i→∞.
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On the other hand, we connect the point x−c,i,δ to x+c,i,δ by a straight line ζ:

[0, τ ] → M , then |ζ̇| ≤ νδ
τ . Since L = 1

2〈A−1ẋ, ẋ〉 + V (x) there exists some

constant a1 > 0 which is independent of δ such that L(ζ, ζ̇) ≤ a1((
νδ
τ )2+δ2).

Let τ = ν, then one has

A[ζ|[0,ν]] ≤ 2a1νδ
2.

If ν < λ2
1

3a1
, one would have A[ζ|[0,ν]] < A[γc,i|[0,Ti]] for sufficiently large i. It

is absurd since the curve γc,i is assumed to be semi-static.

Lemma 3.6. Assume the Mañé set for a class c covers a neighborhood
of the hyperbolic fixed point. Let γ+c and γ−c be c-semi static curve passing
through I+c,δ and I−c,δ respectively, if both γ+c and γ−c approach the origin in
the direction of Λ1,x as t→ ±∞, then, they approach it in opposite direction,
i.e.

lim
t→∞

γ̇+c (t)

‖γ̇+c (t)‖
= − lim

t→−∞
γ̇−c (t)

‖γ̇−c (t)‖
;

Proof. If both curves γ+c and γ−c approach the origin in the direction of Λ1,x

such that

lim
t→∞

γ̇+c (t)

‖γ̇+c (t)‖
= lim

t→−∞
γ̇−c (t)

‖γ̇−c (t)‖
,

there would be a sharp wedge-shaped region in Bδ(0), bounded by γ+c and
γ−c , with a vertex at the origin and denoted W. None of semi static curves
passes through W to approach the origin. The rest of the proof is applying
Lemma 3.5.

Next, let us study the case that both I−c,δ and I+c,δ are connected. Denote

by x+c,δ, x
′+
c,δ and x−c,δ, x

′−
c,δ the end points of I+c,δ and I−c,δ respectively. I±c,δ is

a point if x±c,δ = x′±c,δ. Passing through a point x+c,i,δ ∈ ∂Bδ(0)\I+c,δ, close
to I+c,δ, there is a c-semi static curve γc,i which will get close to the origin

and eventually depart from the disk Bδ(0). Let x
+
c,i,δ, x

′+
c,i,δ ∈ ∂Bδ(0) be two

sequence of points approaching I+c,δ from different sides, x+c,i,δ → x+c,δ and

x′+c,i,δ → x′+c,δ. Let γc,i and γ′c,i be the semi static curves passing through the

points x+c,i,δ and x′+c,i,δ respectively, they shall intersect the circle ∂Bδ(0) at

points x−c,i,δ and x′−c,i,δ when they are going to leave the disk. Some points

x−c,δ, x
′−
c,δ ∈ ∂Bδ(0) exist such that x−c,i,δ → x−c,δ and x′−c,i,δ → x′−c,δ as i→∞.

If x−c,δ �= x′−c,δ, they divide the circle ∂Bδ(0) into two arcs. The arc

not containing I+c,δ is nothing else but I−c,δ. Indeed, by a time translation,

certain T±
i > 0 exists such that γc,i(−T+

i ) = x+c,i,δ, γc,i(T
−
i ) = x−c,i,δ and
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d(γc,i(0), 0) = mint∈[−T+
i ,T−

i ] d(γc,i(t), 0). When x−c,i,δ → x−c,δ, one has T−
i →

∞. It follows that both x−c,δ and x′−c,δ are in I−c,δ. As it is connected, the arc

is exactly the set I−c,δ itself. If x−c,δ = x′−c,δ, I
−
c,δ is just a point.

Recall four points (x+δ , x
′+
δ , x−δ , x

′−
δ ) defined before: there are exactly

four orbits (γ±, γ̇±), (γ′±, γ̇′±) intersecting the circle ∂Bδ(0) at these four
points such that the formulae (3.8) (3.9) hold for γ±, γ′±. Let us consider
the location of x+c,δ and x′+c,δ with respect to the points x+δ and x′+δ . All
possibilities are listed below:

1. the two-point set {x+c,δ, x
′+
c,δ} does not overlap the set {x+δ , x

′+
δ };

2. the set {x+c,δ, x
′+
c,δ} overlaps the set {x+δ , x

′+
δ }.

The following property is guaranteed by the condition λ1 < λ2: by shrinking
the size of δ, the direction of x+c,δ (x

′+
c,δ) is not close to the direction of ±Λ2,x

if it is neither the point x+δ nor the point x′+δ itself.

For Case 1, because of Lemma 3.6, the semi static curves passing through
x+c,δ and passing through x′+c,δ approach the origin in the same direction. By

applying Lemma 3.2, one sees that, when x+c,i,δ approaches x+c,δ from one

side of I+c,δ, the semi-static curve γc,i will depart from the disk Bδ(0) in a

direction close to Λ2,x; the semi-static curve γ′c,i will depart from the disk

Bδ(0) in a direction close to −Λ2,x when x′+c,i,δ approaches x′+c,δ from another

side of I+c,δ. So, the direction of x−c,i,δ is nearly opposite to the direction of

x′−c,i,δ if i → ∞. In this case, we claim that {x−c,δ, x
′−
c,δ} = {x−δ , x

′−
δ }. To see

it, let us shrink the radius δ to a smaller δ′. The curve γc,i will intersect the
circle ∂Bδ′(0) at a point x−c,i,δ′ when it is going to leave the disk Bδ′(0). If

x−c,δ /∈ {x−δ , x
′−
δ }, the direction of x−c,i,δ′ would not be close to the direction

of ±Λ2,x if δ′ is sufficiently small and i is sufficiently large. Along the curve
we retreat from the point x−c,i,δ′ to the point x+c,i,δ′ where the curve enters

the disk, it is guaranteed by Lemma 3.2 that the direction of x+c,i,δ′ , and

consequently, the direction of x+c,δ is close to the direction of ±Λ2,x. It is

obviously absurd. For the sequence {x′−c,i,δ} one has the same conclusion.

Therefore, the set I−c,δ occupies an arc with length close to πδ. Because the

fixed point is hyperbolic, semi static curves crossing the arc I−c,δ produces
orbits staying on the unstable manifold. Therefore, some number d > 0
exists, no matter how small the number δ > 0 could be, such that the
circle ∂Bd(0) contains an arc I−c,d with length close to πd. Through each

point of I−c,d there is a semi static curve which approaches the origin as the
time approaches minus infinity, see the left figure in Figure 5. The figure in
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Figure 5: The red lines are the semi-static curves approach the origin along
the direction of Λ2,x, as t→ ±∞.

the middle corresponds to case that the two-point set {x−c,δ, x
′−
c,δ} does not

overlap the set {x−δ , x
′−
δ }. In both cases, there are c-semi static curves which

approaches the origin in the direction of Λ2,x as t→ −∞ or as t→∞. The
figure on the right is in the case when the set {x+c,δ, x

′+
c,δ} overlaps the set

{x+δ , x
′+
δ }, namely, the case 2.

It follows from the argument above that each point x+c,δ ∈ ∂I+c,δ\{x
+
δ , x

′+
δ }

is associated with a point of {x−δ , x
′−
δ } ∩ I−c,δ, a non-empty set, the circle

∂Bδ(0) is divided into two arcs by these two points. One of the arcs does
not contain points of I+c,δ ∪ I−c,δ except for the end points. Consequently, I±c,δ
contains at most two connected components; and if I+c,δ has two connected

components, then so does I−c,δ.

Let γ+c , γ
′+
c be the semi-static curve passing through different connected

components of I+c,δ. If γ
+
c approach the origin in the direction of ±Λi,x, then

γ′+c approaches in the direction of ∓Λi,x:

(3.10) lim
t→∞

γ̇+c (t)

‖γ̇+c (t)‖
= − lim

t→∞
γ̇+c (t)

‖γ̇+c (t)‖
.

If not, there would be a sharp wedge-shaped region W in Bδ(0), bounded by
γ+c and γ′+c with a vertex at the origin such that through each point in the
interior of W, there is a semi-static curve which does not approach the origin
as t→∞. As these semi-static curves do not intersect each other, both γ+c
and γ′+c approach the origin as t → ∞, there must be a semi static curve
which passes through W and approaches the origin as t→ −∞, see the right
of Figure 4. This contradicts Lemma 3.4. If γ+c , γ

′+
c approach the fixed point

in the direction of Λ1,x, then {x−δ , x
′−
δ } = I−c,δ, i.e. there exist semi-static
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curve approaching the fixed point in the direction of Λ2,x as t→ ±∞. This
completes the proof of Proposition 3.1.

It holds unconditionally that N (c) � T2 if c ∈ intEi ⊂ ∂F0\∂∗F0, since
one has N (c) = A(c) � A(c′) for c ∈ intEi and c′ ∈ ∂Ei. It also holds
unconditionally that N (c) � T2 if c ∈ intEi ⊂ ∂∗F0 if M(c) consists of the
fixed point and a periodic curve.

In the latter case, if N (c) = T2, one can see from the proof of Lemma
3.4 that N (c) = A(c). But it is impossible since A(c) � A(c′) for c′ ∈ ∂Ei.
A typical portrait of semi-static curves is shown in Figure 1.

In the former case, let Ei ⊂ ∂F0\∂∗F0 be an edge joined to other two
edges at the vertex ci, ci+1 respectively. By Theorem 2.1, the Aubry set for
cj consists of two minimal homoclinic curves γj−1 and γj with j = i, i + 1.
Denote by gj ∈ Z2 the homology class of γj , then the matrix (gj−1, gj)
is uni-module. By introducing suitable coordinates on T2, we can assume

gi = (1, 0). In this coordinate system, gi−1 = (k, 1) and gi+1 = (k′,−1).
In this figure, each unit square represents a fundamental domain of T2 in
the universal covering space, the horizontal line represents the lift of the
homoclinic curve γi, which stays in the Aubry set for each c ∈ Ei. The blue
dashed lines represent the lift of the γi−1 which stays in the Aubry set for the
class at one end-point of Ei. The purple dashed lines represents the lift of the
γi+1 which stays in the Aubry set for the class at another end-point of Ei.

3.4. Annulus of cohomology equivalence around the disk F0

To establish the new version of cohomology equivalence around the flat F0,
we make use of the upper semi-continuity of Mañé set in the first cohomol-
ogy class. According to Theorem 3.1, for C2+-generic potential V in the
Lagrangian L0, it holds simultaneously for all c ∈ ∂F0 that the Mañé set
does not cover the configuration space: N (c) � T2. As ∂F0 is compact, cer-
tain ΔV > 0 exists such that for each c ∈ α−1

0 (Δ) with Δ ≤ 2ΔV , the Mañé
set does not project surjectively on the 2-torus too. Recall α0 denotes the
α-function for L0.

Since the Lagrangian L0 is defined on 2-torus, for each average action
Δ > minα0, the dynamics on the energy level G−1(Δ) is similar to an area-
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preserving twist map, where G = 1
2〈A−1y, y〉−V (x). First of all, the rotation

vector of each minimal measure is not zero. Thus, any minimal measure is
not supported on fixed points. Next, for any class c ∈ α−1

0 (Δ), all c-minimal
measures share the same rotation direction. Otherwise, the Lipschitz graph
property of Mather set will be violated. Each ergodic minimal measure is
supported on a periodic orbit if the rotation direction is rational.

Therefore, ∀ c ∈ α−1
0 (Δ), some circle Sc ⊂ T2 exists so that each semi-

static curve intersects the circle transversally and N (c)∩ Sc � Sc. As Mañé
set is closed, there exist finitely many intervals Ic,i ⊂ Sc disjoint to each other
such that N (c) ∩ Sc ⊂ ∪Ic,i, see the left figure in Figure 3. To establish
cohomology equivalence, we work in the extended configuration space T3

where the extra dimension is for the time t.
In the extended configuration space T3, we choose a section Σc = Sc×T.

As L0 is independent of t, the Mañé set in the extended space, denoted by
NL0

(c), stays in the strips: NL0
(c)∩Σc ⊂ (∪Ic,i)×T, see the figure in middle

of Figure 3.
Recall the Lagrangian L0 is a truncation of the Lagrangian Lε of (1.1)

rewritten as the following

(3.11) Lε =
1

2
〈Aẋ, ẋ〉+ V (x) +

√
εRε(x, ẋ, t), (x, y) ∈ T2 × R2.

Let Fε = {c ∈ H1(T2,R) : αε(c) = minαε}. Because of the upper-semi
continuity of Mañé set with respect to small perturbation of Lagrangian, for
each c ∈ ∂Fε there is εc > 0 such that for each ε ≤ εc one has

(3.12) NLε
(c) ∩ Σc ⊂ (∪Ic,i)× T,

see the right figure of Figure 3.
Because ∂Fε, the boundary of Fε, is compact, some εV > 0 exists such

that the relation (3.12) holds simultaneously for any c ∈ ∂F and any ε ≤ εV .
Applying the upper semi-continuity of Mañé set with respect to cohomology
class again, one obtains that Formula (3.12) holds for any c such that αε(c) ∈
(minαε,minαε +ΔV ). Therefore, one has

Theorem 3.2. Each C2+-generic potential V in (3.11) is associated with
positive constants εV ,ΔV > 0 such that for each ε ∈ [0, εV ] some annulus

Aε = {c ∈ H1(T2,R) : αε(c) ∈ (minαε,ΔV )}

admits a foliation of circles ΓE = {c : αε(c) = E}, each circle establishes a
relation of cohomology equivalence.
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Proof. We choose the section Σc = Sc × T and obtain from (3.12) that

Vc = span{(0, 0, 1)}, ∀ c ∈ α−1
ε (minαε,ΔV ).

In this case, one has V ⊥
c = span{(1, 0, 0), (0, 1, 0)}. For any two classes c,

c′ on the same circle ΓE , one has (c, αε(c)) − (c′, αε(c
′)) = (c − c′, 0) ∈ V ⊥

c ,
namely, if two classes are located on the same circle, they are cohomologically
equivalent.

Theorem 1.1 follows immediately from this theorem. A special case of
the theorem is ε = 0, when it appears to be a classical system with two
degrees of freedom, far from integrable. By this theorem, one is able to show
the topological transitivity among all Aubry sets Ã(c) on any energy level
set where α0(c)−minα0 > 0 is small. The proof will be finished later.

By this theorem, one also obtains the cohomology equivalence in Tonelli
Lagrangian with three degrees of freedom. Restricted on energy level set,
a Hamiltonian with n-degrees of freedom can be reduced to a Hamiltonian
with n − 1

2 degrees of freedom. Let us study what is the relation between
the α-function of the original autonomous Hamiltonian and the reduced
Hamiltonian.

Theorem 3.3. For the Hamiltonian H(x, xn, y, yn), we assume that ∂yn
H �=

0 holds on (Tn ×B) ∩ {H−1(E)} where E > minαH , B ⊂ Rn is a ball. Let
yn = −λG(x, y, t) be the solution of H(x, 1

λ t, y,−λG) = E, let αH , αG be
the α-function for the Lagrangian LH and LG, determined by H and G
respectively. For a class c ∈ H1(Tn−1,R), if the c-minimal curve x(t) of LG

satisfies the condition

(x(t), λ−1t, y(t),−λG(x(t), y(t), t)) ∈ Tn ×B, ∀ t ∈ R

where y(t) = ∂ẋLG(x(t), ẋ(t), t), then one has (c,−λαG(c)) ∈ α−1
H (E).

Proof. Let c̃ = (c,−λαG(c)), γ̃ = (γ, γn), x̃ = (x, xn) and ỹ = (y, yn). Let
γ be c-minimal curve for the Lagrange flow φt

LG
, γ̃ is then c̃-minimal curve

for the Lagrange flow φt
LG̃

if γn = xn and γ̃ is re-parameterized τ → t. If

x = x(τ) is a solution of φt
LG

, one obtains y = y(τ) from the Hamiltonian
equations. As H(x̃(t), ỹ(t)) ≡ E, we find

[AG(γ)] =

∫ (〈dx
dτ

, y − c
〉
−G+ αG(c)

)
dτ

=

∫
(〈 ˙̃x, ỹ − c̃〉 −H + E)dt = [AH(γ̃)].

This completes the proof.
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We restrict ourselves to the case n = 3. Let π3 : R3 → R2 be the
projection so that π3x̃ = x. According to this theorem, π−1

3 : H1(T2,R) →
α−1
H (E) is a homeomorphism when c is restricted in F+d, a d-neighborhood

of F = α−1
G (minαG).

Let Gε be the Hamiltonian obtained from Lε which is reduced from a
Tonelli Hamiltonian Hε(x, x3, y, y3) = E. What obtained in Theorem 3.2
have their counterpart on the level set {α−1

Hε
(E)} where c̃ ∈ π−1

3 (F + d) ∩
α−1
Hε

(E). Therefore, restricted on α−1
Hε

(E) one establishes some cohomology
equivalence provided E > minαHε

.

Theorem 3.4. Each C2+-generic potential V in (1.1) is associated with a
constant ΔV > 0 such that an annulus-like surface

Ãε = α−1
Hε

(E) ∩ {c3 ∈ (minαε,minαε +ΔV )}

admits a foliation of contour circles of Γλ = {c̃ : αHε
(c̃) = E, c3 = λ}, each

of these circles establishes a relation of cohomology equivalence.

4. Generalized transition chain

The goal of this section is to prove Theorem 1.2. The concept of transition
chain was proposed by Arnold in [A64] for the construction of diffusion
orbits. It was formulated in geometric language. The generalized transition
chain formulated in our previous work [CY1, CY2, LC] is a combination of
Arnold’s mechanism and the mechanism of cohomology equivalence. It is
in variational language which requires less information about the geometric
structure.

4.1. Genericity of the generalized transition chain

By variational method, two types of orbit have been constructed to connect
one Aubry set to another one nearby. One is based on Arnold’s mechanism,
the other is based on cohomology equivalence.

We recall Arnold’s example in [A64]. If the stable and unstable manifold
of a circle intersect transversally each other, the unstable manifold intersects
the stable manifold of other circles nearby. To understand this phenomenon
from variational point of view, let us work in a finite covering space π̌ :
T × 2T → T such that the lift of the circle consists of two copies {x2 =
0}∪{x2 = 1}. In the covering space, the Aubry set consists of two circles, the
Mañé set is composed by the Aubry set and the minimal heteroclinic orbit
connecting the circles. The transversal intersection of the stable and unstable
manifold implies that N0(c)\(A0(c) + δ) consists of discrete points only.
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Hinted by this observation one obtains the variational version of Arnold’s
mechanism.

Let π̌ : M̌ → M be a finite covering of the space M , let N (c, M̌)
and A(c, M̌) be the Mañé set, Aubry set with respect to M̌ . The following
condition HA (hypothesis of Arnold) ensures that the Ã(c) is dynamically
connected to Ã(c′) if c′ is sufficiently close to c and Ã(c′) is contained in a
small neighborhood of Ã(c)

(HA): there exists a finite covering π̌ : M̌ →M such that

1. for time-periodic systems: π̌N0(c, M̌)\(A0(c, M̌) + δ′) is non-empty
and totally disconnected;

2. for autonomous systems: π̌N (c, M̌)|D\(A(c, M̌)+δ′) is non-empty and
totally disconnected, where D is a section of M̌ .

It is not necessary to work always in nontrivial finite covering space. If the
Aubry set contains more than one class, one can choose M̌ = M . The con-
dition (HA) appears weaker than the condition of transversal intersection
of stable and unstable manifolds. It also works if the intersection is only
topologically transversal.

Definition 4.1. Two cohomology classes c, c′ ∈ H1(M,R) are joined by
a generalized transition chain if a continuous curve Γ: [0, 1] → H1(M,R)
exists such that and for each s ∈ [0, 1] at least one of the following cases
takes place:

1. the condition (HA) holds for Γ(s) and A(Γ(s′)) lies in a small neigh-
borhood of A(Γ(s)) if |s′ − s| is small;

2. there is δs > 0, for each s′ ∈ (s − δs, s + δs), Γ(s
′) is cohomologically

equivalent to Γ(s).

If the Lagrangian is autonomous, it is also required that α(Γ(s)) keeps con-
stant.

By the definition, for each cohomology class Γ(s), the Aubry set Ã(Γ(s))
can be connected to certain Aubry set Ã(Γ(s′)) nearby, either by Arnold’s
mechanism which looks like heteroclinic orbits as shown in the first case, or
by cohomology equivalence. The existence of generalized transition chain im-
plies the existence of sequence of local connecting orbits (γi, γ̇i), a sequence
of numbers si such that α(γi, γ̇i) ⊂ A(Γ(si)) and ω(γi, γ̇i)) ⊂ A(Γ(si+1)).
Global connecting orbits are constructed shadowing these local connecting
orbits, one can refer [CY2, LC] for the details.

To establish a transition chain for the problem under consideration, let
us consider what candidates of transition chain we already have.
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Given an irreducible class g, let νg < νhg such that αε(νgg) < ΔV and

αε(ν
h
g g) = ε2κ−1 where κ ∈ (0, 12). We consider the set

(4.1) Cg,νg,νh
g
=

⋃
ν∈[νg,νh

g ]

Lβε
(νg).

According to Theorem 1.1 in [C15], for C5+-generic potential V in the La-
grangian Lε of (3.11), the set Cg,νg,νh

g
looks like a channel. For each class

c in the channel, the Aubry set lies on some normally hyperbolic invariant
cylinder. Because the thickness of the annulus Aε is of order

√
ΔV > 0,

independent of ε, one has

Theorem 4.1 (Overlap Property). Given any two irreducible classes g, g′ ∈
H1(T

2,Z), there exists a positive number εV = εV (g, g
′) > 0 such that the

channels intersect the annulus: Cg,νg,νh
g
∩ Aε �= ∅ and Cg′,νg′ ,ν

h
g′
∩ Aε �= ∅

provided 0 < ε ≤ εV . Moreover,

1. the channel Cg,νg,νh
g
is connected to the channel Cg′,νg′ ,ν

h
g′
by circles Γλ

of cohomology equivalence;
2. For each c ∈ intCg,νg,νh

g
(intCg′,νg′ ,ν

h
g′
) the Aubry set is located in a

normally hyperbolic invariant cylinder.

By the theorem, we obtains a candidate of transition chain that connects
any class c ∈ Cg,νg,νh

g
to another class c′ ∈ Cg′,νg′ ,ν

h
g′
. To make sure the

candidate is indeed a transition chain we need to verify the condition (HA)
for those cohomology classes in the channels for which the time-0-section of
the Aubry set is an invariant circle.

Let us recall Theorem 1.1 of [C15]. There exists a C5+-residual subset V,
for each V ∈ V and each irreducible class g ∈ H1(T

2,Z), there exists εV > 0
such that ∀ ε ∈ [0, εV ] and ∀ c ∈ Cg,νg,νh

g
the time-0-section of the Mather

set M̃0(c) lies on some normally hyperbolic invariant cylinder. The number
of the cylinders is independent of ε. Indeed, ∃ some large Ei0 such that all
Mather sets {M̃0(c)} lie on one cylinder if c ∈ Cg,νg,νh

g
with αε(c) ≥ Ei0 .

Let {Ei : i = 0, 1, · · · i0} be the bifurcation points, i.e. for c ∈ Cg,νg,νh
g
with

α0(c) = Ei, the set M̃(c) of L0 is composed by two periodic orbits, while for
c with α0(c) �= Ei, it consists of one periodic orbit (see Theorem 2.2, proved
in [CZ2]).

To illustrate the result, let us work in the space T ∗T2 × T. The coun-
terpart of M̃(c), Ã(c) and Ñ (c) in the space are still called Mather, Aubry
and Mañé set respectively.
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Denote by Πg,Ei−1,Ei
the cylinder composed of the Mather sets which

are periodic orbits {xE(t), yE(t)} of the Hamiltonian flow Φt
G

Πg,Ei−1,Ei
= {(xE(t), yE(t)) : [xE ] = g,E ∈ [Ei−1, Ei], t ∈ R}.

As Ei is a bifurcation point, the Mather set consists of two periodic orbits
in G−1(Ei), one makes up the upper boundary of Πg,Ei−1,Ei

, denoted by z+Ei
,

another one makes up the lower boundary of Πg,Ei,Ei+1
, denoted by z−Ei

. Due
to the hyperbolicity of the orbits at both ends, the cylinder has its continu-
ous extension Πg,Ei−1−δ,Ei+δ composed of the hyperbolic periodic orbits such
that G(xE(t), yE(t)) ∈ [Ei−1 − δ, Ei + δ]. Denoted by x+E(t), y

+
E(t) the pe-

riodic orbit lying in Πg,Ei−1−δ,Ei+δ such that G(x+E(t), y
+
E(t)) ∈ [Ei, Ei +

δ], by (x−E(t), y
−
E(t)) the periodic orbit lying in Πg,Ei−δ,Ei+1+δ such that

G(x−E(t), y
−
E(t)) ∈ [Ei − δ, Ei]. It is clearly C5+-generic condition that

(H3): ∂G
∂E (x+Ei

(0), Ei) >
∂G
∂E (x−Ei

(0), Ei).

Let Gε be the Hamiltonian obtained from Lε, Φ
t
ε be the Hamiltonian

flow of Gε, Φε = ΦT
ε with T = [ �√

ε
]
√
ε

� . As Gε is a perturbation of G, the

main body of Πg,Ei−1−δ,Ei+δ survives perturbation Φ0 → Φε, denoted by
Πε

g,Ei−1−δε,Ei+δε
where δε ↑ δ when ε→ 0.

A point (x, y) ∈ Πε
g,Ei−1−δε,Ei+δε

impliesGε(x, y, 0) ∈ [Ei−1−δε, Ei+δε] as
well as Φε(x, y) ∈ Πε

g,Ei−1−δε,Ei+δε
unless Gε(Φε(x, y), 0) /∈ [Ei−1−δε, Ei+δε].

Because of the hypothesis (H3), some Ei,ε → Ei exists such that the
Aubry set Ã(c) consists of two classes if c ∈ Cg,νg,νh

g
and αε(c) = Ei,ε, one

lies in Πε
g,Ei−1−δε,Ei+δε

and the other one lies in Πε
g,Ei−δε,Ei+1+δε

. For each
c ∈ Cg,νg,νh

g
with αε(c) ∈ (Ei−1,ε, Ei,ε) the Aubry set lies in Πε

g,Ei−1−δε,Ei+δε
,

guaranteed by Proposition 5.2 of [C15].
Let us study the genericity of the transition chain Γi → Cg,νg,νh

g
so that

αε(Γi(0)) = Ei−1,ε and αε(Γi(1)) = Ei,ε.

Lemma 4.1. For C5+-generic V and C4+-generic Rε in Lagrangian Lε,
the condition (HA) holds for each invariant circle in Πε

g,Ei−1−δε,Ei+δε
with

i = 1, 2, · · · i0.
Proof. The cylinder Πε

g,Ei−1−δε,Ei+δε
can be thought as the image of a stan-

dard cylinder Π = {(x, y) : (x2, y2) = 0, x1 ∈ T, y1 ∈ [0, 1]} under the map
ψ: Π→ Πε

g,Ei−1−δε,Ei+δε
. This map induces a 2-form ψ∗ω on Π

ψ∗ω = Dψdx1 ∧ dy1

where Dψ is the Jacobian of ψ. Since the second de Rham cohomology group
of Π is trivial, it follows from Moser’s argument on the isotopy of symplectic
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forms [Mo] that there exists a diffeomorphism ψ1 on Π such that

(ψ ◦ ψ1)
∗ω = dx1 ∧ dy1.

As Πε
g,Ei−1−δε,Ei+δε

is invariant for the time-periodic map ΦGε
and Φ∗

Gε
ω = ω,

one has (
(ψ ◦ ψ1)

−1 ◦ ΦGε
◦ (ψ ◦ ψ1)

)∗
dx1 ∧ dy1 = dx1 ∧ dy1

namely, (ψ◦ψ1)
−1◦ΦGε

◦(ψ◦ψ1) preserves the standard area. Each invariant
circle Γσ ⊂ Πε

g,Ei−1−δε,Ei+δε
is pulled back to the standard cylinder, denoted

by Γ∗
σ which is Lipschitz. The parameter σ is set to be the algebraic area

bounded by the circle and a prescribed one, |Γ∗
σ−Γ∗

σ′ |C0 ≤ C∗√|σ − σ′| (see
[CY1]). As the maps ψ,ψ0 are smooth, back to the current coordinate one
has |Γσ−Γσ′ |C0 ≤ C1

√
|σ − σ′|. We notice that the cylinder Πε

g,Ei−1−δε,Ei+δε
may be crumple and slanted, the constant C1 might approach infinity if the
crumpled cylinder extends to the homoclinic orbits. However, since we keep
ourselves away from the double resonance for certain distance, E0 > 0 is
independent of ε, the cylinders are moderately crumpled. The constant C1

is therefore uniformly bounded for σ if we are restricted on the cylinder
Πε

g,Ei−1−δε,Ei+δε
.

It is a typical phenomenon that the invariant circles make up a Cantor
set. Thus, the parameter σ is defined on a bounder Cantor set Σi ⊂ R. If the
topology on Σi is inherited from the Euclidean metric on R, a continuous
function c : Σi → Cg,νg,νh

g
is obtained such that Γσ = Ã(c(σ)). As the chan-

nel Cg,νg,νh
g
admits a foliation of intervals {Iν,g}, each σ corresponds to an

interval. To make it single-valued function, we choose a smooth curve lying
in Cg,νg,νh

g
which intersects every interval Iν,g transversally. Let c = c(σ) be

the intersection point of the curve with the interval corresponding to σ.
Let π̌ : M̌ → T2 be the covering space so that the lift of Πε

g,Ei−1−δε,Ei+δε
has two components, denoted by Πi,l and Πi,u, where the subscript l, u are
introduced to indicate lower and upper respectively. In suitable coordinates
one has g = (1, 0) and then M̌ = T× 2T, namely, x1 mod 1 and x2 mod 2.

The lift of the invariant circle also has two components Γσ,l and Γσ,u. To
get a special weak KAM solution u±σ,l, we perturb the Lagrangian Lε(ẋ, x)→
Lε(ẋ, x) + δVδ(x) with Vδ ≥ 0 and suppVδ = πΓσ,u + d, where π : TM̌ → T2

is the standard projection along the tangent fiber. For δ > 0, a unique
weak KAM solution u±σ,l,δ exists for c = c(σ) such that for almost x ∈
M̌\(πΓr,σ + d), the initial condition (x, y) determines a unique forward
(backward) semi-static orbit which approaches the circle Γσ,l as k → ∞
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(k → −∞). Let δ ↓ 0, some function u±σ,l exists such that u±σ,l,δ → u±σ,l in

C0-topology. Similarly, we get another function u±σ,u. Both u±σ,l and u±σ,u are
weak KAM solutions and one has

(4.2)
h∞c(σ)(x, x

′) = u+σ,u(x
′, 0)− u+σ,u(x, 0), x′ ∈ πΓσ,u

h∞c(σ)(x
′, x) = u−σ,l(x, 0)− u−σ,l(x

′, 0), x′ ∈ πΓσ,l.

The normal hyperbolicity guarantees the smooth dependence of sta-
ble (unstable) fibers on the base points, the local stable (unstable) man-
ifolds of Γσ,l, Γσ,u are also parameterized by σ with 1

2 -Hölder continuity.
They are the time-0-section of the graph of ∂u±σ,l and ∂u±σ,u respectively. So,

|u±σ,ı−u±σ′,ı|C0 ≤ C1

√
|σ − σ′| holds in a neighborhood πΓσ,ı+d of the circle

Γσ,ı for ı = l, u.
In the region M̌\(πΓσ,l + δ)∪ (πΓσ,u+ δ) with 0 < δ < d, the stable and

unstable manifold may not keep horizontal any more, because of conjugate
point. As a result, it seems not so clear that the Hölder modulus continuity
hold in this region. However, due to Lemma 6.4 in [CY2] (substitute h∞c
with the formulae (4.2)), one has

(4.3)

max
x∈M̌\πΓσ,u+δ

|u±σ,l(x, 0)− u±σ′,l(x, 0)| ≤ C2(|σ − σ′| 12 + |c(σ)− c(σ′)|),

max
x∈M̌\πΓσ,l+δ

|u±σ,u(x, 0)− u±σ′,u(x, 0)| ≤ C2(|σ − σ′| 12 + |c(σ)− c(σ′)|).

The rest of the proof is completed by applying the argument in Section
6 of [CY1]. Under the perturbation of bump function as designed there, the
set of barrier function undergoes a translation {B∗

c(σ)} → {B∗
c(σ)+δG} when

they are restricted on a disk D where the minimal homoclinic curves pass
through. We define a set Z ⊂ C0. A function U ∈ Z if the set U−1(minU)∩D
is not totally disconnected. This set has infinite “codimensions” in C0(T3).
Since the box dimension of {B∗

c(σ)} is finite, there are abundant perturba-

tions of shift {B∗
c(σ)} → {B∗

c(σ) + δG} so that {B∗
c(σ) + δG} ∩ Z = ∅. It

implies that all minimal homoclinic orbits are totally disconnected for the
perturbed Lagrangian. Clearly, the perturbation can be arbitrarily small.
For the details, one can refer to Section 6 of [CY1].

To study the (HA) condition for invariant circles in high energy level
set, in virtue of the result in [C15], we only need to consider one cylinder
which extends from certain energy level with large E but independent of ε
to the level where E = O(ε2κ−1).

To illustrate why there does not exist bifurcation point so that one cylin-
der extends for such a large scale, we notice that along any periodic orbit
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(x(t), y(t)) of Φt
G lying in high energy level set the quantity |y(t)| is large.

For g = (1, 0) and large ν ∈ Z, in the new coordinates y → y − y′, x = x
where y′ = νAg the Hamiltonian G appears to be (up to a constant)

G = νy1 +
1

2
〈A−1y, y〉 − V (x).

under further coordinate rescaling (x1, x2, y1, y2)→ (x1

ν , x2, νy1, y2) one ob-
tains a time-periodic Hamiltonian with one degrees of freedom

y1 =
1

2
ay22 + bEy2 − V (νx1, x2) +

1

ν
RH(νx1, x2, y2, E) + const.

which solves the equation G(x1

ν , x2,−νy1(νx1, x2, y2), y2) = νE, a and b are
constants with a > 0 the remainder 1

νRH is of order 1
ν in Cr-topology in the

variable (νx1, x2, y2). One gains a Lagrangian with one and half degrees of
freedom from this Hamiltonian

L′ =
1

2a
ẋ22 +

bE

a
ẋ2 + V (νx1, x2) +

1

ν
RL(νx1, x2, ẋ2, E).

The problem to find minimal periodic orbits of L0 with the class g and large
energy is switched to the problem to find the minimizer of the function

F (x2, ν, E) = inf
γ(0)=γ(1)=x2

∫ 1

0
L′(ντ, γ(τ), γ̇(τ))dτ

The term bE
a ẋ2 is a closed 1-form, does not contribute the function F (x2, E).

Applying the technique to prove Riemann-Lebesgue lemma one obtains a
decomposition of the function F = F0 +

1
μFR where

F0(x2, ν, E) =

∫ 2π

0

( 1

2a
(γ̇ν,E(τ, x2))

2 + [V ](γν,E(τ, x2))
)
dτ,

where [V ] =
∫ 1
0 V (ντ, x2)dτ , γν,E is the minimal curve of F (x2, ν, E). Thus,

the minimal curve is C1-close to a straight line γ(τ) = x2 ∈ [V ]−1(min[V ]).
For generic V , the minimal point of [V ] is unique and non-degenerate. As the
term 1

2a ẋ
2
2+[V ](x2) is independent of ν and E, such a cylinder exists and ex-

tends from certain energy level with large E but independent of ε to the level
set where E = O(ε2κ−1). One can refer to Section 3 of [C15] for the details.

Lemma 4.2. For C5+-generic V and C4+-generic Rε in Lagrangian Lε, the
condition (HA) holds for each invariant circle in Πε

g,Ei0−δε,ε2κ−1.
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Proof. To check the condition (HA) for the cylinder Πε
g,Ei0−δε,ε2κ−1 , we re-

call that the cylinder Πg,Ei0 ,ε
2κ−1 is composed by minimal periodic orbits of

G with high energy if Ei0 > 0 is large. By Proposition 3.1 in [C15], the min-
imal periodic orbit in G−1(E) remains in a small neighborhood of the circle
{(x, y) : (x2, y) = const.} if E > 0 is suitably large. Therefore, the cylinder
Πε

g,Ei0−δε,ε2κ−1 is a slight deformation of standard cylinder, the map Φε is

close to integrable when it is restricted on the cylinder. Thus, the constant
C1 in the parameterization so that |Γσ −Γσ′ |C0 ≤ C1

√
|σ − σ′| is uniformly

bounded for the whole cylinder. Although the quantity

max{|σ − σ′| : Γσ,Γσ′ ⊂ Πε
g,Ei0−δε,ε2σ−1}

approaches infinity as ε→ 0, it is finite once ε > 0 is fixed. As we only need
to show the density of (HA) i.e. for each

√
εRε some other

√
εR′

ε exists such
that |√εR′

ε −
√
εRε| can be arbitrarily small and (HA) holds for

√
εR′

ε. It
implies the number ε > 0 is fixed when we handle this problem. So, the
parameter σ is restricted in a bounded set, and consequently, the argument
for Πε

g,Ei−1−δε,Ei+δε
applies here.

With Lemma 4.1, Lemma 4.2 and the annulus of cohomology equiva-
lence we see that a generalized transition chain has been established to join
a class c ∈ Cg,νg,νh

g
and another class c′ ∈ Cg′,ν′

g,ν
′h
g
. It passes through the

channel Cg,νg,νh
g
down to lower energy level set, then turns around the dou-

ble resonance along circles of cohomology equivalence before it reaches the
channel Cg′,ν′

g,ν
′h
g
, through which it arrives at c′.

As a matter of fact, the channel can be deeply extended to lower energy
level set α−1

ε (O(εd)) where d < ϑκ, the constant ϑ < 1
4 only depends on L0,

see Formula (2.29) in [C15].
For Lagrangian L0 and each ν ∈ (0, ν0], it follows from Proposition 2.6

that the νg-minimal minimal periodic orbit lies on some NHIC. In terms
of Poincaré return map, the normal hyperbolicity approaches infinity as
ν ↓ 0 (see Lemma 2.3), meanwhile the return time approaches infinity also.
The theorem of implicit function guarantees that certain NHIC extends
from ν = +0 to ν = ν0. Thus, there are finitely many cylinders only, since
hyperbolic fixed points are isolated. Denote by Π

g,0,E0
the cylinder where

E0 = α0(Lβ0
(ν0g)), � = 1, 2, · · · , �0. One does not expect the whole cylinder

survives the time-periodic perturbation
√
εRε, but large part of Π

g,0,ν0
sur-

vives. An invariant manifold with boundary is said to be overflowing if any
point leaves or enters the manifold only by passing through its boundary.

Lemma 4.3. Let Φt
ε be the Hamiltonian flow of Gε obtained from the La-

grangian Lε by the Legendre transformation, then
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1. The Hamiltonian flow Φt
ε admits an overflowing invariant cylinder

Π̃ε,
g,εd,E0+δε

in T ∗T2×�√εT (� = 1, 1√
ε
) which lies in an εκ-neighborhood

of Πg,εd,E0+δε×�
√
εT, the point (x, y, t) ∈ Π̃ε,

g,εd,E0+δε
if 1

2ε
d ≤ G(x, y) ≤

E0 + δε − εd;

2. There is a number N > 1 such that for a class c ∈ Cg with αε(c) ≥
Nεd, the Aubry set Ã(c) lies in the set Π̃ε,

g,εd,E0+δε
. Indeed, each orbit

in the Aubry set does not hit the energy level set G−1
ε (E) with E ≤ εd.

Proof. The condition is not required that Π
g,0,E0

is completely foliated by

νg-minimal periodic orbits of L0. If the Aubry set Ã(c) is contained in

Π̃ε,
g,εd,E0+δε

, by perturbing the Lagrangian L0 → L′
0 to increase the action

along curves on other cylinders, one can assume the condition holds for L′
0

while L′
0 = L0 when they are restricted in a neighborhood of Π̃ε,

g,εd,E0+δε
.

Therefore, one has L′
0 +

√
εRε = Lε in the neighborhood.

Since the Hamiltonian Gε is obtained from Lε by the Legendre transfor-

mation, it is a time-periodic εκ-perturbation of G, namely, Gε = G+ εκRε.

To modify the Hamiltonian Gε we choose a C2-function ρ so that ρ(ν) =

1 for ν ≥ 1, ρ(ν) = 0 for ν ≤ 0 and set ρ2 = 1 − ρ(G(x,y)−(E0+δε−εd)
εd ),

ρ1(x, y) = ρ(2G(x,y)−ε3d

εd−2ε3d ). We set

(4.4) G′
ε =

⎧⎪⎨
⎪⎩
G+ εσρ1Rε, if G(x, y) ∈ [ε3d, 12ε

d],

G+ εσρ2Rε, if G(x, y) ∈ [E0 + δε − εd, E0 + δε],

Gε, elsewhere.

Clearly, ‖G′
ε − G‖C2 � 1 if d < κ and ε � 1. It follows that the cylin-

der Πg,ε3d,E0+δε persists the perturbation ΦG → ΦG′
ε
, the boundary of the

cylinder remains unchanged. We use the notation ΦG′
ε
= Φt,t+1

G′
ε
|t=0 where

Φt,t′

G′
ε
(x, y) denotes a point on the orbit of the Hamiltonian flow that emanate

from the point (x, y) at the time t and arrive at this point after the time

t′ − t. The survived cylinder in the phase space T2 × R2 × T is denoted

by Π̃ε
g,ε3d,E0+δε

. Since Gε = G′
ε when they are restricted to Π̃ε

g,ε3d,E0+δε
∩

{(x, y, t) : G ∈ [12ε
d, E0 + δε − εd]}, it completes the proof for the first part.

For the second part, we only need to prove it for the Hamiltonian G′
ε

of (4.4). So, each orbit in the Aubry set lies in the cylinder forever. If the

lemma does not hold, there would be an orbit z(t) = (x(t), y(t)) lying in

the Aubry set for c ∈ Cg ∩ α−1
ε (Nεd) hitting the energy level G−1

ε (εd) at

the time t0, namely, Gε(z(t0), t0) = εd. It returns to a neighborhood of z(t0)
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after a time t′ = O(| ln εd|) (cf. Formula (2.22) of [C15]). Because dG
dt = ∂G

∂t ,
for time-1-periodic case, one has

(4.5) |G′
ε(z(t

′ + t0), t
′ + t0)−G′

ε(z(t0), t0)| ≤ Kt′εκ.

For time- 1
�
√
ε
-periodic case, along an orbit z(s) of the Hamiltonian flow, the

variation of the energy is controlled by

(4.6)
d

dt
Gε(z(t), t) =

∂

∂t
Gε(z(t), t) = εκ−

1

2
∂Rε

∂θ

Since Rε is 1-periodic in 1
�
√
ε
, we expend Rε into Fourier series of t

�
√
ε

∂Gε(z, t)

∂t
= εκ−

1

2

∑
�=0

i�

�
Rε,(z)e

i t


√

ε .

Integrating by parts, we have

(4.7)

i�

�
εκ−

1

2

∫ t1

t0

Rε,(z(t))e
i t


√

εdt = εκRε,(z(t))e
i t


√

ε

∣∣∣t1
t0

− εκ
∫ t1

t0

〈∂Rε,, ż(t)〉ei
t


√

εdt.

Because the perturbation term Rε is C
4-smooth, one has |∂zRε,| ≤ ‖∂zRε‖C3

2π||3 .

Since z(t) solves the equation ż(t) = J∇zGε(z(t), t), by setting

K = max
(z,t)∈Π̃

‖∇zGε(z(t), t)‖‖∂zRε‖C3

∑
�=0

1

|�|4 ,

where the maximum is taken over the cylinder Π̃ε
g,εd,E0

,K is uniformly upper
bounded for small ε. It follows from (4.6) and (4.7) that

|Gε(z(t1), t1)−Gε(z(t0), t0)| =
∣∣∣
∫ t1

t0

∂

∂t
Gε(z(t), t)dt

∣∣∣
≤ εκRε(z(t), t)

∣∣∣t1
t0
+ εκ

∣∣∣∑
�=0

∫ t1

t0

〈∂Rε,, ż(t)〉ei
t


√

εdt
∣∣∣

the right hand side is bounded by K(t1 − t0)ε
κ, namely, the estimate (4.5)

holds also in time- 1
�
√
ε
-periodic case.

As G−1(E)∩Πg,εd,E0
is an invariant circle for ΦG, the perturbed cylinder

is O(εκ)-close to the original one in Cr−1-topology. The cylinder may be
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crumpled but at most up to the order O(εdς) see (4.10) below, so there is a
time T = O(| ln εd|) and a small number μ′ = dς > 0 such that κ−μ′ > 0 and

(4.8) ‖z(T + t0)− z(t0))‖ ≤ CTεκ−μ′
.

By decreasing d→ d′ such that d′− d = O(| ln ε|−1) one can assume T is an
integer in time-1-periodic case. In time- 1

�
√
ε
-periodic case, T is very close to

[ T
�
√
ε
]�
√
ε.

Since x(t) is c-static, |x(t0)− x(t0 + T )| ≤ CTεκ−μ′
the following holds

in both cases

(4.9)
∣∣∣
∫ T+t0

t0

(Lε(x(t), ẋ(t), t)− 〈c, ẋ(t)〉+ α′
ε(c))dt

∣∣∣ ≤ C ′Tεκ−μ′
.

However, by applying the following observation

1. the αε-function for Gε is a small perturbation of α0, |αε − α0| ≤ εκ

(see [C11]);
2. for c ∈ Cg, α0 is smooth and strictly convex in the direction of g, its

derivative in the direction of g is the frequency that is of the order
O(| ln ε|−1);

3. for c′ ∈ Cg∩α−1
0 (εd), each c′-static orbit for G keeps | ln ε|εκ−μ′

-close to
the segment (x, ẋ)|[t0,t0+T ], while αε(c)−α0(c

′) ≥ (N−1)εd and κ > 4d.

we find that the left hand side of (4.9) is in fact bounded from below by Cεd

where C > 0 is a constant. One can refer to the proof of Proposition 5.1 of
[C15] for the details. As d < 1

4κ, μ
′ is small and T = O(| ln ε|) it leads to a

contradiction for small ε.

Let Πε,
g,εd,E0+δε

be the time-0-section, a 2-dimensional cylinder. All in-
variant circles on the cylinder are Lipschitz and are parameterized so that
|Γσ − Γσ′ |C0 ≤ C ′

1

√
|σ − σ′| as shown before. However, the coefficient C ′

1

may be much larger than C∗ since the cylinder may be crumpled. Since the
cylinder Πε,

g,εd,E0+δε
is a C2-perturbation of Π

g,εd,E0+δε
of order O(εκ), we

only need to consider the unperturbed one. As the homoclinic orbits in all
relevant Aubry sets are assumed to approach the origin in the direction of
Λ1, if the cylinder is the image of the map (x1, y1)→ (x1, x2, y1, y2), one has

ω|Πε,�

g,εd,E0+δε

=
(
1 +

∂(x2, y2)

∂(x1, y1)

)
dx1 ∧ dy1.

Since we are concerned about the cylinders not touching the region where
Gε < εd, the formula (2.22) of [C15] shows
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(4.10)
∣∣∣∂x2
∂y1

∣∣∣, ∣∣∣∂y2
∂y1

∣∣∣ ≤ CE−ς , for (x, y) ∈ G−1(E),

where ς > 0 is very small. Therefore, the coefficient C ′
1 is bounded by

O(ε−dς). To get an upper bound of C ′
1 in general case, we work in the covering

space M̄ = k̄1T×k̄2T where k̄m = kigi,m+ki+1gi+1,m for m = 1, 2 if we write
g = (g,1, g,2) for � = i, i+1. By a coordinate transformation on M̄ we can
still assume the cylinder is the image of the map (x1, y1) → (x1, x2, y1, y2).
Although there are ki + ki+1 fixed points, they are the lift of the hyperbolic
fixed point. The analysis for upper bound of C ′

1 is the same.
To complete the proof, we emphasize that the large Hölder coefficient

C ′
1 = O(ε−dς) does not damage the proof, since it is only crucial to have

a positive Hölder exponent uniformly bounded away from zero. Although ε
is small, it is fixed in the context. We only need to show some other

√
εR′

ε

exists such that |√εRε−
√
εR′

ε| is arbitrarily small and (HA) condition holds
for

√
εR′

ε. To show the transversal intersection of the stable and unstable
manifolds, we parameterize the classes by σ such that (4.3) holds. A Hamil-
tonian produces a set of barrier functions H → {B∗

c(σ)}. As σ is defined on

a Cantor set on line, the box dimension of {B∗
c(σ)} is not larger than 2 in

C0-topology, due to the Hölder exponent in (4.3) which equals 1
2 .

As the conclusion of the subsection, Theorem 1.2 is proved.

Remark. We do not need to consider the case that cylinder extends
to the lowest energy level α−1

ε (minαε) even if g = gi, namely, the cylinder
Πgi,0,E0

takes a homoclinic orbit zgi as its boundary. The precise quantitative
analysis of cylinder around the fixed point appears to be complicated, but
it is not required in our approach.

4.2. Genericity in the sense of Mañé

The method developed in [CY1] does not apply to prove the genericity if
the perturbation

√
εRε is independent of ẋ. In this subsection, let us prove

the genericity of transition chain in the category of potential perturbation,
namely, in the sense of Mañé.

To check the condition (HA) for all invariant circles in the cylinder
Πε

g,Ei−1−δε,Ei+δε
, we can assume g = (1, 0) and work in the covering space

T×2T. Then, the time-periodic section of Aubry set consists of two invariant
circles Γσ,l and Γσ,u for each σ ∈ Σi. The subscript l, u mean lower, upper
respectively.

For convenience of notation, we work in the extended space x̃ = (x, x3) ∈
T×2T×T where ẋ3 = 1, each invariant circle Γσ,ı is expanded into a 2-torus
Γ̃σ,ı with ı = l, u. Let γ̃(t) = (γ(t), t) denote curve in the extended space.
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Due to the normal hyperbolicity, the circle Γ̃σ,ı has its stable, unstable
manifold W̃±

σ,ı for ı = l, u. There exists a neighborhood Uσ,ı of πΓ̃σ,ı, over

which W̃±
σ,ı keeps horizontal, i.e. there is a generating function u±σ,ı such

that W̃±
σ,ı = Graphdu±σ,ı. This function is at least C1,1-smooth when it is

restricted on Uσ,ı and has its extension to the whole space, which is a weak
KAM solution of the Hamilton-Jacobi equation.

Any c(σ)-minimal curve in the Mañé set has to pass through Uσ,l\(πΓ̃σ,l+
δ) when it approaches πΓ̃σ,l, the duration approaches infinity as δ → 0. Let
T ⊂ Uσ,l\(πΓ̃σ,l + δ′) be a 2-dim torus homological to πΓ̃σ,l. To check the
condition (HA) we only need to investigate the set

argmin(u−σ,l − u+σ,u)|T = {x̃ ∈ T : (u−σ,l − u+σ,u)(x̃) = min(u−σ,l − u+σ,u)}

and prove

Theorem 4.2. There exists a set V∞ residual in Cr(T2 × T,R) such that,
for each V ∈ V∞, it holds simultaneously for all σ ∈ Iσ that the set
argmin(u−σ,l − u+σ,u)|T is totally disconnected.

Proof. Dividing the torus T into squares with the side length d. Pick up
one of them, we denote it by D. Under a local coordinate transformation, a
neighborhood of D can be assumed to be

D + d′ = {x̃ : |x1 − x1,0| ≤ d+ d′, x2 = x2,0, |x3 − x3,0| ≤ d+ d′},

and D = D + d′|d′=0. For a subset S ⊂ D, let ΠiS be its project to the xi-
coordinate, ΠiS = {xi : x̃ ∈ S, |xi − xi,0| ≤ d} for i = 1, 3. If for each of the
squares and for i = 1, 3, one has Πi argmin(u−σ,l−u+σ,u)|D � [xi,0−d, xi,0+d],

the diameter of each connected component of argmin(u−σ,l− u+σ,u)|T will not
be larger than 2d.

To construct potential perturbation, we do some preparatory work. Let
γ̃−σ,l, γ̃+σ,u be a backward and forward c(σ)-semi static curve approaching

πΓ̃σ,l, πΓ̃σ,u as t → −∞ and t → ∞ respectively. Starting from a point on
T, a unique curve γ̃−σ,l will retreat back down to the torus πΓ̃σ,l as t→ −∞.

We denote by γ̃±σ,ı(t, x̃) the curve such that γ̃±σ,ı(0, x̃) = x̃ for ı = l, u. We
write the curve γ̃±σ,ı(·, x̃) in the coordinate form when it is restricted in the
neighborhood

(4.11)
γ̃−σ,l(t, x̃) = (x−σ,1(t), x

−
σ,2(t), x

−
σ,3(t)),

γ̃+σ,u(t, x̃) = (x+σ,1(t), x
+
σ,2(t), x

+
σ,3(t))
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where x−σ0,2
can be assumed to increases monotonely for t ∈ [−T, 0] and

x+σ0,2
(t) > x2,0 for t > 0. Since the unstable manifold is at least Lipschitz,

these curves are Lipschitz in x̃. Since continuous function can be approxi-
mated by smooth functions, for small δd > 0, a tubular neighborhood of the
semi-static curves {γ̃−σ0,l

|[−T,0]} admits smooth foliation of curves

ζ̃x̃ : (x̃, t) ∈ (D + d′)× [−T, 0]→ T3

so that each semi-static curve γ̃−σ0,l
(·, x̃) keeps δd-close to ζx̃ in the sense that

d(ζx̃(t), γ̃
−
σ0,l

(t, x̃)) < δd for all t ∈ [−T, 0]. Here we use x̃ to emphasize that

the point is on the disk D+ d′. The tubular neighborhood is defined by the
form

C = ∪−T≤t≤0{ζ̃x̃(t) : x̃ ∈ D + d1}.
Let ρ: (D + d′)× R→ R be a smooth function so that ρ(x̃, t) = ρ(x̃′, t)

∀ x̃, x̃′ ∈ D, ρ(x̃′, t) = 0 if t /∈ [−T, 0] and ρ(x, t) > 0 if x ∈ D + d′ and
t ∈ (−T, 0). Since ζx̃ is a smooth foliation of the tubular domain, it can be
thought as a differeomorphism Ψ: (D+d′)× [−T, 0]→ C, namely, for x̃′ ∈ C
there exists a unique (x̃, t) ∈ (D+d′)×[−T, 0] such that Ψ(x̃, t) = ζ̃x̃(t) = x̃′.
With a smooth function V : D + d′ → R one obtains a smooth function Ṽ
supported on C

(4.12) Ṽ (x̃′) = ρ(Ψ−1(x̃′))V (x̃).

By the construction of Ṽ , some constant C3 > 0 exists such that

(4.13)

∫ 0

−T
Ṽ (ζ̃x̃(t))dt = C3V (x̃), ∀ x̃ ∈ D.

The potential perturbation is constructed in the form of (4.12) where V
ranges over the function space spanned by

V1 =μ
( ∑

=1,2

a cos 2�π(x1 − x1,0) + b sin 2�π(x1 − x1,0)
)
,

V3 =μ
( ∑

=1,2

c cos 2�π(x3 − x3,0) + d sin 2�π(x3 − x3,0)
)
,

each parameter of (a, b, c, d) ranges over the unit interval [1, 2].

Lemma 4.4. In the cube [1, 2]8 of the parameters, a set with Lebesgue mea-
sure not smaller than 1 − O(μ) exists so that for each (a, b, c, d) in the
set it holds simultaneously for all σ ∈ Iσ0

that
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Πi argmin(u−σ,l − u+σ,u)|D � [xi,0 − d, xi,0 + d], ∀, i = 1, 3,

where Iσ0
is a neighborhood of σ0, independent of μ.

Proof. Recall that u+σ,u and u−σ,l denote the weak KAM solution generating

forward semi-static orbits approaching Γ̃σ,u and backward semi-static orbits
approaching Γ̃σ,l respectively. Let u+

σ,u,Ṽ
and u−

σ,l,Ṽ
denote the weak KAM

solutions defined in the same way for the system under potential perturba-
tion L(ẋ, x)→ L(ẋ, x) + Ṽ (x) of (4.12).

Under the potential perturbation, the cylinder remains unchanged. Re-
stricted on the disk D, the function u+

σ,r,Ṽ
keeps the same as u+σ,r, but the

function u−
σ,,Ṽ

undergoes the perturbation u−
σ,,Ṽ

�= u−σ,. If γ̃−
σ,l,Ṽ

(·, x̃) is

a semi-static curve produced by u−
σ,,Ṽ

with γ̃−
σ,l,Ṽ

(0, x̃) = x̃ and σ ∈ Iσ0
,

then

u−
σ,l,Ṽ

(x̃)− u−
σ,l,Ṽ

(γ̃−
σ,l,Ṽ

(−t, x̃)) =
∫ 0

−t
(L+ Ṽ − ηc(σ))(dγ̃

−
σ,l,Ṽ

(−t, x̃))dt

+ α(c(σ))t,

u−
σ,l,Ṽ ′(x̃)− u−

σ,l,Ṽ ′(γ̃
−
σ,l,Ṽ

(−t, x̃)) ≤
∫ 0

−t
(L+ Ṽ ′ − ηc(σ))(dγ̃

−
σ,l,Ṽ

(−t, x̃))dt

+ α(c(σ))t.

For large t the curve γ̃−
σ,l,Ṽ

(−t, x̃) shall retreat into a small neighborhood of

Γ̃σ,l,Ṽ where the function u−
σ,l,Ṽ

remains unchanged. So, it follows from the

last two formulae that

u−
σ,l,Ṽ

(x̃)− u−
σ,l,Ṽ ′(x̃) ≥

∫ 0

−T
(Ṽ − Ṽ ′)(γ̃−

σ,l,Ṽ
(−t, x̃))dt.

In a similar way, we find

u−
σ,l,Ṽ

(x̃)− u−
σ,l,Ṽ ′(x̃) ≤

∫ 0

−T
(Ṽ − Ṽ ′)(γ̃−

σ,l,Ṽ ′(−t, x̃))dt.

where γ̃−
σ,l,Ṽ ′ denotes the backward semi-static curve produced by the func-

tion u−
σ,l,Ṽ ′ with γ̃−

σ,l,Ṽ ′(0, x̃) = x̃. Because x̃ lies in the region where u−
σ,l,Ṽ

is differentiable, one has |γ̃−
σ,l,Ṽ

(t, x̃) − γ̃−
σ,l,Ṽ ′(t, x̃)| → 0 as |Ṽ − Ṽ ′| → 0,

guaranteed by the upper-semi continuity of semi-static curves. Therefore,
for x̃ ∈ D one has
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u−
σ,l,Ṽ

(x̃)− u−
σ,l,Ṽ ′(x̃) =

∫ 0

−T
(Ṽ − Ṽ ′)(γ̃−

σ,l,Ṽ
(t, x̃))dt+ o(‖Ṽ − Ṽ ′‖),(4.14)

=(Kσ + Rσ)(Ṽ − Ṽ ′)

where the operator Kσ is linear

KσṼ (x̃) =

∫ 0

−T
Ṽ (γ̃−

σ,l,Ṽ
(t, x̃))dt = V (x̃)

∫ 0

−T
ρ(Ψ−1(γ̃−

σ,l,Ṽ
(t, x̃))dt

and Rσ(Ṽ − Ṽ ′) = o(‖V − V ′‖). As we introduce the perturbation in the
way of (4.12), the operator Kσ can be thought as a linear map V → KσV ,
and one obtains from the formula just above that

(4.15) KσV (x̃) = Aσ(x̃)V (x̃)

where |Aσ(x̃)−C3| is small if σ is close to σ0, and what is more important,
the function Aσ is 1

2 -Hölder continuous in σ, which follows from the Cr−2-
smooth dependence of unstable fibers on base point, one of the results of
the theorem of normally hyperbolic invariant manifold.

To defined a neighborhood Iσ0
of σ0 such that Lemma 4.4 holds, we

notice that there exists B = B(d) < 1 such that for each

V =
∑
=1,2

{a cos 2�π(x1 − x1,0) + b sin 2�π(x1 − x1,0)

+ c cos 2�π(x3 − x3,0) + d sin 2�π(x3 − x3,0)}

one has

min
x̃∈D

|V (x̃)| ≤ Bmax
x̃∈D

|V (x̃)|.

Let B < B1 < 1, we defined a neighborhood Iσ of σ0 such that for each
σ ∈ Iσ

1. the disk D does not intersect πΓ̃σ, + δ;
2. for γ̃−σ,l(t, x̃), γ̃

+
σ,u(t, x̃) in the coordinate presentation of (4.11), x−σ,2

increases monotonely ∀ t ∈ [−T, 0] and x+σ,2(t) > x2,0 ∀ t > 0;

3. minx̃∈D |Aσ(x̃)| ≥ B1maxx̃∈D |Aσ(x̃)| and Aσ(x̃) >
3
4C3.

The number B1 exists. When σ = σ0, by choosing ζ̃x̃ close to γ̃−σ0,l
(·, x̃) the

quantity |Aσ(x̃) − C3| can be arbitrarily small. The upper semi-continuity
of semi-static curves guarantees the existence of this neighborhood. This
neighborhood of σ0 is associated with a neighborhood of c(σ), denoted by
Ic: c(σ) ∈ Ic ⇔ σ ∈ Iσ.
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We construct a grid for the parameters (ai, bi, ci, di) by splitting the
domain equally into a family of cubes and setting the size length by

Δai = Δbi = Δci = Δdi = μ,

there are as many as [μ−8] cubes.

Since σ ∈ Iσ0
, some constant C4 > 0 exists such that for V, V ′ ∈

Span{V1,V3}

(4.16)

Osc∈̃D(KσV −KσV
′) = max

x̃,x̃′∈D
|KσV (x̃)−KσV

′(x̃)|

>
3

4
C3

(
1− B

B1

)
Oscx̃∈D(V − V ′) > C4μΔ.

with Δ = max{|a − a′|, |b − b′|, |c − c′|, |d − d′|}.
We split the interval Iσ equally into Kσ[μ

−2] small intervals, denoted by
{Iσ,j}j∈Jσ , where Kσ = [Lσ(

24C2

C4
)2], Lσ is the length of Iσ, C2 is the constant

appearing in (4.3) and C4 appearing in (4.16). Let σj be the middle point of
Ij , corresponding to a barrier function u−σj ,l

−u+σj ,u. We also split the interval

Ic equally into Kσ[μ
−1] small intervals, denoted by {Ic,j}j∈Jc .

We assume that under a perturbation L → L + Ṽj with Ṽj = ρΨ−1Vj

such that

(4.17) Oscx∈D min
x3

(u−
σj ,l,Ṽj

− u+
σj ,u,Ṽj

) = 0

where Vj = μ(
∑

=1,2 a,j cos 2�π(x1 − x1,0) + b,j sin 2�π(x1 − x1,0)). Let us
consider what change the barrier function undergoes if the Lagrangian is
under further perturbation Ṽ ′ = ρΨ−1V ′ where V ′ is determined by the
parameters (a′, b

′
)

V ′ = μ
( ∑

=1,2

a′ cos 2�π(x1 − x1,0) + b′ sin 2�π(x1 − x1,0)
)
.

Using the formula (4.14) and noticing u+
σj ,u,Ṽj

= u+
σj ,u,Ṽ ′ we obtain the iden-

tity

(u−
σ,l,Ṽ ′ − u+

σ,u,Ṽ ′)− (u−
σj ,l,Ṽ ′ − u+

σj ,u,Ṽ ′)

=(u−
σ,l,Ṽ ′ − u−

σj ,l,Ṽ ′)− (u+
σ,u,Ṽ ′ − u+

σj ,u,Ṽ ′)

+ (u−
σj ,l,Ṽ ′ − u−

σj ,l,Ṽj

)− (u+
σj ,u,Ṽ ′ − u+

σj ,u,Ṽj

)



210 Chong-Qing Cheng

=(u−
σ,l,Ṽ ′ − u−

σj ,l,Ṽ ′)− (u+
σ,u,Ṽ ′ − u+

σj ,u,Ṽ ′)

+ (Kσj
+ Rσj

)(Ṽj − Ṽ ′).

For each σ ∈ Ij , in virtue of the inequalities (4.3) the first term on the right-
hand-side of the identity is not bigger than 1

3C4μ
2. For small ‖Ṽj − Ṽ ′‖ one

has ‖Rσj
(Ṽj − Ṽ ′)‖ < 1

3‖Kσj
(Ṽj − Ṽ ′)‖. Note that V ′, Vj are independent

of x3. If the parameters (a′, b
′
) satisfy

max{|a,j − a′|, |b,j − b′|} ≥ μ

we find from the identities, the condition (4.17) and the estimate (4.16) that

(4.18) Oscx̃∈D min
x3

(
u−l,σ − u+u,σ − (Kσ + Rσ)Ṽ

′
)
≥ 1

3
C4μ

2 > 0.

It implies that, for each small square of parameter (σ, c(σ)) ∈ Iσ,j × Ic,j′ we
only need to cancel out at most 24 μ-cubes from the grid for {Δa,Δb : � =
1, 2} so that the formula (4.18) holds for the all other cubes. Let j range
over the set Jσ and j′ range over the set Jc we obtain a set Sc

1 ⊂ {a ∈
[1, 2], b ∈ [1, 2] : � = 1, 2} with Lebesgue measure

measSc
1 ≥ 1− 24Kσμ,

such that the formula (4.18) holds for each (a′, b
′
) ∈ Sc

1 and for each σ ∈ Iσ.
Considering perturbations from V ′ ∈ V3, in the same way we can show

that some set Sc
3 ⊂ {c ∈ [1, 2], d ∈ [1, 2] : � = 1, 2} with Lebesgue measure

measSc
3 ≥ 1− 24Kσμ,

such that the formula

(4.19) Oscx∈D min
x1

(
u−l,σ − u+u,σ − (Kσ + Rσ)Ṽ

′
)
> 0

for each (c′, c
′
) ∈ Sc

3 and each σ ∈ Iσ.
Therefore, for each (a, b, c, d, ) ∈ Sc

1 × Sc
3, the formulae (4.18) and

(4.19) implies

Πi argmin(u−σ,l − u+σ,u)|D � [xi,0 − d, xi,0 + d], ∀, i = 1, 3.

holds for all σ ∈ Iσ0
. This completes the proof.

Notice the construction of potential perturbation, the function ρ(x̃) may
approach infinity in Cr-topology with r > 1. It does not make trouble be-
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cause the smallness of perturbation is guaranteed by setting arbitrarily small
coefficient μ.

The 2-torus T is divided into as many as O([d−2]) squares like D. Notice
that μ > 0 can be arbitrarily small. Applying Lemma 4.4 to each square,
we find that there exists an open-dense set Vd of potential perturbation, for
each V ∈ Vd that the diameter of each connected component of

argmin(u−
σ,l,Ṽ

− u+
σ,u,Ṽ

)|T

is not larger than 2d.
Each section of torus T admits a hierarchy of partition into small disks

∪jDkj so that the size length dk → 0 as k → ∞, the intersection ∩kVdk
is

a residual set. Therefore, we have proved Theorem 4.2.

Since the section of torus T is chosen so that all semi-static curves γ̃±σ
pass through the section, it follows from the lemma, the set argmin(u−σ,l −
u+σ,u)(x, 0)\(A(c(σ)) + δ) is totally disconnected. Since the parameter σ is
restricted on a closed set in the line which can be covered by finitely many
Iσi

, this property is also open-sense for all σ under our consideration.

5. Application to the problem of Arnold diffusion

We apply Theorem 1.1 and 1.2 to the study of Arnold diffusion in nearly
integrable Hamiltonian systems with three degrees of freedom, and establish
a transition chain passing through a small neighborhood of double resonance.
The Hamiltonian takes the form

(5.1) H(p, q) = h(p) + εP (p, q), (p, q) ∈ Rn × Tn,

where ∂2h(p) is positive definite, both h and P are Cr-differentiable with
r ≥ 6. In autonomous case, the positive definiteness is sufficient for the ap-
plication of Mather theory. We may modify the Hamiltonian so that the con-
dition of super-linear growth is satisfied while the energy level set H−1(E)
remains in the domain where the Hamiltonian is unchanged. As each energy
level set is compact, each solution of the Hamilton equation can be extended
to the whole t ∈ R.

For nearly integrable Hamiltonian systems with n-degrees of freedom,
Arnold asked a notable question (cf. [A66])

Conjecture: The “general case” for a Hamiltonian system (5.1) with
n ≥ 3 is represented by the situation that for an arbitrary pair of neighbor-
hood of tori p = p′, p = p′′, in one component of the level set h(p) = h(p′)
there exists, for sufficiently small ε, an orbit intersecting both neighborhoods.
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As the first step to answer the question, we search for normal hyper-
bolic invariant cylinder (NHIC) along resonant path. Once a NHIC is found,
around which the system turns out to be a priori unstable, one can refer to
[B08, CY1, CY2, DLS06, LC, Tr2] for the construction of diffusion orbits.
In the system with three degrees of freedom, an irreducible integer vector
k′ ∈ Z3\{0} determines a path

Γ′ = {p ∈ h−1(E) : 〈∂h(p), k′〉 = 0}.

To make things clearer, we introduce a symplectic coordinate transformation

(5.2) M : q →M tq, p→M−tp,

where the matrix M = (k′, k2, k3) is made up by three integer vectors with
detM = 1. In the new coordinates the frequency appears to be ∂h(p) =
(0, ω2, ω3). If (ω2, ω3) is a Diophantine frequency at a point p, around which
there will be a piece of cylinder [Tr1, El] and for typical perturbation P , its
size is independent of ε (cf. [B10]).

However, there are points along the path where another resonant condi-
tion exists. A point p′′ ∈ Γ′ is called double resonant if ∃ another irreducible
vector k′′ ∈ Z3\{0}, independent of k′, such that 〈k′′, ∂h(p′′)〉 = 0 holds as
well. If we set k2 = k′′ in the matrix M , the frequency in the new coordinates
takes the form ∂h(p′′) = (0, 0, ω3). There are many choices for k3, we choose
a k3 so that |k3| is the smallest one.

In the following, the Hamiltonian of (5.1) is assumed to be under the
coordinate transformation already. So one has ∂h(p′′) = (0, 0, ω3).

To get the normal form around a double resonance, we introduce a co-
ordinate transformation ΦεF which is defined as the time-2π-map ΦεF =
Φt
εF |t=2π of the Hamiltonian flow generated by the function εF (p, q). This

function solves the homological equation

(5.3)
〈∂h
∂p

(p′′),
∂F

∂q

〉
= −P (p, q) + Z(p, q)

where

Z(p, q) =
∑

∈Z3,3=0

P(p)e
i(1q1+2q2),

in which P represents the Fourier coefficient of P , � = (�1, �2, �3). Expanding
F into Fourier series and comparing both sides of the equation we obtain

F (p, q) =
∑

∈Z3,3 �=0

iP(p)

〈�, ∂h(p′′)〉e
i〈,q〉.
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Under the transformation ΦεF we obtain a new Hamiltonian

Φ∗
εFH =h(p) + εZ(p, q) + ε

〈∂h
∂p

(p)− ∂h

∂p
(p′′),

∂F

∂q

〉

+
ε2

2

∫ 1

0
(1− t){{H,F}, F} ◦ Φt

εFdt.

Notice |〈�, ∂h(p′′)〉| = |�3ω3|, ω3 = ∂3h(p
′′) �= 0 since h(p′′) > minh. To solve

Equation (5.3), we do not encounter the problem of small divisor.
The function Φ∗

εFH(p, q) determines its Hamiltonian equation

(5.4)
dq

dt
=

∂

∂p
Φ∗
εFH,

dp

dt
= − ∂

∂q
Φ∗
εFH.

For this equation we introduce another transformation (call it homogeniza-
tion)

(5.5) G̃ε =
1

ε
Φ∗
εFH, ỹ =

1√
ε

(
p− p′′

)
, x̃ = q, s =

√
εt,

with x̃ = (x, x3), ỹ = (y, y3), x = (x1, x2), y = (y1, y2). In the new canonical
variables (x̃, ỹ) and the new time s, Equation (5.4) turns out to be the
Hamiltonian equation with the generating function as the following:

(5.6) G̃ε =
1

ε

(
h(p′′ +

√
εỹ)− h(p′′)

)
− V (x) +

√
εR̃ε(x̃, ỹ),

where V = −Z(p′′, x) and

R̃ε = R̃1 + R̃2 + R̃3,

R̃1 =
1√
ε

[
Z(p′′ +

√
εỹ, x)− Z(p′′, x)

]
,

R̃2 =
1√
ε

〈∂h
∂p

(
p′′ +

√
εỹ
)
− ∂h

∂p
(p′′),

∂F

∂q

〉
,

R̃3 =

√
ε

2

∫ 1

0
(1− t){{H,F}, F} ◦ Φt

εFdt.

To choose the neighborhood where we study the normal form, we notice the
following two points.

1. there are finitely many double resonant points {p′′i } ⊂ Γ′ such that
Γ′ is covered by the disks {‖p − p′′i ‖ < K−1

i εκ
′}, where κ′ < 1

6 ,

Ki ≤ K∗ε−
1

3
(1−3κ′) is the period of the double resonance at p′′i , namely,
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Ki∂h(p
′′
i ) ∈ Z3 and K∂h(p′′i ) /∈ Z3 for any K < Ki, K

∗ is a constant
independent of ε (see Chapter 3 of [Lo]). Therefore, the size of each

disk is between O(ε
1

7 ) and O(ε
1

3 );
2. one is unable to apply the KAM technique in K

√
ε-neighborhood of

double resonance to obtain invariant cylinder, even with large K > 0.

Therefore, we will study the normal form (5.6) in the domain

Ωε =
{
(x̃, ỹ) : |ỹ| ≤ εκ−

1

2 , x̃ ∈ T3
}
, with 0 < κ <

1

2

where the term |√εR̃i|Cr−2 is bounded by a small number of order O(
√
ε)

(for i = 1, 2, 3). By introducing coordinate rescaling and translation

(5.7)
(
y,

√
ε

ω3
I
)
=

1√
ε
(p− p′′), θ =

√
ε

ω3
x3.

and expand G̃ε in O(εκ) neighborhood of p′′ we get a local expression

(5.8)

G̃ε(x, y, I, θ) = I +
1

2

〈
B̃
(
y,

√
ε

ω3
I
)
,
(
y,

√
ε

ω3
I
)〉

− V (x) +
√
εR̃h

(
y,

√
ε

ω3
I
)
+
√
εR̃ε

(
x,

ω3√
ε
θ, p′′ +

(√
εy,

ε

ω3
I
))

where B̃ = ∂2h
∂p2 (p′′) and term R̃h represents the following

1
√
ε
3

[
h
(
p′′ +

(√
εy,

ε

ω3
I
))
−
[
h(p′′) + εI +

ε

2

〈
B̃
(
y,

√
ε

ω3
I
)
,
(
y,

√
ε

ω3
I
)〉]]

.

For |y| ≤ O(εκ−
1

2 ) and |I| ≤ O(εκ−1), by direct calculation we see that both√
εR̃h and

√
εR̃ε are bounded by a quantity of order O(

√
ε) in Cr−2-topology.

By the expression of G̃ε in (5.8) we find that ∂IG̃ε = 1 + O(ε) holds in the

region where |y| ≤ O(εκ−
1

2 ) and |I| ≤ O(εκ−1) and get a solution of the
equation G̃ε(x, y, I, θ) = 0 by applying the implicit function theorem

(5.9) Gε

(
x, y,

ω3√
ε
θ
)
=

1

2
〈By, y〉 − V (x) +

√
εR′

ε

(
x, y,

ω3√
ε
θ
)
.

where B is got from B̃ by eliminating the third row and the third column,
the remainder

√
εR′

ε is bounded by O(εκ) in Cr−2-topology with respect to

the variable (x, y, ω3√
ε
θ) when it is restricted on the region |y| ≤ O(εκ−

1

2 ).
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Let A = B−1, one obtains from the Hamiltonian Gε the Lagrangian of
(1.1) by the Legendre transformation. It allows us to apply Theorem 1.1
and 1.2 by keeping it in mind that all Mather, Aubry and Mañé sets are
symplectic invariant [B07]. Let α̃H , α̃Φ∗

εFH and α̃ε be the α-function for H,

Φ∗
εFH and G̃ε respectively.

The isoenergetic reduction from systems with three degrees of freedom
to two and half induces a relation between α̃−1

ε (0) and the graph of αε (cf.
Theorem 3.3 and 3.4): if we regard the graph of αε over Fε ∪ Aε ∪ Cg ∪ Cg′

as a set in R3,

{(αε(c), c) : c ∈ Fε ∪ Aε ∪ Cg ∪ Cg′}

it precisely lies in the surface α̃−1
ε (0). We denote the corresponding parts by

F̃ε, Ãε, C̃g and C̃g′ respectively. Formula (5.2) induces a linear transforma-
tion in H1(T3,R) under which the sphere α̃H undergoes a linear transfor-
mation. Because of the rescaling (5.5) one has

∫
ydx− Φ∗

εFHdt =
√
ε
(∫

pdx− G̃εds
)
,

the rescaling (5.7) induces a rescaling from α̃−1
ε (0) to α̃−1

Φ∗
εFH(0)

c− c′ →
√
ε(c− c′), c3 − c′3 → ε(c3 − c′3).

The Hamiltomorphism ΦεF does not change the cohomology class.

Therefore, returning to the original coordinates, one has the following
observation. The flat F̃ε is a disk with a size O(

√
ε), the annulus Ãε has a

thickness of ΔV
√
ε and the channels C̃g and C̃g′ extend into the annulus,

because of Theorem 4.1. Any two classes c̃ ∈ C̃g, c̃
′ ∈ C̃g′ is connected by a

transition chain if c3, c
′
3 ≤ ε2κ. See Figure 6.

Figure 6: The transition chain under π3 : α̃−1
ε (0) → R2, represented by the

thick solid red curve. Along the circle, c3 keeps constant.
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Since the announcement of Mather (cf. [M03]), it has been widely known
a difficult problem how to cross double resonance. Along the path suggested
by Mather one has to consider the dynamics in the zero energy level ([KZ,
Mar]). The path we figured out here is different, which does not touch the
zero energy level. It turns out to be applicable even in the study of Arnold
diffusion in nearly integrable systems with arbitrary degrees of freedom [CX].
In the available way to handle systems with more than three degrees of
freedom, certain singularities arises at zero energy level when one makes
reduction of order. It prevents one from touching the zero energy level.

Finally, let us consider the question raised by Arnold. Given any two
p, p′ ∈ h−1(E) and any small δ > 0, there exist two irreducible integer
vectors k, k′ ∈ Z3\{0} such that the circles of resonance Γk = {p ∈ R3 :
h(p) = E, 〈k, ∂h(p)〉 = 0}, Γk′ = {p ∈ R3 : h(p) = E, 〈k′, ∂h(p)〉 = 0} passes
through a δ-neighborhood of p and p′ respectively. These two circles are
either coincide or intersect at two points. In both cases, one obtains a reso-

Figure 7: The resonant path in the surface of h−1(E).

nant path connecting the δ-neighborhood of p and p′. This path is covered by
finitely many disks {‖p− p′′i ‖ < K−1

i εκ
′} where each p′′i is a double resonant

point the path. Although the number of the disks depends on ε, the number
of strong double resonance is independent of ε for generic perturbation P .
A double resonance is called strong if there does not exist NHIC around. See
Section 6 of [C15] for the quantitative criteria for distinguishing strong and
weak double resonances.

To state the result we will obtain by applying Theorem 1.1 and 1.2, we
introduce some notations. For E > 0, let H−1(E) = {(p, q) : H(p, q) =
E} denote the energy level set, B ⊂ R3 denote a ball in R3 such that⋃

E′≤E+1 h
−1(E′) ⊂ B. Let Sa,Ba ⊂ Cr(B×T3,R) (r ≥ 6) denote a sphere

and a ball, centered at the origin with radius a > 0 respectively: F ∈ Sa if
and only ‖F‖Cr = a and F ∈ Ba if and only ‖F‖Cr ≤ a. They inherit the
topology from Cr(B × T3,R).
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For perturbation P independent of p (classical mechanical system) we
use the same notation Sa,Ba ⊂ Cr(T3,R) to denote a sphere and a ball
with radius a > 0

Let Ra be a set residual in Sa, each P ∈ Ra is associated with a set
RP residual in the interval [0, aP ] with aP ≤ a. A set Ca is said to be
cusp-residual in Ba if

Ca = {λP : P ∈ Ra, λ ∈ RP }.

Regarding the action variable p and cohomology class c as points in R3, one
has

Theorem 5.1. Given any two small balls Bδ(p), Bδ(p
′) ⊂ R3, where p, p′ ∈

h−1(E) with E > 0 and small δ > 0, there exists a cusp-residual set Cε0 such
that for each εP ∈ Cε0 , there is a transition chain that connects the class c̃
to c̃′ which satisfy the condition α(c̃) = α(c̃′), |p− c̃| < δ and |p′ − c̃′| < δ.

Proof. Let Γ ⊂ Γk ∗ Γk′ ⊂ h−1(E) be a path that connects Bδ(p) to Bδ(p
′).

For every point p ∈ Γk,Γk′ the frequency satisfies the resonance relation
〈∂h(p), k〉 = 0 with k = k, k′ respectively. Let pi ∈ Γ be a double reso-

nant point such that Ki∂h(pi) ∈ Z3 with Ki ≤ K∗ε−
1

3
(1−3κ′), K∗ > 0 is

independent of ε. One step of KAM iteration is carried out in the region
T3 × ‖p − pi‖ ≤ K−1

i εκ
′
, the potential V at pi is obtained by averaging P

over resonant circle and the remainder R̃ε loses two times of differentiablity.
The whole path Γ is covered by the disks centered at pi with radius K−1

i εκ
′
.

Although the number of the points {pi} depends on ε, the number of
strong double resonant points is finite, independent of ε for Cr-generic P .
We denote the point by p′′i to specify the double resonance is strong. Indeed,
if we expand P into Fourier series, then

Z(p, q) = Zk(p, 〈k, q〉) + Zk,ki
(p, 〈k, q〉, 〈ki, q〉)

where

Zk =
∑

j∈Z\{0}
Pjk(p)e

j〈k,q〉i,

Zk,ki
=

∑
(j,l)∈Z2,l �=0

Pjk+lki
(p)e(j〈k,q〉+l〈ki,q〉)i.

As |Pk| decrease fast as |k| increases |Pk| ≤ O(|k|−r), the term Zk,ki
is

treated as a small perturbation to Zk for big |ki|. That is why, for generic
Zk, the number of strong double resonances is independent of ε. The double
resonance at the point Γk ∩ Γk′ is strong.
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For a weak resonant point pi, there exist NHICs and a channel

C̃i = α̃−1
H (E) ∩Lβ̃H

(∪ν∂h(p) : Γ ∩ {|p− pi| ≤ K−1
i εκ

′}, |ν − 1| ≤ O(ε))

foliated by flats (intervals) such that for each c̃ ∈ C̃i the Aubry set Ã(c̃) lies
on the cylinders. It is in the situation of a priori unstable case. For Cr−2-
generic remainder the condition (HA) holds for all c̃ ∈ C̃i so that Ã(c̃) is
a 2-dimensional torus. It shall be specified later what generic condition one
has.

Around a strong double resonant point p′′i , one obtains a classical system
1
2〈Aẋ, ẋ〉+ Vi(x) where x = (〈k, q〉, 〈ki, q〉) and Vi = Z(p′′i , 〈k, q〉, 〈ki, q〉). For
Cr-generic Vi the conditions (H1,2,3) are satisfied. Then, there is an annulus
of cohomology equivalence

Ãi = α̃−1
H (E) ∩Lβ̃H

{∪ω : 0 < |ω − ν∂h(p′′i )| ≤ ΔVi

√
ε, |ν − 1| ≤ O(ε)}

where ΔVi
> 0 is the number obtained in Theorem 1.1. It connects two

channels of single resonance

C̃−
i ∪ C̃+

i = α̃−1
H (E) ∩Lβ̃H

{∪ν∂h(p) : Γ ∩ {ε 1

2
+d ≤ |p− p′′i | ≤ K−1

i εκ
′}}.

Corresponding to the channels there are NHICs such that for each c̃ ∈ C̃−
i ∪

C̃+
i the Aubry set lies on the NHICs (the main result of [C15]). Under further

Cr−2-generic perturbation, the condition (HA) holds for those c̃ ∈ C̃−
i ∪ C̃+

i

so that the Aubry set is a 2-dimensional torus. It is guaranteed by Theorem
1.2.

In this way we obtain a transition chain passing through the channels
and skirting around the strong double resonant points along circles of coho-
mology equivalence

Γc ⊂
(
α̃−1
H (E) ∩ C̃i

)
∪ Ãi.

where C̃i = Lβ̃H
(∪ν∂h(p) : p ∈ Γ\ ∪ {|p− p′′i | ≤ ε

1

2
+d}, |ν − 1| ≤ O(ε)).

Let us specify the generic condition on the perturbation εP . The path
Γk induces a decomposition of functions P (p, q) = Zk(p, 〈k, q〉) + P ′(p, q)
according to the Fourier expansion. Since Zk is periodic in q, 〈k, q〉 can be
treated as a scalar variable x defined on T. As Zk is Cr-smooth in (p, q),
regarding Zk as a function defined on Rn × T, there is a residual set Zk of
Cr(B×T,R) such that for each Zk ∈ Zk it holds simultaneously for all p ∈ Γ
that the maximal point of Zk in 〈k, q〉 is non-degenerate [CZ1]. In this case,
the number of strong resonant points is independent of ε. Each Zk ∈ Zk is
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associated with a set P′
Zk

residual in the ball BεZk
∈ Cr(B×T3,R)/Cr(B×

T,R) with radius εZk
> 0. For each εP ′ ∈ P′

Zk
, the condition (HA) holds

for all channels C̃i of weak double resonance.
For each strong resonant condition, one obtains further decomposition

of the perturbation P (p, q) = Vi(q)+P ′′(p, q) where Vi = Z(p′′i , 〈k, q〉, 〈ki, q〉)
which is defined on T2. There exists a set Vi residual in the unit ball
Cr(T2,R) so that hypotheses (H1,2,3) hold for each Vi ∈ Vi, which is then
associated with a setP′′

Vi
residual in the ballBεVi

∈ Cr(B×T3,R)/Cr(T2,R)
with radius εVi

> 0. For each εP ′′ ∈ P′′
Vi
, the condition (HA) holds for all

channels around the strong double resonant points.
To get a set Pi cusp-residual in B1 ⊂ Cr(B × T3,R) such that each

εP ∈ Pi is associated with certain transition chain passing through C̃−
i ∪

Ãi∪ C̃+
i , we notice the decomposition Cr(B×T3,R) = Cr(T2,R)⊕ (Cr(B×

T3,R)/Cr(T2,R)). Let πi, π
⊥
i be the projection Cr(B×T3,R)→ Cr(T2,R),

Cr(B × T3,R)→ Cr(B × T3,R)/Cr(T2,R) respectively.
For each πiP ∈ Vi, there is a set P′′

πiP
residual in BεπiP

⊂ Cr(B ×
T3,R)/Cr(T2,R) with radius επiP > 0 such that for each επ⊥

i P ∈ P′′
πiP

there is a transition chain to pass through C̃−
i ∪ Ãi ∪ C̃+

i . We extend P′′
πiP

to a set P̄′′
πiP

residual in the unit ball B1 of the quotient space Cr(B ×
T3,R)/Cr(T2,R) in whatever a way provided its restriction on the ballBεπiP

is the same as the original one. Let P̄i = {Vi + P ′′ : Vi ∈ Vi, P
′′ ∈ P̄′′

πiP
},

which is obviously residual in B1 ⊂ Cr(B × T3,R). As B1 = [0, 1]×S1, by
applying the Kuratowski-Ulam theorem (categorical analogue of the Fubini
theorem, c.f. Chapter 12 of [Ox]), there exists a set R residual in S1 such
that for each P ∈ R, there is set of numbers RP residual in [0, 1] such that
λP ∈ P̄i for all λ ∈ RP .

Indeed, P ∈ R implies πiP ∈ Vi. The set Vi is invariant for the rescaling
V → λV . Under the rescaling y → √

νy, t→ √
ν
−1

t in the classical system,
the Hamiltonian equation for 1

2〈Ay, y〉+νV (x) is the same as it for 1
2〈Ay, y〉+

V (x). It follows from the way to extend P′′
πiP

that some number aP > 0

exists such that λπ⊥
i P ∈ P′′

πiP
if λ ∈ RP ∩ (0, aP ].

The generic property of transition chain passing through channel of weak
double resonance is obtained in similar arguments.

With a transition chain connecting c̃ to c̃′, one is able to construct or-
bit which connects Ã(c̃) to Ã(c̃′) by the variational method developed in
[CY1, CY2, LC]. For nearly integrable Hamiltonian systems, along each or-
bit (p(t), q(t)) in Ã(c̃) (the counterpart of the Aubry set in the cotangent
bundle) one has |p(t)− c̃| � 1.

The conjecture of Arnold diffusion for positive definite Hamil-
tonian turns out be a theorem for n = 3.
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6. Construction of topological transitive orbits for L0

The main task of this section is to prove Theorem 1.3. Let δi ↓ 0 be a se-
quence of numbers. Since L0 is autonomous, the set {Ã(c) : α0(c) = E}
is compact, for each δi > 0 there are finitely many cohomology classes
{ci,j}1≤j≤ji so that the set ∪jÃ(ci,j) is δi-dense in the set {Ã(c) : α0(c) = E}:
for each c ∈ α−1

0 (E) there exists some ci,j such that d(Ã(c), Ã(ci,j)) < δi.
As α−1

0 (E) is a circle, for each i, the classes {ci,j} are arranged in clockwise
order. The δi is chosen so small such that Ã(ci,j) is dynamically connected
to Ã(ci,j+1) modulo ji by the orbit constructed in Lemma 3.1.

As we are working on T2, the Fenchel-Legendre dual ω(c) = L −1
β0

(c)

of c ∈ α−1
0 (E) is a point if E > minα0, and there are coordinates so that

ω1(c) > 0 if we write it in coordinates ω(c) = (ω1(c), ω2(c)). Indeed, one can
divide the circle α−1

0 (E) into three parts {Γm}m=1,2,3, each Γm is associated
with a coordinate system x → Mmx where ω1(c) > 0 holds ∀ c ∈ Γm. For
each i ≥ 0, the set {ci,j}1≤j≤ji is automatically divided into three parts Em,
E1 = {ci,j}1≤j≤j1 , E2 = {ci,j}j1+1≤j≤j2 and E3 = {ci,j}j2+1≤j≤ji . Since ci,j
is assumed close to ci,j+1, it is reasonable to assume ω1(ci,jm+1) > 0 in both
coordinates Mmx and Mm+1x for m = 1, 2.

Let Σa = {x ∈ T2, x1 = a}. For c ∈ α−1
0 (E) with E > minα0, if N (c) �

T2 and the coordinate system is chosen such that ω1 > 0, then N (c) ∩ Σa

is topologically trivial, finitely many disjoint closed intervals {Ic,a,} ⊂ T

exist so that N (c) ∩ Σa ⊂ int ∪ Ic,a, by regarding each interval Ic,a, as an
embedded segment in the circle Σa.

For each ci,j and in the associated coordinate system so that ω1(ci,j) > 0
we work in the covering space R× T. The Aubry and Mañé sets have their
natural lift to the covering space, for which we use the same notation. Let
μi,j be a closed 1-form such that [μi,j ] = ci,j+1 − ci,j and its support does
not touch the set [−d, d] × ∪Ici,j ,0,. The number d > 0 is chosen suitably
small so that N (ci,j) ∩ {|x1| ≤ d} ⊂ [−d, d]× ∪Ici,j ,0,.

Recall what we did in the proof of Lemma 3.1. We regard the Lagrangian
L0 and the 1-form as that defined on the covering space, just think it is
periodic in x1. As before, let x̄ = (x̄1, x̄2) denote a point in R× T. Let ρi,j :
M̄ → R be a smooth function such that ρi,j = 1 for x̄1 ≥ d, ρi,j = 0 for
x̄1 ≤ −d and let ηi,j be a closed 1-form such that [ηi,j ] = ci,j . We define the
Lagrangian L̄i,j : T (R× T)→ R

L̄i,j = L0 + E − ηi,j − ρi,jμi,j .

The lift of the section Σ0 to the covering space contains infinitely compo-
nents, denoted by {Σi : x̄1 = i}. Let M̄+ = {x̄ : x̄1 ≥ 1} and M̄− = {x̄ : x̄1 ≤
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−1}. For x̄ ∈ M̄− and x̄′ ∈ M̄+, let γ̄i,j(·, x̄, x̄′) : [−t(x̄, x̄′), t(x̄, x̄′)]→ R×T

be the minimal curve of the action

(6.1) Ai,j(γ̄i,j(·, x̄, x̄′)|[−t(x̄,x̄′),t(x̄,x̄′)]) = inf
t>0

inf
γ̄(−t)=x̄

γ̄(t)=x̄′

Ai,j(γ̄),

where

Ai,j(γ̄|[−t,t]) =

∫ t

−t
Li,j(γ̄(s), ˙̄γ(s), s)ds.

One has t(x̄, x̄′) → ∞ as x̄′1 − x̄1 → ∞, guaranteed by the super-linear
growth of L0 in ẋ and ω1 > 0 (Lemma 2.1 in [LC]).

Lemma 6.1. Assume N (ci,j) � T2 and ci,j+1 is sufficiently close to ci,j.
Given a > 0, there exists large a′ > a such that, for the points x̄, x̄′ ∈ R×T

with x̄1 < −a′ and x̄′1 > a′, the minimal curve γ̄i,j(·, x̄, x̄′) crosses the section
Σa∗ = {x̄ ∈ R×T : x̄1 = a∗ ≤ a} by passing through the interior of ∪Ici,j ,a∗,

which are thought to be segments embedded in the circle Σa∗.

Proof. Recall the construction of CL̄i,j
. Let x̄1 → −∞, x̄′1 → ∞, as it was

shown in the proof of Lemma 3.1, each accumulation point of these minimal
curves precisely falls into the set CL̄i,j

, with which the set CL̄i,j
is defined in

(3.2). Because the Lagrangian is autonomous, we eliminate the component
t, namely, CL̄i,j

= ∪γ̄∈CL̄i,j
γ̄(t). Because of the upper semi-continuity L̄i,j →

CL̄i,j
, one has CL̄i,j

⊂ N (ci,j) + ε provided ci,j+1 is sufficiently close to ci,j .
Restricted on the set {x̄ : x̄1 ∈ [−a, a]}, all curves in CL̄i,j

are approx-
imated by the minimal curves {γ̄i,j(·, x̄, x̄′)|x̄1∈[−a,a]} as −x̄1, x̄1 → ∞, and
the restriction of curves {γ̄i,j(·, x̄, x̄′)} on the set {x̄ : x̄1 ∈ [−a, a]} take
the restriction of curves in CL̄i,j

as their accumulation points. Therefore, for
sufficiently large a′ > a the lemma holds.

As the first step to construct transitive orbits, let us construct orbits
which visit δi-neighborhood of Ã(ci,j) for all ci,j ∈ Γ1. In this case, there is a
coordinate system where one has ω1(ci,j) > 0 for all classes ci,j ∈ Γ1, where
j = 1, 2, · · · j1. In the covering space T (R × T), we introduce a modified
Lagrangian

L̃i,1 = L0 + E − ηi,1 −
j1−1∑
j=1

(k∗i,jρi,j)μi,j

where ki,1 < · · · < ki,j1 is a sequence of positive integers, each ki,j induces an
operation on functions k∗i,jρ(x̄) = ρ(x̄1−ki,j , x̄2). Let x̄, x̄

′ be the points such
that x̄1 < −ki,1 and x̄′1 > ki,j1 and let γ̄i,1(·, x̄, x̄′) : [−t(x̄, x̄′), t(x̄, x̄′)] →
R× T be the minimal curve of the action
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AL̃i,1
(γ̄i,1(·, x̄, x̄′)) = inf

t>0
inf

γ̄(−t)=x̄

γ̄(t)=x̄′

AL̃i,1
(γ̄),

where

AL̃i,1
(γ̄) =

∫ t

−t
L̃i,1(γ̄(s), ˙̄γ(s), s)ds.

We claim that for sufficiently large ki,1 > 0 and ki,j+1 − ki,j > 0 with
j = 2, · · · , j1 − 1,

1. the curve γ̄i,1(·, x̄, x̄′) crosses the section Σki,j
by passing a collection

of disjoint intervals ∪Ici,j ,0, ⊂ Σki,j
and as an immediate consequence,

it solves the Euler-Lagrange equation determined by L0;
2. for any small δi > 0, the orbit (γ̄i,1, ˙̄γi,1) generated by the curve

γ̄i,1(·, x̄, x̄′) visits the δi-neighborhood of every Aubry set Ã(ci,j) for
j = 1, 2, · · · , j1.

To verify the first one, we apply Lemma 6.1. Let x̄1 be the intersection point
of the curve γ̄i,1(·, x̄, x̄′) with the section Σk1

. The restriction of γ̄i,1(·, x̄, x̄′)
to the segment joining the point x̄ with x̄1 is obviously a minimal curve. By
applying Lemma 6.1 we find that the term ρi,1μi,1 does not contribute to
the Euler-Lagrange equation, namely, the conclusion holds for j = 1 if ki,1
is sufficiently large. The same argument applies to j = 2, 3, · · · , j1 − 1 if all
numbers {ki,j+1 − ki,j} are sufficiently large.

To check the second, we notice that, restricted on the cylinder {x̄ :
x̄1 ∈ [ki,j + 1, ki,j+1]}, the projection of the minimal curve γ̄i,1(·, x̄, x̄′) is
indeed ci,j+1-minimal for the Lagrangian L0 with given boundary condition.
So, along the segment of this orbit, there must be points approaching Ã(c)
provided ki,j+1 − ki,j > 0 is sufficiently large. Otherwise this orbit would
approach the support of some invariant measure which is not ci,j+1-minimal.

As the second step, we study the problem whether there are orbits of the
Lagrangian flow φt

L0
which visit δi-neighborhood of each Aubry set Ã(ci,j)

for j = 1, 2, · · · , ji. Apparently, the result we just obtained also applies for
all ci,j ∈ Γm with m = 2, 3. We need to handle the problem how to match
the orbits we obtained in different coordinate systems.

Assume the Lagrangian L0 takes the form in the coordinate system so
that ω1(c) > 0 for all c ∈ Γ1. For c ∈ Γm with m = 2, 3 we need to introduce
a linear coordinate transformation Φm: x → Mmx. Let Φ∗

mL0 denote the
Lagrangian L0(Mmẋ,Mmx), i.e. Φ∗

mL0(ẋ, x) = L0(Mmẋ,Mmx).
For T2, let Σ0 = {x1 = 0} be a section in the original coordinates. To

the covering space R × T in the new coordinates M2x, the lift of Σ0 looks
like a spiral line, extending to x̄1 → ±∞. Let Σ̄n

0 be a segment of the spiral
line in the new coordinates such that the projection from Σ̄n

0 → Σ0 is one
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to one. Let Σ̄o
0 be a connected component in the lift of Σ0 in the original

coordinates. The superscript n, o means new, old respectively.
Since ω1(ci,j1) > 0 in both coordinates and N (ci,j1) � T2, the set

N (ci,j1) ∩ Σ0 is covered by finitely many disjoint closed intervals ∪Ici,j1 ,0,.
Denoted by ∪Īnci,j1 ,0, as a part in the lift of ∪Ici,j1 ,0, to R × T in the new

coordinates and by ∪Īoci,j1 ,0, as a part in the lift in the older coordinates
such that

1. the projection from ∪Ī ıci,j1 ,0, ⊂ Σ̄ı
0 to ∪Ici,j1+1,0, is one to one for

ı = n, o;
2. x̄1 < −ki,j1 ∀ x̄ ∈ ∪Īnci,j1 ,0, and x̄1 ≥ ki,j1 ∀ x̄ ∈ ∪Īoci,j1 ,0,.

The same principle applies to the transition from E2 to E3. In the coordinates
M2x, one also has N (ci,j2+1)∩Σ0 ⊂ ∪Ici,j2+1,0, where Σ0 = {x1 = 0}. These
two properties hold if the subscript j1 is replaced with j2.

To construct orbits of φt
L0

visiting δi-neighborhood of Ã(ci,j) for all j =
1, 2, · · · , ji, we introduce the Lagrangian

L̃i,2 = Φ∗
2L0 + E − ηi,j1 −

j2−1∑
j=j1

((ki,j − ki,j1)
∗ρi,j)μi,j ,

defined in the covering space π̄: R × T → T2 in the coordinates M2x and
the Lagrangian

L̃i,3 = Φ∗
3L0 + E − ηi,j2 −

ji−1∑
j=j2

((ki,j − ki,j2)
∗ρi,j)μi,j .

defined in the covering space π̄: R× T→ T2 in the coordinates M3x.
Let γ be a curve starting from the point xi,1 passing successively through

the points xi,j1 , xi,j2 and arriving at the point xi,ji such that

1. xi,j1 ∈ ∪Ici,j1 ,0, and xi,j2 ∈ ∪Ici,j2 ,0,;
2. to the covering space R× T in the original coordinates, the lift of the

segment joining xi,1 to xi,j1 is a curve minimizing the action of L̃i,1

along any curve connecting x̄i,1 to x̄i,j1 , where π̄x̄i,ı = xi,ı for ı = 1, j1,
x̄i,1,1 < −ki,1 and x̄i,j1,1 > ki,j1 if we write x̄i,ı = (x̄i,ı,1, x̄i,ı,2) for
ı = 1, j1;

3. to the covering space R × T in the coordinates M2x, the lift of the
segment joining xi,j1 to xi,j2 is a curve minimizing the action of L̃i,2

along any curve connecting x̄i,j1 to x̄i,j2 , where π̄x̄i,ı = xi,ı for ı = j1, j2,
x̄i,j1,1 < −ki,j1 and x̄i,j2,1 > ki,j2 ;
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4. to the covering space R × T in the coordinates M3x, the lift of the
segment joining xi,j2 to xi,ji is a curve minimizing the action of L̃i,3

along any curve connecting x̄i,j2 to x̄i,ji , where π̄x̄i,ı = xi,ı, for ı = j2, ji,
x̄i,j2,1 < −ki,j2 and x̄i,ji,1 > ki,ji ;

5. form = 1, 2, when xi,jm ranges over the set ∪Ici,jm ,0,, it is required that
the corresponding x̄i,jm varies in the connected set Σ̄n

0 , Σ̄
o
0 respectively.

Finally, we consider the quantity

Ai(xi,1, xi,ji) = min
xi,j1

∈∪Ici,j1
,0,�

xi,j2
∈∪Ici,j2

,0,�

{
AL̃i,1

(γ̄i,1(·, x̄i,1, x̄i,j1))

+AL̃i,2
(γ̄i,2(·, x̄i,j1 , x̄i,j2)) +AL̃i,3

(γ̄i,3(·, x̄i,j2 , x̄i,ji))
}

and denote by γi(xi,1, xi,ji) the minimal curve. Clearly, the minimum is
reached in the interior of ∪Ici,j1 ,0, and ∪Ici,j2 ,0, guaranteed by Lemma 6.1
if both ki,j1 − ki,j1−1 and ki,j2 − ki,j2−1 are sufficiently large, and it follows
that the curve is smooth at both xi,j1 and xi,j2 . The curve γi(xi,1, xi,ji)
obviously solves the Euler-Lagrange equation, it generates an orbit visiting
δi-neighborhood of Ã(ci,j) for all j = 1, 2, · · · , ji
Proof of Theorem 1.3. For a sequence of δ1 > δ2 > · · · > δi, we consider the
quantity

A1,i(x1,1, xi,ji) = min

i∑
l=1

Al(xl,1, xl,jl),

where the minimum is taken over the set {xl,jl = xl+1,1 ∈ ∪Icl+1,1,0, : l =
1, 2, · · · , i}. Let γ1,i be the minimal curve, it is smooth at each point xl,1
for l = 2, 3, · · · , i − 1 provided kl,jl − ki,jl−1 is sufficiently large. By setting
ki,j − ki,j−1 → ∞ as i → ∞, the orbit generated by the minimal curve will
visit the δi-neighborhood of each Ã(ci,j) with j = 1, 2, · · · , ji. By a time-
translation, we assume the curve γ1,i is defined on t ∈ [0, Ti]. Apparently,
Ti → ∞ as i → ∞. Let i → ∞, δi → 0, the curves {γ1,i} of A1,i(x1,1, xi,ji)
approaches a curve R+ → T2 which generates an orbit which is obviously
transitive for ∪c∈α−1

0 (E)Ã(c).
By the proof, this theorem holds for suitably small E > minα0. It is

interesting to ask whether it holds for larger E. Apparently, it is not true
if E > 0 is sufficiently large. Indeed, by rescaling the time t →

√
λt, the

Lagrangian is equivalent to

L0,λ =
1

2
〈Aẋ, ẋ〉+ 1

λ
V (x).
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It reduces the energy from E to E/λ. When λ → ∞ it approaches an
integrable one. For sufficiently large λ > 0, there exist a lot of KAM invariant
tori which block the transitivity.
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